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Abstract

Assume that n points Py, ..., P, are distributed independently and
uniformly in the triangle with vertices (0, 1), (0,0), and (1, 0). Consider
the convex hull of (0,1), Pi,...,P,, and (1,0). The vertices of the
convex hull form a convex chain. Let p,g") be the probability that the
convex chain consists — apart from the points (0,1) and (1,0) — of
exactly k of the points Py, ..., P,. Barany, Rote, Steiger, and Zhang
[3] proved that ) = 2" /[nl(n+1)!]. We determine fork =1,...,n—1
the values of p,(Q") and thus obtain the distribution of the number of
vertices of a random convex chain. Knowing this distribution provides
the key to the answer of some long-standing questions in geometrical
probability.
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1 Introduction

The question of determining the distribution of the number of vertices of a
random convex chain arises in the context of the following old and unex-
pectedly difficult problem.

Assume that n points are chosen independently and according to the
uniform distribution from some compact convex set C like, e.g., a square or
a triangle. Consider the convex hull of the randomly chosen points. What
is the probability p,in)(C) that the convex hull has exactly k vertices? In
other words: What is the distribution of the number N,,(C) of vertices of

the convex hull?



For n = 4 points (for smaller n everything is trivial) the problem was

raised by Sylvester and answered by Woolhouse in 1867: For S a square and
T a triangle p§4)(S) = %, pg4)(T) = %, and, correspondingly, pffl)(S) = %,
pffl)(T ) = 2. On the one hand, the values for pg4)(S) and pg4)(T ) were
extended to

(n) 1 n—ll
W) = pot =1 5

by Reed [9] and Henze [8] (whereat the latter corrected the result of the
former) and to

(n) - 12
b3 (T)_(n—1)2(2n—1)+((n— 20— 1) ; (n=3- )"

independently by Reed [9] and Alagar [1]. On the other hand, the values for

pz(fl)(s ) and pi4)(T ) were extended to

w0 = (5 (5 ))2 ) = o T

by Valtr in [10] and [11], respectively.
As long as the result of the present paper is not available, p(n)(C) is

unknown for k=4,...,n—1 for any convex set C' if n > 7. (The values
pf)(S) = 5 and p(s)( T) = 3 are immediate consequences of the above-

mentioned results. In fact, they had been derived in [5] before the work

of Valtr. The values piﬁ)(S) = 307 piﬁ)(T) = 48 pf—)ﬁ)(S) = 333, and

péﬁ)(T ) = % follow from the above-mentioned results together with the
expected number of vertices of the convex hull, which was determined by the
author in [4] for general n; also cf. Section 5.2 of [7].)

Now assume that C is a convex polygon. Consider two adjacent edges
and those two of n points chosen at random from C which have the smallest
distances to these edges. (The possibility that one and the same point
has the smallest distances to both edges has to be dealt with separately.)
Clearly, both points are vertices of the convex hull of the chosen points.
The knowledge of the number of points which are also vertices of the convex
hull and are situated — in an obvious sense — “between” the two points
will give rise to the knowledge of the total number N,,(C) of vertices of the
convex hull.

Associating — in regard to affine invariance — the two points with the
smallest distances to the considered adjacent edges with the points (0, 1)



and (1,0), associating the two lines which pass through one of the points
and are parallel to the respective edges with the co-ordinate axes, and hence
associating their intersection point with the point (0,0), we are led to the
question answered in the next section. This question is of independent
interest. What will follow in the present paper is a complete answer to this
question.

It will be shown in a separate paper how the achieved answer can be
used to determine the exact distribution of the number N, (C) of vertices of
the convex hull of n random points in C. The details are intricate. Here we
only state a resulting formula for illustration: In the case of a triangle 1" it
is well known that the expected value of N,(T') is given by

n—1

EN,(T) =2
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cf. [4]. The corresponding expression for the variance will be shown to be
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The result of the present paper was announced in [6], where a further
application is described. It is beyond the scope of this article to give a
survey on related results. Two recent papers by Vu [12] and by Bardny and
Reitzner [2] contain many references and describe the concern of the present
article in a broad context; see in particular the last paragraph on p. 1285 of
[12].

2 Main result and its proof

THEOREM. Assume that n points Py, . .., P, are distributed independently
and uniformly in the triangle with vertices (0,1), (0,0), and (1,0). Let p,in)
be the probability that exactly k of the points Py, ..., P, are vertices of the

convex hull of (0,1), P1,..., Py, and (1,0). Then

() _ ok 1
=2 — . . .
Pk Z’Ll(ll—l—lg)...(ll—l—...—l—lk)
21 .. .0k
(i1 + 1)1 +ia+1)...(ix+ ... +ig+ 1)

where the sum is taken over all i1,...,1x € N such that i1 + ...+ i = n.



Proof. We are going to determine the probability p(™ (P, ..., P;)
that those of the points Py, ..., P, which are vertices of the convex hull of
(0,1), Pi,..., Py, and (1,0) are just the points P, ..., P in such a way that
the point P is the vertex closest to (0, 1), the point P» is the succeeding
vertex in counter-clockwise direction, etc., and finally the point Py is the
vertex closest to (1,0). As soon as p™(Py,..., P;) has been obtained, the

required probability p,in) follows immediately: Since the points Py, ..., P,
are independently and uniformly distributed, they are pairwise different and
different from (0, 1) and from (1,0) with probability one. Clearly, given n
different points, there are (nﬁ—'k), possibilities to specify k& of them in a certain
order. Hence, as the points Py, ..., P, are identically distributed,

m_ "™ op, . p

Assume that the point (0,1), j — 1 points P, ..., Pj_1, which are con-
tained in the triangle with vertices (0, 1), (0,0), and (1,0), and the point
(1,0) form a convex chain in counter-clockwise direction, i.e. the vertices
of the convex hull of these points — taken counter-clockwise starting with
(0,1) — are just the points in the given order. A further point in the trian-
gle, P; say, extends the convex chain (0,1), Py,..., Pj_1, (1,0) to a convex
chain (0,1), P1,..., P, (1,0) if and only if P; lies “above” the line through
P;_5 and Pj_; and “below” the line through P;_; and (1, 0).

Denoting the co-ordinates of P;, j = 1,2,..., by a; and b;, and defining
ag = 0, bg = 1, the first condition is fulfilled if and only if

aj_g(bj_l — bj) + (Ij_l(bj — bj_g) + aj(bj_g — bj_l) >0,
or, equivalently, if and only if

aj > a;j-2(bj —bj-1) +aj-1(bj—2 — b;)

bj—2 —bj_1
The second condition is fulfilled if and only if

aj_1b; —a;bj_1+bj_1 —b; >0,
or, equivalently, if and only if

o < aj_1b; +bj_1 — bj'

bj_l



Thus we see that the co-ordinates a; and b; of the point P; have to fulfill
the restrictions

0<b; <bj1
and
aj_g(bj — bj_1) + (Ij—l(bj—2 — bj) < a
bj—2—bj_1 -
< (Ij—lbj + bj_l — bj'

< by

The inequality (1) holds for j > 2; for j = 1 there is no restriction of this
type, just a; > 0. The inequality (2) holds for j > 1; for j = 1 it reduces to
aj < 1-— bl.

Once the points (0,1), Py, ..., Py, and (1,0) form a convex chain, the
convex hull of these points consists of the k triangles which have two consec-
utive points of the chain different from (1, 0) and the point (1,0) as vertices.
The area of the triangle with vertices Pj_1, P;, and (1,0), where Py = (0, 1),
is given by

5(aj-1b; — azbj_1 +bj—1 — bj) = 3Aj;

the area of the convex hull of (0,1), P, ..., Px, and (1, 0) therefore by %(Al—l—
...+ Ag). Since the area of the triangle with vertices (0, 1), (0,0), and
(1,0) is 3, the probability that any of the random points Pyt1, ..., P, falls
into the convex hull of the fixed convex chain (0,1), P,..., P, and (1,0)
consequently equals A1 + ...+ Ag. The probability that all n — k random
points fall into the convex hull is then just

At 4a) = 3 MA? A

PR —— Jie - Jk!

Integration of the sum on the right hand side with respect to the co-ordinates
ai,...,a and by, ..., by of the points Py, ..., P, will now imply the required
value of p(™ (Py, ..., P).

The main difficulty in evaluating the 2k-fold integral are the involved
bounds (1) and (2) of the variables as,...,ar. First notice that A; is a
function of a;_; and a;, and therefore, among Aq,..., A;, only A; depends
on aj. In view of this situation it is crucial to observe that the integration
of a power of A; with respect to a; results in a power of A;_; times a factor
which does not depend on aq,...,a;_1: With lower and upper bound given



by (1) and (2), respectively, a straight forward calculation shows that

/A;daj
1

1 b]_l _ b] r+1
= "1 5 \Bya — by (aj_gbj_l —aj_1bj 2 +bj_o — bj_l)
1 1 [ bj_1—b i
= Aj—l .
r+1 bj_l bj_g — bj_l
Successive exploitation of this observation for j =k, k —1,...,2 (recall

in the case j = 2 that by = 1) together with

by 1 +1
Alday = ——(1 = by)’
/0 1day 74+1( b1)

yields

/A{l (/ AP ./Aik__f (/ Aikdak) dag—1.. -da2> day

1 1 < bp_1 — b )jk—H
Je +1 bg—1 \bg—2 — bg—1
1 1 bi_o — b1 Je—1+ik+2
ket A+ e+ 2 brs <bk—3 - bk;—2>

ot A jetk—1b
1
a+...+it+k

1 1 bl . b2 Jot..Fjr+k—1
(=)

(1 — by )1 Fetinth

1
G+ D01+ gk +2) ... (Go+ oo+ g +k—=1)0G1+...+ e+ k)

(bp—1 — b ) e T (bg_g — b1 )71 (by — bo)P2 (1 — by)1H1

br—1bg—2...b01

Considering the bounds 0 < b; < bj_4 (with by = 1), integration with
respect to bj for j =k, k—1,...,1 reduces to a repeated application of the



elementary identity

bj1 1 g
Pip NGy — PP aprgtl
/0 (b1 = by)db; = =t

Thus we see that

/.../A{l...Aikdak...daldbk...dbl

1
Gr+D0Ge1+k+2) ..o+ ...+ e+ k—1)G1+...+Jje + k)
01k + D! Gk + DMk—1 + D! Gr—1 + Jk + 2) (k-2 + 1)!
(e +2)! (k-1 +Jk +3)! (Jr—2 + Je—1 +Jk +4)!
st +i+ k=20 +)! ot i +k-D!i+1)!
(J2+ .o+ Jk+ k) 1+ Ak +Ek+1)!
1 1

n e+ D)0Uk—1+Jk+2) ..o+ -+ i+ k—D0G1+ ...+ + k)

(ke + DGk + D (2 + D1+ 1)!
Gr+2)Ge1+ gk +3)...(a+ ...+ s+ k)1 + ... +ix+ E+1)

where the last sign of equality is justified by j1 + ...+ jx = n — k. Taking
into account that the triangle with vertices (0, 1), (0,0), and (1,0), in which
the points Py, ..., P, are uniformly distributed, has area %, we arrive at

PP, .. B

_rdaidb dardb
:/.../(A1+...+Ak)”k L

2 2

_ ok Z '(n—k:)! 1 1

ekt G+ DG+ ke +2) (14 e+ R)

Gk + D! Gr—1 + D! (G + 1)
Gr+2) k1 +Jr+3) ... (i +...+jr+k+1)

Recalling that p,gn) = (nﬁ—!k)!p(”)(Pl, ..., Py) and putting jp+1 =: i1, jr—1+



1 =:4d9,...,j1 + 1 =:1; we finally find that

(n) 1
=2
Pk Z ’il(’il—l—’ig)...(il—l—...—l—ik)

i1+...+ig=n
21 ... 1%
(ir+ D)(ir+ig+ 1) ... (i1 + ... +ip+1)

where the integers i1, . . ., ix are at least one.

3 Evaluation of the sum in the Theorem

Fixing the difference between n and k, the sum in the Theorem can easily
be evaluated by elementary and straight forward calculations:
When k& = n, the equation i1 + ...+ 4, = n is fulfilled if and only if

2

i1 = ... =14, = 1. Hence the sum representing p;’ consists of a single

summand, and we immediately see that

I
" nl(n+1)!

This is the result established by Barany, Rote, Steiger, and Zhang [3]. (Com-
pared to Theorem 1 in [3] the factor 2™ arises here since we consider a triangle
instead of a square. Clearly, the event that n points chosen independently
and uniformly from the square with vertices (0, 1), (0,0), (1,0), and (1, 1)
fall into the triangle with vertices (0, 1), (0,0), and (1,0) has probability

1/2™)
When k& = n — 1, the equation i1 + ...+ i,_1 = n is fulfilled if and
only if one of the entries i1, ...,4,_1 is 2, whereas all other entries are 1.

Taking into account that the common denominator of the arising summands
is nl(n + 1)!, we immediately see that

(n) 1 2 - 2m
_ on— _ — _
Py =2 n!(n+1)!g::2(m Dm = S =21

since
n

Z(m —1)m=1(n—1n(n+1).

m=2
When k& = n — 2, the equation i1 + ...+ i,_o = n is fulfilled in the
following two cases:



(i) One of the entries i1, ..., i,_2 is 3, whereas all other entries are 1.
(ii) Two of the entries i1, ..., i,_o are 2, whereas all other entries are 1.

(n)

The contribution to p,,”, corresponding to the first case is given by

()(n) _ gn2 3 n _2 _1)2

3.2773(2n — 1)
5nl(n — 3)!

since

> (m—2)(m—1)’m = 5(n—2)(n - n(n+1)(2n - 1).

(n)

The contribution to p,,’, corresponding to the second case is given by

n m—2
(”)pq(zn)z = 2" n+ 1) Z Z (=1 —1)m
(n+1) — \ s
25— 2)
~ 45n!(n —4)!

since the sum with respect to j yields %(m —3)(m—2)(m—1) and

n

Z(m —3)(m—2)(m—1)*m = %(n -3)(n—2)(n—1)n(n+1)(5n —2).

m=4

Therefore
3
(n) _ (i) ( ) (ii), (n) _ 27=3(20n? — 14n — 3)
P2 = 2 P2 = 45n!(n — 3)!
Now it is clear how to proceed when n — k = 3,4,.... We see that the

evaluation of the sum in the Theorem for a fixed difference between n and
k reduces to the computation of the sums

zn:mp, p=1,2,....
m=1



For fixed k the sum in the Theorem can be written in terms of harmonic
numbers and iterated harmonic numbers. We note that

(n) _ _2 ) _ 4, 8
P1 n+1’ P2 n " n+l’
m_ 8 pgoy_ 2, 40
3 n+1"" n n—l—n—l—l’

where
n

"1 @) 1 &1
7=1 m= j=1

Similar expressions can be obtained for k = 4,5, .
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