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Chapter 1

Bounded operators

1.1 The spectrum of bounded operators

Let Hy and Hs be separable Hilbert spaces. £L(Hy, Hy) denote the space of all
bounded linear operators from H; to Hs endowed with the topology generated
by the operator norm

[A[l = sup{[[Au]| : [lul] <1}.
In this way £(H;, Hs) becomes a Banach space. We write £L(H) for L(H, H).

Definition 1.1. The spectrum o(T) of an operator T € L(H) is the set of
all X € C, such that A\ — T has no inverse in £(H). The complement p(T) =
C\o(T) is called the resolvent set. If A € p(T') the operator (\[ —T)~* € L(H)
is called the resolvent of T' at A and is denoted by Rp(\). We have an operator-
valued function

Ry : p(T) — ﬁ(H)
An operator T' € L£(H) is called normal if TT* = T*T.

Proposition 1.2. Let T' € L(H). Then the spectrum o(T) of T is a compact
subset of C and |\ < ||T, for every X € o(T).

Proof. First we show that p(T') is open. Let A € p(T). Then
a=|Rp(\)|~" > 0.

Let u € C with |u| < a. We will show that (A+ )] — T has a bounded inverse.
Then we proved that p(T) is open. We have

AN+ =T = N —T+pul
= (M =TI +pu(\ —T)7"]
= (M =T)(I+pRr(X)).
Formally

o0

(I + pRr(A Z F(uRr (V)"
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but as |u| < o we have

1> (=1*(uRr (A H<Zlu| IRz(OI* =D (Iul/a)* < oo,
k=1 k=1

therefore the partial sums of 3> (—1)*(uRy()\))* form a Cauchy sequence in
L(H). Since L(H) is complete, we obtain that

o0

S ) (R () € £(H),

k=1

and p(T) is open.
If n € C with || > ||T||, then I — T /n has a bounded inverse, since

(I=T/n) =T+ (T/n)"
k=1

This implies that nI — T has a bounded inverse. Hence, if A € o(T), then
IA| < ||IT||, and o(T) is a bounded set. O

The resolvent has the following properties:
Lemma 1.3. If \,u € p(T), then
Rp(A) = Rp(p) = (n = M) Re(A) R (). (1.1)
If X € p(T) and |\ — p| < ||Rr(N)|| 71, then

=> (A= wFRr(N*, (1.2)

k=0
therefore one says that R is a holomorphic operator valued function.

Proof. (1.1) follows from

Rr(N) = Re(A\)(ul = T)Rr(u) = Rr(M[(M —T) + (u — NI Rr(p)
Rr(p) + (1 — A)Rr(A) Rr(p).

(1.2) follows immediately from the proof of Proposition 1.2.
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1.2 Compact operators

Let Hy and Hy be separable Hilbert spaces and A : Hy — Hs a bounded
linear operator. The operator A is compact, if the image A(Bj) of the unit
ball By in H; is a relatively compact subset of Hs, since Hs is complete this
is equivalent to the concept of a totally bounded set, i.e. for each € > 0 there
exists a finite number of elements vq,...,v,, € Hs such that

m
A(By) € | B(vj,e),
j=1
where B(vj,€) = {v € Hy : |[v—vj| <€}
Another equivalent definition of compactness is : for each bounded sequence
(ug ) in Hy the image sequence (A(ug))r has a convergent subsequence in Hs.
Let K(H1, H2) denote the subspace of all compact operators from H; to Ho.
The following characterization of compactness is useful for the special oper-
ators in the text, see for instance [2]:

Proposition 1.4. Let Hy and Ho be Hilbert spaces, and assume that S: Hy —
Hy is a bounded linear operator. The following three statements are equivalent:

e S is compact.

o For every e > 0 there is a C = C. > 0 and a compact operator T =T.: H; —
Hs such that
[Sv]| < C{[To]| + €lv]]- (1.3)

o For every e > 0 there is a C = Ce > 0 and a compact operator T ="T,: H; —
Hs such that
1Svl* < C | Tol|* + € |lo]*. (1.4)

Proposition 1.5. K(Hy, Ha) is a closed subspace of L(Hy, Hs) endowed with
the operator norm.

Proof. Let A € L(Hy, Hz). Suppose, for each € > 0, there is a compact operator
A, such that ||A — A¢|| < e. Then for each u € Hy we have

[Au — Acul| < eflu].

Now we get

|Au|| = ||Au— Acu+ Acul|
< [JAu — Acu|| + [[Acul|
< elull + [|Acull.

Proposition 1.4 implies that A is compact.



Section 1.2 Compact operators )

Proposition 1.6. Suppose that A € K(Hy, Hs), and that S € L(Hy, Hy) and
T € L(Hs, H2) is a bounded operator on Ha. Then both AS and T A are compact.

Proof. 1If (u)i is a bounded sequence in Hyp, then (S(ug))i is also bounded,
because S is a bounded operator. A is compact, so (A(S(ug)))x has a convergent
subsequence. Thus AS is compact.

To show that T'A is compact we use Proposition 1.4:

1T Aull < T [ Aull < [T[|(ellu]l + C| Aul))
e[ T lwll + CT| || Aull

N

O

Corollary 1.7. Let H be a Hilbert space. K(H,H) forms a two-sided, closed
ideal in L(H,H).

Theorem 1.8. Let A: Hi — Hs be a bounded linear operator.
The following properties are equivalent:
(i) A is compact;
(i1) the adjoint operator A* : Hy — Hj is compact;
(iii) A*A: Hy — Hy is compact.

The following characterization of compactness uses the uniform boundedness
principle and the concept of weak convergence.

Definition 1.9. A sequence (xy )y in a Hilbert space H is a weak null-sequence,
if (xg,x) — 0 for each # € H. A sequence () converges weakly to zo, if
(zr — o)k is a weak null-sequence.

Remark 1.10. A weakly convergent sequence ()i in a Hilbert space is always
bounded: we have
sup |(xk‘ — X0, flf)| < o0,
k

for all x € H, then, by the uniform boundedness principle,

sup ||z, — xol| = sup sup |(zx — o, z)| < 00
K K flall<t

and therefore x| < ||zr — ol + ||zo]| < oo, for all k € N.
In the same way we can show that each weak Cauchy sequence is bounded.
If A € L(Hy,Hy) and (zy)k is a weakly convergent sequence in Hj, then
(Axy)y converges weakly in Hy, which follows from

(Al‘k - A:I:Oa y)? = (xk — Zo, A*y)la

where y € Hs.
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Proposition 1.11. Let A € L(Hy, H2) be a bounded operator between Hilbert
spaces. A is compact if and only if (Axy)r converges to 0 in Hy for each weak
null-sequence (x)p in Hy.

The following theorem is the spectral theorem for compact, self adjoint op-
erators:

Theorem 1.12. Let A : H — H be a compact, self-adjoint operator on a
separable Hilbert space H. Then there exists a real zero-sequence (i), and an
orthonormal system (ey)n in H such that for x € H

o0
Ar = Z pn (T, en)em
n=0

where the sum converges in the operator norm, i.e.

N
sup ||Az — Z,un(x, en)enl|l — 0,
lell<1 =0

as N — oo.

Proposition 1.13. A bounded operator A : H — H is compact if and only if
there exists a sequence (Ag) of linear operators with finite-dimensional range
such that ||A — Ag|| — 0 as k — oo.

Proposition 1.14. Let A be a compact self-adjoint operator on a separable
Hilbert space H of infinite dimension. Let (\)r>1 denote the eigenvalues of A.
Then the spectrum o(A) of A has the form

o(A) = {\, : ke N}U{0}.

Proof. We have \, € o(A), for all k € N; if 0 ¢ o(A), then A~! exists and is
continuous and I = AA~! is a compact operator. Hence the unit ball in H is
compact and H must be of finite dimension, which is a contradiction.

Now let p # Mg, 0, Vk and

o0

Az =" Nel@, zp)ap,
k=1

and (y;); the supplementation of (xj); to a complete orthonormal system of
H. Then we have

o0

Iz = Z(x, Tg)T) + Z(% Yi)Yi,

k=1 J
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and the operator

=1 1
k=1 j

has norm || B|| = sup{1/|\x — |, 1/|p|}, and is therefore a continuous operator.
In addition, B is the inverse of A — ul, because for each k& and j we have
B(A — pl)zy, = B(Ay — p)xy, = xp and B(A — pl)y; = —Buy; = y;. Hence
B=(A—pul)™' and u ¢ o(A).

O

Now we drop the assumption of self-adjointness and obtain

Proposition 1.15. Let A : Hy — Hy be a compact operator. There exists a
decreasing zero-sequence (sp)n i RT and orthonormal systems (ep)n>0 in Hy
and (fn)n>0 in Ha, such that

[ee]

Az = an(x,en)fn , Vo € Hy,

n=0
where the sum converges again in the operator norm.

Proof. In order to show this one applies the spectral theorem for the self-adjoint,
compact operator A*A : Hi — H; and gets

A*Ax = Z s2(x, en)en, (1.5)
n=0
where s2 are the eigenvalues of A*A. If s, > 0, we set f, = s, ' Ae,, and get
(s i) = —— (A Abm) = ——(A A, em) = (0. em) = 5
ny Jm) = €n, A€m) = €ny,m) = —\€n,Em) = Onm-
nsm Snsm STLSm ’

For y € Hy with y L e, for each n € Ny we have by (1.5) that
| Ay[* = (Ay, Ay) = (A" Ay, y) = 0.

Hence we have
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Similar, as in the last theorem, we get

n oo

Az = " sp(@, e full> = D ls(@ex)* < (]| sup [sk])?,
k=1 k=n-+1 k>n
which implies that the series converges in the operator norm. m]

The numbers s, are called the s-numbers of A. They are uniquely determined
by the operator A, since they are the square roots of the eigenvalues of A*A.

Let 0 < p < oo. The operator A belongs to the Schatten-class S, if its
sequence (8y), of s-numbers belongs to IP. The elements of the Schatten class
Ss are called Hilbert-Schmidt operators.

Proposition 1.16. Let A : Hiy — Hs be a bounded linear operator between
Hilbert spaces. The following conditions are equivalent:
(i) there is an orthonormal basis (e;)icr of Hi, such that >, || Ae;||* < oo;
(i) for each orthonormal basis (f;)jes of Hi one has 3, ; |Afi]1? < oo;
(i11) A is a Hilbert-Schmidt operator.

1.3 Bergman spaces and 9

In the following we describe the spectral representation of a compact operator
closely related to the Cauchy-Riemann equations. To investigate the solution
to the inhomogeneous J-equation du = g, we will first consider the case where
the right hand side ¢ is a holomorphic function. Therefore we need an appro-
priate Hilbert space of holomorphic functions - the Bergman space. We will
use standard basic facts about Hilbert spaces, such as the Riesz representation
theorem for continuous linear functionals, facts about orthogonal projections,
and complete orthonormal basis.
Let Q C C" be a domain and the Bergman space

A%(Q) = {f : @ — C holomorphic : |f||* = / 1£(2)]? d\(z) < oo},
Q
where A is the Lebesgue measure of C". The inner product is given by
(h9) = | £C)IE DA,

for f,g € A%(Q).

For sake of simplicity we first restrict to domains Q C C. We consider special
continuous linear functionals on A%(Q) : the point evaluations. Let f € A%(Q)
and fix z € Q. By Cauchy’s integral theorem we have

1S
10 =g | 4
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where v,(t) = z+se’, t € [0,27],0 < s <rand D(z,7) ={w : |[w—z2| <r}C
Q. Using polar coordinates and integrating the above equality with respect to
s between 0 and r we get

f(w) dA(w). (1.6)

Then, by Cauchy-Schwarz,
1

2
" JD(zr)

. 1/2 1/2
- 2 w w 2 w
— ( [ >> ( [ rwrax >>

< o ([rwraw)”

1
iz I1f1-

If(2) < L. [f(w)] dA(w)

IN

<

If K is a compact subset of Q, there is an r(K) > 0 such that for any z € K
we have D(z,7(K)) C Q and we get

1
< -
ng]glf(Z)l S (K

I£1-
If K ¢ Q c C" we can find a polycylinder
P(z,r(K)) ={weC" : |lwj — 2| <r(K),j=1,...,n}

such that for any z € K we have P(z,r(K)) C Q. Hence by iterating the above
Cauchy integrals we get

Proposition 1.17. Let K C Q be a compact set. Then there exists a constant
C(K), only depending on K such that

Sglglf(Z)\ < C(K) 111, (1.7)

for any f € A%(Q).

Proposition 1.18. A2%(Q) is a Hilbert space.

Proof. 1If (f3) is a Cauchy sequence in A?(Q), by (1.7), it is also a Cauchy
sequence with respect to uniform convergence on compact subsets of Q. Hence



10 Chapter 1 Bounded operators

The sequence (fi)r has a holomorphic limit f with respect to uniform conver-
gence on compact subsets of Q. On the other hand, the original L?-Cauchy
sequence has a subsequence, which converges pointwise almost everywhere to
the L2-limit of the original L2-Cauchy sequence (see for instance [8]), and so
the L2-limit coincides with the holomorphic function f. Therefore A?(Q) is a
closed subspace of L?(Q) and itself a Hilbert space. O

For fixed z € Q, (1.7) also implies that the point evaluation f — f(z) is
a continuous linear functional on A%(Q), hence, by the Riesz representation
theorem, there is a uniquely determined function k, € A?(Q) such that

ﬂd=U$Q=AfWMMMMW) (1)

We set K(z,w) = k.(w). Then w — K(z,w) = k,(w) is an element of A%(Q),
hence the function w — K (z,w) is anti-holomorphic on Q and we have

/sz d\(w) , f € A%(Q).

The function of two complex variables (z,w) — K(z,w) is called Bergman
kernel of Q and the above identity represents the reproducing property of the
Bergman kernel.

Now we use the reproducing property for the holomorphic function z
kyu(2), where u € Q is fixed:

:/K(z,w)ku(w)d)\(w):/kZ(w)K(u,w)d/\(w)
Q Q

- ([ Kok aw) =5

hence we have ky(2) = k.(u), or K(z,u) = K(u, 2).
It follows that the Bergman kernel is holomorphic in the first variable and
anti-holomorphic in the second variable.

Proposition 1.19. The Bergman kernel is uniquely determined by the proper-
ties that it is an element of A*(Q) in z and that it is conjugate symmetric and
reproduces A?(Q).

Proposition 1.20. Let K C Q be a compact subset and {¢;} be an orthonor-
mal basis of A*(Q). Then the series

Z 0 (2) ¢j(w)
=1

sums uniformly on K x K to the Bergman kernel K(z,w).
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Now let ¢ € L?(Q). Since A%(Q) is a closed subspace of L?(Q) there exists a
uniquely determined orthogonal projection P : L?(Q) — A%(Q).
For the function P¢ € A%(Q) we use the reproducing property and obtain

- /Q K (2, w)P(w) d\(w) = (Péy k) = (6, Pk.) = (. k) (L9)

where we still have used that P is a self-adjoint operator and that Pk, = k..
Hence

/K 2 w)(w) dA(w). (1.10)

P is called the Bergman projection.
Example. The functions ¢, (z) = 1/”T+1 2", n=0,1,2,... constitute an

orthonormal basis in A?(D) , D={z€C : |z| <1}.
This follows from

27 2’1t
/ n2m AN (z / / neind pme=imb pdr df = — 5,
D n+m-+2

For each f € A%(D) with Taylor series expansion f(z) = Y oo an2™ we get

2m
/f )2 d\(z / f(re®yrme™ ™0 dr do

2
- a
e ao r*" 1 dr = 27a, P2y = 2
T.n+lez n+1 0 n-+1

where we used the fact that

1 f(2)
Gy = 5 [y,, e dz,

for ~,.(6) = re’?. Hence, by the uniqueness of the Taylor series expansion, we
obtain that (f, ¢,) = 0, for each n =0,1,2,... implies f = 0. This means that
()22 constitutes an orthonormal basis for A%(D) and we get

AP =D 1(f én) P,
n=0

which is equivalent to

1717 = Z’“"' 1= e
n=0

Hence each f € A?(D) can be written in the form f = >°° ¢, ¢y, where
the sum converges in A?(ID), but also uniformly on compact subsets of I. For
the coefficients ¢, we have : ¢, = (f, o).
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Now we compute an explicit formula for the Bergman kernel K (z,w) of D

The function z +— K (z,w), with w € D fixed, belongs to A%(ID). Hence we get
from the above formula that

’LU) = Z Cn ¢n(z)
n=0

where ¢, = (K(.,w), ¢y), in other words

o = (0 K w) = [ 002K (w,2)dAG) = 60 (w)
by the reproducing property of the Bergman kernel. This implies that the
Bergman kernel is of the form

w) = Zd)n('z) ¢n(w)> (1'11)
n=0

where the sum converges uniformly in z on all compact subsets of D. (This

is true for any complete orthonormal system, as is shown above.) A simple
computation now gives

w):Zd’n(z)m:% Z(n+1)(2@)n:% ( 1
n=0 n—0

i (1.12)

Hence for each f € A?(D) we have

16)= 1 [ G S aiw)

If we fix z € D and set f(w) = 1/(1 —wZ)?, then we get the interesting formula

1 1 1
— ——d)\ =
W/D|1zw|4 W)= T

We will use properties of the Bergman kernel to solve the inhomogeneous
Cauchy-Riemann equation

where

o 1[0 o\ .
oz 2 <8x “ay)’ metw (113)
and g € A%(D).
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Let

= / K(z,w)g(w)(z —w)”d\w). (1.14)
D
Using the Bergman projection
P: L*D) — A*(D)

we get
S(9)(2) = zg(2) = P(9)(2),

where §(w) = wg(w). We claim that S(g) is a solution of the inhomogeneous
Cauchy-Riemann equation:

28(6)(2) = Zg(z) +3 92 + T0D = g(a),

because g and P(§) are holomorphic functions, therefore dS(g) = g. In addition
we have S(g) L A?(D), because for arbitrary f € A%(D) we get

(Sg. f)=(3—P(@), ) = (3, ))—(P@), f) =3, /)~ (3, Pf) = (3, /)—(3 f) =0.
The operator S : A%(D) — L?(D) is called the canonical solution operator to
0.

Now we want to show that S is a compact operator. For this purpose we
consider the adjoint operator S* and prove that S*S is compact, which implies

that S is compact (Theorem 1.8).
For g € A%(D) and f € L*(D) we have

(Sg, f) = /</K (z,w)g w)‘dA(w))f(z)d)\(z)

=A(Akmua@—wvumxa)]mwwwo=@ﬂvx

hence

w):/K(w,z)(z—w)f(z)d/\(z). (1.15)
D

= [ o ire) =
D

and ¢, (z) = 2" /¢, ,n € Ny, then the Bergman kernel K (z,w) can be expressed
in the form
oo —k
P
=2z

C
k=0 K

Now set
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Next we compute

o k—1 —k n n—1
9= [Y e aw =3 5 [T aw -2
Dx—o =1 Ck-1 /D Cn Cn—1
hence we have
B annfl
S(¢n)(z) = Z¢n(z) — 72 , €N
Cnfl

Now we apply S* and get

> whzk <zz" cnz”_1>
w) = z—w)| — — d\(z).
) A%(%< (- (=)

n—1

The last integral is computed in two steps: first the multiplication by z

l@sz<7m—§”)w@

k=0 n—l

00 _
/ Zn+1 wkzk—H
D ©Cn Z Cz
_ /|Z|2n+2d>\
C
< n;l _ 2” ) w™.
Ch Ch—1

Next the multiplication by w

Zym n—1
/ whkzk (z Cn; >d)\(z)
D Ch—1

k=0

d\(z)

om 0 wkzk—H ann—l ’wkfk
= w | — E 5— d\(z) —w 3 Z 5— d\(2)
DCn iy Gk D ‘-1 3= Sk
B U)(annl annl)
- 2 )
Ch—1 Ch—1
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for n = 0 an analogous computation shows

575(¢0)(w) = 5 do(w).
Finally we get

Proposition 1.21. Let S: A%(D) — L?(D) be the canonical solution operator
for 0 and (¢r)k the normalized monomials. Then

. c? [, A
S*S¢ =% (¢, ¢0)do+ > | L — ) (¢, Pn)n (1.16)
CO n=1 Cn Cn—l
for each ¢ € A%(D).
Since ) )
Cn+1 _ Cn - 1 .
2 ci_l_(n+2)(n—|—1)_>0 as n — 00,

it follows that S*S is compact and S too.

C2

2 1/2
We have also shown that the s-numbers of S are (CTC”; L == ) and since

n—1
[e¢) 2 2
C C
n+1 n
Z<C2 ) ><OO
n 1

n=1 n—

it follows that S is Hilbert-Schmidt.

1.4 Resolutions of the identity

We start with some definitions and basic facts.

Definition 1.22. Let Q be a subset of C and M be a o-algebra in Q and let
H be a Hilbert space. A resolution of the identity is a mapping

E:M— L(H)

of M to the algebra £(H) of bounded linear operators on H with the following
properties
(a) E(0) = 0 (zero-operator), E(Q) = I (identity on H).
b) For each w € M the image E(w) is an orthogonal projection on H.
¢c) E(wNu") = EW)EW").
d) If ' NW” =0, then F(w' UW") = E(W) + EW").
e) For every # € H and y € H, the set function E,, defined by

Eyy(w) = (BE(w)z,y)

is a complex measure on M.

(
(
(
(
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We collect some immediate consequences of these properties.
Since each F(w) is an orthogonal (i.e. self-adjoint) projection, we have for
reH

Epp(w) = (BEw)z,z) = (Bw)’z, 1) = (B(w)z, E(w)z) = |E(w)z|?, (1.17)
hence each E ; is a positive measure on M with total variation
By 2(Q) = ], (1.18)

By (c), any two of the projections E(w) commute with each other; if wNw' =
0, (a) and (c) show that im(F(w)) L im(E(w’)), which follows form

(B(w)z, BW)y) = (B(w)’z, EW)y) = (B(w)z, Bw)E(W)y) = 0.

By (d), E is finitely additive. Concerning countable additivity we have the
following result

Proposition 1.23. If E is a resolution of the identity, and if x € H, then
wr— E(w)z

is a countably additive H-valued measure on M.
If v, € M and E(wy,) =0 forn € N, and if w =, wn, then E(w) = 0.
Proof. By (d), w+— (F(w)z,y) is a complex measure, hence

[ee]

(E(wn)z,y) = (E(w)z,y), (1.19)

n=1

for every y € H.
For n # m we have E(wy,)z L E(wy,)x. Let

N

Av(y) =Y (v, E(wn)x).

n=1

By (1.18), the sequence (An(y))n converges for every y € H. The uniform
boundedness principle implies that (]|Ax||)n is bounded, where

IAN] = IE@)z + - + E(wn)all = (|B@w)al® + - + | Blwn)z|*)?,

hence, using the orthogonality, the partial sums

N
Z E(wp)x
n=1
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form a Cauchy sequence in H, so
o
Z E(wp)r = E(w)x
n=1

and w — E(w)x is countably additive and therefore a complex measure on M.

For the second claim, observe that E(w,) = 0 implies E, z(w,) = 0 for
every x € H. Since E, , is countably additive, it follows that E, ,(w) = 0. But
|E(w)z||* = By (w). Hence E(w) = 0. ]

Definition 1.24. Let E be a resolution of the identity on M and let f be a
complex M-measurable function on Q. There is a countable family (Dy)g of
open discs forming a base for the topology of C. Let V' be the union of those
Dy, for which E(f~1(Dy)) = 0. By Proposition 1.23, E(f~*(V)) = 0. Also,
V' is the largest open subset of C with this property. The essential range of
f is, by definition, the complement of V. It is the smallest closed subset of C
that contains f(z) for all z € Q except those that lie in some set w € M with
E(w) = 0. We say f is essentially bounded if its essential range is bounded,
hence compact. The largest value of |A|, as A runs through the essential range
of f, is called the essential supremum || f||eo of f.

Let B be the algebra of all bounded complex M-measurable functions on Q
with the norm

If1l = sup [ f(2)],
z€Q

and let
N={fe€B:|fle =0}

which, by Propositon 1.23, is a closed ideal. Hence B/N is a Banach algebra,
which is denoted by L°°(F). The norm of a coset [f] = f + N is || f]|c0, and
the spectrum o([f]) is the essential range of f, the spectrum of an element g in
a Banach algebra is the set of all complex numbers A such that Ae — g is not
invertible.

In the next step we describe that a resolution of the identity induces an
isometric isomorphism of the Banach algebra L°°(E) onto a closed normal
subalgebra A of L(H), the algebra of all bounded linear operators from H
to H, a normal subalgebra is a commutative one which contains 7™ for every
T e A

For this purpose let {wi,...,w,} be a partition of Q, with w; € M and let s
be a simple function, such that s = a; on wj. Define ¥(s) € L(H) by

lP(S) = Zosz'(wj).
7=1



18 Chapter 1 Bounded operators

Since each E(wj) is self-adjoint, W(s)* = W(5). If ¢ is another simple function
and «, 8 € C, we have

Y(s)¥(t) = W(st) and ¥(as + ft) = a¥(s) + fY(1).

For z,y € H we get
n n
(s, y) = s(Bwp)ay) = 3 05 Eay(w)) = /Q sdE,,.
j=1 j=1

In addition we have
W(s)"W(s) = ¥(|s|*) and [[¥(s)z[|* —/ |I* dEq .
Q
By (1.18) this implies
¥ ()]l < llslloollll, (1.20)
and if z € im(E(wj)), then
Y(s)x = a; E(wj)r = o,

since the projections E(w;) have mutually orthogonal ranges. If j is chosen so
that |a;| = ||s]|ec it follows by (1.20) that

[P(s)l = sup [[¥(s)z] = [[s]lcc- (1.21)

llzll<1
Now suppose that f € L*°(FE). There is a sequence of simple measurable
functions s that converges to f in the norm of L*°(F). By (1.21), the corre-

sponding operators W¥(sy) form a Cauchy sequence in £(H), which is therefore
norm-convergent to an operator that we call ¥(f). By (1.21), we get

A= 11 lloo- (1.22)

Thus ¥ is an isometric isomorphism of L>°(E) into £(H). Since L*™°(E) is
complete, A = W(L*(E)) is closed in £(H). In addition we have

(¥ (), y) = /Q fdE,, and [¥(f)z|? = /Q P dEsa,

which justifies the notation

= [ rar.

The spectral theorem indicates that every bounded normal operator T on a
Hilbert space induces a resolution F of the identity on the Borel subsets of its
spectrum o(T) and that T' can be reconstructed from E by an integral of the
type discussed before.

Using Banach algebra techniques such as the Gelfand transform (see [9]) one
obtains the spectral decomposition for a single normal operator
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Proposition 1.25. IfT € L(H) and T is normal, then there exists a uniquely
determined resolution of the identity 2 on the Borel subsets of the spectrum
o(T) which satisfies

T:/ AAE(N) and (Tx,y) :/ ANdE; (). (1.23)
o(T) a(T)

Furthermore, every projection E(w) commutes with every S € L(H) which
commutes with T.
We shall refer to this E as the spectral decomposition of T.

We list a few consequences of the spectral decomposition.

If w C o(T) is a nonempty open set, then F(w) # 0.

If f is a bounded Borel function on o(T), it is customary to denote the
operator

W(f) = / P

by f(T).

The mapping f +— f(T) establishes a homomorphism of the algebra of all
bounded Borel functions on o(T) into L(H ), which carries the function 1 to T
and the identity function on o(7T) to T, and satisfies

F(T) = f(T)" and ||F(D)] < sup{|f(N)]: A € o(T)}.

The procedure explained above is also called symbolic calculus.
If feC(a(T)), then f+— f(T) is an isomorphism on C(o (7)) satisfying

I#@)al = [

a(

|fI?dE, ..
T)

The eigenvalues of a normal operator can be characterized in terms of the
spectral decomposition. For this purpose we mention the following applications
of the symbolic calculus.

Proposition 1.26. Let T € L(H) be a normal operator and E its spectral
decomposition. If f € C(o(T)) and wo = f~1(0), then

ker(f(T)) = im(E(wo))-

Proof. We set h(\) =1 on wp and h(A) =0on @ = o(T) \wp. Then fh =0 and
by the symbolic calculus f(T')h(T") = 0. Since h(T) = E(wp), it follows that

im(B(wo))  ker(£(T)).
For the opposite inclusion we define for n € N the set

wn =N ea(T):1/n < |fN)] < 1/(n—1)}.
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Then @ is the union of the disjoint Borel sets w;,,. We define f,(A) = 1/f(\) on
wy and f,(A) =0 on o(T) \ wy,. Then each f, is a bounded Borel function on
o(T) and

JalT)F(T) = Ewn), n€N.

If f(T)x = 0, it follows that E(w,)x = 0. Since the mapping w — E(w)z is
countably additive (Proposition 1.23), we obtain F(©)z = 0. But we also have
that

E((I)) + E(WO) =1.

Hence E(wp)x = = and therefore
ker(£(T)) C im(B(wo).
O

Proposition 1.27. Let T € L(H) be a normal operator and E its spectral
decomposition. Let \g € o(T) and Eg = E({\o}). Then

(a) ker(T — XNoI) = im(Ep),

(b) Ao is an eigenvalue of T if and only if Ey # 0,

(c) every isolated point of o(T) is an eigenvalue of T,

(d) if o(T) = {1, A, ...} is a countable set, then every x € H has a unique
expansion of the form

r = Z L,
j=1

where Tx; = \jx;, and x; L xy for j # k.
(e) If o(T') has no limit point except possibly 0 and if dimker(T — \I) < oo,
for X # 0, then T is compact (compare with Section 2.1).

Proof. (a) Is an immediate consequence of Proposition 1.26 with f(A) = A— Ag.

(b) follows from (a).

(c) If Ao is an isolated point of o(7T'), then {\g} is a nonempty open subset
of o(T') and, by the properties of the spectral decomposition listed above, we
get Ey # 0, therefore (¢) follows from (b).

(d) Let E; = E({\;}) for j € N. The projections E; have pairwise orthogonal
ranges and the mapping w — E(w)z is countably additive (Proposition 1.23),
hence for each x € H we have

Z Ejx =E(o(T))r = x,
j=1

and the series converges in the norm of H. Now set x; = F;x and observe that
uniqueness follows from the orthogonality of the vectors z; and that T'x; = Ajx;
follows from (a).
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(e) Let {)\;} be an enumeration of the nonzero points of o(T") such that
|A1] > [A2] > ... and define f,(A\) = A if A =); and j < n, and put f,(A\) =0
at the other points of o(T"). We set again E; = E({);}) and obtain

Since dimim(FE;) = dimker(T' — A\;I) < oo, each f,(T) is a compact operator.
We have |A — f,(A)| < |\ for all X € o(T) and, by the symbolic calculus,

T — fu(T)] < |An| — 0 as n — oco.

By Proposition 1.5, T" is compact.
0O

The symbolic calculus is powerful tool in operator theory. Finally we mention
important applications to positive operators:

Definition 1.28. An operator 7' € L(H) is called positive if (T'z,z) > 0 for
every z € H. We write T' > 0.

Proposition 1.29. (a) T € L(H) is positive if and only if T = T* and o(T') C
[0, 00).

(b) Every positive T' € L(H) has a unique positive square root S € L(H), i.e.
52 =T.

(¢c) If T € L(H), then T*T is positive and the positive square root P of T*T
is the only positive operator in L(H) which satisfies ||Px| = ||Tx| for every
r e H.

(d) If T € L(H) is normal, then T has a polar decomposition T = U P, where
U is unitary and P is positive.

Proof. (a) (Tz,z) and (z,Tx) are complex conjugates of each other. If T is
positive, (T'z, x) is real, so that

(x,T*x) = (Tx,x) = (x,Tx),

for every € H. Hence T = T (by the proof of Theorem 1.12). Let A\ =
a+if € o(T) and put Ty =T — AI. Then

IT3al® = Tz — ax || + 52|,

so that ||Thz|| > |B]||z||. If B # 0, it follows that T is invertible, which means
A ¢ o(T). So we get that o(T) lies in the real axis. If A > 0, we obtain

M| = (e, 2) < (T + M)z, z) < [[(T + M)z |2,
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so that ||(T' 4+ AI)x|| > A||z||, which implies that 7'+ AI is invertible in £(H),
and —\ ¢ o(T), hence o(T') C [0, 00).

Now assume that 7' = T* and o(7") C [0,00). Let E be the spectral decom-
position of T. We have

(Tz,z) = / NAE; »(N).
o(T)
Since Ej , is a positive measure and A > 0 on o(7'), we obtain that 7" is positive.

(b) By (a), Proposition 1.2 and the symbolic calculus, we have o(T) is a
compact subset of R and there exists a uniquely determined spectral measure

FE such that
T = / NAE().
a(T)

S:/ M2 dE(N).
o(T)

Define

Then S is a positive self-adjoint operator with S? = T. In addition there is a
sequence of polynomials p, such that p,(\) — A'/2 uniformly on o(T') (Stone-
Weierstrak) and

lim |[p(T) — S| = 0.

n—oo

Let S be an arbitrary positive self-adjoint operator with S? = T Since T'S =
53 and ST = S, the operator S commutes with 7" and so with polynomials of
T. Hence also with S = limy,—00 P (T'). Let € H and put y = (S — S')a: Using
that SS = S5 and S% = 52, we obtain

(Sy,y) + (Sy,y) = (S + 8)(S = 8)z,y) = ((5* = §)z,y) = 0.

Since S and S are positive, (Sy,y) = (Sy,y) = 0. Hence Sy = Sy = 0, because
(S.,.) is a positive semidefinite sesquilinearform, for which the Cauchy-Schwarz
inequality applies

|(Sy, 2)|* < (Sy,y)(Sz, 2),
for all z € H. Now we get

165 = 8)z* = ((S = §)*x,2) = (S — S)y,z) =0,

which yields Sz = Sz and S = S.
(c) Note first that

(T*Tx,x) = (Tx,Tx) = | Tz||* > 0, for x € H,
so that T*T is positive. If P € L(H) and P* = P, then

(sz,:c) = (Pz, Pz) = HPmH2
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Then, by the proof of Theorem 1.12 , it follows that ||Pz|| = ||Tz|| for every
x € H if and only if P? = T*T.

(d) Put p(A) = |A| and u(X) = A/|A| for A # 0 and «(0) = 1. Then p and u
are bounded Borel functions on (7). Put P = p(T) and U = u(T). As p > 0
we get from (a) that P > 0. Since uu = 1, we get UU* = U*U = I, and since
A = u(N)p(N), the relation T = U P follows from the symbolic calculus.

0O
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Spectral analysis of unbounded operators

2.1 Closed operators

Definition 2.1. Let Hy, Hy be Hilbert spaces and T : dom(T) — Hs be a
densely defined linear operator, i.e. dom(7") is a dense linear subspace of Hj.
Let dom(7T™) be the space of all y € Hy such that z +— (Tx,y)2 defines a con-
tinuous linear functional on dom(7"). Since dom(T") is dense in H; there exists
a uniquely determined element 7%y € H; such that (Tz,y)2 = (2, T*y)1 (Riesz
representation theorem). The map y — T™*y is linear and 7% : dom(7T*) — H;
is the adjoint operator to T
T is called a closed operator, if the graph

G(T)={(f.Tf) € Hi x Hy : f € dom(T)}

is a closed subspace of Hy x Ho.
The inner product in H; X Hs is

((z,9), (u,0)) = (z,u)1 + (y, )2

If V is a linear subspace of H; which contains dom(7) and Tz = Tz for all
x € dom(T) then we say that T is an extension of T.

An operator T with domain dom(T) is said to be closable if it has a closed
extension 7.

Lemma 2.2. Let T be a densely defined closable operator. Then there is a
closed extension T, called its closure, whose domain is smallest among all closed
exrtensions.

Proof. Let V be the set of z € H; for which there exist z; € dom(7) and
y € Hj such that limy_,oo 2 = « and limy_,oo Tz = y. Since T is a closed
extension of T' it follows that € dom(7") and Tz = y. Therefore y is uniquely
determined by z. We define Tz = y with dom(7T') = V. Then T is an extension
of T' and every closed extension of 7' is also an extension of 7. The graph of T'
is the closure of the graph of 7' in H; x Hs. Hence T is a closed operator. O

Lemma 2.3. Let T1 : dom(Ty) — Ha be a densely defined operator and
Ty : Hy — Hj be a bounded operator. Then (ToTh)* = Ty Ty, which includes
that dom((T> T1)*) = dom(Ty} T ).
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Proof. Note that
dom(7T7 Ty) = {f € dom(T%) : Ty (f) € dom(T7)}.
Let f € dom(7} T%) and g € dom(7»Ty). Then
(IT 15 f,9) = (15 f, Thg) = (f. T2 Thg),

hence dom(7} T5) C dom((1217)*).
Now let f € dom((7>T1)*). As T is bounded and everywhere defined on Hs,
and for all g € dom(75T7) = dom(7}) we have

(2T1)"f,9) = (f, T2 Trg) = (T3 £, Tag).
Hence Ty f € dom(TY) and f € dom(7} T). ]

Lemma 2.4. Let T be a densely defined operator on H and let S be a bounded
operator on H. Then (T' + S)* =T* + S*.

Proof. Let f € dom(T™* + S*) = dom(T™). Then for all ¢ € dom(T + S) =
dom(T') we have

(T +5%)f,9) = (T"f,9) + (5" f.9) = (f. Tg) + (f,S9) = (f, (T + S5)g),
hence f € dom((T'+ S)*) and (T + S)*f =T*f + S*f.
If fedom((T+ 5)*), then for all g € dom(T + §) = dom(7") we have
([(T+5)" = 5°1f,9) = (f, (T + S)g) = (f,59) = (f, Tg).
therefore f € dom(7™) and dom((7'+ S)*) = dom(7T™ + S*) = dom(T™). O

Lemma 2.5. Let T : dom(T) — Hs be a densely defined linear operator and
define V : Hy x Hy — Ho x Hy by V((z,y)) = (y, —x). Then

G(T*) = [V(G(D))]* = V(G(T)");
in particular T* is always closed.

Proof. (y,z) € G(T*) < (Tx,y)2 = (x, 2); for each x € dom(T")
& ((x,Tx),(~2z,9)) = 0 foreach z € dom(T) < V7 l((y,2)) = (—z,y) €
G(T)*. Hence G(T*) = V(G(T)*) and since V is unitary we have V* = V!
and [V(G(T))]* = V(G(T)1).

O

Lemma 2.6. Let T : dom(T) — Hy be a densely defined, closed linear oper-
ator. Then
Hy x Hi =V (G(T)) & G(T™).
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Proof. G(T) is closed, therefore, by Lemma 2.5: G(T*)* = V(G(T)). ]

Lemma 2.7. Let T : dom(T) — Hy be a densely defined, closed linear oper-
ator. Then dom(T™*) is dense in Hy and T** =T.

Proof. Let z Ldom(T™). Hence (2,y)2 = 0 for each y € dom(7™). We have
V=Y Hy x H —s H; x Hy
where V=1((y, 7)) = (=, y), and V-V = Id. Now, by Lemma 2.6, we have
Hy x Hy 2V~ Y Hy x Hy) =V HV(G(T)) @ G(T*) = G(T) & V1 (G(T")).

Hence (z,y)2 = 0 < ((0,2),(—T*y,y)) = 0 for each y € dom(T™) implies
(0,z) € G(T') and therefore z = T'(0) = 0, which means that dom(7™) is dense
in HQ.

Since T and T™ are densely defined and closed we have by Lemma 2.5

G(T) =G(T) = [VIG(T")] = G(T™),

1

where —V ™" corresponds to V in considering operators from Hjy to Hj. O

Lemma 2.8. Let T' : dom(T)) — Hy be a densely defined linear operator.
Then kerT* = (imT)*, which means that kerT* is closed.

Proof. Let v € kerT* and y € imT, which means that there exists u € dom(7T)
such that Tu = y. Hence

(v,9)2 = (v,Tu)y = (T*v,u); =0,

and kerT* C (imT)*.

And if y € (imT)*, then (y,Tu)y = 0 for each u € dom(7), which implies
that y € dom(7T™*) and (y,Tu)2 = (T™y,u); for each v € dom(T"). Since each
dom(T) is dense in H; we obtain T*y = 0 and (imT)* C kerT™. O

Lemma 2.9. Let T : dom(T) — Hs be a densely defined, closed linear oper-
ator. Then kerT is a closed linear subspace of Hj.

Proof. We use Lemma 2.8 for T* and get kerT** = (im7*)*. Since, by Lemma
2.7, T** = T we obtain kerT = (im7*)* and that kerT is a closed linear
subspace of Hj.

O
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2.2 Self-adjoint operators

In the following we introduce the fundamental concept of an unbounded self-
adjoint operator, which will be crucial for both spectral theory and its applica-
tions to complex analysis.

Definition 2.10. Let T : dom(7) — H be a densely defined linear operator.
T is symmetric if (Tx,y) = (x,Ty) for all z,y € dom(T). We say that T
is self-adjoint if T is symmetric and dom(7T) = dom(7T™). This is equivalent to
requiring that 7' = T and implies that 7" is closed. We say that T is essentially
self-adjoint if it is symmetric and its closure T is self-adjoint.

Remark 2.11. (a) If 7' is a symmetric operator, there are two natural closed
extensions. We have dom(7") C dom(7™) and 7™ = T on dom(T"). Since T™ is
closed (Lemma 2.6), T* is a closed extension of T, it is the maximal self-adjoint
extension. 7 is also closable, by Lemma, 2.2, therefore T exists, it is the minimal
closed extension.

(b) If T is essentially self-adjoint, then its self-adjoint extension is unique. To
prove this, let S be a self-adjoint extension of T. Then S is closed and, being
an extension of T, it is also an extension of its smallest extension 7. Hence

TcS=S"c () =T,
and S =T.

Lemma 2.12. Let T be a densely defined, symmetric operator.

(1) If dom(T) = H, then T is self-adjoint and T is bounded.

(ii) If T is self-adjoint and injective, then im(T) is dense in H, and T~! is
self-adjoint.

(iii) If im(T) is dense in H, then T is injective.

(iv) If im(T) = H, then T is self-adjoint, and T is bounded.

Proof. (i) By assumption dom(7") C dom(7™). If dom(T") = H, it follows that T
is self-adjoint, therefore also closed (Lemma 2.5) and continuous by the closed
graph theorem.

(ii) Suppose yLIm(7T). Then = — (Tx,y) = 0 is continuous on dom(7T),
hence y € dom(7™) = dom(T), and (x,Ty) = (Tz,y) = 0 for all z € dom(T).
Thus Ty = 0 and since T is assumed to be injective, it follows that y = 0. This
proves that Im(7') in dense in H.

T~ is therefore densely defined, with dom(7T~!) = im(T'), and (7~1)* exists.
Now let U : H x H — H x H be defined by U((z,y)) = (—y,x). It easily
follows that U? = —I and U?(M) = M for any subspace M of H x H, and
we get G(T~1) = U(G(~T)) and U(G(T71)) = G(~T)). Being self-adjoint, T
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is closed; hence —T is closed and T~ is closed. By Lemma 2.6 applied to 7!
and to —T we get the orthogonal decompositions

HxH=UGT)ag(TH)

and

HxH=UG-T)®G(-T7)=6(T"HaUGT").

Consequently
GUT™)") = [U@GT ) =6(T7),
which shows that (T-1)* = T-1.

(iii) Suppose Tx = 0. Then (x,Ty) = (Tx,y) = 0 for each y € dom(7"). Thus
xLim(T'), and therefore z = 0.

(iv) Since im(T) = H, (iii) implies that T is injective, dom(7T~!) = H. If
x,y € H, then © = Tz and y = Tw, for some z € dom(T") and w € dom(T), so
that

(T z,y) = (2,Tw) = (Tz,w) = (z, T 'y).
Hence 7! is symmetric. (i) implies that 7! is self-adjoint (and bounded),

and now it follows from (ii) that 7' = (T~1)~! is also self-adjoint. O

Lemma 2.13. Let T be a densely defined closed operator, dom(T) C Hy and
T : dom(T) — Hs. Then B = (I + T*T)™! and C = T(I + T*T)~! are
everywhere defined and bounded, ||B|| < 1, ||C| < 1; in addition B is self-
adjoint and positive.

Proof. Let h € Hy be an arbitrary element and consider (h,0) € Hy x Hs. Form
the proof of Lemma 2.7 we get

Hy x Hy = G(T) ® V- H(G(T™), (2.1)
which implies that (h,0) can be written in a unique way as

(h,0) = (f, Tf)+ (=T"(—9),—9),

for f € dom(T) and g € dom(T™*), which gives h = f +T*g and 0 =T f — g.
We set Bh := f and Ch := g. In this way we get two linear operators B and C'
everywhere defined on H;. The two equations from above can now be written

as
I=B+TC, 0=TB-C,

which gives
C=TB and [ =B+T'TB=(I+T"'T)B. (2.2)

The decomposition in (2.1) is orthogonal, therefore we obtain

B2 = (1, 0)I* = I (f, THIP+ (T g, =) 1> = IFIP+NTFI+ 1T gl* + gl



Section 2.2  Self-adjoint operators 29

and hence
IBRI>+ ICRI* = I £1I7 + llgli® < [In]7,

which implies || B|| < 1 and [|[C| < 1.
For each u € dom(T*T') we get

(I+TT)u,u) = (u,u) + (Tu, Tu) > (u,u)

hence, if (I +T*T)u = 0 we get u = 0. Therefore (I +T*T)~! exists and (2.2)
implies that (I + T*T)~! is defined everywhere and B = (I +7*T)~!. Finally
let u,v € Hy. Then

(Bu,v) = (Bu, (I +T*T)Bv) = (Bu, Bv) + (Bu, T*T Bv)
= (Bu, Bv) + (T*T Bu, Bv) = ((I + T*T)Bu, Bv) = (u, Bv)

and
(Bu,u) = (Bu, (I + T*T)Bu) = (Bu, Bu) + (I'Bu, TBu) > 0,
which proves the lemma. m|

At this point we can describe the concept of the core of an operator, which
will be very useful later for spectral analysis.

Definition 2.14. Let T be a closable operator with domain dom(7"). A sub-
space D C dom(T) is called a core of the operator T if the closure of the
restriction T |p is an extension of T.

Remark 2.15. If T is a closed operator, then T' |p = T.

Lemma 2.16. Let T be a densely defined closed operator, dom(T) C Hy and
T : dom(T) — Ha. Then dom(T*T) is a core of the operator T.

Proof. We have to show that G(T') = G(T' |qom(7+1)). For this purpose we con-
sider elements (x, Tx) in the graph of T. We suppose that (z,Tz) L (y, Ty) for
each y € dom(7*T). Then

(:E’ (I + T*T)y) - (.’E,y) + (Tl’,Ty) - ((vax)v (vay)) =0,

and as im(I + T*T) = H; (Lemma 2.13) we conclude that x = 0, which means
that G(T' |gom(r+1)) is dense in G(T'). O
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2.3 The d-Neumann operator

Let Q C C" be an open subset and f : Q — C be a C!'-function. We write
zj = x; +1y; and consider for P € Q the differential

n
of of
J=1
We use the complex differentials

dzj = dl‘j + idyj , d?j = dl‘j — idyj

and the derivatives

o _1(o ;0N 9 _L( 9 9
82]'_2 81‘]' ayj ' 8§j 2 81‘]' 8yj

and rewrite the differential dfy, in the form

dfp = Z (ng](P) de + ng](P) de) =0fp —Fgfp.

j=1

A general differential form is given by

w = Z /a/J7KdZJ/\dEK,
[J]=p,|K|=q

where ZI JT=p,|K]| ! qdenotes the sum taken only over all increasing multiindices
J = (jla"'ajp)a K= (k‘l,...,k‘q) and

dZJ:del A-~~/\d2jp , dZi = dzy, /\"'/\dqu-
The derivative dw of w is defined by

dw = Z /dG/J’K/\dZJ/\de: Z /(6aJ7K+gaJ,K)/\dZJ/\d§K>
|7]=p,|K|=q [J]=p,| K|=q

and we set

ow = Z / aa,LK/\dZJAde and dw = Z /gaJ,K/\dZJ/\d?K,
|7|=p,|K|=q = K|=q

We have d = 0 + 9 and since d? = 0 it follows that
0=(0+0)0(0+dw=(00d)w~+(00d+0dod)w+ (Jod)w,

which implies 9% = 0 , 9 =0and dod+00d = 0, by comparing the types
of the differential forms involved.
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Definition 2.17. Let

L3y (Q) i={u=> ujdz; : u; € L*(Q),j=1,...,n}
j=1

be the space of (0, 1)- forms with coefficients in L?(Q). For u,v € L(20 1)(Q) we
define the inner product by

n

(u,0) = (ug,v)).

J=1

In this way L(20 1)(Q) becomes a Hilbert space. (0,1) forms with compactly

supported C* coefficients are dense in L(QO’I)(Q).

Definition 2.18. Let f € C°(2) and set

_ "9
8f = ?fdzj,
=1 7%

then B
91 C50(Q) — Ly 1y(Q).

0 is a densely defined unbounded operator on L?(Q). It does not have closed
graph.

Definition 2.19. The domain dom(9) of J consists of all functions fe L*(Q)
such that 0f, in the sense of distributions, belongs to L(Qo’l)(Q), ie. Of =g =
-1 9; dZzj, and for each ¢ € C5°(Q) we have

o0\ .\ _ = -
/Qf<azj> A\ — /Qg]¢dA,j_1,...,n. (2.3)

It is clear that C§°(Q) C dom(d), hence dom(d) is dense in L?(Q). Since
differentiation is a continuous operation in distribution theory we have

Lemma 2.20. 0 : dom(0) — L?o 1)(8) has closed graph and Kerd is a closed
subspace of L*(Q).
Proof. Let (fx)r be a sequence in dom(9) such that fy — f in LE(Q) and
Jfy — g in L%Oyl)(Q).YVe have to show that df = g. We know that 8f;i—> of
as distributions. As Jfy — ¢ in L(Z0 1)(Q), it follows that f € dom(d) and
of = g. B

Now we can apply Lemma 2.9 and get that Kerd is a closed subspace of
L*(Q). o
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Now we consider the d-complex
@) 5@ 5. L@ Lo, (2.4)
where L(0 )(Q) denotes the space of (0, ¢)-forms on Q with coefficients in L?(Q).
The J-operator on (0, ¢)-forms is given by

] (Z ,CLJ dZ]) Z Z ' %dz] ANdzyg, (2.5)
J

Jj=1 J

where Z, means that the sum is only taken over strictly increasing multi-indices
J=(1,---+Jq)-
The derivatives are taken in the sense of distributions, and the domain
of O consists of those (0,q)-forms for which the right hand side belongs to
%0 " +1)( ). So d is a densely defined closed operator, and therefore has an

adjoint operator from L( Q) into L(Q0 9 (Q) denoted by 9"

0 q+1)(
We consider the d-complex

B
Lo g)(Q) = Lo 1) (), (2.6)

s

L(QO,q—l) ('Q‘>

Q’*‘T le\

)
forl1<qg<n-1.

Proposition 2.21. The complex Laplacian [ = 55:‘ +§* 0, defined on the
domain dom(0J) = {u € L%O 9 (Q) : u e dom(d)Ndom(D"),0u € dom(D"),d u €

dom(0)} acts as an unbounded, densely defined, closed and self-adjoint operator
on L(20 q)(Q), for1 < q < n, which means that O = O* and dom(0) = dom(1*).

Proof. dom(UJ) contains all smooth forms with compact support, hence [J is
densely defined. To show that [ is closed depends on the fact that both 0 and
9" are closed : note that

(Ou,u) = (00 u+ 0" du,u) = ||0ul|? + |0 ul|?, (2.7)

for u € dom(OJ). We have to prove that for every sequence w; € dom([J)
such that v — w in L%O q)(Q) and Ouy, converges, we have u € dom(OJ) and
Oug, — Ou. It follows from (2.7) that

(O(ug, — ue)yup — ue) = [[(ug — we)||* + (10" (ur, — ug)|%,

which implies that Ou converges in L(o q +1)(Q) and that 9 uy, converges in
L<0 . 1)( ). Since @ and & are closed operators, we get u € dom(d) Ndom(d")

and Juy, — Ou in L(0q+1)( ) and 9wy, — 0 u in L( (Q).

0,9—1)
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To show that Ou € dom(8") and 9 u € dom(d), we first notice that 99 uy,
and @" uy, are orthogonal which follows from

(00" up,, & dug) = (9" 9 up,, duy) = 0.

Therefore the convergence of Cug = gg*uk +0" Ouy, implies that both 55*uk
and 0" Ouy, converge. Now use again that 0 and 8" are closed operators to
obtain that gg*uk — 90 uand 9" Ouy, — 9" Ou. This implies that Cug — Cu.
Hence O is closed.

In order to show that [J is self-adjoint we use Lemma 2.13. Define

R=00 +0 0+1

on dom(J). By Lemma 2.13 both (I +89")~" and (I + 8 9)~! are bounded,
self-adjoint operators. Consider

L=I+90) ' +(I+9 9 -1
Then L is bounded and self-adjoint. We claim that L = R~'. Since
([+99) " [ =(I—(I+90 ) +00) " =85 (1+98),

%k

we have that the range of (Ij—?g*)_l is contained in dogl@a ). Similarly, we
have that the range of (I + 8 8)~! is contained in dom(d" d) and we get

L=(I+009)""'-08"1+09)"
Since & = 0, we have that the range of L is contained in dom(g* 0) and
9OL =001+ 9)".
Similarly, we have that the range of L is contained in dom(88 ) and
9 L=00 (I+08)".
This implies that the range of L is contained in dom(O). In addition we have
RL=00 (I+9d) ' +9 09I+ 9) ' +L=1.
If Ru =0, we get Ou = —u and 0 < (Ou,u) = —(u,u), which implies that
u = 0. Hence R is injective and we have that L = R~!. By Lemma 2.13 we

know that L is self-adjoint. Apply Lemma 2.12 to get that R is self-adjoint.
Therefore 00 = R — I is self-adjoint. O
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For the rest of this section we will now suppose that Q is a smoothly bounded
pseudoconvex domain in C”. It can be shown that

19u])? + 1107 u]* > ¢ lul?, (2.8)

for each u € dom(d) Ndom(d"), ¢ > 0 (see for instance [10]).
The next result describes the implication of the basic estimates (2.8) for the
[l-operator.

Proposition 2.22. Let Q C C" be a smoothly bounded pseudoconver domain.

Then O : dom(O) — L(Q0 q)(Q) is bijective and has a bounded inverse

N : L{ (Q) — dom(D)).

N s called O-Newmann operator. In addition
1
1Nl < = lul. (2.9)

Proof. Since (Ou, u) = ||0u||>4]/8 /|2, it follows that for a convergent sequence
(Ouy)pn we get

10w, — O | ttn, = | > (Ot = wm), i = tm) > ¢lltin, — um|?,

which implies that (uy), is convergent and since [J is a closed operator we
obtain that [ has closed range. If Ou = 0, we get Ou = 0 and du=0and by
(2.8) that w = 0, hence O is injective. By Lemma 2.12 (ii) the range of [J is
dense, therefore [ is surjective.
We showed that
0 : dom(0) — L ,(Q)

is bijective and therefore, by Lemma 2.12 (iv), has a bounded inverse
N : L3 (Q) — dom(D)).

For u € L(20 q)(Q) we use (2.8) for Nu to obtain

cINul* < [ONu|® + 0" Nul®
= (9"Nu, Nu) + (99" Nu, Nu)
= (u, Nu) < [[ul|[[Nul],

which implies (2.9).
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For u € L(20 q>(§2) and v € dom(d) N dom(8") we get

(u,v) = (ONu,v) = (00" 4+ 8 0)Nu,v) = (8 Nu,d v) + (ONu, dv). (2.10)

Now we discuss a different approach to the d-Neumann operator, which is
related to the quadratic form

Q(u,v) = (Ju, ) + (0"u, 0 v).
For this purpose we consider the embedding

j : dom(9) N dom(9") —» L(207q)(Q)’

where dom(d) N dom(d") is endowed with the graph-norm
w ([[Bull? + 1|07 ul|?) /2.
The graph-norm stems from the inner product
Q(u,v) = (u,v)g = (Tu,v) = (Fu, dv) + (0" u,d v).

The basic estimates (2.8) imply that j is a bounded operator with operator
norm

| < —.

171l < 7

By (2.8) it follows in addition that dom(9) Ndom(d") endowed with the graph-
norm u — ([|dul|? 4 || ul|?)/? is a Hilbert space.

Since (u,v) = (u,jv), we have that (u,v) = (j*u,v)qg. Equation (2.10) sug-

gests that as an operator to dom(d) Ndom(8"), N coincides with j* and as an

operator to L%O q)(Q), N should be equal to j o 5*. For this purpose set

N =joj* (2.11)
and note that N* = (j0j*)* = joj* = N, i.e. N is self-adjoint (of course also
bounded). We claim that the range of NV is contained in dom([J). To show this

we use an approach due to F. Berger (see [1]): since O is self-adjoint it suffices

to show that Nu € dom((0*) for all u € L%O q)(Q), which means to show that

the functional v + (v, Nu) is bounded on dom(0J) :
((Ov, Nu)| = [((89" + 9" 9)v, Nu)| = |(Bv, 0Nu) 4+ (8 v, 8 Nu)|

= [Q(v, 5" u)| = |(Gv, w)| = (v, w)| < [[o]l [|ul].

For v € dom(d) N dom(d") we have

(OFu,0) = (Fu,0)q = (77u,v)q = (u,jv) = (u,v),
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hence OONu = u, in a similar way we obtain for u € dom((J)
(NOu,v) = (Ou, Nv) = (u, Nv)g = (u, j*v)g = (ju,v) = (u,v),
which implies that NOu = u. Altogether we obtain that N = N.
Proposition 2.23. The operators
ON : L3, (Q) — Ly 441)(Q) and 0N : Ly (Q) — L, 1)(Q)
are both bounded.

Proof. From the above considerations on N we get

IONul® + 10" Nul® = (5*u, j*u)q < [I7°1* |lull?,

for u € L(Qqu)(Q), which implies the result. O
Proposition 2.24. Let N, denote the d-Neumann operator on L%O,q) (Q). Then
Ny110 = 0N, (2.12)

on dom(d) and o
Ny—10 =0 Ny, (2.13)

on dom(d"). B B
In addition we have that & Ny is zero on (kerd)™.

Proof. For u € dom(d) we have du = 99 IN,u and
Ny410u = Ny 109 ONyu = Nyy1 (00 + 9 9)dN,u = dN,u,

which proves (2.12). In a similar way we get (2.13).
Now let k € (kerd)* and u € dom(d), then

(9" Nyk,u) = (Ngk,du) = (k, Njou) = (k, ON,_1u) = 0,

since ON,_1u € ker(9), which gives E*qu: =0.
O

Since we already know that both operators qu and E*Nq are bounded,

we can extend both operators Nq+15 and Nq_lg* to bounded operators on
2

L(o,q)(Q)-

Proposition 2.25. Let o € L(20 q)(Q), with o = 0. Then ug = & Nya is the

canonical solution of Ou = «, this means Oug = « and ugL kerd, and

10" Ngad| < ™1/ |l (2.14)
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Proof. For a € L(20 9 (Q) with da = 0 we get

a=39 Nya+d dN,a. (2.15)
If we apply 0 to the last equality we obtain:
0=0a= %*qua,
and since IN,a € dom(9d") we have
0= (08 ON,a, N ) = (8" ON,a, 0 IN ) = |8 ON,a?. (2.16)
Finally we set ug = 0 Ny and derive from (2.15) and (2.16) that for do = 0
a = Juo,
and we see that ugL ker 9, since for h € ker @ we get
(ug, h) = (0" Ny, h) = (Nyar, Oh) = 0.
It follows that

|8"Nyal> = (89" Nya, Nya)
= (99 Ny, Nya) + (0"ON,a, Nya)
= (o, Nga) < laf| [ Nga|]

and using (2.9) we obtain
10" Noa]| < 712 .
O

We showed that the canonical solution operator S, for 0 coincides with E*Nq
as operator on

L} (@) Nkerd

and is a bounded operator.
The 0-Neumann operator N can be expressed in terms of the canonical so-
lution operators:

Proposition 2.26.
Ny =S, 84+ Sgt18541- (2.17)
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Proof. We use (2.12) and (2.13) to show that
"Ny =09 N} = (N,0)* and (9" N,)* = N0,
and
ONg =0 "N; = (Ny0')* = (9" Ngy1)* and 9 Ngy1 = (ON,)* = N, 0,

where we applied Lemma 2.3. Hence it follows that for u € L%O q)(Q) we have

Nyu = Ny(d8" + 9 d)Nyu
= (NyD)(8" Ny)u + (Ng@")(ONy)u
= (E*Nq)*<5*Nq)U + (E*NqH)(é*NqH)*U
= Sy Squ+ Sg1 Sypu.

O

Proposition 2.27. Let P, : L(Q0 q)(Q) — kerd denote the orthogonal projec-

tion, which is the Bergman projection for ¢ = 0. Then
Py=1—9 Nyy10, (2.18)

on dom(0).

Proof. First we show that the range of the right hand side of (2.18), which we
denote by P, coincides with kerd : for u € dom(9) we have

Ou — 55*Nq+15u = Ou — ONyy10u + 5*5Nq+15u = O0u— Ou =0,

where we used (2.12) to show that ON,110u = Ny420 du = 0, and since
U—0 Npp10u=u
for u € kerd, we have shown the first claim. Now we obtain
P =(I-9"Ny19)*=1—-8 N0 =P,
and
P%y = Pu— E*Nqﬂgpu
= Pu — E*Nqﬂgu + E*Nqug*Nquu

Pu— 8" Nyy10u+0 Nyt (O -9 9)Nyydu

I
av]}
£

This means that P coincides with P, on dom(d). O
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Finally we remark that P can be extended to a _unique bounded operator
on L%O " (@), with coincides with P, : for u € dom(0) we have by (2.12) that

5*Nq+15u = 5*5Nqu and u = ONgu = 55*Nqu + 5*5Nqu is an orthogonal
decomposition, which follows from
(09" Nyu,d ONyu) = (090 Nyu, dNyu) = 0.
Hence 7 B o B
10" Ng10u|| = (|0 ONgul| < [lull, u € dom(D),
5 2

which proves the claim since dom(0) is dense in L q7)(9).

Remark 2.28. Using the symbolic calculus for bounded self-adjoint operators
we are able to interpret the basic estimate (2.8) in the following way:
Suppose that
0 : dom(0J) — L y(Q)

is bijective and has a bounded inverse N, then the basic estimate
lull> < € (|9u]® + 8" u|®), u € dom(D) (2.8)

must hold.

N is self-adjoint and bounded and, by Proposition 1.29, therefore has a
bounded self-adjoint root N''/2 which is again injective. By Lemma 2.12 N'1/2
has a self-adjoint inverse which will be denoted by N~%2. Let v € dom(0).
Then there exists w € L%OJ)(Q) such that Nw = u. Hence we have N'/2v = v,

where v = NV2w and N=1/2y = w = N~1V2N-1/2y is well defined. Now we
get
||u||2 = HN1/2U||2 < CH,UHQ — C(N71/2U7N71/2u)
=C(NYV2N"12yu) = C(NV2N"V2Nw, Nw)
= C (w, Nw) = C (Ou, u)
< C(|0ul® + 107u]?),

which is the basic estimate (2.8).

2.4 Spectral decomposition of unbounded
self-adjoint operators
Let Q be a subset of C and M be a o-algebra in Q and let H be a Hilbert space.

Let
E:M— L(H)
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be a resolution of the identity. The symbolic calculus associates to every f €
L*>(E) an operator ¥(f) € L(H) by the formula

(W), y) = /Qdea:,y , T,y €H.
Now we will extend this for unbounded measurable functions f.

Lemma 2.29. Let f: Q — C be a measurable function. Put

Df:{er:/|f|2dE$,x<oo}.
Q

Then Dy is a dense subspace of H. If x,y € H, then

1/2
J V1B <ol [ / |f|2dEm,m] | (2.19)
Q Q

If f is bounded and u = ¥(f)v, for v € H, then
dEy, = fdE,, , © € H. (2.20)
Proof. Let z =x + y and w € M. Then
IBW)2I* < (IEW)z|l + | E@)yl)* < 2(|Ew)z|® + | E@)yl?)-

Recall that E, ,(w) = (E(w)z, ) = (E(w)?r,7) = |[|[E(w)z|/?, so we get from
above
B2 (w) < 2(Epe(w) + Eyy(w)),

which implies that Dy is closed under addition. It is clear that Dy is also closed
under scalar multiplication. Therefore Dy is a subspace of H.
For n € N, let w,, be the subset of Q where |f| < n. If z € im(E(w,,)), then

Ew)r = E(w)E(wy)r = E(wNuwy)z , w € M.

Hence
Eyz(w) = Eypg(wNwy),

therefore

/ |f|2 dE, » = / |f|2 dE; » < n? |\x\|2 < 00.
Q Wn

Thus im(F(wy)) C Dy. Since Q@ = (J;2; wp, the countable additivity of w
E(w)y implies that y = lim,,—o E(wy,)y for every y € H. Hence y lies in the
closure of Dy and Dy is dense in H.
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If z,y € H and f is bounded and measurable, the Radon-Nikodym Theorem
(see for instance [8]) implies that there is a measurable function g on Q such
that [g| = 1 on Q and

gf dEx,y = |f| d|Ex,y|-
Hence

/Q Fld|Esy| = (¥(gf)z. ) < [¥(gh)z] 1yl (2.21)

As in Chapter 9.1. we get

1% (g)e]? = /Q 9P By, — /Q P dEse,

which implies (2.19) for a bounded function f. The general case is done as in
the first assertion of this proposition.

To show (2.20) we consider an arbitrary bounded measurable function h and
have

/Q hdBp, = (P(h)a,u) = (¥(h)z, ¥ (f)v)
= @(H¥(h)z,0) = (F(Fh), )

/ hfdE;.,.

Q

O

In the next step we carry over the results of Section 9.1 (symbolic calculus)
for unbounded measurable functions.

Proposition 2.30. Let E be a resolution of identity on Q.
(a) To every measurable f : Q — C corresponds a densely defined closed
operator W(f) on H, with domain dom(¥(f)) = Dy, which is characterized by

(P(f)z,y) = /Qdex,y ,x€Dy,yc H (2.22)

and which satisfies

(Pl = [ VP dBes @ €Dy, (2.23)
(b) If f and g are measurable, then

V(¥ (9) C¥(f9),

which means that dom(W(f)¥(g)) C dom(¥(fg)) and ¥(f)¥(g9) = ¥(fg) on
dom(W(f)¥(g)), and

dom(¥(f)¥(g)) = Dy N Dyg.
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Hence ¥(f)¥(g9) = ¥(fg) if and only if Dyy C D,.
(¢) For every measurable f : Q — C,

W(f)" ="¥(f) and ¥(f)¥(f)" ="P(fI) =P(F)"E(F).

Proof. Fix x € Dy, then the conjugate-linear functional y fQ fdE;y is
bounded on H (Lemma 2.29). Hence there is a unique element W(f)z € H
satisfying (2.22) and

(el < [ 177 dBrs 2 €Dy, (2.24)

The linearity of W(f) on Dy follows from (2.22) and the fact that £, , is linear
in x.

Now we associate with each f its truncations f, = f¢,, where ¢,(p) = 1 if
|f(p)| < n, and ¢n(p) = 0, if [f(p)| > n.

Then Dy_y, = Dy, since each f, is bounded, and therefore (2.24) shows,
using the dominated convergence theorem, that

¥ (f)z — P (f)z|* < /Q |f = fol?dByr — 0, as n — oo, (2.25)

for every x € Dy. Since f, is bounded, (2.23) holds for f,. Hence (2.25) implies
(2.23) for f.

This proves (a), except for the assertion that W(f) is closed. This will follow
from (c) (to be proved) and Lemma 2.5 with f instead of f.

(b) First assume that f is bounded. Then Dy, C Dy. If v € H and u = P(f)v,
we get from Section 9.1 and (2.20) that

(W(f)¥(9),v) (P(g)z, ¥(f)v) = (¥(g)z,u)

- / GdE, . — / fgdEs.,
Q Q

= (Y(f9)z,v)

So we have shown that
Y(f)¥(g9)r =Y(fg)xr, x €Dy, fe L™

The last line implies that for y = W(g)z

/Q|f|2dEy7y :/Q|fg|2dEx,m , x €D, , feL™ (2.26)

Using truncation we see that (2.26) also holds for arbitrary f (possibly un-
bounded). Since dom(¥(f)¥(g)) consists of all z € D, such that y = ¥(g)z €
Dy and since (2.26) shows that y € Dy if and only if x € Dy, we see that

dom(W(f)¥(g)) = Dy N Dyy.
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If x € DyNDyy, and y = ¥(g)x, and if the truncations f,, are defined as above,
we obtain f,, — f in L?(E,,) and f,g — fg in L?*(E,,) and finally

YW (gz =T (f)y = lim ¥(fo)y = lim ¥(fog)z =¥(fg)z.

This proves (b).
(c) Suppose that « € Dy and y € Dy = Dy. It follows from (2.25) and Section
9.1 that
(W(Nay) = lim (P(f)z,9) = lim (2, 9(F,)y) = (@ YD),

n—oo

Hence y € dom(¥(f)*), and dom(¥(f) € dom(¥(f)*). If we can show that each

u € dom(W(f)*) lies in Dy, we obtain W(f)* = W¥(f). Fix u for this purpose
and put v = ¥(f)*u. Since f, = f¢n, the multiplication theorem yields

Since ¥(¢,,) is self-adjoint and bounded, we have by Lemma 2.3 and Section
9.1 that
Y(on)¥(f)" = [Y()¥(on)]" =¥ (fn)" =P(f0)-
Hence
¥(pn)v =Y (f,)u, n€N.

Since |¢,| < 1 we have now

/'fn|2dEu,u_/ ‘¢n|2dEv,v SEU,’U(Q) ) n € N.
Q Q

Hence u € Dy.
Finally, since Df? C Dy, another application of the multiplication theorem
gives the last assertion of (c).
O

Definition 2.31. The resolvent set of a linear operator T': dom(T) — H is
the set of all A € C such that AT — T is an injective mapping of dom(7") onto
H whose inverse belongs to £L(H). The spectrum o(7") of T is the complement
of the resolvent set of T

First we collect some informations about the spectrum of an unbounded
operator.

Lemma 2.32. If the spectrum o(T) of an operator T does not coincide with the
whole of the complex plane C then T must be a closed operator. The spectrum of
a linear operator is always closed. Moreover, if ( ¢ o(T) and ¢ := |[Rr(Q)| =
(¢TI — T)7Y|, then the spectrum o(T) does not intersect the ball {w € C :
|¢ —w| < ¢}, The resolvent operator Ry is a holomorphic operator valued
function.
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Proof. For ¢ ¢ o(T) let S = ((I — T)~! which is a bounded operator. Let
xy € dom(T) with = limy, 00 z, = x and lim,, o T, = y and set u, =
(¢I —T)xy. Then

lim w, = lim ((z, — Tz,) = (z — v,
n—oo n—oo
therefore

S(x—y) = nli)rglo Suy, = nli)rréoxn =z

This implies € dom(T") and (¢ —T)x = (x—y, or Tz = y. Hence T is closed.
The remainder of the proof is similar to the case when 1" is bounded, see
Lemma 1.3. O

In the next proposition we refer to the concept of the essential range of a
function with respect to a given resolution of the identity (Definition 1.24).

Proposition 2.33. Let E be a resolution of the identity on Q and f: Q — C
a measurable function. For a € C put

wa ={p€Q: f(p) =a}.

(a) If « is in the essential range of f and E(wy) # 0, then ol —¥(f) is not
injective.

(b) If av is in the essential range of f but E(wq) = 0, then ol —¥P(f) is an
injective mapping of Dy onto a proper dense subspace of H, and there exists
vectors x,, € H, with ||z,| = 1, such that

lim [ax, — ¥(f)z,] = 0.

(c) o(P(f)) is the essential range of f.

One says that « lies in the point spectrum of W(f) in case (a) and in the
continuous spectrum of ¥(f) in case (b).

Proof. Without loss of generality we can assume that o = 0.

(a) If E(wy) # 0, there exists zp € im(F(wg)) with ||xg]] = 1. Let ¢¢ be
the characteristic function of wy. Then f¢o = 0, and W(f)¥(¢pg) = 0. Since
Y(pg) = E(wp), it follows that

Y(f)zo =¥(f)E(wo)zo = ¥(f)¥(d0)zo = 0.
(b) Now we have E(wp) = 0 but E(wy,) # 0 for n € N where

wn ={p € Q:|f(p)| <1/n}.
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Let @, € im(E(wy,)) with ||z,|| = 1 and let ¢, be the characteristic functions
of wy. As in (a) we obtain

Thus ¥(f)x, — 0 although ||z,|| = 1.
If ¥(f)x = 0 for some x € Dy, then

/Q|f|2 dE, . = |P(f)z|* = 0.

Since |f| > 0 almost everywhere (E,,), we must have E,.(Q) = 0. But
E,.(Q) = ||z||>. Hence ¥(f) is injective. Similarly W(f)* = P(f) is injec-
tive. If y L im(W(f)), then z — (¥(f)z,y) = 0 is continuous in Dy, hence
y € dom(¥(f)*), and

(z,¥(f)y) = (¥(f)z,y) =0, x € Dy.

Hence ¥(f)y = 0 and y = 0. Therefore im(W(f)) is dense in H.

Since W(f) is closed, so is ¥(f) L. If im(W(f)) = H, the closed graph theorem
would imply that W(f)~! € £(H). This is impossible in view of the sequence
(z5,)n constructed above. Hence (b) is proved.

(c) Tt follows from (a) and (b) that the essential range of f is a subset of
o(¥(f)). Now assume that 0 is not in the essential range of f. Then g =
1/f € L*(FE), and fg = 1, hence ¥(f)¥(g9) = W¥(1) = I, which proves that
im(W(f)) = H. Since |f| > 0, we have that W(f) is injective, as in the proof of
(b). By the closed graph theorem, W(f)~! € L(H). Therefore 0 ¢ o(¥(f)) and
(c) is proved.

O

In the following proposition we describe the change of measure principle.

Proposition 2.34. Let M and M’ be o-algebras in the sets Q,Q' C C and let
E:M — L(H) be a resolution of identity, and suppose that ® : Q — Q' has
the property that ®~(w') € M for every ' € M'.

IfE' (W) = E(® Y(W')), then E' : M — L(H) is a resolution of the identity,
and

/ de;y = / (fo®@)dE,, (2.27)
o ’ Q
for every M’-measurable f : Q' — C for which either of these integrals exists.

Proof. A straightforward verification gives that E’ is again a resolution of the
identity For characteristic functions (2.27) is just the definition of E’. So (2.27)
follows for simple functions and also in the general case.

0O
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In order to derive the general spectral theorem for unbounded self-adjoint
operators we will use the Cayley transform.
The mapping
t—1
t+1i
sets up a bijection between the real line and the unit circle minus the point
1. The symbolic calculus developed in Section 9.2 therefore shows that every
self-adjoint operator T' € L(H) gives rise to a unitary operator

t—

U= (T —il) (T +i)™ ",

and that every unitary U whose spectrum does not contain the point 1 is ob-
tained in this way. This relation will now be extended to unbounded symmetric
operators.

If T is a symmetric operator, we have

Tz + wc||2 = (Tx+ iz, Tz +ix) = Hﬂc||2 + ||Tac||2 = ||Tx — ixHQ,

for x € dom(T). This implies that (T + iI) is injective, and that there is an
isometry U with dom(U) = im(7T" + i), and im(U) = im(7" — iI), defined by

UTz+ix) =T —ix, z € dom(T).
Since (T +iI)~! maps dom(U) onto dom(T), we can write
U= (T —4l)(T+il)~".
This operator U is called the Cayley transform of T.

Lemma 2.35. Let U be an isometry, i.e. ||Ux| = ||z| for all x € dom(U).
(a) For x,y € dom(U), we have (Uz,Uy) = (z,y).
(b) If im(I — U) is dense in H, then I — U is injective.
(¢c) If any one of the three spaces dom(U), im(U) and G(U) is closed, so are
the other two.

Proof. (a) Follows from the polarization identity:
1 ) . . .
(@.y) = (e +yll* = o = yl* +illz + iy = illz — iy[*) (2.28)
(b) Let z € dom(U) and (I — U)x = 0. Then x = Uz and

(z,(I = U)y) = (v,y) — (x,Uy) = (Uz,Uy) — (z,Uy) =0

for every y € dom(U). This implies L im(/ — U), so that z = 0 if im(/ — U)
is dense in H.
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(c) follows from

Uz = Uyl = [lx =yl = (2, Uz) = (y, Uy)ll , x,y € dom(UV),

=
V2
where in the last term (z,Ux), (y,Uy) € G(U) are elements of the graph of U

and
(2, Uz) — (3, Uy)ll = (= — ylI* + |Uz — Uy|*)*/%.

O

Proposition 2.36. Let T be a symmetric operator on H (not necessarily
densely defined) and let U be its Cayley transform. The following statements
are true:

(a) U is closed if and only if T is closed.

(b) im(I —U) = dom(T'), and I — U is injective, and T can be reconstructed
from U by

T=i(I+U)I-U)"".

The Cayley transforms of distinct symmetric operators are distinct.

(¢) U is unitary if and only if T is self-adjoint.

Conversely, if V' is an operator in H which is an isometry, and if I —V 1is
injective, then V is the Cayley transform of a symmetric operator in H.

Proof. (a) The identity ||Tx + iz|*> = ||z||? + || T=||* implies that (T +iI)x <
(z,Tx) is an isometric one-to-one correspondence between im(7T + i7) and the
graph G(T) of T. Hence T is closed if and only if im(7" + ¢I) is closed. By
Lemma 2.35, U is closed if and only if dom(U) is closed. But, by the definition
of the Cayley transform, dom(U) = im(7 + ¢I), which proves (a).

(b) The one-to-one correspondence z <+ z between dom(7") and dom(U) =
im(T + ¢I), given by

z=Tr+iz, Uz=Tr —ix
can be written in the form
I-U)z=2ix, (I+U)z=2Tx.

Hence (I — U) is injective and im(I — U) = dom(T'), therefore (I — U)~! maps
dom(T") onto dom(U), and

2Tx = (I +U)z= (I +U)I —U)"'(2iz) , = € dom(T).

This proves (b).
(¢) Assume that T is self-adjoint. Then, by Lemma 2.13,

im(I +7*T) =im(I +7T?%) = H. (2.29)
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We have
(T +4iI)(T —il) =T? +1 = (T —iI)(T +il),

where all operators have domain dom(7?). Hence, (2.29) implies that
dom(U) =im(T +¢I) = H (2.30)

and
im(U) =im(T —iI) = H. (2.31)
Now (U*Ux,z) = (Uz,Ux) = (x,x) for every x € H, which implies U*U = T
and U is unitary.
Now assume that U is unitary. Then

(im(I — U))* = ker(I — U)* = {0},

and dom(T") = im(I — U) is dense in H. Thus T™ is defined and T' C T*. Fix
y € dom(T™). Since im(T + iI) = dom(U) = H, there exists yg € dom(T') such
that

(T + i)y = (T + il)yo = (T* + iD)yo.

Set y1 =y — yo. Then y; € dom(7T*) and, for every = € dom(7T') we have
(T —iDx, 1) = (z, (T* +il)y1) = (x,0) = 0.

Thus y; L im(T — i) =im(U) = H, so y1 = 0 and y = yo € dom(7T"). Hence
dom(T') = dom(T™*) and (c) is proved.

Finally, let V' be as in the statement of the converse. Then there is a one-to-
one correspondence z <> = between dom(V') and im(I — V'), given by

r=z—-Vz
Define S on dom(S) = im(/ — V') by
Sr=i(z+Vz)ife=2-Vz (2.32)

If z,y € dom(S), then z = z — Vz and y = u — Vu for some z,u € dom(V).
Since V' is an isometry, it follows from Lemma 2.35 that

(Sz,y) = i(z+Vzyu—Vu)=i(Vz,u) —i(z,Vu)
= (z—=Vziu+iVu) = (z,Sy).
Hence S is symmetric. For z € dom(V'), (2.32) can be written in the form
2iVz = Sx —ix , 2iz = Sx + iz,
hence, if z € dom(S), we obtain
V(Sz +iz) = Sz — iz
and that dom(V') = im(S + ¢I). Therefore V is the Cayley transform of S.
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At this point we use the methods developed above to prove a key result about
the spectrum of an unbounded self-adjoint operator. It transfers properties of
unbounded self-adjoint operators to the bounded resolvent operators.

Let T € L(H) be a self-adjoint operator. If S\ # 0, then

[SAlull* = [SUT = ADw,w)| < (T = ADul| Jul, (2.33)

for all u € H, where we used that (T'u,u) = (u, Tu) is real.
This implies that T — AI is injective and has closed range. As

(im(T — X))+ = ker(T — \I)

and this kernel reduces to {0}, we obtain that 7' — AI is bijective.
This follows also from the Lax-Milgram Theorem, once one has observed that

(T = Mu, )] > SN [ful*. (2.34)

Theorem 2.37. Let T be a bounded self-adjoint operator. Then o(T') is con-
tained in [m, M|, where

m = inf (Tw, ) and M = sup (Tu,u)‘
u#0 (uau) u#0 (uvu)

Moreover m and M belong to the spectrum of T

Proof. We already know that the spectrum is real. If A Is real and A\ > M, we
can apply the Lax-Milgram Theorem for the sesquilinear form

(u,v) = Au,v) — (Tu,v),

to see that A\ ¢ o(T"). To show that M € o(T), we apply the Cauchy-Schwarz
inequality to the scalar product

(u,v) = M(u,v) — (Tu,v).

We get
|(Mu — Tu,v)| < (Mu — Tu,u)"?(Mv — Tv,v)"/?.

In particular
|Mu — Tul| < ||MI —T|"*(Mu — Tu,u)"? (2.35)

Now let (uy)n, be a sequence in H such that |lu,| = 1 for each n € N and
(Tup, u,) — M as n — co. By (2.35)

lim (M1 —T)u, =0,
n—oo
and this implies M € o(T"), otherwise
Uy = (MI —T)"Y(MI - T)u,

would tend to 0 in contradiction to [|u,|| = 1. O
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Corollary 2.38. LetT € L(H) be a self-adjoint operator such that o(T') = {0}.
Then T = 0.

Proof. By Theorem 2.37 we have m = M = 0, hence (T'u,u) = 0, for each
u € H. As (T'u,v) can be written as a linear combination of terms of the type
(Tw,w), we obtain T = 0.

0O

Proposition 2.39. The spectrum o(T) of any self-adjoint operator T is real
and non-empty. If ¢ ¢ R then

I =)~ M < 3¢~ (2.36)
Moreover, B
(I =T)" = (I -T)"H)" (2.37)

Proof. Let ¢ = & +in and n # 0 and set K = %(T —&I). Using Lemma 2.4,
it follows that K* = K. Let f € dom(K) such that Kf = K*f = if, then
i(f, ) = (Kf. f) = (f. Kf) = —i(f, f), which implies f = 0 and that K — il
is injective. In a similar way one shows that K + il is injective. The proof
of Proposition 2.36 part (a) implies that im(K =+ ¢I) is closed. Now we obtain
from Lemma 2.8 that im(K +4I)*+ = ker(K +4I) = {0}. Therefore (K +4I)~!
is defined on the whole of H. Since we have

1Kz +ix|® = [|Kz|* + [l2]* , « € dom(K),
we get
(& £iD) "yl = (K £ i)~ (K £ il)z|| = || < (K £iD)z| = ||yl
for each y € H, which implies that
(K +4il) 7| < 1. (2.38)

Thus +i ¢ o(K) and hence ¢ ¢ o(T). In addition (2.38) implies (2.36).
Now let x1, 29 € dom(7"). Then

(T = ¢I)wy, 2) = (21, (T — CI)xz).

Putting 1 = (T — ¢I)x1 and y = (T — (I)xy and rewriting the last equation
in terms of y; and yo yields (2.37).

Suppose T has empty spectrum. Then 7! is a bounded self-adjoint operator.
We claim that o(T~!) = {0}. For A # 0 we can write the inverse of 7-1 — \I
in the form

(TP =AD" = T\ ) = AT AT T -

which is a bounded operator. Now Corollary 2.38 gives that 7~! = 0, which
contradicts that T o T~ = 1I. m]
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The Cayley transform is now used to reduce the construction of the spectral
decomposition of an unbounded self-adjoint operator to the spectral decompo-
sition of a unitary operator.

Proposition 2.40. Let T be an unbounded self-adjoint operator (T = T* and
dom(T) = dom(T*)). Then there exists a uniquely determined resolution of the
identity & on the Borel subsets of R, such that

o0
(T, y) = / tdE,, (1) , o € dom(T) , y € H. (2.39)

Moreover, E is concentrated on the spectrum o(T) C R of T, in the sense that
E(o(T)) =1.

Proof. Let U be the Cayley transform of T and let Q be the unit circle with the
point 1 removed. Let E’ be the spectral decomposition of U (Proposition 1.25).
By Proposition 2.36 I — U is injective and, by Proposition 1.27 E'({1}) = 0.
Hence

(Uz,y) = / ANdE, ,(N) ,z,y € H. (2.40)
o
Define 10
FO) = Z((l :LA)) L AeQ.

We define () as in Proposition 2.30 with £’ in place of E.

(B(f)r, ) = /Qde;,y L xeDy, yeH. (2.41)
Since f is real-valued, W(f) is self-adjoint (Proposition 2.30). Since
F)@X=X) =i(1+N),

the symbolic calculus gives

Y(f)I-U)=il+U). (2.42)
This implies in particular
im(f —U) C dom(¥(f)). (2.43)
By Proposition 2.36
TI-U)=1iI+U) (2.44)

and dom(7T") = im(f — U) C dom(¥(f)). (2.43) and (2.44) imply that ¥(f) is
a self-adjoint extension of the self-adjoint operator 7. Thus we have T' C ¥(f)
and W(f) =Y(f)* CT* =T, hence ¥(f) =T In addition we get

(Tz,y) = /Qde;’y ,z € dom(T) ,y € H. (2.45)
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By Proposition 2.33 (c) , o(T) is the essential range of f. Thus o(T) C R.
Since f is injective in Q, we can define E(f(w)) = E’(w) for every Borel set
w C Q, to obtain the desired resolution E which converts (2.45) into (2.39).The
uniqueness of E follows from the uniqueness of the representation (2.40).

O

The symbolic calculus is now used to prove the following assertions.

Proposition 2.41. Let T be a self-adjoint operator on H.

(a) (Tx,x) > 0 for every x € dom(T) (briefly T > 0) if and only if o(T) C
[0, 00).

(b) If T > 0, there exists a unique self-adjoint operator S > 0 such that
dom(S) D dom(T) and S* =T on dom(T), The symbolic calculus implies that
x € dom(T) if and only if x € dom(S) and also Sz € dom(S). In addition
dom(T) is a core of S.

Proof. (a) see Proposition 1.29 (a).
(b) Assume T > 0, so that ¢(T) C [0,00), and

(o]
(Tz,y) = / tdE, (1) x € dom(T) ,y € H, (2.46)
0

where dom(T) = {z € H : [[°t*dE, ,(t) < oo}. Let s(t) be the nonnegative
square root of ¢ > 0 and put W(s) = 5, explicitly

(Sz,y) = /0 Y s(t)dBuy(t) ,x €Dy 1y € H. (2.47)

By Proposition 2.30 we obtain that S? = T on dom(7") and S > 0.
To prove uniqueness, suppose R is self-adjoint, R > 0 and R?> = T, and Ef
is its spectral decomposition:

(o]
(R, y) = /O tdER (1) .z € dom(R) y € H. (2.48)

We apply Proposition 2.34 with Q = [0,00) , ¢(t) =t?, f(t) =t, and

E'(¢p(w)) = EF(w) for w C [0, 00), (2.49)
to obtain
(Tz,y) = (R, y) = /0 2dER = /0 LdE,(1). (2.50)

(2.46) and (2.50) and the uniqueness statement in Proposition 2.40 show that
E' = E. By (2.49), E determines E¥, and hence R.
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The statement about the domains of the operators S and T follows from
the symbolic calculus and the definition of the domains there (see Proposition
2.30). As S* = S, Lemma 2.16 immediately implies that dom(7’) is a core of
S. O

As applications of these results we prove a useful characterization of self-
adjoint and essentially self-adjoint operators.

Proposition 2.42. Let T be a closed symmetric operator. Then the following
statements are equivalent:

(1) T is self-adjoint;

(11) ker(T* +iI) = {0} and ker(T™* —iI) = {0};

(iii) im(T + iI) = H and im(T — iI) = H.

Proof. (i) implies (ii): by Proposition 2.39 +i ¢ o(T).
(ii) implies (iii): Notice that ker(T* £ 4I) = {0} if and only if im(7T" FiI) is
dense in H. This follows easily from

(Tu + iu,v) = (u, T F iv),

for u,v € dom(T). So it remains to show that im(7 F i) is closed. The
symmetry of 7" implies that

I(T F il)ul® = | Tul® + |[ul?, (2.51)

for u € dom(T"). Now, since T is closed, we easily obtain that im(7" F iI) is
closed.
(iii) implies (i): Let u € dom(7™). By (iii) there exists v € dom(7") such that

(T —il)v=(T" —il)u.

Since T' is symmetric, we have also (T* — iI)(v — u) = 0. But, if (T + ¢I) is
surjective, then (T* — iI) is injective (Lemma 2.8) and we obtain u = v. This
proves that u € dom(7") and that T is self-adjoint. O

We proved during the assertion (ii) implies (iii) that

Lemma 2.43. If T is closed and symmetric, then im(T £ iI) is closed.

In a similar way we obtain a characterization for essentially self-adjoint op-
erators.

Proposition 2.44. Let A be a symmetric operator. Then the following state-
ments are equivalent:

(i) A is essentially self-adjoint;

(ii) ker(A* +ilI) = {0} and ker(A* —iI) = {0};

(111) im(A +iI) and im(A —iI) are dense in H.
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Proof. We apply Proposition 2.42 to A and notice that A is symmetric and

that Lemma 2.5 implies that A* = (A4)*. In addition we use Lemma 2.43.
O

If A is also a positive operator, we get

Proposition 2.45. Let A be a positive, symmetric operator. Then the follow-
ing statements are equivalent:

(i) A is essentially self-adjoint;

(i1) ker(A* + bI) = {0} for some b > 0;

(iii) im(A + bI) is dense in H.

Proof. We proceed in a similar way as before and notice that for a positive,
symmetric operator A we have

(A + bI)u,w) > blul?, (2.52)

for u € dom(A), which is a good substitute for (2.51).

By Lemma 2.8, (ii) and (iii) are equivalent. Since the closure of a positive,
symmetric operator is again positive and symmetric, it remains to show that a
closed, positive symmetric operator T is self-adjoint if and only if ker(T*+b1) =
{0} for some b > 0.

We can suppose that b = 1. If T' is self-adjoint, then the spectrum (7)) C R™,
hence ker(T + I) = ker(T* + I) = {0}.

For the converse, we first show that im(7'+ 1) is closed: let (yg)r C im(T'+1)
be a convergent sequence. There exists a sequence (zy)r C dom(7T) such that
Y = (T + I)xk Then

(@k, yx) = (@1, Tag) + [lel|* > [lz?,
and, by Cauchy-Schwarz,
el < llyell- (2.53)
Since (yg ) is convergent, supy, ||yx|| < oo, and, by (2.53), sup,, ||zx| < co. Now,

positivity implies

|k — el (wg — @0, (T + I)(2k — 70))
(lzkll + NlzeDllye — vell

Cllyr — yel|-

IA A CIA

Hence (z)x is a Cauchy sequence. Since we supposed that T is closed, there
exists # € dom(T) such that = limg_,oo 2 and (T + Nz = y = limg_ 00 Yi-
Hence im(7T + I) is closed.
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The assumption ker(T* + I) = {0} now gives im(T + I) = H. In order to
show that 7' is self-adjoint. it suffices to show that dom(7™) C dom(T"). Let
x € dom(T™). There exists y € dom(7’) such that

(T+DNHy=(T"+DNy=(T"+1)z,

since dom(7") € dom(7™). This implies (T 4 I)(z —y) = 0, and hence x =y €
dom(T). O

Finally we mention that every self-adjoint operator is unitarily equivalent to
a multiplication operator, which is important for applications to the solution of
other spectral problems. We omit the proof, as we will not use this version of
the spectral theorem in the sequel. Using the Riesz representation theorem in
measure theory (see for instance [8]), this version follows easily from Proposition
2.40.

Theorem 2.46. Let T be a self-adjoint operator on H with spectrum o(T).
Then there exists a finite measure p on o(T) x N and a unitary operator

U:H — L*o(T) x N, du)
with the following properties: if
g:0(T)xN—R

is the function g(t,n) = t, then x € H lies in dom(T) if and only if g - Ux €
L?(o(T) x N,du). In addition we have

UTU'h = gh
for all h € U(dom(T)), and
Uf(TU ™ h = f(g)h

for all bounded Borel functions f on o(T).
In particular, f(T) is a bounded operator and

1A= 1 lloo- (2.54)

In the proof of this version of the spectral theorem one starts with a function
f € Co(o(T)), a continuous function which vanishes at infinity. Then one
considers the linear functional

A(f) = (f(T)x, z),
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where z € H is an appropriate vector (a cyclic vector). The Riesz representation
theorem (see [8]) implies that there exists a finite countably additive measure
1 on R such that
(f(T)z,x) = f() dp(t).
o(T)
This is the main step. The rest of the proof consists of an application of the
symbolic calculus (see [3] for all details).

2.5 Determination of the spectrum

In this part we prove some results of the spectral theory of unbounded self-
adjoint operators, which are used later on for the applications to the [(J-operator,
to Schrodinger operators with magnetic field, and to Pauli and Dirac opera-
tors. These results enable us to determine the spectrum of the -operator in
some special cases and they yield methods to decide whether the corresponding
differential operators are with compact resolvent.

First we prove some general results about the spectrum of an unbounded
self-adjoint operator.

Lemma 2.47. Let T be an unbounded self-adjoint operator. Then X € o(T) if

and only if there exists a sequence (zk)x in dom(T) such that ||xg|| = 1 for each
k€N and

lim [[(T — A)zk| = 0.

k—o0

If T and S are self-adjoint operators such that T = U~'SU for some unitary
operator U, where dom(T) = U~Y(dom(S)), then o(T) = o(S).

Proof. If X € o(T), then T'— A is not injective and one can find z € dom(7’)
such that ||z|| = 1 and (T'— AI)x = 0. So the constant sequence x; = = has the
desired property.

Conversely, suppose that A\ ¢ o(T). Then (T — AI)~! is a bounded operator.
If there exists a sequence (z)r in dom(7') such that ||zk|| = 1 for each k € N
and limy_,o [|(T" — A)z|| = 0, then

lim (T — AI)"YT — X)xp = lim x =0
k—o0

k—o0

yields a contradiction to ||zg|| = 1 for each k € N.
To prove the second assertion take A € o(S) and a sequence (yg)x in dom(.S)
such that |lyx|| = 1 for each k € N and

lim /(S = A)yel| = 0.
k—o0
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Then for U1y, = 2, € dom(T) we have ||z;|| = 1, since U is unitary and
(T = D)zl = 1U~(Syx = Aye) | = [1(S = AT)yal-
This shows that A € (7). O

Lemma 2.48. Let T be an unbounded self-adjoint operator and E the uniquely
determined resolution of the identity 2 on the Borel subsets of R, such that

(Tz,y) —/ tdE;y(t) , x € dom(T) , ye H

(see Proposition 2.40).
Then
o(T)={NER: E((A— e, A +¢)) £0, Ve > 0} (2.55)

Proof. Let A\ € o(T'). Suppose that there exists ey > 0 such that E((A —€g, A+
€0)) = 0. Then there exists a continuous function f on R such that f(t) =
(t — A)~! on the support of the measure dE(t). By the symbolic calculus, we
obtain a bounded operator (T — AI)~! and hence a contradiction.

Conversely, let A belong to the right hand side of (2.55). For each k € N we
can now find zy € dom(T') such that ||xx|| = 1 and

E(()\ - 1//{?, A+ 1//{7))£Ek = T.
Consider the bounded Borel functions
fe®) = (= N) Xo—1/kar+1/0) (1), t ER, k €N,

where X (x_1/k,a+1/k) 15 the characteristic function of the intervall (A —1/k, A +
1/k). Then, by (2.54),

(T = Aay|| = (T = ML) E((A = 1/k, A+ 1/k))ai|| < 1/k ||zk| = 1/k.
Using Lemma 2.47, we get A € o(T). O

Lemma 2.49. Let T be a symmetric operator on H with domain dom(T), and
suppose that (xy)r is a complete orthonormal system in H. If each xy lies in
dom(T), and there exist A\, € R such that

Tl’k = /\kxk

for every k € N, then T is essentially self-adjoint. Moreover the spectrum of T
is the closure in R of the set of all \p.
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Proof. If x =Y 72 | oy, belongs to dom(T'), and

o
y="Tr=>_ Bru,

=1
then
Br = (y,xx) = (Tx,x1) = (x, Tay) = (2, 71) = ApO.

Since x,y € H we have

oo oo
Z|O¢k‘2 < o0, Z|ﬁk|2 < 00
k=1 k=1

and hence
oo

Z(l + A2 |ag)? < oo.
k=1

We define an operator T  as follows: let

o0 o0
dom(T)={zx € H:z = Zakmk with Z(l + A |a)* < oo}
k=1 k=1

and define
o0
T.%’ = Z ak)\kxk
k=1

for z € dom(T). Tt follows that 7T is an extension of 7.

Let X be the closure of the set {\; : k € N}. Each ), is an eigenvalue of T
and, by Lemma 2.32, o(T) is closed, so £ C o(T). For 2 ¢ Land x = Y 32| aay
we define the operator S on H by

Sr =S5 (Z akmk> = Z ap(z — M) L.
k=1 k=1

It follows that S is injective and that

00 o0 1/2
1S ann)ll < sup |2 = Al (Z Iakl2> = Cll=l,

k=1 k=1

which implies that the operator S is bounded. Its range is precisely dom(T")
and (zI — T)Sz = x for all z € H. Thus z ¢ o(T) and S = (21 — T)~!. This
implies £ = o(T).
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Now we claim that 7" is the closure of T. Since o(T) is not equal to C, Lemma
2.32 implies that 7" is a closed operator. Let

U= Z oy € dom(T)
k=1

and put u,, = Z;anl apx. Then lim,, s 4y, = u and
m o
lim Tu,, = lim Zak)\k;vk = Zak)\kxk =Tu.

Hence T =T.
Finally we prove that T is self-adjoint. For 2 € dom(T*) and Tz = y we
have
(y,an) = (", k) = (v, Tag) = Az, 7).

Ifz = "3, apxy the above implies that y = Y32 | apA\pxg. Hence € dom(7),
thus dom(7*) = dom(T), and T = T*. ]

Definition 2.50. Let T be a self-adjoint operator on H. The discrete spectrum
04(T) of T is the set of all eigenvalues A of finite multiplicity which are isolated
in the sense that the intervals (A — €, A) and (A, A + €) are disjoint from the
spectrum for some € > 0. The non-discrete part of the spectrum of T is called
the essential spectrum of 7', and is denoted by o, (7).

A closed linear subspace L of H is called invariant if

(¢I-17)"H(L) C L,
for all ¢ ¢ R.
Lemma 2.51. Let T be a self-adjoint operator. Then
od(T) ={A€o(T):3e>0, dimim(E(A —e,\+¢€))) < 0}. (2.56)

Proof. Let X belong to the right hand side of (2.56). Then there exists ¢y > 0
such that for each € € (0, €y) the projection E((A—¢, A-¢€)) becomes a projection
with finite range independent of e. This is actually the projection E({\}) and
we observe that F((A — €y, A)) = 0 and E((A\ A+ €p)) = 0. This shows that
A E O'd(T).

If A € 04(T), then X is an eigenvalue of finite multiplicity and there exists
e > 0 such that the intervals (A — €, \) and (A, A + €) are disjoint from the
spectrum, which means that dimim(E((A — e, A +¢€))) < 0. ]
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As the whole spectrum of a self-adjoint operator is closed, it now follows
that the essential spectrum is closed. The following characterization of the
essential spectrum of a self-adjoint operator is similar to the characterization
of the whole spectrum, compare with Lemma 2.47.

Lemma 2.52. Let T be a self-adjoint operator. X belongs to the essential
spectrum oo (T) if and only if there exists a sequence (zk)g in dom(T) such that
lzk|| = 1 for each k € N, such that xj, converges weakly to 0 and

lim ||[(T — Al)xzg|| = 0.
k—o0
Proof. The sequence appearing in the lemma is called a Weyl sequence. We say

that A belongs to the Weyl spectrum W (T) if there exists an associated Weyl
sequence. By Lemma 2.47, we already know that

W(T) C o(T).

Let A\ € W(T) and suppose that A € o4(T). Then the spectral projection
E({A}) has finite dimensional range and hence is compact. So, by Proposition
1.11,

lim E({\})z; =0

k—o0

in H. Now let yj, := (I—E({\}))zg. Then, as E({\})T = TE({\}) (Proposition
2.40), we get limg_oo [lyx|| = 1 and

lim (T = Ay, = lim (I = B{AD)(T = A)ay, = 0.

k—o0

But (7" — M) is invertible on im(I — E({\})), so we obtain limy_,o y = 0,
which is a contradiction. Hence A € o.(T).
Conversely, let A € 0.(T). Then, by Lemma 2.51,

dimim(E((A —e,A+¢€))) = o0

for any € > 0. Let ¢, be a decreasing sequence of positive numbers such that
limy,_, o0 € = 0. We can now choose an orthonormal system (xy); such that

2k € Im(E((\ — €k, A+ €x))).

Then, by Bessel’s inequality, xj converges weakly to 0 and the same reasoning
as in Lemma 2.48 yields

(T — A)ag|| = 0.

lim ||
k—o0
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2.6 The Laplacian

Consider the Laplace operator

A= 5m
7=1

on R™. We extend its domain as

RN )

dom(—A) = {f € L*(R") : D*f € L*(R"), |a| < 2} = W?(R"),

and obtain, by a similar reasoning as before, a closed operator from dom(—A)
to L?(R™), which is in addition symmetric and positive, since we have

n

(=Au,u) = Z (Dju, Dju),

j=1

for u € dom(—A). We will show that this operator is essentially self-adjoint
and hence has a unique self-adjoint extension.
Using the Fourier transform

A

f&) = fl@)e ™ dr(x),
Rn

one can show that W?2(R") coincides with the space of all functions f € L?(R")
such that (1 + |£]?)f belongs to L?(R™).
The operator —A + I has a bounded inverse

B: L*(R") — W?[R")

given by .
Bf(§) = (1 +4n*[¢) 1 f(€).

It is easily seen that im(B) = W2(R") and im(—A + I) = L?(R").

We will now determine the spectrum of —A on R™ and show that o.(—A) =
[0, 00).

Let p € [0,00) and choose w € R™ such that 47|w|? = p. Let x € C5°(R") be
a cut-off function such that xy = 1 on the unit ball B(0,1) of R® and x = 0 on
R™ \ B(0,2). Let

Vw(x) _ eQm’axw, o= Rn7

and
fi(@) = cex(z/k)ve (), k €N,

where the normalizing constant is

cx = (k"2 |xll2) "
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We compute

(n+A)fr(x) =
k(v + Dv)x(/k) + (20 /k) Vi (x) - Vx(2/k) + (cr/ kv (z) Ax (2 /F).

The first term vanishes pointwise because Av,, = —47r|w\2yw. The function v,
is bounded, and since, by a change of variable

i [ AX]I L2
K ixliee

the L?-norm of the third term tends to 0 as k — co. In a similar way one shows
that the L?-norm of the second term vanishes as k — oo. Hence

C
25 1Ax (/B2 =

(I + A) fellzz — 0, as k — oc.
Since |vy ()| = 1 for all z, the definition of ¢j gives
Ifellz2 =1, ke N.

Now we show that (fj)r converges weakly to 0. For this purpose we decompose
an arbitrary function f € L?(R") in the form f = g+ h, where g = f on B(0, R)
and g = 0 elsewhere, and h = f on R" \ B(0, R) and h = 0 elsewhere, R > 0.
Then we have

(fa fk) = (gv fk) + (ha fk:)v

and
(g, fi)l < exllxllze=llgllzr — 0, as k — oo.

By Cauchy-Schwarz we see
limsup [(h, fi)| < [|A][ 2.
k—o0
The last term can be made arbitrarily small by letting R — oo, and so
lim (f, fi) = 0.
k—o0
Now, by Lemma 2.52, we have p € o.(—A).

Assume that p € C\ [0, 00) and let § = dist(y, [0, 00)) so that & > 0. Let (fi)x
be a corresponding Weyl sequence, which means that limg, || (—=A —ul) fgllz2 = 0
and || fxllz2 = 1,k € N. We set g, = (—A — ul) fx. Taking Fourier transforms
we observe that

k(&) = (4m?[¢]> = ) fi (),
so that
|fe(©)] <" ().
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This implies

1 fllze = 1fillze < 67" Ngnllze = 6" llgelle — O,

which contradicts || fx||z2 = 1,k € N. Therefore p ¢ o.(—2). We have now
shown that o.(—A) = [0,00). The calculation from above shows that u €
p(—42), when 1 ¢ [0, 00), 50

o(=A) = o0.(—A) =[0,00).

If we consider —A as an unbounded operator on L?(Q), where Q is a bounded
domain with C%-boundary, we first remark that —A\ fails to be essentially self-
adjoint. The Dirichlet realization —Ap corresponds to the zero boundary con-
dition and its domain is

dom(—Ap) = H*(Q) N H} (Q).

In this case the spectrum o(—Ap) C (0,00) is discrete and consists of positive
eigenvalues tending to oo. (see [6])

2.7 Compact resolvents

Next, we will characterize the situation when o.(T") = (). For this purpose we
need some preparations.

Lemma 2.53. Let T be a self-adjoint operator on H and let A € R be an
eigenvalue of T. Then

Ly ={z € dom(T) : Tx = \x}

s a closed invariant subspace of H.
If L is an invariant subspace of T, then L+ is also invariant.

Proof. Ly = ker(T — XI), and T — I is a closed operator, hence, by Lemma
2.4, Ly is a closed subspace. Now let x € Ly and ¢ ¢ R. Then

=1 = A= -1 A=z
= A= -T)" T - (D=
= 7(>\ - C)ilx7

hence (¢I —T)71(Ly) C Ly.
Let L be an invariant subspace and y € L*. Then, by (2.37)

(I =T) "y, 2) = (y, (T =T)'z) =0
for all 2 € L and ¢ ¢ R. Therefore ((I —T)'y € L+ and L' is invariant. O

A=¢
A=¢
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For the following results we always suppose that the underlying Hilbert space
H is separable and infinite-dimensional, i.e. each complete orthonormal system
is countably infinite.

Proposition 2.54. Let T be a self-adjoint operator on H. The essential spec-
trum o.(T) of T is empty if and only if there exists a complete orthonormal
system of eigenvectors {xp}n of T such that the corresponding eigenvalues Ay,
converge in absolute value to oo as n — oo.

Proof. If o¢(T) = (), then the spectrum o (7T') consists of a set {r, },, of isolated
eigenvalues of finite multiplicity, which can only converge to +0o. We enumerate
the eigenvalues in order of increasing absolute values and repeat each eigenvalue
according to its multiplicity. In this way we get an associated orthonormal
system of eigenvectors {x,}, of T. Suppose that this system is not complete.
Then, by Lemma 2.53, the subspace

L={zeH:(x,xzy)=0,necN}

is invariant with respect to 7" in the sense of Definition 2.49. If z € dom(7T")N L,
then
(Tz,2,) = (2, Twp) = rn(z,2,) =0,

hence T'(dom(7T) N L) C L. The essential spectrum of the restriction of T' to L
is also empty. But the spectrum of this restriction is non-empty (Proposition
2.39), therefore T" has further eigenvalues and eigenvectors not accounted for in
the above list.

Conversely suppose that a sequence of eigenvalues and eigenvectors with the
stated properties exists, and let {s,}, be the set of distinct eigenvalues. By
the assumption that \,, converge in absolute value to co as n — co, we deduce

that s, are isolated eigenvalues of finite multiplicity. It follows from Lemma
2.49 that

(o]

o(T) = U {sn}.

n=1

Thus o.(T) = 0. ]

Proposition 2.55. Let T be an unbounded self-adjoint operator on H which
is non-negative in the sense that o(T) C [0,00). Then the following conditions
are equivalent:

(i) The resolvent operator (I +T)~t is compact.

(ii) oe(T) = 0)

(i11) There exists a complete orthonormal system of eigenvectors {xp}n of T
with corresponding eigenvalues i, > 0 which converge to +00 as n — 0.
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Proof. (i) = (iii): The operator (I +T)~!: H — dom(T) is compact and
self-adjoint and has dense image. By Proposition 1.12 there exists a complete
orthonormal system of eigenvectors x,, of (I+7)~! and eigenvalues \,, (of finite
multiplicity) tending to 0 such that

(I+T7T) JZ—Z)\ X, L)X

Since all z,, € dom(T"), we have T(I+T) 'z, = A\, Tz, If we add (I+7)~!
to this equality we get

ATz +(T+T) ey = TUI+T) 2y +(I4+T) 2y = (T+T)T+T) L2y, = 20,
which implies that
)\nTxn + )\nxn = Tn,

and therefore
1-)\,

Tx, =
T N

T
Setting p, = ’\" we get (iii).

Now suppose that (iii) holds. We rearrange the eigenvectors z, so that the
sequence {fi,}, is non-decreasing. Each x € H can be written in the form
z=> " (z,zy)z, and we obtain

o0 oo 1
I+T) 'z = T, xn) L+ T g, = T, Tp)Tn.
( ) ;( ) ) ;1+Mn( )
Let
|
An = T, Tn)Tn
N ;1+Mn( )

Then the operators Ay are of finite rank and, by Bessel’s inequality, we obtain

oo

1
I+T) "= An)z| = T, T )Xy || <
[1(( ) n)z|l IIn%:+1 . +un( )| <

——lal.

from which we see that Ay converges in operator norm to (I+7)~! as N — oo.
Now, by Proposition 1.13, (I +7T)~! is a compact operator.
The equivalence of (ii) and (iii) is a consequence of Proposition 2.54.
O

The following general result explains the approach to the d-Neumann oper-
ator (2.11) by means of the embedding

§ : dom(d) Ndom(d*) < L(Zo,q)(g)a
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where dom(8) N dom(d") is endowed with the graph-norm
w ([Bull? + 1107 u]?) 2.

It will also be crucial for the question of compactness of the O-Neumann oper-
ator, which will be discussed in the following chapters.

Proposition 2.56. Let A be a non-negative self-adjoint operator (i.e. o(A) is
contained in [0,00)). There exists a unique self-adjoint square root AY? of A
and dom(AY?) D dom(A). In addition dom(A) endowed with the norm

Ifllp = (A2 £ + 11£]12) 72

becomes a Hilbert space, the norm ||.||p stems from the inner product

(f.9)p = (A2, AY2g) + (£, g).

Let dom(A) be endowed with the norm ||.||p. Then, A has compact resolvent
if and only if the canonical imbedding

j:dom(A) = H

is a compact linear operator.
Furthermore, A has compact resolvent if and only if AY? has compact resol-
vent.

Proof. In Proposition 2.41 we proved existence and uniqueness of the square
root of A.
For n € N we define the functions

nt

=——, tel0,00).
n-+t

qn(t)
These are continuous functions with ¢,(t) < g¢u41(t) and lim, 0 gn(t) = t.
Moreover ¢, (t) < n for each ¢t € [0, 00). By Theorem 2.46 the operator nA(nl +
A)~1 is bounded on H and the function

Qn(z) = (nA(nl + A)flx,x) ;|

is bounded on the unit ball of H and continuous. The functional calculus
implies that @, (z) increases monotonically to Q(z), where

Qr) =

+00 otherwise.

{(A1/2x, A'2z)  for x € dom(A),
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A function ® : H — (—o00, +00] is said to be lower semicontinuous if for every
convergent sequence x, — = in H we have

O(x) < liminf®(x,,).

n—0o0

It is easily seen that a function ® is lower semicontinuous if and only if
{z:0(z) > a}

is open for every real «r, and that the pointwise limit of an increasing sequence of
continuous functions is a lower semicontinuous function. Therefore the function
Q is lower semicontinuous.

Now let {z,}, be a Cauchy sequence with respect to ||.||p. Then {z,}, is
also a Cauchy sequence with respect to ||.|| and therefore converges to z € H.
Given € > 0 there exists N € N such that

Q(Tm — xp) + || — anQ <€

for all m,n > N. Letting m — oo and using the lower semicontinuity of @, we
deduce that € dom(A) and

Qa — @) + ||z — 2a|* < €

for all n > N. Hence ||z — z,||p < € and dom(A) endowed with the norm ||.||p
is complete.

Since —1 ¢ o(A), we know that (I + A)~! is a bounded operator on H.
From (1.1) we get that Ra(—1) = (I + A)~! is compact if and only if R4(z) is
compact for any z ¢ o(A).

Let u € H and v € dom(A). Then

(J u,v)p u, jv) = (u,0) = (I + A)(I + A) " "u,0)
(I+A) 1u,(I+A) )

I+ A)~tu, Av) + (I + A tu,v)

121 4 A) w, AY20) + (I + A) " u,v)

(I+ A) " u,v)p,

(
(
(
(A
(

This implies that j* = (I + A)~! as operator on dom(A) and joj* = (I+ A)~!
as operator on H. So we deduce the desired conclusion by the fact that j is
compact if and only if j o j* is compact (Theorem 1.8).

The last statement follows from (il + AY/2)* = —iI + A'/? and

(I 4 A) = (il + AY?) (=il + AV/?).
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Our next aim is to compare two self-adjoint, strictly positive operators and
to prove Ruelle’s Lemma.

Remark 2.57. Let S be a self-adjoint operator. Suppose that (Sx,z) > 0 for
each x € dom(S). We say that S is strictly positive, if (Sz,z) > 0 for each
z € dom(S) \ {0}. Using the fact that dom(S) is a core of S'/? (Proposition
2.41), one can easily show that S is strictly positive if and only if ||S1/2z|| > 0
for each = € dom(S¥/2)\ {0}. We also indicate that a strictly positive self-
adjoint operator S is injective and im(S) is dense in H and S~! is self-adjoint
(Lemma 2.12).

Lemma 2.58. Let S and T be strictly positive self-adjoint operators. Then the
following assertions are equivalent.
(a) dom(T1/2) C dom(Sl/Q) and ||Sl/2x|\ < \|T1/2x|| forx € dom(Tl/Q);
(b) dom(T*/?) C dom(S'/?) and ||SY*>T—2x| < ||z|| for = € dom(T~1/?);
(c) dom(S~Y2) C dom(T~Y/?) and | T~/28Y%z|| < ||z|| for x € dom(S'/?);
(d) dom(S_l/Z) - dom(T_l/z) and ||T_1/2x|| < |\S‘1/2x|| forax e dom(S_l/Z).

Proof. We show that (a) and (b) are equivalent and that (b) implies (c¢). The
rest of the implications follows by symmetry and by replacing S and T by S~!
and T

Suppose that (a) holds. If z € dom(T~/?), then T-'/2z € dom(T"/?), so we
get |SV2T 2| < e

If (b) holds and x € dom(T"/?), we have T2z € dom(T~"'/?) and hence

151 2| = ||SV2T V2T | < || T ).

Suppose that (b) holds. We observe that dom(S~'/2?) = im(S5"/2) and that
we have to show

im(5'/2) ¢ dom(T~/2) and || T~'/28" 22| < ||z|| for 2 € dom(S*/?).
If 2 € dom(S'/?), then S'/2z € im(S/?). We consider the linear functional
Vu(y) i= (S22, T712y) for y € dom(T~1/?).

Then
Ve ()| = (S22, T712y)| = |(z, SY2T712y)| < ||| |ly]-

This implies that S'/2z € dom((T~/2)*) = dom(T~'/?). Finally we get
(772822, )| < ||l |lyll, fory € dom((T~"/?).

And as dom(7T~'/2) is dense in H, we obtain ||T~1/28Y2z| < ||z O
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For Ruelle’s Lemma we consider strictly positive, self-adjoint operators S and
T and we write S < T, if and only if dom(7") C dom(S) and (Sz,z) < (Tx,x)
for each € dom(T'). By Proposition 2.41 the square roots of S and T exist
and are themselves positive, self-adjoint operators.

Lemma 2.59 (Ruelle’s Lemma). Let S and T be strictly positive self-adjoint
operators. Suppose that S < T and that 0 € p(S). Then T~ < S~1.

Proof. We have dom(T') C dom(S) and
I1S'22))? = (Sw,z) < (Ta,x) = |T" x|, (2.57)

for all z € dom(T').

Next we show that dom(7"/2) ¢ dom(S'/?). Let 2 € dom(T"'/?). By Propo-
sition 2.41, dom(7T") is a core of dom(7"'/2). Hence there exists a sequence (2 )x
in dom(T') such that x — = and T2z, — T/?z. By (2.57) we have

152 (@m — 2i)ll < 1TV (@m — z)ll,

which implies that (Sl/ 2211 is a Cauchy sequence. But S 1/2 i5 also a closed
operator, and so z € dom(S/?) and §'/2z;, — S'/2z. In addition, by (2.57),
we have

IS"22] = lim (ISl < lim || T2y = ||T" 2],
k—o0 k—o0

for each x € dom(T1/?).

Now we can apply Lemma 2.58 (d) and get dom(S~'/2) ¢ dom(T~'/?) and
|T122|| < ||S~Y/2z| for z € dom(S~'/2). Our assumption 0 € p(S) implies
that H = dom(S~') = dom(S~1/2), which proves the lemma. O

Example 2.60. Let ¢ : C* — R* be a plurisubharmonic C?-weight function
and define the space

L*(Che ¥ ={f:C"—C : / |f|?e % d\ < oo},
Cn

where A denotes the Lebesgue measure, the space L(QO 3 (C™, e=%) of (0,1)-forms
with coefficients in L?(C",e~¥) and the space L%o,z) (C™ e=%) of (0,2)-forms
with coefficients in L?(C",e~%). Let

(fa)e = [ Faeeax

denote the inner product and

112 = [ 1rPeeax
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the norm in LZ((C”J e~%).
_ We define dom(0) to be the space of all functions f € L%*(C", e~%) such that
df, in the sense of distributions, belongs to L(20 1)(C”, e~ %), and consider the

weighted 0-complex

£ (c e ?) 5 1% (€ e ?) 5 L2, (€ e ), (2.58)
%

where 5?; is the adjoint operator to 0 with respect to the weighted inner product.

Kk

For a smooth (0, 1)-form u = }7"_ u;dz; € dom(d,,) one has
n
= - —— i 2.59
Oou=2 <3Zj 32]‘) uj (#5%)

j=1
The complex Laplacian on (0, 1)-forms is defined as
O, =30, + .0,

and dom([J,,) is the space of all f € L%O 1)((C", e~ %) such that

¥

f € dom(9) N dom(d,,)

and 0f € dom@;) and 5:;/‘ € dom(9).

Let e
¥
M, =
<8Zj8§k>jk

denote the Levi - matrix of ¢. The Kohn-Morrey formula follows from integar-
tion by parts

(Mpu,u)p < (Hpu, u)y

for a (0,1)-form u € dom (9) N dom (5:;). Using Ruelle’s Lemma 2.59 we see
that

(Npu,u), < (M;lu, ).

Setting Ov = u we get

||U||?0 = (v,v), = (v,&i]\@u)w = (gv,qu)w = (u, Nyu), < (M;lgv,gv)ga

for each v € dom (9) orthogonal to ker (9).
This gives a different proof of Hérmander’s L?-estimates similar to the Bras-
camp-Lieb inequality (see [5] and [7]).
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2.8 Variational characterization of the discrete
spectrum

Here we explain the max-min principle to describe the lowest part of the spec-
trum of a self-adjoint operator when it is discrete. This is done in the setting
of semibounded operators.

Definition 2.61. Let T be a symmetric unbounded operator with dom(7).
We say that T is semibounded (from below) if there exists a constant C' > 0
such that

(Tu,u) > —C||ul|?, Vu € dom(T).

See the next chapter for examples of semibounded operators.
One can show that a symmetric semibounded operator 7" admits a self-adjoint
extension (Friedrichs’ extension).

Proposition 2.62. Let A be a self-adjoint semibounded operator. Let
Y =info.(A).

The set o(A) N (—o0,X) can be described as a sequence (finite or infinite) of
eigenvalues \; ordered increasingly. Then one has

A = inf{(A¢, 6) 6|2 : ¢ € dom(A), ¢ # O}, (2.60)

and for k > 2

N, = inf{(A¢, ¢) 6] 72 : ¢ € dom(A) N Ky, ¢ # 0}, (2.61)

where

Kj = @ ker(A — A\, 1).

m<j

Proof. Let pq denote the right hand side of (2.60). If ¢y is an eigenfunction
for the eigenvalue A1, we get u1 < A;. On the other side we have o(A — A1) C
[0, 00), hence, by Proposition 2.41,

(A¢ - )‘1¢7 ¢) 2 07

for each ¢ € dom(A), which implies Ay < p.
Actually, we have shown that if u; < X, then the spectrum below X is not
empty. In particular the bottom of the spectrum is an eigenvalue equal to p.
For k = 2,3,..., we apply the first step of the proof to A |dom(A)ﬁIC¢71 and
use the spectral theorem.
O
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Our next aim is to generalize the following minmax-Lemma for positive,
compact operators:

Lemma 2.63. Let A: H — H be a positive, compact operator (i.e. (Azx,x) >
0 ,Ya € H) with spectral decomposition

oo
Az = Z An (T, T0) T,

n=0
where \g > A\ > .... Then
(i)
Ao = max (4z, x),
zeH (x,1)

where the maximum is attained by an eigenvector with eigenvalue \g.

(i)

A
Aj = min max (Az, 2)

> 1
LEN; gert (w,0) 7T

where N denotes the set of all j-dimensional subspaces of H. The minimum is
attained by the subspace L = L;j = (xg,...,Tj—1), i-€.

A
Aj = max (Az, 2)
:EGLJ-L (.17,.27)

Proof. (i) follows directly from the proof of the spectral theorem 1.12.

For j > 1 we have \; = (Azj,x;)/(z;, ;). The assertion follows, if we can
show that for each j-dimensional subspace L there exists 29 L L with z9 # 0
and zg = fozo(zo, xk ). Because then we have

(Az0, 20) _ S0 o Mkl (20, ) |2 S
(20720) Z?C:O|(Zo,xk)|2 -

as A\j < A for 0 <4 < 7 and

max (Azx, x)

>\
celt (z,z) ~ 7

The existence of zy follows from the fact that for a basis {yx : k=0,...,j—1}
of L the system of linear equations
J
Zai<xi7yk) =0, k= 0»] -1,

=0

has a non-trivial solution. Set zp = Z{:o a;x;, then zy L L.
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So if one has positive compact operators A and B such that A < B, which
means (Azx,z) < (Bz,x), then the eigenvalues of A and B satisfy

N(A) < N\(B), j=0,1,2,...

The corresponding result for unbounded operator yields information about
the bottom of the spectrum and of the essential spectrum.

Proposition 2.64. Let H be a Hilbert space of infinite dimension. Let A be a
self-adjoint semibounded operator with domain dom(A). Let

p1(A) = inf{(A¢, ¢) : ¢ € dom(A), [|¢[| = 1}
and forn > 2

fin(A) = L Sup inf{(A¢, ¢) : ¢ € L* N dom(A), ||¢] = 1} (2.62)

where N,,_1 denotes the set of all subspaces of H of dimension < n — 1. Then
either
(a) pn(A) is the n-th eigenvalue when the eigenvalues are increasingly ordered
(counting the multiplicities) and A has a discrete spectrum in (—oo, pu,(A)], or
(b) pn(A) corresponds to the bottom of the essential spectrum. In this case
we have p1;(A) = pn(A) for all j > n.

Proof. Let E be the uniquely determined resolution of identity on the Borel
subsets of R. First we show that

dim imE((—00,a)) < n, if a < py(A), (2.63)

dim imE((—o00,a)) > n, if a > py(A). (2.64)
To prove (2.63) let a < i, (A) and suppose that

dim imFE((—o0,a)) > n.
If y € imE((—o00,a)), we get y = E((—o0,a))z, for some z € H and therefore
Eyyw) = (E(Ww)y,y) = (E(w)E((—00,a))z, E((—00,a))z) =0, (2.65)

for each Borel subset w of R such that (—0o0,a) Nw = (). Since A is bounded
from below we have (Az,x) > —C||z||? for all z € dom(A) and Proposition
2.41 and Lemma 2.29 imply that

dom(A) ={u € H : /_OCO t2dE, . (t) < oo},
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so we obtain for y € imFE((—o00,a)) by (2.65) that

/ t*dEy,(t) < C'max(C?,a?) < oo,

which implies that imE((—o00,a)) € dom(A). So we can find an n-dimensional
subspace L C dom(A), such that

(Au,u) = / tdE, . < a(u,u), Yu € L. (2.66)
-C

But then, given any v1,...,¢,—1 € H, we can find

¢€Lm<¢17"'awn—1>L

such that ||¢|| = 1 and (A¢, ¢) < a. Returning to the definition of p,(A) we
would have p,(A) < a, which is a contradiction. Hence we have shown (2.63).
To prove (2.64), let a > u,(A) and suppose that

dim imE((—o00,a)) <n — 1.
Then we can find (n — 1) generators 1, ...,%,—1 of this space and any

¢ S dom(A) N <’¢1, A ,Qﬂn_1>L
is in imE([a, +00)), so
(Ad, ¢) > allg|?,

which is again a contradiction, and we get (2.64).

In the next step we will show that p,(A) < +oo for each n € N. Since A
is semibounded from below p,(A) has a uniform lower bound. Suppose that
pn(A) = +o00. By (2.63), this means that

dim imE((—o0,a)) < n,

for all @ € R. Hence H must be of finite dimension and we arrive at a contra-
diction.(If H is finite dimensional, we have u,(A4) > || A].)
For the rest of the poof we distinguish between the following two cases:

dim imFE((—o0, i (A) + €)) = o0, Ve > 0; (2.67)

and
dim imE((—o0, pn(A) + €)) < oo, for some ey > 0. (2.68)

Assuming (2.67) we claim that the assertion (b) of the proposition holds: using
(2.63) in this case we obtain

dim iImE ((pn(A) — €, un(A) +€)) = 00, Ve > 0.
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By Lemma 2.51, this shows that p,(A) € o.(A).
Using (2.63) once more, we see that the intervall (—oo, p,,(A)) does not con-
tain any point of the essential spectrum. Hence

pn(A) =inf{\: X € 0.(A)}.

From (2.62) we obtain that pi,41(A) > pn(A). But if p,41(A4) > pn(4), (2.63)
would also be satisfied for p,.1(A). This is a contradiction to (2.67). Hence
assertion (b) is proved.

Finally suppose that (2.68) holds. By Lemma 2.51 it is clear that the spec-
trum of A is discrete in (—oo, p,(A) 4 €p). Then, for €1 > 0 small enough

imE((—o0, in(A)]) = imE((—o0, n(A) + €1)),

and by (2.64)
dim imE((—o0, pn(A)]) > n.

So, there are at least n eigenvalues

A <A< oA < un(A)
for A. If \,, were strictly less than p,(A), then

dim imE((—o0, Ay]) = n,

which yields a contradiction to (2.63). So A, = un(A), and p,(A) is an eigen-
value. This proves assertion (a). O

We note that the proof of (2.63) gives

Proposition 2.65. Suppose that there exists an a and an n-dimensional sub-
space L C dom(A) such that (2.66) is satisfied. Then p,(A) < a.

Using Proposition 2.64 we now get

Corollary 2.66. Under the same assumptions as in Proposition 2.65, if a is
below the bottom of the essential spectrum of A, then A has at least n eigenvalues
(counted with multiplicities).

The last results permit to compare the spectra of two operators. If (Au,u) <
(Bu,u) for all u € dom(B) C dom(A), then \,(A) < A\, (B).



Chapter 3

Schrodinger operators

3.1 Magnetic field

Let z € C. Define

Z/|z| z#0
sgnz =
0 z=0.

Proposition 3.1. Suppose that f € L}, (R") with Vf € L} (R"™). Then

loc
VIf] € Lie(R™)

and
VIf|(z) = Rlsgn(f(x)) V f(2)] (3.1)

almost everywhere. In particular, we have
IVIFIl < IV £l (3.2)
almost everywhere.
Proof. Let z € C and € > 0. We define
2e = /)22 + 2 —e

and observe that
0 < |z|le <|z| and lim |z|c = |z|.
e—0

If u € C°(R"), then |u|. € C*°(R") and as |u|?> = uu we get

R(uVu)

Now let f be as assumed, take an approximation to the identity (xs)s and
define

Vlule = (3.3)

fo = [ *Xxo.
Then f5 — f, |f5| — |f|, and Vf5 — Vf in Ll

loc

(R™) as 6 — 0.
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Let ¢ € C3°(R™) be a test function. There exists a subsequence 6 — 0 such
that f5, () — f(x) for almost every x € supp¢. For simplicity we omit the
index k now. Using the dominated convergence theorem and (3.3) we get

Jwoylsian = tim [(vo)l7.ax
— timtim [(V6)]fsldx

— — lim lim (ﬁvﬁ)w

€—05—0 ,/|f5|2+6

Since V f5 — Vf in L] _(R™), we get taking the limit § — 0 that

R(FV)
vy r=—tim [ o U o
/ UP+€
and since ¢V f € LY(R™ and f/+/|f|> + €2 — sgnf as e — 0 we get the desired
result by applying once more dominated convergence. m|

We consider differential operators H(A, V') of the form
H(AV)=—-As+V, (3.4)

where V : R® — R is the electric potential and

is a 1-form, and

j=1
The 2-form oA 94
B=dA= 25k ) da A d
( Oxrj;  Oxp ) a1 0Tk

is the magnetic field, which is responsible for specific spectral properties of the
operator H(A,V), as will be seen later.

Under appropriate assumptions on A and V' the operator H(A,V) acts as
an unbounded self-adjoint operator on L? (R™). In many aspects of the spectral
theory of the Schrédinger operator with magnetic field H(A, V), it is convenient
to compare this operator with the ordinary Schrodinger operator

HO,V)=—A+V,
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and then to employ well-known properties of H(0,V).
Let X; = (fza%J — Aj) for j=1,...,n. Then

n
—Da=> X7, (3.5)
j=1
and for u € C°(R") we have
— A qu, ) Z || X ]| (3.6)

Proposition 3.2. Let A € C?>(R",R") and V be a continuous real-valued func-
tion on R™, such that

V(z) > —-C, Vo € R™,

where C° > 0 is a positive constant. Let dom(H(A,V)) = C(R™). Then
H(A,V) is a symmetric, semibounded operator on L*(R™).

Proof. For u € C§°(R™) we have
(H(A,V)u,u) = / (=D qu+ Vu)ud
RTL

/Z|Xju|2d)\—|—/ Vul? dA
n le Rn

~C Jlul.

v

O

Recall that a function g € L] (R™) is the distributional derivative of f €
Ll (R™) with respect to z; (formally g = df/0z;), if

(9,0) = <f, c’):g)
for each ¢ € C5°(R™).

Let fg, f € L (R"). We say that f; converges to f in the distributional
sense, if

(fk:9) = (f,9)

for each ¢ € CO (R™).
Let f,g € L{ (R™). We say that f > g in the distributional sense, if

(f,0) = (9, 9),

loc
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for all positive ¢ € C3°(R™).

A useful tool for spectral analysis of Schrodinger operators is Kato’s inequal-
ity sometimes also called the diamagnetic inequality:

Proposition 3.3. Let A € C3(R™,R"). Then, for all f € L} (R"™) with (—iV+
A2 f e L? (R"), we have

loc
Alf1 = =R(sgn(f)(=iV + A)*f) = R(sgn(f) A af), (3.7)
in the distributional sense, where sgn is defined in Chapter 5.

Proof. Let Aq,..., A, be the components of A. Notice that
Aaf = iV AR = i A,
=1 81‘j J

The assumption (—iV+ A)%f € L (R"), and the standard regularity property
of second-order elliptic operators (see [4]) imply that f € W2 (R"), in particular
Nf,V e LL (R,

loc

First suppose that u is smooth.Then, with |u|. = /|u|? + €2 — €, we get
R@Vu) RV +id)u)

A straightforward calculation shows that for a smooth function g we have

Vule = (3.8)

gg = div(gVg) — [Vgl*.
Hence we obtain
V0ul2+ e Alule = div(y/|u]? + € Viul) — |V|u|€|2
= R[Vu- (V+id)u+adiv((V +id)u)] —|V]ul]?
= R[(Vu+idu) - (V+il)u
+iAu - (V +iA)u + udiv((V + iA)u)] — |V]ul|*
= |(V+id)u = |[V]ul|?
+R[IAT - (V 4+ iA)u +udiv((V + iAd)u)].

An easy calculation shows that
iAT - (V4 iA)u+adiv((V +id)u) =7 (V +iA)2
Using the Cauchy-Schwarz inequality for (3.8) we get

(V +iA)ul* > [V]ul]*. (3.9)
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So we finally see that
u(V+iA)u
Alule > R (7)
V|ul? + €2
The rest of the proof uses approximative units and follows the same lines as
the proof of the Proposition 3.1. m]

(3.10)

Using Kato’s inequality and a criterion for essential self-adjointness we obtain

Proposition 3.4. Let A € C}(R",R") and V € L? (R™) and V > 0. Then

loc

the Schrodinger operator H(A,V) = —A4s + V is essentially self-adjoint on
C°(R™). In this case the Friedrichs extension is the uniquely determined self-
adjoint extension (see [6]).

Proof. By Proposition 2.42, it is sufficient to show that
ker(H(A, V)" + 1) = {0}.

Since dom(H (A4, V)*) C L?*(R"), the triviality of the kernel follows from the
statement: if
—Apu+Vu+u=0, (3.11)

for u € L?(R™), then u = 0.
If w e L*(R") and V € L2 (R"), one has uV €€ L] _(R™). In addition we
have the inclusion
L2(R") C L3 (R") C Li(R™),

loc

which follows from the estimate

[ tulix < KI([ P ax
K K
Hence we have u € LL (R"), and, by (3.11), that Au € Li (R"), where the

loc loc
derivative is taken in the sense of distributions.

From (3.7) and (3.11) we obtain
Alul > R(sn(u) Aau)
= R(sgn(u) (V + 1)u)
= Ju/(V+1)>0.
If (Xe)e is an approximate unit, we get
A(xe * ul) = Xe * Alu| = 0. (3.12)
Since x. * |u| € dom(A), we have
(A (xe * [ul), xe * [ul) = =V (xe * [u) > < 0. (3.13)

By (3.12), the left side of (3.13) is nonnegative, so V(. * |u|) = 0 and hence
Xe * [u] = ¢ > 0. But |u| € L2(R") and x. * |u| — |u| in L?(R™), and so ¢ = 0.
Hence xc * |u| =0, so |u] =0 and u = 0. o
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3.2 Properties of the spectrum

Proposition 3.5. Let A € C3(R",R") and V € L} (R™) and V > 0. Then
info(H(A,V)) > info(H(0,V)). (3.14)

Proof. By Kato’s inequality (3.7), we have

Alf] < Risgn(f)(=Laf)),

so we get
(ALHOVID < [ 171 R (A0
= R FH(A,V)fdX
Rn
= (HAWL 1.
Now we can apply Proposition 2.64 to obtain the desired result. m|

Finally we still mention the gauge invariance of the spectrum of H(A, V) :

Proposition 3.6. Let A, A" € C}*(R",R") and V € L} (R™) and V > 0 be
such that dA = dA'. Then o(H(A,V)) =oc(H(A,V)).

Proof. By the Poincaré lemma, we have A’ = A + dg, where g € C'(R").
Let X; = (—ia%j — 4;) and X} = (—z% — Aj) for j=1,...,n. Then
X]/- =e %9 X; ',
Hence ‘ 4
H(A ) V)=eH(AV)eY.

Therefore the operators H(A', V) and H(A,V) are unitarily equivalent, hence,
by Lemma 2.47 have the same spectrum.
O
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