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Conformal foliations
U = unit vector field orforenc R3,

U Is (transversally) conformal
< L preserves the conformal

= metric orthogonal to its leave
h
C
Isothermal
coordinates] "7 h=f+ig (vf,vg) =0
Vi =]Vl

conjugate functions
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Conjugate functions on R

(vf,vg)=0
f=1(rs =g(r,s) S.t.
(9 g=gr.9 {vf:vg
f=r g=s
e (f=r2-s> g=2rs
(T B
T YT

f =€ coss g=¢€sins

h=f +ig Is (anti-)holomorphign z=r +1s
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Conjugate functions on K

(vf,vg)=0
f=1(qg,r,s = .r,s) S.t
(419 9=0(G19) {vf=vg
f=r g=s
e [f=02-12-2 g=2g9Vr2+¢
QP+ re+ s R+ re+ S
1= 2ig 97 2y ¢
2
| Hopf
g:(l—qz—rZ—SZ)S—qu R2<—82\{*}

>+ <
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Almost Hermitian structures
NB: J(p,qg,r,s) : R > R* satisfies

. J2=-_1d 0 -u -v -w|]
u 0 -w v
V W 0 -Uu
'w -v u 0 |
u? +v2+w? =1, two-sphere

— J=

« JeSQO(4)

ConsidemR3 = {(p,q,r,S) e R4|p=0} c R*

NB: U = (J%) s = (Ua% + VL +W§S) -
unit vector field
also~- two-sphere =
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Sphere bundles

bundle of bundle of almost
unit vectors Hermitian structues

section section

! !

unit vector field almost Hermitian structure
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Hermitian structures

Lemma
JIs integrable— U = (Ja%) \Rg IS conformal

Conversel{®?
NB: Jintegrable— J real-analytic

Question U conformal=— U real-analytic??

Answer. |NO!

| "WHY?
However U real-analyticand conformal

— U extends uniquelyo an integrablel.
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Twistor geometry

bundle of almost
Hermitian structues

o C Zo AN
Ci Tl ~ CP3N {zz3=2=0} 3(71,2,23,24]
RS c R4 Tl J
IS . L
C?> (p+iq| 1 7o73 + 21471
- r+is | |z2+ |z | 123 - 22
compactify
CP5

r |  twistor fibration (cf. Hopf)
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Twistor geometry cont’d

Qo & compactify R <
]ng C ]Rlzl g Sls C TSl4

Q — {Z] S CP3|§R(2223+Z421) = O}
{[2] € CP3||Za]* + |Zo] = |Z5]* + |Z4]*}
Levi-indefinite hyperquadric

112

/Q\/ (cf. saddle
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Twistor results

(f C CTDB CPs ]
5 TS4 /Q\/ —

TheoremA sectionS4 o openQ) kit CPP; of T defines
an integrabldHermitian structure if and only If

M = J(Q) is a complexsubmanifold.

TheoremA sectionS3 2 oPery 5 Qofr: Q- S3
defines a conformdobliation if and only If
M =U(Q) is a CRsubmanifold.
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CR submanifolds and functions
Mc Qc CPzis a ‘CR submanifold’?

It means TMn JTQIs preserved by.

It does not mean M = {f =0} wheref is a
CR function (X+iJX)f =0 VX eI(TQNJTQ).

Implicit function theorem
Is falsein the CR category

» CR functions oQ are real-analytic
» conformal foliations ors2 need not be

Cartan Connections, Geometry of Homogeneous Spaces, arahiiss at the Erwin Schrodinger Institute — p/11&



CR functions

{[Z] € CP,||Z4|? + |Z5|? = |Z5|?} = three-sphere

¢h

Theorem(H. Lewy 1956)
CR = holomorphic extension

{[Z] € CPs|[Z4]? +|Z5]? = |Z5|* + |Z4)°} = Q

CP3

Corollary
CR = holomorphic extension

Hence, a CR function o is real-analytic!
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Smooth conjugate functions

2 2
Eikonal equation(ﬂ) + (ﬂ) =1
or 0S

Plentyof non-analyticsolutions:
2 S

I
L

f = signed distance I
fg.r.s) = f(r.s) }3 (Vf.v9) =0 oEp

g(a.r,8) = g |VE| =1]vg|
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Real-analytic refinements

U = unit vector field orQyorenc R3,
Choosav aC-valued null 1-formonQ s.t.U Jw = 0.

Lemma U conformal< w A dw = 0.

Consideth=f +1g: Q - C and letw = dh.
Remark «dw =0 -« f andg conjugate= w is null.

Theorem Supposev: Q — C is real-analytic null.
»o wAdw=0MoCP; (s.t.M=MnQ)
e 2?2?72 oSoCAH{0} s.tx(S)=M
0 dw=0«<S < C4\ {0} s.t.Sis Lagrangian

\

Holomorphic function of two complex variables
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THANK YOU
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