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Abstract. Let G,,n € N, denote the set of gaps of the Hill operator. We solve
the following problems : 1) find the effective masses ME, 2) compare the effective mass
M* with the length of the gap G,, and with the height of the corresponding slit on
the quasimomentum plane (both with fixed number n and their sums) 3) consider the
problems 1), 2) for more general cases (the Dirac operator with periodic coefficients, the
Schrédinger operator with a limit periodic potential). To obtain 1)- 3) we use a conformal
mapping corresponding to the quasimomentum of the Hill operator or the Dirac operator.

Introduction

Consider the Hill operator H = —d?/dt*+V (t) in L*(R) where V a is 1-periodic
real potential from L'(0,1). Tt is well known that the spectrum of H is absolutely con-
tinuous and consists of the intervals Sy, .55, ..., and let

Sp=1[A 1 AL A, <AF <AL, on=12... A =0< A, Aj =—c0.

n—1

The intervals are separated by the gaps G1,Go,..., where G,, = (A, ,A}). If a gap
degenerates i.e. GG, = () then the corresponding segments S,,, S, merge. The spectrum
of the Hill operator consists of closed non overlapping intervals which are called spectral
bands. Instead of the spectral parameter E we introduce more convenient parameter

2,2°> = E, and numbers af = \/A¥ > 0 and gaps

gnZ(a,;, a:% g—n = —Gn, n €N, g():@.

Later on g, will be called a gap and G,, a energy gap. Now we can define a quasimomentum
function [11], [2]

k(z) = arccos F(z), 2z€ Z=C\g, ¢=Ugn,
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where F' is the Lyapunov function of the Hill operator (see Section 5). The function k(z)
is analytic and moreover k(z) is a conformal mapping from Z onto a quasimomentum
region K = C\ Ul',, , where I',, is an excised slit

I, = {Rek = 7, |Imk| < h,}, h,=h_, >0, n€Z, hy=0.

Any non degenerate (degenerate) slit I'), is connected in the some way with the non
degenerate (degenerate) gap g, and the energy gap GG, . With an edge of the energy gap
G, having the length L,,, we associate the effective mass

My =0, My =1/E"(0), M*=0, if L,=0, and M* =1/E"(k(a})), if L, #0,

where E(k) = z(k)? and z(k) is the inverse function for k(z). It is well known that if
L,, # 0 then

E(k) = A + (K —mn)*(1/2ME +0(1)), +(k—mn) 0.

Now we describe the main purpose of our paper.

Let we have only the set of gaps G,, n € N, (or the set of segments S,, n € N).
Then we solve the following problems ;

a) find the effective masses,

b) compare the effective masses M= with the gap length L,, and with the height of the
slit h,, (both with fized number n and their sums), then compare such sums with a norm
of the potential V in some space,

c) find asymptotics of k(z) at large z,

d) consider the problems a)-c) for more general cases (the Dirac operator with periodic
coefficients, the Schrédinger operator with a limit periodic potential ).

The correlation between effective masses M=, lengths L,, heights h, were studied
in many articles. Firsova [3] found the relation between MZE, L,, h, and the Fourier
coefficients of a potential V' at large integer n. In [3] it was also shown that the sum of all
effective masses is equal to the physical mass. In [2] Firsova has proved the asymptotics
k(z) = 24+ O(z7'%) as |z| — oo . Any Hill operator with finite band spectrum
was described by explicit formulae in the work of Its, Matveev [5] (including inverse
problem). In the book [10] Marchenco had obtained some inequalities between h,,, L,, and
asymptotics k(z) at large real E, E = 22, (see also [11]). The main result of the paper
[11] by Marchenco and Ostrovski is the solution of the inverse problem. It is shown that
under some additional conditions on the slits I',,,n € Z, the region K corresponds to a
periodic potential of the Hill operator. Later on the inverse problem and some properties
of the function k(z) have been considered in the paper of Garnett, Trubowitz [1]. In
[8] Korotyaev has studied the propagation of the acoustic waves in a periodic media. It
was shown that any spectral band (with number n) ”creates” the wave with the velocity
Un(U, is less than 1). The velocity U, is equal to the maximum of the function z'(k(z))
when 22 belongs to the energy band with the number n. Furthermore 2M; U? = 1 and
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Mgy may be estimated in terms of the gap lengths and the edges of the bands. In [12]
Pastur, Tkachenco have considered the direct and inverse problem for the operator with
limit periodic potentials.

Let us write down the main results of the paper.

a) Simple formulae providing the possibility to find effective masses in terms of the
edges of gaps G,,, n € N, are found.

b) "The local estimates” (a number n is fixed) between the effective masses M=, the
height of slit h,, and the length of gap L, are obtained.

c) We derive inequalities which relate the following quantities: the sum of squares
(with weights) of the effective masses, the heights of the slits, the gaps lengths and a
norm of a potential V' in some Sobolev space.

d) Asymptotics of k(z) for large |z| are found.

e) There are some estimates about U,,,n € N.

f) We obtain the extension of a)-d) for more general cases (the Dirac operator with
periodic coefficients, the Schrédinger operator with a limit periodic potential etc.).

It is necessary to note that the asymptotics of k(z) for E = 2? far from an energy gap
differs from the case when E belongs some neighborhood of a energy gap.

To prove a)-f) we use a conformal mapping corresponding to quasimomentum of the
Hill operator [11], [2] that makes possible to reformulate the problem for the differential
operator as a problem of the conformal mapping theory. Thus we should study some
"geometric properties” of conformal mappings from C, onto”’the comb” K, = K N C,.
For solving these "new” problems we use some techniques from [11], [9] and we often use
the Poisson integral for the domain C,UC_U(—1,1) , the Dirichlet integral for a function
k,(z) (the definition of k,(z) see in Section 1) .In particular the Dirichlet integral for the
function ko(z) = k(z) — z. The Dirichlet integral was used in Kargaev’s work [6] to study
the conformal mapping of the upper half plane to the comb.

1 . The main results

In this section we introduce the concepts and the facts needed to formulate the theorems,
some results for the Hill operator, the Dirac operator with periodic coefficients and some
results from the conformal mapping theory.

At first we give some definitions and facts from the theory of conformal mappings. We
call the set K, = C, \ Ul',, the "comb” where

I, = {Rek = up, |Imk| < h,}, h, >0, n€Z, hy=0,

while u,, is a strongly increasing sequence of real numbers such that w,, — +oo as n —
+00. We call a conformal mapping k(z) from the upper half plane C, onto some comb
K. a general quasimomentum ( GQ ) if 1) £(0) = 0, 2) k(iy) = iy(1 +o(1)) as y — oc.



It is well known that a GQ k(z) is a continuous function in z € C,. In this case we
introduce the sets

Gn = (aﬁaarf), Sn = [a,f_l, CL;} = k_l([un*bun])’ neZ.
We call ¢ = Us,, the spectrum of the corresponding general quasimomentum k(z). We
also denote by g, a gap in the spectrum of GQ and we let g = Ug,,. It is well known that
the set o can not be the spectrum of two different GQ [9]. Note that the function k(z)
may be continued onto the domain Z = C\ g by the formula k(2) = k(z), z € Z. If a gap
gn is empty then the components s, s,.1 merge. The spectrum o consists of closed non
overlapping intervals s(n) with the lengths r,, n € Z, and ¢ = Us(n) where the point
zero belongs to s(0). We denote the length of the gap g, by [,. For GQ we introduce
"reduced masses” (some analog of the effective masses)
+ut =1/2"(k(a?)), if 1,40 and +puf=0, if I,=0.

n

It is clear that u= > 0 if I, # 0 and we shall often use the asymptotics
2(k) = @t & (k= un)*(1/2% + (1)), £(k —uy) 1 0. (1.1)

Later on p is an integer. We introduce the functions u(z) = Rek(z), v(z) = Imk(z),
p
Py2) = Y Quaz " hy(2) = P k() — 2+ P2)}, z€ 7, p=0,
0

where
1

Qp=— /xpv(zrj)dac, Q= %/|x|pv(a:)dx, p>—1.

™

Here and below an integral with no limits indicated denotes integration over R% d > 1.
For a non degenerate gap g, we denote by r(r) the distance between g, and the nearest
right (left) hand side non degenerate gap or the point zero. Analogously we denote by
st (s;) the distance between g, and the nearest right(left) non degenerate gap. Let us
introduce the constants

Yo = sup (ln/miaxsff), if p=0, and 7 =sup (ln/miaxrff), if p>0,

and r = inf r=. We call a general quasimomentum

i) a normed quasimomentum if QT < oo and Q_, = 0,

i1) a symmetric quasimomentum if k(—z) = —k(z), z € Z,

i11) a quasimomentum if u, = mn, for alln € Z.

Note that for the case QT; < oo we can normalize the general quasimomentum by
some translation. We emphasize that a symmetric quasimomentum corresponds to the
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quasimomentum for the Hill operator, a quasimomentum corresponds to the quasimomen-
tum for the Dirac operator with periodic coefficients. Furthermore a GQ is an integrated
density of states (or the rotation number ) for the Schrodinger operator with some limit
periodic potential (see [12]).

We shall tell that GQ k(z) has the moment of an order p if (), < co. By Herglotz
Theorem we have that GQ k(z) has the moment of order p > —1.Later on we assume
some conditions on the spectrum (or gaps).

Condition 1. Let a GQ k(z) have the moment of an order p > 0, if p = 0, then
Yo < 00 and if p > 0, then v, < 0.

Condition A.Let a GQ k(z) have the moment of the order p > 0,

i) if p=1 then k(2) is a normed GQ,

it) if p> 2 then k(z) is a symmetric quasimomentum.

Let us describe the connection between GQ and the Hill operator. Remember that
the spectrum of H consists of the segments Sn, n € N, with the gaps GG,,. In the case of
the Hill operator the numbers a satisfy a* \/Aig >0, af,=—af, n=0,1,2,3, ..,
and gaps g, satisfy g, = (a;,,a}), g-n = —gn, n € Z, go= 0. For an energy gap G,
and a gap g, we have the equality L, = Af — A- =1,(a} +a;), n=123 ...

The quasimomentum k is defined by k(z) = arccos F'(z),z € Z, where F is the Lya-
punov function for the Hill equation

—f"+Vf=2f zeC. (1.2)

We note that the set g is symmetric with respect to the point zero and the function
k(—z) = —k(z),z € Z. In the case of the Hill operator the following equalities are valid

M =K (0)2/2=1/22(0)%, 4+pF =24 M* n>1. (1.3)

Moreover,for the Hill operator we have (see [10])

1

2@0—/01V(t)dt, Q) =0, SQQ:/O V(t)dt, ...

Let us formulate the main theorem.
Theorem 1.1.Suppose V € L'(0,1) and n=0, 1, 2.... Then

M2:|7:’L = 2 Z (Agmfl - Aétn)_17 MQ:EH—I = 2 Z A;:n—i—l)_l? (14)

m>0,g=%+ m>0,g=+
1
—/\k’(z)—1\2d:vdy:2Qo, and S (AFMF +AMT) = Qo if V€ LX0,1). (15)
n n>1

Furthermore, let V € L*(0,1) and p =1 then
2/\ )| dxdy+/ ()ada —2/35 v(z)de = (7/4)/ 2(0dt - (1.6)
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and Y (A7) M + (A7) M) — Q5/2 = (3/8)/0 VE(t)dt, if Ve W;y(R/Z),

n>1
and etc. for V belonging Sobolev space WY '(R/Z) and p = 2,3,..All series converge
absolutely.

Now we present the main inequalities obtained in this paper. We define the Dirichlet
integral wd, = [ |k;(2)|*dzdy, z = z+iy, and the constants T' = (7°/48r*)T° max L2, T° =
1+ Qor 2. For a sequence f = {f,}]° or a sequence f = {f,}”_ , such that f_, = f,,n =
1,2,..., fo =0, we introduce a norm || f[|Z,, = >,~0(A5)?| fn]>. We have

Theorem 1.2.a) Let V € L'(0,1). Thenr >0 and for anyn € N

ly, < 2h, <1,(1+Tn™?), (1.7)

I, <2ut <1,(1+Tn"?)>% (1.8)

b) Let Ve LY(0,1) if p=0 and V. € WE™Y(R/Z) if p > 1. Then for any p > 0 there
exist constants Cy,Cs, .., Cys depending only on p,v1 (7o if p=0) such that

CiQop < ol LI,y < Cs||hll3, < IMFE 0 < Cudy < C5Qop. (1.9)

The exact representation of C, Cy, ..Cy will be given in Section 5. We note that in [10]
there is the estimate [,, < 2h,, < Cl,, for any n = 1,2, .. and some C' > 0. Some analogs
of Theorems 1.1, 1.2 for the Dirac operator with periodic coefficients will be considered
in Theorems 1.3 - 1.5.

Let us consider the case of a general quasimomentum. We introduce the function
wy(z) = |(x—a;)(x—a})|*/?, 2 € R. We define numbers a,, = max |a|, b, = min |a}| and
the norm || f||2 = X a2 f2, with || f|| = || fllo, for a sequence of real numbers f = {f,}> .
The following statements hold true.

Theorem 1.3. Let k(z) be a general quasimomentum. Then for any n € Z

1 v(t)dt
= w, ()41 7/ gt b » 1.10
o) w(w){ 1 R\gnwn(t)|t_x|} reg (1.10)
1 o()ydt  )?
25 =1, 1 7/ SATL U 111
=0 o el —
+
I < h,<m bty < mud, (1.12)
2 >
by < 2l iy b < 205 (1.13)

At the same time for a general quasimomentum there are some ”global estimates”.
We introduce the quantities



;Lg: Z pdmin(pd, s?), p=0, and [1,129: Z (a?l)ZpuZLmin(u‘fl, rd), p>0.

q=*t,n€Z q=t,n€Z

Let us present the theorem.

Theorem 1.4. Let a GQ k(z) have the moment of the order p > 0 and satisfy
Condition A and Condition 1. Then there exist constants Cy,Cy, .., Cs depending only on

p and v1 (Y0, if p=0), such that

Cyll2 < Co 2 < 12 < Cs dy < Cy Qo < Cs 112

Let us finally formulate now some equalities concerning a GQ and a quasimomentum (

the Dirac operator).
Theorem 1.5.Let k(z) be a general quasimomentum.
1) Suppose vy < 00, inf, 1 (bysE) >0 and Y, 4ob,* < co. Then

1 JThs T
2 n n
K'(2) :1+§§<z—a;§_z—a;)’ z € Z,

the series converges absolutely and uniformly on compact sets.
2) Suppose inf, + st >0 and Q;; < 0o for some p > 0. Then

p—3

n

4pr—1 +2 Z(n + 1)(19 —-2- n)QﬂQp—ﬁﬂ—ﬂ - Z(M:(a:)p - Mr_z (a;yj)'

and the series converges absolutely.
3) Suppose (Qa, < 00 for some p > 0. Then

p—1

42 = (1+p)Qp — £ [ Mu(@u(@)dz = S (p — 1= 1)QuQap-3-n:

0
4) Let k(z) be a quasimomentum . Then for any n € Z we have

1
g, =2V.P Y -,

q _
meZ,q==% a’2m+1 QAap

1
tpigyy =2V.P Y

meZ,g=+ %2m — @2n41

We note that from (1.15) we have the equality > (u,t — ;) = 0.

(1.14)

(1.15)

(1.16)

(1.17)



2 . The local properties of the quasimomentum

In this chapter useful results will be presented. The main attention will be given to the
analysis of the function v(z). It is well-known that for any GQ k& = u + iv the function
ul,(z) >0,z =x+1y € C, (see [9]). Hence there are two positive functions v(z),z € C\ o
and u! (2), z € Z. From the Herglotz theorem we have

v(z) =y(l+ %/

therefore u,(iy) = v, (iy) and

v(t
’t—(i|2dt)7 z € C+, (21)

1 22 1

Proving some estimates in this chapter we use positive harmonic functions v, u!, and
asymptotics v(iy) = y(1 + o(1)), u.(iy) = (14 o(1)), y — oc.

At first we shall consider harmonic functions in a domain D(/) = C\ (R \ I), where I
is a closed interval. The word "local” is means that some properties are obtained as result
that the function v (or u!) is positive and harmonic in a region D(g,)(D(s,)). Introduce
the set U = {z: |z| < 1}. There is the Lemma

Lemma 2.1.Let a function f be harmonic and positive in the domain D = D(I), I =
[—a,al, a> 0. Then

L If f(2)? = (a— x)(2us + 0(1)), as x T a, then

F2)? < (2@(251);@ —) er (2.2)

2.1f2(a —z) f(x)? = py +0(1)), as x 1 a, then
< 2(2a)f0§92 Iia — )

8. Let f(z) = f(2), 2 € D. Suppose f € C(Cy \ {tn,n € Z}) where the sequence
{t,}> . such that t,, — £o0 as n — xoo and yf(t, +iy) = o(1) asy — 0. Then

_Ja— g4 L f(t)dt
J(x)=Va I(6+7r[ft\1|t—x|\/t2—a2

@ 1 f(t)dt
M Va—z \@(ﬁ*w/w (o= (25)

where § = lim f(iy)/y, as y — oc.

, xel (2.3)

), zel, (2.4)




Proof. Take any x € I. Let W = W(z) be a conformal mapping from the region D
onto the disk U. The function W is defined by conditions W(x) = 0, W'(z) > 0. Such
mapping may be got by the composition of mappings
b(z) —i Z+a 2 — z1(x)

— b(z) = D, W=
b(z) +i’ () z—a °% 1—2(2)2

(here /1 + 0¢ = 1). Define the function f; from the equality f1(W(z)) = f(2), z € D.
Using the Harnack inequality for the positive harmonic function f; we obtain

s ZlEU.

21 =

T R(0) £ Al £ TR AO), 07 <1,
and hence
b(x) f(x) b(t) f ()
We rewrite the left hand side of (2.6) in the form
f(z) \/QT\/a_ax+Z+t), z <t<a.

From this, as ¢t T a , we get (2.2). Using the right hand side of (2.6) we obtain (2.3) by
analogy.

The function b(z) maps conformally the region D onto the upper half plane. For
—a<zx<a,t<—aort>awe have the equalities

Im 1 — Im b(t) + b(x) _ (t —a)Va? — x? bt = — a
b(t) — b(x) b2(t) — b2 () 2a(t —x) b(t)(t —a)?

From here, using the property f(z) = f(z), z € D, we get the kernel of the Poisson
integral for the domain D and hence (2.4).

By (2.4) we have (2.5). Q.E.D.

We have useful Corollary from Lemma 2.1.

Corollary 2.2. Let function f be nonnegative, harmonic in the domain D = D(I), I =
[—a,a], a> 0. Suppose f(x)* = (a+x)(2u+ +o0(1)), as Fx T a, then

af(2)? < (Vis + ViD)Ha? —a?) € 2y +po)(a® —a?), —a<z<a,  (27)

f(2)* <dapip-, —a<z<a. (2.8)
Proof. By (2.2)

f(z)* < (2a)2 min{ s He } < (Wi \//f)2’

(a—1x)? (a+ x)? a




—a < x < a. Multiplying inequalities (2.2) for u4 we obtain (2.8). Q.E.D.

Now we shall apply priveous results for GQ. Instead of a function f we shall use the
functions v/ (2), z € D(s,), and v(2), z € D(g,). In the case of a general quasimomentum
we have asymptotics of k(z) on any gap and band. For this case we have

Theorem 2.3.Let k be a GQ. Then the statements (1.10)-(1.13) are valid. Further-
more

wn(2) < 0(z) < \ 2ot wa(@)/|z — aF], 7 € gu, (2.9)

Lv(x)? <215 + Vo) we(x)?, T € gy (2.10)

Let in addition Qo < 0o and inf s> = s> 0. Then

iy = | < 1 Qo(1+ Qo/s%)/5°. (2.11)

Proof of estimates (1.10), (1.11), (2.9), (2.10) follows immediately from the Theorem
2.1, the Corollary 2.2.

Multiplying (2.9) at us we obtain the bound for h,, in (1.13), and by (1.11) we have
last estimate in (1.13).

First inequality in (1.12) follows from (1.10). Let us prove the second inequality in
(1.12). Integrating v(x) on g,, using (2.9) and the convexity of the function v(z), = € g,

we have
lnhn<2/ v(x)dr < 24/21, g/ Wy, (X :U—affdac—— 2, iy,
gn() RS AVEATY o (z)/] ‘ \/ lnfth

Introduce

1 t)dt
JE=1+= L,
T JR\gn wn(t)‘t - a%|

By (1.11) we have 2(u,, — piy) = (7 = J) (S + Jy),
l v(t)sign(2t — at — a;)dt

g = ,
" "o IR\ wy(t)3

and hence (2.11).Q.E.D.

Now we present the result about the behavior of a general quasimomentum on the
spectrum.

Theorem 2.4.Let S = [a,,a_]| be a spectral component of GQ k = u + iv and ps
be the corresponding reduce masses. Then ul(z) is a positive harmonic function in the

domain D(S) and

, B 1 v(t)dt  f(x) w,(t)dt
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pe < 2(ul(2))*S||x — axl/|x —az|, x €S, (2.13)

where f(x) = |(x —a_)(z — ay)|V? If k is a quasimomentum then

pe] S| < 8n?, (2.14)

where n is the number of the merged components which are composed the band S.
Proof. The estimations (2.12), (2.13) follows from the Lemma 2.1. By (2.13) we have

Mi‘x_QJF’ /
Ao <ul(z), z€S.
2|S||x — ay] (z)

Integrating it on S we obtain (2.14). Q.E.D.
Later on we shall need following results on the function v.
Lemma 2.5.Let k be a GQ) and z € C,. Then

1 t
(t—2) 141t

:__/t1+ﬁ

If in addition g = (a,b) be a gap in the spectrum of a GQ and |l = |g|. Then

k(z) =2+ C 42 /v(t)( ), (2.15)

1 1 s o(t)dt
/gv(t)((t_a) n (b_t))dt—l( * s —(t_a)(t_b)). (2.16)

v(t)dt

20v(x <4/ (t)dt < I*(7 + T
R\g (t —a)(t — D)

), a<x<b. (2.17)

Suppose that Qf < oo, p >0 then

Proof. We have (2.15) in the work [10]. Using k(a) = k(b) and (2.15) we obtain
(2.16). By (t—a)™' + (b —t)"' > 4/l, a <t <b, and (2.16) and by the convexity of
v(t),a <t < b, we have (2.17).

We rewrite (2.15) in the form

dt, z¢€Z. (2.18)

TR R W Wy Cast LGPy LU Y

TP t—z TP t— 2z

Hence by definition k, we obtain (2.18). Q.E.D.
Later on we need some estimates.
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Lemma 2.6.Let a function f be analytic in the domain D = {|Rez| <a}, a > 0.
Then for any + t € [0,a) we have

1

16, , 1 ) )
7uwﬁsﬁaggzgﬂ@&mws@;B;@V@me. (2.19)

Proof. Map the region D on the disk U by the function

Then
T T

m(a—t) *
2a

Define the function f; by the relation f1(b(z)) = f(2), z € D. For the function f;(z1), |z1| <
1, there exists the usual estimate

b(t) =0, [b'(t)] =

4q cos It

2a  4dasin

TA@F < [ i) Pdndy, 2=+,

Combining this with the inequality wsint > 2¢t, =« > 2t > 0, and with the equality

|1 GoPdmdy = [ 17/ dady.

we obtain (2.19). Q.E.D.
Now we present the main "local” results. We shall estimate a reduced mass through
the Dirichlet integral from the GQ on some domain. Introduce the constant

Apz{w2p(1+p)(1+ 1+2(11+p)2)},

and the integrals
1
(D) == / k(=) [2dacdy.
mJp

and "the normalized integral”

jup) = 22 4D)

=————— D={a, <Rez<a_}, qg=+=.
4‘aq’p(1+p) { + } q

We have

Theorem 2.7.Let a GQ k satisfy the Condition A for some p > 0. Suppose an interval
S = (ay,a_) lies in some spectral band of k . Let ps+ be a corresponding reduced mass if
ax coincides with the edge of the band and s = |S|, D ={ay <Rez<a_}.

1) Let 0 ¢ S, then

12



sitg < 8(1+p)?%ji(D)(s + ji(D)), q=+=, (2.20)

(ag)*ig min(pg, s) < AL(D), q =+, (2.21)
(aq)Qp(uq)2 < Ap];?(D), qg==+, if s=oc. (2.22)

2) Let p=0. Then
pgmin(p,, s) < Aol (D), q=*. (2.23)

3) Let p>1and 0 € S. Then
(aq)2pﬂq min (g, lag]) < Ap]§<D)> q==+. (2.24)

Proof. We consider the case S C R, the case S C R_ is considered by analogy. From
the definition of k, we have k(z) = z — P,(2) + 27Pk,(z), z € Z. We obtain estimates for
x>0, p>2 (the case p =0, 1 is more simple )

0<k(x)=1—Pi(x)+a Pk (x) — pr P ky(z) =
(L p Py (@)] = CR(w) + Pi(e) k()] < Lo p Pk (o),
because F,(z) + £ F,(z) >0, k(z) >0 as 2 > 0. Hence we have
0<k(x)<l+p+aPh(r), z€SCR,. (2.25)

Let 20 = a_ + a4, 2a = s and © = b+ t. By (2.13), (2.25), (2.19) we obtain for
0<t<a, c=4(1+p)?

(a+t)u- < 2s(a—t)u'(x)* < 2s(a — )1 +p+ 2 Pk (2)]* <

25(a— )1+ pt D) sca =)y Iy

4(a — t)bp 2 a—t
The function
(a—1) jp_ 2
t) = 1 t
ft) = gl 2 0<t<a

has the minimum in the point to = a*/(a + j,) and f(to) = j, (j, + 2a)/a”. Hence we
have (2.20) for p_.
Consider two cases. 1). Let p_ < s. Then

p/Jy <2e(1 43, /s) < 2c(1+j, /p-).

13



For R = j, /pu— we obtain an inequality R < 2¢(1 + 1/R), which is truth under the

condition R < Ry = c¢(1+ /14 2/c), i.e.

po < Ryj, i po <s. (2.26)
2). Let p_ > s. Then

pos/(j, ) < 2e(1+s/j,) < 2e(1+ /sp_/3,).

By analogy we obtain

p-s <RI, )P pe > (2.27)
Uniting (2.26), (2.27) we have got (2.21) for u_. In the case py we have
cla+1) Jy
— )y < 1+ ——]* —a<t<0.
(a—Bpe < ———1+ 7= —a<it<

Repeating the proof for p_ we obtain (2.21) for py. From (2.21) for the interval
(ay,ay +2uy) we obtain (2.22) for the case ¢ = +. The case ¢ = — is proved by analogy.

2) The estimate (2.23) follows from (2.21) and from invariance (2.21) under transla-
tions.

3) Applying (2.21) for the intervals (a,0), (0,a_) we have (2.24). Q.E.D.

Now we shall present the more exact result about the reduced masses for the quasi-
momentum. Define constants hy = sup h,,, [, =supl,, 790 = 7/4(1 4 27,). The function
f(t) = (214 /mt)log cot|[(1 — t)1], 0 < ¢t < 1, has the minimum at some point and denote
such point by t°. Later on we shall need the constants

24 1

7= [cot(1 — ) m]=0, v=_(7"—772).

The following statements hold true.
Theorem 2.8.Let k be a quasimomentum. Then for any q = +,n € Z, we have

hy <logr, (2.28)
pd <sinhh, < (r—-771/2, (2.29)

1 2 2
ol > 2 i > < -, 2.30
[sn] 2 2arcsin coshhy = coshhy = 1 (2:30)
it < vin [, (2.31)

4 .
2ud < sinh 2h <.

Yo < sup ( (2.32)

g=+n Maxy s’ 7 2

Proof. The estimate (2.28) follows from (3.1).
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Increase all slits I',,n € Z, including degenerate until the height h,. We obtain a
new comb and a new quasimomentum k;. From the Theorem 3.2 it follows that the
reduced masses increase and the lengths of the bands decrease. It is very important that
new reduced masses and the new lengths of the bands do not depend from number n.
Denote the corresponding reduced masses by p and the lengths of the bands by s. It
is necessary to find u,s. The Lyapunov function for k; has the form (see [9]) Fi(z) =
bcosz = cosk;, b= coshh,. From this formula it is easy to obtain the reduced mass
in the point x; where Fi(x;) =1 =bcosz; :

£ <pu=—F/(x)/Fi(2,) = bsinx; /bcosz; = Vb2 — 1 =sinhhy, n€Z  (2.33)
From this inequality and from (2.28) we obtain
2uf < exp(hy) —exp(hy) <7771

There are the equalities sin(7/2 — x1) = coszy = 1/b. From this it follows that

=2(m/2 — =2 inl/b=2 i .
s=2(m/2 —x1) arcsin 1/ arcsin —- e

Hence from the inequality arcsint > ¢,1 >t > 0, we have

: 1 2 2
|sn| > s = 2arcsin > > —.
T

2.34
coshh, — coshh, (2:34)

By (2.28), (2.34), (2.33) we obtain

q
8|“—m| <92sinh2h, <7271 2=8u, n,mecZ
Sn

Hence, from (1.13), (2.33), (2.34) it follows that
-

Iy, 2 2 inh 2/
Yo < sup(—————) < sup( Moy < 20T <90 QED.
n mMax4 S, n oS s 2

Now we shall present the main result on the reduced masses in the case of a quasimo-
mentum. We introduce the constant

B, = {w2p(1 +p)(1+ 1+ M)} p>0.

Theorem 2.9. Let a quasimomentum k satisfy the Condition A for some p > 0 and
D, = {af{,l < Rez < a;},D;r = {a,f < Rez < a;l}, n€?. Then

(lanPuf)® < By (DY), g ==+ (2.35)
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Proof. We consider ¢ = —. By (2.20), (2.31)
w27 1,(D})
4latP(1+p)

Hence p, < s%v, where s¥ is the decision of the equation 8(1 + p)2j(s + j) = vs? It is
easy to find

s <8(L+p)i(s+7), p, <vs, s=|sul, j=

v = 4(1+ p)%jBY 2'w = BYL,(D;)/(ay ).
The case ¢ = + is consider by analogy. Q.E.D.

3 . The identities and the ”integral” estimates

In this chapter we shall present results about "global” properties of a general quasimo-
mentum. Some of them we shall obtain using the previous proposals. We have

Theorem 3.1.Let the set o be such that [, < oo, the point zero lies inside o and
Yo < 00. Then o s the spectrum of some GQ and

hy <logT. (3.1)

Proof. Suppose that I is arbitrary, fixed closed interval and |I| > 2[,. Any gap, inter-
secting with I (but excluding two extreme gaps) lies in I together with the neighboring
bands. Then

29|l Nao|+ |[INa|+20. > |1 (3.2)

First term on the left hand side estimates the sum of lengths of "inner” gaps. We take
a|lI| = 2l where a > 0 and enough small. From (3.2) it follows that

(L+ 23|I o] = (1] - 2al4) = (1 - a)l1].

We are needed the following facts (see [4], [9]).

Let S be a closed subset of a real axis such that for some values L < oo and d > 0 the
Lebesgue measure of the intersection of S and any interval of length 2L is not less then
. Then there exists the unique function v(z) which is harmonic in the domain C\ S and
has the following properties:

i) a.e. on S the function v(2) has zero limit values,

ii) for every z € C, 0 < v(z) — [Imz| < £logcot 2%.

We take L = 2l /a,6 = (1 —a)2l; /a(l1+2v) and 0 < a < 1. From last inequality and
from Levin’s work [9] we obtain that ¢ is the spectrum of GQ and we have (3.1).Q.E.D.

Now we shall prove the simple variational inequalities for effective masses ( reduced
masses ).

Theorem 3.2.Let k,,(z) be GQ, m =1,2.
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1). Suppose that wp,, = u,, m=1,2, and hy,, < hy,, for anyn € Z. Then

‘81,n| S ‘82,n|7 /Llim, S /’LQi,n (33)
2). Suppose that s1, C sa,, for anyn € Z and afN = a;’N for some N € Z. Then
win < 3 (3.4)

Proof. 1). Introduce the function f(z) = Im(z1(k2(2))). This function is harmonic,
nonnegative in C, and continuous in C,. Suppose the inequality

f(z) > Im(z2(kao(2))) =y, z=z+1y, y>0. (3.5)
Then Im z; > Im 25 in the domain k9(C, ) and

2 (u) = %Imzl(u) > %Im,@(u) = 25(u), u € R,u # u,.

From this it follows the proposal of 1) because

|Sm.nl :/ " (wdu, m=1,2, n € Z,
Un—1
(k) = a5 £ (k= (1255, + (1)), £k — ) L0

From the representation (2.15) we obtain that
km(2) =2(1+0(1)), ze€U(A) ={z:y> Alz|}, |z] — 0.

But for any A there exists a constant R = R(A) > 0 such that k,,,(U(A)) D {z:|z| > R}N
U(24), m =1,2. Hence z,(k) = k(1 +0(1)), ke U(24), |k| — oo, and

z1(ka(iy)) fiy = [21(ka(iy)) / (k2 (iy))][ka(iy)) /iy] — 1, as y — oo.

From this it follows that f(iy) = y(1+o(1)), as y — oo, and using the Herglotz theorem
we obtain (3.5).
2). From the Phragmen-Lindelof theorem (for our case see [9]) we have the inequality
vi(xz) < wvy(x), x € R. Then from the definition of the reduced mass we obtain
+ vy (7)?

uiy = lim ul@) gy @ uiy. QED.
’ JJTGIN 2(0’—;1\7 - x) N xTatN 2(0’;_,1\7 - Jf) ’

Lemma 3.3.Let k(2) be a GQ.

1). Suppose that Qy < co. Fort > 0,t # |aX|, n € Z, introduce the functions

St =2 Yty ey =L T R en(ie) - 17

—at _
z—af z—a m Jo

17



Then

/0°° tF2()dt = do < oo, (3.6)
— 3/2
()2 —1— 8t 2)) < (?jé‘ SO <t (3.7)

2). Let in addition vy < 0o, R=infb,ry >0, and X, 4 b,* < co. Then

+
o (3.8)
o o]

Proof. From the Cauchy theorem about residues we obtain the equality

1 K'(a)* -1
K(2)?—1-S(t,2) = — / M=y
(2) 5(t:2) 271 Jja)=t  a — z @

and the inequality

|/ (K (a) — 1)* + 2(K'(a) — 1)da| o ) + 222 F (1)

la|=t a—z - t— |z '

and by (1.16) we have (3.6).

We have inequalities
+ + + .+
U _ +2 Hy Hn Ty

( Z | il )QSQ(anQ) ( Z o, )7 Z ﬁg R
nA0, i <ry 1" ln7#0 pi <riv nA0 > UL e

From these inequalities and from the Theorem 1.4 we obtain the convergence (3.8). Q.E.D.

Now we prove the formulae for the reduced masses in the case of a quasimomentum
and some equalities.

Proof of the Theorem 1.5. 1) From (3.6) it follows that we can take the sequence
{t,}{° such that t,, — oo, f(t,) — 0 as n — oo. From this and from (3.7) we obtain
(1.14).

2) The definition of k, and its represention (2.18) result in following asymptotics

Kiy) =14 Qu-im(iy) "™+ 0y >7), y— . (3.9)
0

Then for each term of the series in (1.14) we have

— p
Hnp, o H, _ +/( +ym _ =/ —\ym],—1l-m —1-p
Z—CL;L’— Z—(IE _mzzo[un(an) /J“n(an) ]Z +Fn(Z)Z )
p (@) (ay )P

—qt —a-
z—ar z—a,

Fn<z>
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Suppose that

> (@)™ = (a,)" < 00, 0 <m <p, (3.10)
sup » | F,(iy)| < oo. (3.11)
y=1l p

Then by (1.14) we obtain

N | —
(=

Ky =1+2 3 > lmi(an)™ = py (a)")(iy) 7"+ O(y™7), (3.12)
m=0 n

y — o0o. Hence we have (1.15) from the comparison of (3.9), (3.12).

Let us prove (3.10), (3.11). It is useful to note that from (1.11), (2.11) we have
pE < Cl,, |, —ut| <Ci2, ne€Z, for some C > 0. Hence

[t ()™ = i (a,)™ ] < mlagy — @ ay™ gy + |y — gy oy < CL(m + an)ay ™,

and
pa (@ )" g (a)P
T
[ ()" = g (g P fan o+ a0 ) = o (a)7 | < CLi(m+ 1+ an)’al ™,
and by (2.17), (1.12) we obtain @} > c||l||]23/2 for some ¢ > 0.
3) We can write k, = R+iJ, where J(z) = 2Pv(z), R(z) = 2P(u(z)—x+PF,(z)), =€
R. For the domain D = {2z : Ry < |z| < R,y > 0}, 0 < R; < Ry < 00, we have the Green
formula

| <

rI2(D) = — /qul% R'(2)J(x)dz + (Rl (Ro) — Rib (Ry))/2 (3.13)

where the function

bt) = [ Pltexplig)dp, t>0,
0
and we have got the equality
p—1
—R'(z)J(z) = 2Pv(z) {(p + 1)a? — paP u(z) = > Qmp—1— m)x”_2_m} , z€R.
0

Introduce the set o = o U (=00, N) U (IV,00) and the variables corresponding o™
denote by upper index N. It is well known (see [9]) that

v¥(z) (), (@) S fu(@)], N — oo, z€R.
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From this and from Levy’s theorem it follows that
Q@ [ @@ 2 [ o)),

as N — oo, and by (2.18) we obtain that k)Y converges to k, uniformly on compact sets
from C \ 0. We also have from (2.18) that

ky (2) =0(1/)2),  (k)(2)) =0(1/2%), as |z| — oo
Hence if Ry — 0o, R; — 0 we obtain (1.16) for the case V. Then by Fatou theorem

p—1

dp/2 < (1+p)Qap — g/x%_lu(aﬁ)v(x)dx —> (p—1-n)QnQ2p—2-s.

0

But from this and from (3.13) we obtain that the limit a = lim tb'(t) > 0, as t — oo,
exists.Let us prove that a = 0. Suppose not.Then for some C' > 0 we have tb'(t) >
C, t>> 1. Hence b(t) — oo, as t — 00. Define the function

720 = [ Iyt explip)Pdg, ¢ >0,

where by the definition of d,, we have

2 e
7/0 tFA()dt = d, < .

™

There is a sequence t,, — 0o, such that ¢, f(t,) — 0, as n — oco. Suppose not. Then
for some ¢ > 0 we have tf(t)> > ¢/t for large t and d, = oo. For this sequence ¢, we
obtain

|kp(tn exp(ip))| < |kp(itn)| + tn/o |k;(tn exp(ig))|do < Ky (itn)| + wtn f(tn) — 0,
as n — oo, uniformly on ¢ € [0, 7], because by (2.18) k,(iy) — 0, as y — 00. So

b(t,) < /7r ]kp(texp(igo))\2d<p, — 0, as n— oo.
0

4). For the Lyapunov function F(z) = cos k(z), z € C, there is the estimate |F(x)| <
coshv(z),z € R. Then we obtain

/deg/lvj_—x)dx<oo.

1+ 22 2

Hence the functions F'(z) + 1 are entire functions of Cartwright class. Using the
properties of this class ( see [7]) and taking into account the fact that zeros of the function

20



F(z) — 1 is the set {az,,n € N} (if ay, = af, then the multiplicity equals to two) we
2n 2n 2n

obtain

F(z) — 1 =exp(iaz)V.P. [ (1--—-), z€C, (3.14)
n€Z,q=+ 2n

where a € C and the multiplication in (3.14) converges uniformly on any compact set of

the complex plane. Introduce the function f,(z) = F'(z)/(F(z)—1). From the Weierstrass

theorem and from (3.14) we have

fo@) =it VP Y (3.15)

meZ,g=+ <~ — %2m

where the series converges uniformly on any compact set lying in C'\ {afn} . Using (3.15)
and the equality ImF'(z) = 0,z € R, we have a = 0. From F(z) = cosk(z),z € C, we
obtain z'(k(z))F'(z) = —sin k(z) and hence

—F(2) =2"(k())F'(2), F(af)=(-1)"z=aF . (3.16)

n

From (3.15), (3.16) it follows that for z = a3,
1

Jo(2) = F'(2)[2F(z) = — £ f, /2= V.P. Y

_ a4 -
meZg=+ < — @2m

Using f_(2) = F'(2)/(F(2) + 1) we have (1.17) for p3,. Q.E.D.

Let v = max {2,vy} . We shall prove "the global estimates” for GQ.

Theorem 3.4. Let a GQ k satisfy the Condition A and the Condition 1 for some
p = 0.

1). Suppose p=0. Then

1 2
P8 < Qo =do/2 < — Il 1B < ZIBI < 7y 2, (317)

1y < 2A0dy, do < 4y Ao|l]%.
2). Suppose p > 1. Then

4 1 2

27N < Qap < (Ml ], < ZNAIG < 2m(1 4 70) P, (3.18)
™ s

o < 24,d,,  dp < 2(14 p)Qap, (3.19)

Qzp < 4(1+p)Ap (1+30)" |lII[5. (3.20)
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Proof. 1). Prove successively all inequalities. Take any gap g,. From (2.9) we obtain
v(z) > wy(x),r € g,. Integrating this inequality on g, and adding in n we have first
inequality. In (1.16) there is second equality.

In (1.12) we have the inequality [,, < 2h,, and this gives

7Qo = [0(t)dt <32 bl < 1) 1] < 20jAI1
Let Y,, = min g, By (1.13) we have [,, < 2V,,. Hence

Yy = min {1y | = min {jud sl /s } < ol +pls)),

and then
Yo < min {27 90y s, + i) < 90 D pd min(u, 59).
q==t

From this inequality and from 2h% < 721,Y, (which follows from (1.12)) we obtain

2

7'(2 727.‘.2 . 727.‘_
I < 75 o0 < B 3 i miny ) = Y50

qg=t,n
Using (2.23) we have the estimate
py =Y phmin(ud, st) < 2A40do.

qg=*,n

By (3.17)

2
YoTr
72Q5 < PRI < NP < MIP727*2A0Q0.

From this estimate it is easy to get the necessary inequality.
2). Consider the case g, C Ry (the cases g, C R_ or 0 € g, are proved by analogy).
From (2.9) it follows that

b + 1 q-
/ t*Pu(t)dt > / t*Pw, (t)dt > / Vb2 — 22 (7 + %)%db@ >
n gn 0
v (a;: +a,
4 2
where 2b = [,,. From this we have first inequality. By (1.12)

> (2,

t*Pu(t)dt < a?’l,h, < 2a2Ph2, n € Z.
an

Hence the three inequalities in (3.18) are proved. We have [, < v, maxy r . There are
two cases. First, let ,, <7, then a, < (14 71)|a,|. By (1.12), (1.13)
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h2 < oy /2 < 72y min {p,ary /24 < 721+ y0)p, min g,y b
Hence
ah? < (14 30) 2 (0, ) g min {7} (3.21)

Second, let I,, < yy7;F, then by analogy
aZ?h? < (1 + 1) (a;})? i, min {,u:{, r;} : (3.22)
By (3.21), (3.22)

a?hl < 7P (14+41)" > (ad) Pl min(pd, ).
qg==

From this it is easy to prove last estimate in (3.18).
To prove (3.19) we use (2.21) and then

po =Y (af)?pd min(pd, rl) < 2A,d,.
q=1,n€Z

Last estimate in (3.19) follows from (1.16).
We shall prove (3.20). By (3.18), (3.19)

Q3 < IR < NE* (1 +91) "y < Em* (1 +91) " P44, (1 + p)Qap-

From this estimate we obtain (3.20). Q.E.D.

4 . Asymptotics

Let < A, B > be the distance between sets(numbers) A, B. Introduce the numbers £ > 0,

1 t)dt
frﬂf _ min( ,Tf/Q), £ = miingff,Bf = aTiL :I:é%; fyjf = } o |tv(—)a$|’

€Z,
the domains Z,,(§) = {B,, < Rez < B}, ¢.(§) = {|Imz| < {}NZ, (), and the functions

e =2 [ e ="

T Jol—zl<z [t — 2| + & 2P

We present the theorem.
Theorem 4.1.Let k be a GQ. Suppose that Q; < 0o for some p > 0.
1). Let < z,g >> & > 0. Then

ko (2)| < 2@, /I2] + J(p, €, 2), (4.1)
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and J(p,&,z) — 0, as |z| — oc.
2). Let z € g,(&) for some & € (0,b,). Suppose P,(x) <1,z € g,. Then

20+
|fp(2)| < P + (bn_Qg)m, + (b —&)7" [aﬁ max f; + I J(p,&n; x)] , (42
where
2h, <T(fF+10)0 fa <\ 2lap, (4.3)
£+ f7 <min {\/451@(#; +ut), L,(1+ ﬁfﬁf)”} ) (4.4)

Remark. If p > 0,|n| >> 1, then P,(z)’ < 1,z € g,. Furthermore, if a GQ k satisfy
the Condition A then P,(z) < 1 for any z # 0.
Proof. 1) By (2.18) and by the inequality 2|z —t| > £ + |z — ] if < 2,9 >> £ we have

1 [tlPo(t)dt 1 |t|Pv(t)dt
k‘z<—/ 7+—/ P <20 /12 + J(p, €, 2).
Ik (2)] < T Jolt—z)<|z| |t — 2] T Joft—z|>l2| |t —2| T @ /12 (p.&:2)

Since Q) < oo we obtain that J(p,§,2) — 0, as |z] — oo.

2) By the maximum principle enough to estimate f, on the boundary of Z, (). First
we consider f,(z) when z belong to the upper side of the slit g,, (the case of the lower side
is considered by analogy). By the definition of k,, f, we have

0 <Imf,(x+1i0) =v(z) < hy, T E gn. (4.5)

Now we estimate the real part of f,(z+10), 2 € g,,. We see Ref,(x+1i0) = 1— P,(z)" > 0.
Then the function —Ref,(z + i0) increases in & € g, and sup,c, |Ref,(z + i0)] =
maxy [Ref,(a)|. Now we estimate the function f,(z), Rez = BE. By (2.18)

L Po(t)de
<
U= ATy =

Rez = BF.

Suppose = € {aE, B} . Then

1 [t[Po(t)dt L1 [tPo(t)di
e fle) <= [ o rand e ] =2
| | | p( )| T Jojt—z|>|al |t—x| T J{2t—z|<|z|}\gn |t—z|

<20y /lo] + b £ + T (9, &, 2)-
since 2|t — x| > |t — x|+ &, if t ¢ g, and |aF —t| < |BE —t|if t € g,. By (2.16), (2.17)
we have the first inequality in (4.3). By (2.9) we obtain

fu < ”2?’%/ L gt < o

n W (1)
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Using the estimates for v from (2.10), (2.16) we obtain (4.4). Q.E.D.
We shall consider asymptotics for the Hill operator. We introduce the numbers

t)dt
T, = | v(t)dt, T, = Vpam (mr) =2, 7W, = lt :
/ ot mz; s () o

n €7,

and the function

1
Fn(x):—/ M, nez, x€g,.
T JR\gn wn(t)lt_x‘

We present the theorem.
Theorem 4.2.Let k(z) be the quasimomentum of the Hill operator and V € L'(0,1).
Then for any x € gn,n € Z, the statements (1.7), (1.8) are valid. Furthermore

max {W,, F,(z)} < T,, < Qor 2, (4.6)
T, <Tn”? (4.7)
v(x) < wy(z)(1 4 Tn™?). (4.8)

Proof. We estimate W,,, the case of F}, is considered by analogy. We have the inequality
wy(t)?2 > m?r?,  t € guim, and hence

W, — % Z/ v(t)tc)h; < % Z/ CIOL T,. (4.9)

e J9m W iiZn Jgm (M —n)?r?

By |m| > 1 we have T,, < Qor 2. In the case of the Hill operator
In= L,/(a +a;)< L,/2nr, n > 0. (4.10)
By (1.10), (4.9)
v(z) = w,(2)(1+ Fu(x)) < w,(2)(14+ T,), x € gy, neZ. (4.11)

We see from (4.10), (4.11), (4.6) that

<! [ walt)Tdr < (1 /27702 < L,
Un > — W, = \UIn >~ 5S/a4_ _\o"
7 Jgn 8(2nr)?
Hence
T°L? 3T 1
Tn = Un—m(mr)_2 < L < — YRR
m;é%;éo m¢§n¢0 2(4m(n —m)r?)? — 2x? m#%wéo m?(m — n)?
and by
n? 1 1.5
= - — 1/m? =7%/6
m2(m — n)? (m—n m) ' m§>:0 fm” =m"/6,



we have (4.7). By (4.6), (4.7), (4.11), (1.10), (1.11) we obtain (1.7),(1.8). Q.E.D.
Introduce the function

a6 =2t e 1< <o
a6 =2{et+ hog+ Bl oo e

We present
Theorem 4.3.Let k be the quasimomentum for the Hill operator and p > 0, & >
0, Qf <oo, z€C, 3>1. Then

B
Mp,g,z)gwﬁ,g,z){ 3 af;ﬁzzﬁ} STOAw,g,@{ 3 asf—%iﬁ}

2<gn,2><|z| 2<gn,z><|z|
(4.12)

1
B

Proof. Introduce the function

BB,&z)= > (§+<gnz>) " 1B+1/8=1,

2<gn7z>§‘z|

and a number 7Q(p,n) = [, [t[Pv(t)dt. We have

J(p.&2)<2 Y (4 <gn2>) QM) <20 Y. Q)" B(B,& 2)0

2<gn,z><|z| 2<gn,z><|z|

We have to estimate B. We obtain

B(f,&.2) < D> (E+nfr)™ §2{§_ﬁ1+/{)Z|/2r(€+|a:|r)—ﬁlda:}

2|n|<lz]
and
—p1 51—51 1<
B(ﬁ,f,z)ﬁQ{f ‘f‘m ; < B < oo,
Bis.c.) <2 {e + Tosu+ L s=co,

and hence B < A%, By (1.7)

TQ(p,n) < afL/ v(t)dt < aPhyl, < alT 122 < aP2TL2/2. Q.E.D.

gn
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5 . Applications

In this chapter we shall apply the previous results for the case both the Hill operator and
the Dirac operator with periodic coefficients.

First we consider the Hill operator H = —d?/dt* + V(t) in L?*(R) where V is 1-
periodic real potential and V' € L1(0,1). Let (¢, 2),0(t,2) be the solutions of (1.2),
satisfying ¢}(0,z) = 6(0,2) = 1, ¢(0,z) = 6;(0,z) = 0, and the Lyapunov function
F(2) = (p}(1,2)+0(1, 2))/2. The sequence 0 = Aj < A} < A} < .....is the spectrum of
equation (1.2) with periodic boundary conditions of period 2, i.e. f(z+2) = f(z),z € R.

Here equality means that A, = Al is a double eigenvalues. We remind that af =
VAE >0, a%, = —aF, n € Z,. Essentially that F(a*,) = (—=1)", n € Z. The lowest
eigenvalue A is simple, F(ag) = 1 and the corresponding eigenfunction has period

1. The eigenfunction corresponding to AL have period 1 when n is even and they are
antiperiodic, f(z 4+ 1) = — f(z), = € R, when n is odd. We have the well-known estimate

(mn) +/ t)dt + O(1/n?), n — oo. (5.1)

Later on we need the simple relations

pt=4+2aEME, ME=MT uF=uF,, neN, (5.2)

<, <
2,/ At ,/A+
There are some estimates for [,,, h,, p;7, v, in Section 2 and the some series for the

general quasimomentum in Section 3. For the Hill operator we can rewrite these results
more simple.

Corollary 5.1.1).Let k be GQ for the Hill operator and V € L'(0,1). Then

(5.3)

M Al M1
=1+2
E — Aq + Z E — AQ’

n>0,g=+%

K(2)?=2E Y (5.4)

n>0,q==%

the series converges absolutely and uniformly on compact sets. The effective masses are
expressed by (1.4).
2).Let a potential V € WY (R/Z) , p > 0. Then

p—1

ST I(AD) M+ (A7) M) = (1420)Qap+ S (14:20) (== 5)Qn Qi1 (5:5)

n>1

and the series converges absolutely. If p = 0(p = 1) then we have (1.5) ((1.6)).
Proof. By (1.14), (5.2), (5.3)
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q q

z—ah  z—al,

= Z 4 A9 M1
z—ah z+ah _n>07q:iE—A%'
and hence

WP —12= Y U —EE_Z%E)ME _

n>0,g=%+
M1 1 M4
_ q n _ + _ - n
> MI+E Y Sa=M{-s+E Y oo

n>0,g==% n>0,g=+ n>0,g=+

because Y-, =+ M =1/2 (see (1.14) at z = 0 ). Thus we obtain (5.4).
By (1.17), (5.2) we have (1.4) by analogy.
2). By (5.2)

A= q(a)pul =" q[(ad)Pud + (a,)Pul,] =

n>0

> alaf) TRl — (1) =4 (ADTPM, p >0,

n>0 n>0

Using (1.15), (5.2) we obtain

2(p—1)
0

p—1

41+ 2p)Qap + 2 Z(Qm +1)(2p — 1 = 2m)Q2mQ2(p—1-m)-
0

By (3.17), (5.5) we have (1.5) and by analogy we get (1.6). Q.E.D.

Remind that for a sequence f = {f,}" and a number p we introduced a norm || f||3 , =
S nso(AD)P| £, 2 If we define a number n = sup,,.o{A;7 /A, } > 1, then we have simple
estimates | f||* , < [If3, < #°[IfII> ,- It is necessary to note that for an even sequence
[ ={f}>,, te. such that f_,, = f,,n = 1,2,3,..., fo = 0, we have the equalities
20f1120 = I1£1%, 2115, = I£15-

Now we present the theorem.

Theorem 5.2.Let k be a quasimomentum of the Hill operator and V € L'(0,1). Then

1 2

Ll < Qo=do/2< —|nf?, (5.6)

Ao < Am*| M1, < 7 Bod, (5.7)
dy < 2By ||L|Z ;. (5.8)
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Suppose a potential V.e W™ (R/Z),p > 1. Then

s 4

25 LR, L < Qus AR, (5.9)
IlZ, < 4eIMEE,,, < 7Bydy/4, (5.10)
dy < 214 p)Qsy < 81+ PBILIZ, . (5.11)

Proof. By (5.3), (3.17)

2 1
do/QZQOZ gzlz > EZLi/A:{’

n>0 n>0

and again by (3.17) we have (5.6). Now we shall prove (5.7). By (5.2), (1.12)

h? < 7?(ut)? < 4m?AE(MF)?, neN. (5.12)
Combining (5.12) with (2.35) we have (5.7). We see from (3.17), (5.3), (5.7) that

m Qo < RPN < 20IR[1% ol111* < 47 Bodo |13 o < 47 Bodo||L]1%, .

and using 2Q)y = dp we have (5.8). The estimates (5.6)-(5.8) have been proved.
We rewrite (3.18) in the form 227*7?|[[[|3 ) < Qq, < 4[|R||3 /7, and by (5.3)

5 4
2L et < Qap < DI
From (5.12) it follows that

RlIE, < 47 > (AZYIMPAT < Ax? | ME|L .0,

n>0

and by (2.35) 4||M*||2,,, < Byd,.
Now we shall prove (5.11). We have first inequality of (5.11) in (3.19). It is necessary
to prove the second. By (3.18) and by the first estimate of (5.11) we obtain that

ﬂ_ngp < 4||h’||3-7p||l‘|3-7p < 4||L||3—,p—17rzdep < 8HLHi,p—17TZBp(1 +p)Q2p>

and hence we have (5.11). Q.E.D.
Now we shall find asymptotics k(z) as |z| — oo. We consider only the case p = 0.
Suppose £ > 0 and < z,g >> £. By (4.12) at § = oo we have

1
7J(0,€,2) < 27° {5_1 + . log(1 + H)} sup 2, (5.13)

287 ) 2<z,g,><2
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and since

2a; +af| > z|, as 2<z,g,><|z|, (5.14)
and by (5.3)
4
sup  [2 < 5 Sup L2, (5.15)
2<2,9n><|2| 2| 2lay, |>|2|

then we see from (5.13)- (5.15) that

J(ngu Z) < ']1(572)’]2(572)”2’27 (516)
PI(62) = 8T sup L2 €)=+ tlog(t+ 2y,
4A; > |22 r 28
Then we obtain
|kz) — 2| < 2Qu/|2| + Ji (€, 2) J2(€, 2) /|2]%. (5.17)

Now we consider the case < 2,9 >< & Let m >> 1 and such that r= > 7/2 as
In] > m. We take 4§ < 7 and z € {< 2,9, >< ¢}. By (1.10 ), (5.3)

0 0
2h, < T°l, < hn  _TLn (5.18)
I (O )
From (5.18), (1.10) it follows that
fE< T, < T°L,/|2, (5.19)

and by (5.16) J(0,&,x) < 4J1(&, |2]/2)J2(&,2|2])/|2|?, © € {aE,at + £} . Finally, we obtain

n»-’n

[k(2) = 2 < (4Qo + T°Ln) /|2 + 4J1(€, 2/2) ]2 (€, 22) /|2

Now we shall consider some estimates about the velocity U,,n € Z. Let the spectral

band of the quasimomentum for the Hill operator s(n) = [a(n),b(n)],r, = |s(n)|,n € Z.

Suppose the point k, such that U,, = 2/(k,) = max 2/(k), z(k) € s(n). We present
Corollary 5.3.Let V € L'(0,1). Then

Sor2(1—-U,")? < 4dy.

Proof. Let 2z, = a(n) + b(n) and the domain D,, = {Rez € s(n)},n € Z. Then we
have

w(ra /2P K () 1P < [ K(2) ~ 1Pdady

and by |k'(z,) — 1] > [1 = U,;}| we obtain (r,,/2)*|1 — U, !|* < IZ(D,,). Summing we have
the estimate.Q.E.D.
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Now we shall consider the Dirac operator Hp (with periodic coefficients) in the Hilbert

space H = L*(R) & L*(R)

(0 1\d Vi(t) 0
mo=( 5o )ar ("9 v )

Later on we shall use the Dirac equation

fo+Vifi=zfi, —fi+Vafa=2fs, (5.20)

where V;, V; are real 1-periodic functions in t € R, V1, Vo € L'(1,0). For a vector -function
f(t) ={fi(t), fo(t)} € H we consider the following boundary conditions

f(0) = f(1), (5.21)

f(0) = —f(1). (5.22)

The boundary value problem (5.20), (5.21) is called by periodic and the boundary
value problem (5.20), (5.22) is called by antiperiodic. We denote the eigenvalues of the
periodic problem by a3, and the eigenvalues of the antiperiodic problem by a3, 11,1 € L.
It is well- known that

-~ ~ - -
W< ay, 4 <as, 1 <ay, <ay, < ..., (5.23)

af =n(r+o(1)), |n|— oo.

Let ¢(t,2) = (p1(t,2), pa(t, 2)),0(t, z) = (0:(t,2),02(t,2)) be the solutions of (5.20)
satisfying (0, 2) = (0,1), 6(t,2) = (1,0).

We introduce the Lyapunov function for the Dirac equation 2Fp(z) = ¢i(1,2) +
05(1, 2),z € C. The properties of the Lyapunov function for the Dirac operator and for
the Hill operator are similar. But there is one exception.The function Fp(z) is not even
in z € C. We have F(a%,) = (=1)",n € Z. The spectrum of Hp is purely absolutely
continuous and is given by the set Us,,, where a interval s, = [a,'_;, a,]. These intervals
are separated by gaps g, = (a,,a}). If a gap g, is degenerate, i.e. g, = 0 then the
corresponding segments s,, s,+1 merge.The spectrum of Hp falls into the components
which are called spectral bands. Now we define the quasimomentum function k(z) =
arccos Fp(z),z € Z =C\ g, g = Ug,. The function k(z) is analytic and moreover k is a
conformal map from Z onto the quasimomentum slit plane KX = C\ UI",, where an excised
slit is given by '), = {Rek = mn, |[Imk| < h,}, h, >0, n € Z. A lot of estimates for the
Dirac operator repeat corresponding estimates for the Hill operator.
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