Periodic Lorentz gas with small scatterers
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Abstract

We prove limit laws for infinite horizon planar periodic Lorentz gases when, as time n tends
to infinity, the scatterer size p may also tend to zero simultaneously at a sufficiently slow pace. In
particular we obtain a non-standard Central Limit Theorem as well as a Local Limit Theorem for the
displacement function. To the best of our knowledge, these are the first results on an intermediate
case between the two well-studied regimes with superdiffusive y/nlogn scaling (i) for fixed infinite
horizon configurations — letting first n — oo and then p — 0 — studied e.g. by Szdsz & Varja (2007)
and (ii) Boltzmann-Grad type situations — letting first p — 0 and then n — oo — studied by Marklof
& Té6th (2016).
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1 Introduction

In this paper we are interested in limit laws for infinite horizon planar periodic Lorentz gases with
small scatterers. The Lorentz gas, a popular model of mathematical physics introduced by H. Lorentz
in 1905 ([23)]), is a dynamical system on the infinite billiard table obtained by removing strictly convex
scatterers from R%. We study the periodic model when these scatterers are round disks of radius
p € (0,1/2) positioned at the points of the Euclidean lattice Z2. This table can be split up into
countably many compact cells, each congruent to the unit square, which can be also regarded as
the 2-dimensional flat torus. As usual, a point particle on the table moves with a unit velocity
vector along straight lines inside the table, and collides elastically — angle of incidence equals angle
of reflection - at the scatterers. This billiard flow produces a billiard map for to the Poincaré section
of outgoing collisions. The phase space of the billiard map in a single cell is M = 00 x [-F, 7],
where O is a round disk at the origin with radius p. The phase space representing all cells together
is M = M x Z? and the displacement function Kp: M — 7?2 indicates the difference in cell numbers
going from one collision to the next. As O is strictly convex, the billiard is dispersing, and the
dynamics has good hyperbolicity properties.
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For any p € (0,1/2), the horizon is infinite which means that the time between two consecutive
collisions — and accordingly, s, : M — 7Z? — is unbounded. This corresponds to corridors, that
is, infinite strips on R? parallel to some direction ¢ € Z? \ {0} which do not intersect any of the
scatterers of the infinite billiard table. The number and the geometry of these corridors depend on p,
which in turn strongly affect the billiard dynamics, and thus are highly relevant for our exposition.

1.1 Recalling limit laws for fixed p € (0,1/2) as time n — o

A consequence of the infinite horizon is the superdiffusive behaviour of x, with p € (0,1/2) fixed,
captured in the first place in the Central Limit Theorem (CLT) with non-standard normalization.
To recall this result along with its refinements, we introduce some notation to be used throughout
this paper. Let T, : M — M be the billiard map, recall that it preserves the canonical invariant
probability measure p. Set
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Choosing the initial point on M according to u, we can regard s, , as a family of random variables.
Throughout we let = stand for convergence in distribution. We recall the CLT with non-standard
normalization: for every p € (0, 3) there exists a positive definite matrix ¥, such that:

Kn,p

For fixed p € (0,1/2), —2%X— = N(0,%,) as n — 0. 2
This result was conjectured by Bleher [5] and proved rigorously via two different methods: Szdsz
& Varju in [30], and Chernov & Dolgopyat in [I1]. In the setting above, the requirement of having
two non-parallel corridors (present in [30] [I1]) is automatically satisfied because the scatterers are
positioned at the lattice points.

It is important to note that there is an explicit formula for ¥,, which involves the scatterer
geometry for fixed p, see for example [I1, Formula (2.1)]. A computation (similar to our proof of
Lemma |A.4]) shows that

lim (47p*)%, = % 3

lim (4mp?), = 5, (3)
where Y is the diagonal matrix given in . To compare these results with our Theorem |A| below,
we point out the following direct consequence of and :

Kn,p
(Vdmp)~1y/nlogn

The method of proof in [30] relies on the existence of a Young tower for T}, as in [33, 0] and an
abstract result of Balint & Gouézel [4] along with several additional properties of (x,, 7)) established
in [30]. One notable feature of this method is that it provides a refinement of the CLT (2), namely
the Local Limit Theorem (LLT):

= N(0,%) as first n — oo and then p — 0. (4)

For fixed p € (0,1/2), (nlogn)u(kn, =0) — ®x,(0) as n — oo, (5)

where @y is the density of a Gaussian random variable in (2)).

The method of proof in [I1] exploits exponential mixing for the sequence {r, o T}},>1. The
authors of that work develop an argument based on standard pairs to establish a bound on the
correlations for k:

For fixed p € (0,1/2), there exist 1§p € (0,1) and C’p >0
so that Uan-/ﬁpoTp”,du‘ <Gy 0 foralln > 1.

(6)
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Using (6]), the CLT is proved in [II, Proof of Theorem 8 a)] via blocking type arguments; we
refer to Denker [I7] for a classical reference. Furthermore, as shown in [II, Proof of Theorem 8§,
the limit law together with a tightness argument for a truncated version of x, provides another
refinement of the CLT, namely, the Weak Invariance Principle (WIP):

For fixed p € (0,1/2) and s € (0,1), KL"””’+{ns}\£glzsgjgl’p_ﬂ"s]’p) converges as

n — oo to a Brownian motion with mean 0 and variance X,,.
Similar versions of the CLT and the WIP @ hold for the flight time function taking values in
R2, see [11].
In a different direction, a further important consequence of the LLT established in [30] is
that it allows one to study mixing of the infinite measure preserving billiard dynamics on the entire
lattice M = M x Z2. This can be modelled by a Z? extension

T7(0,6,0) = (T(0,9), L+ knp(0,0)),  (0,6) € M, L €72

(7)

The dynamics Tp preserves the measure i = pu X Leby2, where Leby2 denotes the counting measure.
An immediate consequence of is:

For fixed p € (0,1/2), (nlogn)u(kn, =0) = (nlogn)i(MnN Tp_"/\/l) — ®@x,(0) asn —oco.  (8)

A first refinement of the LLT (j5)) and of the mixing statement ({8)) was obtained by Péne [28] who
proved the analogue of these statements for the class of dynamically Hélder observables. Later on,
Péne & Terhesiu [29], building on the results in [4], obtained sharp error rates in LLT and mixing for
dynamically Holder observables, including observables supported on compact sets. Furthermore, [29]
establish optimal error rates for mean zero observables.

1.2 Recalling results as first p — 0 and then n — oo (Boltzmann-
Grad limit)

In a series of works [24] 25], Marklof & Stréombergsson studied the Boltzmann-Grad limit of the
periodic Lorentz gas. This corresponds to letting the scatterer size p — 0 and investigating the
displacement in the rescaled continuous time 7" = pt (so that the mean free path remains bounded).
In particular, [24] proves that, in this Boltzmann-Grad limit, the displacement of the particle con-
verges, on any finite time interval, to an explicitly given Markov process. Marklof & Té6th [26] then
studied the large time asymptotic of this Markov process, and obtained the CLT and WIP with
non-standard normalization /7 logT'.

These results on the Boltzmann-Grad limit scenario hold in any dimension, not just in d = 1,2 as
the results mentioned in the previous subsection. For more details, we refer to the original references.
What is most relevant for us is that [26, Theorem 1.1] and [26, Theorem 1.3] are reduced to discrete
time statements that can be formulated in terms of the behavior of &, , in the limits p — 0 first and
then n — oco. In particular, [26, Theorem 1.2] states for d = 2 that:

Kn,p
7 = N(0,% as p — 0 followed by n — oo, 9
N ENDTT (0,%) p y (9)
where k,, and X are as in H while [26, Theorem 1.4] is the corresponding WIP which, when
d = 2, reads as with the main difference of the limit paths: p — 0 followed by n — oo, as opposed
to fixed p.

! Actually, [26, Theorem 1.2] is stated for the flight time function taking values in R?, as opposed to the displacement
function taking values in Z?2, but these are equivalent as the difference between the two processes is uniformly bounded, see

Remark



In [26], the authors state that an open problem is to consider the joint limit p — 0 and n — oo.
In the Boltzmann—Grad limit scenario with diffusive behaviour, this type of question is answered by
Lutsko & Téth in [22] for random Lorentz gases, in dimension d = 3, where, on top of the initial
condition, additional randomness comes from the random placement of the scatterers. However,
their model is very different from the model considered in [26] and it is characterized by diffusion
(Brownian motion with standard normalization).

1.3 Main results as p — 0 and n — oo in the joint limit

Our main result takes a step in answering the open question in [26] for the planar periodic Lorentz
gas. It reads as follows.

Theorem A Let ky,, and X be as in , and let

L /o]
P NZV

There exists a function M (p) with M(p) — oo as p — 0 such that,

% = N(0,%), asn — oo and p — 0 such that M(p) = o(logn).
n,p

For a precise expression of M(p) we refer to Theorem in Section [7] At this stage we mention
that M (p) depends on the rate of correlation decay for Holder observables as p — 0. How this decay
rate depends on p is not known and we do not attempt to study this in the present paper. However,
we comment on some relevant aspects of correlation decay below.

In the remainder of this section, we make some further comments on how our results compare to
various other works, and on some key ingredients of our argument.

Comments on the rate of correlation decay. Statistical limit laws in dynamical settings in
general, and our results in particular are strongly related to effective bounds on time correlations.
For several decades, it has been a major problem to prove exponential decay of correlations for
Holder observables in dispersing billiards, that is, bounds of the form:

‘/M Y- o Ty du’ < Cp(v1,12) 92 for all n > 0, (10)

where 1 : M — R and v : M — R are Hoélder continuous, centered, and ép < 1 may depend
on the Holder exponent, while C\(t1,12) > 0 on the Hélder norm of these functions, and both of
these constants depend also on p (i.e. on the billiard table). Several powerful methods have been
designed to prove bounds of the form , in particular using quasi-compactness of the transfer
operator on Young towers ([33]) or anisotropic Banach spaces ([14]), coupling of standard pairs ([10),
Chapter 7]) or most recently, Birkhoff cones ([13]). However, each of these methods involve some
non-constructive compactness argument which is the reason why there is no explicit information
available on how the rate of decay (i.e. C, and ép) depends on p. For instance, in the framework
of quasi-compact transfer operators, this corresponds to having effective bounds on the essential
spectral radius, but not on the spectral gap.

In fact, depending on the method, 1; and 12 may belong to a larger space (that contains Holder
functions), however, these spaces do not contain the unbounded observable ,. Hence, even for
fixed p, it requires additional effort to obtain correlation bounds for unbounded observables, in
particular, to derive @ As mentioned above, in our context of the infinite horizon Lorentz gas,
(6) was proved by Chernov and Dolgopyat in [I1, Proposition 9.1], which is an important reference
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for our work. Let us also mention [3, Lemma 3.2] on a similar bound for the induced return time
arising in dispersing billiards with cusps, and the more recent paper [31] where correlation bounds for
unbounded observables are studied in an axiomatic framework that includes further billiard models.
Nonetheless, all these works consider the large time asymptotics of a fixed billiard system. To treat
the simultaneous scaling of p — 0 and n — oo, in Appendix [C| of the present paper we extend [11],
Proposition 9.1] in two directions. On the one hand, on top of the mere existence of some C'p >0
and 1§p < 1lin (@, we explicitly relate these constants to C, and ép of , as expressed in
On the other hand, to exploit correlation bounds of the type @ when taking the joint limit, these
have to be combined with the action of the perturbed transfer operator R,(t) (introduced below) as
stated in our Proposition

Comparison with results on the random Lorentz gas. To compare our Theorem [A] with the
results of Lutsko & Téth on the random Lorentz gas, it is important to emphasize that although both
[22] and our paper consider a joint limit of scatterer radius tending to 0 and time tending to infinity
simultaneously, the settings of these two papers are quite different. In particular, the starting point
of Lutsko & Téth is the Boltzmann Grad limit of the random Lorentz gas, and accordingly, [22] can
handle situations when time tends to infinity at a sufficiently slow pace in relation to the scatterer
size tending to 0. In contrast, the starting point of our work is the superdiffusive limit in the infinite
horizon periodic Lorentz gas with fixed scatterer size (see subsection for a summary of previous
results), and accordingly we can handle situations when time tends to infinity at a sufficiently fast
pace in relation to the scatterer size tending to 0.

It is also important to note that under the condition M (p) = o(logn) we have

bn.p
(Vdmp)~1y/nlogn

which shows that our Theorem |A| is indeed a direct analogue of both and @ To simplify the
exposition, we omit the case d = 1 (i.e., the Lorentz tube), but believe that similar results can be
obtained by the same arguments.

Further comments on some corollaries of our result and some elements of our proofs.
A main advantage of the current method of proof via spectral methods is that it allows us to obtain
(with no additional effort) the LLT and the mixing statement with appropriate limit paths
p — 0 simultaneously with n — co, as opposed to fixed p. For the LLT we refer to Theorem and
for the mixing result we refer to Corollary

We mention up front that unlike in the fized p scenario with main results recalled in Subsection|L.1
we cannot exploit the existence of a Young tower because it seems undoable to build such a tower in
a fashion that it depends continuously on p. Instead, we prove Theorem [A] via the Nagaev method
on Banach spaces of distributions introduced by Demers & Zhang [I4] [I5] [16] in the spirit of the
spaces constructed in Demers & Liverani [12]. See Aaronson & Denker [I} 2] for a classical reference
on the Nagaev method in (Gibbs Markov) dynamics beyond the CLT with standard normalization
(that is v/n). However, as we shall explain below, the standard pairs argument in [11] plays a crucial
role in our proof.

We end this introduction summarizing the main steps and challenges of our proofs. A main
difficulty comes from the fact that as p — 0, more and more corridors open up and controlling their
number and geometry is a non-trivial task. Another challenge for the proofs of Theorem [A] and
the LLT in Theorem comes from the fact that the spaces in [I4] 15, [16] cannot be used in a
straightforward way even in the infinite horizon case with fized p.

The Nagaev method requires: 1) the existence of a Banach space (B, || ||3) on which the transfer
operator R, of T), has a spectral gap; 2) the perturbed transfer operator (R,(t)y = R(e'"» - 1) for

— 1,

2We will also use the notations Yo =1- ép and 4, =1 — 19,,.
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¢ € B) has sufficiently good continuity estimates ||R,(t) — R,(0)|lg < C|t|”; the larger v > 0, the
better.

Regarding 1), using a Lasota-Yorke inequality on a strong space B and a weak space By, Demers
& Zhang [14, 15] [16] established the spectral gap for every fixed p, see Section 4l This is the main
reason why we resorted to the use of such Banach spaces.

Regarding 2), as in Keller & Liverani [20], one could work with the weak space. For infinite
horizon billiards, continuity estimates in the strong or weak Banach spaces in [14], [I5] [16] have not
been obtained previously. In Section we give continuity estimates in such Banach spaces (strong
or weak); the estimates there rely heavily on a version of the growth lemma, namely Proposition
These continuity estimate are O(|t|") for v < 1/2 with explicit dependence on p, in both the strong
and weak spaces. This exponent v is too small to obtain the asymptotics of the leading eigenvalue
of R,(t) directly. Therefore we resort to a decomposition of the eigenvalue in several pieces (see the
proof of Proposition and exploit the standard pairs arguments in [11] to deal with some parts of
the estimate, see Appendix [Cl Along the way, we give a new proof of the LLT for fixed p which is
new at an abstract level as well, namely by working on the Banach spaces [14 [15] [16] in the absence
of good continuity estimates but in the presence of exponential decay of correlations.

The paper is organised as follows: In Section [2] we recall some basic properties of hyperbolic billiards
and also estimate widths of corridors that open up as p — 0. Section [3| gives the Growth Lemmas,
following [14, 15, [16] but with estimates made explicit in terms of p, and including sums over
unbounded number of corridors (this is the reason why the estimates are worse than for the usual
Growth Lemmas). Section [4] introduces the Banach spaces and recalls the proof of the spectral gap
property for the unperturbed transfer operator R,, showing that the p-dependence can be controlled.
Section[f]is devoted to the continuity estimates of the perturbed transfer operator R, (t) and Section [f]
gives the asymptotics of the corresponding leading eigenvalue. The precise statements and proofs of
the limit theorems are gathered in Section

The appendices give further technical details on corridor sums (Appendix , distortion (Ap-
pendix and decay of correlations by a combination of tower and standard pair arguments (Ap-

pendix .
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2 Preliminaries on Lorentz gas on Z’

Our general reference on hyperbolic billiards is Chernov & Markarian [10], the conventions of which
are followed in our exposition, except for some minor differences. In particular, we use coordinates
(0,¢) € S' x [-3, %] on M, where
e 0 € S! in clockwise orientation describes the collision point on the scatterer (so the correspond-
ing point on 90 is (psin6, pcosh));

e ¢ € [—7, 5] denotes the outgoing angle that the billiard trajectory makes after a collision at a
point with coordinate 8 with the outward normal vector ]\79 at this point (so ¢ = § corresponds



to an outgoing trajectory tangent to O in the positive §-direction).

In these coordinates (6, ¢), the measure p has the same form dy = ﬁ cos ¢ d¢ df for all values of
the radius p > 0. Integrals involving the displacement function «,, however, do depend on p. If the
flight between (x,¢) and (T,(x),f + k,(x)) goes through a corridor for a long time before hitting a
scatterer at the boundary of this corridor, then the angle at which the second scatterer is hit is close
to 5. This sparks another long flight in the same corridor, i.e., ||x,(T,z)]| is large too.

In the remainder of this section, we record some properties of 7), and x,. In Subsection
the geometry of corridors is described, with special emphasis on the asymptotics of small p. In
Subsection we focus on the singularities, which, in addition to strong hyperbolicity, are the other
main feature of the map 7, : M — M. In Subsection the hyperbolic properties of T, : M — M
are discussed. Some lemmas of technical character are moved to Appendices [A] and [B]

Notation: For functions (or sequences) f and g, we use the Vinogradov notation f < ¢ and the
Landau big O notation interchangeably: there is a constant C' > 0 such that f < Cg. Similarly
f = g means that there exists C' > 1 such that C~'¢g < f < Cg.

2.1 Corridors and their widths

Let Oy denote the circular scatterer of radius p placed at lattice point ¢ € Z2. The computation of
w(x € 000 x [—5, 5] : kp(x) = (p,q)) is based on the division of the phase space in corridors. These
are infinite strips in rational directions given by ¢ € Z?2\ {0} for p sufficiently small, that are disjoint
from all scatterers (but maximal with respect to this property), and they are periodically repeated
under integer translations. As soon as p < %, there are infinite corridors parallel to the coordinate
axes. If p < %\/ﬁ, then corridors at angles of £45° open up, and the smaller p becomes, the more
corridors open up at rational angles.

Given 0 # & € Z? and p > 0 sufficiently small, there are two corridors simultaneous tangent to
Op and Og, one corridor on either side of the arc connecting 0 and §. The widths of the corridors

are denoted by d,(€) and d,(€), see Figure

[ ] [ ] [ J [ ] [ J [ ] [ 2 L J

[ ] [ ]
[ ] [ J
[ ] [ ]
-
-
-
-
-
-
o [ ]

Figure 1: Corridors tangent to the scatterers at 0 and £ = (3,2)



Lemma 2.1 If p=0 and ¢ = (p,q) € Z? is expressed in lowest terms, then

For p > 0, the actual width of the corridor is then d,(€) = d,(&) = max{0, [¢|~' — 2p}.

Remark 2.2 Let us call these two corridors in the direction & the &-corridors. They open up only
when p < do(§)/2 = 0?0(5)/2. For p = 0, the common boundary (called §-boundary) of the two -
corridors is the line through O and £. The other boundaries are lines parallel to the £-boundary, going
through lattice points that are called &' and £ in the below proof. For & = (p,q) (with ged(p,q) = 1),
these points & = (p',q'), &' = (p",q") are uniquely determined by & in the sense that p'/q' and p"/q"
are convergents preceding p/q in the continued fraction expansion of p/q. In particular [£'|,]€"| < |€].
In the sequel, we usually only need one of these two &-corridors, and we take the one with & in its
other boundary.

Proof. If (p,q) = (0,=£1) or (£1,0), then clearly do(¢) = do(&) = 1, so we can assume without loss
of generality that p > ¢ > 0. Let L be the arc connecting (0,0) to (p,q). The corridors associated
to ¢ intersect [0, p] x [0, ¢] in diagonal strips on either side of L.

Let 1% = [0;a1,...,a, = a] be the standard continued fraction expansion with a > 1, and the

previous two convergents are denoted by ¢'/p’ and ¢"/p”, say ¢"/p” < q/p < ¢'/p’ (the other

!

inequality goes analogously). Therefore ¢'p — qp’ =1 and ¢"p' — ¢'p"” = —1. Also

(-Vd+d _a_d
(a_ 1)p/ +p// p p/

are the best rational approximations of ¢/p, belonging to lattice points & above L and £” below L.
The vertical distance between ¢’ and the arc L is |¢' — p’ 1%| = %|q’ p—7plq|l = %. The vertical distance
between L and £” is

((a—1)p +p”)% —((a=1g'" +¢") = =((a=1)(ep' —d'p)+ap" —q"p)

(1 _a+(aq/+q/1)p//_ (ap/+p//)qll)

1
(1 _ a+a(qlp// _ q//p/)) — Z;

RNPE-B ==

The corridor’s diameter is perpendicular to £, so do(§) is computed from this vertical distance as the
inner product of the vector (0,1/p)? and the vector & = (p,q)T rotated over 90°:

el ()= e

The computation for do(€) = |£]~! is the same. O

2.2 Singularities of the billiard map

In the coordinates (0, ¢,¢) € S' x [~Z, 2] x Z? (or xZ if it is a Lorentz tube), the size of the scatterers
p doesn’t appear, but it comes back in the formula of the billiard map 7}, and in its hyperbolicity. Also

the curvature of the scatterers is K = 1/p. We recall some notation from the Chernov & Markarian
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Figure 2: The parameter subset M, with singularity lines and x, = {' — M¢.

book [10] (going back to the work of Sinai), bearing in mind that we have to redo several of their
estimates to track the precise dependence on p. The phase space is M = M x Z? = Ureze M,
where each M is a copy of the cylinder S* x [~%, 2], see Figure

Let So = {¢ = 5} be the discontinuity of the billiard map corresponding to grazing collisions.
The forward and backward discontinuities are

Sn=Up T, (So) and  S_p =ULTh(So),

so that T} : M\ S, = M\ S_;, is a diffeomorphism. We line the curve Sy with homogeneity strips
Hj, bounded by curves |+ 5 —¢| = k™" and |+ § —¢| = (K +1)7", k > ko, for a fixed number
ro > 1. The standard value is rg = 2, but as distortion results and some other estimates improve
when 7 is larger, we choose the optimal value of g later.

Ok

P

RO

Figure 3: A corridor collision map from O_¢ and O_,, to O.

The set S_1 consists of multiple curves inside My, one for each scatterer from which a particle
can reach Oy in the next collision. In Figure [2| we consider the corridor in the direction of ¢ € Z?2,
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and drew the parts of S_; coming from scatterers O¢, O_¢ and O_, for some scatterer on the other
side of this corridor.

Lemma 2.3 For the {-corridor, let (0_¢,5) € Mo be the point of intersection of Sy and the part of
S_1 associated to the scatterer O_¢, and (0r,, %) € Mo, k, = § — ME, be the point of intersection
of So and the part of S_1 associated to the scatterer Ox, = Og_pre at the other side (i.e., the
&' -boundary) of the &-corridor, see Figure @ Let (Hf{p,gzbf%) be the intersection of the parts of S_1
associated to the scatterers O_¢ and the scatterer O, see Figure @ Then

0-¢ —b,| = TQ(]S (1 o <\£fM>)

LN C L/ (N SUCY AR LA VA R

2 pM & M glvM
Proof. The angle 6_¢ refers to the point where the common tangent line of Og and O_¢ touches
Oyp. For the value 0, k, = & — M§, we take the common tangent line to Oy and Oy, which has

slope ‘Ji\”/[(éf (1 + (’)(ﬁ)) This is then also [0_¢ — 0y,|.

and

Figure 4: Illustration of the proof of Lemma

Now for the other endpoint of this piece of 8_1, consider the common tangent line to O_¢ and

Oy, which has slope tan o := Wi (1)|§‘ 1+0( B ), hitting the scatterer Op in point P and when
extended inside Og hits the Vertlcaf line througi& the center Op in point Q. Let also R be the tangent
point of Oy to the corridor, and @’ is the point on OygR at the same horizontal height as P, see
Figure 4 Then |[RQ| = [|sina whereas [OoQ'| = p — (|{| — psin®], )sina = pcost;, . The latter

gives
o (o) - (B0 (o )

The triangle APOyQ has angles qﬁ;p, a+ 5 and 0,’%, which add up to 7. Hence

N A ) o1 VA(©p
IR (l O(’f\ i WM)) .
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as claimed. O

2.3 Hyperbolicity of the Lorentz gas with small scatterers
The derivative DT}, : T M — T M preserves the unstable cone field

u_ 1 d¢ P
Cx{(de,dqb)e?;/\/l 1<2 d&g +Tmin}. (12)

This is [I0, page 74] in the coordinates § = r/2mp, and we can sharpen this cone by replacing 7iin
by 7(z), the flight time at x before the next collision. The derivative of the inverse of the billiard
map preserves the stable cone field

P 1 do

< <1,
Tmin 27 df — 1 (13)

¢ = {(d0,d¢) € TyM : —1 —

Clearly, these cone-fields are transversal uniformly over M, and S, is a unstable (or stable) curve if
n >0 (or n <0).

In the billiard literature it is common to use a pseudo-norm, the p-norm for unstable vectors,
defined as ||dz||, = cos¢pdr. When restricted to the unstable cone, the p-norm is non-degenerate.
With the notation R(z) = the expansion/contraction factor A on unstable vectors in the
p-norm satisfies

_2
pcoso?
2Tmin

A>1+ T(l’)R(l') > 1+ TminRmin = 1 + P

This proves uniform hyperbolicity of the billiard map.
In our coordinates the p-norm can be also expressed as ||dz||, = 27 p cos ¢ df, and it is related
to the standard Euclidean norm as

/1 d¢ [am d(b
() (70)
|dz|| = ~————||dzl|, =

27rp cos ¢

1z,
The expansion of DT, of unstable vectors is uniform in the p-norm, see [10, Formula (3.40)]:

7(x) 1 dp pcoso
dr) pCos ¢ <1+2 a9 " 7(x) >

IDT (), | (e) .. | do
T, 't cosglc

Expressed in Euclidean norm, this gives, for DT, (dx) = (df1, d$1),

IDT,(dz)| | 47%0% + (%4)* 7 (x) <1+1d¢> pcos¢>
[de ~ \ a2 1 () peosr \' ' 2wdd | r(a)

For later use, if T, (z) is in the homogeneity strip Hy, then cos ¢, ~ k="

3 Growth lemmas

As already mentioned in the introduction, the main line of our argument uses perturbed transfer
operators acting on the Banach spaces constructed in [14] and [I6]. These works, as essentially all
other methods studying statistical properties of hyperbolic billiards, rely on appropriately formulated
growth lemmas, which quantify the competition of the two main dynamical effects, singularities and
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expansion, in these systems. The constructions of [14] and [I6] involve several exponents, which
thus are present in our setting, too. Additionally, we have to introduce some further exponents as
we study perturbed transfer operators. Before stating the growth lemmas, here we include a table
summarizing the role and the interrelation of these exponents. Essentially, we use the same notation
as in [14] except for some subscripts ¢, and in fact some of the constants reduce to their value in [14]
if ro = 2.

;

ro > 2 is the exponent of the homogeneity strips:
Hop={[+5 -l €[(k+1)7,k7)},

O<r< % - ﬁ the exponent of x, in the continuity estimate for the

transfer operator,
G=1- 30”—3”1 upper bound on ¢ in the Jensenized growth lemma, see , (15)
ap < min (m, gg) needed for [14, Lemma 3.7] for general 7,
S = %foﬁl) >0 used in Lemma [6.1
0<qo<po< 7“0% cf. Lemma [B.2]
0 < Bo < min{%,po — qo}-

\

We use a class W? of admissible stable leaves defined as C? leaves W in the phase space such that
all its tangent lines are in the stable cone bundle, their second derivative is uniformly bounded, W
is contained in a single homogeneity strip, £,(x) is constant on W and there is a p-dependent upper
bound on |W|, namely

sup |[W|=dy:=cp", (16)
Wews

where the small ¢ > 0, to be fixed below, is independent of p.

Let W € W* be an admissible stable leaf. The preimage T, L(W) is cut by the discontinuity lines
S1 and boundaries of homogeneity strips into at most countably many pieces V;. Note that we may
have to cut the pieces V; further into curves W; of length < &g.

3.1 The growth lemma in terms of V;

The particle can reach the scatterer Oy at the origin from corridors in all directions, indexed by
(&,¢) € ¥, see Figure If the previous scatterer is £¢ itself, we call this a trajectory from the
&-boundary; if the previous scatterer is at lattice point & — ME, the trajectory comes in from the
&’-boundary, see Remark To each such scatterer and homogeneity strip Hj belongs at most
one V;, and the contraction |T,V;|/|V;| is governed by (14)), where the distortion T, : V; — T,V; is
uniformly bounded, see Appendix

Proposition 3.1 Assume 0 < v < 3 — ;L. Then there is a constant C > 0, uniform in p,v and ro

2 2ro
such that

v T‘/Z —v
> [kp(Vi)] | |€/,‘ < C (p+p" o)
for every stable leaf W € W5,

Remark 3.2 (i) Since |W| < d¢ < cp¥, there is 0, < 1 such that

T V-
> ke (VI KX‘ <3C(p+c) < 6.,
V; 7

12



for p sufficiently small, and ¢ chosen appropriately small. In addition, we assume that

51/ 0+

61 € (0,00/2) is such that 0, =0 <1 (17)

for distortion constant Cy from Lemma [B.5;
3

(ii) As later we will need v > §, we can take ro =5 and v = 3.

Proof. The homogeneous admissible preimage curves 7' W = U;V; are obtained by partitioning
according to

e incoming corridors &;

e for a fixed corridor ¢, the scatterer on which V; is located. Accordingly, x,(V;) = M — & for
some M € N, and the summation is over M;

e for a fixed scatterer, the homogeneity strip containing V;, that is, V; C Hj for some k.

If W is on the scatterer Og and V; is on the scatterer O¢ _pz¢, then both of these scatterers are

tangent to the same corridor. The trajectory makes and angle ~ C]l\j'[(lg with the corridor and there is

a lower bound on the collision angle given by . This puts restrictions on how M is related to k;
as reflected by allowed intersections of homogeneity strips and M-cells on Figure [2| In particular

k> Clpdy(€) M) (18)

which determines the range of k for M fixed.
We sum over the homogeneity strips for ¢ and M fixed on the & boundary.

TVl _ plél"M” 1
Y KA < > 7o
VieA o Vil €M kro

1
k2 (max{C(£4g-1}) 70

1 3, 1
2o MV 2 T3

a1 1
< pPro 2‘&“"/ 1dp(€)2
e

where we used that the exponent %— ﬁ of d,(€) is non-negative. By our assumption that v < %— ﬁ,

this expression is summable over M, and therefore the sum over the ¢-boundary of the entire &-
corridor is

T,V 1,1 8,1
Z ke (Vi)[” ||€/Z| < p2+2"o €| ST
T

corridor &

The sum over homogeneity strips for £ fixed on the £-boundary is no different:

T,V; v 1 _
> el e < 28 Y < el
ViEM_¢ ! k>1

Next we sum over all opened-up corridors, indexed by all the “visible” lattice points inside a
sector of angle |W|/v/1 + 472, because only trajectories from scatterers within such a narrow sector
can hit Og at coordinates in W. The “visible” corridors will be denoted by Wyy. It can happen that
a single corridor, or even a single scatterer in a corridor blocks the entire sector, and we reserve one
term for |£] > 1 (which is the worst case because the contraction of T}, is the weakest). Apart from
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this corridor, and since we need an upper bound, we can replace we replace |W| by a stable curve of
length dg, and apply Lemma fora=1—vanda= % —v— %O This gives

Vi 1,1
Zu |”'p'<<p+ ST el 4 pE g

Vi (6.£)ewy
<K p+p oo+ p' " log(1/p) + p' V5"
+p 7 00+ p' TV log(1/p) + P76y
< p+p oo+ p' " log(1/p) + p' V5

Since dp = ¢p” and v < %, this completes the proof. O

3.2 The growth lemma in terms of I,

The pieces of preimage leaf V; C T L(W) emerge by natural cutting at the discontinuity set S; and
the homogeneity strips, but even so, their lengths can be larger than dg, the bound of admissible
stable leaves. We therefore need to cut them into shorter pieces, denoted as W;. In the worst case,
each V; needs to be cut into 6_1 pieces which gives the estimate

W| — -V —v
Z|p ’Wz‘ <C(psg'+p )< p . (19)

Although this estimate suffices for some purposes, it is not always good enough for larger iterates 1.
The next lemma (which follows [I4] Lemma 3.2] or [16, Lemma 3.3]) achieves an estimate, uniform
in n, for v = 0.

For the next lemma we recall some notation used in [I6]. For W € W? we construct the
components Gi(W) of T7 W inductively on k = 0,...,n. That is Go(W) = {W}, and to obtain
Gr+1 (W) first we apply Prop051t10n 3.1 to each curve in Qk( ), and then we partition curves that
are longer then §y into pieces of length between §y and dy/2. We enumerate the leaves of the k-th
generation G (W) as WE.

Lemma 3.3 There is a constant Cs > 0, independent of p, such that

Z w <C (20)
=
WreG, (W) i
" Wl [Ty
wnls | Thwr .
o o =0, (21)
W."ezg;l(vv) wie (Wl

for all ¢ € [0,1).

Proof. Define £ as the collection of indices such that W} € Gi(W) is long, i.e., |WE| > 4y for
1 € Ly, and In(Wf) as the collection indices of W/ such that their most recent long ancestor is
Wf € Gp(W). If for some W no such long ancestor exists, then set k(i) = 0 and W}’ belongs
to Z,(W); if W} is itself long, then set k(iz) = n. Fix some j € L;. As for W} € In(W]k) the
preimages under Tp”_k of T [?_kW;'L need not be cut artificially (they are already short), and due to
the distortion bound from Lemma

Z Zp il

_1
I ro+1
po .
€L, (WF) | ‘

<o F  for ) = 0,eClo (22)

(2
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Recall that by our assumption d; is so small that #; < 1. In the estimate below, we group W;* €
Gn(W) according to their most recent long ancestors.

-y Y ¥

k=1 WkeLy(W)i€Zn(W}))

>y |z

LA
2w

i (2

\ann
wi

Ty Wi
W

p>

1€, (W)

T WEL im0, [T, W

< n ] o
> Ly Wl
k 1W. ELL(W) \i€In(W])
<Y Y et e
k= 1Wk€£k w)
< OBy oo < )

k=1

where we have used that for fixed k and Wk e L (W), (i) ]Wk| > 01, (ii) the Tka are pairwise
disjoint subcurves of W, and (iii) [W| < 4;. By Jensen’s 1nequahty and (23)),

1—¢
(Wl [Ty W ( W) )1“8 Ty} T, W -
- S - < Cs {7
2w — 2=\ W= 2T
which proves the second statement. ]

It is worth including the following bound, which follows from by Jensen inequality:
(WS [T W

7 P (1=5)n
| Z W W <6 , for all ¢ € [0, 1). (24)
€Ly (W ¢
Remark 3.4 For further reference, we state a version of forv>0,n=1. Letgg=1-— 3;"—3”1
\TpWil [Wil©
k(W)Y < p Y, or all ¢ € [0,¢0). 25
This follows by Jensen’s inequality from , applied with %_g in place of v. The condition ¢ < ¢y
ensures that % < 5 — W For the chozces ro=>5,v= % we have ¢ = %.

4 Banach spaces and spectral gap

For the exponents py and gy defined in we define the Banach spaces (of distributions) C?°, B, B,,, (C?)’
in analogy to [16]. E| We recall that (C%)’ is the topological dual of C%.
Given W € W?*, let my be the Lebesgue measure on W, and define

[lwape = W[ cosW [lceo,  [thlewo :=[¥lco + Hip (1),

for a > 0, cosW = [W|™! [;, cos¢dmyy (note that cos W < k=" if W C Hyy), and H{p(¢) the
Holder constant of ¢ along W. Also let dyy (W1, Ws) stand for the distance between leaves as in [14]

3Note that our set-up fits the conditions (Hl)—(H5) in [16, Section 2.1], with f(x) = f(6,¢) = cos¢ and k, = 1 in (HI1),

rp, =19+ 1in (H2), £ = % and tg = 1in (H3), po = T—H in (H4) and 7o = 0 in (H5).

15



Section 3.1] or [16, Section 3.1]; in particular, if W7 and Wj belong to the same homogeneity strip,
dw (W1, W) is the C! distance of their graphs in the (6, ¢) coordinates, and otherwise infinite.
Given W € W* and h € C1(W), define the weak normﬁ

Ih]lB, == sup sup / hap dmyy . (26)
Wews |ylecPo(w) JW
|'¢|W,O,p0§1

With go < pp fixed we define the distance between functions d(i1,12) in the same way as in [14]
Section 3.1]. We define the strong stable norm by

|h||s :== sup sup /hwdmw. (27)
wWews  yectow) JW
|'¢)|W7a0,qogl

Choosing ¢ € (0,d9) and By € (0, min{ag, po — qo}), we define the strong unstable norm by

1
bl = sup  sup  sup ﬂ' [ vy - hmmw‘. (28)
e<eg Wi, WoeWws 1;€CPO(W), € Wi Wo
d(W1,W2)<e Wil 1wy <1

dqo (wl 7¢2)§5

The strong norm is defined by ||h||g = ||h||s + cul|h||u, Wwhere we will fix ¢, < 1 (but independent of
p) at the beginning of Subsection

Since CP* C B C By, C (C®)’ (see Subsection [4.1)), we have ||||g, + ||h|z < C|/h||c1. As in [16],
we define B to be the completion of C'! in the strong norm and B,, to be the completion in the weak
norm.

4.1 Transfer operator on B

Throughout we let R, : L'(m) — L'(m) be the transfer operator of the billiard map 7},. We recall
that [14, Lemmas 3.7-3.10] ensure that: i) R,(C') C B and as a consequence R is well defined on B;
B.; ii) the unit ball of B is compactly embedded in B,,, and iii) C?* C B C B,, C (C%)'.

It follows that R, is well defined on B and B,,, and we also let R, denote the extension of this
transfer operator to By,.

4.2 Lasota-Yorke inequalities

Using Proposition with v = 0 and Lemma we obtain the analogue of the Lasota-Yorke
inequality [16, Proposition 2.3]. As our set-up fits [16], our only concern is the dependence on p. It
is important to point out that our all estimates in Section [3] and Appendix [B] are independent of p,
except that §; < dp < p”.

Lemma 4.1 (Weak norm) There exists a uniform constant C > 0 so that for all h € B and for
alln >0,
1RG5, < C-Csllhls,,

where Cy is given by .

“In the definition of the weak norm [I6] uses test functions with [¢|w., < 1 for some v > 0, and requires p < 7.
However, this is needed only to ensure that the inclusion B, < (C?)’ is injective, cf. [I6, Lemma 3.8]. Since we do not use
this property, we can take v = 0 in the definition of the weak norm, and avoid additional restrictions on pq.
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Proof. For W € W* h € CY(M,), ¢ € CP°(W) with W‘W,ao,po <1,

n — T?’L
/WRphwde > /n ’DTn z/)o dmyy.

WreGn(

Using the present definition of the weak norm,

n | Wi | n
/ Ry hap dmyy < E / 7|5, ’lp);pr(W) [ 0 Tp| o (w,) cos(W") dmyy.
WieGn(W

From here on the argument goes almost word for word as the argument in [16, Section 4.1], except
for the use of equation (the analogue of [16, Lemma 3.3(a)] with ¢ = 0). O

Lemma 4.2 (Strong stable norm) Take 1 as in and 01 as in . There exists a uniform
constant C > 0 so that for all h € B and all n > 0,

|Rghlls < € (67707 + Clme0A=0m ) ||all, + C37 | |Al s,

Remark 4.3 The compact term Co; “°||h||g, in Lemma is the only point in the Lasota-Yorke
inequalities where a p-dependence arises, via d1 = cp¥.

Proof. The argument goes almost word for word as the [16, Argument in Section 4.2], except for
the differences:

i) We use of equation with ¢ = g instead of [16, Lemma 3.3 (b)] (also with ¢ = ag) in [10,
Equation (4.5)]. In particular, using the present definition of the stable norm, with the same notation
as in [16, Section 4.2], we have the following analogue of [16, Equation (4.5)]:

Z /n |DT” (lﬁ Tn 7/%) dmw

WeGn(

~aon (Wrlee [T —gon
< ARl > e e <A IR

WreGn(W)

where we have used the distortion bounds of Appendix [B| and Formula (with ¢ = ay).
ii) To obtain the analogue of [16, Equation (4.6)], as in [16], Section 4.2], we split the sum

" Ji
Z Z Z |W]°‘°(COSW)1/ h ‘ng| dmyy

k=0 €Lk €T, (W)

into a term for k = 0 and further terms for £k = 1,...,n. For £ = 0, we use the strong stable norm
and (the analogue of [16, Lemma 3.3(a)]) Wlth c = ay, giving a contribution < ||A||s Hn(l @),
For the terms k = 1,...n, we use the weak norm, (21 (the analogue of [16, Lemma 3. 3(b)]) with
¢ = a, and the fact that |Wf| > 0 for j € L (W), resultlng in a contribution of O(||h||5,0; *°). O

As in [16], dealing with the strong unstable norm is the most delicate part of the Lasota-Yorke
inequality. The only difference from [16, Argument in Section 4.3] is that we apply (instead
of |16l Lemma 3.3 (b)]) multiple times. Note that our bound in is independent of p, so no
p-dependence arises here.
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Lemma 4.4 (Strong unstable norm) There exists a uniform constant C' > 0 so that for all h € B
and for all n > 0,
IRyh]lu < C - Cs- A=%||h||y + C - Cs - nl|hl|s.

Proof. Given Wy, Wy € W?* with d(W;,Ws) < e, we may identify matched and unmatched pieces
in T, "Wy, £ =1,2. The estimates of [16] on the length of the unmatched pieces apply, thus we may
estimate their contribution by the strong stable norm using (20) (instead of [16, Lemma 3.3 (b)]).
As the length estimates give €20/2, 3y < ag/2 is essential here (cf. [I6, Formulas (4.10) and (4.11)],
noting that v = 0 in our case).

To bound the contribution of the matched pieces we use, on the one hand, the strong unstable
norm (as in |16, Formula (4.14)]) and, on the other hand, the strong stable norm (as in [16, Formula
(4.17)]). Here again we rely on equation which plays the role of [16, Lemma 3.3 (b)]. So < po—qo
ensures that after division by ¢ the proof of Lemma can be completed. O

5 Perturbed transfer operators

A standard way of obtaining limit theorems for dynamical systems is via the perturbed transfer
operator method. In Section [7] we will use the spectral properties of the family of perturbed transfer
operators R,(t),t € R with R,(t)h = R(e'**h), h € L'(m).

5.1 Continuity properties
By definition, R,(0) = R,. Take 0 < v < + — 5L as in Proposition H In this subsection we show

2ro
the following continuity estimate:

I(Ry(t) — R,(0)h]ls < Cp[t|”||hl|s (29)

for some uniform constant C.
The argument goes parallel to Subsection except that this time we need the estimates (i) for
v > 0 and (ii) only for n = 1, we rely on and instead of Lemma

Lemma 5.1 Assume (16). Then there exists a uniform constant C' > 0 so that for all h € B,
IR (e — 1)h) |5, < Cp~"[t]" |||z,

Proof. The argument goes similarly to the argument in [I6l, Section 4.1] restricted to the case n = 1.
More precisely, for W € WS, h € CH(My), ¢ € CP°(W) with [¥|w.aep < 1,

/ R ztnp o h¢ dmy = Z / ztnp N JW Pd} o T dmyy .

D ol
1€G1 (W)

Using the definition of the weak norm and the inequality |e®® — 1] < ¥,

/WRp( e — Db dmw < [t Y / 128, |k (Wi

1€G1(W)

|JW1T |Cp0 W;
—’l;T | ) "lﬁ o Tp|CT’O(Wi) COS(WZ') de.
p

From here on the proof goes the same as the argument in [16, Section 4.1] except for the use of
equation instead of [16, Lemma 3.3 (b)]. O
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Lemma 5.2 There exists a uniform constant C > 0 so that for all h € B and for alln > 0,
IR (e = 1)h)||s < Ot p~" || ]s.

Proof. This time we are only concerned with n = 1, and do not need a contraction of the strong
stable norm. Hence, an argument analogous to the proof of Lemma [5.1] suffices, with the weak norm
replaced by the strong stable norm. Accordingly, we use with ¢ = «ap instead of [16, Lemma 3.3
(b)]. O

Lemma 5.3 There exists a uniform constant C' > 0 so that for all h € B,
IR (e = Dh)|lu < Clt” (07" - [ hllu +p7" - [I]l5)) -

Proof. As with the proof of Lemma[4.4] the argument goes similar to [16, Argument in Section 4.3],
restricted to the case n = 1. The matched and unmatched pieces can be again identified, this time
for Tp_1W5, ¢ =1,2. Then, as in the proof of Lemma the factors |t|” and |k,|” arise. Clearly
Kkp is constant on each of the (matched or unmatched) pieces, and takes the same value on any two
pieces that are matched. Accordingly, the various contributions can be estimated in the same way as
in proof of Lemma with the only difference that, by the presence of the factor |k,|”, throughout
the argument is used instead of . O

Equation follows from the definition of the norm in B together with Lemmas and

5.2 Peripheral spectrum and spectral gap

Choose 1 > o > max{A‘ﬂO,Qg_ao),A_qO}. By Lemmas and M and arguing as in [16)]
Equation (2.14)], we obtain the traditional Lasota-Yorke inequality for some N > 1, provided ¢, in
the definition of | || (below (28))) is chosen small enough in terms of N. That is,

IR hlls < o™ ||h]|5 + CO; A3, (30)

Combined with the properties collected in Subsection (that is, the relative compactness of the
unit ball of B in B,,), equation shows that the essential spectral radius of R, is bounded by o
and that the spectral radius is 1.

Let II, be the eigenprojection (that is, the projection on the eigenspace of R,) corresponding to
the eigenvalue 1. In particular, I, = g is the invariant measure for 7). Since for every p, T} is
mixing, the peripheral spectrum of R, consists of just the simple eigenvalue at 1. Thus, for every
p > 0, the eigenprojection 11, corresponding to the eigenvalue 1 of R, can be also characterized by

II,h = n%gnoo R'h, (31)
for all h € B.

Let Q, be complementary spectral projection. From here onwards, we exploit that for every

p > 0, there exist v, € (0,1) and C, > 0 so that

1Q5' I8 < Cp(1 =)™ (32)

for every m > 1. Altogether, R" =11, + Q)", where @, satisfies .
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6 Asymptotics of the dominant eigenvalue

To establish limit theorems (such as Theorem |7 . 1| below) we study the asymptotics of E,, (e/*mr1) =
EH(R (t)™1), as t — 0 and m — oo via the properties of R H(t)h = R,(e zt"ﬁ'h) h € B.

We already know that for every p € (3, 2) 1 is a simple eigenvalue of R,(0) = R, when viewed
as an operator from B to B. Due to (29), R,(t) is C” (in t) from B to B. It follows that for ¢ in a
neighbourhood of 0, ]:Zp(t) has a dominant eigenvalue A\, (t) (with A\,(0) = 1).

Let 7, be as in equation . The continuity properties together with ensure that for any
d € (0,7,) and t € B;(0),

N

Rp()™ = Ap()" L, (1) + Qp(8)™, Qp(1)" |5 < Cp(1 =)™, (33)

for some C, > 0 and I1,()? = IL,(t), I,()Q,(t) = Q,(t)I1,(t) = 0. Further, for all t € Bs(0),
L= [ (- Ry) du (34)
|lu—1]|=6

for all ¢ small enough. A standard consequence of and is that for every § € (0,7,) and for
all u so that |u — 1| =4,

A~

= Ry()) ™" = (= Bp(0)) 15 < Cot1"l1(u — Bp(8)~ 1sll = B,(0)) I
< Cp 2. (35)

Hence, ||TL,(t) — 11,(0)[|ls < Cp~"[t]" p~", 2[t]"

The rest of this section is allocated to the study the asymptotics of \,(t) as ¢t — 0.

The following property was used in [21 6] [7] (see [7, assumption (H2)]) for the study of eigenvalues
of perturbed transfer operators in the Banach spaces introduced in [12]. Here we use it to obtain an
adequate analogue for the present set-up.

Lemma 6.1 Take sy = %:00-%1) as in . Let h € B and v € CPo. For every corridor with

boundaries determined by O¢ and Oy, there exists a constant C' > 0 independent of p and & so that
3_ g 1 _5
’/hvl{npg’ﬁ-N{} dm| < C|[h|s|v]cand,y(§)2*0|¢[ T pma o NT2 o0,

Proof. Let {Wy} e, be the foliation of the set {x, = {'+£N} into stable leaves. We can parametrise

these leaves by their endpoints (£, 5) in Sp, then L is an interval of length ¢ < z,pg(% according to
Lemma The lengths of these stable leaves |W;| < ¢ for another constant ¢ < 2%}\([ ), again by

Lemma The measure dmyy, is Lebesgue on the C ! stable leaf W, and it can be parametrised
as (w(¢), ¢) where w is C with —5- pJTrTm”‘ < w'(¢) < —5= because of the direction of the stable
cones, see (|13).

Let v be a measure on L that produces the decomposition of Lebesgue measure m on {x, =
¢ + (N} along stable leaves. We have v < my, (and dv/dmp, is bounded above). Since we need to
partition stable leaves 1, by the homogeneity strips Hj, near Sy into pieces Wy j, := W, NHj, we get
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an extra sum over k > k(¢') := |(¢/)"*/"]. Then

‘/h@l{,{p:N§+£/} dm‘ = /
L k>k(e)

< /!vlc«m > /W |U|Cq0 dmy, dl

k>k(c)

/ hvdmyy, dv(f)
Wik

< lolow]bl, / S Wyt / cosd 1T [ (@)Pdo | de
L Wi k

E>k(c')

< U|C'q0||h||s/ Z ‘Wgﬂaok ro—(ro+1)ao gp
k>k(c')

< |v|eaw ||h||s ck(c )1 ao(ro+1)—r
< ‘U|C’¢Io||h|| ’§| ld ( )7 sop 2+50N 2_|_50

17040(7‘04»1)

for sg = 30

, as claimed. O
Using , Lemma and Lemma we obtain the asymptotics of the eigenvalue in Proposi-
tion below.

Lemma 6.2 Fort € R?, let A(t,p) = D l1<1/(2p) % Then

t]?

. P L
glg(l) JAlp) ==

(Xt t)  for X = (6 (1]) as defined in .

™

Proof. The coordinate axes p = 0 and ¢ = 0, and the two diagonals p = q and p = —q divide the
plane into eight sectors. Here we count counter-clockwise with the first sector ¥, directly above the
positive p-axis. Let v = y(t,£) be the angle between the vectors ¢ and . Let o = arctang/p and 6
be the polar angles of ¢ and t € R? respectively, so v = § — a. For the first sector ¥y, taking into
account that for every & there are two £, we have

dp(€)*(t,€)° 2 dp(€)* (€] cos7)?
S BPO e 3
(£,8)ev: <l (£,¢)ev €l
o Z dp(€)?(cos 0 cos al€| + sin 0 sin o€ [)?
(£,¢)e¥ <l

_ o2 Z dp(§)2(pco|s;+qsin€)2.

(£,£)ed

The eighth sector Vg directly below the positive p-axis gives the same result with —¢ instead of ¢,
and sectors ¥4 and W5 above and below the negative p-axis give the same results as sectors ¥g and
W;. Therefore

Z d,(€)° = 4]t|? Z dp(é)g(pz cos? 0 + ¢?sin?h).

(£,£)ev 1T, UT5UTg €l (FBE 2 €l
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The same result holds the remaining sectors with cos § replaced by sin 6 and vice versa. Putting the
results on all eight sectors together, we get by Lemma [A-4]

Z (&) (t,€)? — P Z (|£|_1_2p)2(p2+q2)

(€&)ew d (€€)ew ¢l
= |t Y0 €T — 4o+ 4p%E
(€€)ew
2r 1 2 1 2[t|?
P —(1 ==+ )14 o0(1) = Z=(1+0(1)).
||C(2)2p( 5 +3)1+0(1) m( +0o(1))
Hence (3t,t) = lim,—o 5A(t, p) = @, as required. O

For the result on the asymptotics of the eigenvalue in Proposition [6.3] we will also assume some
correlation decay type results. Namely, we assume that there exist p-dependent constants 4, € (0,1)
and C, > 0 so that for every j > 1,

\A@@MW—n@m%—woﬂdu—(A%@MW—MWQWgdwwl—%v. (36)

More generally, we assume that that there exist p-dependent constants 7, € (0,1) and C_'p > 0 so
that for every j > 1 and every m > 0

| /M (e — 1) - R,(0)"™(e™ — 1) (¢ — 1) 0 T4 dp (37)
- [ (R0t~ [ (- 1)au
Mo Mo

— C(/ (et — 1) du) /M (e — 1) (e — 1) o TJ dp

where C =0if m =0 and C =1 if m > 1. As justified in Proposition in Appendix [C] via the
argument used in [I1, Proof of Proposition 9.1], assumptions and are natural.

Proposition 6.3 Assume , and , and let A(t,p) be as defined in Lemma . Let
v e (%, %) and § € (O,%min{*yp,%}), ensuring that holds. Then for any 8y < 6*/G*=1 and

t € By, (0),
€ Bs,(0) log(1/t])
8w

1= Xp(t) = A(t, p) +E(t, p),

where |E(t, p)| < C, '7;2 t|? + C|t|*p™2 for C, and 7, as in and some uniform constant C'.

Remark 6.4 It is possible to shrink 8y further to 6y < e max{Cpy, 0%} leading to E(t,p) =
o(|t|*1log [1/t]). This would mean that in the proof of main results in Section E we would work
on this very small neighborhood and obtain the same range of n and p in the final statements. We
find it more convenient to work on the neighborhood Bs,(0) as in the statement above.

Remark 6.5 Let q, be the flight function taking values in R? as opposed to the displacement function
kp taking values in 72. A similar statement holds for the the dominant eigenvalue of the perturbed
operator R,(e"). The proof is similar to the one below using that |q, — K, < 1.
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Proof of Proposition In the notation of Banach spaces of distributions (see, for instance, [21])

for h € C we write (h,1) = (1,h) = [hldm and (m,h) = [ hdm, where 1 is both an element
of B and of (F’qo)’. Let v,(t) = &% and recall that v,(0) = 1. Recall also that for every p,
Ap(t)vp(t) = Ry(t)v,(t) for ¢t small enough, and that \,(0) = 1. Since (v,(t),1) =1,

L= M) = 1= (Ry(t)vp(t), 1) = p(1 — €0 ) + (R, (t) — Rp(0))(v,(t) — 1),1)
=: (1 — ™) £V (t, p).
With the meaning of inner product clarified, for ease of notation from here on we will write V (¢, p) =
Ja(€™e —1)(v,(t) — 1) dm. We recall the terminology in Remark For £ = (p, q) with ged(p, q) =
1, we let & = (p/,¢') be the point uniquely determined by & in the sense that p’/q is convergent

preceding p/q in the continued fraction expansion of p/q; in particular |¢/| < [€]. Recall that ¥ is
the set of all such pairs (&,¢’) with || < 1/(2p). With this specified, we write

Py = 3 (O D, = ¢+ NEY)

(¢,¢)ew N=1

Using the fact that [ k,dp =0, we compute that

p(1— ) = 30 S (MO 1 (el + NO) s, = €+ NED

(£,6))e¥ N=1
1/t
= >3 (MO 1€+ NO)) (s, = €+ NEY)

(€.£)ew N=1

o(t RIS Nu({ﬁpf’JrNé}))
(

££Ner  N>1/|t
1/It\
= > Z (t,6 + NV u({r, = & + NEY) + O(|t]?) = I(t, p) + O(It]),
(£,8")er N= 1
where the involved constants in the last big O are independent of p. Further, using Lemma [A-4]

/1t
-~ ¥ ey L

1
™ e<rren N=max{1,d,(€)/(20)}

1
+o ([ Y — > 1p* N [¢]
~ . Arl€lp
(&¢)ev N<max{1,d,(§)/(2p)}
1/t
d,(& 1 _
> Uuer S Leo@)
l€1<1/(2p) N=max{1,d,(£)/(2p)}

_ log(1/]t]) dy(€)?
dmp ﬂg/:@ I3
<1/(2p)

Hence, with A(t, p) as in Lemma

_ b
Ty

(t,€)* + O ([tI*p~ log(1/p)) -

log(1/It)

mp O (ItPPp~" log(1/p)) -

p(l = ") = A(t, p)
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Thus, 1 —\,(t) = A(t, p)% + E(t, p), where E(t, p) = O (|t|*p~log(1/p)) + V (¢, p). It remains
to estimate V (¢, p). Note that

. _ p((Hp(t) —11,(0))1) (I, (t) — I,(0))1
vl === mn O
Hence,
0 IO [, S (€ — 1)(IT,(£) — T,(0))1 dim
Vel = = ) /M0< b dy WL, (1)

= Li(t,p) + I2(t, p).

Estimating I1(t, p). Since [, #,du =0, we have

n(t,p) ="~ ((HZ((?I;(;};;O))U /Mo(e"t“ﬂ — 1 —itr,) dp.

Now, by and Lemma
@ - mona= 3 3 [ el M0 - 1001

(€€)ew N=1

_5 _5
< D TRttt 0)ls ZN 2

(eenev
< Cp~, 2t (38)

for some uniform C'. Using also that |e® — 1 —ix| < 2¥, for any y € (0, 2],

[I(t, p)| < Cp_”'y,,‘Qltl”\t\z"’/Q/ Ko 27 dp < Cp My 2t 242,

Mo

where in the last inequality we have used Lemma Note that for |t| € Bs,(0) with g < 4/ (3%1),
as in the statement, |t[*/2 < '72V/(3V V< 72 for all v € (3, $). Thus, |I1(t,p)| < Cp™~ 1|7§|2

Estimating Ig(t p). Recall that ( . holds and that § is chosen so that ({ . holds. Using the
definition of II,(t) and noting that for every p, (u — Rp(O)) N=1-u,

(I (2) — I, (0)1 = / (u— Ry(1)) " (Rp(t) — R,(0)(u— R,(0) "1 du

lu—1|=6
- /l 1|*5(1 a U)_I(U N Rp(t)_l(RP(t) - Rp(o))l du.
Thus,
Iy(t, p) = /M (et — 1)/ ; 6<1 —u) " Mu— R,(t) " (R,(t) — R,(0))1 dudm

= Jl(tv P) + J2(tv P), (39)

for
Ji(t, p) == /M (eim‘) - 1)/ y 6(1 - U)_l(u - Rp(o))_l(Rp(t) - Rp(()))ldu dm

24



and

Bitp)i= [ (@0 —1) /|u_1|:5<1 —u) 7 (= Ry0) ™~ (= Ry(0))

~

(R,(t) — R,(0))1dudm

— [ ey [ @ e Rl (Balt) — Ra(0)) - B0
Mo |lu—1|=8
X (Ry(t) — R,(0))1dudm =: K1(t, p) + Ka(t, p),

where

K = [ @0 [ @ e RyO)7 (0 - R(0)

x (u— Ry(0)"H(R,(t) — R,(0))1dudm (40)

and

_ oitkp _ —) Y ((u— 1D —1 _ (y— -1
Kaltp) = [ @0 [ (e Rp) ™ - Ro0))
x (Rp(t) - RP(O))(U - Rp(o))il(Rp(t) - Rp(o))l du dm.

We first treat Ks(t, p). Note that for u in the chosen contour, ||(u — R,(t)) !z < ’ygl. Using (35)),
for all such u,

~

| (= Ro®)7 = (1w = R (0))7) (Rolt) = Ry (0))(w = R,(0) 7 (B (t) = 2,(0))|
< Cp72u’t’3u,y;3_

B

This together with Lemma [6.1] gives that

(oo}
|Ka(t, p)| < Z Z//\/t /| | 6ll_u‘_ll{np:£’+N§}|6lmp—1|
0 J|u-1|=

(§,¢)ew N=1

X )(u - Rp(t))_l —(u— RP(O))_l(Rp(t) - RP(O)(U - RP(O))_l(PbP(t) - Pbp(o))l dudm

00
_ _ _5 _1 _3 _ _
< |t|3up 3V,yp 3 Z |£| 2+50p 5+s0 Z |t|N 2 < C,O 31/,7p 3|t|3y+1‘

(&€)ev N=1
Hence, |Ka(t, p)| < Cp iy, 3 [t243 1 = Cply 3 [t244 for all [t| € Bs, with &y < v/ V. It
follows that |Ka(t, p)| < Cp~1t|2.

Estimating J;(¢,p) in and K;(t,p) in . These terms are in, some sense, independent
of the Banach space B (see the explanation below) and can be analysed either via the correlation
function or its generalization (37). The rest of the proof is allocated to this type of analysis.

We start with Ji(¢, p) defined in (39), which is easier using (36]). Recall that RP(O) = R, and
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f|u—1\:5(1 —u)~2du = 0 due to Cauchy’s theorem. This gives

Ji(t, p) = /M (e'trr — 1)/| . 5(1 —u)™! Zu_j_lRZ) R,(e" — 1)1 dudm
0 u—1l=

J=0

- </M0(eit"% - d”>2 /|u1|:5(1 —u)! Jio(:) w1 du

= /| ) 5(1 — )" Zu*jfl /M (et — 1)Ri; R,(e"" — 1)1 dm du
u—1|= =0 0
- (et — 1) d,u,) / (1—u)™ w7 du.
(/Mo |lu—1]=6 Jgo

Swapping the order of the integrals is allowed due to . The quantity

. . . . 2
</ (eltlip . 1)R%+1(6ltﬁp . 1) d,u _/ (eltﬁp . 1) d,u>
Mo Mo

decays exponentially fast. Hence, we can write

Jl(t,p):/ (1 —u)” Zu_J !
lu—1]= 6
. . . . 2
X (/ (e — 1) (" — 1) 0 T[])Jrl dp — </ (e — 1) d,u> ) du.
Mo Mo

. 2
Using Lemma |A.5| to control the dependence on p, <f/\/l0 (ere — 1) du) < Clt|*p~2. Next, recall

that hqlds and that § < %min{%,%}. Note that for |u — 1| = J, we have |u|_(j+1) <
(1- %/2)*(7“). This together with gives

u1<t,p)\§0p|t|2/ L=l 12|u| il 4,y

u—1|=

~

J+1 R
< C, |t Z ( /2) <2C,|t24, .
p

An argument similar to the one above used in estimating Ji (¢, p) with instead of allows
us to deal with K (¢, p) defined in (40). Compute that

Kl(t,p):/ (eit“p—l)/ L—w)™' > ™™ uIR,(0) (e — 1)
Mo lu—1|= 5

m>1 7>1
x R,(0)™ (e e — 1) dudm.
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Let

_ eitﬁp o —u -1
EW”‘A& 1m¢4ﬂﬁa )
X Zu J Z u_m/ (e — 1)R,(0)™ (" — 1) dudu

j>1 m2>1

—/ (1 —u) 1Zu72u_m/ (e — 1) dp
lu—1|= (5

7>1 m>1

X / (e — 1) (e —1) 0 Tg dp du
Mo

a (/Mo(eimp - du)g /|u1|=5(1 —w)T Y Ty T du

i1 m>1

— (Br(t.p) - Baltup)) [ (" = 1)du -~ Ealt.p).
Mo
Using , we obtain

1(tp) = E(t. )] < Coltl® 3 ™" Dl (1 = 3,)"™H < 4GP,

m>1 7>1

where in the last inequality we proceeded as in estimating J; above.
Finally, we need to argue that E is bounded by |t|?. First,

Ei(t,p) = / _ 5 (1—u)"? Zu J Z u_m/ (e — 1)R,(0)™ (""" — 1) dudu
u—1

i>1 m>1 Mo
:/ (1 —u)” Zum/ Zm”—1)(eit””—1)oTpmal,ualu
lu=1]= 5 m>1
S AT S
lu—1|= 5 m>1

2
X / (e"fe — 1) (e —1) o 1" dpdu — </ (e'tre — 1) du) du
./\/lo MO

n </M0(e““» ~1) du>2 /|u_15(1 —u)? Yy w " du= Ej(t,p) + Ei(t, p).

m>1

Using (36), we have that |E](t, p)| < QC'p \t!Q S

Also, Es(t,p) = f|u 1= _s(1— u)_QZ S U f/\/t (e — 1) (e — 1) o Tg dp and again by
and Cauchy’s theorem, |Es(t,p)| < 4C, t[?4,2. Finally, E3(t,p) = 0. Altogether, |K1(t,p)| <

8C, [tI* 7,2

7 Limit theorems and mixing as p — 0

The first result below is the non-standard Gaussian limit law, known to hold when the horizon is

infinite. It is a precise version of Theorem [A]stated in Subsection
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Our main contribution lies in characterizing the limit paths allowed as p — 0; this is done up to
the unknown ~,, C), in and C,, 7, as in (37)).
Throughout this section, the notation is the same in Subsection In particular, b, , =

nlog(n/p?)
VAar p

recall that = stands for convergence in distribution with respect to the invariant measure pu.

Theorem 7.1 Let v,, C, be as in , let 7,, C’p be as in and let C' be as in Proposition .
Set M(p) = maX{Cp’yp_Q,p2C'p7yp_2} + C. Let p = 0 and simultaneously n — oo in such a way
that M (p) = o(logn). Then

, and the variance matrix Y are defined as in , in agreement with Lemma [6.2l We

Ene 0 A0, %)
by

Remark 7.2 A similar statement holds for the flight function q,. The only change in the proof is
the use of Remark[6. instead of Proposition[6.3

Proof. Throughout we let § < %min{fyp, 4o}, so that we can use Propositionwith o = o4/ Bv=1),
By (33), for ¢ € Bs,(0),

E, (" 01) = Eu(R,()"1) = Ay (t)" / LO1du+ | Q)" du
./\/lo MO
— )" /M I, (1)L dji + O(Cp (1 — 7).

Note that the assumption M (p) = o(logn) ensures that, for p small enough, ﬁ € Bs,(0) for all

t € R2. Hence, as n — oo and given the range of n, equivalently as p — 0,

n t \" t
n,p n,p Mo n,p
for all t € R2.

Also, it follows from that ||II, (ﬁ) —1I1,(0)||s = 0, as n — oo and given the range of n,

equivalently as p — 0. Thus, a standard argument based on the dominated convergence theorem
shows that as n — oo, equivalently as p — 0,

K t \"
E,(exp| it n’p>>—)\ ()
“( p< b * \bup

n
It remains to understand A, (ﬁ) as p — 0. Since 6 = 643"~ e can apply Proposition to
obtain

WA Y ooy ()
”(1 A’J(bn,)) _Spr<bn,p’p>log(b”’p/|t|)+”0<(C”’J + O )(bn,p '

By assumption, M(p) = o(logn). Hence, as p — 0,

— 0.

2 2 92
~ 2 —on (1] ~ 2 _oy Amlt|*p M (p) 2 2

. 1) )
n (Cp'yp +Cp ) <bn,p> = (C'p'yp +Cp ) Tog(n/ 77 0] |t] o(1)-|t|* =0

Now, given that A is as in Lemma

n ([t 1 1 45+ pA(t, p)
A 9 - - 2A t, = =0
dmp <bn,p P > log(n/p?) p" .)
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Also, using Lemma [6.2] and recalling the range of n,

. n -+ t bn . pA (t ,0) bn
lim — A — p)l £) = lim ] -
plgtl) dmp <bn7p ’ p) o8 ( |t > Pg% log(n/p?) %% |t
’ : ;
i P A (ﬁog(n/ﬂ)> _ s,

P02 0g () P Vaxli

ra

where in the last equality we have used Lemma [6.2] and the uniform convergence theorem for slowly
varying functions. Putting the above together,

, t\" t 1
[l)li% Ap <%> = ili% exp (n <1 - <%>>> = exp (2<Et, t)) , (41)
for any t € R%. This completes the proof of Theorem by Levy’s continuity theorem. O

The next result gives a local limit theorem as p — 0, again up to the unknown ~,, C, and 7,,
C_’p. This is possible due to the present proof based on spectral methods which produces the fine
control of the eigenvalue in Proposition [6.3] The present proof of local limit theorem for the infinite
horizon is new even for p fixed. We recall that the only proof of such a local limit is given in [30]
via the abstract results in [4] for Young towers. Our proof relies on Proposition which is new
in the set-up of the Banach spaces considered here and it relies heavily on Appendix [C] and on
Proposition (which provides useful continuity estimates).

In the notation of Theorem[7.1]we let @y, be the density of a Gaussian random variable distributed
according to N(0,X) and recall from Section that CP° C B.

Theorem 7.3 Assume the assumptions and notation of Theorem m in particular M (p) is defined
in the same way. Let v € CP°(M) and w € L*(M), for a > 1.
Let p — 0 and simultaneously n — oo in such a way that M(p) = o(logn). Then

E,(v)E,(w) (N >'
vl _ywo T dy — A=W g () g,
‘/M ton =N} p (bn,p)? .

uniformly in N € Z2.

Remark 7.4 A similar statement holds for the flight function q,. By a similar argument, using
Remark instead of Proposition we obtain (by ) 1({gn, € V}) = ®x(0)Lebg2(V), for any
compact neighborhood V € R? with Leby2(0V) = 0. A uniform LLT for g, can be obtained by, for
instance, a straightforward adaptation of the argument used in [27, Proof of Theorem 2.7].

It is known that for every p > 0, k, is aperiodic, i.e., there exists no non-trivial solution to the
equation e"*rg o T, = g. The aperiodicity of x, has been used in [30] to provide LLT for fixed p.
Given Proposition and the aperiodicity of x,, the proof of Theorem is classic, see [1] and for
a variation of it that provides the uniformity in N, see, for instance, [28|, First part of Proof of The-
orem 2|. The proof below recalls the main elements needed to obtain the range of n in the statement.

Proof of Theorem Let 6o = 6*G¥=1) be so that (34), and Proposition hold for
all [t| € B, (0). Since r, is aperiodic, a known argument (see [Lemma 4.3 and Theorem 4.1][I])
shows that ||R,(t)"||s < Cp(1 —,)", for all |t| > do. It follows that |E,(R,(t)"1)|] < [|R,(¢)"|ls <
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C), (1 —~y,)" for every |t| € (0, 7). Thus, using that v € C?° C B,

1 . .
vl —nywoTldy=— e_”N/ R,(t)"vwdpdt
//\/l {Kn,p=N} P 472 [—m,m]2 M P

~

1 y ) )
:47T2/[5 o tN/MRp(t) vwdpdt + 0 (Cp (1 - ,)")
—00,90

1 —1 n " ~ - n
= Ny (1) /MHp(t)deudt+O(Cp(1_7p) G —))
—00,00
1 n
= 521 (pt) +O(Cp (1= 7)"). (42)

Recall that w € L? a > 1 and set b = a/(a — 1). Using the Holder inequality,

I(p,t)—/ e NN, ()" dt/ vd,u/ wdp
(=5,5)2 M M

+ / e NN, ()" / (T1,(t) — T1,(0))v w dp dt
[~5,6]2 M
:/ e NN, (t)" dt vd,u/ wdp
[~6,6]2 M M

1/b
+0 (nwuw G (/1.0 - 11,00l an) dt) .

Recall v € B. Using , and Lemma and proceeding as in equation ({38]),
b 1/b -V, —2|4|V —2|11€
(] J005(0) = Tl die) ™ < Gy 2l < Com

for some uniform C and some ¢ > 0. In the last inequality we have used that |t| < dg. Thus,

I(p,t) :/ e 7NN, (1) dt/ vdu/ wdp+ O (HwHLa(#)p—?/ [t]° |\, (8)"] dt).
[—60,60]? M M [—60,00]?

With a change of variables,

1 Ciu N "
I(p,t) = 2 / e e, (bu> du/ vdu/ wdp
(br.p)? J1=60b1, 001,12 n.o M M

p72 U n
+0 [ o]l e / fuf? |2 () du | (43)
( W) (b1)3 (=0t 50052 7 \bnp
Given the range of n in the statement, we use to obtain
N " N
471'2 / e wbn,ﬂ )‘,D <u> du — (I)E <> =0.
[*50bn,p,60bn,p}2 b"vﬂ bnvl)
To deal with the big O term in , we use that by there exists a uniform constant C' so that

U n
A (bn)

[\

lim
p—0

-2

o uf -
(bnaP)S [—60bn,p760bnyﬂ}2

P —Clul?
du < / lul®e du.
(0n,p)?*E S =b0bn p G0bn )2
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logn

Since M(p) = o(logn), we have n > exp (C’p_2). Thus, (b )2+5 L Goyp= =0 (ﬁ) as p — 0.
Putting these together and using ,

N
472 I(p,t) — ®x <> / vd,u/ wdu’ =
p—0 bn,ﬂ M M

lim

This together with gives that as p — 0,

1
‘/ vli, =nywo T dy — (b < )/ vdu/ wd,u‘
np np

:O((bn,) (1 =) )

where in the last equation we used that M (p) = o(logn). This concludes the proof. O

It is known that the local limit theorem for k, and the billiard map 7T, (with p fixed) implies
mixing for the planar Lorentz map Tp (again p fixed), see [28]. In fact, sharp error rates in local
limit theorems and mixing are also known, see [28] for the finite horizon case and [29] for the infinite
horizon case. -

We recall from Sectionthat the Lorentz map Tp defined on M = M x Z? is given by Tp(ﬁ, o, 0) =
(T, (6 }), L+k,(0,9)) for (0,¢) € M, £ € Z2. Let i = px Lebys, where Lebyz is the counting measure
on Z?. An immediate consequence of Theorem is

Corollary 7.5 Assume the assumptions and notation of Theorem[7.3. Let p — 0 and simultaneously
n — 0o in such a way that M(p) = o(logn). Then

(bnw)?//\vwofpdﬂ—//\vdﬂ /Awdla‘:
M M M

Remark 7.6 The class of functions in Corollary[7.9 is rather restrictive as the functions v,w are
supported on the cell M. Given the work [28] (see also [29, Section 6]), it is very plausible that the
present mizing result can be generalized to a suitable class of dynamically Holder functions supported
on the whole of M. Since the involved arqument is rather delicate and not a main concern of the
present work, we omit this.

lim
p—0

A Estimates on corridors

A.1 Estimating P(k, = & + N¢)

Given a corridor associated to £, there a neighborhood Uy of 29 = 2¢(§) in 90 x [—7, 5] of initial
conditions x such that the next collision occurs at a scatterer on the opposite side of the corridor.
For this situation, [30] use the coordinates («, z), where « is the angle the trajectory of some z € 90y
makes with the tangent line at zg, and the intersection point is y = x¢ + z&, see Figure

Lemma A.1 In coordinates (z,a) the volume form in a neighborhood of xo = xo(§) is

1

1
sinadadz = — cos ¢ df do.
4mp 47

Proof. The part sinadadz can be understood because the Liouville measure of the billiard flow
projects to a form cos ¢ dy dr for any transversal section parametrised by arc-length r and with ¢
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Figure 5: A corridor and coordinates («, ).

the angle of the trajectory to the normal vector at the collision point. When this section is the line
y = xo + &, we have a = § — ¢, so cos p = sina. But to get the correct normalizing constant, we
give a more extensive argument. From Figure [5| we have

p(1 — cos @)

2|€] — psinf’ (44)

g:9+a+¢, tana =

After making o and z subject of these equations, we see that the change of coordinates involved is

- (T gy (st
(a,z)—F(9,¢)_<2 0 ¢,|§’ <tan(g_0_¢>+sm9)>.

The Jacobian determinant is

-1 -1 0Fs, 0F, p cosf
det(dF)| = |det : =|l—-—|==— 0.
deiar) = oot (o o )| = |5 - | = i (g Sy o
Thus, using (44]) and some trigonometric formulas,
€l . €] sina p < sin 6 )
——sinadadz = — — +cosf | dfdo
dmp dmp  [¢] \tan(3 — 0 — ¢)
1
= 4—((:08 asin 0 + sin a.cos 0) df dg
T
1 1
= —sin(a+ 0)dfdp = — cos(¢) db do,
4 47
as claimed. O

The following is [30, Proposition 6] in more detail:

Lemma A.2 Suppose that the scatterers have radius p > 0 and the width of the corridor given by &
is d,(§). Then

u{z € 900 x [-5, 5 rpla) = NIg[+€7}) = min{4p?, d,(€)*N"2}(1+ O(N1),

1
4T NElp

where £ as in Remark s the integer vector on the boundary of the corridor opposite to the
E-boundary.

Proof. We take the region in (z, a)-coordinates where k, = N¢ 4 &', In the z-direction this is an
interval (2o, 21], where for z = 2, there is only one line connecting Og and O, namely the common
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Figure 6: [z9, z1] given by two tangent lines for 2p > d”(£ (blue) or 2p < d”(£ (red).

tangent line of Op and O, ¢. For z = z; there is also is only one line, namely the common tangent
line of O¢ and Oy, see Figure @ These two lines are obtained from each other by translation over
one unit &, so 21§ — zp§ = |£|. However, if p is small compared to N, these two tangent lines are the
common tangent lines at the upper sides of Op and O,;, and at the lower sides of Oy and O,. In

this case K (VIe] + [€])
2p P p
o = =l = g = O (dp@ +2p) |

sin o d,(&)+2p
This also shows that the transition between the two cases is when 2p = de(g)'
For each z € [z, z1], the range of possible values of « is again bounded by the a’s obtained at
the tangent lines to Oy,—¢ and O,;,. Therefore, see Figure m,

(45)

Since |'| < [¢] (see Remark D and z < [£| as well, each « in this interval satisfies o = C]l\‘;(lg(l +
O(N~1)) and
dp(§)
— 4
a1(2) = ) = S (1+ O ) (16)

Integrating the density given in Lemma for the case 2p > d’}\(,é) (so |z1 — 20| = [¢]|) and using

|21 — 20| = |€| and the approximation cosag — cosaq ~ (a1 + ap) (a1 — ag) gives:

/ / |§’ smadadz = 1 cos(ap(z)) — cos(ai(z)) dz

Amp Jz
el 46 dp()
= dmp N g O

d 2
= Mivp éfﬁz( +O(N ).

Now for the case 2p < de(g)’ see Figure [7| with small version of Oy ,, we have

— dy () d,(&) +2pcosai(z)
a € [ap(2), 1(2)] := [arctan <N|§| +Q—pz—2psina> , arctan <N|g] +Q—Z—2psina>} ,

so still o = % (| |) + O(N72) and a1(2) — ap(z) = | I(l—i—(’)( b.
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Figure 7: The parameter interval [a(2), a1(z)] given by angles between two tangent lines.

Integrating as before gives, using and the fact that d,(§) +2p = |§ |71 from Lemma

12 |€| _ _
s1n adadz = dnp cos(ap(z)) — cos(ay(z)) dz
€l 2pN dy(§) 2p

_ —1
= Imp dy©) 120 Vg Vg O

4p? _
- ngwp (1+0(N™Y)

as required. ]

A.2 Corridors sums

Let ¢ be Euler’s totient function, i.e., the number of integers 1 < ¢ < p coprime with p. The
following lemma is classical number theory, but we couldn’t locate a proof of the full statement.

Lemma A.3 For every a > —2, we have
N
Na+2 1
S n(n) =~ =1+ o(1)),
n=1

where ¢ is the Riemann (-function, so ((2) = % .

Proof. Let p be the Mébius function. A standard equality is ¢(n) = 3_,, 1(d). Therefore

St = XY@}~ 3 o (5)"

n=1 d|n n=1 d|n
N T N a+2

- §j§:d%mmm“1=§:www>12(5) (1+0(1)
d=1m=1 d=1 @+

B Na+2 N M(d) Na+2 1

= v o) = g o)

where we used the Dirichlet series identity Y~ ds) = ﬁ for s = 2.
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As an aside, there are asymptotic formulas for s > 2

—1
g (p (s )) and g ¢p) ——i—(’)((log]\f)%(loglog]\f)%
p>1

); (47)

see [19, Theorem 288]. O

In the course of this paper we denote, for a fixed value of p, the set of corridors that are “visible”
from the origin by W. As described in Lemma these can be characterized by pairs (¢,¢') € Z2 x 7
where &€ = (p,q), ged(p,q) = 1 and [¢] < (2p)~!, while & may denote either the first or the second
convergent preceding ¢ in the continued fraction expansion of p/q, see Remark Sums of the type
in the following lemma are used throughout the paper.

Lemma A.4 We have

~ aig e )(2P) (a+2) if a > —2;
> e = logp| if a=—2;
(€.8)ew < Am if a < —2.

a+2

Proof. Using the two coordinate axes and their bisectrices, we divide the plane into eight sectors
and for each sector, we sum the scatterers in . Circular sections of radius R have asymptotically 7
as many points as triangular sectors with base R. Also, every corridor direction in this sector comes
with two corridors (£,¢') and (&,¢”). By Lemma their sum is, for a > —2,

Z 1€~ 1?% Z |€|* = 4m Z o(p)p® ~ am L(zp)f@ﬂz)'

(£€)ev 0<g<p<(2p)~* 1<p<(2p)~t 2+ad(2)
If a = —2, then a similar computation gives =< |logp|, and for a < —2, the series is summable:
AT Y1 <peop)1 OO < AT [ 2% dw =~ O

Lemma A.5 Forp € [1,2), the p-norm of the displacement function satisfies

ke < (p(2—p)) =17 pt

Proof. Take p € [1,2). We estimate over all {-corridors similarly as in Lemma

Jrlan < 2 3 S PN i min{a (N )

l€1<(20)~1 N21

1 Ldo(£)/(2p)] )
-1 2 Arp—1 2 p7p—3
< % Z 19 Z 4p"NP™" + Z dp(§)"NP
l§1<(2p) 1 N=1 N=|dp(£)/(2p)]

L /1 2— -1
< —-p -
< o et e) ¥k

l§1<(2p)~*

2 1 1

~ — 4+ 2 —-p
(2) <p 2—p> 0)
Taking the p-th root gives the result. O
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Lemma A.6 Let W € W? be a stable leaf, and let Wy stand for all lattice points & = (p,q) € ¥
that can be reached from Og with coordinates in W. Then for every a € (%, 1),

D < W+ p og(1/p) + p" W
(575,)E\I’IW

Proof. There is an arc W € S' of length |[W| < |W| such that every lattice point that can be
reached from Oy with coordinates in W has its polar angle in W. Due to the symmetries in the Z2,
it suffices to study W C [0,7/2], so the lattice point & = (p, q) in this sector satisfy 0 < ¢ < p and

tan(W) C [0,1]. In fact, we will start by assuming that tan(W) € [, 5]-
Because p? + ¢* > 2pq for all (p,q) = &, we have Doeeneny 1§70 <K 2-a/2 D (e ew Wlw(%).

We will apply an estimate from [32, Theorem 2.2], which, in our terminology, reduces to

(&€)ev

10| Y e S “]i’j) , (48)

{#£0 d<(2p)—1 k<(2pd)~
d|e

where C, is a constant depending only on a, and ¢, (¢) is the ¢-th Fourier coefficient of  +— (z)z™%.
If v = 1y, then these Fourier coefficients are not summable, so we first smoothen 1 to a
function ¢ with supp(¢) concentric to W and |supp(¢)| = |W| = 3|W|. On W itself, » = 1 and on

the two interval components v is a translated copy of the function fy : [— WQV‘ ‘W‘] — R defined by

1 1 . 2mx T

fW(.’L')Zi—%SIHW—FW

Then [ dx = 2|W| and integrating by parts twice gives an estimate of the Fourier coefficients of

x = P(x)x™? o
€)| < '/%e2ﬂwxd‘r <

because supp(v) is bounded away from {0,1} (so x7* doesn’t blow up) and (¢ (z)x~*)"” = 0 outside
supp(¢).
The Dirichlet series of the Mdbius function can be estimated as ‘Z,EL/I(ZP 4] p(k)k= < (2pd)'=2.

We use this and the fact that ¢ € N has O(¢'/2) divisors to estimate the last big O-term in [“s).

Dolew@ Do d N “lif) < D!

£eN d<(2p)~1 k<(2pd)~ £eN d5(2p>—1
dle dl¢

jwie

<

Hence becomes

1
Z /21V~V(%) = Z

eerew PO

(=) < W+ p*Hog(1/p) + p* MW

ESEES

(pq)*/?
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as required.

It remains to consider the cases that tan(W) ¢ [15, 15]. Suppose instead that tan(W) C (0, ]
(we ignore £ = (0,1) and £ = (1,0)). In this case, we give an injection between the lattice points
in the W-sector with coprime coordinates to the set of lattice points (with coprime coordinates and
comparable norm) in a sector of comparable width, but near polar angle % Indeed, set Qq, = {¢/p :
0 # p,q € Z,ged(p, q) = 13U {0} and Zp, := {(p,q) € Z* : ged(p, ¢) = 1}, and define the Calkin-Wilf

map f: Qg — Qgp as well as g : Zey — Zep by

1

AR TP

9:(p,a) = (p—a+2pla/pl . p)-
The f-orbit of 0 enumerates all non-negative lowest-term rationals, see [§], and ¢ is the same map
expressed on the collection of lattice points. Since f2((0, 15]) C (3, 39] and |g(¢)| < 4/¢|, the second

iterate g2 provides the required injection. In case tan(W) C [1%, 1) we use g>. O

B Distortion properties

Throughout, a uniform constant is a constant that is independent of p.

Let us recall some terminology and notations from [10, Chapter 4]. Unstable curves generate
dispersing wavefronts, which are evolved by the free flight, and then leave traces of unstable curves
on the scatterer at the next collision. For wavefronts it is convenient to use the Jacobi coordinates
(d¢,dw), and an important quantity]’| 2 = Z—?, the curvature of the wavefront. 2~ and QT denote
its value immediately before and after a particular collision, respectively.

On the scatterer, the traditional coordinates are (r, ¢) yet, we prefer to use the p-independent

(0, ¢) and take advantage of

d d
a9 (27Tﬂ)5~

First we relate 2~ to the slope of the unstable curve: %% = pQ)~ cos ¢+ 1. Differentiating with
respect to 0 gives
1 d%¢  dQ

— Ao
%W_Wpcosqﬁ—pﬁ smqb@. (49)

Lemma B.1 There exists a uniform constant C > 0 such that for any C? smooth unstable curve
W there exists nw such that for n > nyw on all components of T)'W we have

¢

Thus we may restrict to the class of regular unstable curves for which holds. Also, this
shows that as p — 0, the unstable curves limit in a C? sense to straight lines of slope 2.

Proof. The properties of the free flight are not effected by shrinking the scatterers or using the
f-coordinate. Thus
0<O < (Tmin)_l

and, by , it is enough to show
e <C
do | —

SUsually called B in billiard literature such as [10], but we write Q to avoid confusion with Banach spaces B.
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to prove the lemma. Now % = (27rp)dg—;, and the evolution of dg—[ is discussed in [10, section

4.6]. Following the notation there, introduce

el &

51=df€, 1= 03

and use superscripts — and + to denote pre- and post-collision values of these quantities, respectively.
[10, Formula (4.37)] states
o \*
_Fl+ = (Q"‘) Fl + Hy,

where
_ 6p~2sin ¢ + 6p~ Q™ cos ¢ sin ¢

(2p71 4+ Q= cos ¢)3

H,

and by the analysis of [10, page 81]:
e F} remains constant between collisions
e there exists a uniform constant © < 1 such that g—; <0,

e there exists a uniform constant C7 > 0 such that |H;| < Cy. This remains valid for shrinking
p as the denominator scales with p~3 while the numerator scales with p=2.

Hence it follows that |Fy(n + 1)| < ©3|F1(n)| + C, where Fy(n) is the value of Fy between the n-th
and the (n + 1)st collision. This implies that there exists Cy > 0 and ny (depending on the curve
W) such that for any n > ny we have |Fy(n)| < Cs.

Now |& | = |Fy |- (27)3 < O3 for some uniform Cj > 0, and finally [10, Formula (4.24)] states

)~

= &l cosp — (Q7)?sin g,

which thus implies that ‘dg—; < (Y4 for some uniform constant Cy > 0. This bound completes the
proof of the lemma. O

It follows that regular unstable curves can be parametrised by the coordinate €, and for any
smooth function f: W — R, % = %, where x is (Euclidean) arc-length along the curve — dz? =
d6? + d¢? (not to be confused with the arc-length 7 along the scatterer).

Let us also recall that an unstable curve is homogeneous if it is regular and contained in one of
the homogeneity strips Hy, = {(6,¢) : § —k7° < ¢ < § — (k+1)7"}. For such curves, analogous
to [10, Formula (5.13)], we have 1

W < CCOS% o (51)
for some uniform constant C' > 0, where ¢ corresponds to any point of W. (This follows as the slope
of the curve is uniformly bounded away from 0 and oc.)

Distortion bounds are stated as follows. Let W be a homogeneous unstable curve, and assume
that for some N > 1, W), = T,;/"W is a homogeneous unstable curve forn =0,1,...,N. For x € W,
let zn, =T,z € Wy. Let JwT,"(x) and Jyw, T, (x,) denote the respective Jacobians.

Lemma B.2 Consider W and N as above and y,z € W arbitrary. There exists a uniform constant
Cy > 0 such that

_1
|log JwT, ™ (y) — log JwT, ™ (2)] < Cq|W |70+,
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Proof. The lemma relies on the inequality

c
log J; < 52
dxy, o8 Jw. T (xn) ~ cos ¢y, (52)
for some uniform C' > 0, cf. [10, Formula (5.8)].
Using this formula the argument in the proof of [10, Lemma 5.27] can be repeated literally:
N—1
[log Jw T, M(y) —log JwT, N(2)| < > |logJw, T, (yn) — log Jw, T, " (2n)]
n=0
N-1 d
< Z |W,,| max d—logJWn P Yzp) (53)
n=0
|W | N-1
< cz <C Y Wl < ClW|,
n= OCOS¢n n=0

where we have used the chain rule, , and and the uniform hyperbolicity.
It remains to prove . Here we essentially follow [10, pp. 106-107]. We have

1 den\?\ 1 ddni1\?
log Jw, T, Yz,) = logcoso, + ilog <4w2p2 + <j;n> > — ilog <4ﬂ2p2 + (dq;nj:> )

—log (2pflTn+1 + cos gnr1(1 + Tn+1Q;+1)) :

We consider the derivatives of these terms separately. As noted above, differentiation with respect
to 0, and z, can be interchanged. By Lemma the derivative of the second term w.r.t. 6, is
uniformly bounded. The same applies to the derivative of the third term with respect to 6,11, while

d$n+1 —1
e

is uniformly bounded from above. The first term gives the main contribution: as cos ¢, is not
bounded away from 0, the derivative of its logarithm is

d(log cos ¢n,) d(log cos ¢,)
dxy, dby,

C

~ cosoy,

<C‘

The fourth term is the logarithm of the quantity

20 1 p1 + cos (1 + Tn10,41)

which is bounded from below, but not from above. It is thus (more than) enough to show that, when
taking the derivative, all contributions to the numerator are uniformly bounded. This holds immedi-
ately by the previous discussion for all the terms except /2) @il which requires further investigation.
Note that
Tnt1 = dist(P(zy), P(2n41))

where P(x,) and P(x,1) are points on the billiard table (and thus on R?) associated to the points
xn € W, and x,41 € Wi on the two scatterers, respectively. In an appropriate reference frame
P(z,) = (pcos by, psin6,,) hence the ,,-derivatives of both coordinates are < p, and the same holds
for the 6,,41-derivatives of the coordinates of P(z,+1). Thus

ATy 1

< Cp,

dx,

which is sufficient for our purposes. O
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C Decay of correlation for ,.
The main result of this section is the justification of , that is

Proposition C.1 There exist Cp >0 and 1§p < 1 such that

e for any j > 1 we have

| / (e — 1) (¢ — 1) 0 T3 dy — / (cit%e — 1) dp / (¢ — 1) dy
Mo Mo Mo
< Cylt|*3, (54)

o furthermore, there exist C’p >0 and ’l§p < 1 such that for any j,£ > 1 we have
| /M (¢ — )R (et — 1) (¢ — 1) o T3 dp
0

—/ (ettre — l)Rﬁ(eit“p -1) du/ (et —1)dp
Mo Mo

- </ (eltre — 1) d,,u) / (eftfe — 1) (eftFr — 1) 0 Tg du
Mo Mo
. 3 _ .
+ (/ (eltre — 1) d#> ’ < Cp\t\zﬁﬁﬂ. (55)
Mo

The p-dependence of this exponential rate gives the main source of unknown dependence on p
in the main results of our paper. During the proof we will point out the exact sources of unknown
dependence of C,, > 0 and 9, < 1 on p.

Let us make some comments on the relations of the two estimates of Proposition [C.1] We will
first prove with some C'p >0 19,, < 1 that we can explicitly relate to the correlation decay rates
of the map 7}, on Holder functions, as expressed in below. Then we extend our argument to
obtain for some C), > C’p and 9, € (19,,, 1). Obtaining relations similar to for the constants
Cp and 19,) seems quite difficult and we do not push this point.

The proof of Proposition consists in: a) reconsider [I1, Proposition 9.1]; b) only for ,
work with a version of R, with spectral gap in a Banach space embedded in some LP space with
p > 1. Ttem a) is needed in order to obtain the bound [t|? and the decay of correlation in j. Item
b) is needed to obtain the joint decay in j and ¢. Item b) is possible because for every p > 0, there
erists a Young tower A, and a tower map Tx, associated with the billiard map 7); this is ensured
by the construction in [9] [33]. We emphasize that we will not exploit any fine dependence on p of
Ta, (the mere existence is enough), which is why this part of our arguments can be worked on the
Young tower A,.

C.1 Standard pair argument

In this section we reconsider [I1, Proposition 9.1]. Let us introduce truncation levels H, H >0 to
be fixed later and
Rp=Fo Lyl<i Ky = Fp = Kp;

no__ . . m_ _om
Ky = Kp 1|HPISH Ko Kp — Ky -

As |k, < [€]m on D, the truncation x/, restricts r, to the cells De p, with m < H[¢|™!.
The result we will use in the proof of Proposition below is
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Lemma C.2 For any cyg > 2 we have
(i) [k K2 o T3 dpu < CH?H 1 p~3,
i 1,1
(i)’ f ‘Hg‘ : ’Kp’ OTﬁ du < Cllogp| - (H PR long*:‘*V + H2*00p*2*60>_

g+l 1-1/rg 1)

Furthermore, for any q € (1, % - m) and c € (2_q )

(i) [1rpl?- |K)"9 0 T) dpp < CHIFLHT2p3,

. 3 1
(ii) [ ‘KZ‘q kplT0T)du < C <H7§+Q+C(Q*1)+%pc(qfl)quZfV + Hc(q72)+q+1pflquc(27q)>.

Remark C.3 Let q(ry) = % — m, the upper bound on q for ro fized. Furthermore, let c1(q) =

gi_(ll and c2(q) = 127;7_/;0 —1, the lower and upper bounds on ¢ for q fixed. Note that c1(q) is increasing
in q, while ca2(q) is decreasing in q, and c1(q(ro)) = c2(q(ro)). Also ¢1(1) =2 and co(1) = oo, which
18 in accordance with the conditions on cg. Note also that:
1
e The condition ¢ < c2(q) = 5.=§ — 1 1s equivalent to ¢ + c(q — 1) < 3 - % This ensures that
the power of H in the first term of (ii) is negative.

_ gtl
=3

e Since ¢ > ¢1(q) the power of H in the second term of (ii) is negative.

e Choosing H = H¢, the power of H in (i) is also negative, again for ¢ > ¢1(q) = 2#

£

Standard pairs and families. Let us recall some terminology related to standard pairs, see also
[11, page 29]. A standard pair ¢ = (W, hyy) is a regular unstable curve W that supports a dynamically
log-Holder continuous probability density hyy. As such, it can be regarded as a probability measure
on the phase space M, which will be denoted by ¢, too.

A standard family is a collection of standard pairs G = {{,}, a € A equipped with a probability
factor measure Ag on A. This induces a probability measure Pg on M.

For a standard pair ¢ = (W, hy) any « € W splits W into two subcurves, let ry(z) denote
the length of the shorter, and let Z, = sup,.oe ¢(rw < €). By Hélder continuity of log hy, £ is
equivalent to the normalized Lebesgue measure on W and thus 2, < |W|~!. This generalizes for the
Z-function of a standard family Zg < [ >\\€V(Z|) dmyy .

The T),-image of a standard pair is a countable collection of standard pairs. Hence, the image
of a standard family is a standard family. Given a standard family G, for n > 1, G,, denotes the
T)-image of G. It follows from the growth lemma (Proposition that there exists ¥ < 1 and
C4,Cy > 0 such that

Zg, < C1I9"Z2g + Cady
where 6y < p” (see and Remark [3.2] part (i)). As consequence, for any standard pair and n > 1

Zg, < Cmax(Zg,,p"). (56)

Cells. For ¢ € Z? such that the corridor is opened up, and for m € Z let D¢, € M denote
the set of points for which k, = m§ + ¢’. The geometric properties of Dg ,, and its image T, D¢
will play an important role in the argument. T,D¢ ,, is depicted in Figure [2l A similar description
applies to D¢ ,; it is delimited by a long singularity curve, decreasing in the (6, ¢) coordinates,
which is connected to the boundary of M by two shorter decreasing singularity curves, of length
= (|€|pm)~1/2, running at a distance = (|¢|m)~2 from each other. Further properties:

o (D¢ ) = pu(T,Dem) =< p~ €] 7m™3 (due to the factor cos ¢ in the measure);

e an unstable curve may intersect Dy, in a subcurve of length < C(|¢|m)~2;
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1
o T,D¢ ,, intersects homogeneity strips of index k > C(p|&|m)?7o

If ¢ = (W, hw) is a standard pair, then it can intersect D¢ ,,, in a subcurve of length < C(|¢|m) 72,
thus the intersection has probability bounded above by C(|¢|m)~2|W |~ < Z,(|¢|m) 2. It follows
that for a standard family G we have

Pg(De,m) < C(|€Jm) 2 Zg. (57)

Our argument below follows the proof of [I1, Proposition 9.1] taking into account that the cor-
ridor structure depends on p.

Proof of Lemma |C.2, For item (i), using M(Tp_jDévm) < p~lm3)€]73 as well as Lemma |A.4
several times, we get

H
€]

o
>, 2 MM u(DemNT, " Dy,p)

m=1_. A
el

/ BT 6 o T d < 037 S eI
& ¢

e o0
SCp' Y N IE A Y mt Y e
£ ¢ m=1 L _H

m=-%
€]
< Cp—l ZH[]+1|£‘_1 Z Hq—2|é|—1 < CHq+1ﬁq—2p—3'
§ 3

We will take H = H® for ¢ > 0 to be determined. To get a negative power of H, we need ¢ < 2 and
+1
c> gT

For the proof of (ii), we need to estimate

[e o]

/Iﬁ’p'lq'\ﬂpoTﬁqduﬁCZZKIq\flq Y m? Y u(Dewm NT,7 Dy ). (58)
=5

_H m=1
3 m=Tg]

For different ranges of the indices, we will use two different estimates to bound (D¢, ,, T, I Dy )
On the one hand, as before, we have

M(Dé,m N Tp_nDém) < N(ng) < Cp_1|f’_3m_3. (59)

For the other estimate, foliate Dg ,, with unstable curves |W| of length =< (|¢|m)~2. The image
1

of any such curve stretches along 7),Dg ,, crossing homogeneity strips with indices & > C(p|&|m) 7.
The piece of T,W in the k-th homogeneity strip will be denoted by 7,,W}, it has length =< ko=l
and its preimage has length

Wy =<k 12 P
Wi i~ elmkorT

as the expansion factor of T, on Wy, is < p~!|¢/mk™. Equipped with the conditional measure induced
by p, W is a standard pair ¢ = (W, hy), and its image is a standard family 7,/ associated to the
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curves T,,Wj,. To obtain the Z function, we use that the weight of |T,,W},| within this family is %,
thus

- |Wk| -1 _ p|£‘2m2 ro+1
Zre= ) 1 Ty e Wal = > TEfmpzrort"

k>C(plé|m) 20 k>0(p|£\m>

=omlel Y KO (omle)P

1
k>C(plg|m)?70

1
2rg

This analysis applies to all the curves in the foliation. Accordingly, p conditioned on D¢ ,, can be
regarded as a standard family G, and the Z-function of its 7),-image satisfies

= C(pml€))** >0
For further iterates, it follows form (56| that

M\b—l

27‘0

2g, < Cp¥(mlg)?"
Now we apply to get
1(Dean VT, " D ) = 1(Dem )P, (Dg 5, ) < Ou(Dem)Zg, €| 2~
. - _54 L
< Clé| 2 2lg # mom # e i, (60)
We split into two parts. If m < m¢ (for some ¢ > 0 to be determined), we use and get

c

Z Zlé\qlﬂq Z m? Y " u(Dem NT, " De )
H m=1

IE\

o0
5 1 ~ 5 1
<Op S e Y T e
o m=t}

<Cp “1-v 24 gte(q— 1)+2,ﬁ0 Zm 1—c(qg—1) Z‘QH
£

< CH—%-&-q-i-c(q—l)-l—%pc(q71)7q72fl/

where we have used that because ¢ —|— c(q -1) < % 2r , the contribution of m is summable (this
1

condition is equivalent to ¢ < c2(q) = 2q -5, cf. Remark|C.3). Note that if ¢ = 1 then this contribution
is independent of ¢; however, there is an additional factor of |log p| - log H.
If m > m* we use and get

ZZlf\qlélq 2 m Z 9 pu(Dem NT, " De )

| m=m¢

[e.9] [e.9]

<Cpt Y el Z mt Y i< Cp 1ZZ|§M£|Q ’ Z mea=2ta
¢ ¢

m=1 m=m¢ m=

M= Tel W

< CHaDtatl =1 Z |¢|e@-a)—1 Z 1973 | < cHela-Dtatl jm1ma—c2=q)
¢ €
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and in case ¢ = 1 we still have an additional | log p| factor. The condition of summability ¢(¢—2)+¢ <
—1 is satisfied because ¢ > q+ . Summarizing, we need

3 1 q+1
1<¢g<?2, - <=-=— — <
<q g+clg—1) <3 g’ 2 g ¢

First we may fix ¢ such that

3 1 qg+1 2q — 1 6

—— > —(q—1) = = <2——

2 oy 1Ty (g—=1) 2_ ¢ 4 7—1/ro
and then we can fix ¢ slightly larger than 2, such that the conditions are still met. The range of
allowed ¢ depends on rg, it can never exceed ; for the traditional ryp = 2 the upper bound is 13,
while for 19 = 5 the upper bound is 1—7 O

C.2 Exploiting the existence of a Young tower for 7,

Let (Ap, TAP, 7 A,J) be the corresponding one-sided Young tower (i.e., with stable leaves quotiented

out) and let R5 be the transfer operator of Tx . Let &, be the version of x, on A,. Since £, is
constant on stable leaves, we have for any j,¢ > 0,

/M (¢ — 1) RE(eit — 1) (e — 1) o T4 dps
0

itk { itk itk j
:/Ap(e ”fl)RAp(e r—1)(e ”fl)oTépd,uAp. (61)

Let r be the roof function of the tower (AmMA ). We recall that if d := ged(r) > 1, then for
every p > 0, RAP (when viewed as an operator actmg on the Young Banach space Bx A, C LP(ux A, )
has a spectral gap (see [9, 33]). As clarified in Remarks and . the decomp081t10n of Ry, we
shall need in the proof below holds when d > 1.

Proof of Proposition We first prove the statement for the case when ¢ = 0 and point out
the required modifications when ¢ > 1.
Case ¢/ = 0. Given , in this case we need to show that

. 2
o . - \ g
/ (e'tFr — 1) (eitRe — 1) o JAp jA, — </ (etFe — 1) MAp) < Cplt|*99, (62)
A, A,
for some p-dependent constants 19 <1 and C'p > 0.
Throughout this proof, we let Ky, Ky Ky 5 K, also denote their corresponding versions on the

tower A, and the context in which they appear will make it clear which version we are referring to.
Write

itk itk J - iRpt ikDE\ | (LiRpt J _
/Ap<e 1) (e ﬂ—l)oTApduAp—/Ape o) (1) o TE dug,

—+

o

(em;’t —1)- (empt _ emg/t) o Tép dHAp + /A (emgt —1)- (emp/t 1)o Té,, d,uAp
o P
G (1) (P 1) o T dpis, + / (70 = 1) "o TR (M = 1) 0 TR dpg,

p Ap

I
o

(e"nt —1) - (e™0't — )OTépduap=Il(t,p)+fz(t,p)+13(t,p)-

p

_|_

o~
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For I3(t, p) we use the exponential decay of correlation (see Remark below for the case that
the roof function r of the tower has ged(r) > 1). This gives the only source of unknown dependence
on p in the case m = 0. More precisely, for every p > 0, there exists 6, < 1 and C, > 0 so that

< Gl et — sy, €7 — 1|5,

Is(t, p) — / ("o — 1) dps, / (€™ — 1) dux,

A, A,

< C,00H H |t]*. (63)

Thus,

< C,09H H |t

I(t,p) — (/A (e — 1)%,))2

] [t s, [ @ Ddus, ~ [ (@ -1 dus, [ (@ 1) dus
A, T - p A, * JA p

A, p
=C,00H H |t]* + | J(t, p)|-

By definition,

ol =] [ @ dn [ @ e [ @ nda [ @yl
Mo Mo Mo Mo

and we note that J(¢, p) is bounded by the sum of

/ it - (15— 1)) dp / 1 dp < [tf? / ol L 11y / K] dy
Mo Mo Mo

and a similar term with H instead of H. Using the Holder inequality (with exponents 1—_%(5 and 1—35),
the tail behaviour of £, and Lemma we obtain that

/M ’“p’1{|np|>H} dp < |\kpllp2ra+e p(|rp| > H)(l—d)/Q < p_lH_(1_5)-
0

Also [y, [k ldp < [kpll L1 < p~!. Hence,

7t p)] < 12072 (H 0 - =000 (64)

Finally, note that

2t )+ Fato) < e [ 01l 0TS, s, + 6 [ Vgl 10 TS s,

P P
= |t|? (/M K| - g oTép dup + //\/1 AR ngp d,u) . (65)
0 0

For this ¢ = 0 case, if we fix any ro > 2 (taking into account that H=H ), then we may bound
the coefficients of |¢|? in [J (¢, p)| from (64)), |I1(t, p)| and |I2(t, p)| from (65)), respectively by

1

p 219, H_%p“l 1 H20 5 e, H2 053,

where in the bound for |1 (¢, p)| the exponents of H and p have been slightly decreased to bound the

logarithmic factors. Fixing ¢y = 15—1 and § = %, all these are dominated by H _%p_%. On the other
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hand the coefficient of |t in |I5(t, p)| is C, ) Heott = C, GJH?6 Thus letting H = (C’*l ép_jp_%> .
we conclude that all terms are dominated by

352 L Ai A 352 L 4 L
p s CAT(037); thus we let Co=p 5 CF, 0,=0). (66)

Case ¢ > 1. The main differences in this case come down to dealing with integrals containing
unbounded terms ) and )" in such a way that can gain exponential decay in £ and then proceed
as in the case ¢ = 0 treated above. To do this, we exploit that By C LP(ugz,)-

Using , we need to estimate

J(t,p) = /A (¢ — 1) RS (e — 1) (" —1) 0 T% dug,
P

= [ RS (=1 dus, [ (€= 1)dus,

A, r o
= [ = dus, [ @ - e ) 0T dus, + ([ @ - 1)dua,)
A, " Ja, : A, :
By Remark [C.4] for every p > 0 and for every £ > 1,
R (@ 0= [ @ s, =@ (0, 1@ € Ul G (6
P

for some p-dependent C, and ép < 1. This is the first source of unknown dependence on p. Since
Bz, C LP(ug,),

1Q%, (€™ = Dlltous ) < Cp 0y, (68)

for some p-dependent CS. This is the second source of unknown dependence on p.

With these specified, we can write

Tt = [ (€ 1) Qh (€ 1) (€ 1) o TS dus,

P
— [ (" —1)QY (" —1)dus, | (€ —1)dus, = E(t.p) — G(t. p)-
A, ? " JA, g

Rearranging as in the case £ = 0,

Blt, p) = / (70! — &™) QK (0 — 1) (€™t —1) 0 TS ds,
P
+/ ( (A )Qf ( ithp _ 1) (ei/%pt emg’t) o T£ d:U’Ap
N P

Ap

+ [ 1) QE, (€1 - 1) (€ < 1) o TS dus,

P
>l Z s " ;2 y
— / empt QAp(eztmp o 1) (empt 1) . (621@,,15 o 1) o Tép d:uAp
P

+/_ ( ikt )Qf ( ithy _ 1) emg/t o T% . (emg//t

J _
N ) —1) OTA,, dpa,

+/_ (et —1) Q% (e e — 1) (e™%" —1) 0 Tép dua, = Ei(t, p) + Ea(t, p) + Es(t, p).
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Let g € (1, % - %) so that Lemma holds. By the Holder inequality with % + % =1 and (63),

0 A .
|Ev(t, p) + Ea(t,p)| < Q3 (e — Dllzr(us,) ERACARARYE ”L‘l(uz\p)
PR
+1Q%, (€ = Doy, Pl - 155" 0 TX ll1aus,)
~0 . .
< COOL 2 (1)) Rpl 0 TS Nzaus,) + 111 155" 0 T lpagus, ) ) -
Similar to estimating , using Lemma and Remarkand without trying for optimal bounds,
we can pick ¢ close to 1 and ¢y < % such that co(¢ —2)+qg+ 1= —%. For these values,
0401412 - 2

|Ev(t, p) + Ea(t, p)| < CCL 0, [t H Sipa. (69)

Next, let

///t

Liftp) = [ (€% = 1) @4 (" ~ 1) (¢! 1) o T% dus,
P

_/A ( its], )QZ ( ithp _ 1) dMAp /_ (ezt,@’p” . 1) d/iﬁp
P

P

and note that

Es(t, p) — G(t,p) = La(t, p) — /A (e"Fr — e™)QY (" —1)dug, /A (€™ — 1) dps,
p p

"

o /A ( ithp )QZ ( ithyp _ 1) dMAp /A (eit,‘%p o elt,‘{p )dMAp
p p
= Li(t, p) — La(t, p) — Ls(t, p).
By the exponential decay of correlations as in (63)) as well as :

it )| < Co BB H P 1Q ("5 — Doy ) < Cp COBL 12 B,

where as before ¢y < % Finally, by the equation before , we have
La(t, ) < 12157 H O [Q4 (% — Dl|pnguy ) < Cp CLOLI2 o7 HO),

A similar argument applies to Ls(t, p).
The conclusion follows with a similar choice of H as in the case £ = 0 treated above. O

Remark C.4 Let r be the roof function of the one-sided tower map (AP,MAP). If d :=ged(r) > 1
then Tx ts not mixing on the Banach space BAP. However, the underlying billiard map T, is mixing
and thus,

/MRqu-wd,u—)O as n — oo, (70)

for ¢,v € B with fM odu = 0. If ged(r) = d > 1, then the eigenvalues on the unit circle are the
d-th roots of unity. Hence,

RAp :HAP+QAP = Z My + Q;, IIx QA = QA lIx =0,
Ad=1
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where 11 denotes the projection on the (generalised) eigenspace BApJ\ of eigenvalue A, and QAp 18
the complementary projection. The Banach space BAP on Ap can be written as the direct sum

Ba, = Bn @ Bq for B :=®yi_1Bx, \ =ker(Qz,) and Bg=ker(llz ), (71)

As the kernels of projections, B and Bg are closed RAp-invariant subspaces of BAP’ and hence
Banach spaces themselves. Also, as clarified below, for every p > 0, the restriction RAp to Bg has

spectral radius less than 1. That is, for every p > 0, there exists ép < 1 so that
|Rz6lss, < 62 l6llss, (72)

Consider the lifted version of ¢: qﬁAP (x) = fe(x) pomdun, o(z) where {(z) is the stable leaf through

x €A and KA, e(z) the measure on this leaf emerging from the disintegration of the measure pa, of
the two-sided tower. The transfer operator RAp on the one-sided tower satisfies

| B Tdn— [ Ry 0, Vs, dus, (73)
M A

If HqubAp # 0, then there exists L/JAP € BA/) such that f/vt Rnﬁp(bﬁp “a, dpn, 7 0. (In fact, taking
Va, =g, ¢4,, we get [, RdAT;¢Ap U, dua, = [y s, 08,105,04, dua, # 0.) ThisAcontmdicts
and/or (73). Hence ¢x, € Bo and |R} ¢4 ls, < |[Ra,lso " 194, ll5, < 05 64,15,
Property follows.

Remark C.5 We note that mizing of the underlying map T, is not required for an useful version
of to hold. Indeed the property of QAP m holds independent of mizring and for this we
just need to work with , which holds for d > 1. The downside of using directly is that in
assumption we would have to extract S ya_y NlIx(e™» — 1) instead of fM(eit”P —1)du. We
found it more convenient to work with the ’clean’ assumption .
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