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Report of Peter W. Michor.
The aim of this project was to study actions of Lie algebras and Lie groups on
manifolds. In particular, I wanted to prove the following result.

Conjecture. Let G be a compact Lie group which acts isometrically on a complete
Riemannian manifold M, such that this action admits a section: There exists a
closed submanifold % in M which meets each orbit orthogonally.

Then the space Qnor(M)C of all differential forms on M which are invariant
under the G-action and are horizontal in the sense that they kill each vector which
is tangent to an orbit, is isomorphic to the space QX)W ) of all differential forms
on the section 3, which are invariant under the action of the Weyl group W (X) on
>, where
W) = lgeG:g(X)cx}

{g€G:g|¥=1ds}

This succeeded and the result is publish in two papers, [1] [2].

In [3] Poisson structures on Lie groups are studied in detail. First the notion
of a Lie bialgebra or Lie Poisson structure is investigated, reviewed and spelled
out in terms of Gauss triples, which are a generalization of Manin pairs. This is
then carried over to Lie groups, in particular the double group, its various Poisson
structures and dressing transformations are studied in detail. A generalization of
this setting for double groups is interpreted in [4] as a generalization of the notion
of an integrable system, where the usual torus action is replaced by the action of
a Poisson Lie group. Paper [19] shows that by pulling back sets of functions in
involution by Poisson mappings and adding Casimir functions during the process
allows to construct completely integrable systems. Some examples are investigated
in detail which involve the constructions of [3] and [4].

Paper [5], which seems quite spectacular to me, belongs to analysis, but it orig-
inated in questions, which arose in the study of invariants of Lie group actions.
Assume that we have a polynomial whose coefficients depends smoothly on a real
parameter. Can one choose the roots smoothly in that parameter? This is an-
swered completely in the case that all roots are real: Yes, if no two roots meet of
infinite order. No in general, the roots can always be chosen differentiable, but not
C! for degree > 3, in degree 2 they can always be chosen twice differentiable, but
not C?. Also complex roots are studied, and applications to perturbation theory
of operators are given. In particular there is a result which is genuinely stronger
than any in the book of Kato on perturbation theory of operators, which allows
under some assumptions to choose the eigenvalues of a smooth 1-parameter fam-
ily of selfadjoint operators with compact resolvent in a smooth way. The original
question can be restated as follows: The permutation group acts by coordinate
permutations on R™ and the elementary symmetric polynomials o; (the coefficients
of the polynomial whose roots are the coordinates of R™) are generators for the
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ring of all invariants polynomials. Can one lift smooth curves in this setting over
o= (01,...,0p) : R — R"? In [10] is is shown that the answer is yes for an
arbitrary linear representation of a compact Lie group, under similar conditions as
in the case of polynomials.

In the paper [11] the known upper bound 2k — 1 on the multiplicity of the k-
th eigenvalue of the Laplace operator with Dirichlet boundary condition on any
domain with smooth boundary in the plane is improved to 2k — 3, for k£ > 2.

In the paper [13] a class of n-ary Poisson structures of constant rank is indicated.
It is proved that the ternary Poisson brackets are exactly those which are defined
by a decomposable 3-vector field. The key point is the proof of a lemma which tells
that an n-vector (n > 3) is decomposable if and only if all its contractions with up
to n — 2 covectors are decomposable. This lemma is expanded upon in paper [18],
where a new form of the P1”ucker-relations describing thre set of all decomposable
multivectors (the Grassmannian) is derived and investigated from the point of view
of representation theory.

Paper [15] gives a clean derivation of the (known) result that the KdV-equation
is the geodesic equation of the right invariant H°-Riemannian metric on the Vrasoro
group, and then goes on to compute the associated curvature and the equation for
Jacobi fields.

Paper [14] computes the curvature tensor and the scalar curvature in the space
of positive definite real matrices endowed by the Kubo-Mori inner product as a
Riemannian metric.

In paper [9], on a fiber bundle without structure group the action of the gauge
group (the group of all fiber respecting diffeomorphisms) on the space of (general-
ized) connections is shown not to admit slices.

Paper [8] treats the following subject: It is well known that the geodesic flow
on the tangent bundle is the flow of a certain vector field which is called the spray
S:TM — TTM. It is maybe less well known that the flow lines of the vector field
kryp < TS :TTM — TTTM project to Jacobi fields on T'M. This could be called
the ‘Jacobi flow’.

In paper [7], with the help of the multigraded Nijenhuis— Richardson bracket and
the multigraded Gerstenhaber bracket for every n > 2 we define n-ary associative
algebras and their modules and also n-ary Lie algebras and their modules, and we
give the relevant formulas for Hochschild and Chevalley cohomogy.

In paper [6], the theory of product preserving functors and Weil functors is partly
extended to infinite dimensional manifolds, using the theory of C'*°-algebras.

Within the time of this project the book [G] was finished and published. Since
this is a major work I enclose here the introduction.

Introduction of: The convenient setting of Global Analysis, by A. Kriegl
and P. W. Michor. In the very conception of the notion of manifolds, in the
Habilitationsschrift [Riemann, 1854], infinite dimensional manifolds were mentioned
explicitly:

“Es giebt indess auch Mannigfaltigkeiten, in welchen die Ortsbestimmung nicht eine
endliche Zahl, sondern entweder eine unendliche Reihe oder eine stetige Mannigfaltigkeit
von Grossenbestimmungen erfordert. Solche Mannigfaltigkeiten bilden z.B. die mdglichen
Bestimmungen einer Function fiir ein gegebenes Gebiet, die moglichen Gestalten einer
raumlichen Figur u.s.w.”

This book is meant to lay the foundations of infinite dimensional differential ge-
ometry. There are the book [Palais, 1968 and the review article [Eells, 1966] with
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similar titles, in which Global Analysis was based mainly on manifolds modelled
on Banach space. Indeed classical calculus works quite well up to and including
Banach spaces: There are existence and uniqueness for smooth ordinary differential
equations (even Lipschitz), but not existence for all continuous ordinary differential
equation. The inverse function theorem works well, but the theorem of constant
rank offers problems, and the implicit function theorem requires splitting assump-
tions. There are problems with partitions of unity, with the Whitney extension
theorem, and with Morse theory and transversality.

But further development has shown that Banach manifolds are not suitable for
many questions of Global Analysis, by the following result, which is due to [Omori,
de la Harpe, 1972], see also [Omori, 1978]: If a Banach Lie group acts effectively on
a finite dimensional compact smooth manifold it must be finite dimensional itself.
The study of Banach manifolds by itself is not very interesting, since they turn out
to be open subsets of the modelling space for many modelling spaces, see [Eells,
Elworthy, 1970].

We want to treat here manifolds which are modelled on locally convex spaces,
and which are smooth, holomorphic, or real analytic in an appropriate sense. To
do this we start with a careful exposition of smooth, holomorphic, and real an-
alytic calculus in infinite dimensions. Differential calculus in infinite dimensions
has already quite a long history, in fact it goes back to Bernoulli and Euler, to the
beginnings of variational calculus. In this century the urge to differentiate in spaces
which are more general than Banach spaces became stronger, and many different
approaches and definitions were tried. The main difficulty was, that composition
of (continuous) linear mappings stops to be a jointly continuous operation just at
the level of Banach spaces, for any suitable topology on spaces of linear mappings.
This can easily be explained in a somewhat simpler example:

Consider the evaluation ev : ' x E* — R, where FE is a locally convex space
and E* is its dual of continuous linear functionals equipped with any locally convex
topology. Let us assume that the evaluation is jointly continuous. Then there are
neighborhoods U C E and V' C E’ of zero such that ev(U x V) C (—1,1). But then
U is contained in the polar of V', so it is bounded in F, so E admits a bounded
neighborhood and is thus normable.

The difficulty described here was the original motivation for the development of
a whole new field within general topology, convergence spaces. But fortunately it is
no longer necessary to delve into this, because in 1981, [Frolicher, 1981] and [Kriegl,
1982], [Kriegl, 1983] presented independently the solution to the question for the
right differential calculus in infinite dimensions, see the monography [Frolicher,
Kriegl, 1988]. The smooth calculus which we present here is the same as in this
book, but our exposition is based on functional analysis rather than on category
theory.

Let us try to describe the basic ideas of smooth calculus: One can say that it
is a (more or less unique) consequence of taking variational calculus seriously. We
start with looking at the space of smooth curves C*°(R, E) with values in a locally
convex space E and note that it does not depend on the topology of E, only on
the underlying system of bounded sets. This is due to the fact, that for a smooth
curve difference quotients converge to the derivative much better than arbitrary
converging nets or filters. Smooth curves have integrals in F if and only if a weak
completeness condition is satisfied: it appeared as bornological completeness in the
literature, we call it ¢*°-complete. Surprisingly, this is equivalent to the condition
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that weakly smooth curves are smooth. All calculus in this book will be done
on convenient vector spaces: These are locally convex vector spaces which are
c>°-complete; note that the locally convex topology on a convenient vector space
can vary in some range, only the system of bounded set must remain the same.
The next steps are then easy: a mapping between convenient vector spaces is called
smooth if it maps smooth curves to smooth curves, and everything else is a theorem:
existence, smoothness, and linearity of derivatives, the chain rule, and also the most
important feature, cartesian closedness:

(1) C>®(E x F,G) = C™(E,C*®(F,G))

holds without any restriction, for a natural convenient vector space structure on
C*°(F,G): The old dream of variational calculus becomes true in a concise way. If
one wants (1) and some other mild properties of calculus, then smooth calculus as
described here is unique. Let us point out that on some convenient vector spaces
there are smooth functions which are not continuous. This is not so horrible as it
sounds, and is unavoidable if we want just the chain rule, since ev: E x £/ — R is
always smooth but continuous only if E' is normable, by the discussion above. This
just tells us that the notion of topology and continuity is not the appropriate one
in infinite dimensions.

An eminent mathematician once said that for infinite dimensional calculus each
serious application needs its own foundation. By a serious application one obviously
means some application of a hard inverse function theorem. These theorems can be
proved, if by assuming enough a priori estimates one creates enough Banach space
situation for some modified iteration procedure to converge. Many authors try
to build their platonic idea of an a priori estimate into their differential calculus.
We think that this makes the calculus inapplicable and hides the origin of the
a priori estimates. We believe that the calculus itself should be as easy to use as
possible, and that all further assumptions (which most often come from ellipticity of
some nonlinear partial differential equation of geometric origin) should be treated
separately, in a setting depending on the specific problem. We are sure that in
this sense the setting presented here (and the setting in [Frolicher, Kriegl, 1988])
is universally usable for most applications. To give a basis to this statement we
present also the hard implicit function theorem of Nash and Moser, in the approach
of [Hamilton, 1982] adapted to convenient calculus, but we give none of its serious
applications.

A surprising and very satisfying feature of the notion of convenient vector spaces
is that it is also the right setting for holomorphic calculus as shown in [Kriegl, Nel,
1985], for real analytic calculus as shown by [Kriegl, Michor, 1990], and also for
multilinear algebra. We give an extensive treatment of all these topics.

The middle part of the book is then devoted to the theory of infinite dimensional
manifolds and Lie groups and some of its applications. We treat here only manifolds
described by charts although this limits cartesian closedness of the category of
manifolds drastically, see 44.14 and section 17 for more thorough discussions. We
start by treating existence of smooth bump functions and smooth partitions of
unity. Then we investigate tangent vectors seen as derivations or kinematically
(via curves): these concepts differ, and there are some surprises even on Hilbert
spaces, see 30.4. Accordingly, we have different kinds of tangent bundles, vector
fields, differential forms, which we list in a somewhat systematic manner. The
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theorem of De Rham is proved, and a (small) version of the Frolicher-Nijenhuis
bracket in infinite dimensions is treated. Finally, we discuss Weil functors (certain
product preserving functors of manifolds) as generalized tangent bundles. Infinite
dimensional Lie groups can be pushed surprisingly far: Exponential mappings are
unique if they exist. A stronger requirement (leading to regular Lie groups) is
that one assumes that smooth curves in the Lie algebra integrate to smooth curves
in the group in a smooth way (an ‘evolution operator’ exists). This is due to
[Milnor, 1984] who weakened the concept of [Omori, Maeda, Yoshioka, 1982]. It
turns out that regular Lie groups have strong permanence properties. Up to now
(April 1997) no non-regular Lie group is known. Connections on smooth principal
bundles with a regular Lie group as structure group have parallel transport, and
for flat connections the horizontal distribution is integrable. So some (equivariant)
partial differential equations in infinite dimensions are very well behaved, although
in general there are counter examples in every possible direction.

The rest of the book describes applications: manifolds of mappings between finite
dimensional manifolds, diffeomorphism groups, their classifying spaces, direct limit
manifolds, and a concise and easy approach to smooth vectors and smoothness of
infinite dimensional (unitary) representations.

The work on this book was done from 1989 onwards, the material was presented
in our joint seminar and elsewhere several times, which led to a lot of improvement.
We want to thank all participants, who devoted a lot of attention and energy, in
particular our (former) students who presented talks on that subject, also those
who helped with proofreading or gave good advise: Eva Adam, Andreas Cap,
Stefan Haller, Ann and Bertram Kostant, Grigori Litvinov, Josef Mattes, Martin
Neuwirther, Tudor Ratiu, Konstanze Rietsch, Hermann Schichl, Erhard Siegl, Josef
Teichmann, Klaus Wegenkittl.

Beitrag von Stefan Haller.

Ein Teil meiner Arbeit war es Einfachheit bzw. Perfektheit gewisser Diffeomor-
phismengruppen zu zeigen. Das Problem wird in zwei Schritten angegangen: Zuerst
wird es fiir eine spezielle Mannigfaltigkeit jeder Dimension gelést (Torus) und dann
auf beliebige Mannigfaltikeiten iibertragen. Der zweite Schritt wurde bisher in ein
Fragmentationslemma und ein Deformationslemma zerlegt. Fiir modulare Diffeo-
morphismengruppen ist es mir gelungen diese beiden Konstruktionen durch eine
einzige zu ersetzen. Die urspriinglichen beiden Schritte erscheinen nun als Teile
eines Homotopieoperators zwischen gewissen Kettenkomplexen.

Im Weiteren habe ich mich mit sogenannten lokal konform symplektischen (1.k.s.)
Mannigfaltigkeiten auseinanergesetzt. Diese bilden eine Erweiterung der Klasse der
symplektischen Mannigfaltigkeiten. Diese geometrische Struktur ist deshalb inter-
essant, weil dies genau die gerade-dimensionalen Blaetter von Jacobi-Mannigfaltig-
keiten sind (die ungerade-dimensionalen sind genau die Kontakten-Mannigfaltig-
keiten). Ich konnte zeigen, dafl die Automorphismengruppe einer l.k.s. Mannig-
faltigkeit eine unendlichdimensionale Lie Gruppe ist. Ich habe dann die beiden
Invarianten die es fiir die symplektische Diffeomorphismgruppe gibt (Flux, Calabi)
auf 1.k.s. Mannigfaltigkeiten erweitert. Auflerdem erscheint im lL.k.s. Fall eine weit-
ere Invariante, die fiir symplektische Mannigfaltigkeiten immer verschwindet. Ich
konnte zeigen, dafl der Kern der Calabi Invariante einfach und perfekt ist. Dies ist
eine Verallgemeinerung eines bekannten Theorems von A. Banyaga fiir symplektis-
che Mannigfaltigkeiten. Weiters habe ich die Kommutatorreihe der Automorphis-
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mengruppe einer l.k.s. Mannigfaltigkeit berechnet. Es zeigte sich, dafl diese fast
immer gerade aus den Kernen der obigen Invarianten besteht.

Auch konnte ich zeigen, dafl die Automorphismengruppe einer l.k.s. Mannig-
faltigkeit (als abstrakte Gruppe) sowohl die zugrundeliegende Mannigfaltigkeit als
auch die Lk.s. Struktur bestimmt. Gleiches gilt auch fiir die Kerne der verschiedenen

Invarianten. Ahnliche Resultate gibt es fiir eine Reihe von geometrischen Struk-
turen (Erlanger Programm).

Beitrag von Josef Teichmann.

Im Rahmen meiner Dissertation bei Peter W. Michor beschéftige ich mich mit
einer Verbesserung und Fundierung der Theorie zur Losung von Differentialgle-
ichungen auf unendlichdimensionalen Liegruppen. Bisher wurde dieses Problem
durch eine bisweilen komplizierte Riickfiihrung auf Problemstellungen auf Banach-
raumen gelost. Die zum Teil bemerkenswerten topologischen und metrischen Eigen-
schaften von unendlichedimensionalen Liegruppen wurden nicht weiter untersucht.

FEin erster in der Dissertation verfolgter Ansatz gestattet es mit topologisch-
metrischen Bedingungen an die (unendlichdimensionale) Liegruppe die Existenz
von Losungen invarianter (nicht) autonomer Differentialgleichungen zu charakter-
isieren. Auflerdem wurde bewiesen, dafl die Existenz von Losungen genannter Dif-
ferentialgleichungen aquivalent ist zur Existenz aller moglichen Produktintegral-
Approximationen, zumindest auf einer alle bekannten Liegruppen umfassenden
Kategorie von Liegruppen. Dieses Resultat wird in der Arbeit [27] veroffentlicht
werden.

Als weiterer Ansatz wurde eine Theorie zur Losung nicht autonomer linearer
Differentialgleichungen auf geeigneten Vektorraumen entwickelt, die auch fiir sich
interessant ist: Sie beinhaltet eine geeignete Hille-Yosida Theorie und eine Ap-
proximationstheorie mit Produktintegralen. Im Gegensatz zu bisher publizierten
Theorien wird auf die Mo6glichkeit hingewiesen und auch Nutzen daraus gezogen,
daf} es geniigt, glatte Halbgruppen zu untersuchen. Auflerdem wurde erstmals eine
anwendbare Approximationstheorie entwickelt. Die geeignete Hille-Yosida Theorie
samt einigen Anwendungen wird in [26] veréffentlicht werden, wobei die angebote-
nen Losungen wesentlich einfacher sind als die bisher bekannten. Mit Hilfe der
Theorie zu Produktintegralen auf geeigneten Raumen gelingt es auch, an das glatte
Produkt auf Liegruppen Bedingungen zu formulieren, die es gestatten auf Regu-
laritét zu schlieen. Resultate dazu werden in [25] publiziert werden.

Die Beobachtung, daf} die adjungierte Darstellung Ad : G — g in vielen Fallen
initial ist, fiihrt in ein weiteres Feld von Anwendungen linearer Theorien auf die
Losbarkeit von Differentialgleichungen auf Liegruppen. Dieser dritte Ansatz stellte
sich aber als nur teilweise fruchtbar heraus. Allerdings sind die abgeleiteten not-
wendigen Bedingungen via dem geeigneten Hille-Yosida Theorem interessant.

Auf der Suche nach interessanten Gegenbeispielen gelang es zusammen mit Peter
W. Michor eine Liicke in der Theorie regulérer abelscher Liegruppen zu fiillen:
Regulare abelsche Liegruppen sind mittlerweile genau als Quotienten mit ’diskreten’
Untergruppen von geeignete Radumen erkannt (siehe [12]).
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