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LIMIT THEOREMS FOR LOCALLY PERTURBED PLANAR
LORENTZ PROCESSES

DMITRY DOLGOPYAT, DOMOKOS SZASZ, TAMAS VARJU

ABSTRACT. Let us modify the scatterer configuration of a planar,
finite-horizon Lorentz process in a bounded domain. Sinai asked
in 1981 whether for the diffusively scaled variant of the modi-
fied process convergence to Brownian motion still holds. The
main result of the work answers Sinai’s question in the affirma-
tive. Other types of local perturbations are also investigated: fi-
nite horizon periodic Lorentz process in the half strip or in the
half plane (in these models the local perturbation is the bound-
ary condition) and finite horizon, periodic Lorentz process with
a small, compactly supported external field in the strip. The cor-
responding limiting processes are Brownian motions with suit-
able boundary conditions and the skew Brownian motion on the
line. The proofs combine Stroock-Varadhan’s martingale method
([SV 71]) with our recent work ([DSzV 07]).

1. INTRODUCTION.

In this paper we consider systems which look like the periodic
Lorentz process on a large part of the plane. Recall that the planar,
periodic Lorentz process is the dynamics of a point particle moving
in the plane with periodically situated, disjoint, convex scatterers re-
moved. The motion of the particle is uniform with specular (i. e. op-
tical) collisions at the scatterers. Throughout the paper we assume
that the horizon is finite that is any ray intersects at least one scatterer
(and then, in fact, infinitely many of them). We shall use the abbre-
viation FHLP for the finite horizon Lorentz process. The statistical
properties of the periodic FHLP are well understood since it is noth-
ing but a Z?-extension of a finite horizon Sinai billiard given on the
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two-torus. Therefore the study of statistical properties of the FHLP is
intertwined with those of Sinai billiards. Ergodicity of Sinai billiards
was established in [S 70], the Central Limit Theorem and stretched
exponential decay of correlations are proven in [BS 81, BSCh 91]. Ex-
ponential mixing was proven in [Y 98]. Other results include the
local limit Theorem ([SzV 04]) and the almost sure invariance prin-
ciple ([MN 07]). Finally, the fine recurrence properties of the FHLP
studied in a companion paper [DSzV 07] also play an important role
in our analysis.

In physics literature it is often taken for granted that the Central
Limit Theorem proven for the infinite system remains valid for large
tinite systems once appropriate boundary conditions are imposed.
However, up to now there was no rigorous results in this direc-
tion, since the main technical tool: projection to a compact system
is not available. The goal of this paper is to develop new tools which
would allow to extend the results proved for periodic systems to sys-
tems which look periodic only locally on an appropriate mesoscale.
Of course it is impossible to describe the most general system of this
type. Our goal is to illustrate various difficulties appearing in treat-
ing various local perturbations and to introduce techniques to over-
come these difficulties. In this paper we give four examples of our
technique: finite modifications of the Lorentz process, Lorentz pro-
cess in a half strip, Lorentz process in external field, and Lorentz
process in a half plane. The methods developed in this paper have
already been used in [ChD 08b] to describe the motion of a particle
in a Galton board. Let us mention other possible applications of our
results refereeing the readers to our surveys [ChD 06, D 08, Sz 08] for
more details.

e Several recent works discuss the derivation of the Fourier Law
for heat transport from the local dynamics (see [EY 06] and refer-
ences wherein). The methods of our paper could be useful for to treat
non-interacting particles with stochastic boundary conditions. How-
ever a more realistic model should allow the interaction between
particles. In the Boltzmann—-Grad regime when the interactions are
rare the particles move independently most of the time so one could
hope that the methods of our paper can be useful to take care of the
interactions.

e Several papers study boundary induced transport (that is the
direction of the particle motion and shape of the boundary) in the
context of diffusion process [F96, P 08]. For the mechanical sys-
tems much less is known (the first step in this direction was made
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in [ChD 08a]) and we hope that the methods of our paper can be
helpful here.

e Recently there was a significant progress in the study of random
walk in random environment ([Z 04, Z 06]). By contrast not much is
known about random Lorentz gas. While this problem still appears
to be out of reach of current techniques our paper which proves first
CLT for an aperiodic system could be helpful in attacking this prob-
lem.

Let us formulate our results. For didactic reasons we formulate
theorems in order of increasing difficulty of the proof. In particular
in the proofs of Theorems 1 and 2 we use some estimates which are
non-optimal and which are improved in the latter sections. However
we do it in order to, first, make the proofs of Theorems 1 and 2 more
accessible and, second, show what kind of estimates suffice for the
proof of each result.

For definiteness, denote by a) Q = U;2; O; the configuration space
of the Lorentz process, where the closed sets O; are pairwise dis-
joint, strictly convex with C3—smooth boundaries; b)by Q = Q x S
its phase space (where S is the semicircle of outgoing unit veloc-
ities); ¢) by T : 0 — Q) its discrete time mapping (the Poincaré
section map) and finally d) by u the T-invariant (infinite) Liouville-
measure on () (in fact, it is the projection of the Liouville measure
to the collision space). If the scatterer configuration {O;}; is Z2-
periodic, then the corresponding dynamical system will be denoted
by (Qper = Qper X S+, Tper, ,uper) and it makes sense to factorise it by
Z? to obtain a Sinai billiard (Qg = Qo X S+, To, #o). (We note that
in theorems 2 and 3 we will factorise wrt Z.) The natural projection
() — Q (and analogously for ()., and for ()p) will be denoted by 7z,.

In our first theorem Q = Qper outside a bounded domain. Select
an initial point x9 = (qo,v9) € Q according to a compactly sup-
ported probability measure ji(g), absolutely continuous with respect
to the Liouville measure p. Then {T"xg = (qu,vn)|n € Z} is the
Lorentz trajectory and the resulting configuration process {g,|n >
0} will be called a finite modification of the FHLP. (For simplicity we
can assume that the unit is chosen so that /(o) is supported inside
the unit torus and, moreover, Q = Qper outside the unit torus.)

Definition 1. Assume {g, € R%|n > 0} is a random trajectory where
d = 2 or 1. Then its diffusively scaled variant € C[0,1] (or € C[0,00])

is defined as follows: for N € Z denote Wy(%) = \/q_]N (0<j<
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FIGURE 1. A 305 collisions trajectory segment in the
tinite modification of the FHLP (it is easily seen that,
outside a bounded domain, the dark scatterers form a
periodic configuration of scatterers)

N or j € Z4) and define otherwise Wy (t)(t € [0,1] or Ry) as its
piecewise linear, continuous extension.

By general theory, having shown the validity of our results in C[0,1]
(always weak convergence!) their truth in C[0, o] is straightforward
[SV 06].

Theorem 1. For finite modifications of the FHLP, as N — oo, Wy (t) =
W2 (t) (weak convergence in C[0, c0]), where W 2 (t) is the Brownian Mo-
tion with the non-degenerate covariance matrix 0. The limiting covariance
matrix coincides with that for the unmodified periodic Lorentz process.
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The result of the previous theorem was conjectured by Sinai in
1981 (oral communication). (It had been tested for random walks
with local impurities in [SzT 81].)

For the next two results we consider a FHLP in a horizontal strip
R x [0,1] (or in the half strip Ry x [0,1]). That is we study a peri-
odic configuration of the disjoint convex scatterers in the strip such
that any billiard trajectory intersects one of the obstacles. The nota-
tions we have introduced above have their natural analogues so for
simplicity we do not repeat them here. By introducing coordinates
(z1,z2) in the strip where z; € Rand z; € [0,1], g1 = (21, 22n) Will
be the position of the particle after n reflections.

In the next theorem we consider the half strip Ry x [0,1]. The
specular reflection at the vertical boundary piece z; = 0 will play
the role of the local perturbation (the result is valid independently of
whether we permit some scatterers to intersect this piece or not only
if we exclude the tangency of boundary pieces; in any case, apart
from the O-th cell the scatterer configuration is periodic).

Theorem 2. Consider a FHLP {z1 , },>0 in a half strip and let W (t) €
R Ve its diffusively scaled variant. Then, as N — oo, W (t) converges
weakly to a non-degenerate Brownian motion reflected at 0.

Next we consider a particle in a whole strip in the presence of a
compactly supported thermostatted field. Namely we assume that
between the collisions the motion of the particle is given by

(1) v=E(q)— %v.

FIGURE 2. A 94 collisions trajectory segment of a
FHLP in the presence of a compactly supported exter-
nal field (whose strength is the function illustrated on
top of the figure; observe that, outside a bounded in-
terval, the orbits are linear)
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Theorem 3. Consider a FHLP {z1 , }n>0 in the strip in the presence of a
small and compactly supported external field E and let Wy (t) € R be its
diffusively scaled variant. Then, as N — oo, Wy (t) converges weakly to a
skew Brownian motion.

Recall that the skew Brownian Motion is a process ¢(t) such that
|¢(#)] has the same distribution as the absolute value of usual Brow-
nian Motion and its excursions are positive with probability p inde-
pendently of each other. (An excursion is a segment of the process,
which starts and ends at zero, but the process is never zero in be-
tween. Brownian, and also skew Brownian trajectories can be de-
composed to excursions.) Thus for p = 1 (p = 0) we get reflected
Brownian motion of R (respectively R_) and for p = 1/2 we have
the standard Brownian Motion. The formal definition of the skew
Brownian Motion is given in subsection 2.5 and its properties are
described in [HSh 81].

The object of our last result is a FHLP in the half plane {z; > 0}
with specular reflections at the vertical line z; = 0. In this case we
delete all scatterers intersecting the vertical axis z; = 0, so for the
resulting configuration space actually there are rays that do not in-
tersect any scatterer (they are situated close to the vertical axis). Nev-
ertheless, their existence — at least in the horizontal direction — only
means a local perturbation and, as we will show, the limit is again a
(reflected) Brownian motion.

Theorem 4. Consider the diffusively scaled variant Wy (t) € Ry x Rofa
FHLP {qy}n>0 in a half plane zy > 0. Then, as N — oo, Wy () converges
weakly to a non-degenerate Brownian motion reflected at the zy-axis.

Theorem 5. Theorems 1—4 remain valid for continuous time.

2. PRELIMINARIES

In this section notions and theorems are collected, which later will
be used or referred to. We also note that we will throughout use
notions and results from our companion paper [DSzV 07]. For the
correspondence of the notations of that work and of the present one,
let us define the free flight vector x : Q — R as follows: for x € Q
let x(x) = ;T (x)) — 714(x). Then for x € () we define

n—1

2) Su(x) = Y x(T(x)).

k=0
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There is also a natural projection Qe (Qper, Tper, tper) — (Qo, To, Ho)-
Consequently for x € ()y we can also denote x(x) = K(ﬂalw (x)) and

n—1

(3) Su(x) = Y k(T5(x)).
k=0

For later reference we denote

(4) Ky = max |x(x)].
xeQ)

2.1. Hyperbolicity of the billiard map. For definiteness, let Qp =
Ule O; where the closed sets O; are pairwise disjoint, strictly con-
vex with C3—smooth boundaries. In Q) it is convenient to use the
product coordinates. Recall that

Qo = {x=(9,9)[9 € Qo, (v,n) > 0}

where (-, -) denotes scalar product, and # is the outer normal in the
collision point. Traditionally for g one uses the arclength parame-
ter and for the velocity the angle ¢ = arccos (v,n) € [—m/2,71/2].
In these coordinates the invariant measure is given by the density
% cos ¢ dq d¢p, where | is the overall perimeter of the scatterers. From
our assumptions it follows that 0 < min |x| < max |x| < oco.

For our billiards there is a natural DTy-invariant field C¥ of un-
stable cones (and dually also a field C; of stable ones) of the form
c1 < Z—? < ¢ (or —cp < Z—? < —cj respectively) where 0 < ¢; < ¢
are suitable constants.

A connected smooth curve v C () is called an unstable curve (or a
stable curve) if at every point x € 7 the tangent space 7,y belongs to
the unstable cone C¥ (or the stable cone C; respectively).

For an unstable curve 7 (or a stable one) and for any x € 7y denote
by J,T{ (x) = ||Dx Ty (dx)||/||dx||, dx € Ty the Jacobian of the map
Ty at the point x. Then the hyperbolicity of the dynamics means that
there are constants A > 1 and C > 0 depending on the dynamics,
only, such that for any unstable (or stable) curve 7y and every x € 7y
and every n > 1 one has J,T}(x) > CA" (or J,T,"(x) > CA"
respectively).

2.2. Standard pairs. Let us start with a heuristic introduction. Sinai’s
classical billiard philosophy [S 70] reacts to the fact that dispersing
billiards are hyperbolic (a nice property) but at the same time they
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are singular dynamical systems (an unpleasant property). Neverthe-
less smooth pieces of unstable (and of stable) invariant manifolds do
exist for expansion prevails partitioning by singularities.

Though dispersing billiards are manifestly hyperbolic, they are
not only singular but, added to that, close to the singularities the
derivative of the map also explodes. This circumstance is the most
unpleasant when one aims at proving the distortion estimates, basic
for the techniques. To cope with this difficulty [BSCh 91] introduced
the idea of surrounding the singularities with a countable number of
extremely narrow, so-called homogeneity strips, roughly parallel to the
singularities. In these strips the derivative of the map can be large,
but oscillates very little; this fact makes it possible to nevertheless
establish the necessary distortion estimates. The boundaries of these
homogeneity strips are handled as further singularities (causing fur-
ther partitioning). These artificial singularities are called secondary
ones in contrast to the primary singularities (in our case only tangen-
cies). The definition of homogeneity strips depends on a parameter
denoted usually ko. The larger kg is, the smaller the neighbourhood
of (primary) singularities is where one introduces the homogeneity
strips. In certain bounds (e. g. in the growth lemmas) kg should be
selected sufficiently large.

Let us now give precise definitions. For k > kg let

Hy = {(q,¢): g—k*z <¢< g_ (k+1)72},

T T _
Ho={(g9): 5 —k2<—p<2—(k+1)72},
T T
Ho={(2.0): ~(3 — k) <9< 3 -k

Take L1,L; > 1 and 6 < 1 sufficiently close to 1.

An unstable curve is weakly homogeneous if it does not intersect any
singularity (i. e. neither primary nor secondary one).

A weakly homogeneous unstable curve vy is homogeneous if it sat-
isfies the distortion bound

log JyTo(x) _,  d(xy)

X,y e
log JyTo(y) — 1length2/3(’y) yET
and the curvature bound
N d(x,y)
Z(y(x), <[;j——27 X,y €
(7(x), ¥(y)) Nength?3(7) yEY

We observe that if the C2 norm of v is bounded and 7 is long in
the sense that either length(y) > Jp for some fixed constant &y or 7y
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crosses a whole homogeneity strip, then < satisfies both the distor-
tion and the curvature bounds.

Let s*(x,y) be the first positive time, such that T5(x) and Tj(y)
are separated by a singularity. We use this notion for points on a
curve, meaning that s™ is the largest positive number, such that for
any j < sT, the segment of the curve connecting x and y does not
intersect the jth preimage of the singularity set.

A probability density p on a homogeneous unstable curve 7 is
called a homogeneous density if it satisfies the density bound

| log p(x) — log p(y)| < Lo6° ).

We will call the connected homogeneous components of an un-
stable (stable) curve the H-components of the curve. Given y we let
Yn(x) be the largest subcurve of T}y containing Tjx and such that
T, "vn(x) does not contain singularities of T}

A standard pair is a pair ¢ = (y, p) where 7 is a homogeneous curve
and p is a homogeneous density on 7.

Given a standard pair and a measurable A : () — R and a subset
G C Oy we write

E/(A) = A A(x)p(x)dx, Py(G) = E,(1g)

and length(¢) = length(y). Lebesgue measure on ¢ is denoted by
mesy

In this work the precise definition of the standard pairs is not im-
portant but we shall take advantage of their invariance and equidis-
tribution properties listed below.

2.3. Properties of standard pairs. The fundamental tool used in our
work is the so-called growth lemma. While hyperbolicity of Sinai
billiards means that infinitesimal trajectories diverge exponentially
fast, the growth lemma says that the exponential divergence also
holds for most trajectories which are sufficiently close to each other.

We give two formulations of the growth lemma. The first and
more traditional one (statements (a) and (b) below) deals with curves
while the second formulation (statements (c) and (d) below) deals
with standard pairs. Let () denote the phase space of one of the sys-
tems appearing in Theorems 1-4.

Let v be a homogeneous curve and for n > 1 and x € 7 let r,(x)
denote the distance of the point Tj(x) from the nearest boundary
point of the H-component 7, (x) containing T§ (x).

Proposition 1. (Growth lemma). If kg is sufficiently large, then
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(a) there are constants By € (0,1) and B > 0 such that for any e > 0
and anyn > 1
mesy(x: ry(x) <€) < (B1A)"mes(x: rg < e/A") + Bae

(b) there are constants B3, Bs > 0, such that ifn > B3| loglength(vy)|,
then for any e > 0 and any n > 1 one has

mes;(x: r(x) <€) < By
(c) If £ = (v, p) is a standard pair, then
E/(AoTy) =) cankEy, (A)

where cun > 0, Yo can = 1 and Loy = (Yan, Pan) are standard
pairs where Yun = Yn(Xy) for some xo € 7y and puy is the pushfor-
ward of p up to a multiplicative factor.

(d) If n > Bs|loglength(¢)|, then

Z Can < ,348-
length(£sy, ) <€
(e) For any B3|log(length(¢)| < n1 < ny we have

IPy( max rj(x) < dp) < Constfg? ™
j€lnma]

for some Bs € (0,1).
Parts (a), (b). The restatement in terms of the standard pairs is
taken from [ChD 07]. For part (e) see (e.g [ChD 07], Lemma 3.10).

In order to apply standard pairs to the problem at hand, observe
that the Liouville measure can be decomposed as follows

© po(4) = [ By, (A)doa)
where ¢ is a factor measure such that
(6) o(length(¢y) < €) < Const ¢.

We shall call measures satisfying (5) and (6) admissible measures.

In the sequel we are still considering billiards (g, To, #o) and func-
tions A : Oy — R?, most frequently with d = 2. Let us introduce
the space of functions (over (Q, Ty, jt9)) we are to consider. Take
6 < 1 close to 1. Let s(x,y) be the smallest n such that either T} x
and T)'y or T, "x and T, "y are separated by a singularity. Define the
dynamical Holder space of functions A : (39 — R

H={A:|A(x)— A(y)| < Const §°*¥)}.



LIMIT THEOREMS FOR PERTURBED LORENTZ PROCESSES 11

Let A" (x) = Y7 L A(T)x).
The next proposmon is a slight variation on well known results
(cf. [BS 81, BSCh 91, Ch 06, ChD 07, Y 98]). See Appendix A.

Proposition 2. Let ¢ be a standard pair, A € 'H and, for statements (a),
(b) and (d), take n such that | loglength ()| < n'/?=2. Then the following
statements hold true:
(a) There exist constants C1,Co > 0 and 0 < 1 such that if n >
Cyloglength(¢) then
‘]Eg(A o Tg) — /Ad‘uo < C2 0"

(b) Let A, B € 'H have zero mean. Then
E((AWB®) = nD 4 +O(| log? length(£)])

where
Dap = Z /A 0X)dpo(x).
]—700

(c) Let x be distributed according to ¢ and w,(t) be defined by

~()-3

with linear interpolation in between. (S; is the notation for partial sums of
the free path from the beginning of Section 2). Then, as n — oo, w; con-
verges weakly (in C([0,1] — R?) to the 2 dimensional Brownian Motion
with zero mean and covariance matrix o given by

Tab = Ho(*oakop) + 2 Z 1o (Koaknp)
j=1

where x,;, denote the b-th component of vector .
(d) There exists positive constants cq,co such that for every n and R

satisfying 1 < R < n'/®~% we have

P, (|A® — /Ad;t0| > RVi) < cre @R,

(e) There exists positive constants €1, C such that for every n and R satis-
fying1 < R < n'/®=% we have

P, (max|A0) —j/Ad;t0| > Ry/n) < e 2R,

]<
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2.4. Tail of return times. The study of the return time to a given
scatterer for FHLP plays an important role in our analysis. In this
subsection we present the estimates needed in our arguments. The
proofs which are slight extensions of the results of [DSzV 07] are
given in the Appendix B. Introduce the following notation: for a
standard pair £ = (-y,p) let [¢] denote an index m € Z? such that
7147y intersects the m-th cell of the configuration space. (If this defini-
tion is not unique, then choose any index with this property.) Fix a
small 69 > 0.

Lemma 3. (a) Consider planar FHLP. Fix a scatterer S and let I be a finite
set of scatterers. Then there exist constants C = C(Card(T')) > 0,kg =
ko(Card(T")), & such that for any standard pair € such that T,y NS # @,
length(¢) > &y we have

P, <qj g(SUF)forj:ko...n) > logf 1

(b) For a FHLP in a strip or half cylinder the following is true: for any
standard pair ¢ such that length(¢) > 6y we have

Py (Card(j < n:qj € S) < ko and q; does not visit the vertical boundary for j < n) >

il

(c) For a FHLP in a strip or half cylinder the following is true: for any
standard pair ¢ such that length(¢) > 69 we have

(7) Py(Card(j <n:q; €S) <ko, maxj<y|q;|>Kvn

. C

and q; does not visit the vertical boundary forj < n) < N
2.5. Martingale problems. All limiting processes considered in this
paper behave like the Brownian Motion with a specified boundary
condition. Therefore these limiting processes are characterised by
the fact that

1 ot
8) PW() =5 [ X wDap(W(s))ds
ab=1,2

is a martingale for a set of the functions dense in the domain of the
generator of the corresponding process (here D,;, denotes partial de-
rivative wrt coordinates a and b whereas Ugb denotes the covariance
of the Brownian motion in question). Therefore, for showing the
convergence of a sequence of stochastic processes to such a Brow-
nian Motion, by general theory (cf. [SV 71], [SV 06]) it suffices to
show that the limiting process W (t) of any convergent subsequence
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of the processes in question (8) is a martingale for the suitable class
of functions. In fact, these classes of functions are the following:
e BM in IR? : C? functions of compact support (Theorem 1);
e BM in a half line: C? functions of compact support satisfying
%(0) = 0 (Theorem 2);
e skew BM: continuous functions of compact support which
admit C? extensions to (—o0,0] and [0, o) such that

¢'(0) = a¢ (0)
where a is the skewness parameter (Theorem 3). The mean-
ing of the constant a is the following: if we start the skew
Brownian Motion from 0 then P(W(t) > 0) = ﬁ ;
e reflected BM in a half plane x; > 0 : C2 functions of compact
support satisfying 57(’;(0, x3) = 0 (Theorem 4).

3. PROOF OF THEOREM 1. TIGHTNESS.

Since any probability measure, absolutely continuous with respect
to the Liouville measure is admissible in the sense of equations (5)
and (6), it suffices to prove Theorem 1 in case the initial conditions
are distributed according to some IP,.

We begin the proof with the following result.

Lemma 4. Let ¢ be a standard pair, and the initial point be distributed
according to £. Then Wy (t) is tight in C[0, 1].

Proof. It is sufficient to show that for any standard pair ¢, for suitable
constants Cq, C; and for N > Nj sufficiently large, for any n > 1 one
has

©)
m m—+1 1
max ]Pg (‘WN <2—n> - WN ( o )‘ 2 W) S Cl eXp—(szn/‘l).

0<m<2" -1

Indeed, for any givene, i1 > 0, by selecting ng to satisfy .~ 274 <
egand } >, C1 exp(—Cp2"*) < 1 one can easily bound the modu-
lus of continuity wy, (J) for suitable 6 < 2}, 27" by using the
convergence — uniform in N > Ny — of the series

m m-+1 1
: (3)- >
T max Wy (55) - (5 )| = 39
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(cf. [B 68], Theorem 8.2). Further, the event in (9) can be rewritten as

(10) |qm2 - l]m1| > \/EL

1)N _
where my = ¥, m, = (m;n) ,mo=my—my = &, L = 2"4

(Important note: in the whole paper we pretend as if variables like
my,my, M, etc. were integers, though typically they are not; it is easy
to see that the deviations are negligible whereas keeping track of the
precise error terms would hinder perspicuity of ideas.)

Since

|qm2 - qm1| < Kori,
(10) is only possible if

1
(11) m > FZ”/Q or in other words N > K;223”/2.
2
(Observe that, by the last inequality, for any given N the event in
(9) can only hold for a finite number of n’s.) Let T be the first time
my < T < mp such that

L
|QT| > Z\/a—i‘l

(if there is no such time before m, we put T = my). Based upon
our previous argument the very last inequality can only hold if T >

1 I<2 T —12"/2_ This inequality ensures that, however short the length of ¢

be T is arbitrary large if n is large. Consequently, Propositions 1(d)
and 2(d) will be applicable.
By the definition of T and by (10), the event in (9) implies that

L
(12) SUp gk — qel = Vi
0<k<rm

Consider the Markov decomposition

E/(AoT") Zc,x]Ega

Since T — my < 11, Proposition 1(d) implies that for any ¢ slightly
larger than ¢

¢y < Const.m exp (_m1/275)

log |length (¢, )|>m1/2—9

< Const.exp (—i"/279).

Since (12) depends only on the unmodified part of the system, we
can apply Proposition 2(e) to each & with log |length(¢,)| < m!'/>~°
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to obtain
L _ n
Py < sup |qrik — qc| = VM2 — m1> < Cpe @
0<k<r

as claimed. Indeed, the condition of Proposition 2(e) is not directly
applicable to the value %. However, for bounding

L
P > 2\
¢ (rkrgwwk gl = m)

it is sufficient to estimate a larger expression by also using (11) as
follows

1
Py (ma_x |9rsk — q<| = m”vm)
k<m

1-2
- N 3
exp <—n‘11/2*‘5) + exp <—cz (2_”) )

where C; > 0 is suitably small. The last inequality provides the
sufficient bound.

<(C < Ciexp <—C22%)

O

4. PROOF OF THEOREM 1. MARTINGALE PROBLEM.

Here we finish the proof of Theorem 1. Recall that we are assum-
ing that initial conditions are distributed according to some ;.

Proof. Let ¢ be a smooth function of compact support. Denote n =
Nt and choose a small « > 0. Let L = N* Let m, = pL+2z (p €
Z.. )where z will be chosen later. Denote

Aj = gji1 — ;.
qmp+1 B %
d ( VN ) d (m)

S (op() ) T L (g () aya ) rorun
- =\ PP 7<) A D A, A; ) +O(LN-3/2).
j=mp+1 N< 4)( N ! +2j—n1zp:+1N ¢ VN 7= + ( )

Next for m, <j < myq

We have
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Hence
a (") (e) = mZ oo () )

1 Mp41 < ) (qm ) "y 1

- D¢ ( —L )A',A'>+ <D2<p( A )Ak,A'>

2 = n%Jrl VN ) mp1Z<:k<j N :
+O(L*N/%).

We now consider the Markov decomposition

1

N

Bi(A0T™) = L, (Ao T4/ = T + 7,

where A = ¢ <i’}%) —¢ <i’}"]3]) 7, is the sum over a such that |qm L=

KL and 75 is the sum over a such that |qmp71| < KL. To estimate 77
split it 7/ + 7,” where 7/ contains as with length(¢,) > N~1%. Since
in any case the LHS of (13) is O(L/+/N)

Tlll — O(L/N100.5)

by the Growth Lemma.
Decomposing 7/ = Ty, + Ty, + O(L2N~3/2) according to the lines
in (13) we get

L
(14) Tis = O (Lfﬁ)

Indeed, Dcp( ) varies little on each ¢,. Namely it can be approx-

imated by a constant with error O(6%). Since Ag has zero mean (14)
follows by Proposition 2(a) (the factor of L comes since there are L
terms).

To estimate 77, we first observe that by the argument used to
prove (14) we can bound for the contribution of each k, j to 7y, by

O <%) . This shows that the total contribution of terms with k < m p

is O(%) To estimate the contribution of the remaining terms we can
use Proposition 2(b) to obtain

L 2 [ Amp1) o
zbzﬁ?aw(;ﬁ)%
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Finally, since the summand in 7; is O(L/+/N), we have
Const L

|;Tz(r')| =< TN ;H’e(|qmp1| < KL).

The last sum can be rewritten as follows
Const L

N Y E/(Card(p: qm, , €5))

S

where the sum is taken over all scatterers within distance KL from
the origin. Now we choose z so that the last sum is not more than its
average over z, thus

;Ee(Card(P tqm,_; € S))

< =) E/(Card(j: g € S)) < Const Lmsax]Eg(Card(j g, €5))

S

since there are O((KL)?) scatterers within distance O(L) from the
origin.

il

Lemma 5. There is a constant K such that for all S
E/(Card(j < n:q; €S)) <Klog'** N
where ¢ is the constant from Lemma 3.
Lemma 5 implies that
[?log' ™ N
VN

Thus if W(t) is a limit point of Wy (), then taking the limit in (13)
we get

1s) E <¢<w<t>> — p(W ZD ubds> =0,

— 0.

|2 E¢(T2(p))| < Const
p

A similar computation shows that if ¢ ..., are smooth functions,
then for any s; <sy...s, < t; < t; we have

i

proving Theorem 1. O

P(W(t)) — ¢(W(0)) 2 ZDﬁbfP %zde]HIPj(W
i i

It remains to establish Lemma 5.

s))>:0
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Proof of Lemma 5. Define two sequences m; and n; as follows. Let
mp = 0 and let 1y be the first time after m;_; such that r, _(x) > do.
Let my be the first time after n, when g, € S. Then by the Growth
Lemma we can find K so large that

(16) ]Pg(l;{l’;al\)]((nk - mk*l) 2 Klog N) S W

Using Lemma 3(a) (with I' being the modified part) we get induc-
tively

b

C
17 P —m) <N)< [1- .
(17) e(max(rmy —ny) < )_< loggN>

Let T be the first time when m; — n > N. (not visit S for n steps in a
row). Then (17) implies that
[E,(7) < Const log® N.
Since
Card(j <n:q; €S) < Ktlog N + Nlpay _\ (n,—my_1)>Klog N

the lemma follows from (16). O

5. PROOF OF THEOREM 2.

The proof of Theorem 2 is similar to the proof of Theorem 1 except
that now Lemma 3(b) has to be used instead of Lemma 3(a). Ac-
cordingly the claim of Lemma 3 the equation (5) has to be replaced

by
(18) E/(Card(j <n:q;€5)) < Kv/Nlog N

which is much worse than (5). However now we want to establish
(15) not for all functions but only for the functions in the domain
of the reflected Brownian Motion, that is for functions satisfying
¢'(0) = 0. Accordingly |¢’ (\/q_]N” < Const \‘j—%. Important conven-
tion: for simplicity of notation in what follows g; as an argument of
the function ¢ will always denote the horizontal component of the

vector ;. Thus if |qm,, | < KL then

¢ (%)‘ < Const\/iﬁam1 “P (q\n;%l) ¢ (%)‘ - C%z
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Therefore we can estimate
L2\ .
LRI <0 )min L Ei(Card(p: g, € 5))
p S:|g| <KL
The last sum is less than its average over z, namely,

L Y Ei(Card(j: g € 5)) < 1O(L)O(VNlog N)
S:|g|<KL

where the second factor is due to the fact that there are O(L) scatter-
ers satisfying |g| < KL. Thus

;%(P)‘ZO(H%N)

and the result follows.

6. FIRST RETURN MAPS. STATEMENTS

The difference between Theorems 1-2 and Theorems 3—4 is that for
the former ones the terms with [g,;,| < KL can be estimated by their
absolute values whereas for the later theorems this is not the case.
For example, in Theorem 3 the skewness parameter a should be cho-
sen carefully to make ), 75(p) — 0. Therefore the rough estimates
like (18) are not enough for Theorems 3—4. Below we introduce some
improvements based on a careful study of the first return maps. The
proofs are given in Appendices C and D.

In the theorems below (Q), f, ) will either be the Lorentz pro-
cess in the strip in the presence of an external field (Theorem 3) or
the Lorentz process in the half cylinder obtained by factorising the
Lorentz process in the half plane over its group of (vertical) transla-
tional symmetries (Theorem 4).

For a fixed scatterer S = 90 let Tisy: Sx 54+ — Sx 54 be the first
return map to the scatterer S. A different notation: Ty be the first
return map to M) := 7 (Qn{|x| <L}).

Let V,,(L) denote the number of visits of the Lorentz dynamics to
M) up to time n.

Theorem 6. (a) T|s) satisfies the assumptions of [Y 98]. In particular, T(s)
is exponentially mixing.
(b) There are constants C, & such that for any S and for any 6 > 0

E; (Card(j <n:qj€S,rj(x) <)) <C <\/ﬁ(51/3| log 6| +loglength(£))
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Theorem 7. (a) Tjy) has an SRB measure v (for the cylinder case vy is
the Liouville measure but in the presence of the field the existence of the SRB
measure is a non-trivial statement). The mixing properties of (Tir), vr))
can be summarised as follows.

Let A be dynamical Holder function on My such that

/Adl/m =0.

Then there are constants C,c, p such that for any standard pair ¢ and for
any n > C|loglength(¢)| we have

EaoTi)| <cllal(1-5)"

(b) The family { ‘2”\(/%) } is uniformly integrable (both in n and L).
(c) For any A such that ||Al||e < 1, for any n > Const || A||y and for
any fixed 5 > 0 there exist positive constants C,c such that for arbitrary

R < 11679 we have

n—1 .
]Pg < Z(:) A(Tfux) — I’ZV[L}(A)

]
Now we describe the modifications needed to prove Theorem 3.
In this case the domain of the generator consists of functions such
that that ¢ is continuous, the one sided derivatives ¢/, (0) exist and

¢'(0) = a¢ (0)
where a is the constant to be determined. Namely we want to choose
aso that ), 75(p) — 0. Choose a large constant K; and denote K, =
K1K5. where Kj; is defined by (4). Given j choose p so that m, < j <

> R) < Ce “(R/LPP,

7. PROOF OF THEOREM 3.

Let
- ’1j+1) ( h )
A = ) - — .
j "’(m P\UN
We need to bound

]

We split this sum into two parts.

(I) j — my(;) < 2Kilog N. There are two possibilities.

(@) |gm,| > 2K.logN. The contribution of these terms is small
which can be proved similarly to the treatment of 77 term in The-
orem 1.
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(b) |gm,| < 2K.log N. The treatment of these terms can be done
similarly to the estimate of 75-terms in Theorem 2 yielding

log N VN
O | log N x X ——
(g VN L)

where the first factor appears because there are O(log N) scatterers
in {|g| < 2K;K;log N)} the second factor appears since A; = O(ﬁ)

and for every p there are log N terms. The third factor is an average
number of visits to each scatterer on the m, subsequence (here we
use Theorem 6 and choose z in the definition of p appropriately).

(Il) j — my > 2Kqlog N.

Let j, = K;2*. Define the following events

Aj = {|q]fK1 logN| > Ky log N}’
Aj = {lgj-j,| > Ko and |g;_;, ., | < jiy1Ka},
Aj = {lgj-x,| < K}

Note, that K; was chosen to be the maximal free-flight, which is an
obvious bound for the slope of g, therefore this is a complete system
of events for 0 < k < log, log N. Observe that since ¢ is not smooth

at 0 we cannot use the Taylor decomposition if |g;| < L. However
we have

Aj= cpi(o)g(qm’ a;%g(qj,a) +0 (%) if [ < K.,

where

_J ag if 420
5(’7'3)—{ g if g<0

Now we split

E,1 A) =Y Ey(1 1;A)+
; oy, - 1<kiidy) ; oy, 1<xilz Ay)
%]Eg(]lqmp(j) ‘<I<L]1AjkA]‘) + ;]Eg(]lqmp(j) \<KL]1A]~A]‘)
= Zg] + Zgjk + 25]
] jk ]
On the event A; we surely avoid the perturbation for the whole

Kjlog N trajectory segment. Hence for the first term we can apply
the exponential mixing for Sinai billiards to get

Zgj — ZO(OKllOgN) — O(Nfloo)
j j
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provided that Kj is large enough.
Next we estimate ) ; Ejk for a given k. Consider a Markov decom-
position
Ey(A o T/ k) ZC,X]E&

Let
j/k = Z calEg, (]lAjk Ai)r
length(¢, ) >0k
]/I/{ = Z C,X]E&x (]lA]kA]),
length(¢, ) <6k

For terms in € ].'k we have

Eq, (8)) = O(6%)

SO
I < - P <K
| Ej 5]k| < Const { — + N] E ¢ Iq] ]k+1| 2Jk+1)

Now Theorem 6(b) tells us that the last sum is O(jx/N). It follows
that by choosing K; large we can make }_; Ejfk as small as we wish.

On the other hand
Const

|Z 1| < \/_ Z]Pg |q] ]k| < Kajx and r; ]k( )g@jk).

Therefore Theorem 6(b) implies that by choosing K; large we can
make ) 5]','{ as small as we wish. Thus the main contribution to

>-p T2(p) comes from &;. In other words we proved that

o (o) -0(2) - v (%))

4):/_ <2]1A q]+1r C(qj,a))> —l—O(l), N — o00,K; — oo.

To estimate the last sum we consider the first return map T, to
|| < K. After reindexing we get

V(K.
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where { = { o TKi+1 — 76 TK1, Observe that

1 Vn(K*)A ;
Vn(K*) Jg g(T[K*}xla)

is uniformly bounded and it converges almost surely to [ CA dvig,) (see
Theorem 7(c)).
Denote Vg =

= V[K]v( M) (this normalisation is needed so that the re-
striction of ¥1g) to Mg equals fq for K 2 K). Since {Vx(K)/vVNK}

is uniformly integrable it follows that for large N

e (1 )

2 Vi (Ky) . Vi (K
<2 CdV{K*]Ee( N ) =2/ CdV[K*ﬂEE( ( )) Kevige,) (M)

Lemma 6. (a) There exists a limit

v(a) = Klirﬂnoo é(ya)dﬁ[K*}.

Moreover there is 7 > 0 such that y(a) — [ (., O(GKZ).
(b) There is a constant C such that
C
Vi, (M) < X

v(a) is an affine function of a because ( is an affine function of a.
Thus we can choose a so that y(a) = 0. Then (19) gives

Ee<¢<3%>—¢<f> KE¢ (35)2) 0 3o

Hence any limit process will satisfy

E (<P(W(t)) 2/ ¢" (W st) =0

and we are done as before. It remains to establish Lemma 6.

Proof. It suffices to show that

/g(Tle, a)dﬁ[K*} -

_ /g(TKHrlx,a)dl?[K*Jru =0 <9KZ) .
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We split the LHS into two parts
I= /g (TX1x, a)do, /§ (TX 1y, a)doy ),

Il = /g (TR Ly, a)diy, /§ (TR Ly, a)di, 4q)-

To estimate [ we observe that since 1/[ ] is T[ K] invariant we have

I = / [g(TKlT[K*}x,a) — g(TK1+1x,a):| dlk,)-

But the integrand is different from zero only for points where Tx ¢
Mk,- Those points are near the boundary of Mg ; and so by Propo-
sition 2(d).

Vi, (Tx € Mig,) but 3j < K + 1 such that Tixor T/ (Tk,)x) visit the modified part)

< Const OK*

For the other orbits we can use the exponential mixing of Sinai bil-
liards to show that

[ B QT T )y (x) < 0 (6) 40 (6%

and
/ Iy, x1x ST x)dye (x) < O <9KZ) +0 <9K)
Therefore
1=0(0%)+0(6%) =0 (o).
Likewise

N Ul
I = /g(TKHrlx, a)]lM[K*H]*M[K*] (x)dl/[K*Jr” =0 <9K*)

proving (a).
To prove (b) let my, be the time of ko-th return to M[;; (under Tk )
where kj is the constant of Lemma 3. By parts (b) and (c) of Lemma

3 there are constants c and € such that
P(m, = n) = —=

vn
for n < eK2. Hence
ko ko ko

C
Vi) (M) = Frony = 5 < SR
KW B (my,) — oy P (g, > ) ye P(myg, >n) K
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8. PROOF OF THEOREM 4.

Here we explain the changes needed to prove Theorem 4. First, the
proof of the tightness given in Section 3 has to be changed because

here we modify the configuration along the line so the particle could
Z1Ng)

‘slide” along this line for a long time. Thus while the tightness of N

can be proven as before a different argument is needed for \2}& We

divide the proof into two lemmas. (For simplicity, in this sequel,
notations of type g; will denote the first component of the vector g;,
and notations of type Ay; will denote A; ;.)

Let

k-1
Zk = ZAZJ]IM[CKL qj-1), Zxr= Z(:)Azj]lM[KL] (gj-1),
]:

Lemma 7. {Wy(t)} is tight.

Proof. Consider the following function on ()
A(x) = (g1~ Qo) (91

Taking the Markov decomposition

(20) Ey (Ao ") ZC,X]Eg (Ao fh)

applying Proposition 2(a) to the long components where A o fL # 0
and using Proposition 1(b) to estimate the measure of short compo-
nents we get

(21) E((Ao f") = 0(6").
Now arguing as in the proof of Proposition 6.1 of [ChD 07] we obtain
the following bounds for np — ny > N3/7.

E¢(Zm —2n,) = O(L),

E/((2n, — 2ny)?) = O(Jm — ma),

E((2n — 2n)") = O((m2— n1)?).
Indeed the proof of Proposition 6.1 in [ChD 07] relied only on the
equidistribution lemma (Corollary 3.4 of [ChD 07]) and (21) is the
analogue of such lemma in our situation. Now tightness can be de-

rived from the last three estimates the same way Proposition 6.2 is
derived from Proposition 6.1 in [ChD 07]. (]
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Lemma 8. maxy \/— converges to 0 in probability.

Proof. Observe that

) ,
Z:k: Z AQ(TLT{KL}QC).

Hence Theorem 7(c) implies
2 = cLVi(KL) + op (LPE'/*7%)

where

1 L
o = _/ Ao Thdy,
KL Mk

y is the Liouville measure and we write A = op(B) if for any ¢
P(|A] = ¢|BJ)

tends to 0 faster than any power of N. Similarly to Lemma 6 we
obtain that there exists the limit

7= lim ¢;KLand 7 — ¢, KL = O(6"").

Next
Vi (KL) ,
V(1) = Z ]le (T[]KL}X)
j=1
so using again Theorem 7(c) we get

Vi(KL) = KLVi(1) + op(LPVi(1)1/27).

Therefore B
Zk ‘
max N — 0
\/_
so it remains to show that 'y 0. Let ty be the first time when

Vi(1) = N. Then the foregoing computation shows that
Eg(Zry) = N(v +0(1)).
Next we claim that

(22) Py(ty > N*2) = O (N71).

Indeed let 1 < £, < --- < f; be the consecutive visits to M such
that r;j(x) > 6p. Applying Lemma 12 proven in Appendix C we
prove by induction that

o k
(23) P, (r?<akx(tj —tiq1) > n) =0 (ﬁlogﬂn) :
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(23) with k = N, n = N?%2 easily implies (22). Since Z;, is always
O(N) we get

E/(Zn1,, <n202) = N(7y +0(1)).
On the other hand using (20) and (21) we see that

NZOZ

E(Zmin(y n22) = 3 O <9L +P/(n—L<ty< n)) ~0 <9LN202 + L) = O(L).
n=0

Combining this with (22) we get
]EE(ZtN]ltNgNZOZ) = O(L)

and so
. E (ertm ]ltm <m?202 )
v = lim .
m—o0 m
By the time reversal symmetry v = 0. [

The second change comes in the estimate for the expectation of

Da¢( ’7]/\/ ) 1
A L
]
Indeed we have

D2¢(4;/ vV N) ~ D2¢p(0,25;/ VN)

butas zy;/ /N is not constant we can not factor it out like in the proof
of Theorem 1. However we can divide the interval [0, 7] into inter-
vals of length N with small § and use the tightness proven above
to conclude that Dy¢p(q;/ V/N) changes little on each interval so it
can be factored out. The rest of the proof is similar to the proof of
Theorem 3.

9. CONTINUOUS TIME.

Proof of Theorem 5. We shall show how to extend Theorem 1, other
results are extended in a similar way. Let ¢; be the time between j-th
and (j 4 1)-st collisions and L = p(#;) be the mean free path. Let
T, = 2;7;01 t; be the time of the n-th collision. Arguing as in the proof
of Theorem 1 we show that the diffusively scaled version of T;, — nL

converges to a Brownian Motion. In particular for any ¢ > 0 there
exists R > 0 such that

P;( max |Ty — kL| > Ry/n) <.
0<k<n

Thus the continuous time process is obtained from the discrete time
process by the time change s = tL. The result follows. O
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APPENDIX A. PROOF OF PROPOSITION 2.

Proof. Fix a small dy. If length(¢) > Jy then part (a) follows from
[ChM 06], Theorem 7.31. To obtain the result in general case we com-
bine [ChM 06], Theorem 7.31 with Proposition 1. Likewise [ChM 06],
Theorem 7.33 implies that for n > C; log length(/)

[Eo((Ao Tg)(Bo Tg™)) — po(A(Bo )| = O

Part (b) follows by summing this estimate over an approprlate range
of n and m.

Part (c) is proven in [ChM 06], Theorem 7.43 in case the initial
points are distributed according to the invariant measure. The proof
in our case is the same except we need to use Theorem 7.33 of [ChM 06]
instead of Theorem 7.41 used in [ChM 06].

Part (d) is proven in [ChD 07], Section A.4 for a particular A but
the proof in the general case is exactly the same.

To prove part (e) we adopt the Reflection Principle (cf. the Lemma
to Theorem 10.1 of [B 68]) to our situation. If the event of part (e)
holds, then let j be the first time j < n such that

}AU) —j/Ad;to > Ry/1.

Then Proposition 1 gives the decomposition

(AT Zc,x]Ega

where

Y ca < Consten.
length(4, )<e

Applying Proposition 2(d) to each a with |loglength(¢,)| < n!/27°
we conclude that there are constants Cy,Cy, C3 and § > § such that

Py (‘A —”/Adﬂo (R— C3)\/_) >

AD —j/AdyO zR\/ﬁ) Crexp(—n2 7).

Therefore part (e) of Proposition 2 follows from part (d). O

> C1P, (max

]<n
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APPENDIX B. RETURN TIMES.

Proof of Lemma 3. (a) Without loss of generality we can assume that
S is in the 0O-th cell. Take a standard pair ¢ with length(¢) > J;. It
suffices to show that if R is sufficiently large and d([¢], (SUT)) > R,
then

(24) P, <qj§é(SUF)forj:1...n> > oo

Const

We establish (24) in case Card(T') = 1, the general case is similar. For
fixing our ideas we also assume that d([¢],S) < d([¢],T), the other
cases are easier. Take a sufficiently small ¢y > 0. Let 77 be the first
time T such that either |g¢| > R!™® or |g¢] < R%. It is proven in
Sections 6 and 7 of [DSzV 07] that for any standard pair ¢ satisfying
length(¢) > ép and [¢] = R we have

(25) P, <|qu| > R4 and 1, (x) > R*loo) >

where 1 — { < gy, and thus ¢ can be made as close to 1 as needed by
choosing ¢ small. Define 7 as a first time T after 7,_; when either

\g<| > R(1+e0)* of Ig| < Reo(L+eo)

Iterating (25) we get

26) P, <|qu| > RO+90)" and ry (x) > R*l(’o(”so)k’l) > k.

Let k be the largest number such that

R(1+€0)I_( < d(r’ 0)

2
Applying (26) with k = k we see that the probability that the particle
moves (@)1/ (1+20) away from the origin without visiting S is at
least ¢1/ log(d(T,0)).
For crossing the region where the particle can hit I' we need a more

delicate argument. To do so we define T; as a first time T after 7z such
that

|qf| 2 d1+€0(r’ 0)1+€0 or |qf| S dl/(1+€0)3(r,0).

Then by the argument of Lemma 6.1(a) of Section 6 of [DSzV 07]
there exists a constant ¢, > 0 such that for any standard pair ¢ satis-

fying

1/(1+e0)
(27) 1] > (d(l;,O)) and length(¢) > d—1%9(T,0)
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we have

Py <|’1f1| > d'*(T,0), rq(x)>dpand T — 1 < d3(”‘“0)(1",0)) > 0.
On the other hand, by Theorem 4 of [DSzV 07], for any standard pair
satisfying (27)

P, <qj visits T before time d3(1*¢0) (F,O)) — 0asey — 0,d(T,0) — oo.

Hence if ¢ is sufficiently small, then we can arrange that for a suit-
ablecz >0

P, <|qf1| > d(T,0), rg(x) > & and q; does not visit I before Tl) > c3
Next let T be the first time T after T;_; such that either

ge| > a0 (1,0) or |g<| < d(T0).
The argument used to prove (26) shows that for any ¢ such that

I[1]] > d1+%)(T,0), length(£) > &
we have

Py(|gs| > ROFS) > ¢k

Taking k such that

41+ (T, 0) = n
we get part (a).

Part (b) is proven in [DSzV 07] in case [¢] € S. To get the result in
general, let T* be the first time the particle visits S and observe that
by Theorem 11 of [DSzV 07] IPy(r+(x) > Jp) is uniformly bounded
from below so we can apply the result for [¢] € S.

The proof of part (c) is similar to the Proof of Lemma 11.1(c) of
[DSZV 07]. 0

APPENDIX C. FIRST RETURN TO ONE SCATTERER.

Here we prove Theorem 6.
Let &y be sufficiently small . Let 7y < 7o < ... T ... be consecutive
visits to S.

Lemma 9. There are positive constants c1,cy such that if ¢ is a standard
pair, length (£) > ¢ then

P/ < czdz(ﬁ,S),rj(x) > min((So,d*mO(qj,S))forj <T7)>aq.

Proof. This follows from the proof of Theorem 10 of [DSzV 07]. U
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Lemma 10. There is a constant c3 such that if ¢ is a standard pair such
that length (¢) > d=101(¢, S) then
d((,S)+1

Proof. This follows from the proof of Theorem 8 of [DSzV 07]. (]

Py(ty >n) <cs

Lemma 11. There are constants cy,c5 > 0,607 < 1 such that for any
standard pair the following holds. Let 7i be the first positive time when
r,(x) > ¢ then

Py(7i — c4]log(length(¢)| > n) < c567.

Proof. We begin with the case when length(¢) > dp, and assume dp <
d~100(x,S). Let k1 be the smallest among the following numbers

L] c2d2(£ , S)

* 7 (x)

e the first time k when r;(x) < min(&y,d1%°(gy, S)).
If k1 = T (x) we stop otherwise let m; be the first number after k;
such that 7, (x) > Jo. Let kp be the smallest among the following
numbers

e m+1T (xml)

e the first time k after m; when r¢(x) < min (8o, d~1%(gy, S)).
Continue this procedure until g;, € S.

Observe that if Jp is small enough then our construction implies
that i, (x) > do. Also by Lemma 9

]Pg(p > 1’1) < (1 — Cl)n.

Next we claim that there are constants cg > 0,6, < 1 such that

(28)  Py(Card(i:ki<i<mjq €S)>n|p>j)<ceby
To derive (28) we distinguish two cases:
o r; = exp(—¢|qx,|) where ¢is sufficiently small. Since the orbit

. . x|, Lo
can not hit S during next - iterations if

Card(i : ki <i<mjq; € S)>n

;| s
then m; > n+ KL; so the result follows from Proposition 1(e).

o 1, < exp(—elqy).
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— If n > C|logr,(x)|, the result follows from Proposition
1(e).
— If the opposite inequality

(29) n < Cllogr(x)]
holds, then for any § > 0 we have
]Pf(é < rkj < 25,}’kj < exp(_€|qkj|) | p> ]) <

1 .
< Pe(0 <y <26, |qy| < Z[logd| | p > j)

Let t be the first time after m;_; when |g;| < %| log é| (it
can be m;_1 itself). By the definition of k; on the event
{lgx,| < llogé|} wehaver; > (2|logd|) 1% Now Lemma
10 implies that for any standard pair ¢ such thatd(¢,S) <
2|1og 5| and length(¢) > (%|1log6|) 1% we have
|log 9|

ev/n

and so by Growth Lemma for any n

Py(1y > n) < Const

. |log 9]
. < X
]Pg(l]fl’gllTI;l ri(x) < 4) < Const 7 +nd

Choosing n = (|log é|/e6)?/3 we obtain:
Pe(6 <1, < 26,11 <exp(—elqy|) | p>j) = O(5'3|log 6|?/3).

This can be summed over 6; = 1/2!. The desired bound
follows from the fact that the largest possible ¢ satisfies
6 < Tk, < exp(—n/C)

Next denote ¢;(z) = IE,(zN') where

N;=Card(i: 3j < j, ks <i<mjandg; € S).

We claim that there is a constant ¢ such that for |z| < ] [1 +6, 1} we
have

(30) [91(z)] <1 +¢([z] = 1)

uniformly in /. Indeed (28) shows that ¢; is analytic and uniformly
bounded in any disc of radius less than 6, . In particular |¢/| < ¢
for |z| < ] [1 + 951} . Combining this with the fact that |¢1(z)| < 1
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if |z| < 1 we obtain the result. Now it is easy to show by induction
that

]
¢i(z) < 21(1 —c)" (1+e(|z| -1)".

Hence ¢(z) = lim;_, ¢;(z) converges in some neighbourhood of
1 proving Lemma 11 if length(¢) > Jj. In general case we define

ko = 0 and my to be the first time then r,(x) > &y and argue as
before. n

Lemma 11 implies the exponential mixing via the coupling algo-
rithm of [Ch 06]. This proves Theorem 6(a).

Next we use this lemma to control the returns of short compo-
nents. We need a preliminary result.

Lemma 12. For any standard pair £ such that [{] € S and length(¢) > &
we have
cylogh n
vn oo
Proof. We use an idea of [M 04]. By Lemma 11 we can choose a con-

stant C such that Py(7n > Clogn) < % Denote 19 = 0. We need to
show that

Py(ta 2 1) <

ro (g, (570

n ~ Const log* n
1<j<Clogn .

>
~ Clogn Vn
To this end we show that forany 1 < j < Clogn

n n
Pe (T] h-1= Clogn’ and 1r21a<)§‘(Tl 1) < Clogn)

Const log* ! n
< .
J— ﬁ

The Growth Lemma (Proposition 1) implies that

1 Const
P, <max(Tl —Tq) < " but min ri(x) < ) < ;)?98 .

1<I<j Clogn 0<i<Ti_ n100

Hence if 17; is the first time m after 7;_; such that r,,(x) > Jo, then
there is a large constant cg such that

Const
79

P, (max(Tl — Tlfl) <

Bi— 71 > cglogn ) <
1<I<j Clogn butmj —Tj1 > ¢ ogn) -
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(Here we were using that rr,_, (x) > ﬁ.) On the other hand

Const (log1)3/2
Vn

by Lemma 10. The result follows. [

_ _ n
P, (mj—le < cglognbut 7, —m; > Tgn—q;logn) <

Lemma 13.
(a) Py(Fi <i:re(x) <0) < 9o/ log d)*.
(b) Ey(Card(i < 7i:re.(x) < 0)) < c106'/3|log 6|7
where & = a + 1.
Proof. (a) Let B be a parameter to be chosen later. We have
Py(Fi < i:re(x) <8) <Py(th >0 P)+Py(tp <6 PbutIm < 15 : r(x) < 6)

< Const [(5[3/2| log é|* + (51*[1

where the first term is estimated by Lemma 12 and the second term
is estimated by the Growth Lemma. Choose 8 = 2/3. This proves

(a).
Now observe that by Lemma 11 it follows that

E/(71lq) < Const g|logq|
for any set () such that P,(Q)) < g. Hence (b) follows from (a). O

We now prove Theorem 6(b). By Lemma 11 we can assume that
[¢] € S and that length(¢) > . Let 0 = fig, i1, 7 . . . fig . .. be consec-
utive numbers such that It (x) > dp.

Using Lemma 3(b) it follows by induction that
k
]Pe(rjngakx Ta, — Tn,, <) < (1—cu/Vn) .

Observe that if m(n) is the first number such that 73, — 77, , > n

then V,, — V,fo <m
In particular there is a constant cq, such that

Py(Vy — V2 > cip/n) <

A oy

On the other hand if X; = Card{7;_ < i
Lemma 13

fij, 1, < 0}, then by

E Clz\/ﬁX‘ < \/—51/3 1 55(
¢ Z i S Ci3vn | og | .

j=1
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Next let

2(0) = E, (V9.
#n(9) [5}65,13?;’;})1((5)250 (Vi)

Then the last two inequalities imply that

—
Pn(0) < c13v/n8' 3| log 8|* + Ean(fS)-
The result follows. (]

APPENDIX D. SPECTRAL GAP FOR THE LARGE STRIP.

Proof of Theorem 7. Our proof is a generalisation of the proof of the
exponential mixing for Sinai billiards presented in [ChM 06]. The
key technical tool is a so called coupling lemma. Let us present the
statement of that result.

Lemma 14. Given dp > 0 there exist C > 0,0 < 1,q > 0and n > 1such
that for any pair of standard pairs {1 = (1, 01), 2 = (Y2, p2) supported
on the same scatterer and such that length(£;) > do, there exist probability
measures vi and v, and a constant ¢ > q, and there exist families of stan-
dard pairs {{g;} g and of positive constants {cg;}g : j = 1,2, satisfying
(i)

E (Ao f") = cvj(A) + ;Cﬁj]Egﬁj(A) i=12

j

withc > q;
(ii)) Let A denote the Lebesgue measure on [0,1]. There exist a measure

preserving map 1@ : (71 X [0,1],11 X A) — (72 x [0,1],v2 X A) and
constants C > 0 and 0 < 1 such that if 7t(x1,51) = (x2,52) then

(31) d(f"xq1, fx2) < CO"

(iii) For each {g; we can define functions ng; so that
]Efﬁj(A ofnﬁ]) = ;Cﬂéﬁf]Efaﬁj (A),

where length (£,p;) > 0o and for each m > 0
Y Py (ng > m)) <CO™  j=1,2.
p

In [DSzV 07] this lemma was formulated with (iii) replaced by

(iii) Y. cgi < Const (&9)p.
B:length ({5;)<p
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For the Poincare map (iii) follows from (zvn) and the Growth Lemma

(Proposition 1 (b)). In our case (iii) follows from ( i) by combining
Proposition 1 (b) and Lemma 11.

As in [ChM 06] we can deduce the exponential mixing by a re-
peated application of Lemma 14. More precisely we have the fol-
lowing statement.

Lemma 15. Suppose that there are constants 8, ny,cy such that for any
standard pairs 1 and > with length({;) > 6o we have

AOfnL ZCOC]EE )—l—ZC[;j]Egﬁj(A)
p

where Y, co > ¢ and (Lyy, Ly2) satisfy the conditions of Lemma 14, then
forany A € 'H such that vi;) (A) = 0, for any standard pair £ and for any
n > C|loglength(¢)| we have

n
[E/(Ao T[”L])| < C(A) Kl - c;—i) + én] .

Our goal is to verify the conditions of Lemma 15 with n; = ¢1L"1,
cL = coL7P2 (we do not pursue the optimal values of p;s).

Let € be a small constant. We claim that the conditions of Lemma
15 are verified if 71, 7, belong to {|g — L /2| < eL} with 7i; = Const (eL)?,
¢ = ¢ (the tildes mean that this values are only valid not for all
curves but only for curves close to the middle of M). Indeed in the
case of the non-modified Lorentz process this is proven in [DSzV 07].
However if € is sufficiently small then we can make

IPy, (qx visits the modified part before Const (eL)?)

as small as we wish due to Proposition 2(d). In particular we can
make this probability smaller than ¢/4 where ¢ is the correspond-
ing constant for the non-modified Lorentz process. This implies our
claim.

Next we prove that there are constants c3, c4 such that for any stan-
dard pairs /1, ¢, with length(¢;) > Jp we have

C4
Py, (|9c,12 = L/2] < €Ly 12 (x) 2 bo) = -
This is achieved in three steps. Let T be the first time when
eL

|qi——L/2| < —
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then by Lemma 3(b) there exists c5 such that
Py, (7 < c3L? and g; does not visit the modification fork =1...%) < ¢5/L.

Observe that 7 can be significantly less than c3L? but by Proposition
2(c) there exists a constant c4 such that

2¢eL
]ng(|qk—L/2| < %fork: "Z'...C3L2) > Ce.

Finally we claim that there is a constant ¢; such that

(32) Py (lgx—L/2| <eLfork=1T...c3L? and r 52 (x) > bo)

2elL
> Py (|gx — L/2] < % fork = %...c3L2)(1— c70).

Indeed if [q,.;2 7 ;o] < 2€L/3 then |q.,;> — L/2| < €L so the
result follows from the Growth Lemma (Proposition 1 (b)). Now
part (a) of Theorem 7 follows from Lemma 15.

Part (b) of Theorem 7 follows from Theorem 6(b) while part (c) can
be deduced from the exponential mixing by the method of [ChD 07],
Section A4. ]
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