ON THE CAYLEY GRAPH OF A GENERIC FINITELY PRESENTED GROUP.

G. N. ARZHANTSEVA AND P.-A. CHERIX

Abstract. We prove that in a certain statistical sense the Cayley graph of almost every finitely presented group with m ˘ 2 generators contains a subdivision of the complete graph on l ˇ 2m + 1 vertices. In particular, this Cayley graph is non planar. We also show that some group constructions preserve the planarity.

1. Introduction

To any finite presentation of a group in terms of generators and defining relations there is an associated Cayley graph. This graph depends on the choice of the group generating set. So, in general, the same group has completely different Cayley graphs (from the graph theory viewpoint). In particular, it is not hard to find a group and two different sets of generators such that the Cayley graph with respect to one generating set is planar and not planar with respect to the other. As an example, take the cyclic group Z/5Zof order five and two generating sets. The first one consisting of a single non trivial element and the other one consisting of all non trivial elements. Then with respect to the first generating set, the Cayley graph is a cycle, so it is planar, but with respect to the second one it is not, as it is the complete graph on five vertices.

On the other hand, the existence of planar Cayley graph may give an information about algebraic structure of a group. In fact, groups having planar Cayley graphs are rather scarce. In 1896, applying Cayley’s method of the graphical presentation of a group, in particular, to rotation groups of the regular three- and four-dimensional bodies, Maschke classified all finite groups with planar Cayley graphs [15]. These are the finite subgroups of the special orthogonal group SO(3) (i.e. cyclic, dihedral, and the rotational symmetry groups of the regular solids) and their direct products with the group of order 2. It is worth to notice that for finite graphs the way given in [15] to define the planarity is very natural and it is not ambiguous. The situation for infinite graphs is more complicated. In this case there are two nonequivalent definitions of planarity. Definition 1.

(I) A graph is planar without accumulation points if there is an embedding of the graph in R^2 such that there are no accumulation points for its set of vertices.

(II) A graph is planar if there is an embedding of the graph in R^2.

2000 Mathematics Subject Classification. 05C25, 20F06, 20P05.

Key words and phrases. Cayley graph, small cancellation groups, generic properties of groups. 1

Infinite groups admitting planar Cayley graphs without accumulation points of vertices were treated by Levinson. In [14], he and Rapaport find all ”special planar” presentations. ”Special planar” means that the Cayley graph can be chosen point-symmetric (with the same counterclockwise succession of the edges at each vertex) and locally finite (without accumulation points of vertices). They gave also some conditions on the set of defining relations which are necessary to make the presentation special planar. In [13], Levinson produces moreover an algorithm to decide whether or not a Cayley graph of a group with solvable word problem is planar without accumulation points of vertices.

A different geometrical approach of group planarity was initiated by Poincaré [17]. It gave rise to the following question : Which groups have a planar Cayley complex ? Now there exists a complete classification of such groups. These are Fuchsian groups and free products of countably many cyclic groups [11, Prop. III.5.4], [20, Ch. 4]. Planarity of the Cayley complex implies planarity of the Cayley graph, but the converse is not true. An example of a planar group without planar Cayley complex is the free product of Z^2 by Z, see Figure 1.

Figure 1. Part of ball of radius 3 in Z^2 ∗ Z

To allow accumulation points in the definition of planarity gives more freedom, so we ask ourselves whether or not the planarity with accumulation points of vertices is frequent. The aim of the present paper is to show that for any m ≥ 2 and l ≤ 2m+1 one can find a subdivision (see Section 2.1 for the definition of subdivision) of the complete graph K_l (and hence of every finite graph on at most l vertices) in the Cayley graph of almost every finite presentation of a group with m generators and long enough defining relations. In particular, the Cayley graph of such a generic group is non planar (even with the above mentioned relaxation of the notion of planarity).

More precisely, for any fixed m and n, let N = N (m, n, t) denote the number of all group presentations

(1) G = ⟨x_1, . . . , x_m | r_1 = 1, . . ., r_n = 1⟩,

where {r_1, . . . , r_n} are cyclically reduced words in the alphabet X_m = {x^{±1}_1 , . . ., x^{±1}_m } of length |r_i| ≤ t. Let N_l = N_l (m, n, t) denote the number of all such group presentations whose Cayley graphs contain a subdivision of the complete graph K_l on l vertices.

Theorem 1. For any m ≥ 2, n > 0 and l ≤ 2m + 1 lim_{t→∞} N_l/N = 1. Moreover, there is a real number c > 0 depending on m and n such that

1 − N_l/N < exp(−ct) for all t > 0.

Let N_{np} = N_{np}(m, n, t) denote the number of all group presentations (1) with non planar Cayley graphs. The previous theorem together with Theorem 5 below imply immediately the following result. Theorem 2. For any m ≥ 2 and n > 0 lim_{t→∞} N_{np}/N = 1. Moreover, there is a real number c > 0 depending on m and n such that 1 − N_{np}/N < exp(−ct) for all t > 0. By a result of Levinson [12], the Cayley graph of an infinite finitely generated group has the genus either 0 (hence the group is planar) or the infinity. Thus the previous theorem implies that the genus of a generic finitely presented group (that is the minimum of genus of its Cayley graphs taken over all generating sets, see Section 2.1) is the infinity.

To prove Theorem 1 we use firstly that the metric small cancellation condition C^′(λ) with λ > 0 is verified for a generic (in the above defined statistical sense) finitely presented group, see, for example, [1, 2]. Then we apply the technique of small cancellation theory to find the complete graph K_l with l ≤ 2m + 1 in the Cayley graph of a generic group presentation with m generators.

A probabilistic point of view on the notion of a generic group was first considered by Gromov [5], see also [6, 7] and [9, Problem 11.75] for an independent definition by Ol’shanskii. In [5] Gromov announced that word hyperbolicity of a finitely generated group is a generic property, in a sense slightly stronger than the definition above. A proof of this result was given by Ol’shanskii [16], see also Champetier [2] for more results in case of two defining relations. A survey on the “random” viewpoint in geometric group theory is recently presented by Ghys in [4].

The model of a generic group (via the asymptotic density) defined above is closely related to the density model developed by Gromov in [6]. This model depends on a density parameter d with 0 ≤ d ≤ 1. It consists in choosing at random roughly (2m−1)^{dℓ} words of a given length ℓ in the alphabet of m letters (more precisely the number of chosen words of length ℓ is between C_1(2m − 1)^{dℓ} and C_2(2m − 1)^{dℓ} for two given constants C_1 < C_2), then defining a group presentation on m generators where these words are defining relations, and finally letting ℓ → ∞. Under our model, one can assume that in a generic presentation all defining relations have

4 G. N. ARZHANTSEVA AND P.-A. CHERIX

almost the same length t. Indeed, the proportion of reduced words of length at most t(1 − ε) among all reduced words of length at most t decrease exponentially as (2m − 1)^{−tε}. Hence the share of corresponding group presentations is exponentially small. Thus the model we are using in the paper is the case of the density model with the density parameter d = 0. It is worth noticing that our main result, Theorem 1, remains true for all groups of density d < 1/12 as such groups are known to satisfy the small cancellation condition C^′(λ) with λ < 2d [6, Ch. 9.B]. Hence our arguments (see our proof below) work in this case as well.

We also describe some group constructions preserving planarity. Theorem 3.

(i) Planarity is preserved under free products of groups.

(ii) For j = 1, 2, let G_j be a group generated by a finite set X_j containing a generator s_j of order 2, assume that the Cayley graph C(G_i, X_i) is planar. Let G be the amalgamated product of G_1 and G_2 along {1, s_1} = {1, s_2} ≡

Z/2Z. Then G is a planar group. More precisely, C(G, X1 ∪X2) is a planar

graph.

Acknowledgments. We are grateful to L. Babai and A. Valette for suggesting the problem. We also thank P. de la Harpe and A. Yu. Ol’shanskii for their useful comments. We also want to thank Y. Ollivier whose helpful remarks strongly clarify the first version of the paper.

References

[1] G. N. Arzhantseva and A. Yu. Ol’shanskii, Generality of the class of groups in which subgroups with a lesser number of generators are free, Mat. Zametki, 59(4) (1996), 489–496 (in Russian), English translation in Math. Notes, 59(4) (1996), 350–355.

[2] C. Champetier, Propriétés statistiques des groupes de présentation finie, Adv. Math. 116(2) (1995), 197–262.

[3] A. Dirac and S. Schuster, A theorem of Kuratowski, Indag. Math., 16 (1954), 343–348. [4] E. Ghys, Groupes aléatoires (d’après Misha Gromov), Séminaire Bourbaki, 55ème année, 2002–2003, no 916.

[5] M. Gromov, Hyperbolic groups, in Essays in Group Theory, ed. S. M. Gersten, MSRI Pub., 8 (1987), Springer-Verlag, 75–263.

[6] M. Gromov, Asymptotic invariants of infinite groups, in Geometric Group Theory (G. A.

Niblo and M. A. Roller, eds.), London Math. Society Lecture Notes Series 182(2)(1993). [7] M. Gromov, Random walk on random groups, preprint, IHES/M/02/03. [8] P. de la Harpe,Topics in Geometric Group Theory, Chicago Lectures in Mathematics, 2000. [9] Kourovskaya tetrad’ (Russian) [The Kourovka notebook] Nereshennye voprosy teorii grupp.

[Unsolved problems in group theory] Fourteenth augmented edition. Edited by V. D. Mazurov and E. I. Khukhro. Rossiyskaya Akademiya Nauk Sibirskoe Otdelenie, Institut Matematiki, Novosibirsk, 1999. 135 pp.

[10] K. Kuratowski, Sur le problème des courbes gauches en topologie, Fund. Math., 15 (1930), 271–283.

[11] R. Lyndon and P. Schupp, Combinatorial group theory, Springer-Verlag, 1977. [12] H. W. Levinson, On the genera of graphs of group presentations, Ann. New York Acad. Sci.

175 (1970), 277–284.

[13] H. W. Levinson, An algorithm to decide if a Cayley diagram is planar, Graph theory, combinatorics, and applications, 2 (1991), 801–810.

[14] H. W. Levinson and E. S. Rapaport, Planarity of Cayley diagrams: planar presentations, Proceedings of the Sixth Southeastern Conference on Combinatorics, Graph Theory, and Computing (Florida Atlantic Univ., Boca Raton, Fla., 1975), Congressus Numerantium, No. XIV, Utilitas Math., Winnipeg, Man., 1975, 567–593.

ON THE CAYLEY GRAPH OF A GENERIC FINITELY PRESENTED GROUP. 5

[15] H. Maschke, The representation of finite groups, especially of rotation groups of three and four dimensional space, by Cayley’s color diagrams, Amer. J. Math., 18 (1896), 156–194.

[16] A. Yu. Ol’shanskii, Almost every group is hyperbolic, Int. J. Algebra and Comput., 2(1) (1992), 1-17.

[17] H. Poincaré, Théorie des groupes fuchsiens, Acta Math., 1 (1896), 1–62. [18] N. Robertson and P.D. Seymour, Graph minors—a survey., London Math. Soc. Lecture Note Ser., Cambridge Univ. Press, 103 (1985), 153–171.

[19] C. Thomasen, Kuratowski’s theorem, Journal of Graph Theory, 5 (1981), 225–241. [20] H. Zieschang E. Vogt and H. Coldewey, Surfaces and planar discontinuous groups, Lecture Note in Math., 835 (1980), Springer.

Section de Mathématiques, Université de Genève, CP 240, 1211 Genève 24, Switzerland E-mail address: Goulnara.Arjantseva@math.unige.ch E-mail address: Pierre-Alain.Cherix@math.unige.ch