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Scattering asymptotics for a charged particle coupled
to the Maxwell field

Valery Imaykin,'-? Alexander Komech,?:®) and Herbert Spohn':9
1 Zentrum Mathematik, TU Miinchen, Boltzmannstr. 3, Garching 85747, Germany
2 Faculty of Mathematics of Vienna University, Nordbergstrasse 15, 1090 Vienna, Austria

(Received 19 December 2010; accepted 10 February 2011; published online 1 April 2011)

We establish long time soliton asymptotics for the nonlinear system of Maxwell
equations coupled to a charged particle. The coupled system has a six-dimensional
manifold of soliton solutions. We show that in the long time approximation, any
solution, with an initial state close to the solitary manifold, is a sum of a soli-
ton and a dispersive wave which is a solution of the free Maxwell equations. It is
assumed that the charge density satisfies the Wiener condition. The proof further
develops the general strategy based on the symplectic projection in Hilbert space
onto the solitary manifold, modulation equations for the parameters of the projec-
tion, and decay of the transversal component. © 2011 American Institute of Physics.
[doi:10.1063/1.3567957]

. INTRODUCTION

Our paper deals with an old and important problem of mathematical physics, namely, the problem
of particle-field interaction. The equations of motion of a charged particle in external electromagnetic
fields were introduced by Lorentz in 1892, though for the first time it was written down by Maxwell
in one of his investigations in the 1860s. On the other hand, formulas for the electromagnetic field
generated by a moving charge were obtained by Liénard and Wiechert independently in 1898,
respectively, in 1900. Thus the problem of the interaction of a charge with its self-generated field
arises. The Liénard—Wiechert potentials imply that the field generated by an accelerated charge
transports energy to infinity, hence the acceleration should tend to zero as t — oo. This radiative
decay is known since Abraham? and is claimed in most of manuals on electrodynamics. However, it
was proven only fairly recently in Refs. 3 and 4 for the model of the scalar field coupled to extended
charge, and in Refs. 5 and 6 for the Maxwell field coupled to extended charge, as introduced by
Abraham. The corresponding scalar or Maxwell fields converge to the static solutions in the models
with an external confining potentials,*° or to the solitons (travelling wave solutions) in the translation
invariant models.*> Here we refine the asymptotics® for the Maxwell-Lorentz equations identifying
the outgoing dispersive wave and the rate of the convergence for initial states close to a soliton.

It is convenient to write the equations of motion in Hamiltonian form. The dynamical variables
come then in canonically conjugate pairs. They are the position, ¢, of the particle, together with its
momentum P, and the transverse vector potential, A, together with the transverse electric field E.
We refer to Ref. 7, Chap. 13 for details. In these variables the Hamiltonian function reads

1 1
H(E. A.q. P) = Z(E.E) + (VA VA) + [1 + (P — A", (1.1)
on the subspace defined by the transversality conditions:

V.-E(x)=0, V-A(x)=0. (1.2)
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Here (-, -) denotes the L?-scalar product and, written in components,
3 3
=Z<Ej,Ej), (VA,VA) = Z (ViA;, ViA))

j=1

The function p is the charge density and A, the convolution,

Ay(x) = / dx' p(x’ — x)AX).
The canonical equations of motion follow then as

E(x,1) = —AA(x, 1) — I(p(x — g(0)§ (1)), Alx,1) =—E(x,1), (1.3)

P(it)— A .
q(1) = 0 = A,q®) P(1) = [V((0) - A)p(q(t). 1) (1.4)

[1+ (P() — Ay (q)’]"*

witht €e R;x,q, P € R3. Here and below all derivatives are understood in the sense of distributions.
The operator I1; is the projection onto the space of solenoidal (divergence-free) vector fields, which
in Fourier space reads:

N a-k
Hs(k)a =da — 7](

It is easily checked that the transversality condition is preserved in time. We use units such that the
velocity of light ¢ = 1, &g = 1, and the mechanical mass of the charge m = 1.
Let us write the system (1.2)—(1.4) as

Y(t) = F(Y(t)),t € R, (1.5)

where Y (1) = (E(x, 1), A(x, 1), q(t), P(t)) and the phase space is defined through H < co. Below
we always deal with column vectors but often write them as row vectors. The system (1.2)—(1.4)
admits special solutions where the charge travels with constant velocity. In analogy with travelling
solutions of nonlinear wave equation we call them solitons. Explicitly they are given by

Ya,v(t) = (Ev(x — vt — a)v Av(x — vt — a)1 vt +a, Pv)v Pv = Dv + <)0’ Av)s (16)
forall @, v € R? with lv| < 1, where E, = I1I,EY, A, = II;A", and EV, A", p, are given by

E’(x) = —V¢,(x) +v- VA’ (x), A(x)=v¢,(x),
_ v p(y)d’y B . (1.7)
P = 4z / oot —ou P

Here y = 1/+/1 —v? and x = x + x, with x the component parallel and x; the component
orthogonal to v. The formulas (1.7) follow resolving the stationary equations which read

EU(X) =10- VAU()C), v - VEU()C) — AAU(X) + Hs(p(x)v),

The states S, , = Y,,,(0) form the solitary manifold,
S={S,,:a,velR v <1} (1.9)

For general initial data, one expects that for large times the solution splits up into two parts: one
piece consists of a soliton with a definite velocity and the second piece are scattered fields escaping
to infinity. In fact, this will be our main result. If the initial data are close to the solitary manifold,
then we will prove that for large ¢,

(E(x, 1), A(x, 1)) ~ (B, (x — vt —ax), Ay, (x —vat —ay)) + Wo(t)‘lli, t — +£oo. (1.10)
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Here WO(¢) is the dynamical group of the free wave equation [Egs. (1.3) with p = 0 and (1.2)], ¥ 1
are the corresponding asymptotic scattered fields, and the remainder converges to zero in the global
energy norm, i.e., in the norm of the space F := H(R®) @ H!(IR?), see Sec. II. For the particle
trajectory we prove that

qt) —> vy, q(t) ~vit+ay, t—> xoo. (1.11)

The results are established under the following conditions on the charge distribution: p is a real-
valued function of the Sobolev class H>(IR?), compactly supported, and spherically symmetric, i.e.,

P, Vp,VVp e LAR?),  p(x)=0 for |x| > R,,  p(x)=pi(lx]). (1.12)

An essential point of our asymptotic analysis is the Wiener condition:
pk) = 2m)3? / e® p(x)d*x #£0 for all k e R*\ {0}. (1.13)

The Wiener condition was noted already in the previous works.*¢ It expresses that all modes of the
Maxwell field are coupled to the particle.

There is no restriction on f |p(x)|d>x. However if f p(x)d>x # 0, then the soliton fields have
a slow decay at infinity, namely, A,(x) ~ |x|~! and E,(x) ~ |x|~2. With our methods such a decay
seems to be difficult to control and we have to impose the condition of vanishing the momenta of p
up to the fourth order:

f xp(x)d’x =0, |a| <4. (1.14)

In particular, the total charge [ p(x)d*x equals zero (neutrality of the particle). Equivalently, 5 has
a fifth order zero at k = 0,

p0)=0, |af <4 (1.15)

We believe (1.14) to be a technical condition. Physically, one expects (1.10) to hold even without
imposing charge neutrality and it is of interest to extend our proof in this direction.

Let us briefly comment on earlier works. The first mathematical investigation is the contribution
of Bambusi and Galgani.® They consider a nonrelativistic kinetic energy for the charge and prove
orbital stability of the solitons without Wiener condition. The asymptotics of type (1.10) for the
fields alone, without g, ¢ were proved under the Wiener condition for charged particle coupled to
scalar or Maxwell field with a potential in Refs. 3 and 6 and for the translation invariant systems
without potential in Refs. 4 and 5. However, the asymptotics were proved only in the local energy
seminorms and did not involve the dispersive term.

Full asymptotics (1.10), (1.11) were established under the weak coupling condition || p|| ;2 < 1
for translation invariant Maxwell-Lorentz system in Ref. 9 and for Maxwell-Lorentz system with
a rotating particle in Ref. 10. In the present paper we establish the full asymptotics (1.10), (1.11)
without the weak coupling condition under the Wiener condition (1.13).

Long time asymptotics of type (1.10) also appear in nonlinear wave equations, such as the
Korteweg-deVries (Refs. 11 and 12) and the U (1)-invariant nonlinear Schrédinger equations.'3?!
In these equations there are no particle degrees of freedom and the solitons (1.6) correspond to the
solitary wave solutions travelling at constant velocity.

Let us comment on basic peculiarity of our problem. Namely, the asymptotics (1.10), (1.11)
mean the asymptotic stability of the solitary manifold S in the dynamics (1.3)—(1.4). However, the
dynamics along the solitary manifold is unstable, and this is the main difficulty in the proofs. Namely,
for two soliton solutions with close but different velocities vy and v, and close initial positions ¢!
and ¢J one has

q1(t) — qo(1) =q? —qg 4+ (vy — V)t —> 00 as t — o0.

Moreover, the fields (E;(x, 1), Ai(x, ¢)) and (E2(x, t), Ax(x, t)) being close at + = 0 do not remain
so as t — 00, since they are centered at ¢ (¢) and ¢»(t), although their difference remains bounded.
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The nonlinear instability corresponds to the fact that tangent vectors d,; S, and 9y, 84,0, j = 1,2, 3
to the solitary manifold are the zero eigenvectors and root vectors for the generator of the linearized
equation. Respectively, the linearized equation admits linear in ¢ secular solutions, see (8.6). The
existence of these runaway solutions prohibits the direct application of the Liapunov strategy and
requires significant modification of the classical stability theory.

Our approach relies on and further develops the general strategy introduced in the cited papers in
the context of the U(1)-invariant Schrédinger equation. The approach uses (i) symplectic projection
of the dynamics in the Hilbert phase space onto the symplectic orthogonal directions to the solitary
manifold to kill the runaway secular solutions, (ii) the modulation equations for the motion along
the solitary manifold, and (iii) freezing of the dynamics in the nonautonomous linearized equation.
See more details in Introduction’” where the general strategy has been developed for the case of
the Klein—Gordon equation. The Maxwell-Lorentz equations (1.3)—(1.4) differ significantly from
the Klein—Gordon case because of slow Coulombic decay of the solitons and presence of the
embedded eigenvalue in the continuous spectrum of the linearized equation (see the comments
below).

Developing the general strategy for the Maxwell-Lorentz equations (1.3)—(1.4), we obtain our
main result in Secs. III-IX and Appendix A of the paper. The main novelty in our case is thorough
establishing the appropriate decay of the linearized dynamics in Secs. X—XIII and Appendixes B
and C:

I. We do not postulate any spectral properties of the linearized equation, calculating all the
properties from the Wiener condition (1.13). Namely, we show that (i) the full zero spectral space
of the linearized equation is spanned by the tangent vectors, and moreover, (ii) there are no others
(nonzero) discrete eigenvalues (see Lemmas 12.5, 12.6 and Proposition 11.1).

II. Using these spectral properties, we prove that the linearized equation is stable in the sym-
plectic orthogonal complement to the tangent space 75 spanned by the tangent vectors 9, S,,, and
0y; Savs J = 1,2, 3. We exactly calculate in Lemma 12.6 the corresponding symplectic orthogonality
conditions for initial data of the linearized dynamics.

III. One of the main peculiarities of the Maxwell-Lorentz equations is the presence of em-
bedded eigenvalue A = 0 in the continuous spectrum o, = R of the linearized equation. This
situation never happens in all previous works on the asymptotic stability of the solitary waves
for the Schrodinger and Klein—Gordon equations. Thus, the symplectic orthogonality condition is
imposed now at the interior point of the continuous spectrum in contrast to all previous works in
the field. Respectively, the integrand at this point in the spectral representation of the solution is
not smooth even if the symplectic orthogonality condition holds. Hence, the integration by parts
in this spectral representation, as in the case of the Schrodinger and Klein—Gordon equation, is
impossible. For the proof of the decay in this new situation, we transform the spectral represen-
tation in the proofs of Propositions 12.2 and 12.4, and develop new more subtle technique of
convolutions.

Our paper is organized as follows. In Sec. II, we formulate the main result. In Sec. III, we
introduce the symplectic projection onto the solitary manifold. The linearized equation is defined
and studied in Secs. IV=V. In Sec. VI, we split the dynamics in two components: along the solitary
manifold and in transversal directions. In Sec. VII, we justify the slow motion of the longitudinal
component, and in Sec. VIII the decay of the transversal component assuming the corresponding
decay in the linearized dynamics, which is proved in Secs. X—XIII. In Sec. IX, we prove the main
result. In Appendixes A, B, and C we collect routine calculations.

Il. MAIN RESULTS
A. Existence of dynamics

Let us introduce a phase space for the system (1.2)—(1.4) and state the existence of dy-
namics. Set H® = L*(IR?}, R®), H' is the closure of C8°(1R3,IR3) with respect to the norm
[Allh = IVA] = VAl 23 r3)- Let HSO, HY1 be the subspaces constituted by solenoidal vector fields,
namely, the closure in H, H', respectively, of C$° vector fields with vanishing divergence. Define the
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phase space
E=H'OH &R ®@R’, Y=(E A ,q,P), |Y|e=IEl+|Ali+lq|+|P|
Let us define the corresponding space for fields alone:
F=H®H |(E, Alr=IEl+|Al.
We write the Cauchy problem for the system (1.2)—(1.4) as
Y =FY(@), teR; Y(0)=Y" 2.1

Proposition 2.1 (Ref. 5): Let (1.12) holds, let Y0 = (E°, A°, qo, P%) € &. Then
(i) there exists a unique solution Y(t) € C(R, &) to the Cauchy problem (2.1).
(ii) The energy conserves,

HY(@)=HY%, teR.
(iii) The estimate holds,

gl <v <1, teR. (2.2)

B. The main result

To state our main result we have to introduce the following weighted Sobolev spaces. Let Hga,

H, be the subspaces of H?, respectively, H,' consisting of all the fields E, respectively, A with the
finite norms:

IEloe =11+ 1xD*El, IAll1a = [Alloe + I(1 + [xD* VAL
Let us define
Eo=Hlr1 ® H, @R SR, [|Ylly = |Eloass + I AllLe + gl + P, ¥ €&
For the fields we set
Fa=Hlyp1 ®H oo 1(Es, Alla = IElloar1 + 1Al 1a-
Definition 2.2: A soliton state is S(o) := (E,(x — b), Ay,(x — b), b, P,), where o := (b, v) with

b,veRand|v| < 1.
Obviously, the soliton solution admits the representation S(o(¢)), where

o(t) = (b(t), v(t)) = (vt +a,v). (2.3)

Definition 2.3: A solitary manifold is the set S == {S(b, v) : b € R, |v| < 1}.
By (1.7) and the condition (1.14) we obtain that

A = Oy, Eu(y) = Oy, Iyl — oc.
Thus,
E, € H), for « <11/2, A, € H/, for a <9/2,
and we have for the soliton states:
S(o) € &, for a <9/2. 2.4)

The main result of our paper is the following theorem.

Theorem 2.4: Let the condition (1.12), Wiener condition (1.13), and the condition (1.14) hold,
let B=446,0 <8 < 1/2. Suppose that the initial state Y° € Eg and is sufficiently close to the
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solitary manifold:
YO = Sapuo + Zo» dp =1 Zollp < 1. 2.5)

Let Y(t) € C(R, &) be the solution to the Cauchy problem (2.1). Then the asymptotics hold for
t — o0,

G =ve +0t17'7%),  q@t) = vat +as + Ot ), (2.6)

(E(x, 1), A(x, 1)) = (Ep, (x — vat — as), Ay, (x — vat —as)) + WOOWL +re(x, 1) (2.7)
with
lre@®llF = O] ™). 2.8)

It suffices to prove the asymptotics (2.6), (2.7) for t — +oo since the system (1.2)—(1.4) is time
reversible.

lll. SYMPLECTIC PROJECTION
A. Symplectic structure

The system (1.2) to (1.4) reads as the Hamiltonian system,

0 Ey 0 0
~E; 0 0 0
0 0 0 E;
0 0 —-E; 0

Y = JDH®Y), J:= , Y=(E,A q, P)e&, (3.1

where D'H is the Fréchet derivative of the Hamilton functional (1.1), E3 is the 3 x 3 identity matrix.
Let us identify the tangent space to &, at every point, with £. Consider the symplectic form 2 defined
on & by

Q :[dE(x)/\dA(x)dx +dg AdP, ie. QYY) :/(El “Ay—E,-A)dx+q1-Po—qo - P,

(3.2)
for Yy = (Ex, Ag, g, Pr) € €, k = 1, 2 if the integral converges.
Definition 3.1: (i) Y1 1 Y means that Y, € & is symplectic orthogonal to Y, € &, i.e., Q(Y, 1»)
=0

(ii) A projection operator P : € — & is called symplectic orthogonal if Yy 1 Y, for Y| € KerP
and Y, € ImP.

B. Symplectic projection onto solitary manifold

Let us consider the tangent space 7g()S to the manifold S at a point S(o). The vectors
Tj := 0,,5(0), where 0y, := 0, and 9 1= 0y, with j = 1, 2, 3, form a basis in 7,S. In detail,

0j+3

Tj = 7;(V) 1= 0y, 5(0) = (=9 Ex(y), —0;Av(¥), €j, 0)
Tj+3 = Tj+3(v) = 8U,-S(O-) = (3v‘,va(y), av‘fAv(y)s 0 731)‘,' Py)

where y := x — b is the moving coordinate frame, e; = (1, 0, 0), etc. Let us stress that the functions
7; will be considered always as the functions of y, not of x.
By (2.4) we have for the tangent vectors:

Tj(v) €&, for @ <9/2, j=1,...,6. 3.4

j=1,2,3, (3.3)

Lemma 3.2: The matrix with the elements Q(t;(v), T;(v)) is nondegenerate for [v| < 1.
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The proof is made by a straightforward computation, see Appendix A.

Let us show that in a small neighborhood of the soliton manifold & a “symplectic or-
thogonal projection” onto S is well defined. Introduce the translations 7, : (¥ (), 7(-), g, p) —
W(—-a),n(-—a),q+a,p)ac IR?. The manifold S is invariant with respect to the translations.

Definition 3.3: Put v(Y) := P//1 + P2, where P € R is the last component of the vector Y .

Lemma 3.4: Let (1.12) hold, —9/2 < o« andv < 1. Then

(i) there exists a neighborhood Oy(S) of S in &, and a map 11 : O, (S) — S such that 11 is
uniformly continuous on O (S)N{Y € &, : v(Y) < v} in the metric of &,,

ny=Y for YeS, and Y —S17sS, where S=T1Y. (3.5)

(i1) O4(S) is invariant with respect to the translations 7, and

N7,y = T,IY, for Y € OuS) and acR>. (3.6)

(iii) For any v < 1 there exists a U < 1 s.t. [v(I1Y)| < T when |v(Y)| < .

(iv) For any © < 1 there exists an ro(0) > 0 s.t. S(0) 4+ Z € Oy(S) if |v(S(0))| < U and
1Zlle < ra(0).

The proof is similar to that of Lemma 3.4 in Ref. 22.

We will call II the symplectic orthogonal projection onto S.

Corollary 3.5: The condition (2.5) implies that Yo = S + Zy, where S = S(op) = Yy, and
Zollp < 1. (3.7

IV. LINEARIZATION ON THE SOLITARY MANIFOLD
Let us consider a solution to the system (1.2)—(1.4), and split it as the sum,
Y() = S(o@)+ Z(), 4.1

where o (1) = (b(1), v(1)) € R® x {|v| < 1}isan arbitrary smooth function of # € R. In detail, denote
Y=(E,A,q,P)and Z = (e, a, r, w). Then (4.1) means that

E(x,t) = Eypy(x = b(t)) +e(x = b(t),1), qt)=b@)+r(t)
A(x,t) = Ayy(x = D(1)) +alx —b(1), 1), P(t) = Py +7(t) .

Let us substitute (4.2) to (1.2)—(1.4) and linearize the equations in Z. Later we will choose S(o(t))
= IY(¢), i.e., Z(t) is symplectic orthogonal to 7 ())S. However, this orthogonality condition is
not needed for the formal process of linearization. The orthogonality condition will be important in
Secs. VI-VII, where we derive “modulation equations” for the parameters o (¢).

Let us proceed to linearization. Setting y = x — b(¢) which is the moving coordinate frame, we
obtain from (4.2) and (1.3)—(1.4) that

E=0-VyEyn(y)—b - VE,»(y) +é(y, 1)—b -Ve(y, 1) = —A(A,(y) + a(y, 1)) — T;(p(y — r)q),

4.2)

4.3)
A=0-VyAy(») —b- VA +aly, 1) —b-Va(y, 1) = —Euu)(y) — e(y, 1), 4.4)
G=b+r= Puy + 7 — {p(y — 1), Auy() +a(y. 1) 45)

(A4 (Poy + 71 — (p(y = 1), Apiy(y) + aly, H))*)1/?’
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P =0-V,Pyy+7 = (p(y =), V(G - (Ay)(y) + a(y, 1)) (4.6)
Step (i): First we linearize Eq. (4.5). Note that
p(y —r) = p(y) —r - Vp(y) + Na(r), 4.7)
where
IN2(Mlo.e < CalFIr?, (4.8)

uniformly in |r| < 7 for any fixed 7, for an arbitrary o > 0. Then (let us write v instead of v(¢) and
omit the other arguments for simplicity),

(p(y =), Ay +a) =(p, Ay) + (p,a) = (r-Vp, Ay) + Ny = (p, Ay) + (p,a) + N3, (4.9)

where Nj(r,a) = —(r - Vp, a) + (N», A, + a). Here we use the equality (r - Vp, A,) = 0 which
holds, since A, is even and V p is odd. Further, since P, — (p, A,) = p, by (1.6), we get P, + 7 —
(p(y=r), Ay +a)=P,+7 —(p,Ay) — (p,a) = Ny =p, + 7 — (p,a) — N; = p, + s, where
s :=m — (p,a) — N;. Applying Taylor expansion we obtain

1 Pv-S , 1 v-s

1 ; 2 —1/2= _ Ni = _
ey = e T T a1

since p,/(1 4+ p2)!/? = v. Finally,

Py+m —(ply —r), Ay +a) _ pyts
(I+(Py+7 = (p(y =), Ay +a))?  (L+(py+ D)2

+ Nj,

(v, s)v s
= vV —
I+ (p)H'2 " (14 (p)A)'?
where v = (1 — )2 = (1 4+ p%)’l/z. Insert the expression for s, then Eq. (4.5) becomes

F=v—b+ B,(m — (p,a)) + Ns, (4.10)

+ Ny =v+v(s —(v-s)v)+ Ny,

where B, := v(E — v ® v), and
IN3(2)| < CDIIZ2,, “.11)

uniformly in |v| < ¥ < 1, for an arbitrary o > O.
Step (ii): Next we linearize Eq. (4.3). By (4.7) and (4.10) we obtain

p(y —r)g = pv+ pBy(w — (p,a)) —r - Vpv+ Nj.
Substitute to Eq. (4.3) and take (1.8) into account, then we get
é=b-Ve—Aa+ (B —v)-VE, —0-V,E, — I,(oB,(mr — (p,a)) —r - Vpv)+ Ny,

4.12)
where for N, the same bound holds,
IN(Z) < COIZIZ, Yo > 0. (4.13)
Step (iii): Further, by (1.8) Eq. (4.4) becomes
a=—e+b-Va+®B—-v)-VA, —0-V,A,. (4.14)
Step (iv): Let us proceed to Eq. (4.6). We have
P=v-V,P,+7 = (p(y —r), V(G- (A, +a))
= (p—r-Vp+ N, V(v + By(m — (p,a)) + N3) - (A, +a))) = (p, v - Va)
—(r-Vp,V(v-Ay)) + Ny,
since (p,v-VA,) =0and (p, B,(w — {p, a)) - VA,) = 0. Finally, the equation becomes
7 =(p,V(w-a))—(r-Vp,V(v-A,)) —0-V,P, + Ny, (4.15)
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where for N4(v, Z) the estimate such as (4.11) holds. We write Egs. (4.10), (4.12)—(4.15) as
Z(t) = ANZ@t)+T@)+ N@), t € R. 4.16)

Here the operator A(t) depends on o(¢) = (b(t), v(t)). We will use the parameters v = v(¢) and
w := b(t). Then A(t) = A,,,, can be written in the form:

e w-V —A+T(pBy(p,-)) I;(-Vpv) —I;(pBy-) e
A a . —1 w-V 0 0 a
L I 0 —B,(p, ) 0 B, r
b 0 (p, V(v)) —{(-Vp, V(v - Ay)) 0 T
4.17)
Furthermore, T'(¢) and N(t) in (4.16) stand for
(w—v)-VE, —v-V,E, Ni(v, Z)
. | (w—=v)- VA, =1 -V,A, _ _lo
T)=Tw= v —w , N@®)=N(@, 2) = Nsw. 2) | (4.18)
—v-V,P, N4(v, Z)

where v = v(t), w = w(t),and Z = Z(¢t). The estimates (4.8), (4.11), and (4.13) imply the following.

Lemma 4.1: For any o > 0,
INQ, Z)ll« < COIZ|2,. (4.19)

uniformly in v and Z with || Z||—q < r_o(@) and |v] < T < 1.

Remarks 4.2: (i) The term A(¢)Z(t) in the right-hand side of Eq. (4.16) is linear in Z(¢), and
N(t) is a high order term in Z(t).
(i1) Formulas (3.3) and (4.18) imply:

3
T() == [(w— v+ 07sl, (4.20)
=1

and hence T(t) € Ts()S, t € R. The term T (¢) vanishes if S(o(¢)) is a soliton solution since in
this case © = 0 and w = b = v. Otherwise T (¢) is a zero order term which does not vanish although
S(o(t)) belongs to the solitary manifold. In our context we will show that 7'(r) rapidly decays as
t — o0 [see (8.2) below].

V. THE LINEARIZED EQUATION

Here we study some properties of the operator (4.17). First, let us compute the action of A, ,,
on the tangent vectors 7; to the solitary manifold S.

Lemma 5.1: The operator A, ,, acts on the tangent vectors 7;(v) to the solitary manifold as
follows,

ApwltiW] =W —v)- V), Avultjz@)] =W —v) - Vi30) + 1), j=123.
G.D

Proof : To get (5.1), differentiate the stationary equations (1.8) in x; and v;, cf. Ref. 22. O
Consider the linear equation

X(t)=A,,X(@),t € R (5.2)
with an arbitrary fixed v such that |v| < 1 and w € R>. Let us define the space:
Ef=H'oHoR O R’.
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Lemma 5.2: (i) Forany v, [v| < 1, w € R® Eq. (5.2) formally can be written as the Hamiltonian
system [cf. (3.1)],

X(t) = JDH,»(X(1)), teR, (5.3)

where D'H,, is the Fréchet derivative of the Hamilton functional:

1 ) ) 1
Mo = 5 [ [1e 4 1VaPJay + [ atw Vyedy + 5Butp.a) - (p.a)

1 1
+ -7 Byw +(r-Vpv,a) — {(pBy7, a) + E(r “Vp,v-(VA)), X=(ea,rmel.

2 (5.4)
(ii) Energy conservation law holds for the solutions X (t) € C(R, &),
Hy.w(X(2)) = const, t € R. (5.5)
(iii) The skew-symmetry relation holds,
QA wX1, X2) = —Q(X1, Ay X2), X1 €&, X,e&T. (5.6)

The proof is similar to that in Ref. 22. We will apply Lemma 5.2 mainly to the operator A, ,
corresponding to w = v. In that case the linearized equation has the following additional essential
features.

Lemma 5.3: Let us assume that w = v and |v| < 1. Then
(i) the tangent vectors t;(v) with j = 1,2, 3 are eigenvectors, and t;3(v) are root vectors of
the operator A, ,, corresponding to zero eigenvalue, i.e.,

At =0, Ay,lrj3(] =1;0), j=123. (5.7
(i1) The Hamilton function (5.4) is positive definite,
Hy(X) = 0. (5.8)

Proof: The first statement follows from (5.1). To prove the second statement note that for
X =(e,a,r,m) € £ one has

1 2 2 1
Hon00 = 5 [ e+ 1VaP]ay + [ atw- Viedy + 5Btp. ) (0. )
+%7‘[ - By + {r-Vpv,a) — {(pBym,a) + %(r -Vp,v-(VA))
1 1
=SB = (p.a)) - (1 = (p.a)) + 5({e.€) + (v V)a, (v V)a) = (e, (v V)a)

1
-|-§(((—A + (- V)a,a) + ((r - V)pv,a) + (- V)p,v- (VA))).

Here the first line is clearly non-negative, since B, is non-negative definite. The last line in Fourier
space by (A3) equals,

k 21 412,,2
(r)lplv>dk.

! / * — koP)al? = 2ikr)p(v - &) + STV
2 — (ko)

2

The integrand is non-negative, since |Re [i (kr)po(v - < |(kr)]1p]Iv]]al. O

Remark 5.4: For a soliton solution of the system (1.2)—(1.4) we have b =v, v =0, and hence
T(t) = 0. Thus, Eq. (5.2) is the linearization of the system (1.2)—(1.4) on a soliton solution. In fact,
we do not linearize (1.2)—(1.4) on a soliton solution but on a trajectory S(o(¢)) with o (¢) being
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nonlinear in ¢. We will show later that 7'(¢) is quadratic in Z(¢) if we choose S(o(t)) to be the
symplectic orthogonal projection of Y (). Then (5.2) is again the linearization of (1.2)—(1.4).

VI. SYMPLECTIC DECOMPOSITION OF THE DYNAMICS

Here we decompose the dynamics in two components: along the manifold S and in transversal
directions. Equation (4.16) is obtained without any assumption on o (¢) in (4.1). We are going to
choose S(o(t)) := IIY (¢) but then we need to know that

Y(t) € Ou(S), tekR, 6.1)

with some O, (S) defined in Lemma (3.5). It is true for t = 0 and @ = 8 by our main assumption
(2.5) with sufficiently small dg > 0. Then S(c(0)) = I1Y(0) and Z(0) = Y (0) — S(o(0)) are well
defined. We will prove below that (6.1) holds with o« = — B if dg is sufficiently small. First, the a priori
estimate (2.2) together with Lemma 3.4 (iii) imply that ITY () = S(o(¢)) with o (¢) = (b(¢), v(1)),
and

@l <o <1, 1€k, (6.2)

if Y(t) € O_g(S). Denote by r_g(1) the positive number from Lemma 3.4 (iv) which corresponds
to a = —pB. Then S(o)+ Z € O_(S) if o = (b, v) with |v] < D and || Z||_pg < r_p(?). Note that
(2.2) implies [|Z(0)[|—g < r—g(D) if dpg is sufficiently small. Therefore, S(o(¢)) = IIY(¢) and Z(¢)
= Y(t) — S(o(?)) are well defined for > 0 so small that || Z(¢)||_g < r_g(¥). This is formalized by
the following standard definition.

Definition 6.1: t, is the “exit time,”

t,=sup{t > 0: | Z(s)ll-p <7_p(D), O0=<s<=<t}, Z(s)=Y(s)— S(o(s)). (6.3)

One of our main goals is to prove that 7, = oo if dg is sufficiently small. This would follow if we
show that

1ZW)l—p < r—p(®)/2, 0=t <t,. (6.4)
Note that
lr@ =7 :=r_p®), 0=t<t,. (6.5)
Now N(z) in (4.16) satisfies, by (4.19) with « = — g, the following estimate,
INDIp < CoIZWDI2 5, 0<t <t (6.6)

VIl. LONGITUDINAL DYNAMICS: MODULATION EQUATIONS

From now on we fix the decomposition Y (t) = S(o(¢)) + Z(t) for 0 <t < t, by setting
S(o(t)) = ITY(¢), which is equivalent to the symplectic orthogonality condition of type (3.5),

Z(Z‘)J['Zg(g(,))s, 0<t<t,. (7.1)

This allows us to simplify drastically the asymptotic analysis of the dynamical equations (4.16)
for the transversal component Z(¢). As the first step, we derive the longitudinal dynamics, i.e.,
the “modulation equations” for the parameters o (¢). Let us derive a system of ordinary differential
equations for the vector o (¢). For this purpose, let us write (7.1) in the form,

QZ(@®), ;) =0, j=1,...,6, 0=<t<t, (7.2)

where the vectors 7;(t) = 7;(c(¢)) span the tangent space 75 (:)S. Note that o(¢) = (b(t), v(1)),
where

bl <t <1, 0=<t<t, (7.3)
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by Lemma 3.4 (iii). It would be convenient for us to use some other parameters (c, v) instead of

o = (b, v), where c(t) = b(t) — / v(t)dt and
0

é(t) = b(t) — v(t) = wt) — v(t), 0<t <t,. (7.4)

We do not need an explicit form of the equations for (¢, v) but the following statement.

Lemma 7.1: (cf. Ref. 22, Lemma 6.2:): Let Y(t) be a solution to the Cauchy problem (2.1),
and (4.1), (7.2) hold. Then (c(t), v(t)) satisfies the equation

(ZE?)) — N@®). Z@). 0<t<t,. (715)

where
N(o, Z) = O(I1ZI p), (7.6)

uniformly in o € {(b, v) : |v| < ¥}.

Proof: We differentiate (7.2) in ¢ and take Eq. (4.16) into account. Then [see details of compu-
tation in Ref. 22, Lemma 6.2] we obtain, in the vector form [Ref. 22, (6.18)]

0 = Q(v) (f}) + Moo, Z) (5) + No(o, Z),  Noj(o, Z) = QN, 1)) (1.7)

Here the matrix ©(v) has the matrix elements €2(7;, t;) and hence is invertible by Lemma 3.2. The
6 x 6 matrix My(o, Z) has the matrix elements ~ || Z||_g and hence we can resolve Eq. (7.7) with
respect to (¢, ©). Then (7.6) follows from Lemma 4.1 with @ = 8, since Ny = O(|| Z||2_/3). O

Remark 7.2: Equations (7.5), (7.6) imply that the soliton parameters c(¢) and v(¢) are adiabatic
invariants [see Ref. 23].

VIiIl. DECAY FOR THE TRANSVERSAL DYNAMICS

Here we prove the following time decay of the transversal component Z(t).

Proposition 8.1: Let all conditions of Theorem 2.4 hold. Then t, = oo, and

C(p, ,dg)

Z@O)||op < ———22 ¢
1200 = T 12

8.1)

In next section, we will show that our main Theorem 2.4 can be derived from the transversal
decay (8.1). We will derive this decay from Eq. (4.16) for the transversal component Z(¢). This
equation can be specified using Lemma 7.1. Namely, by (4.20) and (7.4),

3
T() ==Y &+ vyTy3l.
=1

Then Lemma 7.1 implies that
ITWllg < CAONZDON 5 0=t <t (8.2)

Note that the norm ||7(¢)||g is well defined by the condition (1.14). Thus, in (4.16) we should
combine the terms 7'(¢) and N(¢) and obtain

Zt) = ANZ@) + N@), 0<t<t,, (8.3)
where A(t) = Ay, wa), and N@):=T@) + N@). By (8.2) and (6.6) we have
INOIg < CIZWDI2 5 0=t <t (8.4)
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In all remaining part of our paper we will analyze mainly the basic equation (8.3) to establish
the decay (8.1). We are going to derive the decay using the bound (8.4) and the orthogonality
condition (7.1).

Let us comment on two main difficulties in proving (8.1). The difficulties are common for
the problems studied in Refs. 14 and 24. First, the linear part of the equation is nonautonomous,
hence we cannot apply directly the known methods of scattering theory. Similarly to the approach of
Refs. 14 and 24, we reduce the problem to the analysis of the frozen linear equation,

X(t) = A1 X(1), teR, (8.5)

where A; is the operator A,, ,, defined in (4.17) with v; = v(#/) and a fixed #; € [0, t,). Then we
estimate the error by the method of majorants.

Second, even for the frozen equation (8.5), the decay of type (8.1) for all solutions does not
hold without the orthogonality condition of type (7.1). Namely, by (5.7) Eq. (8.5) admits the secular
solutions,

3 3
X(0) =) Cirj()+ Y Dlr;(w)t + 75301, (8.6)
1 1

which arise also by differentiation of the soliton (1.6) in the parameters a and v; in the moving
coordinate y = x — v;¢. Hence, we have to take into account the orthogonality condition (7.1) in
order to avoid the secular solutions. For this purpose we will apply the corresponding symplectic
orthogonal projection, which kills the “runaway solutions” (8.6).

Definition 8.2: (i) Denote by I, |v| < 1, the symplectic orthogonal projection of £ onto the
tangent space Tg)S, and P, =1 —1I1,.

(ii) Denote by Z, = P ,E the space symplectic orthogonal to Tg»S with o = (b, v) (for an
arbitrary b € R).

Note that by the linearity,
M,Z =) M;ur0Au®),2), ZeE, ®.7)

with some smooth coefficients II ;;(v). Hence, the projector II,, in the variable y = x — b, does not
depend on b, and this explains the choice of the subindex in IT,, and P,.
Now we have the symplectic orthogonal decomposition

& = TsorS + 20, 0 = (b, v), (8.8)
and the symplectic orthogonality (7.1) can be written in the following equivalent forms:

M,HZ(@) =0, Py,nZ(t)=2Z(), 0=<t<t,. (8.9)

Remark 8.3: The tangent space 7S is invariant under the operator A, , by Lemma 5.3 (i),
hence the space Z, is also invariant by (5.6): A, ,Z € 2, for sufficiently smooth Z € Z,.

The following proposition is one of the main ingredients for proving (8.1). Let us consider
the Cauchy problem for Eq. (8.5) with A; = A,, ,, for a fixed vy, |v;| < 1. Recall that 8 =4 + 6,
0<é<1/2

Proposition 8.4: Let the Wiener condition (1.13) and the condition (1.14) hold, |v| < 7 < 1,
and Xo € €. Then

(1) Equation (8.5), with A, = A,, ,,, admits the unique solution eM Xy = X(t) € Cp(R, &)
with the initial condition X(0) = X,.

(ii) For Xo € Z,, N &g, the the following decay holds,

C(®)
All‘X < 7
lle™" Xoll—2—s < T )

Part (i) follows by standard arguments using the positivity (5.8) of the Hamilton functional. Part
(ii) will be proved in Secs. X—XIII developing general strategy.’”> Namely, Eq. (8.5) is a system of

IXollg, teR. (8.10)
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four equations involving field components, E and A as well as vector components, » and 7. We apply
Fourier—Laplace transform, express the field components in terms of the vector components from
the first two equations and substitute to the third and the fourth equations. Then we obtain a closed
system for the vector components alone and prove their decay. Finally, for the field components we
come to a wave equation with a right-hand side which has the established decay. This implies the
corresponding decay for the field components.

A. Frozen form of transversal dynamics
Now let us fix an arbitrary #; € [0, t,), and rewrite Eq. (8.3) in a “frozen form,”
Z(t) = A1 Z@t) + (A() — ADZ(@) + N(@), 0<t<t,, (8.11)

where A| = Ay,).v0,) and

w-vl-V LB — B)p.))  L(Vpw—v)  —TL(p(Bs - By))
| o [w—v]-V 0 0
AD=Ai=1 ~(B, — Bu){p. ) 0 B,—B, ’

0 (.0 — VIV —(Vp, (WVA, — v VA, 0
(8.12)

where w = w(t), v = v(t), v; = v(#;). The next trick is important since it allows us to kill the “bad
terms” [w(¢)—v(#;)] - V in the operator A(f) — A;.

Definition 8.5: Let us change the variables (y,t) — (y1,t) = (y + d,(t), t), where

t
di(t) ;= / (w(s) —v(t)ds, 0<t<t. (8.13)
1
Next define
Zy(1) = (ex(yr, ), ar(yr, 1), r (1), (1)) == (e(y, 1), a(y, 1), r(t), (1))
= (e(y1 —di(1), 1), a(yr — di(1), 1), r (1), 7 (1)). (8.14)
Then we obtain the final form of the “frozen equation” for the transversal dynamics
Zi(t) = A1 Zi(t) + BIO)Z(1) + Ni(1), 0<t <1, (8.15)
where Ni(1) = N(t) is expressed in terms of y = y; — d,(¢), and
0 T (p(Bury — Bua){p, ) I,(-Vo(u(t) — v(1))) —I(p(Bu) — Buw)))
Bi(t)= 0 0 0 0
PO —(Buy = Bua)ios ) 0 By =By
0 (o, (@ —v(t) V) —{(Vp, O)VAy — v(t1)VAy))) 0

Let us derive appropriate bounds for the “remainder terms” B;(¢)Z;(¢) and N;(¢) in (8.15).

Lemma 8.6 (Ref. 22, Corollaries 7.3 and 7.4): The following bounds hold:
INOlp < 1ZiOI7 (A + 1D, 0 <1 <1, (8.16)

1Bi()Z1(1)llg = C”Zl(t)”fﬁ/ A+ 1 @ODPNZi(@)I2 pdT, O0<t<n. (8.17)

B. Integral inequality

Equation (8.15) can be written in the integral form:

t
Zi(1) = eA"Zl(O)—f-/ eMTIBIZi(s) 4+ Ni(s)lds, 0 <t <t. (8.18)
0
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We apply the symplectic orthogonal projection P := P, to both sides, and get

t
PZi(t) = e P1Z,(0) + / eMUTIPI[B Z1(s) + Ni(s)lds.
0

We have used here that P; commutes with the group e’ since the space Z; := P& is invariant
with respect to e?!’, see Remark 8.3. Applying (8.10) we obtain that

C ! 1
IP1Zi(D] 25 < mnplzl(o)”ﬁ +C/ wnpl[&zl(s)+N1(S)]||ﬁds-
0 _

|
(8.19)

The operator P; = I — II; is continuous in £g by (8.7). Hence, from (8.16), (8.17), and (8.19) we
obtain that

I1P1Z1(2)]—2—5 < #”ZI(O)”;‘}
I 1 f
+C(d) L AT =) [I|Z1(S)|I,3/S 1Z1 (D)% pd + ||Z1(s)||25] ds, 0<1r=<mn, (820
where d; := SUPg<;<;, 1d1(2)|. Since | Z1(D)]|+p < C(31)||Z(t)||i,g, we can rewrite (8.20) as
IPAZAON-2a = G120
I 1 f
+C(dy) NERTITE [||Z(S)||,3/S 1Z(D)||? pdT + ||Z(s)||2,3} ds, 0<t=<mn. (821)
Let us introduce the majorant,
m(t) := sE)p](l +)NZ)N_p, t €10, 1) (8.22)
s€|0,1

To estimate d;(¢) by m(t;) we note that

w(s) —v(ty) = w(s) —v(s) + v(s) — v(ty) = ¢(s) + f ] v(t)dr, (8.23)

by (7.4). Hence, (8.13), Lemma 7.1 and Definition (8.22) imply:

()] = | / (w(s) — v(t)ds| < / ' (|c'(s)|+ / | |v<r)|dr> ds

h 1 h dt
<Cm*(t S — — _)ds<Cm*@), 0<t<r1. (824
- m(l)/t ((1+s)2+25+/s (1+r)2+25) $ = Cmin) sr=n 829

We can replace in (8.21) the constants C(d,) by C if m(t;) is bounded for #; > 0. In order to do
this replacement, we reduce the exit time. Let us denote by ¢ a fixed positive number which we will
specify below.

Definition 8.7: t, is the exit time,

r, =sup{r €[0,8,) :m(s) <e, 0<s <t} (8.25)

Now (8.21) implies that for #; < 7.,

C
[P1Z1(0)]| -2-5 < WIIZ(O)IIﬂ

t 1 31
+c/ TEr o [IIZ(S)II—,s/ ||Z<r>||2,3df+||Z(s)||2,g}ds, 0O<r<n, (826)
0 - s
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C. Symplectic orthogonality

The following important bound (8.27) allows us to change the norm of P Z,(¢) in the left hand
side of (8.26) by the norm of Z(¢).

Lemma 8.8 (cf. Ref. 25, Lemma 10.2): For sufficiently small ¢ > 0, we have for t; < t,,
I1Z@ONl-2—s = CIP1Z1(D)||—2-5, 0=t =11, (8.27)
where C depends only on p and v.

D. Decay of transversal component

Here we complete the proof of Proposition 8.1.
Step (i) We fix e, 0 < & < r_g(¥), and t, = t,(¢) for which Lemma 8.8 holds. Then the bound
of type (8.26) holds with || P Z;(¢)||—»—s in the left-hand side replaced by || Z(f)|| g :

C
1ZOl-p = 12Ol —2—5 < CIIP1Z1([D)]|-2-5 < mllz(o)llﬂ

t 1 1]
e W[nzmu_ﬁ / ||Z<r>||2_ﬁdr+||Z<s>||2_,g}ds, O<r<n. (829
0 - K

for #; < t.. This implies an integral inequality for the majorant m(¢) introduced by (8.22). Namely,
multiplying both sides of (8.28) by (1 + ¢)!™%, and taking the supremum in ¢ € [0, #,], we get

L4 m(s) 2(f)dr m?(s)
m(tl) = C”Z(O)||5+Cl:[l;§1]/(; (1 + |t _ S|)1+8 |:(1 +S)1+‘3 / (1 + 1)2+28 (1 +S)2+251| ds’

for #; < 1. Taking into account that m(r) is a monotone increasing function, we get

m(t) < CIZO)llg + Clm*(ty) + m* ) (1), t <t, (8.29)

where

1) /’ (1 41!+ 1 ndr N 1 5 <7 =0
= su S < 00, = L.
D= S e Tl —s)™ (U + 9™ ), Ao (14 [P !

Therefore, (8.29) becomes
m(t) < CIZO)lg + CI[m>(0) + m*(t)), 11 <1, (8.30)

This inequality implies that m(#;) is bounded for #; < ¢, and moreover,
m(t)) < CiIZO)g, n <t,, (8.31)

since m(0) = || Z(0)| g is sufficiently small by (3.7).

Step (ii) The constant C; in the estimate (8.31) does not depend on 7, and ¢, by Lemma 8.8. We
choose dg in (2.5) so small that || Z(0)[lg < &/(2C). It is possible due to (3.7). Then the estimate
(8.31) implies that 7, = ¢, and therefore (8.31) holds for all #; < #,. Then the bound (8.24) holds for
all ¢ < t,. Therefore, (8.31) holds for all #; < t, and (6.4) holds as well. Finally, this implies that
t, = 00, hence also #, = oo and (8.31) holds for all #; > 0 if dj is small enough. O

The transversal decay (8.1) is proved.

IX. SOLITON ASYMPTOTICS

Here we prove our main Theorem 2.4 relying on the decay (8.1). First we will prove the
asymptotics (2.6) for the vector components, and afterward the asymptotics (2.7) for the fields.

Asymptotics for the vector components: From (4.2) we have ¢ = b + #, and from (8.3), (8.4),
(4.17) it follows that 7 = —By{p, a) + By + O(IIlez_ﬂ). Recallthat 8 =4+ 65,0 < § < 1/2.
Thus,

G = b+ =v(t) + &) — By (ps @) + Bugym + OUIZI2 ). 9.1)
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Equation (7.5) and the estimates (7.6), (8.1) imply that

Ci(p,v,dp)

e+ @) < a > 0. 9.2)

+ t)2+26 ’ -

Therefore, c(t) = ¢y + O~ "2 and v(t) = v4 + O '), t — o0. Since |la||_»_s and || de-
cay, such as (1 + ¢)~'7?, the estimate (8.1), and (9.2), (9.1) imply that

g = vy + 0@ "), 9.3)

Similarly,
t
b(t) = c(t) + / v(s)ds = vit +ay + O@?), (9.4)
0

hence the second part of (2.6) follows:
q(t) = b(t) +r(t) = vit +ap + O™ ), (9.5)

since r(t) = O(t~'7%) by (8.1).

Asymptotics for the fields: We apply the approach developed in Ref. 26, see also Refs. 27 and 28.
For the field part of the solution, F(¢) = (E(x, t), A(x, t)) letus define the accompanying soliton field
as Fyy(t) = (Evp(x — q()), Avy(x — q(t))), where v(t) := ¢(¢). Then for the difference Z(t) =
F(t) — Fyy(t), we obtain easily the equation,28 Eq. (2.5),

Z(t) = AZ(t) =V - Vo Fy(), A(E. A) = (~AA, —E).
Then
t
Z(t) = W) Z(0) — / WOt — $)[V(s) - Vy Fys)(s)]ds. (9.6)
0
To obtain the asymptotics (2.7) it suffices to prove that Z(t) = W°(t)¥, + r,(t) with some ¥, € F
and |7, (t)||7 = O(¢~%). This is equivalent to
WO=DZ(t) = ¥ + 71, (1), 9.7)
where ||r .(t)||lF = O(t7%) since W°(¢) is a unitary group in the Sobolev space F by the energy
conservation for the free wave equation. Finally, (9.7) holds since (9.6) implies that

Wo=t)Z(t) = Z(0) + / WO(—s$)R(s)ds, R(s) = V(s) - VyFys(s), 9.8)
0

where the integral in the right-hand side of (9.8) converges in the Hilbert space F with the rate
O(t7%). The latter holds since |WO(—s)R(s)|z = O(s~'~%) by the unitarity of W°(—s) and the
decay rate | R(s)|lx = O(s~'7%), which follows from the asymptotics for the vector components.
More precisely, differentiating the first equation (1.4) in ¢ and using the asymptotics (9.3), (8.1) we
obtain an estimate for v(t) = §(¢) providing the mentioned decay rate of R(s). O

X. SOLVING THE LINEARIZED EQUATION

In Secs. X—XIII, we prove Proposition 8.4 in order to complete the proof of the main result.
First, let us make a change of variables in Eq. (8.5) to simplify its structure. Equation (8.5) reads

é=v-Ve—Aa—+TIli(r-Vpv— pBy(wr — (p,a))),a=—e+v-Va,
P= By(m — (p,a)), T ={(p,V(v-a)) —(r-Vp,V(v-Ay)).
(10.1)

Putp =7 — (p,a). Thenm = ¢ + (p, a). If we prove a decay of ¢ and a, then 7 has the correspond-
ing decay as well. Further, ¢ =77 — (p,a) =7 — (p, —e+v-Va) = (p,e) + {(p,V(v-a) — (v -
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Vya) — (r - Vp, V(v - A,)) by the last equation of (10.1). Thus, the system (10.1) is equivalent to
the following system:

é=v-Ve—Aa+1TIl(r-Vpv—pByp),a=—e+v-Va,
F= By, p=(p,e)+{p,vA(VAa)—(r-Vp, V(v-Ay)).
(10.2)

For the last equation we have applied the identity V(v - a) — (v - V)a = v A (V A a). Denote by the
same letter A the operator,

e v-Ve— Aa+ Il (r - Vpv — pB,p)
al. | —e+v-Va
A r 1= B, . (10.3)
@ (p.e) +{p, oAV Aa))—(r-Vp, V(v-Ay))
Below we prove the decay for the solution X = (e, a, r, ¢) to the equation,
X(t) = AX(1). (10.4)
So, now we construct and study the resolvent of A.
Let us apply the Laplace transform,
(o]
AX =X = / e MX@t)dt, Rel >0, (10.5)
0

to (8.5). The integral converges in &, since || X (¢)||¢ is bounded by Proposition 8.4, (i). The analyticity
of X(1) and Paley—Wiener arguments should provide the existence of a £-valued distribution X () =
(W(), I1(2), O@t), P(1)), t € R, with a support in [0, co). Formally,

- 1 L
AT X =X@) = —/ e X(iw+ 0w, telR. (10.6)
21 R

To prove the decay (8.10), we have to study the smoothness of X(iw + 0) at w € R. After the
Laplace transform Eq. (8.5) becomes:

AX(Z) = AX(M) + X, Rer > 0. (10.7)

To justify the representation (10.6), we construct the resolvent as a bounded operator in £ for
Re A > 0. We shall write (e(y), a(y), r, ¢) instead of (é(y, A), a(y, 1), #(1), (1)) to simplify the
notations. Then (10.7) reads:

v-Ve— Aa+Tl(r - Vpv — pByp) — Ae = —ey, —e+v-Va—ia=—ay

(10.8)
By —Ar = —rg,  (p,e) +(p,vA(VAa)—(r-Vp, V(v-A)) —rp = —¢o
Step (i): Let us consider the first two equations. After Fourier transform they become,
—i(kv)e + k*a — T1,(i(kr)pv + pB,@) — ré = —&y, —é — i(kv)a — Aa = —ay. (10.9)

From the last equation we have é = —(A + i(kv))a + ap. Substitute to the first equation of (10.9)
and obtain

1 . N R
a= 5(@ +ikv)ag — ép + I1), 11 := pll(i(kr)v 4+ B,yp)), (10.10)
where
D =DO) = k> + (A +ikv)*. (10.11)
It is easy to see that D(1) # 0 for Re A > 0. Finally,

k2ag 4+ (h + ikv)éy — (A + ikv)IT

10.12
5 (10.12)

e =
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Step (ii): Let us proceed to the fourth equations of (10.8). The equation reads:
(p,e) +(p,vA(VA@)—(r-Vp,V(v-Ay)) — Ao = —¢p.

From now on we use the system of coordinates in x-space in which v = (|v|, 0, 0), hence vk = |v|k;.
By (10.12) and a straightforward computation we obtain

(p,e) =& —Cr+ Fiop,

where
& = O(A, g, ag) = /(k2a0 + (A + ikv)ég)p/ D dk (10.13)
and Cy, F are the following diagonal 3 x 3-matrices:
cn(d) 0 0 Su@) 0 0
Ciy=10 ci2(d) 0 ., Fid) =10 fzr) 0 ) (10.14)
0 0 c13(A) 0 0 Ji3(A)
ki(h +ik 2 k2 kik3 (. 4 ik [v))| A1
en(y=ilv |/ 1 oDIPE ok, e1y(h) = —z|v|/ Sk, j =23,
D) k2D())

(10.15)

2 2 2
finty =t [EEEIEDEE L~ a0 = /M( L hak j-2.5,

D) k D))

(10.16)
recall that v = +/1 — v2. By the change of variables k, — k3, we obtain that c;, = cj3. Moreover,
c11 + ¢z + 13 = 0 and thus, ¢} = —c3 — ¢13 = —2c¢y2. The matrix C()) simplifies to

Cl()\) 0 0
Ci(m)=10 cp(d) 0 , c1(A) == —2c12(d), c2(V)
0 c2(V)
] ki + ik 5 k2
Z_M/ 14+ ikioDIAE | Ty, (10.17)
D) k
Similarly, fi» = fi3 and
Gy — v [ G B+ Gk R
e D) 2k2 - D) 2k?
A +ik 2
_ M( 1+ l)dk (10.18)
2 D))
Further, (p, v A (V Aa)) =WV — Cor + F>¢p, where
A+ ik — &y —
W= W, e, ap) = [ dk v A (—ik p 20 = 0 (10.19)
D)
and
0 0 0 0 0 0
M) =10 @) 0 , M) =10 f2) 0 , (10.20)
0 0 ) 0 0 Sf3(0)
where
I,OI2 k3 IR
(M) = dk———— A)=iv|v dk , J=2,3. 10.21
2; (1) / BOn » J2j(0) lv I/ D) J ( )
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Remark 10.1: Note that
(1) = AW (1)(eo, ap), p), (10.22)
where W!(¢) is the first component of the dynamical group W(t) defined below by (13.5). Similarly,
W) = A A (VA WA e, ap)), p), (10.23)

where W2(t) is the second component of the same dynamical group.
Further, ¢ = ¢23, f22 = f23, and

2 A1207.2 2 2 12012 12
en(h) = —U—/ PPALING Tk —”—/ ax PP = k) (10.24)
2 ) 2 D)
Atlast, (r - Vp, V(v - A,)) = Gr, where
g 00 (k2 — kDR3P
G=1|0 0], ¢ = 2/%&«, i=1,2,3. 10.25
O (8;2 g3 gj v kz(kz _ kl2U2) ] ( )
Again,
g» = g3 and we set g := g, = g3. (10.26)
Put
CA) =Ci(A) + C(A), F(A) = Fi(A) + F>,(L). (10.27)
In detail, by (10.14), (10.17), and (10.20),
) 00
coy=|o cA) 0 . c(V) = e + en(h), (10.28)
0 0 c(A)
fik)y 0 0
F) =10 f) 0 , S1) = fu), fA) = fra(A) + f22(D). (10.29)

0 0 )

Finally, the fourth equation becomes (C(A) + G)r + (AE — F(A))p = ¢p + ®(1) + W(A). We write
this equation and the third equation of (10.8) together in the form:

P\ _ (ro _(AE _B,
M(A)<<p)_(¢o+¢(/\)+w(/\))’ where M(A)_<C(A)+GAE—F(A)>' (10.30)

Assume for a moment that the matrix M (}) is invertible for Re A > 0 (see below). Then

ry _ a1 ro
((p)_M ()”)(<p0+d>(k)+\ll(k))’ Re i > 0. (10.31)

Formulas (10.10), (10.12), and (10.31) give the expression of the resolvent R(A) = (A — 1)~,
Re A > 0, in Fourier representation.

Further, the operator D(A) defined in Fourier space as multiplication by the symbol (10.11)
is invertible in L?>(R?) for Re A > 0 and its fundamental solution g;(y) exponentially decays as
|y] = oo.

Lemma 10.2: (1) The distribution g,(-) admits an analytic continuation in X\ from the domain
Re A > 0 to the entire complex plane C

(ii) The matrix function M(X) (M~'())) admits an analytic (respectively, meromorphic) contin-
uation in the parameter X from the domain Re A > 0 to the entire complex plane.

Proof: The fundamental solution g; (y) is given by
e~ #I3l=2a51

g)»(y) =~ y = (yyls y2, )’3)1 (1032)
4|3
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where
yi=1/V1 =12, sx=yA, 3 :=|v|s (10.33)

Thus, the statement (i) follows from the formulas (10.33) and (10.32). To prove the statement (ii)
we first need to show, according to (10.30), that the matrices C(A) and F(A) admit an analytic
continuation to the entire complex plane. Consider the matrix C(A), for F(1) the argument is similar.
The analytic continuation of C(}) then exists by the expression of type (B3) for the entries of
the matrix C()), and the statement (i) of the present lemma since the function p(x) is compactly
supported by (1.12). The inverse matrix M ~!'(A) is then meromorphic, since it is well defined for
large |A| by (B6)—(B8) and Corollary B.3. O

XIl. REGULARITY IN CONTINUOUS SPECTRUM

By Lemma 10.2, the limit matrix
S _ [(iwE -B,
M(iw):=M@iw+0) = <C(ia)+0)+ GiwE — F(ia)—i—O)) , welR, (1L.1)

exists, and its entries are analytic functions of @ € IR. Recall that the point A = 0 belongs to the
discrete spectrum of the operator A by Lemma 5.3 (i), hence M(iw + 0) (probably) is also not
invertible at w = 0.

Proposition 11.1: The matrix M~ (iw) is analytic in w € R \ {0}.

Proof: 1t suffices to prove that the limit matrix M(iw) := M(iw + 0) is invertible for w # 0,
w € R if p satisfies the Wiener condition (1.13), and |v| < 1. Since v = (Jv|, 0, 0), the matrix B, is
also diagonal:

v 0 0
B, =vE—v®u)=|0 v O (11.2)
0 0 v
By (10.30), (10.26), (10.28), (10.29), (11.2), for w € IR,
, ioE —B, 5
det M(iw) = det ] . . =dd”,
C@iw)+ GiwE — F(iw)
where
di = —0* — iwfiio) + V(e (o) + g1), (11.3)
d = - — iof (i) + vicio) + g). (11.4)

The formula for the determinant is obvious since all of the matrices C, F, G, and B,, are diagonal.
Then for |w| > 0O the invertibility of M (i) follows from (11.3), (11.4) by the following lemma.

Lemma 11.2: If (1.13) holds and |w| > 0, then the imaginary parts of di and d are positive:
Imd; > 0, Imd > 0.

Proof: Let w >0, the case w <0 is similar. Note that Imd;, = —wRe fi(iw + 0) +
v3Im ¢;(iw + 0). For ¢ > 0 we have
] 'k o(k)|* k?
Fliote) = [ Gotetikihlp®) (5L — Dk (11.5)
D(iw + ¢, k) k

By Sokhotsky—Plemelj formula for C'-functions, [Ref. 29, Chap. VII, formula (58)],

5 [ @+kluDIpRI® Kt
r, VDo, k) Kk

Re fiiw +0) =mv

(-7 — DS, (11.6)
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where
T, = {k : k> — (0 + ki [v])* = 0}
is the ellipsoid on which D(iw, k) = 0. Similarly,

k k 5(k))? k?
1(w +A1|v|)l,0( l (- s,
IVD(iw, k)| k

Re ci(iow +0) = n|v|f
T,

Then

kilv])?|p(k)|? k2
Imd1=u3n/ (0 + ki [v])*| pk)| _Miseo,
T,

- 1
IVD(iw, k)| ( k2
by the Wiener condition (1.13). Further,
Imd = —wRe f(iw + 0) + vim c(iw + 0)

= —wRe f]z(ia) + 0) + vim C12(ia) + 0) — wRe fzz(ia) + 0) + vim sz(iw + 0)

By (10.18) we have
Vo[ w+e+ikupk))? kP

iwte)=—2 ; 1+ —2)dk.
foliore)=—7 Plote) &
Then
. v [ (@+kPDIARP K
Re fu(io +0) = —— A L+ .2)dsS
Sia( ) 2 ) T VDGw. | ( kz)

_mv (a)+k1|v|)|x3(k)|2(w+k1|v|)2+kfds
2 Jr, |VD(w, k)| k2 ’

since k> = (w + k{|v|)? on T,,. By (10.17) we obtain that
ki@ —ie + kiloDIp®” ki

. IUI/
cpio+e)=— = 1 — —=)dk.
12( ) > Bliwt .0 ( kz)
Then
. 7T|v|/ ki(w + ki v (k)1 ki
Im cpp(iw+0) = — — 1—=)dS
12( ) 2/, VDo ) ( k2)
__ﬁIvI/ kl(w+k1|v|)|ﬁ(k)|2(w+k1|v|)2—k%ds
2 Ji,  |VD(iw, k) k2
and

vt [ 1pMP@R +R(— )

—wRe fia +vim ¢y, =

2 Jg, |VD(iw, k)|
Further, by (10.21)
5(k)|2k
Re fzz(iw+0)=7tv|v|/ asPEIk
7, |VD(iw, k)

by (10.24)

2 o(k 2 k2 _k2
Im entio+0) = 2 [ gsPOIE = k)
2 ). T VDG k)|

(11.7)

(11.8)
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thus,

. . TV ARV (@ + ki |v])? — k}) — 2wk |v])
—wRe iw+0)+ vim ¢ lw+0=—/ das = .
Sl ) 2( ) > I ¥ DGw k)

Finally, combining with (11.8) we obtain

~ b(k 2 k 2 1 2 )
Imd:ﬂ dS"O( (ki (v - )+ w|v|) _|_a))>0’
2 Jn, IVD(iw, k)|
by the Wiener condition. This completes the proofs of the lemma and Proposition 11.1. 0

Remark 11.3: The proof of Lemma 11.2 is the unique point in the paper where the Wiener
condition is indispensable.

Xil. TIME DECAY OF THE VECTOR COMPONENTS

Let us prove the decay (8.10) for the vector components r(z) and ¢(¢) of the solution e’ Xy.
Formula (10.31) expresses the Laplace transforms 7(1), ¢()). Hence, the components are given by
the Fourier integral:

ry 1 ot =1 7o d 2.1
(1) _Z/e GO gy + Do) + W(iw) ) 9¢" (2.1

Recall that in Proposition 8.4 we assume that

Xo€Z,NE, B=4+5 0<68<1)2 (12.2)

Theorem 12.1: The functions r(¢), ¢(¢) are continuous for ¢+ > 0, and

C(p, v, dp)

Ir(O] + le®] < RENTES

[ Xollg. t=0. (12.3)

Proof: Proposition 11.1 alone is not sufficient for the proof of the convergence and decay of the
integral. Namely, we need an additional information about a regularity of the matrix L(iw) and of
®d(iw) + V(iw). Let us split the Fourier integral (12.1) into two terms using the partition of unity
f(w) +o@=1LwekR:

o) _ 1 f (@) + ca@n | )
= — e w w w
o))~ 2n ‘ 2 P(iw)

(DN (D) 2 Lo+ b, (12.4)
@1(1) (1)

where the functions ¢ (w) € C*°(IR) are supported by
suppl; C{w e R :|w| <r+ 1}, supps, C {w € R : |w| > r}, (12.5)

where r is introduced below in Lemma 12.3. We prove the decay (12.3) for (rq, ¢1) and (72, ¢2) in
Propositions 12.4 and 12.2, respectively.

Proposition 12.2: The function I,(t) is continuous for t > 0 and

|L@®)| < Clp, D)1+ [t) > °11 Xoll5- (12.6)
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Proof: First, we need the asymptotic behavior of M~!()) at infinity. Let us recall that M~1(%)
was originally defined for Re A > 0, but it admits a meromorphic continuation to the entire complex
plane C(see Lemma 10.2).

Lemma 12.3: There exist a matrix Ry and a matrix-function Ry(w), such that
R
M o) ="+ R(0), o] >r>00cR, (12.7)
w
where, for everyk =0,1,2, ...,
Cy

—, |o|>r>0, welkR, (12.8)

|05 Ry ()| < —5
|l

r is sufficiently large.

Proof: The statement follows from the explicit formulas (B2), (B6)—(B8) for the inverse matrix
M~ '(iw) and from Lemma B.2. O

Further, (12.1) implies that

I _ 1 iwt ]M—1 1 "o 0 d
Z(t)_E/e QM) { o eiw) + wiw) ) |9

. ro 0
_s(t)(¢0>+s*(f+w>, (12.9)

s@t) == A7 [(@)M (io)]

where [see (10.6)]

and

f(@) = A" Dliw) = (W' (t)(eo, ao), p), ¥ (1) := A" W(iw) = (v A (V A W (D) (eo, o)), p),
(12.10)
since @, W are given by (10.13), (10.19), (10.22), (10.23). Recall that (eq, ao, ro, mo) = X9 € Fp
with 8 = 4 + §, where § > 0 under conditions of Proposition 8.4 and Theorem 2.4. Hence, applying
Lemma 13.2 (see below) with @« = 4 + §, we obtain that

|FO]+ ¥ (@] < Cp, D)A + 1) Xoll. (12.11)
On the other hand, (12.7)—(12.8) imply that
Is()] = O¢™N), |t| > oo, VN > 0.
Hence, all the terms in (12.9) are continuous for # > 0 and decay such as Ct—37%|| X, llg- O

Now let us prove the decay for I;(¢). In this case the proof will rely substantially on the
symplectic orthogonality conditions. Namely, (12.2) implies that

QX 1) =0, j=1,...,6. (12.12)

Proposition 12.4: The function [;(¢) is continuous for ¢ > 0 and

L] < Clp, DA+ °IXollg, t>0. (12.13)

Proof: First, let us calculate the Fourier transforms 7;(iw) and @ (i w).

Lemma 12.5: The matrix M~ (iw) can be represented as follows:

| 1
L1 =L

Moy = [ »’ , (12.14)
Ly i,
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where L;j(w), i, j=1,2 are smooth diagonal 3 x 3-matrices, L;j(w) € C*®(—r —1,r +1).
Moreover,

L1y =ilpB ' +iLls, (12.15)
where L3 is defined by (B21), L3 is a smooth diagonal 3 x 3-matrix, L3(w) € C®°(—r — 1,r + 1).

For proof see Appendix B. Then the vector components are given by

1 1
Fliw) = Zﬁll(a))ro + 07£12(w)(§00 + P(iw) + Y(iw)), (12.16)

. 1 : .
Piw) = La(w)ro + ;ﬁzz(w)(fpo + P(iw) + Y(iw)). (12.17)
Next we calculate the symplectic orthogonality conditions (12.12).

Lemma 12.6: The symplectic orthogonality conditions (12.12) read:
@0+ ®(0)+ ¥(0) =0 and (B, + Lf21(0)£3(0))r0 + @'(0) + W'(0) = 0. (12.18)

For proof see Appendix C.

Now we can prove Proposition 12.4.

Step (i):Let us prove (12.13) for ¢;(¢) relying on the representation (12.17). Namely, (12.4)
and (12.17) imply:

0o+ O(iw) + Y(iw)
w

P1(1) = A G (@) Lag(@)rg + A7 ¢ (@) Lo () = @ (t) + ¢ ().

The first term ¢|(r) decays such as Ct~*°||Xy|lg by Lemma 12.5. The second term admits the
convolution representation ¢| (1) = A~'¢; Loy * g(t), where

190 + Pliw) + Y(iw)
» .

g(t) = A~

Now we use the symplectic orthogonality conditions (12.18) and obtain

o) = a1 2+ V) — 0O) 1O _, / (f(s) + ¥ (s))ds.

w

Finally, g(¢) decays such as Ct’2’5||X0||ﬁ for t > 0 by (12.11), hence ¢{(¢) decays such as
Ct279 X ||p fort > 0.

Step (ii): Now let us prove (12.13) for r( (). By (12.16), (12.15), and the symplectic orthogonality
conditions (12.18),

1 1
Fliw) = ;i(an,;‘ + L3)r + Eﬁlz((po + d(w)+ Y(iw))

L
= [i(B;‘ + L3 La)ro + = =[B! + L La)ro + &(@)]

12
w

@0+ P(iw) + \P(iw)} L
w

i(By! + L1 £3)ro + 8(0) + (@) — &(0) _
@

=L L

§(w) — &(0)
12 5
w

since i (B, s £f21£3(0))r0 + 2(0) = 0 by the symplectic orthogonality conditions (12.18), because
2(0) = i(®'(0) + W'(0)). Thus, r1(t) = A~'¢1(w)L2 * h(t) by (12.4), where

h(t) == A’IM = i/g(s)ds.
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This integral decays such as Ct~173||Xy|| for t > 0 by (12.11), hence |r ()| < Ct~'%||Xol|4 for
t>0. o

Now Theorem 12.1 is proved.

Xill. TIME DECAY OF FIELDS

Here we construct the field components e(x, t), a(x, t) of the solution X(¢) and prove their
decay corresponding to (8.10). Let us denote F(t) = (e(-, t), a(-, t)). We will construct the fields
solving the first two equations of (10.4), where A is given by (10.3). These two equations have the
form:

F(r) = ('i'lv v_-Av> F + (E(’)> , T1(t) := T1,(r(1)Vpv — pBy(1)). (13.1)

By Theorem 12.1 we know that r(¢) and ¢(¢) are continuous and

Clp, DI Xollp

EDL t>0. (13.2)

Ir(Ol + lp@)] =
Hence, Proposition 8.4 is reduced now to the following.

Proposition 13.1: (i) Let functions r(t), ¢(t) € C([0, 00); R?), and Fy € F. Then Eq. (13.1)
admits a unique solution F(t) € C[0, oco; F) with the initial condition F(0) = Fj.

(ii) If Xo = (Fo;ro, @o) € Ep and the decay (13.2) holds, the corresponding fields also decay
uniformly in v:

C(p, D)1 Xollg

[F @] -2-5 = TS

, t>0, (13.3)

for |v| < ¥ with any ¥ € (0; 1).

Proof: Both statements follow from the Duhamel representation,

t
F(@t)=W(@)Fy+ [/ Wt —s) ((l)'[(s)) ds:| , t>0, (13.4)
0
where W () is the dynamical group of the modified wave equation,
- v-V.  —A
F(t)=< 1 v-V)F(t)’ (13.5)
and from the following decay properties of the group W (¢).

Lemma 13.2: For ¥ < 1 and Fy € Fy, o > 1, the following decay holds,

C(a, D)
W Fy||log < ———— || Folla, t =0, 13.6
IWOFlw < e 1ol (13.6)
for the dynamical group W(t) corresponding to the modified wave equation (13.5) with |v| < .
Cf. the proof of (Ref. 22, Lemma 18.2). Proposition 8.4 is proved.
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APPENDIX A: COMPUTING SYMPLECTIC FORM

Here we compute the matrix elements €2(z;, 7;) of the matrix €2 and prove that the matrix is
nondegenerate. For j,/ = 1, 2, 3 it follows from (3.3) and (3.2) that

Q(ij ) = <8jEUs Ay — (ajAvv 9 Ey), Q(tj+33 T43) = (81),- E,, av1Av> - (av,vAvv awEv)s

(A1)
Q(ij tl+3) = _<8jEUa 8u1Av> + (ajAvs av,Ev> + €j - avlpv- (AZ)
In Fourier representation the solitons read:

. [(kv)p [ (k A —p ((k

Euly = (ﬂk - v) LAy =22 (ﬂk - v) , (A3)
Do k? Dy \ k?
P + (Ay, p) + / PP dk |'6|2dk(k )k (A4)
= , = v v =< — —= v s
v = Pv vs P p Dy 2D,

where Do = k% — (kv)%; ﬁo is non-negative and even in k. Differentiating in v we obtain for
j=1,2,3:

N 10 [ 2ki(k ki (k2 kv)?
av,Ev=i—p( ), e ”))v—(kv)ej>,
Dy Dy Dy
o 0 [ 2k;(k k(K2 kv)?
av,AU _ ,\i( lE U)U - l( +,\( U) )k+€[> i (AS)
Do\ Dy 2D,

av/ Pv = av/pv + (ale‘Ua ,0>

6|°dk 5|*(kv)kidk 517 (k> + (kv)*)kidk
:Bv_leﬁ/IplA e,+2/|’°|(f’)’ v_/lpl( + kv)kidk, (A6)
Dy D} k2D?

Then for j,I =1, 2, 3 we get from (A1) by the Parseval identity,

kik 5|2 2
j l(/iv)|,0| <(k—v)k—v> dk =0,
Dj

(ajEvv 0Ay) = _l/ 2

since the integrand function is odd in k. Similarly, (9;A,, 0, E,) = 0 and thus Q(z;, 7;) = 0. Further,
by (Al),

(B0, Ev. 9y, Av) :i/"f—'z ko)’ | 2kitko)
! 1 D} D} Dy

2k_,-k1(kv)(/’<2 + (kv)?) 2k_,'k1(kv)(l’<2 + (kv)*)v? kj(k2 + (kv)P)y
b b bo

kiki(kv)(k? + (kv)*)? 2k (kv)?v; kjk;(kv)(k? + (kv)?
LK 1(kv)( A+( v z(Av) v; )y 4 Y 1(kv)( A+( v)9) dk =0,
k2D? Dy k2Dg
since the integrand function is odd in k. Note that the integral converges by the neutrality condition
(1.14). Similarly, (d,;A,, 9y, Ey)= 0 and thus, (7,43, 1/4+3) = 0. Now let us compute Q(t;, 7/43).
First,

. A2 2 2 5
(3 Eu. 3 Ay) = / kj(kv)|p|*dk <Uz | 2k’ kGko)E + (ko) )>'

D2 by 2Dy
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Second,
kj|pI*dk k(6 + (ko v*  2k(kv)?
(0; Ay, 0y, Ey) :/L ((k o + i ,\( )7) 1(kv) )
DO DO D()
And third,
6> dk kokdk K2+ (k 2kkdk
3v,P=€j'B_l€1+/|p|A Sji+2 Ipl(v), /I'O'( + kv)Dkjki
' K2D?

By a straightforward computation we obtain that the matrix Q*(v) = [|Q(z;, 143)|l|},1=1,2,3 is posi-
tive definite and hence nondegenerate. Finally, the matrix,

+
120, wllic... 6=(‘19+(U) ff(”)), (A7)

is also nondegenerate.

APPENDIX B: BOUNDS FOR THE MATRIX M~ (iw)
Proposition B.1: The following bound holds:

M~ iw)| = O (ﬁ) . w— oo. (B1)

Proof: Recall that

. iwE _B,
(o) = Cliw)+G iwE — F(iw) ]’

where
v> 0 0 ci(iw) O 0
B,=10 v 0], Cliw)=|0 ciw) 0 ,
0O 0 v 0 0 c(iw)
g1 0 0 fiiw) O 0
G=|10 g 0], Fio)=1]0 flw) O
0 0 ¢ 0 0 fliw)

Here v = +/1 —v2 and ¢y, ¢; g1, &; f1, [ are defined by (10.17), (10.25), (10.26), (10.28), (10.29),
respectively. Further,

det M(iw) = did*, dy = iw(io — fi) +v3(c1+g1), d=iwiow— f)+vic+g). (B2)

Lemma B.2: The functions c¢1(iw), c(iw), fi(iw), f(iw) are bounded for v € R with large |w|.

Proof: Let us consider only the first function c¢;(iw) in detail, for the rest three functions the
argument is similar. By (10.17),

2 2
cl(la))_1|v|/ (lw+lk1|v|)|p|( k‘)dk

Biiw)
k 2 k 2k
= ifol [ S g i [ 1y DL Kk =: Cyi) + Caion,

Let us study C;(iw), for Cz(i ) the argument is similar. In the x-space we obtain:

Cilio) = [p|(=diiw — |v]d1)p, D~ (iw)p), (B3)
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where D(iw) = —A + (iw — vV)? is the differential operator with the symbol (10.11). Hence,

Ci(iw) is bounded by the decay,
_1,. 1
(80, D™ (iw)p)| = O(W’ lw| — o0, (B4)

which follows from the Agmon estimates [Ref. 30, (A.2")] (see also Appendix in Ref. 31). The
Agmon estimates are applicable to the operator D(iw) because of representation,

D(iw) = e " [—(1 — v})37 — 87 — 32 — ]’ (B5)
with (1 — vlz)y = w in the coordinates, where v = (vy, 0, 0). O
Corollary B.3: The determinants d,(iw) and d(iw) are nonzero for w € R with large |w|.

Further, the inverse matrix reads:

1. Ly L
M Y iw) = ( ), B6
() Ly L (B6)
where
(io— f1)/di 0 0 vi/d, 0 0
Li(iw)=1]0 (fw—f)/d O , Lp(iow)=10 v/d 0 ,
0 0 (iw— f)/d 0 0 v/d
(B7)
—(c1+g1)/di 0 0 iw/d; 0 0
Ly(iw)=1]0 —(c+g)/d 0O , Lp(iw)=10 iw/d 0
0 0 —(c+g)/d 0 0 iw/d
(B8)
Now Proposition B.1 follows from (B2), (B6)—(B8), and Lemma B.2. 0O

1. Proof of Lemma 12.5

By Lemma 10.2 the functions c{(}), c(1); fi(A), f(A) are analytic in C Thus,
_ / c/©) , _ , c"(0) .,
c1(A) = ¢1(0) + c,(0)A + TA + ..., ¢cA) =c(0)+ O+ T/\ +...,

)= HO)+ OL+..., fO)=fO)+ f/Or+....
Below we write v instead of |v| for simplicity of notations. By (10.16), (10.17), (10.29),

B\ k%2 — (O + ikv)?
&) = iv/dk|ﬁ|2k1 (1 1) e L

Nz D2(n)
, o (KK G ik)
fioy = vS/dk|p|2 (;7'2 - 1) # (B9)

Further, ¢’(3) = (c12) (M) + (c22)' (M), f'(A) = (f12) (M) + (f22) (M). By (10.16), (10.17), (10.21),

2 = kDO + ikiv)
D2(n)

Ic_%)k2—(k+ik,v)2

k5D
oy — Y a2 ki) K = +ikiw) o / 2, (L +ikiv)
(fi) ) = 2/dk|,0| (sz)—bm) , () () = —2ivv | dk|p| k‘—fﬂ(x) )
(B10)

(clzm):—% dk|p*ki (1 — , () () =0? /dkw
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Further,
" . A kz ()\ + lklv)(3k2 - ()\ + ikl'l))z)
cf(n) = —2lv/dk|p|2k1 (1 - k—;) o) (B11)
and ¢"(A) = (c12)"(A) + (c22)" (1), where
, , . k2 (h 4 ikjv)(3k2 — (A + ikyv)?)
(1) (1) = iv f dk|pPPhi(l = - 5) ‘ 50 —, (B12)
" o (7 — k(K = 3\ + ikyv)?)
(c0)'(3) = v? / dk|pP® Ty : (B13)

Note that ¢;(0) = —g1, c(0) = —g, ¢}(0) = ¢’(0) = 0, then
ci(h) = —g1 + A2 L), c(h) = —g + A1),

where the functions I;(), I(1) are analytic in Cand 1;(0) = ¢{(0)/2, 1(0) = ¢”(0)/2. By (B11)-
(B13) we have

" A k2 3k2 + (k U)z
0) = 2v2fdk|p|2k12 <1 - k—;) m (B14)
v 2 o (K2 — kDK (k?* + 3(k1v)?) — ki (Bk* + (k1v)%))
(0) = v /dk|,0| = Gy . (B15)

Similarly, f1(0) = f(0) =0 and
Si) =24(A), fQ) =AJA),
where the functions J; (1), J () are analytic in Cand J,(0) = f1(0), J(0) = f'(0). By (B10) we have

k? K + (kiv)?
/ _ .3 A2
[i(O)=v /dklpl (2 1)—(k2 RO (B16)
oy Y 2 Bk )? — K (kv)? — k(K> + k?))
fO=3 /dklpl W — (ki oRR : (B17)

We put A = iw and obtain
ciio) + g1 = o’ L(iw), cio)+¢g=-o’1(v), filio)=iol(iv), fio)=iol(io).
(B18)
Then
di(iw) = —*(1 — Ji(iw) + v’ [i(iw)), dio) = -w*(1 — J(io) + vI(io)). (B19)
Substitute (B18), (B19)—(B7), (B8) and obtain

1 1 1
Li(iw) = ;ﬁn(iw), Lp(iow) = Eﬁlz(iw), Ly(iw) = Lo1(iw), Ln(iv) = Zﬁzz(iw),

where (we omit the dependance on i@ for simplicity of notations)

i(Ji—1) 0
1—J1+U311 (] 1)
— l —_
Lu=fo =7+ O ’
0 0 i(J—1)
1—-J4+vl
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—v
0 0
1-— J1 + V311
Le=10 I — Tii- vl 0 ’
—v
0 0 ey
-
1 — J] + 1)311 0 0
La=]o0 =77 0 ,
0 0 d
1—J+vl
—i 0 0
1-— J] + 1)311 .
— —1
fn=10 T—J+vl
—i
0 0 1—J+vl
Note that
Li1(w) =iLi(w)B, " +iLs, (B20)
where
Ji
1-— J] + V311 3 0
0 =77,

Finaly, we prove that the denominators of the matrix elements of each matrix £; to £, and L3 are
nonzero at w = 0. Indeed, —J,(0) + v31;(0) > 0, since 1;(0) > 0 and J,(0) < 0 by (B14), (B16).
Further, by a straightforward computation we obtain that
dk 1512(k°(1 + v?) + k4k12(1 +3v* — 8v?) + kzk‘l‘vz(3 — vz)).

K = (o))
Itis easy to check that k(1 + v?) + k*k3(1 + 3v* — 8v?) + k%k{v*(3 — v?) > 0. This completes the
proof of Lemma 12.5. O

IO+ v = /

APPENDIX C: SYMPLECTIC ORTHOGONALITY CONDITIONS
For j =1, 2, 3 we have
0= Q(Zo, tj) = —{eo, 3;Ay) + (ao, 9; E,) — (po + (ao, p)) - €;

—iki(—=p) kv —ik;i(kv)p kv
:—/dk o %(Fk—v)+/dk o %(ﬁk—u)—(wﬂao,p))-e,.

Since éyLk and ay_Lk, the condition simplifies to
kD k:(kv)p _
—i/dk 2 "fpv—/dk a ’(D”)pv—/dkaoﬁ.ej_%.ej:0,

or, in the vector form,

90 + / dk%[i(éov)k + (Gov)(kv)k + kg — (kv)*dg] = 0. (C1)

On the other hand,

g0+ B(O0) = go + / kS liku)eq + o). )
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Subtract (C1) from (C2) and obtain

B ) ko) A
oo+ ®(0) = ~i [ dkZl@k — k)l — [ dk==El(@uk — (vl

= /dk%v A (—ik) A &) + f dk%(—ikv)v A ((—ik) A dg) = —W(0).

Thus, (C1) reads ¢y + ©(0) + ¥(0) = 0.
Further, the symplectic orthogonality conditions (Zo, tj43), j = 1, 2, 3 in the vector form read:

5 [2(kv)(@ 5 [k + (kv)?
0= /dkﬁ [%k+éo} —i/dk% [#(&Ov)k+(kv)&o]

~

A2 A2 k A2 k2 k 2 k
+B;1r0+/dk|‘i| ro+2/dkwk—/dk|p| (&~ + (ko) )(rok) (C3)
D D2 2D’

The second line involving ry, in the coordinate system, where v = (v, 0, 0), simplifies to B, Lo+

R Gt 0 0
A12012012 2 2 2 2 2
0 f dk |17 (k" (k +k1);;{1;1[()/;u) —3k“(k1v)”) 0 ro.
0 0 f dk |52 (k2 (2 +kD)+kT (ko )2 =3k (k1 v)*)
2%2D?
And this is exactly (B, ' + £12£5(0))ro, since
—J1(0) 0 0
LnL:O)=8" 0 —JO 0 [,
0 0 —J(0)

where J,(0) = £/(0), J(0) = £'(0), see (B16), (B17).
Finally, by (10.13), (10.19),

'(0) + W'(0)

)

— / dkE[Déo — i(kv)Dag + 2(kv)(v - &)k — i(k* + (kv)*)(v - do)k]
= o2

which coincides with the first line of (C3) involving &y, dg.

'H. A. Lorentz, Arch. Néerl. Sci. Exactes Nat. 25, 363 (1892).

2M. Abraham, Theorie der Elektrizitt, Elektromagnetische Theorie der Strahlung, Vol. II (Leipzig, Teubner, 1905).

3 A. Komech, H. Spohn, and M. Kunze, Commun. Partial Differ. Equ. 22, 307 (1997).

4A. 1. Komech and H. Spohn, Nonlinear Anal. 33, 13 (1998).

5V. Imaikin, A. Komech, and N. Mauser, Ann. Inst. Poincare, Phys. Theor. 5, 1117 (2004).

% A. 1. Komech and H. Spohn, Commun. Partial Differ Equ. 25, 559 (2000).

"H. Spohn, Dynamics of Charged Particles and Their Radiation Field (Cambridge University Press, Cambridge, 2004).

8D. Bambusi and L. Galgani, Ann. Inst. Henri Poincare Sect. A 58, 155 (1993).

9 V. Imaikin, A. Komech, and H. Spohn, Russ. J. Math. Phys. 9, 428 (2002).

10V, Imaikin, A. Komech, and H. Spohn, Monatsh. Math. 142, 143 (2004).

1\, Eckhaus and A. van Harten, The Inverse Scattering Transformation and the Theory of Solitons: An Introduction,
(North-Holland, Amsterdam, 1981).

12 A. S. Fokas and V. E. Zakharov, Important Developments in Soliton Theory (Springer, Berlin, 1993).

13V. S. Buslaev and G. S. Perelman, “On nonlinear scattering of states which are close to a soliton,” Asterisque 208, 49
(1992).

14V, S. Buslaev and G. S. Perelman, St. Petersbg. Math. J. 4, 1111 (1993).

15V, S. Buslaev and G. S. Perelman, Trans. Am. Math. Soc. 164, 75 (1995).

16y, S. Buslaev and C. Sulem, Ann. Inst. Henri Poincare, Anal. Non Lineaire 20, 419 (2003).

17R. L. Pego and M. I. Weinstein, Phys. Lett. A 162, 263 (1992).

IBR.L. Pego and M. 1. Weinstein, Commun. Math. Phys. 164, 305 (1994).

Downloaded 15 Aug 2012 to 131.130.16.57. Redistribution subject to AIP license or copyright; see http://jmp.aip.org/about/rights_and_permissions


http://dx.doi.org/10.1016/S0362-546X(97)00538-5
http://dx.doi.org/10.1007/s00023-004-0193-5
http://dx.doi.org/10.1080/03605300008821524
http://dx.doi.org/10.1007/s00605-004-0232-9
http://dx.doi.org/10.1007/BF02364705
http://dx.doi.org/10.1016/S0294-1449(02)00018-5
http://dx.doi.org/10.1016/0375-9601(92)90444-Q
http://dx.doi.org/10.1007/BF02101705

042701-33 Scattering for particle-Maxwell field interaction J. Math. Phys. 52, 042701 (2011)

19 A Soffer and M. I. Weinstein, “Multichannel nonlinear scattering for nonintegrable systems,” in Proceedings of Conference
on an Integrable and Nonintegrable Systems, June, 1988, Oleron, France, Integrable Systems and Applications, Springer
Lecture Notes in Physics, Vol. 342 (Paris, Springer, 1988).

20 A. Soffer and M. L. Weinstein, Commun. Math. Phys. 133, 119 (1990).

21 A. Soffer and M. 1. Weinstein, J. Differ. Equations 98, 376 (1992).

22V. Imaikin, A. Komech, and B. Vainberg, Commun. Math. Phys. 268, 321 (2006).

23V. 1. Amold, V. V. Kozlov, and A. I. Neishtadt, Mathematical Aspects of Classical and Celestial Mechanics (Springer,
Berlin, 1997).

24S. Cuccagna, Commun. Pure Appl. Math. 54, 1110 (2001).

25V, Imaykin, A. Komech, and B. Vainberg, CRM Proc. Lect. Notes 42, 249 (2007).

26y, Imaikin, A. Komech, and H. Spohn, Discrete Contin. Dyn. Syst. 10, 387 (2003).

27V, Imaikin, A. Komech, and P. Markowich, J. Math. Phys. 44, 1202 (2003).

28 A. Komech, M. Kunze, and H. Spohn, Commun. Math. Phys. 203, 1 (1999).

29B. Vainberg, Asymptotic Methods in Equations of Mathematical Physics (Gordon and Breach, New York, 1989).

305, Agmon, Ann. Scuola. Norm. Sup. Pisa, Cl. Sci. Ser. 2 4, 151 (1975).

31 A. I. Komech and E. Kopylova, J. Differ. Equations 248, 501 (2010).

Downloaded 15 Aug 2012 to 131.130.16.57. Redistribution subject to AIP license or copyright; see http://jmp.aip.org/about/rights_and_permissions


http://dx.doi.org/10.1007/BF02096557
http://dx.doi.org/10.1016/0022-0396(92)90098-8
http://dx.doi.org/10.1007/s00220-006-0088-z
http://dx.doi.org/10.1002/cpa.1018
http://dx.doi.org/10.3934/dcds.2004.10.387
http://dx.doi.org/10.1063/1.1539900
http://dx.doi.org/10.1007/s002200050023
http://dx.doi.org/10.1016/j.jde.2009.06.011

