UNIFORM NON-AMENABILITY

G.N. ARZHANTSEVA, J. BURILLO, M. LUSTIG, L. REEVES, H. SHORT, AND E. VENTURA

Abstract. For any finitely generated group G an invariant Føl G ≥ 0 is introduced which measures the “amount of non-amenability” of G. If G is amenable, then Føl G = 0. If Føl G > 0, we call G uniformly non-amenable. We study the basic properties of this invariant; for example, its behaviour when passing to subgroups and quotients of G. We prove that the following classes of groups are uniformly non-amenable: non-abelian free groups, non-elementary word-hyperbolic groups, large groups, free Burnside groups of large enough odd exponent, and groups acting acylindrically on a tree. Uniform non-amenability implies uniform exponential growth. We also exhibit a family of non-amenable groups (in particular including all non-solvable Baumslag-Solitar groups) which are not uniformly non-amenable, that is, they satisfy Føl G = 0. Finally, we derive a relation between our uniform Følner constant and the uniform Kazhdan constant with respect to the left regular representation of G.

Introduction

Amenability is a fundamental concept with many apparently unrelated but logically equivalent formulations in different branches of mathematics, such as measure theory, representation theory, geometry, and algebra. Following the work of Følner, the geometric notion of amenability can be paraphrased as follows:

A space is amenable if it can be exhausted by a family of sets A_n of finite volume, with boundaries BdyA_n, also of finite volume, such that the ratio Volume (BdyA_n)/Volume (A_n) tends to 0 as n → ∞.

For a finitely generated group G the volume of a subset A of G is simply set to be its cardinality #A. The boundary ∂A of A can be defined in several different manners, each of them usually dependent on the choice of a finite generating set X of G. In this paper, we use

The work has been partially supported by the Swiss National Science Foundation grant No. PP002-68627, and by DURSI (Generalitat de Catalunya) grant No. ACI041. 1

the inner boundary of A (we will simply say “boundary”) ∂_X A = {a ∈ A | ax ∉ A for some x ∈ X^{±1}}. This seems to be the most natural definition from the viewpoint of geometric group theory (as it measures nicely the isoperimetric quality of the set A), and is used in this and related contexts by many authors. For the purpose of deciding whether a group is amenable, that is, whether there exists a family of Følner sets A_n ⊂ G with lim_{n→∞} #∂A_n #A_n = 0 ,

all the competing definitions for the boundary ∂A_n turn out to be equivalent: one can consider the so-called Cheeger boundary, the exterior boundary, the above defined interior boundary, etc. One of these alternative boundary notions determines the Kazhdan constant K(λ_G, G, X) of G with respect to the left regular representation λ_G of G, which will be defined in Section 2.

This paper, however, focuses on non-amenable groups, and more precisely, on the amount of non-amenability a group possesses. In order to measure non-amenability, one quickly realizes that knowledge of any lower bound on^{#∂X A}_{#A} for all finite A ⊂ G is worthless, unless it is uniform with respect to all finite generating systems X of G. Thus we define the uniform Følner constant

Føl G = inf_X inf_A #∂_XA #A , where A ranges over all non–empty finite subsets of G and X ranges over all finite generating sets of G. Note that Føl G is, in a rather subtle way, sensitive to the choice made among the competing definitions for the boundary of A.

In this paper, we prove in particular that, if G is a group generated by n elements, then one has:

0 ≤ Føl G ≤ 2n − 2 2n − 1 . The lower bound is achieved if G is amenable; correspondingly we call groups G with non-zero Følner invariant, Føl G > 0, uniformly nonamenable.

In Section 13 we show that there exist non-amenable groups which are not uniformly non-amenable. They deserve special interest, as, by a result of Osin [23], the much sought for examples of groups with exponential but not uniform exponential growth must be either amenable but not elementary amenable, or else non-amenable, while we show in Section 1 that the uniform growth rate ω(G) is bounded below by 1 1−Føl G . Together with the above mentioned Kazhdan constant, also

uniformized over all finite generating systems, the situation can be summarized as follows (compare Propositions 1.4. and 2.4.): Every finitely generated group G satisfies 0 ≤ 1 2 K(λ_G, G)^2 ≤ Føl G ≤ 1 − 1 ω(G) . The maximal value, Føl G = (2n − 2)/(2n − 1), is achieved for G free of rank n, and by no other group generated by n elements, see Section 5. For surface groups S_g we give fairly close lower and upper bounds for Føl S_g in Section 6. A less precise lower bound is computed in Section 8 for virtually free groups. While the computation for free groups follows directly from geometric arguments in the Cayley graph, our proof for surface groups is the model for a much larger class of groups, for which uniform non-amenability is summarized in Theorem below.

It relies on two basic good properties of the uniform Følner constant (see Sections 4 and 7):

(1) Føl G ≥ Føl G/N for any normal subgroup N of G, and (2) Føl_X G ≥^1_C Føl_Y H for any subgroup H of G, where the constant C depends only on the cardinality of the generating system Y of H and the maximal length of the elements of Y with respect to the generating system X^{±1} of G (the terminology is given in Section 1 below).

With these tools we can establish the following theorem. Our proofs are inspired by the previously known results on uniform growth.

Theorem The following classes of groups G are uniformly non-amenable:

(1) non-elementary word-hyperbolic groups;

(2) large groups (i.e. groups containing a finite index subgroup that surjects onto a non-abelian free group);

(3) free Burnside groups of large enough odd exponent; (4) groups which act acylindrically on a simplicial tree without global fixed points.

Finally, we would like to direct the readers attention to recent work of [24] by Osin, which, in a late state of our work, was communicated to us by de la Harpe. The last section of our paper has been influenced by looking at this paper and at its “predecessor” by Meier [20]. We would also like to thank the referees for their helpful remarks.

References

[1] S. I. Adian, Random walks on free periodic groups, Math. USSR Izvestiya 21 (1983), 425–434.

[2] G. Arzhantseva, V. Guba and L. Guyot Growth rates of amenable groups, perprint, see http://www.arxiv.org/abs/math.GR/0406013.

[3] M. Bekka and M. Meyer, On Kazhdan’s property (T) and Kazhdan constants associated to a laplacian on SL(3, R ), J. Lie Theory 10 (2000), 93–105.

[4] M. Bucher and P. de la Harpe, Free products with amalgamation, and HNNextensions of uniformly exponential growth, Math. Notes 67 (2000), no. 5-6, 686–689.

[5] M. Burger, Kazhdan constants for SL(3, Z), J. Reine Angew. Math. 413 (1991), 36–67.

[6] D. I. Cartwright, W. Mlotkowski, T. Steger, Property (T) and Ã_2 groups, Ann.

Inst. Fourier (Grenoble), 44 (1994), no. 1, 213–248.

[7] Ch. Champetier, L’espace des groupes de type fini, Topology 39 (2000), no. 4, 657–680.

[8] Y. Colin de Verdière, Spectres de graphes, Cours Spécialisés, SMF, Paris, 1998. [9] F. P. Greenleaf, Invariant means on topological groups and their applications, Van Nostrand Mathematical Studies, no. 16, Van Nostrand Reinhold Co., 1969.

[10] R. I. Grigorchuk, Degrees of growth of finitely generated groups and the theory of invariant means, Izv. Akad. Nauk SSSR Ser. Mat. 48 (1984), no. 5, 939–985.

[11] R. Grigorchuk and P. de la Harpe, On problems related to growth, entropy and spectrum in group theory, J. of Dynamical and Control Systems 3 (1997), 51–89.

[12] M. Gromov, J. Lafontaine and P. Pansu, Structures métriques pour les variétés riemanniennes, Cedic/F. Nathan, 1981.

[13] P. de la Harpe, R. I. Grigorchuk, T. G. Ceccherini-Silberstein, Amenability and paradoxical decompositions for pseudogroups and discrete metric spaces, (Russian) Tr. Mat. Inst. Steklova 224 (1999), Algebra. Topol. Differ. Uravn. i ikh Prilozh., 68–111; translation in Proc. Steklov Inst. Math. 1999, no. 1 (224), 57–97.

[14] P. de la Harpe and A. Valette, La Propriété (T) de Kazhdan pour les groupes localement compacts, Astérique #175, SMF, Paris 1989.

[15] J. Howie, Free subgroups in groups of small deficiency, J. of Group Theory, 1 (1998), 95–112.

[16] A. Hulanicki, Means and Følner conditions on locally compact groups, Studia Math. 27 (1966), 87–104.

[17] M. Koubi, Croissance uniforme dans les groupes hyperboliques, Ann. Inst.

Fourier (Grenoble), 48 (1998), no. 5, 1441–1453.

[18] M. Koubi, On exponential growth rates for free groups, Publicacions Matemàtiques, 42 (1998), 498–507.

[19] G. A. Margulis and E. B. Vinberg, Some linear groups virtually having a free quotient, J. of Lie Theory, 10, (2000), 171–180.

[20] D. Meier, Non-Hopfian groups, J. London Math. Soc. (2) 26 (1982), no. 2, 265–270.

[21] H. Oh, Uniform pointwise bounds for matrix coefficients of unitary representations and applications to Kazhdan constants, To appear in Duke Math. J.

[22] S. V. Ivanov and A. Yu. Ol’shanskii, Some applications of graded diagrams in combinatorial group theory, Groups—St. Andrews 1989, Vol. 2, 258–308, London Math. Soc. Lecture Note Ser., 160, Cambridge Univ. Press, Cambridge, 1991.

[23] D. V. Osin, Algebraic entropy and amenability of groups, to appear in Geom.

Dedicata; see arXiv:math.GR/0404075.

[24] D. V. Osin, Weakly amenable groups, Computational and statistical group theory (Las Vegas, NV/Hoboken, NJ, 2001), Contem. Math. 298, A.M.S., Providence, RI, (2002), 105–113 [25] D. V. Osin, Kazhdan constants on hyperbolic groups, Funktional Anal. i Prilozen 36 4 (2002) 46–54 [26] P. B. Shalen and P. Wagreich, Growth rates, Z_p –homology, and volumes of hyperbolic 3–manifolds, Trans. A.M.S., 331, No.2, (1992) 895–917.

[27] Y. Shalom, Bounded generation and Kazhdan’s property (T), Inst. Hautes Études Sci. Publ. Math., 90 (1999), 145–168.

[28] Y. Shalom, Explicit Kazhdan constants for representations of semisimple and arithmetic groups, Ann. Inst. Fourier (Grenoble) 50 (2000), no. 3, 833–863.

[29] A. M. Stepin, Approximation of groups and group actions, the Cayley topology, Ergodic theory of Z^d actions (Warwick, 1993–1994), 475–484, London Math. Soc. Lecture Note Ser., 228, Cambridge Univ. Press, Cambridge, 1996.

[30] S. Wagon, The Banach-Tarski paradox, Cambridge University Press, New York, 1993.

[31] R. J. Wilson, On Exponential growth and uniformly exponential growth for groups, Invent. Math. 155 (2004), no. 2, 287–303.

[32] A. Zuk, Property (T) and Kazhdan constants for discrete groups, Geom. Funct.

Anal. 13 (2003), no. 3, 643–670.

University of Geneva, CH-1211 Geneva 24, Switzerland E-mail address: goulnara.arjantseva@math.unige.ch

Universitat Politècnica de Catalunya, Avda. del Canal Olímpic, 08860 Castelldefels (Barcelona), Spain

E-mail address: burillo@mat.upc.es

LATP, UMR CNRS 6632, FRUMAM, Université d’Aix-Marseille III, Avenue Escadrille Normandie-Niemen, 13397 Marseille 20, France E-mail address: martin.lustig@univ.u-3mrs.fr

LATP, UMR CNRS 6632, FRUMAM, Université d’Aix-Marseille III, Avenue Escadrille Normandie-Niemen, 13397 Marseille 20, France

LATP, UMR CNRS 6632, FRUMAM, University de Provence, CMI, 39 rue Joliot Curie, 13453 Marseille 13, France

E-mail address: hamish.short@cmi.univ-mrs.fr

Universitat Politècnica de Catalunya, Av. Bases de Manresa 61 - 73, 08240 Manresa (Barcelona), Spain

E-mail address: enric.ventura@upc.es