ON OPTIMAL SOLUTIONS OF THE BOREL PROBLEM
IN THE ROUMIEU CASE

DAVID NICOLAS NENNING, ARMIN RAINER, AND GERHARD SCHINDL

ABSTRACT. The Borel problem for Denjoy—Carleman and Braun—Meise—
Taylor classes has well-known optimal solutions. The unified treatment of
these ultradifferentiable classes by means of one-parameter families of weight
sequences allows to compare these optimal solutions. We determine the rela-
tions among them and give conditions for their equivalence in the Roumieu
case.

1. INTRODUCTION

The Borel map j* : C*®°(R) — CN takes a smooth function f to its infinite
jet (f7(0))nen at 0. We will be concerned with the restriction of j°° to Denjoy—
Carleman classes £} (R), Braun—Meise-Taylor classes £{“}(R), and, most gener-
ally, classes & {m}(R), where 91 is a one-parameter family of weight sequences. We
will only treat the Roumieu case in this paper; the Beurling case will be discussed
in a separate paper. The j°°-image of any of these ultradifferentiable classes sits in
a sequence space AIME At} and AT™ defined by analogous bounds. The (mixed)
Borel problem asks for conditions for the validity of the inclusion

(11) A{WEight/} C joog{weight}(R)

in any of the above cases, where different weights may appear on the left and on
the right.

For Denjoy—Carleman and Braun—Meise-Taylor classes the optimal solution to
this problem is well-known:

(1) Let M be a non-quasianalytic weight sequence. If M’ is a suitable other
weight sequence, then A{M T C jooé'{M}(R) is equivalent to a condition
(namely (4.1)) purely in terms of M’, M which we denote by M’ <gy
M; see [26]. There is an explicit positive sequence L = L(M) such that
L <sy M, that is A1} C j°g{MI(R), and L is optimal with respect to
this property; see [24].

(2) The condition M’ <., M (see (4.4)) is generally stronger than M’ <gy M;
it plays a crucial role in the more general Whitney problem [5] [7], [13] 20, [18].
In many important cases the conditions are equivalent. There is an explicit
weight sequence S = S(M) such that § <,, M and S is optimal with
respect to this property; see [20].
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(3) Let w be a non-quasianalytic weight function. If w’ is a suitable other weight
function, then A{¢} C jEH(R) is equivalent to a condition (namely
(2.2)) purely in terms of w’,w which we denote by w’ <s w. There is
an explicit weight function k = k(w) such that k <4 w, that is ING N
j°E@H(R), and & is optimal with respect to this property; see [3]. The
condition w’ <4 w is also crucial in the respective Whitney problem [I, 22
23, (17, [18].

(4) Beside these optimal solutions there is Carleson’s solution [6] based on a
universal moment problem. It gives a sequence @ = Q(M) (but is also
intimately related with (3)) such that A{@} C jogIMI(R).

The assumption that the weight on the right-hand side of is non-quasianalytic
is no restriction: it is a necessary consequence of the inclusion (for germs at
0) if the involved classes strictly contain the real analytic class; see [21] and [I8]
Section 5).

The use of one-parameter families 9t of weight sequences admits an efficient
unified treatment of Denjoy—Carleman and Braun—Meise—Taylor classes alike. In
fact, for a weight function w there is a canonical well-behaved family 9t = 971, such
that Al“} = AT and £{0H(R) = £H(R) as locally convex spaces; cf. [19]. Tt
also abolishes the borders between the four listed solutions and begs the question
about the relationships among them.

In this note we answer this question. Given a suitable family 9t we lift the
derived weights L, S, k, and @ to the level of families of sequences £, &, K, and
9 and clarify the relations among them. While the construction of £ and & is
straightforward, & and 9 are obtained by a more convoluted procedure involving
the interplay between weight sequences M € 91 and their associated functions wyy,
Kwyys and P, . In summary we find, provided that 9t and 9 satisfy some standard
conditions,

ALSH c AR AR c A8 c A8 ¢ jooé‘{fm}(R)7

1.2

(1.2) APVY € joeM(R) — AV C Al

underlining the overall optimality of £ in regard of the mixed Borel problem; here

£ is obtained from £ by passing to the log-convex minorants of the sequences in £.
In the most important Braun—Meise-Taylor case we prove that, for each non-

quasianalytic weight function w,

(1.3) Al = AR A8 2 A8

where the families £, &, and 9 are derived from the canonical associated family
M,,. So in this case optimality in the mixed Borel problem is achieved by all these
different approaches. In view of the inherent regularity properties of it is not too
surprising that we have to pass from £ which might be quite irregular to £.

After recalling background on weights and function and sequence spaces in Sec-
tion [2| we review Carleson’s solution to the Borel problem in Section [3| and adapt
it to our setting. In Section {4 we prove ([1.2) and give sufficient conditions for
equality everywhere in . The consequences for the classical cases of Braun—
Meise-Taylor and Denjoy—Carleman classes are discussed in Section 5] The proof
of relies on a variant of a result of [3] which we prove in Appendix
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2. WEIGHTS

2.1. Weight functions. Let w : [0,00) — [0,00) be a continuous increasing func-
tion satisfying w(0) = 0 and lim; ,~ w(t) = co. We call w a pre-weight function if
additionally

e log(t) = o(w(t)) as t — oo,

o ., :t— w(e) is convex.
A pre-weight function w is a weight function if it also fulfills

e w(2t) =0(w(t)) as t — oc.

Another important condition is
(2.1) JH >1Vt>0:2w(t) <w(Ht)+ H.

Given two pre-weight functions w, o we write 0 < w if w(t) = O(o(¢)) as t = o
and call w and o equivalent if o < w and w < . Note that < induces a partial order
on the set of equivalence classes. Any equivalence class [w] contains a pre-weight
function w with Wlj,1; = 0; we say that w is normalized. We will often tacitly
assume that this property is satisfied.

Also note that if one representative in [w] is a weight function then all represen-
tatives are weight functions.

A pre-weight function w is called non-quasianalytic if

/OOO W<t) dt < oo

142

and quasianalytic otherwise. If w is a non-quasianalytic pre-weight function, then
we may consider

Ko (t) == /loo wlts) 4o - t/too w(s) ds, t>0,

52

which turns out to be a concave weight function satisfying k,(t) = o(t) as t — oo
and w < Kk, (which entails k,, < w) since w is increasing; it might be quasianalytic.
Note that if ¢ and w are equivalent, then so are x, and k.

The importance of x,, relies on its optimality with respect to the Borel problem
[B]: Given that w’,w are weight functions, w non-quasianalytic, w'(t) = o(t) as
t — 00, then A1} C j°&H(R) if and only if W’ < k,,, ie.,

° w(ts)

(2.2) 30>0wzo:/ —

ds < Cu'(t) + C;
1 S

we will write w’ <4 w for . This induces a relation on the equivalence classes
of pre-weight functions which is antisymmetric, since w’ <4 w implies W’ < w,
and transitive (indeed, wy <s wo and wy < wi yield wy =X Ku, = w1 X K,
so that wy < wp). The pre-weight functions w that satisfy w <4 w, that is
At = jooglwl(R), are often called strong weight functions; being equivalent to
K they actually are weight functions.

For any pre-weight function w we consider the Young conjugate of ¢,

oo (z) == sup{zy — ou(y) 1y >0}, x>0.

It is convex, increasing, and satisfies (¢))* = ¢y, @5 (t)/t / 00 as t — oo, and
¥ (0) = 0 (provided that w is normalized).
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2.2. Weight sequences. A positive sequence M = (My)r>o is called a weight
sequence if My = popy -+ pg, where 1 = pg < pg < - < g1 < pg / 0o. That p
is increasing amounts to log-convexity of M. We have M ,i/ F oo, If even py/k is
increasing, we say that M is strongly log-convez.
For two positive sequences M, N we write M < N if
] (Mk ) 1/k -
Zg Ny >
and we call M and N equivalent, if M < N and N < M. The relation M < N
induces a partial order on the set of equivalence classes.
Note that if M is log-convex and ' oo then the equivalence class [M] contains
a weight sequence M. That means M also satisfies 1 = MO < Ml.
A weight sequence M is called non-quasianalytic, if
(oo}
1

Z*<oo

k=1 Mk
and quasianalytic otherwise. We say that M has moderate growth if
30 > 1Y),k € N: My, < CIPFM; M.
2.3. Associated function. With a positive sequence M satisfying M,i/k — 00 we

associate (cf. [I4, Chapitre I] and [I2] Definition 3.1]) the function wyy : [0,00) —
[0, 00) defined by

t* M,
wp(t) :== suplog( MO)’ fort >0, wp(0):=0.

keN k
Lemma 2.1 (Cf. [8, Lemma 2.4] and [9, Lemma 3.1]). For a weight sequence M :
(1) war is a pre-weight function.
(2) M has moderate growth if and only if wys satisfies .
(3) (My/E)Y*E — 00 if and only if wyr(t) = o(t) as t — oc.

The log-conver minorant M of a positive sequence M satisfying M ,i/ P o is
given by
¢k

‘We have M,lc/k — oo and if L < M is log-convex then L < M < M.

2.4. Weight matrices. Cf. [19, Section 4]. A weight matriz M = {M® : x €
R-¢} is a one parameter family of weight sequences M(*) such that M (=) < MW
if x <y. Weight matrices are a convenient technical tool for working with weight
functions:

Lemma 2.2 ([19, Section 5]). With every normalized pre-weight function w one
can associate a weight matriz M = M, = {M(g”) cx > 0} by setting

(2.4) M@ = exp (%gpi(mk)).

w is non-quasianalytic if and only if some/each M®) is non-quasianalytic. All
weight sequences M) are equivalent if and only if w satisfies (2.1) which in turn
is equivalent to some/each M @) having moderate growth.
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If w is even a weight function, then
(2.5) Vh>13A>1VYz >03D > 1Vke N: "M < DM,

If w is not normalized, we still define M, by (2.4)), dbut 1 = Méw) < Ml(w) might
fail.

A weight matrix 9% is called non-quasianalytic if all M € 9 are non-
quasianalytic.
Let 9% and N be weight matrices. We write IM{=<}N if

VM eMIAINeN: M <N

and say that 9t and 9 are R-equivalent if M{=<}9T and T{<}M. Note that if there
exists a non-quasianalytic M € 9, then there is a non-quasianalytic weight matrix
R-equivalent to 1.

A weight matrix 90 is said to have R-moderate growth if

VM € MIN € MIC > 1Y),k € N: My < CITFN; N

Note that 9, has R-moderate growth; see [19].

We remark that the prefix “R-” and the brackets “{-}” indicate that the no-
tions are tied to the Roumieu case; they have Beurling-relatives which will not be
discussed in this paper.

2.5. Function and sequence spaces. Let M be a positive sequence. For o > 0
and n € N we define the Banach space

() (g
EM([—n,n)]) := {f € C*([-n,n]) : mE[—il,lvf]),keNW < oo}
and the Denjoy—Carleman classes of Roumieu type
EMI(R) = proj, ey indy ey EX ([—n, n)).
Let 991 be a directed family of positive sequences. We set
EPH(R) := proj,en indyen indarem 37 ([=n, n]).
Let w be a normalized pre-weight function. We define
E([—n,n]) := {f € C*([-n,n]) : sup w < oo}
z€[—n,n], keEN e ¥u(ak)
and the Braun—Meise—Taylor class of Roumieu type
EWHR) = pProj, ey indyen £ ([—n, n)).
The corresponding sequence spaces are defined as follows:

Ag/l = {GGCNZSUPM<OO}, AL = {aE(CN:sup1|a7k|<oo},

keN oF M, heN es P (k)

A} = indyen Ag/[, AP = indpseom A{M}7 At = indyen AY.

By Lemma (and [19]), we always have E{«}(R) C £{Mw}(R) and Alv} C A1}
and topological isomorphisms E{«}(R) = £{M«}(R) and At = ATt if o is even
a weight function.
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The order relations < and {<} on the weights reflect inclusion relations of the
corresponding function and sequence spaces. In particular, for positive sequences
M', M we have

M M < AM}c MY

M=<M = &MIR)ceM(R),
and provided that M’ is a weight sequence

M <M <« ¢gMIR)ceM(R).

So equivalent weights determine the same function and sequence space. For details
we refer to [19] and [I8].

3. ON CARLESON’S SOLUTION OF THE BOREL PROBLEM

3.1. A moment problem. Let w be a non-quasianalytic pre-weight function
which we extend to R by setting w(t) := w(]t]). (It is easy to check that W := exp ow
satisfies the assumptions in [6].)

The harmonic extension

e @) _at ify+0

oo (z—t)2+y?

Fule +iy) = {w(x) ify=0

is continuous on C and harmonic in the upper and lower halfplane. By [6, (2.3)]
(see also [3, Lemma 3.3]),

‘ o [ w(t) 2 [ w(rs)
ﬁﬁﬁﬂ%@+@ﬁRW”—%[wﬁ+ﬂﬁ‘%A Trs2®

) 05 = 2(0l0) + 1a(r) < S

IN
SRR
N

&
=

_|_

—
8
S
C/J/—\
(V)

52 - 14 s2 14 52
We see that
4
(3.1) P,(ir) < —ky(r) <4P,(ir), r>0.
T
We define
rrts
(32) Qk (= Ssup T(')’ ke N.
r>0 e2 1w lr

Let F,, be the space of measurable functions f : R — R such that

17112 = / F(1) 26— dt < oo

— 0o

Fix a positive real sequence A = (A\;)reny and let Sy be the space of sequences
s = (8g)ren such that

o0

|si|?
jslf = 3 2 < o

k=0 "k
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Theorem 3.1 ([6l, Theorem 1]). For each s € Sy there exists f € F,, with
Li(f) = / ftke O dt = 5. keN,

provided that
Z (—k) < o0.
= \Q
3.2. A solution of the Borel problem. Let M be a non-quasianalytic weight
sequence and wy; the associated function. Then
(T}M(t) = W]\/[(t) + log(l + t2)

is a non-quasianalytic pre-weight function that is equivalent to wy,.
Let M = {M(® : o > 0} be a non-quasianalytic weight matrix. For a > 0 and
7 € N set

Ko = kg o, and K](O‘) = exp(py_ (7))
Then K(® = (K J(a)) is a weight sequence by the properties of the Young conjugate
and & = R(ON) := {K@ : a > 0} is a weight matrix. (Strictly speaking, we take a
normalized representative in the equivalence class of k,, in order to have 1 = Kéa) <

Kfa).) On the other hand we have the collection Q = Q(M) := {Q®) : a > 0},
where Q(®) is the sequence defined in (3.2) with P, replaced by

P, :=PFP;

M)’
Lemma 3.2. Let M be a non-quasianalytic weight matriz. Then & = K(M) is a
weight matriz such that (K;a)/j!)l/j — 00 and KJ(-Q)/MJ(Q) is bounded for all o > 0.

Proof. That £ is a weight matrix is an easy consequence of the definitions. Now
Wi 1s equivalent to kq, by [19, Lemma 5.7], and ko (t) = o(t) as t — oo which
shows (K;a)/j!)l/j — 00, by Lemma Finally, wyse) < Oprm < Ko implies
K@ < M@ in view of (2.3). O

Lemma 3.3. Let M be a non-quasianalytic weight matrix of R-moderate growth.

Then R = R(M) has R-moderate growth which is equivalent to

(3.3) Ya>038>03H > 1Vt >0:2ks(t) < ko(Ht)+ H.

Proof. That 9 has R-moderate growth is, by [25, Proposition 3.6], equivalent to

(3.4) Vao>038>03H > 1Vt >0: 2wy (t) < wppe (HE) + H.

Since Wy is equivalent to wya), this implies by iteration that
VYa>038>03H > 1Vt >0: 200 (t) <Oy (Ht) + H.

Thus holds:

Wy (1) W (Hrt) 1

2@(7‘):2/ MTdtg/ MTdt—i—H o3 dt = Ko (Hr) + H.
1 1 1

To see that (3.3) is equivalent to £ having R-moderate growth observe that, for

each o > 0, K, is equivalent to wg (), by [19, Lemma 5.7], and use the remark at

the beginning of the proof. O
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Proposition 3.4. Let 9 be a non-quasianalytic weight matriz of R-moderate
growth. Then 8 = &(M) and Q = Q(M) are R-equivalent.

Proof. Let o > 0 be fixed. By (3.1]) and (3.3)), there are 5 > 0 and H > 1 such that
1
ipﬁ(it) §2I€5(t) Slia(Ht)—‘rH, t> 0.

Then, using without loss of generality xalj,1] = 0,

1 1 1

Q) rtz . 1 rte 1 snt2
=Sup 45—~ > — Su = su

" 7‘>%) eabslir) = eH r>I0) era(HT) — fntseH s>%) era(s)

1
1 snt2 1 s" 1
= 1 Sup = 1 Sup = 1 K’r(La)
Hrtzel o>1 eme(s) = frtsel o erals)  grtsel

)

that is K(® < Q. Again by (3.1) and (3.3), there are 8 > 0 and H > 1 such
that

|

H
Po(iHt) + =, t>0.

N | =

1
kp(t) < gna(Ht) + =<

Thus, using kglj0,1] = 0,

1
1 rte 1 H 1 H
Q,(f) =H""2gup ——— < H""2es sup —— = H" 2es sup ——
>0 eEPa(ZHT) r>0 6/{[;(7“) r>1 e”/‘l("‘)
n+1
< H'tie® supri = Htaev KV
- r>1 eK’ﬁ(T) ntl

rn-‘r% ,,,n—i—%

Since K has R-moderate growth we are done. O

The following theorem is a simple generalization of [6, Theorem 2].

Theorem 3.5. Let M be a non-quasianalytic weight matriz of R-moderate growth
and consider & = RO and Q = Q(M). Then AT} = A1} C jogM(R),

Proof. The identity A™ = A2} is a consequence of Proposition Let a € A9}
i.e., there exist o, C, p > 0 such that |a,| < CpmQY for all n. Set s, := (3pi) "ay,

and \,, := 2‘"@5{3‘). By Theorem there exists f € Fg such that L, (f) = s,
for all n. The function

M(e)

g(t) == / 63’”'“]“(33)67@%“’ @) g

— 00

fulfills 1°¢g = a and belongs to £™}(R). Indeed,

o0
501 @ [ el |l ) de

T on -5 @) g\
< (30)" 1115,y / P2 T @) d)

and
z?" 1 1 %" M)

2n 75 (o) (ZL’) _ < _
xre M = su = .
exp(wps () 1+ 22 — 14 a2 acZIS exp(wye (z)) 14 a2
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Since M has R-moderate growth, there exist 8 > 0 and H > 1 such that Méz) <
H™( y(f))2 for all n. Thus

901 < VI I, M ([ )"

(@) n 2
M o 1+

that is g € EIPH(R). O

4. OTHER DERIVED WEIGHTS RELATED TO THE BOREL PROBLEM

4.1. Optimal solution of the Borel problem. Let M be a non-quasianalytic
weight sequence and M’ a positive sequence. The condition that gives the optimal
solution in the Borel problem is

M) \1/(—i)
SUPo<i<; (5737

1
(4.1) ds € N>y : sup — < 00
T jeNy,; J kZZ] Kk

which we abbreviate by M’ <gy M:

Theorem 4.1 (]26], [10, Theorem 3.2], [24, Theorem 2.2]). Let M be
a mnon-quasianalytic weight sequence and M’ a positive sequence such that
liminfy o0 (ML /E)Y* > 0. Then APM} C jIMI(R) if and only if M’ <sv M.

In the listed references also the assumption M’ < M (or even a stronger assump-
tion) is made. But note that, by [24, Lemma 3.2],

(4.2) M <gy M = M’ < M,

and clearly also AIM'} C jg{M}(R) implies M’ < M so that Theorem holds
as stated without the additional assumption M’ < M.

We remark that <gy induces a relation on the set of equivalence classes of weight
sequences M such that lim infkﬁoo(Mk/k!)l/’C > 0 which is antisymmetric and
transitive (indeed, M; <gy My and My <gy M; imply A{M2} C jegiMil(R) C
jeEMoH(R) by and so My <gy My by Theorem [4.1]).

Theorem 4.2. Let M be a non-quasianalytic weight matriz and M’ a one-
parameter family of positive sequences such that lim infkﬁoo(M,’C/k'!)l/’c > 0 for
all M' € M. Then the following conditions are equivalent:

(1) AP C joogtH(R).
(2) VM e M IM e M : M' <5y M.
Proof. Theorem yields that (2) is equivalent to
(3) VM' € M IM € M : AM'} C joog{MI(R),
That (3) implies (1) is clear. To see that (1) implies (3) let M’ € M’ and note
that we may assume that 0 = {M) :n € N5, }. By (1), AM' C joD™M}([-1,1])
(by multiplication with a suitable cutoff function), where

DI (=1, 1]) = indper., DM ([~1,1])

and DM ([=1,1)) := {f € EM" ([~1,1]) : supp(f) C [~1,1]}. By Grothendieck’s
factorization theorem [I5, 24.33], AM" C j"OD%<")([—1,1]) for some n. This
inclusion implies A{M} C jOOE{M(n)}(R) and hence (3) is proved. Indeed, if
a = (a) € MM} then a € Ai)”' for some p > 0 and hence b := (p~*a;) € AM'.
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There exists g € D%(n)([—L 1]) with b = j°°g so that f(z) := g(px) € E{M(n)}(R)
satisfies a = j*° f. O

Corollary 4.3. Let M be a non-quasianalytic weight matriz of R-moderate growth
and consider & = R(OM). Then VYo > 03 > 0: K@) <, MP),

Proof. This follows from Lemma [3.2] Theorem and Theorem [4.2] O

4.2. The derived sequence L. Let M be a non-quasianalytic weight sequence.
We define the sequence L = L(M) by setting

. k k—=j
(4.3) Ly = min, ((mel) MJ), k>1, Lo:=1.
The importance of L relies on its optimality with respect to - <gy M (cf.
[24, Theorem 3.3]): We have L <gy M and if M’ is a positive sequence with
liminfy o (ML /K% > 0 and M’ <gy M then M’ < L < M. If M’ is log-convex
we also have M’ < L < M, where L is the log-convex minorant of L. We remark
that (L /kD)'/* — oo; see [24, Lemma 3.2].

Lemma 4.4. If M < N are two non-quasianalytic weight sequences, then L(M) =<
L(N) and L(M) = L(N).

Proof. By Theorem[d.1] L(M) <sv M implies L(M) <sv N and so L(M) =< L(N)
by the optimality. Passing to the log-convex minorant preserves the order relation,
see [19, Lemma 2.6]. O

4.3. The derived sequence S. Let M be a non-quasianalytic weight sequence
and M’ a positive sequence. We consider the relation M’ <., M defined by

(4.4) sup — Z L < 00.

Let us recall a construction (see [20, Section 4.1], [I1l Remark 9], and also [16])
which yields a weight sequence that is optimal with respect to - <,, M in the
following sense. The strongly log-convex weight sequence S = S(M) defined by
Sy = 0901 - - -0k, Where g := 1 and

k k 1
O :=T1—, Tk ::7_‘_277 kZL
Tk M >k e

satisfies o < p, S <, M, and if M’ is another weight sequence satisfying 1/ < p
and M’ <,, M then p’ < o; see [20, Lemma 4.2]. Note that o < p means that o/u
is bounded and implies S < M.

We have S(M) = L(M), since M’ <., M implies M’ <gy M; cf. [I0, Lemma
2.4] and [26].

Suppose that also M’ is a weight sequence and p < p. Then M’ <., M implies
wprr <st war, see [22] Lemma 5.7]. If M’ additionally has moderate growth, then

M <s5y M <+ M <, M <= wy <sww;

cf. [10, Lemma 5.8] and [24, Remark 2.1]. So <., induces a relation on equivalence
classes of positive sequences which is always antisymmetric and becomes transitive
if we restrict to weight sequences of moderate growth.
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In light of this it is important to know under which circumstances the derived
sequence S has moderate growth. This is the case if M has moderate growth and
also under the weaker condition

: 1
(4.5) liminf 22 3™ = >,

see [II, Lemma 6]. In that case S and L are equivalent, see [24] Theorem 3.11].

4.4. Relations among the derived sequences. Let 9t = {M(® : a > 0} be a
non-quasianalytic weight matrix and & = {K @ a> 0} the derived weight matrix
from Section For each M(® we consider the derived sequences S(®, L(®) and
L (the log-convex minorant of L(®)) and the families

S={S@:a>0}, £={LW:a>0}, £={LY:a>0}.

Formally, these collections are not weight matrices as defined above, but their
deficiencies are minor and carry no weight. We have S (@) < L(a) < L@ for each
a> 0.

Theorem 4.5. Let M be a non-quasianalytic weight matriz of R-moderate growth.
Then the derived families satisfy G{=<}R{=}£L£{=}L.

Proof. Let us first show R{=<}£. By Corollary for each & > 0 there is 5§ > 0
such that K(® <g, M® and thus K(® < L) by optimality. Since K(® is
log-convex, we also have K(®) < LY,

For G{=<}8 observe that for each @ > 0 we may assume that (@ < (@) by
dividing ol by a suitable constant. Then wga) <st Wy holds (cf. Section ,
e, Wy = Ka, since K, and K (o) ATC equivalent. By [19, Lemma 5.7], wx () is
equivalent to K, so that wi () < Cwg + C for some positive integer C. Then
(@) — gquqp—t £
o T s 1) © T exp(C g ()

ten /¢ o
:e(supi) = e(K5N)YC.
>0 exXp(Wi @ (1))

There exists 8 > 0 such that S(® < K®) gsince & has R-moderate growth, by
Lemma[3.3] Since £{<}£ is obvious, we are done. O

We may now complete the proof of : Let 91 be a non-quasianalytic weight
matrix of R-moderate growth. Then Proposition Theorem Theorem
and Theorem yield the sequence of inclusions in the first line of .

Suppose that 9V is a one-parameter family of positive sequences such that
lim infy, o (M}, /E)Y* > 0 for all M' € O and AV} C j°£™}(R). Then
for each M’ € M’ there is M € 9M such that M’ <gy M, by Theorem and
hence M’ < L(M), by optimality. That means 9'{<}£ and the second line in

(1.2) is proved.

4.5. Sufficient conditions for R-equivalence of the derived families G, &
and £.
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Theorem 4.6. Let 9 = {M(® : o > 0} be a non-quasianalytic weight matriz of
R-moderate growth such that p(® < u® if o < B and

(B)
1
(4.6) Yao>035>0: hmlnf k ZW>O'
3>k Hj

Assume that the derived family & has the property
(4.7) Ya>038>03A>1Vj €Ny o™ < A(SI)Hd,
Then &, R, £, and £ are R-equivalent.

Proof. By Theorem it suffices to show £{=<}&. Let a > 0 be fixed. By (4.6),
there exist 8 > 0 and C > 1 such that

CZ a)
j>/€
We may assume that o < 8 and hence p(®) < ,u(ﬁ). Thus we get
B _ _k 1
= gt 2 w)—(C“Ll)Z @
Hy, >k o>k My

and consequently,

(ﬂ) - DZ (a)

o>k M
Then, by (4.7)), there exist v > 0 and A > 1 such that
(L(a))l/k k < Da(ﬂ) < AD(s(V))l/k
(@ > PR k
Ze>k(w )
and we are done. O

The conclusion of Theorem (invoking Theorem means that
ALY — A8} — A{9} — AfE) — p{2}
So under the assumption of the theorem all presented solutions to the mixed Borel
problem coincide with the optimal one; cf. Section We shall see in Theo-

rem [5.5] that for non-quasianalytic Braun-Meise-Taylor classes similarly optimality
is achieved by the different approaches leading to A%}, A8 = A{R} and A{E}

Remark 4.7. Let us discuss what R-equivalence of &, R, £, and £ implies for .
In view of Theorem this means that for each a > 0 there exists 3 > 0 such
that (LE:‘))I/’~C S (S,(f))l/k. Since (S,(f))l/k < J,gﬁ) = TI(B)%, we may infer

k
((m)mMﬁ R T;,j)

where ji is an integer 0 < j < k where the minimum in the definition of L,(f) is
attained. A simple conversion of terms gives

1 1 \Jr/k
(5 @) eg)Es <a>Zf

o>k My 0>k ,uz
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and so, by the definition of T]gﬁ )

: : )jk/k @k < M 1
X-m) s S
& >k ME ) ' k 02>k NE )

We see that (4.6) would follow if the left-hand side is bounded away from zero.

In the following lemma we give conditions purely for 9t which imply the assump-
tions of Theorem Notice however that (4.9) seems to be quite restrictive.

Lemma 4.8. Let M = {M(a) :a > 0} be a non-quasianalytic weight matriz such
that p(*) < put®) if a < B,

U](f) Z 1
(4.8) Ya > 036 > 0: liminf “5— >0,
Rooo K j>2k u§‘”
and
(4.9) Ya>036>034> 1VjeN;(M§,a>)2 SAugf).

Then ) and - hold.
Proof. Obviously, (4.8]) implies (4.6)). Next we claim that (4.8]) implies

(4.10) Ya>033>03B>1vjeN:7" < Br{?.
Indeed,
5 1 2j 1
+ Z Z ) = (6 Z ®B)
] k>2j H ]<k<2y H Hj k>2j M
(a)
<C) a>+Z (5 <@+ Z < (C+1)ry)).
E>2j Nk k>25 M k>2;

(@)

Consequently, since 7;" is decreasing,

B () (r[) = B - ry)

T2]

> B% (72(04)) (Tia))Q o (72(?))2 > (Tl(ﬁ) . 7-_7(6))2'

Now (4.9) implies that there exist v > 0 and A > 1 such that

-2
(8)\2 J 1 12
G2 =G5+ D e 2 5 AZ (v)
(Mj ) k>j (Mk )

M2j k>j Hope

=Y (,m) +2 (7)) = 2A )
27 k>2j Hy,

In view of - ) there exist 6 > 0 and D > 1 such that 7. (W) 2 (5) Thus
« a — [ é
BQ]( ( )) ( ( )) (Tl(ﬁ)---Tj(’B)) > (24D) ]7'1()"'7—;)-
It is easy to see that crj(a) < A(S](-‘S))l/j is equivalent to
7-1(5) .. .7-](5) < AV (T](a))j

and hence the statement is proved. [
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5. CLASSICAL CASES

5.1. Braun—Meise—Taylor classes. The goal of this section is to show that, for
any non-quasianalytic weight function w,

Al = ATR) = A8 A8}
where k = k., and the families &, Q, and £ are derived from 9t = 9.

Proposition 5.1. Let w be a non-quasianalytic weight function, Kk = k., and
R =RM,). Then Atr} = A{R}

Proof. Now k and k, are equivalent for all & > 0, since w and wjy, are, by [19]
Lemma 5.7]. So there is C' € N> such that ko, < Ck+C. Let H = 9, = {H(O‘) :
o > 0} be the weight matrix associated with « (cf. Lemma[2.2). Then, for a = 1,
assuming that x and k1 are normalized,

t t
HWY = exp(pr(j)) = sup ———— < esup —————— = (K.
;TP ) =R ) = O () )

For = € N>1, we conclude Hj(.m) = (Hgg))l/l‘c < el/x(Kggzj)l/(Cx) and thus H{=<} 8,
since K has R-moderate growth.
We also have k < Ckq + C for some C € N> so that an analogous computation
1)

gives KJ(»O‘) < e(Héj )1/ and hence R{=<}$), since § has R-moderate growth. [

As a technical tool we will associate with a weight sequence M and a positive
integer n the weight sequence M defined by M ][n] = Mij/n Note that

[n]
M;
Ml

j—1

[n]

g = 1/n

= (Kn(j—1)+1 """ Hnj)

satisfies po; < A,u?] for some constant A > 1, which follows easily from the fact

that p is increasing. We always have M < M and M™ < M holds provided
that M has moderate growth. If M is non-quasianalytic, so is MM,

Lemma 5.2. Let M be a non-quasianalytic weight sequence and M’ a positive
sequence. Then M’ <gy M implies M <gy M4 for all positive integers n.

Proof. For all 0 <1i < j,

Lgn] (M \wa < My; w59 < s M\ w=
7] BRI = \s"iM,, = 2P\ e, '
sIM s™I M S ng 0<i<nj \S i

7 ni

Moreover,

4n 4 4 4 -
e = DY = il > AT e

so that, for j > 2,

The assertion follows. O
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Proposition 5.3. Let 9 be a non-quasianalytic weight matriz of R-moderate
growth and 9 a one-parameter family of positive sequences such that
lim infg 00 (ML /EN)Y* > 0 for all M' € 9. Assume that

(5.1) M € M VM’ € M 3n € Noy : M < (M),
If there is M € M such that M’ <gy M, then AT} C jeEMH(R).

Proof. Let a € AP}, Then a € A’} for some M’ € 9. By (B.3), we find n > 1
such that M’ < (]/W\’)["]. Consequently, a € ALY By Lemma m we have
(]/\4\’)[”] <y MBI We may conclude that a € jooé'{ﬁ[m]}(R); cf. Theorem
Since Mt has R-moderate growth, E{M\M”]}(R) C EMH(R). O

Lemma 5.4. If w is a pre-weight function, then 9t = M, satisfies (5.1)).
Proof. We have M) = (M™M)[" for all positive integers n; cf. (2.4). O

Theorem 5.5. Let w be a non-quasianalytic weight function and 9 = 9M,,. Then
the derived families & and £ are R-equivalent.

Proof. By Theorem it remains to show £{<}R. Fix L € £ and M € M
such that L = L(M). We have L < M and thus there is H > 1 such that
wi(t) < wp(Ht) for all t > 0. Now wyy, being equivalent to w by [19, Lemma 5.7],
is a weight function so that, for some A > 1,

wir(t) < Awpr(tH ™) + A < Awp (t) + A.

That means wy < w and thus B{=<}9M, where B = {B : a > 0} = M, is
the weight matrix associated with wy, (cf. Lemma we do not assume thatiwé
is normalized). In general, w; might just be a pre-weight function (not a weight
function) so that only the inclusion Aferr € A3} g available. Observe that B
and L are closely related: by and (2.4),
k . k
Loms i B =t gy L

and consequently

tk th
B,(cl) <L,= max{ sup ,sup }
t>

0<t<1 ewg(t) 1 e‘*’A(t)
< max {1, o } = max{1, B{
< max 73121;1) o ) = max{1, B, }.

Since B,il) — 00, we see that the sequences B(") and L are equivalent.

By Lemma we have B = (BU)[ Since L <gy M and thus L <gy M
and the sequences B() and L are equivalent, we find AP} C j*&MH(R), by
Proposition (We have wy, (t) = o(t) as t — oo and consequently (Bj(-n) /Y —
oo for all n, by Lemma ) Thus Afwzt C jog{@H(R) which implies wy, < &, by
Proposition [A]]

It follows that B(®) ¢ A{Bm = A= C Alert © Atsd = ASE py Proposition
and consequently there exists K € & such that L < K, since B() and L are
equivalent. [
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Now (1.3)) follows from Proposition Proposition and Theorem [5.5
Note that a necessary and sufficient condition for w being a strong weight func-
tion is that &, Q, £, and £ are all R-equivalent to 9,,,.

5.2. Denjoy—Carleman classes.

Theorem 5.6. Let M be a non-quasianalytic weight sequence of moderate growth.
Then the derived sequences S, K, and L are equivalent.

Proof. We have S < K =< L by Theorem [4.5| That L =< S was shown in [24]
Theorem 3.10]. O

Remark 5.7. The assumption that M has moderate growth can be replaced by

the weaker condition )
liminf% Z — >0,
k—o0 ok /,l,j

which guarantees that S has moderate growth and L < S; cf. [24] Theorem 3.10].

APPENDIX A.

The goal of this section is to prove the following proposition. It is due to [3] if o
is a weight function. We will show that it is valid if o is just a pre-weight function
by slightly modifying the proof of [3]. The proposition is used in this more general
form in the proof of Theorem [5.5

Proposition A.1. Let w be a non-quasianalytic weight function. Let o be a pre-
weight function such that o(t) = o(t) as t — co. Then At} C joEWHR) implies
0 = Ky

For a pre-weight function o we have Al7} € AP} (and in general not equality).
But since w is a weight function, At7} C j°£{“}(R) entails

(A1) At} C joglwl(R).

Indeed, let a € A} de., lak| < CH*ex%:(@k) for some C,H >1and o > 0.
Then b = (H *ay); belongs to A7}, 1If g € £19H(R) satisfies j°g = b, then
f(z) := g(Hz) fulfills j°°f = a and belongs to £1}(R) since w is a weight function
(ct. @5)).

Our goal is now to show that implies ¢ < k. The one crucial task is to
identify the dual of AT}, Let us write & = {S(®) : a > 0} := M, throughout
this section.

Lemma A.2. Let A := Af(k) ={a € C" : sup,ey % < oo} for k € N>1. Then
the inclusion ’

Ak N Ak+1
is compact. In particular A1} (= indgen AF) is a (DFS)-space (cf. |15} 25.20]).

(™

Proof. Let (a(™),, be a bounded sequence in A*. Then {b§") = kj;‘“) 'n,j € N} is
j

bounded. Thus the sequence (bgn)) is bounded and after passing to a subsequence
we may assume that it is convergent. Passing to a subsequence again we may assume
that (bg")) converges. Iterating this procedure and taking the diagonal sequence,

we end up with a subsequence b("5) such that bz(-"j) — ¢; € C for all 1 € N. To finish
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the proof we show that a(™) — ¢ in A¥*!, where ¢ = (¢;). It is clear that for fixed
€ > 0 there exists ig such that for all ¢ > ¢y and all j, we have

(n;) i g(k)
la; 77| (n;) k'S, |l
— = | ——<e and ——
(k+ 1)igHD (it 1) S(k+1)

In addition there exists jo such that \a(m) —¢| <efor j > joand i <ig. This
yields that a(™) — ¢ in AF*1, O

Lemma A.3. Let o be a pre-weight function. Then
(AP} 2 (f e H(C): Yn e NTA>0Vz € C: |f(2)] < Ae¥sm (5D} = A0,

The isomorphism is explicitly given by
T s &(T) = (z i ZT(ej)zj),
J

where e; denotes the j-th unit vector.

Proof. As a consequence of the compactness of the connecting mappings
(Lemma the collection {B,}, of closed unit balls B, C A" forms a funda-
mental system of bounded sets in A{™}(cf. [T5, 25.19]). So a set B is bounded in
A} if and only if there exist n € N and A > 0 such that B C AB,,. Therefore
a 0-neighborhood base in the (strong) dual is given by the collection of the polars
(nBy,)°. Let T € (2nBay,)°. Then,

1 1
T(e) < 5
7T 2n (25 920
and hence
| |2}
) J - _—
B(T)(2)] < Ej IT(es)ll2p < an (2n)j5<zn>

<L 32 —J_f sy (2).

2n k ")
keN n S >0

Thus ®((2nBs,)°) is contained in the ball of radius 1 with respect to the weight
e‘”s(m(%), whence ® is continuous.
Conversely, let f(z) =3, c;jz? € A be such that
1 |=]
< ¥ (2n)(ﬁ)_
1) < 5-es

Then, by the Cauchy estimates,

1
su

fews(2n)(ﬁ) 1 ( r,'-j )71
pir = — A .
>0 6ws(2n)(ﬁ) (2n)]+1s§2n)

2n >0 rJ 2n

Therefore, if a € nB,, then

L nj+15(n)
|27 (f)(a —
22: 2n) J‘HS(%)

and so ®~1(f) € (nB,,)°, which shows continuity of ®~1. O
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Now we are ready to show that (A.1]) implies o < k. If 0 A Ky, then in view of
(3.1) we can find a sequence of positive real numbers a; — oo such that

(A.2) 6jo(a;) < P,(iaj),
(A.3) log(1 + |2|*) < %a(|z|) for |z| > a;.

By the proof of Proposition 2.4 in [2], there exists of a sequence of polynomials h;
and constants C' and m such that

lhj(2)] < C(1+ a?)Qe%P“’(z), z€C, and hj(iaj) = ey Poliag),

Now set
o(a;)—LP,(ia;
f](Z) 6( (aj) 7 ( ]))hJ(Z)

Using (A.3) and (A.2), we get

15 (2)] < CeH (@ =3 Pulia) B Pu(z) < (=35 Polian) o Pul2),

Applying the estimate P, (x + iy) < |y| + A(w(z) + 1) (see [4, Lemma 2.2]), where
A is some absolute constant, gives

17, (2)] < CeAme 3 Patiar) gmlul+ 22wz,
It follows that a subsequence of (f;) tends to 0 in (£1“}(R))’ by means of the
identification in [3l, Remark 1.4]. On the other hand,

filia;) = e (i) > ewsw)(%)’

since o(t) > wga)(t) > wgm (t) > wgm (t/n). Thus, no subsequence of (f;) con-
verges to 0 in (AfMe}) = A0; see Lemma Now [3, Corollary 2.2] gives that
A} s not contained in j°£{“}(R) (for this we need the (DFS)-property, i.e.,
Lemma . So the assumption o A k,, contradicts and the proof of Propo-
sition [Ad] is complete.

Remark A.4. The Beurling version of Proposition is valid, too. We omit the
proof.
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