Contemporary Mathematics

A dichotomy for finitely generated subgroups of word hyperbolic groups

Goulnara N. Arzhantseva

Abstract. Given L > 0 elements in a word hyperbolic group G, there exists a number M = M(G, L) > 0 such that at least one of the assertions is true: (i) these elements generate a free and quasiconvex subgroup of G; (ii) they are Nielsen equivalent to a system of L elements containing an element of length at most M up to conjugation in G. The constant M is given explicitly. The result is generalized to groups acting by isometries on Gromov hyperbolic spaces. For proof we use a graph method to represent finitely generated subgroups of a group.

1. Introduction

Let H be a subgroup of a word hyperbolic group G. It is known that either H is elementary (that is, it contains a cyclic subgroup of finite index) or H contains a non-abelian free subgroup of rank two. In the case G is torsion-free, there are, up to conjugacy, finitely many Nielsen equivalence classes of non-free subgroups of G generated by two elements [3].

Our main result gives a sufficient condition for H to be free and quasiconvex in G. It is an improvement of a result due to Gromov [4, 5.3.A].

Theorem 1. For any δ ≥ 0 and an integer L > 0 there exists a number M = M(δ, L) > 0 with the following property.

Let G be a δ-hyperbolic group with respect to a finite generating set X and H be a subgroup of G generated by h_1, · · · , h_L. Then at least one of the following assertions is true.

(i) H is free on h_1, · · · , h_L and quasiconvex in G;

(ii) The tuple (h_1, . . . , h_L) is Nielsen equivalent to an L-tuple (h^′_1, . . . , h^′_L) with h^′_1 conjugate to an element in G of word length at most M with respect to X . 2000 Mathematics Subject Classification. 20F67;20E07.

Key words and phrases. Word hyperbolic groups, quasigeodesics, Nielsen equivalence. The work has been supported in part by the Swiss National Science Foundation, No. PP002- 68627.

© 0000 (copyright holder) 1

2 GOULNARA N. ARZHANTSEVA

The constant M = M(δ, L) can be calculated explicitly. Then, as an immediate consequence of Theorem 1 we obtain Gromov’s result. Let Rad H = 1/2 inf_{h∈H\{id}} |[h]|, where |[h]| = inf_h′ |h^′| for all h^′ ∈ G conjugate to h and |h| is the word length of h. This is called the injectivity radius of H.

Theorem 2. (cf. [4, 5.3.A]) Let G be a δ-hyperbolic group and H be a subgroup of G generated by L elements. If

Rad H ≥ 1 2 ( 14400(δ + 1) ln 2

L^2

)_{1+1/2} , then H is free and quasiconvex^1 in G.

The following result is a natural generalization of Theorem 1 to groups acting on hyperbolic spaces.

Theorem 3. For any δ ≥ 0 and an integer L > 0 there exists a number M = M(δ, L) > 0 with the following property.

Let G be a group on L generators g_1, · · · , g_L acting on a δ-hyperbolic space (X, d) by isometries. Then at least one of the following assertions is true.

(i) G is free on g_1, · · · , g_L and for every x ∈ X the map G → X which assigns to each g ∈ G the element gx ∈ X is a quasi-isometric embedding;

(ii) The tuple (g_1, . . . , g_L) is Nielsen equivalent to an L-tuple (g^′_1, . . . , g^′_L) with d(g^′_1y, y) < M for some y ∈ X.

The constant M = M(δ, L) can be calculated explicitly.

For proof of Theorem 1 a representation of finitely generated subgroups of a group by labelled graphs is used [1]. The technique is of independent interest. In particular, transformations of a labelled graph defined below can be viewed as a generalization of free reductions and Nielsen reductions of tuples of group elements.

Theorem 3 is obtained with essentially the same methods, except that, in our arguments, instead of the word length metric, we refer to the metric on G induced from the group action.

I was informed that Kapovich and Weidmann showed both results (without an explicit estimate on the constant) independently of my work and by different methods [6].

Acknowledgments This work has been done during my visit to University Luis Pasteur, Strasbourg, May 2000. I thank Thomas Delzant for suggesting the problem and hospitality. I also thank the referee for useful comments.

References

[1] G.N.Arzhantseva and A.Yu.Ol’shanskii,The class of groups all of whose subgroups with lesser number of generators are free is generic, Mat. Zametki, 59(4)(1996), 489-496 (in Russian), English translation in Math. Notes, 59(4)(1996), 350-355.

[2] M. Coornaert, T. Delzant, and A. Papadopoulos, Géométrie et théorie des groupes. Les groupes hyperboliques de Gromov, Lecture Notes in Mathematics, 1441, Springer-Verlag, 1990.

1This lower bound is not optimal. For example, one can take 1 2 (_{14400(δ+1)}

ln 2 L 2 )_{1+ε} with

ε > 0 or a better constant satisfying condition (4) below.

A DICHOTOMY FOR SUBGROUPS OF WORD HYPERBOLIC GROUPS 3

[3] T. Delzant, Sous-groupes deux générateurs des groupes hyperboliques, Group theory from a geometrical viewpoint (Trieste, 1990), 177–189, World Sci. Publishing, River Edge, NJ, 1991.

[4] M. Gromov, Hyperbolic groups, Essays in group theory, Math. Sci. Res. Inst. Publ., 8, Springer, New York-Berlin, 1987, 75–263.

[5] E. Ghys and P. de la Harpe (editors), Sur les groupes hyperboliques d’après Mikhael Gromov, Progress in Mathematics, 83, Birkhauser, 1990.

[6] I. Kapovich and R. Weidmann, Nielsen methods and groups acting on hyperbolic spaces, Geom. Dedicata 98 (2003), 95–121.

[7] R. Lyndon and P. Schupp, Combinatorial group theory, Springer-Verlag, 1977. [8] S. W. Margolis and J. C. Meakin, Free inverse monoids and graph immersions, Int. J. Algebra and Comput., 3(1) (1993), 79–99.

[9] A. Yu. Ol’shanskii, Periodic quotients of hyperbolic groups, Mat. Zbornik, 182(4)(1991), 543-567 (in Russian), English translation in Math. USSR Sbornik 72(2) (1992).

[10] J. Stallings, Topology of finite graphs, Inv.Math., 71 (1983), 552–565.

Université de Genève, Section de mathématiques, 2-4, rue du Lièvre, CH-1211 Genève 24 E-mail address: Goulnara.Arjantseva@math.unige.ch