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Growth tight actions of product groups

Christopher H. Cashen! and Jing Tao?

Abstract. A group action on a metric space is called growth tight if the exponential growth
rate of the group with respect to the induced pseudo-metric is strictly greater than that of
its quotients. A prototypical example is the action of a free group on its Cayley graph with
respect to a free generating set. More generally, with Arzhantseva we have shown that
group actions with strongly contracting elements are growth tight.

Examples of non-growth tight actions are product groups acting on the L' products of
Cayley graphs of the factors.

In this paper we consider actions of product groups on product spaces, where each
factor group acts with a strongly contracting element on its respective factor space.
We show that this action is growth tight with respect to the L” metric on the product
space, for all 1 < p < oo. In particular, the L°° metric on a product of Cayley graphs
corresponds to a word metric on the product group. This gives the first examples of groups
that are growth tight with respect to an action on one of their Cayley graphs and non-growth
tight with respect to an action on another, answering a question of Grigorchuk and de la
Harpe.
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1. Introduction

The growth exponent of a set A with respect to a pseudo-metric d is
1
84,4 =limsup — -log#{a € A | d(o,a) <r}
r—oo I

where # denotes cardinality and o € A is some basepoint. The limit is independent
of the choice of basepoint.
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Let G be a finitely generated group, and let (X, d,0) be a proper, based,
geodesic metric space on which G acts properly discontinuously and cocompactly
by isometries.

The metric d induces a left invariant pseudo-metric d on any quotient G/N
of G by d(gN, g’'N) = min, ey d(gn.o, g'n’.0). When (X, d, o) is clear we let
8g/n denote 8G/N,(; and let § denote 56/{1},&'

Definition 1.1 ([1]). G ~ Xis a growth tight action if ¢ > 65, n for every infinite
normal subgroup N < G.

If S is a finite generating set of G, we say G is growth tight with respect to S
if the action of G via left multiplication on the Cayley graph of G with respect to
S is growth tight.

The first examples of such actions were given by Grigorchuk and de la
Harpe [9], who showed that a finite rank, non-abelian free group I is growth tight
with respect to any free generating set S. In the same paper, they observe that the
product F'x I is not growth tight with respect to the generating set S x{1}U{1}x S,
and ask whether there exists a finite generating set with respect to which I x I is
growth tight.

We answer this question affirmatively. This is the first example of a group that
is growth tight with respect to one generating set and not growth tight with respect
to another.

Our main result is for growth tightness of product groups G; x --- X Gy.
We require that each factor G; acts cocompactly with a strongly contracting
element on a space X;, see Definition 2.2. Examples include actions of hyperbolic
or relatively hyperbolic groups by left multiplication on any of their Cayley graphs,
and groups acting cocompactly on proper CAT(0) spaces with rank 1 isometries.
With Arzhantseva [1], we have shown that such actions are growth tight.

Theorem 1.1. For 1 < i < n, let G; be a non-elementary, finitely generated
group acting properly discontinuously and cocompactly by isometries on a proper,
based, geodesic metric space (X;, d;, o;) with a strongly contracting element. Let
G=G;xX--xGy. Let X = X1 XX Xp, witho = (01, ...,0,) and let d be the
L? metric on X for some 1 < p < co. Let G ~ X be the coordinate-wise action.
Then G ~ X is growth tight unless p = 1 and n > 1.

Remark. Cocompactness of the factor actions is not strictly necessary. We use
it to prove a subadditivity result, Lemma 4.2. There are weaker conditions than
cocompactness of the action that can be used to prove such a result. These are
discussed in [1, Section 6]. For simplicity, we will stick to cocompact actions in
this paper, since this suffices for our main applications.
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In the case that X; is the Cayley graph of G; with respect to a finite, symmetric
generating set S;, there is a natural bijection between vertices of X and elements
of G. This bijection is an isometry between vertices of X with the L! metric and
elements of G with the word metric corresponding to the generating set:

St= J {G1.....sn) |5y = Lfor j #iands; € Si}.

1<i<n

The same bijection is also an isometry between vertices of X with the L°° metric
and elements of G with the word metric corresponding to the generating set

S® ={(s1,...,51) | i € S; U{1}}.

Corollary 1.1. For 1 < i < n, let G; be a non-elementary group with a finite,
symmetric generating set S;. Let X; be the Cayley graph of G; with respect to
S;, and suppose that the action of G; on X; by left multiplication has a strongly
contracting element. When n > 2, the product G = Gy X --- x G, admits a
finite generating set S' for which the action on the corresponding Cayley graph is
not growth tight and another finite generating set S° for which the action on the
corresponding Cayley graph is growth tight.

Non-elementary, finitely generated, relatively hyperbolic groups, and finite
rank free groups in particular, act with a strongly contracting element on any one
of their Cayley graphs, so:

Corollary 1.2. If IV is a finite rank free group and S is a finite, symmetric free
generating set of ' then | x ¥ is growth tight with respect to the generating set

SuU{1p) x(Su{1}.

Another common way to think of ' x T is as the Right Angled Artin Group
with defining graph the join of two sets of vertices of cardinality equal to the rank
of IF. The universal cover of the corresponding Salvetti complex is the product
of Cayley graphs of I with respect to free generating sets. There are two natural
metrics to consider on the vertex set of the universal cover of the Salvetti complex:
the induced length metric from the piecewise Euclidean structure, which is the
restriction of the L2 metric on the product, and the induced length metric in the
l-skeleton, which is the restriction of the L! metric on the product.

Corollary 1.3. The action of F x IF on the universal cover of its Salvetti complex
is growth tight with respect to the piecewise Euclidean metric but not growth tight
with respect to the I-skeleton metric.

We sketch a direct proof of Corollary 1.2. The proof of Theorem 1.1 follows
the same outline.



756 C. H. Cashen and J. Tao

Sketch proof of Corollary 1.2. Let X be the Cayley graph of IF with respect to S.
Let G = IF x I be generated by (S U {1}) x (S U {1}), which induces the L*®
metric on X x X. We have §g = 26 > 0.

Let N be a non-trivial normal subgroup of G. If N has trivial projection to, say,
the first factor, then G/N = IF x (IF/m,(N)). Since I is growth tight with respect
to every word metric, 0p/x,(n) < OF, S0 0g/N = OF + SF/x,(N) < 20F = SG.

If N has non-trivial projection to both factors, then there is an element
(h1,h2) € N with both coordinates non-trivial. Choose an element (a},a}) €
(a1,az)N foreach (ay,az)N € (F xF)/N = G/N, such that

d((@;.a). (1.1)) = d((ar.az)N. (1. 1)).

Let A = {(a},a5) | (a1,a2)N € G/N}. We call A a minimal section of the
quotient map. We have 64 4 = SG/N";.

Given a non-trivial, reduced word f, let W( f) be the subset of elements of I
whose expression as a reduced word in S contains f as a subword. Denote by a
the inverse of a word a in F. If (4], a5) € W(h1) x W(hy) then there exist b; and
¢; such that a; = b;h;c; fori =1, 2, and

(ay.a3) = (bihicy, bahacy) = (bicy, bacz) - (Crhicr, 2hacs).

So (bic1,baca) N = (ay, ay) N, but this contradicts the fact that (a], a}) € A, since
|(bic1. baca)|oo < |(a), a})|oo. Therefore, A C (F—W(h1))xFUF x(F—W(hy)).
However, for any non-trivial f the growth exponent of ' — W( f) is strictly less
than that of I, so the growth exponent of A is strictly less than that of F x F. O

The fact that the growth exponent of F — W( f) is strictly less than that of F
has analogues in formal language theory. A language £ over a finite alphabet is
known as ‘growth-sensitive’ or ‘entropy-sensitive’ if for every finite set of words
in £, called the forbidden words, the sub-language of words that do not contain
one of the forbidden words as a subword has strictly smaller growth exponent
than £. It has been a topic of recent interest to decide what kinds of languages are
growth-sensitive [5, 6, 10].

Our approach to growth tightness is to prove a coarse-geometric version of
growth sensitivity, where the forbidden word is a power of a strongly contracting
element.

The first coarse-geometric version of growth sensitivity was used by Arzhant-
seva and Lysenok [2] to prove growth tightness for hyperbolic groups. With
Arzhantseva, [1] we gave a more general construction that applied to group ac-
tions with strongly contracting elements. The idea is that the action of a strongly
contracting element closely resembles the action of an infinite order element of a
hyperbolic group on a Cayley graph.



Growth tight actions of product groups 757

In [1] we proved a coarse-geometric version of the statement that the growth
exponent of the set of reduced words in I that do not contain f or f as subwords is
strictly less than the growth exponent of IF. For products this is not enough, since,
for example, if (f, f) € N < F x IF we cannot make the element (£, f) shorter
by applying powers of (f, f). We really want to forbid only positive occurrences
of f in each coordinate, so we need to strengthen our coarse-geometric statement
to take orientation into account.

After preliminaries in Section 2, we show in Section 3 that an infinite normal
subgroup of G that has infinite projection to each factor contains an element / for
which each coordinate is strongly contracting for the action of the factor group on
the factor space.

In Section 4 we prove the main technical lemma, Lemma 4.5, which is our
oriented growth sensitivity result.

In Section 5 we complete the proof of Theorem 1.1.

2. Preliminaries

For any group G, we use g to denote the multiplicative inverse of g € G.

A group is elementary if it is finite or has an infinite cyclic subgroup of finite
index.

A quasi-map w: X — Y between metric spaces assigns to each point x € X a
subset 7(x) C Y of uniformly bounded diameter.

2.1. Strongly contracting elements. We define strongly contracting elements
following Sisto! [11]. See also [1] for additional reference.

Definition 2.1. Let (X, d) be a proper geodesic metric space, and let A C X be
a subset. Given a constant C > 0, a map w4: X — A is called a C—strongly
contracting projection if w4 satisfies the following properties:

e foreverya € A,d(a,mq(a)) <C;

e foreveryx,y € X,ifd(mwa(x), ma(y)) > C, then for every geodesic segment
P with endpoints x and y, we have d(w4(x),P) < C and d(w4(y),P) < C.

We say the map w4 is a strongly contracting projection if it is C—strongly
contracting for some C > 0.

! Sisto considers ‘PS—contracting projections’. We use ‘strong’ to indicate the special case
that P8 is the collection of all geodesic segments in X.
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Fix a base point 0 € X. Let G be a finitely-generated group that admits a
proper, cocompact, and isometric action on X.

Definition 2.2. Anelementh € G is C—strongly contracting if i + h'.0 is a quasi-
geodesic and if there exists C > 0 such that, for every geodesic segment P with
endpoints on (/).0, there exists a C—strongly contracting projection wp: X — P.

An element & € G strongly contracting if there exists a C > 0 such that 4 is
C—strongly contracting.

The property of strongly contracting is independent of the base point 0. Since
the action is by isometries, a conjugate of a strongly contracting element is strongly
contracting.

Let & € G be a strongly contracting element. Let £(h) < G be the subgroup
such that g € E(h) if and only if the Hausdorff distance between ().0 and g (h).o
is bounded. Then E(h) is hyperbolically embedded in the sense of Dahmani,
Guirardel, and Osin [7], and E (/) is the unique maximal virtually cyclic subgroup
containing 4 [7, Lemma 6.5]. Thus, E(h) is the subgroup that often called the
elementarizer or elementary closure of (h).

Definition 2.3. Given a strongly contracting element 4 € G and a point 0 € X,
the set H = E(h).o is called a quasi-axis in X for h.

Lemma 2.1 ([1, Lemma 2.20]). If h € G is strongly contracting, then there
exists a strongly contracting projection quasi-map wsc: G — H such that wog
is E(h)-equivariant.

Definition 2.4. If 1 € G is strongly contracting and g ¢ FE(h) define
gy X —> gH

by
Tg3c(x) = g.7w3c(8.x).

Combining Lemma 2.1 and Definition 2.4, we may assume that the strongly
contracting projection quasi-maps g to translates of I are G—equivariant.

Lemma 2.2. If h € G is C—strongly contracting there exist non-negative con-
stants A, €, and p such thati — h'.o is a (A, €)—quasi-geodesic and for0 < a <
every geodesic from o to hP.o0 passes within distance . of h*o.

Proof. There exist A and € such that i — h’o is a (A, €)—quasi-geodesic by
definition of contracting element. Let y be a geodesic segment from o to 4P.0.
Then y is Morse, by [11, Lemma 2.9]. Thus, there is a u depending only on C,
A, and € such that every (A, €)—quasi-geodesic segment with endpoints on y is
contained in the pu—neighborhood of y. But i + h'.o for i € [0, ] is such a
(A, €)—quasi-geodesic, so there is a point of y at distance at most y from A%o0. O
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2.2. Actions on quasi-trees. Let / be a contracting element for G ~, X as in the
previous section, and let J{ be the quasi-axis of 4.
In Lemma 4.5 we will consider a free product subset

o0
Z*x h" = J{z1h™ - zih™ | z; € Z — (1}
i=1

for a certain subset Z C G and a sufficiently large m. We wish to know that the
orbit map from G into X is an embedding on this free product set.
This statement recalls the following well known result:

Proposition 2.1 (Baumslag’s Lemma [3]). If z1,..., zx and h are elements of a
free group such that h does not commute with any of the z;, then zyh™1 - - - 2, "™k £ 1
if all the |m;| are sufficiently large.

A convenient way to prove such an embedding result is to work in a tree,
so that the global result, that z{A™! ...z k™% £ 1, can be certified by a local
‘no-backtracking’ condition. In our situation, we do not have an action on a tree
to work with, but a construction of Bestvina, Bromberg, and Fujiwara [4] produces
an action of G on a quasi-tree, a space quasi-isometric to a simplicial tree, from
the action of G on the G—translates of 3. In [1] we use this quasi-tree construc-
tion and a no-backtracking argument to prove that the orbit map is an embedding
of a certain free product subset. The proof of Lemma 4.5 consists of choosing
an appropriate free product set to which we can apply the argument from [1].
The details of the construction of the quasi-tree and the proof of the free prod-
uct subset embedding are somewhat technical, so we will not repeat them here
(see [4, Section 3] and [1, Section 2.4] for more details). However, we will make
use of some of Bestvina, Bromberg, and Fujiwara’s ‘projection axioms’, which
hold for quasi-axes of contracting elements by work of Sisto [11], as recounted
below.

Let Y be the collection of all distinct G—translates of H. For each Y € Y,
let 7y be the projection map from the above. Set

dy (x,y) = diam{zy (x), 7y (y)}.

Lemma 2.3 ([1, Section 2.4], cf. [11, Theorem 5.6]). There exists £ = 0 such that
for all distinct X,Y,Z € Y:

(PO) diamrmy (X) < §;

(P1) at most one of dg (Y, Z), dy (X, Z) and d7 (X, Y) is strictly greater than §;
(P2) {V €Y | dj(X,Y) > &} < oo
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3. Elements that are strongly contracting in each coordinate

Let G be a finitely generated, non-elementary group acting properly discontinu-
ously and cocompactly by isometries on a based proper geodesic metric space
(X, d,0) such that there exists an element 7 € G that is strongly contracting
for G ~ X. Let X = E(h).0. Let C be the contraction constant for 74¢ from
Lemma 2.1, and let £ be the constant of Lemma 2.3. For any x € X and any
r > 0), denote by B, (x) the open ball of radius r about x.

Lemma 3.1. Let p be a point of H. Let g be an element of G. There exists a
constant D such that either some non-trivial power of g is contained in (h) or for
all n > 0 we have d3.(g".p, p) < 2d(p,g.p) + D.

Proof. Since (h) is a finite index subgroup of E (), if some non-trivial power of
g is contained in E (%) then some non-trivial power of g is contained in (k), and
we are done. Thus, we may assume that no non-trivial power of g is contained in
E(h). This implies that if m # n then g"H # g"H.

Let z be a point on a geodesic from p to g.p in B¢ (wc(g.p)). Let & be
the constant of Lemma 2.3. Axiom (PO) of Lemma 2.3 says diam w4¢(gH) < &.
We get

d(p.g.p) =d(p.z) +d(z.8.p)
> d(p.n3(g.p)) —C +d(z.g.p)
> d5(p.g3) —C —§ +d(z.8.p)
> dj(p,gH)—C —¢&.
By a similar argument, for every k # 0, £1,
d(p,g.p) = dl, (3, g1 H) —2C - 2¢.
Using the above we obtain that, for any n > 1,
dF5 (3, g" ' H) = dF (. g"H)
> d3e (8", p) — dj (g3 p)
> di (g"H.p)—d(g.p.p) —C —&.

Suppose that d7 (g"H, p) —d(g.p, p) — C — & > §. The previous inequality says
dZ; (3, g"7130) > &, so (P1) of Lemma 2.3 implies £ > dJ.(g3(, "' 3(), hence
£ > di(EH, ¢" 1) = dF(e"H, p) — dF(p, 8H) — dF(g"H, g" 1 H)

> dF (8" H, p) —2d(g.p. p) —3C — 3.
Thus, d7.(g"H, p) < 2d(g.p.p) + D for D = 3C + 4§. O
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Lemma 3.2. Forevery g € G there exists an | > 0 and an n’ > 0 such that for
allm > 0 and all n > n', except possibly one, the elements g"™h" and h"g'™ are
strongly contracting.

Proof. Suppose there exists a minimal @ > 0 and b such that g% = h?. If b > 0
let/ = a andletn’ = 0, so that g/™h" = h?"+" is a positive power of h. If b = 0
let/ = a andn’ = 1 so that g/™h" = K" is a positive power of 1. If b < 0 let
Il =a,n =0,and n > n’ such that n # —mb. Then g/™h" is a non-zero power
of h.

If no non-trivial power of g is contained in (h), let / = 1. By Lemma 3.1,
there exists a D’ such that for every p € J and every m > 0 we have
d7.(g™.p,p) <2d(p,g.p) + D'. Let D be the maximum of D’ and the constant
D from [11, Lemma 5.2]. Let p € H be a point such that d(p, g.p) is minimal.
Let n’ be large enough so that d(p, h".p) > 4d(p, g.p) +3D. Then for n > n’ we
have d(p,h™p) > d(msc(g™.p), p) + d(p, wsc(g™.p)) + D. This implies g/™h"
is strongly contracting by [11, Lemma 5.2]. 4" g!™ is also strongly contracting as
it is conjugate to g™ h". |

Fori =1,...,n,let G; be a non-elementary group acting properly discontin-
uously and cocompactly by isometries on a proper, based, geodesic metric space
(X, d;, 0i). Assume, for each i, that G; ~, X; has a strongly contracting element.
Let G = Gy x--- x Gy. Let y;: G — G; be projection to the i—th coordinate.

Lemma 3.3. Let N be an infinite normal subgroup of G such that x;(N) is infinite
for all i. There exists an element h = (hy,...,hy) € N such that h; is a strongly
contracting element for G; ~, X.

Proof. x;(N) is an infinite normal subgroup of Gj;, so it contains a strongly
contracting element by [1, Proposition 3.1]. For each i, let g; = (@i 1,....ain) €
N such that a; ; is a strongly contracting element for G; ~ X;.

We will show by induction that there is a product of the g; that gives the
desired element /2. The element g; has a strongly contracting element in its first
coordinate. Suppose that there is a product f = (f1,..., fa) of g1,..., g such
that the first i coordinates are strongly contracting elements in their coordinate
spaces.

For 1 < j < i there exists an /; and an n} as in Lemma 3.2 such that for all

Iim
m and all n > n , except possibly one, we have a;7, J  f;" is strongly contracting.

livam g strongly contracting

Similarly, there are /; 1 and n} | suchthata?, | ;. f;17]
forallm >0andn > nj_,.
Let / be the least common multiple of /4, ..., /;. Let m be large enough so that

ml >nj_ . Let Ay = lj+1(k 4+ max;—; in}), where k > 0 varies.

.....
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Consider 8?111 S *¢_ For 1 < j <i, the j-th coordinate is strongly contracting
for all except possibly one value of k, since m/ is a multiple of /; and A, > n’.
Similarly, the (i + 1)-st coordinate is strongly contracting for all except possibly
one value of k since Ay is a multiple of /; 4, and ml > n;_,. By choosing a k
that is not among the at most i + 1 forbidden values, we have that the firsti + 1

coordinates of gl’”jf vi % are strongly contracting in their coordinate space. |

We will say an element g € G; has a K—long h;—projection if there exists an
f € G; such that d}”% (0i,g.0i)) > K.

Lemma 3.4. Given h as in Lemma 3.3, there exists an elementh’ = (h'y, ..., h}) €
N such that I, is strongly contracting for each G; ~ X; and there exists a K such
that powers of h; have no K—long hi—projections and powers of h; have no K-long
hi—projections.

Proof. For each i, the group G; is non-elementary, so there exists an element
g € Gi — E(hj). Let g = (g1,...,8n)- [l, Proposition 3.1] shows that
h = ghmgﬁm € N is strongly contracting in each coordinate for any sufficiently
large m, so K can be taken to be max; d;- 5 (Hi, gihg; H;) + 2&;, where §&; is
chosen by Lemma 2.3. |

4. Elements without long, positive projections

In the following, let G be any finitely generated, non-elementary group (not neces-
sarily a product) acting properly discontinuously and cocompactly by isometries
on a based proper geodesic metric space (X, d, 0). Suppose there exists a strongly
contracting element 4 € G for G ~, X. Let H{ = E(h).o and let C be the contrac-
tion constant for 7.

Let D = diam(G\X) and let D’ = diam({h)\H).

Definition 4.1. For xo and x; in X, the ordered pair (x¢,x;) has a K-long,
positive h—projection if there exists a k € G such that d';(xo,x1) > K and

d(k.o, mr3c(x0)) < D’ and there exists o > 0 such that d(kh%o, mr5c(x1)) < D'.

It is immediate that the property of having a K-long, positive h—projection
is invariant under the G—action. We also remark that the ‘positive’ restriction is
vacuous if K > 2D’ and there exists an element of G that flips the ends of K.

Definition 4.2. Let G(K) be the elements ¢ € G such that there exist points
x € Bp(o)and y € Bp(g.o) and a geodesic y from x to y such that no subsegment
of y has a K-long, positive h—projection.

For any g € G, set |g| = d(0, g.0).



Growth tight actions of product groups 763

Lemma 4.1. For all sufficiently large K and for every g € G — G (K) there exists a
k € G and aninterval [',a""] C ZF suchthat |kh=%kg| < |g|foralla’ < a < a”.
The lower bound o’ depends only on h and the upper bound o” depends linearly
on K.

Proof. Let y be a geodesic from y(0) = o to y(T) = g.0. Since g ¢ @(K),
there are times ¢y and #; in [0, 7] such that (y(to), y(¢1)) has a K-long, positive

h—projection. Let k € G such that d%, . (y(t0), y(t1)) > K and d (g 3¢ (y(t0)). k.0),

and let B > 0 be such that d(kh?, mrqc(y(t1))) < D'.

Let A, €, and u be the constants of Lemma 2.2 for 4. Let £ be the constant of
Lemma 2.3 Since i — hl.ois (A, €)—quasi-geodesic and d(1, hP.0) > K—2D’—2¢
we have § > %(K —2D' —2§) —e.

Seta” =panda’ = A(4(C + D"+ &) + € +2u + 1)). We assume that K is
large enough so that «” > «'. For all o’ < o < «” we have

d(k.0,khP.o) > d(k.o, kh®0) + d(kh®o,khP.0) — 2u.
Rearranging, and using the quasi-geodesic condition for kK,

d(kh®o0,khP.o) < d(k.o,khP.o) — d(k.o,kh%0) + 2u
< d(k.o,khPo) — (@/r —€) + 2u
< d(k.o,khP.0) —4(C + D’ +§).

Now we use the fact that y passes C 4+ D’ + £ close to k.o and khP.0,

lg] = d(y(0), y(to)) + d(y(to), y(t1)) + d(y(t1), y(T))
> d(y(0), y(to)) + d(y(to). k.0) + d(k.o, khP.0)
+d(khP.o, y(t1)) + d(y(t1), y(T)) —4(C + D' +§).

So,

lkh=%kg| < d(y(0), y(to)) + d(y(t0). k.0) + d(k.o, kh~*kkhP.0)
+ d(kh™kkhP.o, kh™%ky(t1)) + d(kh™%ky(t1), kh~*ky(T))
= d(y(0), y(to)) + d(y(to). k.0) + d(kh%o0, kh*.0)
+d(khPo.y(ty) + d(y(t1). y(T))
< gl +4(C + D'+ &) —d(k.o,khP.o) + d(kh®o, khP.0)
< |gl. O
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Lemma 4.2. Fix K and let P(r) = #(B;(0) N @(K).o). The function log P(r) is
subadditive in r, up to bounded error.

Proof. Let g.o € B,(0) N @(K).o. Let x, y, and y be as in Definition 4.2. Let
m+n =r.Ifd(x, y) > m let z be the point on y at distance m from x. Otherwise,
let z = y. There exists an f € G suchthat d(z, f.0) < D.

We claim that f contributes to P(m + 2D) and fg contributes to P(n +2D).
This is because d(o, f.0) < m + 2D, and the subsegment of y from x to z is a
geodesic for f satisfying Definition 4.2. Similarly, d(o, fg.0) = d(f.0,g.0) <
n+ 2D, and the subsegment of f.y from f.z to f.y is a geodesic for fg satisfying
Definition 4.2.

This shows that for any m +n = r we have P(r) < P(m+2D)- P(n 4+ 2D).
Applying this relation for (imn—2D)+4D = m~+2D and (n—2D)+4D =n+2D
yields:

P(r) < (P(6D))*- P(m)- P(n).
Thus:
log P(m + n) <log P(m) + log P(n) + 2log P(6D). O

There is a result known as Fekete’s Lemma that says if (a;) is a subadditive
sequence then lim; _, l’ exists and is equal to inf; 2. We will need the following
generalization for almost subadditive sequences:

Lemma 4.3. Let (a;) be an unbounded, increasing sequence of positive numbers.
Suppose there exists b such that aym+n < am + an + b for all m and n. Then
L = lim; o % exists and a; > Li — b for all i.

Proof. Let LT = limsup; %. Let L~ = liminf; 5. Suppose that LT > L~

+ . . .
Lete = LT Since the sequence is increasing and unbounded, there exists

a; +b Lt—¢

an [/ such that for all i > I we have < Vi Fix an i > I such that

a; _ . a; + q+1 Lt—¢
+ < L™ + €. Choose a j such that ~ > L eand—q < VI

qi <j <(q+1)i. We get

where

Lt—e< <Y

J ql

(q + 1)(ai +D)
qi

Lt —¢ ai

L= +¢€ i

LT —¢

L=+ €

=Lt _

4

=

(L™ +¢)

This is a contradiction, so L = LT = L.
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If for some i we have a; < Li — b then

< lim j(ai.‘f‘b) :ai‘.i‘b -

. dij
L= 1lim =L <1 :
j—o00 1] Jj—o0 1] 1

L ’
which is a contradiction. O

4.1. Divergence. For any subset A C G, define
o0
Oals) = Y _#(Br(0) N A.0)e™"".
r=0

The growth exponent é4 is the critical exponent of ®4, that is, ® 4 diverges for all
s < 84 and converges for all s > §4. We say A4 is divergent if ®4 diverges at é4.

Lemma 4.4. @(K ) is divergent.

Proof. Let
P(r) = #(B,(0) N G(K).0).

By Lemma 4.2 and Lemma 4.3,

log P(r) > rSG(K) —2log P(6D)
for all r. Thus,
o o 1
OsxBa) = D P exp(—rdggy) = FeDy = ™ 0
r=0 r=0

Lemma 4.5. For sufficiently large K, the growth exponent of @(K) is strictly
smaller than the growth exponent of G.

Proof. Leth’ € G and D be the element and constant, respectively, of Lemma 3.4
(in this case the product has only one factor). Let K > D.
Define a map ¢ on G(K) as follows:

Wgh' ifdX(o,g.0) > K and d75(0,8.0) > K,
h'g itd7(o,g.0) > K,

gh' ifdZ,(0.g.0) > K,

g otherwise.

¢(g) =
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Then for all g € @(K ) we have
djc(0.¢(g).0) <K and df )4 (0.¢(g).0) < K.

Let G'(K) be the image of ¢. Then ¢ is a bijection between G (K) and G'(K),
and for all g € G (K) we have |g| = |¢(g)| = 2|'|. It follows that 56(1{) = 8@,(1()
and G'(K) is divergent.

Let Z be a maximal 2 K—separated subset of G’ (K). Then 6z = 86/( ) and
Z is divergent. For z and z’ in Z, if zJ{ = z'J{ then since dJ;;(0,z.0) < K and
dl,.(0,z'0) < K we have d(z.0,z'.0) <2K,s0z = z'.

Consider the free product set

Z*xh™ = J{zsh™ - zih™ | z; € Z — {1}}.
i=1

By the same arguments as [1, Proposition 4.1], for all sufficiently large m, the orbit
map is an injection of Z*x h™ into X. This fact, together with divergence of Z,
implies that §z < 8¢, by [8, Criterion 2.4]. O

5. Proof of the main theorem

Let (Xy,dy,01),...,(Xy,dy,0,) a finite collection of proper geodesic metric
spaces. Let X = Xy x --- x X, and leto = (01,...,0,). Let x = (x1,...,x,)
and y = (¥1,...,Yn) be any points in X. For any 1 < p < oo, the L? metric on
X is defined to be

a75.y) = (Lt y) .

i=1

The L metric on X is:

d®(x,y) = max d; (Xi, yi)-

Proposition 5.1. Fori = 1,...,n, let G; be a non-elementary, finitely generated
group acting properly discontinuously and cocompactly by isometries on a proper
geodesic metric space Xj. Let G = Gy X --- X G,. For each i, let A; be a
subset of G; such that log P;(r) is subadditive in r, up to bounded error, for
P;(r) = #(Br(0;) N A;.0;). Let §; = 84,.0; be the growth exponent of A;. For
1 < p < oo, the growth exponent §4 of A =[] A; with respect to the L? metric
on X is the L9—norm of (81, ...,6,), where 1/p + 1/qg = 1, and é is understood
to be 0.
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Proof. For each g € G let |g|; = di(0;,g.0;). For g = (g1.....8n) € G,
let |g|, = d” (0, g.0). Let B? be the closed r—ball with respect to the L? metric.
Let P(r) = #BF (0) N A.o.
Let R” be equipped with the L? norm || ||, and let S7 be the vectors of norm
r. Let ¢: R" — R be the linear function ¢(xy,...,x,) = Y :_,; &x;. For every
r > 0 the duality of L7 and L? implies

|¢(x1’--~,xn)|'

IGr. e n)lly = ligllp = sup :

(x1 ,...,xn)ES;D
Since §; > 0 for all 7, the supremum can be restricted to the positive sector of
S7. Furthermore, letting
ZP ={(r1i,....r0) | |(r1so o m)llp < 1o ri € N,

we have

FlyeoosF
l|¢ll, = lim max M
F=00 (ry,....rn)eZF r

Given two positive valued functions f(r) and g(r), we write f(r) ~ g(r) if

. 1
Lemma 4.2 and Lemma 4.3 imply P;(r) ~ €% foreachi = 1,...,n, so
Flye..,F
Il = lim  max  $LenTn)
=0 (rq,...,rp)eZF r
logTT"_, P;i(r;
=0 (ry,...,rn)EZP r
For any fixed r there is (z,1, ..., zrn) € ZF such that
n n
Pi(z;;) = max Pi(r;).
l.l:ll nent (F1seestn)EZy l=l_[1 o

We also note that
n n n
[[PGo=Pry< > TP <#zF-T]PiCzra).
i=1 (r1,e.rn)€Zf i=1 i=1
Since #Z} < r", this means P(r) ~ ]_[f P;i(z;;). Therefore,

84 = limsup Lg P(r) = lim log ni:l Fi(zri)

r—00 r r—>0 r
, log [Ti—; Pi(ri)
7= (rq,rn)EZF r

= llollp = 11(1.....8n)llg- O
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Proof of Theorem 1.1. The existence of a strongly contracting element implies that
each factor group has strictly positive growth exponent, and the main theorem
of [1] says that G; ~, X; is growth tight, so we are done if n = 1.

Assumen > landlet]l < g <oobesuchthat!l/p+1/4 = 1. If p = 1, then by
Proposition 5.1 the growth exponent of G is the maximum of the growth exponents
of the G;. Thus, we may Kkill the slowest growing factor without changing the
growth exponent, and the action of G on X with the L! metric is not growth tight.

Now assume p > 1. Let y;: G — G; be projection to the i—th coordinate. Let
N be an infinite normal subgroup of G.

First we assume that y; (/) is infinite for all 7.

By Lemma 3.3, there exists an element # = (hy,...,h,) € N such that &; is a
strongly contracting element for G; ~, X; for eachi.

Let A be a minimal section of the quotient map G — G/N. That s, A consists
of a representative for each coset gN and d(o0,a.0) = d(N.o,aN.o) foralla € A,
where d is the L? metric on X.

Proposition 5.2. For all sufficiently large K and for all a = (ay,....an) € A
there exists an index 1 <i < n such that a; € G;(K).

Proof. For each i, let G (K) be as in Definition 4.2 for each G;. Assume K is
greater than the constants K from Lemma 4.5 and Lemma 4.1 applied to each G;.
Suppose ¢ is such that for all i we have a; € G; — @i (K). For each i, let
k; € G; and [o}, «/] be the k and interval, respectively, from Lemma 4.1 applied
toa;. The a; depend only on their respective /1;, while the o] depend linearly on K
By choosmg K large enough, we may choose « such that max; o] < o < min; &
sothat o € [o], @] foralli. Letk = (k1,...,k,). The i—th coordinate of kE“Eg
is ki h;%k;a;, which is shorter than a; by Lemma 4.1. But this means that kh%ka is
shorter than g. This contradicts the fact that ¢ belongs to a minimal section, since
kh“ka = a(akh®ka) € aN. A

Continuing the proof of Theorem 1.1, by Proposition 5.2,

n
ACUGIX---X@iX"'XGn,
i=1

where G; = G; (K ) for some sufﬁmently large K. By Proposition 5.1, the growth

exponent of Gy x -+ x G; X -+ x Gy is ||(81, .. ..-+0n)|lg, where §; is the
growth exponent of G; and 8; is the growth exponent of G;. Thus, the growth
exponent of A4 is max; ||(d1, .. i .0n)||g- By Lemma 4.5, 8; < 8; for each i,

S0, since g < oo:

So/n = 84 = max[|(Gr..... 8i 8wl < [1Gr... 8llg = Sa.
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It remains to consider the case that some y;(N) is finite. By reordering, if
necessary, we may assume y; (N) is finite for i < m and infinite for i > m. Since
N is infinite, m < n. Let G' = Gy x---x Gy, with y! = y1 x--- X ym: G — G
Let G® = Gyp1 X -+ X Gy With ¥ = ypy1 X X yn: G = G,

Now ker(x!) N N is a finite index subgroup of N that is normal in G, so G/N
is a quotient of G/(ker(x!) N N) by a finite group, and they have the same growth
rates. Replacing N with ker(y') N N, we can assume that y;(N) is trivial for
1 <i < m and infinite for m < i < n. The theorem applied to G* shows that
8Goojyoo(ny < 8Gee, 80, since g < oo:

SG/N = ||(8G1’8G°°/X°°(N))||q < ||(8G1,8Goo)||q = (SG. O

In the case that the normal subgroup has infinite projection to each factor, our
proof uses the existence of a contracting element in each factor in an essential way.
One wonders if the theorem is still true without this hypothesis:

Question. [f, for 1 <i < n, G; is a non-elementary, finitely generated group act-
ing properly discontinuously and cocompactly by isometries on a proper geodesic
metric space X;, and if, for all i, G; ~ X; is growth tight, is it still true that the
product group is growth tight with respect to the action on the product space with
the LP metric for some/all p > 1?
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