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EFFECTIVE PRUFER ANGLES AND RELATIVE OSCILLATION
CRITERIA

HELGE KRUGER AND GERALD TESCHL

ABSTRACT. We present a streamlined approach to relative oscillation criteria
based on effective Priifer angles adapted to the use at the edges of the essential
spectrum.

Based on this we provided a new scale of oscillation criteria for general
Sturm—Liouville operators which answer the question whether a perturbation
inserts a finite or an infinite number of eigenvalues into an essential spectral
gap. As a special case we recover and generalize the Gesztesy—Unal criterion
(which works below the spectrum and contains classical criteria by Kneser,
Hartman, Hille, and Weber) and the well-known results by Rofe-Beketov in-
cluding the extensions by Schmidt.

1. INTRODUCTION

In this article we want to use relative oscillation theory and apply it to obtain
criteria for when an edge of an essential spectral gap is an accumulation point of
eigenvalues for Sturm-Liouville operators

(1.1) T= (—%p% +q> , on (a,b).

Without loss of generality we will assume that ¢ € R is a regular endpoint and
that b is limit point. Furthermore, we always assume the usual local integrability
assumptions on the coefficients (see Section H).

We will assume that Hy is a given background operator associated with 79 =
(—%p()% + qo) (think e.g. of a periodic operator) and that E is a boundary point
of the essential spectrum of Hy (which is not an accumulation point of eigenvalues).
Then we want to know when a perturbation 7 = (—%m% + ¢1) gives rise to an
infinite number of eigenvalues accumulating at E. By relative oscillation theory,
this question reduces to the question of when a given operator 7 — F is relatively
oscillatory with respect to 79 — E (cf. Section H).

In the simplest case 79 = —%, E = 0, Kneser [ showed that the borderline
case is given by (p1 =po = 1)

(1.2) (@) = —,

where the critical constant is given by pu. = —%. That is, for 4 < p. the perturbation

is oscillatory and for p > p. it is nonoscillatory. In fact, later on Hartman [, Hille
[, and Weber [ gave a whole scale of criteria addressing the case p = pe.
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2 H. KRUGER AND G. TESCHL

Recently this result was further generalized by Gesztesy and Unal [l], who showed
that for Sturm-Liouville operators (with p; = pp) the borderline case for 79 — F,
E = inf o(Hy), is given by

,u
1.3 q1(z) = qo(x) + ,
where the critical constant is again yi. = —%. Here ug is a minimal (also principal)

positive solution of 7pu = 0 and v is a second linearly independent solution with
Wronskian W (ug,vg) = 1. Since for po = 1, ¢o = 0 we have ug = 1 and vy = =,
this result contains Kneser’s result as a special case. Moreover, they also provided
a scale of criteria for the case pu = p..

While Kneser’s result is classical, the analogous question for a periodic back-
ground ¢o (and py = 1) was answered much later by Rofe-Beketov in a series of
papers [E2]-[F] in which he eventually showed that the borderline case is again
given by

(1.4) 0 (2) = qo(x) + &,

where the critical constant u. can be expressed in terms of the Floquet discriminant.
His result was recently extended by Schmidt [EH] to the case pg = p1 # 1 and
Schmidt also provided the second term in the case p = pe.

These results raised the question for us, if there is a generalization of the Gesztesy—
Unal result which holds inside any essential spectral gap (and not just the lowest).
Clearly (&) makes no sense, since above the lowest edge of the essential spectrum,
all solutions of 7pu = Fu have an infinite number of zeros. However, in the periodic
background case, as in the constant background case, there is one solution ug which
is bounded and a second solution vy which grows like z. Hence, at least formally,
the Gesztesy—Unal result explains why the borderline case is given by (E=). How-
ever, their proof has positivity of Hy — E as the main ingredient and thus cannot
be generalized to the case above the infimum of the spectrum.

In summary, there are two natural open problems which we want to address
in this paper: First of all, the whole scale of oscillation criteria inside essential
spectral gaps for critically perturbed periodic operators. Secondly, what is the
analog of the GesztesyUnal result (=) inside essential spectral gaps? Based on
the original ideas of Rofe-Beketov and the extensions by Schmidt, we will provide a
streamlined approach to the subject which will recover and at the same time extend
all previously mentioned results. For example, we will derive an averaged version
of the Gesztesy-Unal result (including the whole scale) which, to the best of our
knowledge, is new even in the case originally considered by Kneser.

Concerning the Gesztesy Unal result we show the following. If ug, vy are two
linearly independent solutions of 7ou = Fu with Wronskian W (ug,vg) = 1 such
that there are functions a(z) > 0 and f(z) < 0 satisfying uo(z) = O(a(z)) and
vo(x) — B(z)up(z) = O(a(z)) as © — oo, then (pg = p1)

p ' (x)
a(z)?B(x)?’
is relatively oscillatory if limsup, . % ff“ ug(t)?a(t)"2dt < —% and relatively
“Houg (t)?a(t)~2dt > —. By virtue of d’Alembert’s

x

(1.5) q1(z) = qo(x) +

nonoscillatory if lim inf, . &
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formula (cf. (B28) below), this reduces to (&) for E at the bottom of the spectrum,
where we can set a = ug and § = £ = [ g tug®.

We will also be able to include the case pg # p; with no additional effort and we
will provide a full scale of criteria in all cases.

2. MAIN RESULTS

In this section we will summarize our main results. We will go from the simplest
to the most general case rather than the other way round for two reasons: First
of all, in our proofs, which will be given in Section B, we will also advance in this
direction and show how the general case follows from the special one. In particular,
this approach will allow for much simpler proofs. Secondly, several of the special
cases can be proven under somewhat weaker assumptions.

We will consider Sturm-Liouville operators on L?((a, b), 7 dz) with —0o < a <
b < oo of the form

1 d d
2.1 - _( - T V5 )a
(2.1) 4 r d:cpd:c ta
where the coefficients p, ¢, r are real-valued satisfying
(2.2) P~ 14,7 € Lige(a,b), p,r>0.

We will use 7 to describe the formal differentiation expression and H for the oper-
ator given by 7 with separated boundary conditions at a and/or b.

If a (resp. b) is finite and ¢, p~ !, r are in addition integrable near a (resp. b), we
will say a (resp. ) is a regular endpoint.

Our objective is to compare two Sturm-Liouville operators 79 and 71 given by

1 d d .
(2.3) Tj:—(—apja+fb'), j=0,1

Throughout this paper we will abbreviate

(2.4) Ap=— - LoBLTR pg g g,
bo D1 P1Po

Moreover, without loss of generality we will assume that for both operators a € R
is a regular endpoint and that b is limit point (i.e., (7 — z)u has at most one L?
solution near b).

We begin with the case where F is the infimum of the spectrum of Hy. Suppose
that (79 — E)u = 0 has a positive solution and let ug be the corresponding minimal
(principal) positive solution of (79 — E)ug = 0 near b, that is,

/b dt

—— = 0o0.

po(t)uo(t)?

A second linearly independent solution vy satisfying W(ug,vp) = 1 is given by
d’Alembert’s formula (cf. [B Sect. XI.6])

* dt
2.5 vo(x) = uo(x / —_——.
29 o) =) e
Recall that 71 — E is called nonoscillatory if one solutions of (71 — F)u has a
finite number of zeros in (a,b). By Sturm’s comparison theorem, this is then the
case for all (nontrivial) solutions.
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Theorem 2.1. Suppose 79 — E has a positive solution and let ug be a minimal
positive solution. Define vy by d’Alembert’s formula ) and suppose

(2.6) lim povo pougAp = lim poAp = 0.
Then 11 — E is oscillatory if

2.7 tsup e (u3Aq + (pous ) < —7
and nonoscillatory if

(2.8) tim inf pov (132 + (pou)*Ap) > —7.

Remark 2.2. (i). If ug is a positive solution which is not minimal near b, that is
f po(t) " tug(t)~2dt < oo, then

b
v0() = o (x) / il

« Po(t)uo(t)?
is a minimal positive solution.

(ii). Clearly, the requirement that 1o — E has a positive solution can be weakened
to 19 — E being nonoscillatory. In fact, after increasing a beyond the last zero of
some solution, we can reduce the nonoscillatory case to the positive one.

(iii). Note that the coefficient v does not enter since we have chosen it to be the
same for 7y and Ty.

The special case Ap = 0 is the GesztesyUnal oscillation criterion ). It is not hard
to see (cf. Section ), that it can be used to give a simple proof of Rofe-Beketov’s
result at the infimum of the essential spectrum (another simple proof for this case
was given by Schmidt in [Z8], which also contains nice applications to the spectrum
of radially periodic Schrodinger operators in the plane). Moreover, it is only the
first one in a whole scale of oscillation criteria. To get the remaining ones, we start
by demonstrating that Kneser’s classical result together with all its generalizations
follows as a special case.

To see this, we recall the iterated logarithm log,, () which is defined recursively
via

logo(z) =, log,(x) = log(log,,_, ()).

Here we use the convention log(z) = log|x| for negative values of . Then log,, ()
will be continuous for z > e,_; and positive for x > e,, where e_; = —o0 and
e, = e°»~1, Abbreviate further

Ln(z) = H log; (x Qn(z) = _i »

10gn Lz
Here and in what follows the usual convention that Z;:lo = 0 is used, that is,
Qo(z) =0
Corollary 2.3. Fiz some n € Ny and (a,b) = (e,,00). Let
po(z) =1,  qo(z) = Qn()

and suppose

(2.9) pi(z) =1+ O(L:Ex))'
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Then 11 is oscillatory if

On, 1
(2.10) lim sup L, (z)? (Aq(x) + @Ap(x)> <7
and nonoscillatory if

On, 1
(2.11) limniggan(x)Q (Aq(x) + @A})(Jj)) > =7

where §,, =0 forn =20 and 6, =1 forn > 1.
Proof. Observe

ug(z) =/ Ln-1(x),  wo(x) = uo(z)log,(x) = v/log, () Ln(x)
1

(where we set L_1(z) = 1) and check

2 / n 2 n 7
IRV /A S /A 1 1N 1 1
qo_u0_4(Ln tal\z,) T1 ZL- ZZL-ZLk_Q"

using L), = L, >, L', Then

povd (u30g + (poug)?Ap) = Lu(2)? | Aag(a) +

where 27;01 le(m) =0 forn =0 and 27;01 le(m) =z 4 o(z™!) forn > 1. O
The special case n = 0 and Ap = 0 is Kneser’s classical result [iE]. The extension
to n € Ny and Ap = 0 is due to Weber [, p.53-62, and was later rediscovered by
Hartman [B] and Hille [@.

In fact, there is an analogous scale of oscillation criteria which contains Theo-
rem B2 as the first one n = 0:

Theorem 2.4. Fizn € Nyg. Suppose 19 — E has a positive solution and let ug be a
minimal positive solution. Define vy by d’Alembert’s formula (BB) and suppose

2 2
' Ap — o V0/t0) Ap — of (P0/u0)”
Povo oty Ap O(Ln(vo/uO)2)’ PoAp O(Ln(vo/uo)2)
Then 11 — E is oscillatory if
. U V) 1
(2.12) lim sup Ly, (—)? (poug(ugAq + (poup)*Ap) — Qn(—0)> < —=
z—b U ug 4
and nonoscillatory if
. v v 1
(2.13) hm1nan(—0)2 (poug(ugAq + (poug)*Ap) — Qn(—0)> > ——.
r—b Uo Uo 4
The special case Ap = 0 is again due to [@. The special case 79 = —% gives

again Corollary B2 however, under the (for n > 0) somewhat stronger condition
limy, 00 72 Ly (2)2Ap(z) = 0.

Moreover, there is even a version which takes averaged (rather than pointwise)
deviations from the borderline case:
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Theorem 2.5. Suppose 79 — E has a positive solution on (a,00) and let ug be a

minimal positive solution. Define vg by d’Alembert’s formula (B2 and suppose
povy (ugAq + (poug)*Ap) = O(1),  lim povo pougAp = lim poAp =0,

and p = (pouovo)~! satisfies p = o(1) and %foe lp(z +t) — p(x)| dt = o(p(x)).
Then 7 — E is oscillatory if

1) msuw [ 0 (10200 + (o000 Ap(0) i < 1

Tr—00

and nonoscillatory if

1 4L 1
(215)  liminf / Po(t)03 (8) ({12 (0) + (po(t)uy ()2 Ap(0)) dt > — .

Again we have
Corollary 2.6. Fiz some n € Ny and (a,b) = (e,,00). Let
po(z) =1,  qo(z) = Qu(z)

and suppose

‘h(x):Qn(x)"'O(Ln(lx)z)’ pl(‘r>_1+{00(%),x—2), Z;(l),

Then 11 is oscillatory if

On 1

(2.16) mf hiris;p é/ ( q(t) + e —Ap(t )) dt < ~1
and nonoscillatory if

A Y e ) O 1

(2.17) sup lim inf — L,(t)* | Aq(t) + —Ap(t) ) dt > ——,

>0 == L, 412 4

where §,, =0 forn =0 and 6, =1 forn > 1.

To the best of our knowledge this result is new even in the special case n = 0, in
which we have that 71 with ¢; = O(z72) and p; = 1 + o(1) is oscillatory if

1 x+4 ) 1
(2.18) él;i(;hﬁs;p €~/x t2g1(t)dt < ~1
and nonoscillatory if
1 4L 1
(2.19) sup lim inf Z/ t2qy (t)dt > T
>0 T T

There is also a scale of criteria given in Theorem B which contains Theorem E3
as the special case n = 0. Note that the criterion is similar in spirit to the Hille-
Wintner criterion (see e.g., [B2) which states that 71, with ¢; integrable, is oscilla-
tory if

e 1
(2.20) lim supx/ q1(t)dt < ~1
and nonoscillatory if

e 1
(2.21) 1iminf3:/ q1(t)dt > I

Tr—00
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Result similar in spirit which are applicable at the bottom of the essential spectrum
of periodic operators were given by Khrabustovskii [H], [@.

Our next aim is to extend these result to the case where we are not necessarily at
the infimum of the spectrum of Hy. We will again assume that there is a minimal
solution ug (i.e., one solution with minimal growth) such that all other solutions are
of the form vy = v + Pug, where vy grows like ug and [ is some positive or negative
function, which measures how much faster vy grows on average with respect to uy.
For example, in the case of periodic operators we will have that ug (and hence 7)
is bounded and (B(x) = £z (the sign depending on whether we are at a lower or
upper edge of the spectral band). Moreover, since expressions like lim inf pouivg Aq
will just be zero if uy (and vg) have zeros, we will average over some interval. To
avoid problems at finite end points we will choose b = 0o from now on.

But first of all we will state our growth condition more precisely:

Definition 2.7. A boundary point E of the essential spectrum of Hy will be called
admissible if there is a minimal solution ug of (7o — E)up = 0 and a second linearly
independent solution vy with W (ug,vg) = 1 such that

() = 0@ () =3 ) = oto0)

for some weight functions o > 0, 8 < 0, where 3 is absolutely continuous such that
p =2 >0 satisfies p(x) = o(1) and + fe lp(x +t) — p(z)|dt = o(p(x))
B ¢ Jo ‘

Clearly, two solutions as in Definition & can always be found if one chooses « to
grow faster than any solution. However, such a choice will only produce nonoscilla-
tory perturbations! Hence, in order to get finite critical coupling constants below,
the right choice for o and 8 will be crucial. Roughly speaking « needs to chosen

such that + ffH 72’((:)); dt remains bounded from above and below by some positive
constants as * — oo. Moreover, it turns out that the sign of § will depend on
whether F is a lower or upper boundary of the essential spectrum (i.e., if the es-
sential spectral gap starts below or above F). This is related to our requirement
W(’LLO, ’Uo) =1.

Note that a second linearly independent solution vy with W (ug,vp) = 1 can be
obtained by Rofe-Beketov’s formula

( )/m (90(t) +po(®) " — Er(1)) (uo(t)* — (po(H)up(1)*) |

vo () =uo(x (uo(£)? + (po(t)up(t))?)?

t

Po(x)up ()
uo()? + (po(x)up(x))?

(the case pg # 1 is due to [EH]). In fact, this formula can be used to show that these
assumptions are satisfied for certain almost periodic potentials (see i3, Sect. 6.4]).

In this case we will need to look at the difference between the zeros of two solu-
tions uj, j = 0,1, of (1; — E)u; = 0. We will call 7 — E is relatively nonoscillatory
with respect to 79 — E if the difference between the number of zeros of u; and
uo when restricted to (a,c) remains bounded as ¢ — oo, and relatively oscillatory
otherwise. Further details and the connection with the spectra will be given in
Section B

Now, we come to our main result.
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Theorem 2.8. Suppose E is an admissible boundary point of the essential spectrum
of 10, with ug, vo and a, B as in Definition B} Furthermore, suppose that we have

6/
o).

Then 11 — E is relatively oscillatory with respect to 1o — E if

(2.22) Aq,Ap=O(

x+l 2
(2.23) é1>1£ 1igIcILS£p % /m ggzz) (uo(t)*Aq(t) + (po(t)uh(t)*Ap(t)) dt < —i

and relatively nonoscillatory with respect to 1o — E if

S O O o2 L
(2.24)  supliminf - (uo(t)?Aq(t) + (po(t)uo())*Ap(t)) dt > —=.
£>0 T 14 T 6/(t) 4
We remark that the growth conditions from Definition BE=ll on the derivatives pouy,
and pov(, are not needed if Ap = 0. Similarly, the growth conditions on vy and vy
are not needed if Ag = 0.
In the case where Aq and Ap have precise asymptotics we have:

Corollary 2.9. Suppose
g g

(2.25) Aq:,ua262(1—|—0(1))a Ap = Va262(1+0(1)>'
Then 11 — E is relatively oscillatory with respect to 1o — E if

L[ w(®)® | (po(t)up(1))? 1
2.2 inf li = 2 t<—=
(2.26) Bo Py /m (“ a0 VT a@)y ) dt <=7
and relatively nonoscillatory with respect to 1o — E if

Lo wo(t)? | (po(t)up (1)) 1
2.27 lim inf — 2 dt > ——.
e ity [ (g - 2R ) -

Clearly the precise asymptotic requirement can be removed by a simple Sturm-type
comparison argument (see Lemma B below).

In the special case where pg, qo, and r are periodic functions, one has a(z) = 1,
B(x) = £x (with the plus sign if F is a lower band edge and the minus sign if F is
an upper band edge) and can take ¢ to be the period.

Then

1 T+l 1 x+4
C=3 / w(®Pdt,  Cy=1 / (po(t)uiy ()%,
are constants and (E=Z) respectively (E=Z8) just read
1
pCq +vCy s Bk
In the special case pp = p1 = 1 we recover Rofe-Beketov’s well-known result [
[ since one can show (see Section H)
[D"(E)|
Co="—p—

for r(x) = 1, where D is the Floquet discriminant. In the special case Ap = 0 we
recover the recent extension by Schmidt [Z].

If po, qo are almost periodic and there exists an almost periodic solution at the
band edge F, then E is an admissible band edge (a(x) = 1, B(x) = +x) after
Lemma 6.5 in [[8]. By taking ¢ — oo in our formulas we recover the oscillation
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criteria by Rofe-Beketov (B8, Thm. 6.12]). In [[9], it is furthermore shown that
if the spectrum of the operator Hy has a band-structure, obeying some growth
condition, then there exist almost periodic solutions at the band edge and a formula
for the critical coupling constant in terms of the band edges is provided.

Clearly, as before we can get a whole scale of criteria:

Theorem 2.10. Fiz n € Ny. Suppose E is an admissible boundary point of the
essential spectrum of Ty, with ug, vo and «, ( as in Definition Eo} Furthermore,
suppose that we have lim,_ o, B(x) = oo and

6/
(2.28) Aq, Ap = O( 252)
Abbreviate
(2.29) Q=7 (quq+ (poug)*Ap) .
Then 11 — E is relatively oscillatory with respect to 1o — E at b if
1
(2.30) ;I>1f 1imsup ( / B)°Q(t)dt — 5(33)2@71(5(33))) <7

and relatively nonoscillatory with respect to 7o — E at b if

£>0 TTo0 )2

(2.31) suphmlnf f)” ( / B(t) dt—ﬂ(x)QQn(ﬁ(x))> > —i.

As a consequence we get:

Corollary 2.11. Let 79 be periodic on (a,00) withr(x) =1 and let n € Ny. Define

/2
" TiprEy
and suppose
1 1
(2.32) qlzqo+uc(Qn L2)+0(L2) P p0+0(L2)

Then 11 — E is relatively oscillatory with respect to 1o — E if

1
2.33 —=
(2.33) p<-7
and relatively nonoscillatory with respect to 1o — E if
(2.34) > !
. I 1

Again the special case n =1 and Ap = 0 is due to [EH. The assumption r(z) =1
can be dropped, but then p. can no longer be expressed in terms of the derivative of
the Floquet discriminant (alternatively one could also choose a(z) = r(z)~/2). A
nonoscillation result similar in spirit to the Hille-Wintner result mentioned earlier
was given by Khrabustovskii [fH].
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3. RELATIVE OSCILLATION THEORY IN A NUTSHELL

The purpose of this section is to provide some further details on relative oscilla-
tion theory and to show how the question of relative (non)oscillation is related to
finiteness of the number of eigenvalues in essential spectral gaps. We refer to [
and [ for further results, proofs, and historical remarks.

Our main object will be the (modified) Wronskian

(3.1) Wa(uo, ur) = uo(x) pr()uy () — po(a)ug(z) ur (v)

of two functions wug, u; and its zeros. Here we think of ug and u; as two solutions
of two different Sturm-Liouville equations 7ju; = Eu; of the type (B).
Under these assumptions W, (ug, u1) is absolutely continuous and satisfies

1 1
(3.2) W/ (uo,u1) = (g1 — qo)uour + (— — —) PoUGPIU, -

Po P1
Next we recall the definition of Priifer variables p,,, 6, of an absolutely continuous
function u:

(3-3) u(x) = pu(x)sin(@u(z)),  pl@)u'(z) = pu(@) cos(fu(x)).

If (u(z),p(x)u'(x)) is never (0,0) and w, pu’ are absolutely continuous, then p, is
positive and 6,, is uniquely determined once a value of 8, (z¢) is chosen by requiring
continuity of 6,,.

Notice that

(3.4) Wa(u,v) = —pu(@)po(2) sin(Ay,u(2)), Apu(z) = 0y(x) = bu(z).

Hence the Wronskian vanishes if and only if the two Priifer angles differ by a
multiple of 7. We take two solutions u;, j = 0,1, of 7ju; = Aju; and associated
Priifer variables p;, ;. We will call the total difference

(3.5) #(c.a)(wo, ur) = [Aro(d) /7] — [Ar0(c)/m] — 1

the number of weighted sign flips in (¢, d), where we have written Ay o(z) = Ay uo
for brevity.

One can interpret # (. a)(uo,u1) as the weighted sign flips of the Wronskian
W (ug, u1), where a sign flip is counted as 41 if go —¢1 and pg — p1 are positive in a
neighborhood of the sign flip, it is counted as —1 if ¢y — ¢1 and py — p1 are negative
in a neighborhood of the sign flip. In the case where the differences vanish or are
of opposite sign are more subtle [, E5].

After these preparations we are now ready for

Definition 3.1. For 7q, 71 possibly singular Sturm-Liouville operators as in (B3
on (a,b), we define

(3.6) #('UJO,'UJl):g%?ic?g#(c,d)(umul) and #(anul):g?blstlp#(c,d)(umul)a

where Tju; = A\jug;, 5 =0,1.
We say that #(uo, u1) exists, if #(uo,u1) = #(uo, u1), and write

(3.7) #(uo, u1) = #(uo, u1) = #(uo, u1).

in this case.
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One can show that #(ug, u1) exists if pg —p1 and go — Ao — ¢1 + A17 have the same
definite sign near the endpoints a and b.

We recall that in classical oscillation theory 7 is called oscillatory if a solution
of Tu = 0 has infinitely many zeros.

Definition 3.2. We call 7y relatively nonoscillatory with respect to 1o, if the quan-
tities #(uo, u1) and #(uo,u1) are finite for all solutions Tju; = 0, j = 0,1. We
call Ty relatively oscillatory with respect to Ty, if one of the quantities #(uo,u1) or

#(uo, u1) is infinite for some solutions Tju; =0, j =0, 1.

It turns out that this definition is in fact independent of the solutions chosen.
Moreover, since a Sturm-type comparison theorem holds for relative oscillation
theory, we have

Lemma 3.3. If 7y is relatively oscillatory with respect to o for p1 < po, 1 < qo
then the same is true for any o with p2 < p1, q2 < q1. Similarly, if 7 is relatively
nonoscillatory with respect to o for p1 < po, q1 < qo then the same is true for any
T2 with pr < p2 < po, ¢1 < g2 < qo-

The connection between this definition and the spectrum is given by:

Theorem 3.4. Let H; be self-adjoint operators associated with 7;, j = 0,1. Then

(i) 70 — Ao is relatively nonoscillatory with respect to 7o — A1 if and only if
dimRan P, »,)(Ho) < .

(ii) Suppose dim Ran P, x,)(Ho) < 0o and 71 — X is relatively nonoscillatory
with respect to 19 — A for one X € [\g, M1]. Then it is relatively nonoscilla-
tory for all X € [Xo, A1] if and only if dim Ran Py, x,)(H1) < co.

For a practical application of this theorem one needs criteria when 71 — A is relatively
nonoscillatory with respect to 79 — A for X inside an essential spectral gap.

Lemma 3.5. Let Hy be bounded from below. Suppose a is reqular (b singular) and
(1) limg—p7(x) " (go(x) — q1(x)) =0, L is bounded near b, and
(ii) limg—pp1(2)po(z)~! = 1.
Then oess(Ho) = 0ess(H1) and 11 — X\ is relatively nonoscillatory with respect to
To — A for every A € R\o¢ss(Hp).
The analogous result holds for a singular and b regular.

4. EFFECTIVE PRUFER ANGLES AND RELATIVE OSCILLATION CRITERIA

As in the previous section, we will consider two Sturm-Liouville operators 7,
j = 0,1, and corresponding self-adjoint operators H;, 7 = 0,1. Now we want to
answer the question, when a boundary point E of the essential spectrum of Hj is an
accumulation point of eigenvalues of H;. By Theorem B2 we need to investigate if
71 — E is relatively oscillatory with respect to 79 — E or not, that is, if the difference
of Priifer angels A g = 6; — 6 is bounded or not.

Hence the first step is to derive an ordinary differential equation for A; g. While
this can easily be done, the result turns out to be not very effective for our pur-
pose. However, since the number of weighted sign flips # ., q4)(uo, u1) is all we are
eventually interested in, any other Priifer angle which gives the same result will be
as good:
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Definition 4.1. We will call a continuous function v a Prifer angle for the Wron-
skian W (ug,u1), if #(c,a)(uo, ur) = [(d)/7] — [b(c)/7| =1 for any c,d € (a,b).

Hence we will try to find a more effective Priifer angle ¢ than A; for the
Wronskian of two solutions. The right choice was found by Rofe-Beketov ][]
(see also the recent monograph [E9]):

Let ug, vg be two linearly independent solutions of (1o —A)u = 0 with W (ug,vg) =
1 and let uy be a solution of (71 — A)u = 0. Define ¢ via

(4.1) W (ug,u1) = —Rsin(1), W (vo,u1) = —Rcos(v).

Since W (ug,u1) and W(vg,u1) cannot vanish simultaneously, ¢ is a well-defined
absolutely continuous function, once one value at some point x is fixed.

Lemma 4.2. The function v defined in (@) is a Prifer angle for the Wronskian
W(’LLO, ul) .

Proof. Since W (ug,u1) = —Rsin(1)) = —puypu, Sin(Aq ) it suffices to show that
¥ = A;p mod 27w at each zero of the Wronskian. Since we can assume 6,, —
Ou, € (0,7) (by W(ug,vg) = 1), this follows by comparing signs of Rcos(y)) =
Puo Puy Sin(9u1 - 0170)' U

Lemma 4.3. Let ug, vy be two linearly independent solutions of (1o — A)u = 0 with
W (ug,vo) = 1 and let uy be a solution of (11 — N)u = 0.

Then the Priifer angle v for the Wronskian W (uo,u1) defined in ([EH) obeys the
differential equation

(42) @' = —Aq(ugcos()) — vy sin(¥))” — Ap(poup cos(v) — povp sin(¥)),

where
1 1
Ap=———, A¢=aq —q.
Po D
Proof. Observe Ry = —W (ug, u1)’ cos(¢) + W (v, u1)" sin(y) and use (B, (@)
O

to evaluate the right-hand side.

Remark 4.4. Special cases of the phase equation (&) have been used in the physics
literature before ([, ). Moreover, ¥ was originally not interpreted as Priifer
angle for Wronskians, but defined via

“3) (pil/) B (ngg pgz(i{)) (ﬁiﬁ}%)) :

Augmenting the definition

Uuo Ul o Vo UuQ 0 —R Sln(1/))
poug  pui)  \povy poug) \1  Reos(s) )’
and taking determinants shows W (ug,u1) = —Rsin(vy). Similarly we obtain W (vg, u1) =
—Rcos(¢) and hence this definition is equivalent to ().

In the case pg = p1 equation (EH) can be interpreted as the Priifer equation of
an associated Sturm-Liouville equation with coeflicients given rather implicitly by
means of a Liouville-type transformation of the independent variable. Hence a
standard oscillation criterion of Hille and Wintner [EA Thm 2.12] can be used.
This is the original strategy by Rofe-Beketov (see [, Sect. 6.3]).
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In fact, using the transformation 1 = tan(v) it is straightforward to check that
) satisfies (BB if 1 satisfies the Riccati equation

2 2
(4.4) ' = —Aq(uo —von)” — Ap(pouy — povgn) .
Hence we obtain

Lemma 4.5. Suppose Ap =0 and Aq > 0. Then 1 is relatively (non)oscillatory
with respect to 1o if and only if the Sturm—Liouville equation associated with

p ! =Aqvd exp(Z/Aquovo) >0, q=—Aquj exp(—2/Aquovo) <0

is (non)oscillatory.

Proof. Making another transformation ¢ = exp(—2 [ Aquovg)n we can eliminate
the linear term to obtain the Riccati equation

§ =g
p

for the logarithmic derivative ¢ = pT“/ of solutions of the above Sturm-Liouville

equation. (I

Clearly, an analogous result holds for the case where Ag =0 and Ap > 0.

Since most oscillation criteria are for the case p = 1, a Liouville-type transfor-
mation is required before they can be applied. Nevertheless, in order to handle the
general case Aq # 0 and Ap # 0 we will use a more direct approach.

Even though equation ([E=H) is rather compact, it is still not well suited for a
direct analysis, since in general uy and vg will have different growth behavior (e.g.,

for 7o = —% we have ug(z) = 1 and vo(z) = x at the boundary of the spectrum).

In order to fix this problem Schmidt [EH] proposed to use yet another Priifer angle
@ given by the Kepler transformation

(4.5) cot(y) = By cot() + B2,

where 1 < 0 and [y are arbitrary absolutely continuous functions. It is straight-
forward to check that there is a unique choice for ¢ such that it is again absolutely
continuous and satisfies L%J =[2]:

(4.6)

Sgn(ﬁl)nﬂa 1/) =nm,

sen(By)n + arccot( cot(W) — B2)), ¥ € (nm, (n+ D),

(p:

where the branch of arccot is chosen to have values in (0,7). The differential
equation for ¢ reads as follows:

Lemma 4.6. Let ug, vy be two linearly independent solutions of (1o — A)u = 0 with
W (ug,vo) =1 and let uy be a solution of (11 — AN)u = 0. Moreover, let /1 < 0 and
B2 be arbitrary absolutely continuous functions.
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Then sgn(B1)p, with ¢ defined in @), is a Prifer angle ¢ for the Wronskian
W (uo,u1) and obeys the differential equation

@' :% sin(ip) cos() + %sinQ(ga)

(47) - % (Bruo cos() — (vo — Batio) sin(p))?

A

= 5y (Bupouy cos(ip) — (povy = Bapouty) sin(2))”
Proof. Rewrite (=) as
sin?iw)Q = —Aq(ug cot(¥) — vo)” — Ap(poul cot() — povh)”.
On the other hand one computes
e = (ot = = (Breotle) + ) = s = B cotle) —

and solving for ¢’ gives (E=3). O

We will mainly be interested in the special case 8, = 2 = 3, where

(4.8) 4 —% (sin®(¢p) + sin(e) cos(p))
~ 8 Aq{uncos(y) = 5 (v — Fuo)sin(p))’

1
= B Ap(pov cos(p) — 5 (ot — Fpouo) sin(p))”.

Note that if 8 < 0 then not ¢, but —¢ is a Priifer angle. However, this choice will
avoid case distinctions later on.

Now we turn to applications of this result. As a warm up we will treat the case
where F is the infimum of the spectrum of Hy and prove Theorem EZ1

Proof of TheoremBE> Since 79— E is nonoscillatory, 7 —F is relatively (non)oscillatory
with respect to 79 — E if and only if 74 — E is (non)oscillatory.

Set 3= 2 = [pylug?dt and p = B — _1 _ Now observe that () reads

uo B 7 pouovo

~

¢’ =p(sin’(p) + sin(p) cos(p) — povguiAqcos®(p)
1
- pOU(%AP(pO% cos(ip) — % Sln(<ﬂ))2)

=p (sin®(p) + sin(y) cos(p) — povg (ugAq + (poug)*Ap) cos?(¢)) + o(p),

where we have used () in the second step. Now use Corollary B=l which is

applicable since p > 0 and [* p(z)dz = [° ﬁg?—g)dm = lim, . log(B(z)) = occ. 0

Now note that Corollary Bl in turn gives us a criterion when the differential equa-
tion for our Priifer angle has bounded solutions:

Lemma 4.7. Fiz some n € Ny, let Q be a locally integrable on (a,b) and suppose
0 < 0 is absolutely continuous with p = % > 0 locally bounded and lim,_; |B(x)| =
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00. Then all solutions of the differential equation

(4.9) ¢ = p (sin®() + sin(y) cos(p) — F2Q cos®(p)) + o

tend to oo if
lim sup L (8(2))? (Q(x) — Qu(B(x))) < —

r—b 4
and are bounded above if

tim i L, (5(2))? (Q(z) ~ Qu(3(x))) > —1.

In the last case all solutions are bounded under the additional assumption @ =

Qn(B) + O(La(B)72).

Proof. The case n = 0 is Lemma Bl and hence we can assume n > 1. By a change
of coordinates y = (3(x) we can reduce the claim to the case f(z) = z (and b = c0).
Now we start by showing that

¢ :i ((1 — Ii—g(i)) sin2(<p) + sin(¢p) cos(p) — x* (Qn + ﬁ) 0052(%7))

x
+of Tn(@) )

has only bounded solutions if A+ B > —1 and only unbounded solutions (tending
to 00) if A+ B < —1. Since the error term o(xL,(z)"2) can be bounded by
ex Ly, (x)2(sin?(¢) + cos?(y)) it suffices to show this for one equation in this class
by an easy sub/super-solution argument: If A + B < —1, then any solution of
one equation with slightly smaller A and B is a sub-solution and hence forces the
solution to go to co. Similarly, If A+ B > —1, then any solution of one equation
with slightly smaller A and B is a sub-solution and any solution of one equation
with slightly larger A and B is a super-solution, which together bound the solutions.

To see the claim for one equation in this class note that unboundedness (bounded-
ness) of solutions is equivalent to 71 = —d?/dz?+Q being relatively (non)oscillatory
with respect to 79 = —d?/dz?. Hence it suffices to choose 81 = x(1 + Axz?L?),
B2 =xand Q = Qn + (A+ B)/(4L2) in (&) and invoke Corollary E=

Finally, the claim from the lemma follows from this result together with another
sub/super-solution argument. O

The special cases n = 0,1 are essentially due to Schmidt (JZI, Prop. 3 and 4]).
With this result, we can now prove Theorem EZ
Proof of Theorem B Set 3 = 22 = [ pylug?dt and Q = poud(udAgq+(poup)2Ap).

’u.[)_

As in the proof of Theorem B2l () reads

: : P
¢ = p (sin®(p) + sin(p) cos(p) — B*Q cos?(p)) + O(W)
and invoking Lemma = finishes the proof (note that 1 and hence also ¢ is always
bounded from below, since 7y is nonoscillatory). g

One might expect that this theorem remains valid if the conditions are not satisfied
pointwise but in some average sense. This is indeed true and can be shown by
taking averages in the differential equation for the Priifer angle. Such an averaging
procedure was first used by Schmidt [P] and further extended in [EH].
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Theorem 4.8. Suppose 79 — E has a positive solution and let ug be a minimal
positive solution. Define vy by d’Alembert’s formula (BB and abbreviate
(4.10)

Q) = pol@)ud (@) (u0(w)*Aq(a) + (o(@)up(@)Ap(@)) . Ble) = 2,

Suppose

B*Q=0(1),  povopoupAp = 0(%(26)) polAp = 0(%(26))

and p = (pouovo) ! satisfies p =o(1) and (B=d).
Then 11 — E is oscillatory if

e Lo(B)? (L (", 2 1

(4.11) él;i(;hﬁsipw (Z/m B(t)"Q(t)dt — B(x) Qn(ﬂ(@)) <72
and nonoscillatory if

o La(B()? (1 — B(y)2 1

(4.12) i;l}ghmrgggfw (Z/m B(t)"Q(t)dt — B(x) Qn(ﬁ(@)) e

Proof. Derive the differential equation for ¢ as in the proof of Theorem B2l and
then take averages using Corollary B2l Observe that the error term is preserved

by monotonicity of %2)2 and (B=3). O
Now we turn to the case above the infimum of the essential spectrum.

Proof of Theorem BE=Z. Observe that ([E) reads

B o . pB3?

"= = (sin + sin(yp) cos(p) — F2Q cos? + 0(7).

¢ = (sin*() + sin(e) cos(p) () IMGE

Average over a length ¢ using Corollary B2 and observe that the error term is
2

preserved by monotonicity of % and (B=8). Now apply Lemma EZ1 O

Corollary 4.9. Suppose

_ P l/m” uo(t)? 3
(4.13) p=olr gk ™ 7| dt—Cq+0(Ln(6)2)
for some £ > 0. Furthermore, assume
_ P 2 g _ g
1) da= o (00+ g G) elam,mm ) v =(arer)
Then 11 — E is relatively oscillatory with respect to 1o — E if
1
4.1 —=
(4.15) p<—7

and relatively nonoscillatory with respect to 1o — E if

1
4.16 -
(4.16) p>—7
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Proof. 1t is sufficient to show that

Lot Bt Blx)? \uw®?, o B(x)
Z/x (Lj(ﬂ(t))z’ - Lj(ﬁ(xW) O?(lﬁ)2 "= O(Ln(ﬁ(x))z’)

1

for 7 = 0,...,n. Since uga™ " is bounded, this follows since by the mean value
theorem and monotonicity of 5 we have

B By B Bla)
LEOP ~ LG < LGP 2 @) "

finishing the proof (note that /Lo (5) = 1 and limg_,oc /L (8) = 0for k > 1). O

sup
tez,z+]

Note that the assumptions hold for periodic operators by choosing ¢ to be the
period. Furthermore, inspection of the proof shows that if |5| — oo, then p =
o(B%L,(8)7?) can be replaced by p = O(3*L,(3)72).

5. APPENDIX: AVERAGING ORDINARY DIFFERENTIAL EQUATIONS

In Section B we have reduced everything to the question if certain ordinary
differential equation have bounded solutions or not. In this appendix we collect the
required results for these ordinary differential equations. The results are mainly
straightforward generalizations of the corresponding results from [EZi]. All proofs
are elementary and we give them for the sake of completeness.

Lemma 5.1. Suppose p(x) > 0 (or p(x) < 0) is not integrable near b. Then the
equation

(1) /(o) = pla) (Asin? plo) + cosp(o)sinpla) + Beos? (o)) +o(p(a)

has only unbounded solutions if 4AB > 1 and only bounded solutions if 4AB < 1.
In the unbounded case we have

A X
(5.2) olz) = (%\/4/13 1 —|—0(1)>/ p(t)dt.
Proof. By a straightforward computation we have

A+ B N V1+(A—-B)?
2 2
for some constant g = ¢o(A4, B). Hence 9(z) = ¢(x) — po satisfies

653 )=o) (252 + TSI contouw) ) +otote)

Asin®(p) + sin(¢) cos(p) + B cos?(p) =

cos(2(¢ — #o))-

If 4AB < 1, we have |A+ B| < /14 (A — B)? from which it follows that the
right-hand side of our differential equation is strictly negative for ¢(z) (mod =)
close to m/2 and strictly positive if ¢(z) (mod 7) close to 0. Hence any solution
remains in such a strip.

If 4AB > 1, we have |A + B| > /14 (A — B)? and thus the right-hand side is
always positive, ' (z) > Cp(z), if A, B > 0 and always negative, ¢'(z) < —Cp(z),
if A, B < 0. Since p is not integrable by assumption, 1 is unbounded.

In order to derive the asymptotics, rewrite (B=l) as

o) = pto) (52 cost(ua)) + S5 s ) +olote)
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where C' = A+ B and D = /1 4 (A — B)?. Now, introduce

¥ (x) = arctan ( g; g tan(1/1(3:))>

and observe |1) — | < 7. Moreover,

9(@) = "D sgn(C + D)VET D7 + ofp(a)).
Hence the claim follows since by assumption 4AB > 1, which implies sgn(C + D) =
sgn(A). O

We will also need the case where A = 1 and B depends on x but not necessarily
converge to a limit as x — b. However, by a simple sub/super-solution argument
we obtain from our lemma

Corollary 5.2. Suppose p(x) > 0 is not integrable near b. Then all solutions of
the equation

(5.4) ¢ = o((sn(p) + sin(i) conl) — Beos’ () ) + o(p)

tend to oo as x — b if B(x) < By for some By with By < —% and are bounded
below if B(x) > By for some By with By > —i.

In addition, we also need to look at averages: Let £ > 0, and denote by

T+l
(5.5) g = [

the average of g over an interval of length /.

Lemma 5.3. Let ¢ obey the equation

(5.6) ¢ () = @) (@) + o(plw)), @ € (a,00),
where f(x) is bounded. If

¢
(5.7) 7 | ota+ 0 = p@)lde = ofp(w)
then
(5.8) #(2) = p(@)F (@) + o(p(a))

Moreover, suppose p(x) = o(1). If f(z) = A(x)g(p(x)), where A(z) is bounded
and g(z) is bounded and Lipschitz continuous, then

(5.9) f(z) = A(x)g(@) +o(1).
Proof. To show the first statement observe

7(r) = AT o) / (1)dt + op(a))

= p@)f(@)+ /m (p(t) = pl(x)) f()dt + o(p(x)).

Now the first claim follows from (B&) since f is bounded. Note that (B=) implies
that the o(p) property is preserved under averaging.
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To see the second, we use

4/A>

=A@+ [ A0) - @)
Since g is Lipschitz we can use the mean value theorem together with

[p(z+1) —@(z)| < C sup p(z+s)
0<s<t
to finish the proof. (I

Condition (B=8) is a strong version of saying that p(z) = p(z)(1 + o(1)) (it is
equivalent to the latter if p is monotone). It will be typically fulfilled if p decreases

(or increases) polynomially (but not exponentially). For example, the condition

p(z+t)
p(z)
We have the next result

— 0.

holds if sup,¢pg 1]

Corollary 5.4. Let ¢ obey the equation

(5.10) o' = p(A sin?(¢) + sin(¢) cos(p) + B c032(<p)> +o(p)

with A, B bounded functions and assume that p = o(1) satisfies (B=B). Then the
averaged function @ obeys the equation

(5.11) P = (Asm (@) + sin(@) cos(@) + B cos? (@ )) + o(p).

Note that in this case ¢ is bounded (above/below) if and only if % is bounded
(above/below). Furthermore, note that if A(z) has a limit, A(z) = Ag + o(1), then
A(z) can be replaced by the limit A.

6. APPENDIX: PERIODIC OPERATORS

We will now suppose that r(x), p(z), and ¢(z) are ¢-periodic functions. The
purpose of this appendix is to recall some basic facts from Floquet theory in order
to compute the critical coupling constant for periodic operators in terms of the
derivative of the Floquet discriminant. A classical reference with further details is
.

Denote by ¢(z, ), s(z,x) a fundamental system of solutions of 7u = zu corre-
sponding to the initial conditions ¢(z,0) = p(0)s'(z,0) = 1, s(z,0) = p(0)'(z,0) =
0. One then calls

_( d=z0 s(z,0)
o M= (a0 seien
the monodromy matrix. Constancy of the Wronskian, W(c(z), s(z)) = 1, implies
det M (z) = 1 and defining the Floquet discriminant by
D(z) = tr(M(2)) = c(z,£) + p(0)s' (2, £),

the eigenvalues py of M are called Floquet multipliers,

z)++/D(2)%2 —4
2 3

(6.2) pi(z) = 2 pi(2)p- () = 1,
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where the branch of the square root is chosen such that |p;(z)] < 1. In particular,
there are two solutions

(63) ui(z,x) = c(z,$)+mi(z)s(z,$),

the Floquet solutions, satisfying

(6.4) (p(ZiZ&§?€)> =r=(2) (p(g)iu(z,(g,) 0)) = () (mil (Z)> '

Here
p+(2) — c(2,0)

are called Weyl m-functions. The Wronskian of w4 and u_ is given by
D(2)?2 —4

(6.6) W(u_ (2), 1y (2)) = my (2) — m_(2) = YPE =4
s(z,0)

The functions u4(z,x) are exponentially decaying as © — +oo if |p4(z)| < 1, that
is, |D(z)| > 2, and are bounded if |p4(2)| = 1, that is, |D(z)| < 2. Note that u4(2)
and u_(z) are linearly independent for |D(z)| # 2. The spectrum of Hy is purely
absolutely continuous and given by

o0

(6.7) o(Ho) = {\ € R| D] < 2} = | [Ezu, Fauy]

n=0
It should be noted that my(z) (and hence also ui(z,x)) are meromorphic in
C\o(Hp) with precisely one of them having a simple pole at the zeros of s(z,¥)
if the zero is in R\o(Hp). If the zero is at a band edge E,, of the spectrum, both
m4 (z) will have a square root type singularity.

Lemma 6.1. For any z € C we have

. ¢
(6.8) D(z) = —s(z,é)/o ut (2, t)u_(z, t)r(t)dt,

where the dot denotes a derivative with respect to z.

Proof. Let u(z,x), v(z,x) be two solutions of 74 = zu, which are differentiable
with respect to z, then integrating (Bl with up = u(z) and u; = v(z1), dividing
by z1 — z and taking z; — z gives

Wi (0(2),u(z)) — Wo(0(2),u(z)) = /f u(z, t)o(z, t)r(t)dt.
Now choose u(z) = u_(z) and v(z) = u4(z) and Oevaluate the Wronskians
Walis (), u—(2) = Woliy (), u_(2)) = i (2)p— ()W (s (2), u_(2)
- —%mu(z), ui(2)
to obtain the formula. O
By (BH) u4+ and u_ are linearly independent away from the band edges E,. At

a band edge E,, we have u_(E,,z) = ui(E,,z) = u(E,,z) and a second linearly
independent solution is given by

$(En,x), W (u(Ey), s(Ep)) = 1.
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Here we assume without loss of generality that s(E,,¢) # 0 (since we are only
interested in open gaps, this can always be achieved by shifting the base point o = 0
if necessary). It is easy to check that s(E,,z+£) = 0,5(En, x) + s(En, O)u(Ey, ©),
where 0, = pi(E,) = sgn(D(E,)). In particular, s(E,, z) is of the form

OnS(En, )

1

and thus u(Ey, x), s(Ey, x) satisfy the requirements of Definition B with o(z) = 1
and B(x) = sgn(D(E,))s(En, )¢~ z. Observe that S(x) > 0 for an upper band
edge Fa,, and B(x) < 0 for a lower band edge E2,,+1. Moreover, note that at the
bottom of the spectrum s(Fy, x) is just the second solution computed from u(Ey, )
by virtue of d’Alembert’s formula (&). Setting

$(En,x) = 8(E,, x) + zu(En, x), $(En,x+ L) = 0n8(En,x)

|s(En, 0)| ¢

7 u(E,, ), vo(z) = mS(me)

ug(z) =

we have B3(z) = sgn(D(E,)s(E,,f))z and (! foe uo(t)?r(t)dt = ¢~2|D(E,)| by
Lemma B2
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