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THE CONVENIENT SETTING FOR QUASIANALYTIC
DENJOY-CARLEMAN DIFFERENTIABLE MAPPINGS

ANDREAS KRIEGL, PETER W. MICHOR, AND ARMIN RAINER

ABSTRACT. For quasianalytic Denjoy—Carleman differentiable function classes
C® where the weight sequence Q = (Qk) is log-convex, stable under deriva-
tions, of moderate growth and also an L-intersection (see (1.6)), we prove the
following: The category of C'Q-mappings is cartesian closed in the sense that
CR(E,C?(F,G)) = CQ(E x F,Q) for convenient vector spaces. Applications
to manifolds of mappings are given: The group of C'@-diffeomorphisms is a
regular C@-Lie group but not better.

Classes of Denjoy-Carleman differentiable functions are in general situated be-
tween real analytic functions and smooth functions. They are described by growth
conditions on the derivatives. Quasianalytic classes are those where infinite Taylor
expansion is an injective mapping.

That a class of mappings S admits a convenient setting means essentially that
we can extend the class to mappings between admissible infinite dimensional spaces
E,F,... so that S(E, F) is again admissible and we have S(E x F,G) canonically
S-diffeomorphic to S(E, S(F,G)) (the exponential law). Usually this comes hand
in hand with (partly nonlinear) uniform boundedness theorems which are easy S-
detection principles.

For the C*° convenient setting one can test smoothness along smooth curves.
For the real analytic (C*) convenient setting we have: A mapping is C* if and only
if it is C'*° and in addition C*¥ along C“-curves (C* along just affine lines suffices).
We shall use convenient calculus of C'*° and C* mappings in this paper; see the
book [15], or the three appendices in [17] for a short overview.

In [17] we succeeded to show that non-quasianalytic log-convex Denjoy-Carleman
classes O™ of moderate growth (hence derivation closed) admit a convenient setting,
where the underlying admissible locally convex vector spaces are the same as for
smooth or for real analytic mappings. A mapping is C™ if and only if it is CM
along all CM-curves. The method of proof there relies on the existence of CM
partitions of unity.

In this paper we succeed to prove that quasianalytic log-convex Denjoy-Carleman
classes C9 of moderate growth which are also L-intersections (see (1.6)), admit a
convenient setting. The method consists of representing C? as the intersection
({CE : L € £(Q)} of all larger non-quasianalytic log-convex classes C'*; this is the
meaning of: @ is an L-intersection. In (1.9) we construct countably many classes
(@@ which satisfy all these requirements. Taking intersections of derivation closed
classes CT only, or only of classes C of moderate growth, is not sufficient for
yielding the intended results. Thus we have to strengthen many results from [17]
before we are able to prove the exponential law. A mapping is C? if and only if
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it is C* along each Ct-curve for each L € £(Q). It is an open problem (even in
R?), whether a smooth mapping which is C% along each C%-curve (or affine line),
is indeed C?. As replacement we show that a mapping is C? if it is C% along
each C? mapping from a Banach ball (5.2). The real analytic case from [14] is not
covered by this approach.

The initial motivation of both [17] and this paper was the desire to prove the
following result which is due to Rellich [19] in the real analytic case. Let t — A(t)
for t € R be a curve of unbounded self-adjoint operators in a Hilbert space with
common domain of definition and with compact resolvent. Ift — A(t) is of a certain
quasianalytic Denjoy-Carleman class C9, then the eigenvalues and the eigenvectors
of A(t) may be parameterized C® in t also. We manage to prove this with the
help of the results in this paper and in [17]. Due to length this will be explained in
another paper [18].

Generally, one can hope that the space C (A, B) of all Denjoy-Carleman CM-
mappings between finite dimensional C™ -manifolds (with A compact for simplicity)
is again a C'M-manifold, that composition is C™, and that the group Diff™ (A) of
all CM_diffeomorphisms of A is a regular infinite dimensional C™-Lie group, for
each class C™ which admits a convenient setting. For the non-quasianalytic classes
this was proved in [17]. For quasianalytic classes this is proved in this paper.

1. WEIGHT SEQUENCES AND FUNCTION SPACES

1.1. Denjoy—Carleman C'"-functions in finite dimensions. We mainly follow
[17] and [25] (see also the references therein). We use N = N5 U {0}. For each
multi-index @ = (a1,...,a,) € N*, we write a! = 1! !, |a] = a1 + -+ + an,
and 0% = 9% /92§t - .- O on.

Let M = (M})ken be a sequence of positive real numbers. Let U C R™ be open.
We denote by CM(U) the set of all f € C*°(U) such that, for all compact K C U,
there exist positive constants C' and p such that

|0% f(x)| < C plod la|! M, for all « € N" and z € K.

The set CM(U) is a Denjoy—Carleman class of functions on U. If Mj, = 1, for all
k, then CM(U) coincides with the ring C%(U) of real analytic functions on U.
A sequence M = (My,) is log-convez if k — log(Mj}) is convex, i.e.,

M? < My, My, for all k.
If M = (M) is log-convex, then k — (Mj/My)'/* is increasing and
(1) M; My, < My Ml+k: for all I,k € N.

Furthermore, we have that k — k!Mj, is log-convex (since Euler’s I'-function is so),
and we call this weaker condition weakly log-convex. If M is weakly log-convex then
CM(U,R) is a ring, for all open subsets U C R™.

If M is log-convex then (see the proof of [17, 2.9]) we have

(2)  M{ My >M;M,, - M,, foralla; € Nsgwitha +--+a; = k.

This implies that the class of C*-mappings is stable under composition ([20], see
also [2, 4.7]; this also follows from (1.4)). If M is log-convex then the inverse
function theorem for CM holds ([12]; see also [2, 4.10]), and CM is closed under
solving ODEs (due to [13]).

Suppose that M = (M) and N = (Ny) satisfy My, < C*¥ Ny, for a constant C
and all k. Then CM(U) C CN(U). The converse is true if M is weakly log-convex:
There exists f € CM(R) such that | f*)(0)| > k! M, for all k (see [25, Theorem 1]).
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If M is weakly log-convex then CM is stable under derivations (alias derivation
closed) if and only if

M1\ *

3 sup ( ) < 00.

®) keNso v M

A weakly log-convex sequence M is called of moderate growth if
My \7+%

4 sup <]7) < o0.

W jkeNso N Mj My

Moderate growth implies derivation closed.

Definition. A sequence M = (Mjy)r=0,1,2,... is called a weight sequence if it satisfies

My =1 < M; and is log-convex. Consequently, it is increasing (i.e. My < Mp41).
A DC-weight sequence M = (My)k=01,2,.. is a weight sequence which is also

derivation closed (DC stands for Denjoy-Carleman and also for derivation closed).

This was the notion investigated in [17].

1.2. Theorem (Denjoy—Carleman [6], [5]). For a sequence M of positive numbers

the following statements are equivalent.

(1) CM s quasianalytic, i.e., for open connected U C R™ and each a € U, the
Taylor series homomorphism centered at a from CM(U,R) into the space
of formal power series is injective.

(2) >y ﬁ = oo where m;;(l) = inf{(j! M;)}9 : j > k} is the increasing

k
minorant of (k! My,)'/*.

(3) Z;’;l(W)l/k = oo where Mz(lc) is the log-convex minorant of k! My,
k

given by Mz(lc) := inf{(j! Mj)%(l! M)t

= j<k<lj<l}
o MO
4 _ kic = OQ.
(4) 2k—o AR
For contemporary proofs see for instance [11, 1.3.8] or [22, 19.11].

1.3.  Sequence spaces. Let M = (Mj)ren be a sequence of positive numbers
and p > 0. We consider (where F stands for ‘formal power series’)

FM = {(fk)keN €RY:3C > 0Vk e N: |fi| < CpF k! Mk} and FM .= | | FM.
p>0

Note that, for U C R™ open, a function f € C*°(U,R) is in CM (U, R) if and only
if for each compact K C U

(sup{|0° f(x)| : x € K, |a| = k})pen € FM.
Lemma. We have
FMUCFM s 3p > 0k : ML < pFt M7
= 3C,p>0Vk: M} < Cp* M.
Proof. (=) Let f; := kIM]. Then f = (fx)ken € FM' C FM® 5o there exists a
p > 0 such that kIM} < p*+1EIME for all k.

(<) Let f = (fr)ken € FM' e thege exists a o > 0 with |fx| < o*HLEIM}E <
(po)kT1EIM? for all k and thus f € FM. O

1.4. Lemma. Let M and L be sequences of positive numbers. Then for the compo-
sition of formal power series we have

]:MO]:ilO g]_-MoL

where (M o L)y := max{M;Lq, ... La, : & € Nsg,a1 +--- + o =k}
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Here FZ, := {(gx)ren € FE¥ : go = 0} is the space of formal power series in F~
with vanishing constant term.

Proof. Let f € FM and g € FL. For k > 0 we have (inspired by [7])

(fog) s Joa: Yo,
mk:;ﬁ > !

|
ozENJ;O ar A
ar+-+a;=k
k
|'(f°9)k| > .\'fj| 3 |9'a1\ |9'aj|
ENMoL)y = JIM; e, a1!Lg, a;!Lq,
a1+---+aj:k
. u k-1
J kg J - kg
<Sae X da=dao(t)) ke
= ey =1

k
= 0gpsCrCy Y _(psCo) ™! (lj _ i) = pgpsCrCo(1+ psCo)*
j=1
k PrCrCy

= (pg(1 4+ psCy)) 1+ p;C,
1.5. Notation for quasianalytic weight sequences. Let M be a sequence
of positive numbers. We may replace M by k + C p* M, with C,p > 0 without
changing FM. In particular, it is no loss of generality to assume that M; > 1 (put
Cp > 1/M;) and My = 1 (put C := 1/My). If M is log-convex then so is the
modified sequence and if in addition p > My/M; then the modified sequence is
monotone increasing. Furthermore M is quasianalytic if and only if the modified
sequence is so, since M, Z(lc) is modified in the same way. We tried to make all con-
ditions equivariant under this modification. Unfortunately, the next construction
does not react nicely to this modification.

For a quasianalytic sequence M = (M) let the sequence M = (M) be defined
by

k k
§ 1 .
My = M, ] (1—,,) My =1.
e (g1 M)/

We have M, < M. Note that if we put my := (k!My)"* (and mg := 1) and
iy = (K!My)"/* (where we assume My > 0) then

il 1
mk = Mg H (1 — >
=iy

or, recursively,
m -1
st = Mt~ and 1o = 1, 1y = my — L.
my
And conversely, if all Mj, > 0 (this is the case if M is increasing and M; > 1) then

M1

mey1 = 1+my and mg=1, m; =m1 +1

ie.

).

k
1
1 — (1
(1) mg = Mg +;mj
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For sequences M we define (recall from (1.1) that M is called weakly log-convex
if k — log(k! My) is convex):

L(M) :={L > M : L non-quasianalytic, log-convex}
Ly,(M) :={L > M : L non-quasianalytic, weakly log-convex} D L(M)

1.6. Theorem. Let Q = (Qr)r=01,2,... be a quasianalytic sequence of positive real
numbers. Then we have:

(1) If the sequence Q = (Qy) is log-convex and positive then

Fe= ) F-
LeL(Q)
(2) If Q is weakly log-convex, then for each L', L* € L,(Q) there exists an
L€ L£o(Q) with L < L', L2.
(3) If Q is weakly log-convex of moderate growth, then for each L € L, (Q)
there exists an L' € L,(Q) such that L, < CITRL; Ly, for some positive
constant C' and all j, k € N.

We could not obtain (2) for log-convex instead of weakly log-convex, in particular

for £(Q) instead of £,,(Q).

Definition. A quasianalytic sequence @ of positive real numbers is called L-
intersectable or an L-intersection if FQ = nLeL(Q) FE holds.
Note that we may replace any non-quasianalytic weight sequence L for which
k — (%’;)1/’“ is bounded, by an L € £(Q) with FL = FL: Choose p > 1/L; (see
(1.5)) and p > Sup{(%’:)l/k .k € N} then Ly := p* Ly, > Q.
Proof. (1) The proof is partly adapted from [3].
Let ¢ = (K!'Qr)Y* and ¢ = 1, similarly g, = (K'Qp)Y*, 1), = (K!Ly)'*, etc..
Then ¢ is 1ncreasmg since Qo = 1, and Q and the Gamma function are log-convex.
Clearly 79 C N, Q)}— . To show the converse inclusion, let f ¢ F% and
Lk = |fk|1/k. Then
7 9k
lim = = oo.
qk

Choose aj,b; > 0 with a; / oo, b; N\, 0, and Z < oo. There exist strlctly
g,

dk

dk

increasing k; such that — > a;. Since a is 1ncreasmg by (1.5.1) we get b;

ij
9k; 9k,

b; =L =L > a;b;
qu Gk, 773

and 1 < 3 :=b;

9ky
iy
9k
dr;
(4) Bir1 = (8)"
Define a piecewise affine function ¢ by
0 if k=0,
o(k) == kjlogp; ifk =k,
cj +djk  for the minimal j with & < k;,

— oo. Passing to a subsequence we may assume that kg > 0

' oo. Passing to a subsequence again we may also get

where ¢; and d; are chosen such that ¢ is well defined and ¢(k;—1) = ¢; + djk;_1,
ie., for j > 1,
(5) Cj + djkj = /Cj log 5j,
Cj +dj]€j_1 = k‘j_l log,Bj_l, and
Co = 07
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do = log Bo.
This implies first that ¢; < 0 and then
kj IOg Bj — kj—l IOg ,6]'_1

k.
1 < d; = < J 1 ;
(6) og B < d, k; — k1 =%y — ko 0g B;
4 1Og/8_]+1
—= T ] 1.
< k'j kg o og Bj+1

Thus j + d; is increasing. It follows that ¢ is convex. The fact that all ¢; < 0
implies that ¢(k)/k is increasing.

Now let
Ly = e?®) . Q.
Then L = (L) is log-convex and satisfies Ly = 1 by construction and f ¢ FL,
since we have ngi = q’;;fj =b; — 0 and so mfz—: = o0.

Let us check that L is not quasianalytic. By (6) and since (g ) is increasing, we
have, for kj_1 <k < kj,

L edWskiD g esm-skibgE o gh
(k+ 1)Lyt (k+1) Qrs1 ij’;:ﬂ QZE
1 _ (jk]. 1
< Bide mqik
Thus, by (1.5.1),
kil Ly, < dk; i 1 < Wy < L,

DDt T bigey S v T gk, T agb

which shows that L is not quasianalytic and Cy := > 7, i < oo by (1.2).

/k
Next we claim that F€ C FE. Since é—’z = % = e?(M)/F is increasing, we
have
kg i Eosq G
j
OO>E+01>7+ZT -— Z*quz(l‘f'zq)
=1 =1 j=1 17

which proves F¢ C FL. Finally we may replace L by some L € £(Q) without
changing F¥ by the remark before the proof. Thus (1) is proved.

(2) Assume without loss that L = LZ = 1. Let k!Lj, be the log-convex minorant
of k!Ly, where Ly, := min{L;, Li} Since L', L? > L > Q and k!Q}, is log-convex we
have L', L? > L > Q. Since L', L? are not quasianalytic and are weakly log-convex
(hence k +— (k!L})'/* is increasing), we get that k +— (k!Lj)'/* is increasing and

1 1 1
— < —— + —— < 0.
S e < g+ X

By (1.2, 2=1) we get that L is not quasianalytic. By (1.2, 1=3) we get
>k W < 00 since Lb(lc) = L, i.e. L is not quasianalytic.

(3) Let Qr := K'Qp, Ly := k'L, and so on. Since Q is of moderate growth we

have ess)
+ 1/(k+4)
Qi+ (Qk—i—j )
Cp :=sup <2sup < 0.
C (Q QrQ;

Let L € £,,(Q); without loss we assume that Lo = 1. We put
Ly :=CEmin{L;Ly—;:j=0,....k} = Cimin{L;Ly—; : 0 < j < k/2}.
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Then

I, 1/(k+3) i 1/(k+5)
sup (kﬂ> < sup ki < CQ < 00.
j k,j Lij

Since L is log—conv§x we have~I~/% < f:jfzgk,j and f/k;kjl < ﬂjigkﬂ,j for j =
0,...,k; therefore L}, = C’%kLi and Ly, | = CékHLkLkH. It is easy to check

that L' is log-convex. To see that L’ is not quasianalytic we will use that (L} )/*

is increasing since L’ is log-convex. So it suffices to compute the sum of the even
indices only.

1 1 1
k L'%l/(%) C’Q P Li1/k
It remains to show that L’ > @. Since L € £,,(Q) we have @ < L and for j = |k/2],

%:@: Qk < _ Qk <@Qk_]‘<1 0
L;C L;c Ck Lij,j T %k _Lij,j o Lj Lyp_:

1.7. Corollary. Let Q be a quasianalytic weight sequence. Then

Fe= (N F-
LeLy(Q)

Proof. Without loss we may assume that the sequence ¢y, is increasing. Namely, by
definition this is the case if and only if g; < gr4+1 — 1. Since Qo = 1 and (Qg) is log-

convex, Q,lc/k is increasing and thus qx+1 — qr > Qk% ((k+ 1)!1@%1 — kj!%) > é > %
If we set Qi = €*Qu, then Q = (Qy) is a quasianalytic weight sequence with
Q1> 1, FQ = FQ, and ¢, is increasing.

Now a little adaptation of the proof of (1.6.1) shows the corollary: Define here

lp :== B;qr  for the minimal j with £ < k;.

L, ik _
Then —i = Badr; =bj — 0 and so lim & = co. We have
9k ; 9k ; k
k}j k)j . k)j
1 1 ) 1 ) 1
2. T = TS he <oy
bt Y it Bidk  bjgr, bty B0 T bige; T asb

and thus > .7, i < 00. As I is increasing, the Denjoy—Carleman theorem (1.2)

implies that Ly = % is non-quasianalytic. Since % = f3; is increasing, we find (as in
the proof of (1.6.1)) that C := max{Lo/L1,sup; {*} < co. Replacing Ly by CkLy
we may assume that () < L. Let the sequence k!L; be the log-convex minorant of
k!L. Since Qy is (weakly) log-convex, we have @) < L. By (1.2) and the fact that
L is non-quasianalytic, L is non-quasianalytic as well. Thus L € £,,(Q) and still
fé¢FE O

Corollary (1.7) implies that for the sequence w = (1)j describing real analytic
functions we have 7 = (.o () F L. Note that £,,(w) consists of all weakly log-
convex non-quasianalytic L > 1. This is slightly stronger than a result by T. Bang,
who shows that F* = (| F% where L runs through all non-quasianalytic sequences
with I = (k! L,)'/* increasing, see [1], [3].

This result becomes wrong if we replace weakly log-convex by log-convex:
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1.8. The intersection of all 7%, where L is any non-quasianalytic weight

sequence. Put

klog(k +e))*
Qo= FBEED o,
Then @ = (Qr) is a quasianalytic weight sequence of moderate growth with 1 > 1.
We claim that Q is L-intersectable, i.e., F@ = ﬂLeL(Q) FL. We could check that

Q is log-convex. This can be done, but is quite cumbersome. A simpler argument
is the following. We consider ¢, := k, ¢, := 1. Then Q) = k*/k! is log-convex.
Since Cy logk < 25:1 % < Cylog k, we have by (1.5.1)

Csklog(k + €) < g, < Cyklog(k + e)
for suitable constants C;. Hence F? = F?'. By theorem (1.6.1) we have

Fe=F9¥= ( Ft= (O F*
LeL(Q") LEL(Q)

since £(Q) and £(Q’) contain only sequences which are ”equivalent mod (p*)”. The
claim is proved.
Let L be any non-quasianalytic weight sequence. Consider
(KL)% I
ap = ———— = —.
k k

Since L is log-convex and Ly = 1, we find that L,lc/ * is increasing. Thus, for s < k
we find

g k sll/s Li/ s

an s RIE LR S 2

’ k

(using Stirling’s formula for instance). Since L is not quasianalytic, we have
py ﬁ < co. But

v Lol Loy 1L L ek
S 2e  «y s 2e  «y 2
VE<s<k VE<s<k

The sum on the left tends to 0 as k — oo. So &k — %kgk is bounded. Thus

o
FQCFL.
So we have proved the following theorem (which is intimately related to [21,
Thm. CJ).

Theorem. Put Q) = (klog(k + €))*/k!, Qo = 1. Then Q is L-intersectable. In
fact,
FO = ﬂ{]—"L : L non-quasianalytic weight sequence}. O

Remark. Log-convexity of @ is only sufficient for Q being an L-intersection, see
(1.6.1): Using Stirling’s formula we see that FQ = F?" for Q) = (klog(k +e))* /k!
and QY = (log(k +€))*. Also £(Q) and £(Q") contain only sequences which are
“equivalent mod (p¥)” and (1.6.1) holds for @, thus also for Q”. But Q" is not
log-convex.

1.9. A class of examples. Let log”™ denote the n-fold composition of log defined
recursively by

log! := log,
log" :=logolog"™*, (n>2).
For 0 < § < 1, n € Ny, we recursively define sequences ¢*" = (qgm)kzm by

qi’l = klogk,
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" =g (og" (k). (n > 2),

where £, is the smallest integer greater than e 11 n, i.e.,

o= [ettn], ettni= ¢

~~
n times
Let Qé’n = (Q%n)keN with
n,_
om =1,
1
on . _ o,n k—14kKn E>1
ko (k— 1+Hn)!(qk—1+mn) ’ ( = )7

and consider
Q:={Q"}IU{@R*":0<d<1,meNy}.
It is easy to check inductively that each Q) € Q is a quasianalytic weight sequence
of moderate growth with Q; > 1. Namely, (log"(k))%* is increasing, log-convex,
and has moderate growth. Quasianalyticity follows from Cauchy’s condensation
criterion or the integral test. By construction, @ 3 Q — F€? is injective.
Let us consider

k
1
~ln _  1n—1
4" = q 1+ >
j=rn 4

Since % log"(z) = m, we have (by comparison with the correspond-

ing integral)
k

1
Cylog"(k) < Z T < Calog" (k)
jmrn &
and thus
(1) C3q;’n < qA;i’" < 04(1;’”
for suitable constants C;. Hence FO'" = FQ"". Since Q"1 is log-convex,
theorem (1.6.1) implies
}_QLn _ }_Ql,n _ m FL ﬂ FL
LeL(Qtm) LeL(@*tm)

since £(Q"") and £(Q"™) contain only sequences which are ”equivalent mod (p*)”.
Hence we have proved (the case n =1 follows from (1.8)):

Theorem. Each Q'™ (n € Nvg) is a quasianalytic weight sequence of moderate
growth which is an L-intersection, i.e.,

F= () FL O
LeL(Qtm)

Conjecture. This is true for each Q € Q.

Remark. Let Q be any quasianalytic log-convex sequence of positive numbers.
Then the corresponding sequence @ (determined by (1.5.1)) is quasianalytic and
L-intersectable. However, the mapping Q — F< is not injective. For instance, the
image of (Cp*Q4 ) is the same for all positive C and p (which follows from (1.5.1)).
Here is a more striking example:
Let Q%" € Q and let PO = (P,f’")k be defined by
k—14+ky Pg,n — 17

1 5
| (pk;):ll_i,_/{n) )

L —
k (k=14 ky)!
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where
oo
pz’n ::qi’n 1+ ZW 5 f01"0<5<1,
j=rn 9
G
In  _ sln+l 1,
pkn-—qkn —qkn 1+ Z T | -
j:"in«#l J

We claim that FP'" ' = FP"" = FP°" for all 0 < 0,e < 1. For: Since

d (log"(2))'~7 _ 1
de  1-9§  zlog(z) - - - log" " (z)(log" (x))®’
we have
k
(log"(k))'~° 1 (log" (k)"
— < < ro VS
Gy s _Z & STy
J=rn 1j
and thus
i ogy (1 X, ) - o, og"(R)° (log" (k)™ _ .,
< (log™ (k))e k - log" (k)€ (log™(k))t—¢
AT oM (1 ) O () (0g7(R)
and similarly
5,n
p]:n 2 C’4
c

for suitable constants C;. By lemma (1.3) we have FP = FP forall 0 < 6, < 1.
The same reasoning with 6 = 0 proves that Ay =

1.10. Definition of function spaces. Let M = (My)ren be a sequence of
positive numbers, E and F' be Banach spaces, U C E open, K C U compact, and
p > 0. We consider the non-Hausdorff Banach space

Ci, W, F) = {1 ec=UF): (sup |79 @)l e.m)i € 7 }
= {f e C®WU,F) : Ifllx,p < oo}, where

||f(k) (93)||L’<(E,F)
k! Mk pk

£l x.p ::sup{ :xeK,keN},

the inductive limit

CK (U, F) :=lim C¥ (U, F),
p>0

and the projective limit

CM(U,F) := im CY¥ (U, F), where K runs through all compact subsets of U.
KCU
Here f*)(z) denotes the k-th order Fréchet derivative of f at x.

Note that instead of || f*) (2)||px(z,F) we could equivalently use sup{||d% f(z)||F :
lvllg < 1} by [15, 7.13.1]. For E = R™ and F = R this is the same space as in
(1.1).

For convenient vector spaces F and F, and ¢*>°-open U C E we define:

CM(U, F) = {feCOO(U,F) :VBY compact K CUNEp3p>0:
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f®(@)(v1, .., o)
= {f € C®°(U,F):YBVY compact K CUNE 3p>0:
dk
{% ke N,z € K,|[v||p <1} is bounded in F}

Here B runs through all closed absolutely convex bounded subsets and Ep is the
vector space generated by B with the Minkowski functional ||[v||g = inf{\ > 0:v €
AB} as complete norm.

Now we define the spaces of main interest in this paper: First we put

CMR,U):={c:R—=U : Loce CMR,R) YVl € E*}.

ik e N,z € K, |vi|lp <1} is bounded in F}

In general, for L log-convex non-quasianalytic we put
CLU,F):={f: focc C¥R,F)Vce C*(R,U)}
={f:lofoce C*R,R)Vce C¥R,U),V¢ € F*}

supplied with the initial locally convex structure induced by all linear mappings
CL(c,t) : f +— Lofoc € CE(R,R), which is a convenient vector space as c>-
closed subspace in the product. Note that in particular the family ¢, : C*(U, F) —
CE(U,R) with ¢ € F* is initial, whereas this is not the case for C* replaced by CF
as example (1.11) for {inj, o g¥ (k) : k € N} C CL(R,R") shows, where inj, denotes
the inclusion of the k-th factor in RN,

For Q a quasianalytic L-intersection we define the space

CoU,F)= () CHU,F)
LEL(Q)

supplied with the initial locally convex structure. By theorem (1.6.1) this definition
coincides with the classical notion of C9 if E and F are finite dimensional.

Lemma. For Q a quasianalytic L-intersection, the composite of CQ-mappings is
again C?, and bounded linear mappings are C9.

Proof. This is true for C¥ (see [17, 3.1 and 3.11.1]) for every L € £(Q) since each
such L is log-convex. O

1.11. Example. By [25, Theorem 1], for each weakly log-convex sequence M there
exists f € CM(R,R) such that [f*)(0)] > k! M, for all k € N. Then g : R - R
given by g(s,t) = f(st) is CM, whereas there is no reasonable topology on CM (R, R)
such that the associated mapping g¥ : R — CM(R,R) is C’é‘/[. For a topology on
CM (R, R) to be reasonable we require only that all evaluations ev; : CM(R,R) — R
are bounded linear functionals.

Proof. The mapping g is obviously CM. If gV were CM, for s = 0 there existed p
such that
{@W“Wm
k! pk Mk
was bounded in CM (R, R). We apply the bounded linear functional ev; for t = 2p
and then get

;keN}

(g1 O)2p) _ 2p)"[M(0) _

k!pk M, k'pk M, — ’

a contradiction. O
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This example shows that for Cé” one cannot expect cartesian closedness. Using
cartesian closedness (3.3) and (2.3) this also shows (for FF = CM(R,R) and U =
R = E) that

CY'(U,F)2 () G (UNEp, Fy)
B,V
where Fy is the completion of F/ p;l(O) with respect to the seminorm py induced
by the absolutely convex closed 0-neighborhood V.

If we compose gV with the restriction map (incly)* : CM(R,R) — RY := [,y R
then we get a CM-curve, since the continuous linear functionals on RY are linear
combinations of coordinate projections ev; with ¢t € N. However, this curve cannot
be CM as the argument above for ¢ > p shows.

2. WORKING UP TO CARTESIAN CLOSEDNESS: MORE ON NON-QUASIANALYTIC
FUNCTIONS

In [17] we developed convenient calculus for C™ where M was log-convex, in-
creasing, derivation closed, and of moderate growth for the exponential law. In
this paper we describe quasianalytic mappings as intersections of non-quasianalytic
classes CT, but we cannot assume that L is derivation closed. Thus we need stronger
versions of many results of [17] for non-quasianalytic L which are not derivation
closed, and sometimes even not log-convex. This section collects an almost mini-
mal set of results which allow to prove cartesian closedness for certain quasianalytic
function classes.

2.1. Lemma (cf. [17, 3.3]). Let M = (My)ren be a sequence of positive numbers
and let E be a convenient vector space such that there exists a Baire vector space
topology on the dual E* for which the point evaluations ev, are continuous for all
v € E. Then a curve c: R — E is CM if and only if ¢ is CM.

Proof. Let K be compact in R and ¢ be a CM-curve. We consider the sets

— N GRICI)]
Apo={teE T

which are closed subsets in E* for the given Baire topology. We have | p.C Apc =
E*. By the Baire property there exists p and C such that the interior U of A, ¢ is
non-empty. If ¢y € U then for each ¢ € E* there is a § > 0 such that §¢ € U — ¢y
and hence for all x € K and all k& we have

(o) (@) < 1 (I(0£+ L) o)W (@)| + (6o 00) P (@)]) < 22 p* k! M.

SCforallkENweK}

So the set “
M (x)
———:keN K
{pkk!Mk eNze }
is weakly bounded in F and hence bounded. O

2.2. Lemma (cf. [17, 3.4]). Let M = (My)ren be a sequence of positive numbers
and let E be a Banach space. For a smooth curve ¢ : R — E the following are
equivalent.
(1) cisCM =CM.
(2) For each sequence (ry,) with v p& — 0 for all p > 0, and each compact set
K in R, the set {kulwk c®)(a)ry, :a € K,k € N} is bounded in E.
(3) For each sequence (1) satisfying ry > 0, rire > Thie, and rj, p* — 0 for
all p > 0, and each compact set K in R, there exists an 6 > 0 such that
{ﬁ c®)(a)ry, 6% - a € K,k € N} is bounded in E.
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Proof. (1) = (2) For K, there exists p > 0 such that

c(k)(a)
Tk
k! M;,

(k)

c\"(a

! k( ) -|rkp’“\
k' pk My || 5

.|
is bounded uniformly in ¥ € N and a € K by (2.1).

(2) = (3) Use 6 =1.

(3) = (1) Let ag := sup,ex |l 5rgr ¢ (a)|lg. Using (4=1) in [15, 9.2] these
are the coefficients of a power series with positive radius of convergence. Thus
ay/p" is bounded for some p > 0. 0

2.3. Lemma (cf. [17, 3.5]). Let M = (My)ken be a sequence of positive numbers.
Let E be a convenient vector space, and let S be a family of bounded linear func-
tionals on E which together detect bounded sets (i.e., B C E is bounded if and only
if £(B) is bounded for all £ € S). Then a curve ¢ : R — E is CM if and only if
loc:R—=RisCM foralll e S.

Proof. For smooth curves this follows from [15, 2.1, 2.11]. By (2.2), for £ € S, the
function £ocis CM if and only if:

(1) For each sequence (ry) with rt* — 0 for all ¢ > 0, and each compact set

K in R, the set {k”lwk (Loc)®(a)ry : a € K,k € N} is bounded.
By (1) the curve ¢ is CM if and only if the set {m c®(a)ry 1 a € K,k € N} is
bounded in E. By (1) again this is in turn equivalent to foc € CM for all £ € S,
since S detects bounded sets. ]

2.4. Corollary. Let M = (My)ken be a non-quasianalytic weight sequence or an
L-intersectable quasianalytic weight sequence. Let U be ¢>-open in a convenient
vector space E, and let S = {¢{ : F — F;} be a family of bounded linear map-
pings between convenient vector spaces which together detect bounded sets. Then a
mapping f: U — F is CM if and only if o f is CM for all { € S.

In particular, a mapping f : U — L(G, H) is CM if and only ifev,of : U — H
is CM for each v € G, where G and H are convenient vector spaces.

This result is not valid for CM instead of CM, by a variant of (1.11): Replace
CM(R,R) by RY.
Proof. First, let M be non-quasianalytic. By composing with curves we may
reduce to U = E = R. By composing each ¢ € § with all bounded linear functionals
on Fy, we get a family of bounded linear functionals on F' to which we can apply
(2.3). For quasianalytic M the result follows by definition. The case F' = L(G, H)
follows since the ev, together detect bounded sets, by the uniform boundedness
principle [15, 5.18]. O

2.5. Ct-curve lemma (cf. [17, 3.6]). A sequence , in a locally convex space
E is said to be Mackey convergent to x, if there exists some ), /' oo such that
An(Zyn — ) is bounded. If we fix A = (\,) we say that x,, is A-converging.

Lemma. Let L be a non-quasianalytic weight sequence. Then there exist sequences
A = 0, ty = too, Sk > 0 in R with the following property: For 1/\ = (1/\,)-
converging sequences T,, and v, in a convenient vector space E there exists a strong
uniform CL-curve ¢ : R — E with c(ty +t) = xp + t.vy for [t| < sp.

Proof. Since CT is not quasianalytic we have >, 1/(k!Ly)'/* < oo by (1.2). We
choose another non-quasianalytic weight sequence L = (L) with (Ly/L)"* — oo.
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By [17, 2.3] there is a CL-function ¢ : R — [0,1] which is 0 on {¢ : [¢| > 1} and
which is 1 on {t : [t| < £}, i.e. there exist C, p > 0 such that

™) (1) < CpF k'L, forallt € R and k € N.

For z,v in an absolutely convex bounded set B C E and 0 < T" < 1 the curve
c:t— ¢(t/T) - (x + tv) satisfies (cf. [4, Lemma 2]):
Bty =T Fg® (L) .(x + tw) + kT F eV (L)

eTFCP K Ly(1+2).B+kT"*Cp " (k—1)!Ly_1.B

CT O K Ly(1+5).B+TT *CLp k! L;.B

CCE+5)T " p K Ly.B
So there are p,C := C‘(% + %) > 0 which do not depend on z,v and T such that
cF(t)y € OTF p* k! Ly,.B for all k and t.

Let 0 < T; < 1 with ZJ',TJ < oo and t; = 2Zj<ij + T,. We choose the \;
such that 0 < A; /T < L/Ly (note that T} Ly /Ly — oo for k — oc) for all j and
k, and that )\j/TJk — 0 for j — oo and each k.

Without loss we may assume that x,, — 0. By assumption there exists a closed
bounded absolutely convex subset B in E such that x,,v, € A\, - B. We consider
¢j it o((t—t;)/Ty) - (w; + (t — t;)v;) and ¢ = >_;¢j- The ¢; have disjoint
support C [t; — Tj,t; + T}], hence ¢ is C* on R\ {to} with

M) e CT ¥ pPkILL A; - B for |t —t;] < T
Then \ I
1e® @) < CpF KLy, 22 < CpPRILY, 22 = O pF k1L,
T; Ly

for t # to. Hence ¢ : R — Ep is smooth at t., as well, and is strongly C* by the
following lemma. O

2.6. Lemma (cf. [17, 3.7]). Let c: R\ {0} — E be strongly CL in the sense that c
is smooth and for all bounded K C R\ {0} there exists p > 0 such that

(k)
{pckk'(z)k ckeN,xe K} 1s bounded in E.

Then ¢ has a unique extension to a strongly CY-curve on R.

Proof. The curve ¢ has a unique extension to a smooth curve by [15, 2.9]. The
strong C'* condition extends by continuity. O

2.7. Theorem (cf. [17, 3.9]). Let L = (L) be a non-quasianalytic weight sequence.
Let U C E be c™-open in a convenient vector space, let F' be a Banach space and
f:U — F a mapping. Furthermore, let L < L be another non-quasianalytic weight
sequence. Then the following statements are equivalent:

(1) fis CF, d.e. focis CE for all CE-curves c.

(2) fluongs : EB 2 UNE — F is CE for each closed bounded absolutely

conver B in E. B
(3) focis CL for all CE-curves c.
(4) f € CLU.P).

Proof. (1) = (2) is clear, since Ep — F is continuous and linear, hence all
CT-curves ¢ into the Banach space Ep are also C” into E and hence f ocis C* by
assumption.

(2) = (3) is clear, since CF C CL.
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(3) = (4) Without loss let E = Ep be a Banach space. For each v € E and
x € U the iterated directional derivative d¥ f(z) exists since f is CL along affine
lines. To show that f is smooth it suffices to check that d¥ f(x,) is bounded for
each k € N and each Mackey convergent sequences z,, and v, — 0, by [15, 5.20].
For contradiction let us assume that there exist £ and sequences x, and v, with
[d¥ f(zn)|| = oo. By passing to a subsequence we may assume that z,, and v,
are (1/\,,)-converging for the \,, from (2.5) for the weight sequence L. Hence there
exists a C’bL—curve ¢ in E and with ¢(t + t,) = x, + t.v, for t near 0 for each n
separately, and for ¢, from (2.5). But then ||(foc)® (t,)|| = [|dE f(zn)|| = o0, a
contradiction. So f is smooth.

Assume for contradiction that the boundedness condition in (4) does not hold:
There exists a compact set K C U such that for each n € N there are k, € N,
xn € K, and v, with |jv,| = 1 such that

1 kn+1
it o)l > bt 2, (55
where we used C' = p := 1/A2 with the \,, from (2.5) for the weight sequence L. By
passing to a subsequence (again denoted n) we may assume that the x,, are 1/\-

converging, thus there exists a C'bL—curve c¢: R — E with ¢(t, +t) = x5, + t.A\n.vp
for ¢ near 0 by (2.5). Since

(foc)(k)(tn) = )‘Zdﬁnf<mn)v

we get

[ — 00,
)\kn+1
n

1 1
<||(f00)(k")(tn)|) S VS e f )l N
kn!Ly, S\ kg,
a contradiction to foc € CF.
(4) = (1) We have to show that focis C* for each CL-curve ¢ : R — E. By
(2.2.3) it suffices to show that for each sequence (ry) satisfying ri, > 0, re7re > rite,
and ry, t* — 0 for all t > 0, and each compact interval I in R, there exists an € > 0

such that {k!lLk (foc)®)(a)ry€® :a € Ik € N} is bounded.

By (2.2.2) applied to 2% instead of 7y, for each ¢ € E*, each sequence
(ry) with rpt* — 0 for all ¢ > 0, and each compact interval I in R the set

{k!lLk (toc)®(a)ry 2% : a € I,k € N} is bounded in R. Thus {k,lLk c®)(a)ry 2F

a € I,k € N} is contained in some closed absolutely convex B C E. Consequently,
¢®) . I — Eg is smooth and hence K} := {k!ik c®)(a)ry, 2% : a € I} is compact in
Ep for each k. Then each sequence (z,) in the set

1 1
K = (k) : =| | =K
: {k!ch (a)rk.aEI,kGN} keNzk k

has a cluster point in K'U{0}: either there is a subsequence in one Ky, or 2k»z; €
Ky, C B for k, — o0, hence zj, — 01in Eg. So K U {0} is compact.
By Faa di Bruno ([7] for the 1-dimensional version, k > 1)

oc)® (g . @) (q @) (g
Yeg s 5 Sptetan (S, )

; ] N
- « 4! oq! ;!
j=1 a€eNL J

Oé1+"'+()éj:k‘
and (1.1.2) for a € I and k € N5 we have
- (k) <
H WL (foc)™(a)r| <
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» | f(e(@)) L zp.2) 77 1€ (@)]| T
J B> ;g
s2.nh Z 1L H a;'Lq,
J-Lj iLioy
Jj=1 aeNL g =1
ar+--+a;j=k
(k=1 1 b1,y 1
§. L{(j_1>CpJ2k—L1P(1+L1p) C2—k.
j21
k
So {k,ILk (foe)®)(a) (1+i1 p) rp:a€l ke N} is bounded as required. O

2.8. Corollary. Let L = (Ly) be a non-quasianalytic weight sequence. Let U C E
be c*-open in a convenient vector space, let F' be a convenient vector space and
f : U — F a mapping. Furthermore, let L < L be a non-quasianalytic weight
sequence. Then the following statements are equivalent:
(1) f s OF.
(2) fluongs : EB 2 UNE — F is CT for each closed bounded absolutely
convex B in E. _
(3) focis CL for all CE-curves c.
(4) myof € CE(U,Fy) for each absolutely conver 0-neighborhood V C F,
where wy : F' — Fy denotes the natural mapping.

Proof. Each of the statements holds for f if and only if it holds for 7y o f for each
absolutely convex 0-neighborhood V' C F'. So the corollary follows from (2.7). O

2.9. Theorem (Uniform boundedness principle for CM, cf. [17, 4.1]). Let M =
(M) be a non-quasianalytic weight sequence or an L-intersectable quasianalytic
weight sequence. Let E, F', G be convenient vector spaces and let U C F be ¢ -open.
A linear mapping T : E — CM (U, G) is bounded if and only if ev,oT : E — G is
bounded for every x € U.

Proof. Let first M be non-quasianalytic. For x € U and ¢ € G* the linear mapping
loev, = CM(z,¢): CM(U,G) — R is continuous, thus ev, is bounded. Therefore,
if T is bounded then so is ev, o T.

Conversely, suppose that ev, oT is bounded for all x € U. For each closed
absolutely convex bounded B C FE we consider the Banach space Ep. For each
¢ € G*, each CM_-curve ¢ : R = U, each t € R, and each compact K C R the
composite given by the following diagram is bounded.

evc(t)

E—L - CcMU,G) G

T lCM(c,é) lz

evy

EBHCM(R,R)HH_I)HPCAW(K,R)HR

By [15, 5.24, 5.25] the map T is bounded. In more detail: Since h_I)l’lp C%(K, R)
is webbed, the closed graph theorem [15, 52.10] yields that the mapping Ep —
H_r}np CM(K,R) is continuous. Thus T is bounded.

For quasianalytic M the result follows since the structure of a convenient vector
space on CM (U, @) is the initial one with respect to all inclusions CM (U, G) —
CH(U,G) for all L € L(M). O

As a consequence we can show that the equivalences of (2.7) and (2.8) are not
only valid for single functions f but also for the bornology of CM (U, F):
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2.10. Corollary (cf. [17, 4.6]). Let L = (Lx) be a non-quasianalytic weight se-
quence. Let E and F' be Banach spaces and let U C E be open. Then

CY(U,F)=CEU,F) :=limlimCL (U F
b ZR A K p
K p

as vector spaces with bornology. Here K runs through all compact subsets of U
ordered by inclusion and p runs through the positive real numbers.

Proof. The second equality is by definition (1.10). The first equality, as vector
spaces, is by (2.7). By (1.10) the space CL (U, F) is convenient.

The identity from right to left is continuous since C*(U, F) carries the initial
structure with respect to the mappings

CE(c|r,b) : CH(U, F) — CH(R,R) = lim hgc},p(R, R) — hgoﬁp(R,R),
ICR p>0 p>0
where ¢ runs through the C* Ll Cl-curves, ¢ € F* and I runs through the
compact intervals in R, and for K :=¢(I) and p’ :== (1+p||c||1,+) -0, where o > 0 is
chosen such that ||c||; » < oo, the mapping CZ(c|, ) : C’IL(’p(U, F)— CIL’p, (R,R) —
H_I}np,> 0 C{j o (R,R) is continuous by (1.4). These arguments are collected in the
diagram:

yLnI CIL(RaR) - CL(RvR)m)CL(UvF) I CbL(Uv F) :@K CIIé(Ua F)

l |

CF(R,R) =lim Cf,(R,R) < ling Ck (U, F)=Cg(U,F)

—>p s

T
Ck (U, F)

ctc|;,e
CE,,(R,R) (1t

The identity from left to right is bounded since the countable (take p € N) inductive
limit liglp of the (non-Hausdorff) Banach spaces Cg, ,(U, F) is webbed and hence

satisfies the S-boundedness principle [15, 5.24] where S = {ev, : € U}, and by
[15, 5.25] the same is true for CL (U, F). O

2.11. Corollary (cf. [17, 4.4]). Let L = (Li) be a non-quasianalytic weight se-
quence. Let E and F be convenient vector spaces and let U C E be c*-open.
Then

CHU,F) = lim C*(R,F) = lim C*(UNEp, F) = lim C*(R, F)

ceCk BCE seCt

as vector spaces with bornology, where ¢ runs through all C*-curves in U, B runs
through all bounded closed absolutely convexr subsets of E, and s runs through all
CE-curves in U.

Proof. The first and third inverse limit is formed with g* : CX¥(R, F) — CL(R, F)
for g € C*(R,R) as connecting mappings. Each element (f.). determines a unique
function f : U — F given by f(z) := (f oconst,)(0) with foc = f. for all such
curves ¢, and f € CF if and only if f. € CF for all such ¢, by (2.8). The second
inverse limit is formed with incl* : CL(UNEp, F) — CE(UNEg/, F) for B' C B as
connecting mappings. Each element (fp)p determines a unique function f : U — F
given by f(z) := fi—1,1z(%) with f|g, = fp for all B, and f € CT if and only if
fB € CF for all such B, by (2.8). Thus all equalities hold as vector spaces.
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The first identity is continuous from left to right, since the family of /.
CH(R,F) - CE(R,R) with ¢ € F* is initial and C¥(c,#) = b, oc* : CL(U, F) —
CL(R,R) is continuous and linear by definition.

Continuity for the second one from left to right is obvious, since CF-curves in
UNEg are CL into U C E.

In order to show the continuity of the last identity from left to right choose a CbL—
curve s in U, an £ € F* and a compact interval I C R. Then there exists a bounded
absolutely convex closed B C E such that s|; is CbL = CT into U N Eg, hence
CL(s|;,0) : CE(U,F) — CE(I,R) factors by (1.4) as continuous linear mapping
(s|ln)* : CE(U N Ep,R) — CE(I,R) over CE(U,F) - CL({UNER,F) — CEUN

Ep,R) =2% CL(U N Ep,R). Since the structure of CL(R, F) is initial with
respect to incl* o £, : CL(R, F) — CE(I,R) the identity lim C’L(U NEg,F)—

I-Lnseclf CL(R, F) is continuous.

Conversely, the identity @1 cor CHR,F) — CL(U,F) is bounded, since
)
CL(R, F) is convenient and hence also the inverse limit Wm ., CL(R, F) and
s€by
CL(U, F) satisfies the uniform boundedness theorem (2.9) with respect to the point-
evaluations ev, and they factor over (const,)* : CE(U, F) — CE(R, F). O

3. THE EXPONENTIAL LAW FOR CERTAIN QUASIANALYTIC FUNCTION CLASSES

We start with some preparations. Let @ = (Qx) be an L-intersectable quasian-
alytic weight sequence. Let E and F' be convenient vector spaces and let U C E
be c*-open.

3.1. Lemma. For Banach spaces E and F' we have

CUU,F)=CRU,F)= (| CNU.F)
NeL,(Q)
as vector spaces.

Proof. Since Q is L-intersectable we have F9 =, £@Q ]-" Hence

CbQ(U7F) ={feC®U,F):VK : (sup || f* (@)l Lr(z,m)k € FQ m Fi
el LeL(Q)
={f€C™(U.F):VKVL € L(Q) : (sup |f ™ (2)[))r € F*}
xeK

={feC™(U,F):VYL e L(Q) VK : (Sup 1F® ()N € FEY

- N ¢t N ctw.F)=cow.F).

LeL(Q) LeL(Q)
cw. R L N fwr > () U2 F). O
LeL(Q) LeL,(Q)

3.2. Lemma. For log-convex non-quasianalytic L', L? and weakly log-convex non-
quasianalytic N with Nyy, < C*"LLL2 for some positive constant C' and all
k,n € N, for Banach-spaces E1 and Eo, and for f € CN(Uy x U, R) we have

f¥ e et Uy, CF (Uy, R)).
Proof. Since f is Cév, by definition, for all compact K; C U; there exists a p > 0

such that for all k,j € N, x; € K; and ||v1]| =--- = |lvj]| =1 = |Jun| = -+ = ||wg]|
we have

|8§a{f(.’£1,$2)(1}1, sy U5, W, .. 7w;€)| < pk+j+1(l{3 +j)!Nk+j
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< pPHTRHRIGICH T LILE = p(2Cp) 1L} - (2Cp)FkILE.

In particular (87 f)V (K1 )(0E¥) is contained and bounded in C’bL (U3, R), where oF4
denotes the unit ball in By, since d*((87 f)Y (x1))(x2) = 058 f (21, x2).

Claim. If f € O then fV : Uy — C’bLZ(Ug,R) is C°° with d7 f¥ = (87 f).

Since C’bLQ(Ug,R) is a convenient vector space, by [15, 5.20] it is enough to show
that the iterated unidirectional derivatives dJ fV(z) exist, equal & f(z, )(v?), and
are separately bounded for z, resp. v, in compact subsets. For j = 1 and fixed z, v,
and y consider the smooth curve ¢ : ¢t — f(x + tv,y). By the fundamental theorem

Lt = @) - o @wie = L240 v)

t
/ / (tsr)drds

zt/ s/ OF f(x +tsrv,y)(v,v) drds.
o Jo

Since (02 f)V(K1)(oE?) is bounded in C’bL2 (U3, R) for each compact subset Ky C Uy
this expression is Mackey convergent to 0 in C’Z)LQ(UQ,R), for t — 0. Thus d, fV(z)
exists and equals 01 f(z, )(v).

Now we proceed by induction, applying the same arguments as before to
(d)f) = (2,y) = 0] f(x,y)(v7) instead of f. Again (97 (d}fY)")" (K1)(0E}) =
(8712 f)V (K1) (0B, 0By, v,...,v) is bounded, and also the separated boundedness
of dJ fV(x) follows. So the claim is proved.

It remains to show that f¥:U; — CbL2 (Uz,R) := Hm, ligp CIL(?[,(UQ,R) is CL'.
By (2.4), it suffices to show that f* : Uy — lim_ CE. (Us,R) is CF' C CF' for all
K, i.e., for all compact Ko C Uy and K1 C U; there exists p; > 0 such that

dkfv<K1)(’U1, ey Uk
klpk Lt

) ckeN, |lu] < 1} is bounded in lignCIL(:p(Ug,RL
P
or equivalently: For all compact Ko C Uy and K; C U;j there exist p; > 0 and

p2 > 0 such that

L0 f(K1, Ka)(v1, ..
Iklph L2 LT

For k1 € N, z € Ky, p; :=2Cp, and ||v;]| < 1 we get:

d" fY (@) (v, - vky)
lkl'Ll

U)o N,l € N, o] < 1} is bounded in R.

Ka,p2
= su {|8k28k1f(x y)(vlv : 'wla"')|
- FORILL ph kol I,

ks €N,y € Ko, [luil] <1

(eatha)! vk +ko b2k f Ulyen o WL, .-
< sup{ FlEa! | F@y) vy, swn, -l :kQGNayGKQaniHS]‘}
it P8 (k1 + k2)! Ny
20 k1+ko a(klakQ)
gsup{( ) \ fly) (v, 5w, ) :k26N7y6K27Hwi||§1}

Pyt P52 (k1 + K2)! Nigy 4y

—sup{ 12 ) f(a, y)(vl,...,wl, )l
pF1tR2 (ky + ko) Ny 4k,

So fVis CL1. |

ks €N,y Ky ||w1||<1}§p
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3.3. Theorem (Cartesian closedness). Let Q = (Qy) be an L-intersectable quasi-
analytic weight sequence of moderate growth. Then the category of C?-mappings
between convenient real vector spaces is cartesian closed. More precisely, for con-
venient vector spaces FEq, Ey and F and c*-open sets Uy C Ei and Uy C Es a
mapping f: Uy x Uy — F is C? if and only if f¥ : Uy — C?(Us, F) is C9.

Actually, we prove that the direction (<) holds without the assumption of mod-
erate growth.

Proof. (=) Let f : Uy x Uy — F be C9, i.e. CL for all L € £(Q). Since
(E;)B, — E; is bounded and linear and since C'* is closed under composition we
get that £o f : (U1N(E1)p,) X (UsN(Es)p,) — Ris CF = CF (by (2.7) since (E;) B,
are Banach-spaces) for ¢ € F'*, arbitrary bounded closed B; C E; and all L € £(Q).
Hence o f is CF even for all L € £,,(Q) by (3.1). For arbitrary L', L? € £(Q), by
(1.6.3) and (1.6.2), there exists an N € L, (Q) with Ny4, < C**"LLL2 for some
positive constant C' and all k,n € N. Thus ¢o f : (U1N(E1)p,) x (UsN(Es2)p,) = R
is CN. By (3.2), the function (£o f)¥ : Uy N (Ey)p, — CE (UyN (E3)p,, R) is CF'
Since the cone

COUs, F) = CY (Uy, F) <228, 0L* (U, (By) ,, R) = CF (U2 N (E2) g, R),

with Ly € £(Q), ¢ € F*, and bounded closed By C E5, generates the bornology
by (2.11), and since obviously fY(z) = f(z, ) € C9(Uy, F), we have that fV :
Uy N (Ey)p, — C2Uy, F) is CL', by (2.4). From this we get by (2.8) that fV :
Uy — CQUy, F) is CE for all L € L£(Q), ie., f¥ : U — CQUs, F) is C? as
required. The whole argument above is collected in the following diagram where
Ug, stands for U; N Ep,:

v 1
ikt — 1Y p ot L€ cQqu, CF (U, F)
(2.8) ’ ’
Tincl zl Tinch/:ﬂ f.0 inclzl(zll)
1 , fecocoy 1 et 2 L2 (772
UBl X U32 %(3.1) R - UB] ﬁ C (UBQ7R) — 0, (UB2,R)

(<=) Let, conversely, fV : Uy — C%?(Uy, F) be C%, ie., CF for all L € £(Q). By the
description of the structure of C?(U, F') in (1.10) the mapping f¥ : U; — CL(Uy, F)
is CF. We now conclude that f : U; x Uy — F is C¥; this direction of cartesian

closedness for C* holds even if L is not of moderate growth, see [17, 5.3] and its
proof. This is true for all L € £(Q). Hence f is C¥. O

3.4. Corollary. Let Q be an L-intersectable quasianalytic weight sequence of mod-
erate growth. Let E, F, etc., be convenient vector spaces and let U and V be
> -open subsets of such. Then we have:

(1) The exponential law holds:

CeU,CoV,R) = CR(U x V,G)

is a linear CQ-diffeomorphism of convenient vector spaces.
The following canonical mappings are C?.

(2)  ev:C9UU,F)xU = F, ev(f,z)=f(z)
(3) ins: E— COF,ExF), ins(z)(y) = (z,)
4 ()00, C%V.G)) = CUU x V.G)
(5) ()Y CUUXV,G) = COUCUV,G))
(6) comp : C2(F,G) x CO(U, F) — C?(U,G)



QUASIANALYTIC MAPPINGS 21

7 o9 ):C’Q(F,Fl)xCQ(El,E)%OQ(CQ(E,F),CQ(El,Fl))
(f,9) = (h— fohog)

Proof. This is a direct consequence of cartesian closedness (3.3). See [17, 5.5] or
even [15, 3.13] for the detailed arguments. O

4. MORE ON FUNCTION SPACES

In this section we collect results for function classes C™ where M is either a
non-quasianalytic weight sequence or an L-intersectable quasianalytic weight se-
quence. In order to treat both cases simultaneously, the proofs will often use
non-quasianalytic weight sequences L > M. These are either M itself if M is non-
quasianalytic or are in £(M) if M is L-intersectable quasianalytic. In both cases
we may assume without loss that L is increasing, by (1.5).

4.1. Proposition. Let M = (My) be a non-quasianalytic weight sequence or an
L-intersectable quasianalytic weight sequence. Then we have:

(1) Multilinear mappings between convenient vector spaces are CM if and only
if they are bounded.

(2) If f: ED U — F is CM, then the derivative df : U — L(E, F) is CM+1,
and also (df)" : UxE — F is CM+1 where the space L(E, F) of all bounded
linear mappings is considered with the topology of uniform convergence on
bounded sets.

(3) The chain rule holds.

Proof. (1) If f is CM then it is smooth by (2.8) and hence bounded by [15, 5.5].
Conversely, if f is multilinear and bounded then it is smooth, again by [15, 5.5].
Furthermore, foipg is multilinear and continuous and all derivatives of high order
vanish. Thus condition (2.8.4) is satisfied, so f is CM.

(2) Since f is smooth, by [15, 3.18] the map df : U — L(E, F) exists and is
smooth. Let L > M,; be a non-quasianalytic weight sequence and ¢ : R — U be
a CL-curve. We have to show that ¢t — df (c(t)) € L(E, F) is CX. By the uniform
boundedness principle [15, 5.18] and by (2.3) it suffices to show that the mapping
t > c(t) — £(df(c(t))(v)) € Ris CL for each £ € F* and v € E. We are reduced
to show that « — £(df (x)(v)) satisfies the conditions of (2.7). By (2.7) applied to
fof, for each L > M, each closed bounded absolutely convex B in F, and each
x € UN Ep there are r > 0, p > 0, and C' > 0 such that

1 .
m”dkwofOZB)(G)”L’“(EB,R) <CpF

for all @ € UN Ep with |ja —z||p < r and all k € N. For v € E and those B
containing v we then have:

[d*(d(€o f)( )W) oin)(@)llprimyry = 14" (o foip)(a)(v,...)llLr(ms )
< | d** (o foip)(a)| ey mllvllz < C oM (k+1)! Lt
=Cp((k+D)Y* )Y k' Ly < Cp(2p) k! (Lyy)e
By (4.2) below also (df)" is CE+1.
(3) This is valid even for all smooth f by [15, 3.18]. O

4.2. Proposition. Let M = (My) be a non-quasianalytic weight sequence or an
L-intersectable quasianalytic weight sequence.
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(1) For convenient vector spaces E and F', on L(E, F) the following bornologies
coincide which are induced by:

e The topology of uniform convergence on bounded subsets of E.
e The topology of pointwise convergence.

e The embedding L(E,F) C C*(E, F).

e The embedding L(E,F) C CM(E, F).

(2) Let E, F, G be convenient vector spaces and let U C E be c*™-open. A
mapping f : U x F — G which is linear in the second variable is CM if and
only if fV : U — L(F,G) is well defined and CM.

Analogous results hold for spaces of multilinear mappings.

Proof. (1) That the first three topologies on L(F, F') have the same bounded
sets has been shown in [15, 5.3, 5.18]. The inclusion CM(E, F) — C*°(E, F) is
bounded by the uniform boundedness principle [15, 5.18]. Conversely, the inclusion
L(E,F) — CM(E, F) is bounded by the uniform boundedness principle (2.9).

(2) The assertion for C™ is true by [15, 3.12] since L(E, F') is closed in C*°(E, F').

If fis CM let L > M be a non-quasianalytic weight-sequence and let ¢ :
R — U be a Cl-curve. We have to show that fYoc is CI into L(F,G). By
the uniform boundedness principle [15, 5.18] and (2.3) it suffices to show that
t = L(fY(c@®)(v) = £(f(c(t),v)) € Ris CF for each £ € G* and v € F; this is
obviously true.

Conversely, let fV : U — L(F,G) be C™ and let L > M be a non-quasianalytic
weight-sequence. We claim that f: U x F — G is CL. By composing with ¢ € G*
we may assume that G = R. By induction we have

dkf(wio)((vfﬂwk)’ IR (Ulv wl)) = dk(fv)<x)<vkv s 7U1)(w0)+

k
£ AT @) 0k T o) ()

We check condition (2.7.4) for f where x € K which is compact in U:

1d* f(x, Wo) || Lk (B x Py R) <

k
<N d* () @) ) o)l ke + DN (F) @) -1 (Ep,2(ry Ry
=1
k
< ||dk(fv)($)HLk(EB,L(FB,,R))HU/OHB' + Z ||dk71(fv)(ﬂﬁ)HLk*l(EB,L(FB,,R))

i=1

k
< Cp* R Liflwollp + > CpF " (k= 1) Ly = Cp k!Lk(HwOHB, + f)L)
i=1
where we used (2.7.4) for L(ig/,R)o f¥ : U — L(Fp/,R). Since L is increasing, f
is L. g

4.3. Theorem. Let Q = (Qr) be an L-intersectable quasianalytic weight sequence.
Let U C E be c™-open in a convenient vector space, let F' be another convenient
vector space, and f : U — F a mapping. Then the following statements are equiv-
alent:
(1) fis C9, i.e., for all L € L(Q) we have foc is CL for all C*-curves c.
(2) flunes : EB 2 UNEp — F is C? for each closed bounded absolutely
conver B in E.
(3) For all L € L(Q) the curve foc is CL for all CE-curves c.
(4) myof is C’I? for all absolutely convex 0-neighborhoods V in F and the
associated mapping 7y : F — Fy.
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Proof. This follows from (2.8) for L := L since C% := Nrecq) CL and C,? =
Neece) Cy- O

4.4. Theorem (cf. [17, 4.4]). Let Q = (Qx) be an L-intersectable quasianalytic

weight sequence. Let E and F' be convenient vector spaces and let U C E be c*-

open. Then

CoU,F)= lm  C'R,F)=lm COUNERF)= lm C'R,F)
LeL(Q),ceCt BCE LeL(Q),seCE

as vector spaces with bornology, where ¢ runs through all C*-curves in U for L €
L(Q), B runs through all bounded closed absolutely convez subsets of E, and s runs
through all CE-curves in U for L € L(Q).

Proof. This follows by applying l.&nLeﬁ(Q) to (2.11). O

4.5. Jet spaces. Let E and F' be Banach spaces and A C E convex. We consider
the linear space C°°(4, F) consisting of all sequences (f*)y, € [[,cn C(A, L*(E, F))
satisfying

1

FF ) ) = fF2)(v) = / e+ tly —2))(y — o, v) dt

0

forall k € N, 2,y € A, and v € E*. If A is open we can identify this space with
that of all smooth functions A — F' by the passage to jets.

In addition, let M = (M}) be a weight sequence and (rj) a sequence of positive
real numbers. Then we consider the normed spaces

(A, F) = {(f)h € C¥(AF) ()l < o0}

where the norm is given by
1/ (@) (1, - ., o) |

k — 5 {
) P= SU
1) e PVl My [or ] - [[or]
If (r) = (p*) for some p > 0 we just write p instead of (ry) as indices. The spaces
C'(]‘T/‘[k)(A7 F) are Banach spaces, since they are closed in £ (N, (= (A, L*(E, F))) via

(f¥)k = (k= mfk)-
If A is open, C>*(A, F) and C%(AF) coincide with the convenient spaces
treated before.

:keN,aeA,vieE}.

4.6. Theorem (cf. [17, 4.6]). Let M = (My) be a non-quasianalytic weight sequence
or an L-intersectable quasianalytic weight sequence. Let E and F' be Banach spaces
and let U C E be open and convex. Then the space CM (U, F) = CM(U,F) can
be described bornologically in the following equivalent ways, i.e. these constructions
give the same vector space and the same bounded sets

(1) lim liny C (W, F)
K p,W

(2) lim lim O (I, F)
K p

(3) lim CM (K, F)
K,(ry)

Moreover, all involved inductive limits are reqular, i.e. the bounded sets of the in-
ductive limits are contained and bounded in some step.

Here K runs through all compact convex subsets of U ordered by inclusion, W
runs through the open subsets K C W C U again ordered by inclusion, p runs
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through the positive real numbers, (ry) runs through all sequences of positive real
numbers for which p* /ry, — 0 for all p > 0.

Proof. This proof is almost identical with that of [17, 4.6]. The only change is
to use (2.7) and (4.3) instead of [17, 3.9] to show that all these descriptions give
CM (U, F) as vector space. O

4.7. Lemma (cf. [17, 4.7]). Let M be a non-quasianalytic weight sequence. For
any convenient vector space E the flip of wvariables induces an isomorphism
L(E,CM(R,R)) = CM(R, E') as vector spaces.

Proof. This proof is identical with that of [17, 4.7] but uses (2.9) instead of [17,
4.1] and (2.3) instead of [17, 3.5]. O

4.8. Lemma (cf. [17, 4.8]). Let M = (M},) be a non-quasianalytic weight sequence.
By AM(R) we denote the ¢ -closure of the linear subspace generated by {ev, : t € R}
in CM(R,R)" and let § : R — AM(R) be given by t — evy. Then MM (R) is the free
convenient vector space over CM | i.e. for every convenient vector space G the CM -
curve § induces a bornological isomorphism

§* : LOM(R),G) = CM(R,G).

We expect AM(R) to be equal to CM(R,R)’ as it is the case for the analogous
situation of smooth mappings, see [15, 23.11], and of holomorphic mappings, see
[23] and [24].

Proof. The proof goes along the same lines as in [15, 23.6] and in [8, 5.1.1]. It is
identical with that of [17, 4.8] but uses (2.3), (2.9), and (4.2) in that order. O

4.9. Corollary (cf. [17, 4.9]). Let L = (Ly) and L' = (Lj},) be non-quasianalytic
weight sequences. We have the following isomorphisms of linear spaces

(1) C=(R,C*(R,R)) = C*(R,C*(R,R))

(2) C“(R,C*(R,R)) = C*(R,C*(R,R))

(3) CY'(R,C*(R,R)) = CL(R,CY (R, R))

Proof. This proof is that of [17, 4.9] with other references: For a € {oo,w, L'} we
get

CE(R,C*(R,R)) = L(A\E(R), C*(R, R)) by (4.8)
~ CYR, L(AE(R),R)) by (4.7), [15, 3.13.4, 5.3, 11.15]
~ C*(R,CH(R,R)) by (4.8). O

4.10. Theorem (Canonical isomorphisms). Let M = (My) be a non-quasianalytic
weight sequences or an L-intersectable quasianalytic weight-sequences; likewise
M’ = (M}). Let E, F be convenient vector spaces and let W; be c>-open sub-
sets in such. We have the following natural bornological isomorphisms:
1) CM(WlaCM/(WQa )) = CM,(W27CM(W1,F))7

MWy, 0% (Wy, F)) =2 C(W,, CM (W1, F)).
MWy, C%(Wa, F)) =2 C% (W, CM (W1, F)).
M(Wh, L(E, F)) = L(E,CY (W1, F)).
M(Wl,éf’o(X F)) 2 °(X,CM(Wy, F)).
M (W, Lip* (X, F)) = Lip* (X, CM (W1, F)).
In (5) the space X is an £>°-space, i.e. a set together with a bornology induced by
a family of real valued functions on X, cf. 8, 1.2.4]. In (6) the space X is a Lip"-
space, cf. [8, 1.4.1]. The spaces (= (X, F) and Lip"(W, F) are defined in [8, 3.6.1
and 4.4.1].

QQQQQ
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Proof. This proof is very similar with that of [17, 4.8] but written differently. Let
C! and C? denote any of the functions spaces mentioned above and X; and Xo
the corresponding domains. In order to show that the flip of coordinates f — f,
CH(X1,C?(X2, F)) — C*(X2,C (X1, F)) is a well-defined bounded linear mapping
we have to show:

o f(zy) € CY(Xy,F), which is obvious, since f(z3) = evg,0of : X1 —
C?(X,,F) — F.

o f€(C2%(X,y,CH(X1,F)), which we will show below.

o [ f is bounded and linear, which follows by applying the appropriate
uniform boundedness theorem for C? and C! since f + ev,, oev,, o f =

evg, 0evy, o f is bounded and linear.

All occurring function spaces are convenient and satisfy the uniform S-boundedness
theorem, where S is the set of point evaluations:

CM by (1.10) and (2.9).
C*> by [15, 2.14.3, 5.26]1,
C* by [15, 11.11, 11.12],
L by [15, 2.14.3, 5.18]T,
¢ by [15, 2.15, 5.24, 5.25] or [8, 3.6.1 and 3.6.6]
Lip® by [8, 4.4.2 and 4.4.7]

It remains to check that f is of the appropriate class:

(1) follows by composing with the appropriate (non-quasianalytic) curves ¢; :
R — Wi, co: R— W5 and A € F* and thereby reducing the statement to
the special case in (4.9.3).

(2) as for (1) using (4.9.1).

(3) follows by composing with c; € CP2(R, W), where (5 is in {oo,w},

and with CF(cy,\) : CM (W1, F) — CE(R,R) where ¢; € CE(R, W)
with L > M non-quasianalytic and A € F*. Then C’L(cl,)\)ofo Ccy =
(CP2(cg, M) o foe)™ : R — CH(R,R) is CP2 by (4.9.1) and (4.9.2), since
CP2(cg,N)o foey : R — Wy — C¥(Wa, F) — C™2(R,R) is CF.
For the inverse, compose with ¢; and C%2(cp, \) : C¥ (W, F) — CP2(R,R).
Then C%2(cy, Ao foe; = (CF(e1, M) o foey)™ : R — CP2(R,R) is CF by
(4.9.1) and (4.9.2), since CL(c;,A\)ofocy : R — Wy — CE(Wy, F) —
CL(R,R) is CP2.

(4) since L(E, F) is the c>-closed subspace of CM(E, F) formed by the linear
CM_mappings.

(5) follows from (4), using the free convenient vector spaces ¢!(X) over the
¢>=-space X, see [8, 5.1.24 or 5.2.3], satisfying (*°(X, F) & L({}(X), F).

(6) follows from (4), using the free convenient vector spaces A\¥(X) over the
LipF-space X, satisfying Lip" (X, F) = L(\*(X), F). Existence of this free
convenient vector space can be proved in a similar way as in (4.8). O

5. MANIFOLDS OF QUASIANALYTIC MAPPINGS

For manifolds of real analytic mappings [14] we could prove that composition
and inversion (on groups of real analytic diffeomorphisms) are again C* by testing
along C*°-curves and C“-curves separately. Here this does not (yet) work. We have
to test along CF-curves for all L in £(Q), but for those L we do not have cartesian
closedness in general. But it suffices to test along C®-mappings from open sets in
Banach spaces, and this is a workable replacement.

2.14.3!

2.14.3!
5.241,5.25!
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5.1. C%-manifolds. Let Q = (Q}) be an L-intersectable quasianalytic weight se-
quence of moderate growth. A C@-manifold is a smooth manifold such that all
chart changings are C?-mappings. Likewise for C?-bundles and C Lie groups.

Note that any finite dimensional (always assumed paracompact) C°°-manifold
admits a C>°-diffeomorphic real analytic structure thus also a C@-structure.
Maybe, any finite dimensional C'@-manifold admits a C?-diffeomorphic real an-
alytic structure. This would follow from:

Conjecture. Let X be a finite dimensional real analytic manifold. Consider the
space CQ(X,R) of all C9-functions on X, equipped with the (obvious) Whitney
C®-topology. Then C*(X,R) is dense in C?(X,R).

This conjecture is the analog of [10, Proposition 9].

5.2.  Banach plots. Let Q = (Q) be an L-intersectable quasianalytic weight
sequence of moderate growth. Let X be a C?-manifold. By a C?-plot in X we
mean a C?-mapping ¢ : D — X where D C E is the open unit ball in a Banach
space E.

Lemma. A mapping between C?-manifolds is C? if and only if it maps C-plots
to C?-plots.

Proof. For a convenient vector space E the c>°-topology is the final topology for
all injections Fp — E where B runs through all closed absolutely convex bounded
subsets of E. The ¢*-topology on a ¢*°-open subset U C F is final with respect
to all injections Eg N U — U. For a C®-manifold the topology is the final one
for all C@-plots. Let f : X — Y be the mapping. If f respects C%?-plots it is
continuous and so we may assume that Y is ¢*°-open in a convenient vector space
F and then likewise for X C E. The (affine) plots induced by X N Ep C X are
C%. By definition f is C? if and only if it is C* for all L € £(Q) and this is the
case if f is CL on X N Ep for all B by (2.8). O

5.3. Spaces of C%-sections. Let p : £ — B be a C? vector bundle (possibly
infinite dimensional). The space C?(B «+ E) of all C%-sections is a convenient
vector space with the structure induced by

C%B + E) = [[C?(ua(Ua), V)

5+ pryothyosou,’

where B D U, —%e— uo(U,) € W is a C%-atlas for B which we assume to be
modeled on a convenient vector space W, and where 9, : E|ly, — U, x V form a
vector bundle atlas over charts U, of B.

Lemma. Let D be a unit ball in a Banach space. A mapping c: D — C?(B + E)
is a CQ-plot if and only if ¢ : D x B — E is C%.

Proof. By the description of the structure on C?(B < FE) we may assume that
B is c®*°-open in a convenient vector space W and that ' = B x V. Then we have
C?B + B x V)= (C9B,V). Thus the statement follows from the exponential
law (3.3). O

Let U C E be an open neighborhood of s(B) for a section s and let ¢ : FF — B
be another vector bundle. The set C?(B <« U) of all C?-sections s' : B — F with
s'(B) C U is open in the convenient vector space C?(B «+ E) if B is compact.
An immediate consequence of the lemma is the following: If U C F is an open
neighborhood of s(B) for a section s, F — B is another vector bundle and if
f:U — Fis a fiber respecting C?-mapping, then f, : C¥(B + U) — C9(B + F)
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is C9 on the open neighborhood C?(B «+ U) of s in C?(B + E). We have
(d(f)(s)v)e = d(flune, ) (s(x))(v(x)).

5.4. Theorem. Let Q = (Qx) be an L-intersectable quasianalytic weight sequence of
moderate growth. Let A and B be finite dimensional C9-manifolds with A compact
and B equipped with a C° Riemann metric. Then the space C2(A, B) of all C?-
mappings A — B is a C?-manifold modeled on convenient vector spaces C2(A <

f*TB) of C9-sections of pullback bundles along f : A — B. Moreover, a mapping
c: D — CQ(A,B) is a C?-plot if and only if ¢ : D x A — B is C9.

If the C@-structure on B is induced by a real analytic structure then there exists
a real analytic Riemann metric which in turn is C<.
Proof. C9-vector fields have C%?-flows by [13]; applying this to the geodesic spray
we get the C9 exponential mapping exp : TB D U — B of the Riemann metric,
defined on a suitable open neighborhood of the zero section. We may assume that
U is chosen in such a way that (7p,exp) : U — B x B is a C?-diffeomorphism onto
an open neighborhood V of the diagonal, by the C® inverse function theorem due
to [12].

For f € C9(A, B) we consider the pullback vector bundle

AxTB<—9AxsTB—— f*TB ' 1B
o
A—t .

Then the convenient space of sections C?(A « f*TB) is canonically isomorphic
to the space C?(A,TB); := {h € CY(A,TB) : tgoh = f} via s = (75 f)os and
(Ida,h) <= h. Now let
Us:={g€ C?A,B): (f(x), g(x)) €V for all z € A},
up: Uy — C9A + f*TB),
ur(9)(x) = (2, exp}, (9(2))) = (2, (75, exp) " o(f, 9)) ().

Then uy : Up — {s € C9(A « f*TB):s(A) C f*U = (75 f)~1(U)} is a bijection
with inverse u;l (s) = expo(ngf)os, where we view U — B as a fiber bundle. The
set uy(Uy) is open in C?(A «+ f*TB) for the topology described above in (5.3)
since A is compact and the push forward uy is C? since it respects C'9-plots by
lemma (5.3).

Now we consider the atlas (Us,uf)rece(a,py for C9(A, B). Its chart change

mappings are given for s € uy,(U; NU,) € C9(A « g*TB) by
(ugouyt)(s) = (Ida, (mp,exp) ™" o(f,expo(r39) 0 5))
= (Tf_l OTQ)*(5)7
where 7,4(z,Yy(2)) = (7,expyp)(Yg(z))) is a CQ-diffeomorphism 7, : ¢*TB 2
g*U — (g x Idg)~Y(V) € A x B which is fiber respecting over A. The chart
change uyou, ' = (Tf_l 0T4)« is defined on an open subset and it is also C% since
it respects C9-plots by lemma (5.3).

Finally for the topology on C%(A, B) we take the identification topology from
this atlas (with the ¢*°-topologies on the modeling spaces), which is obviously finer
than the compact-open topology and thus Hausdorff.

The equation uy ou;1 = (7;1 07,)« shows that the C%-structure does not de-

pend on the choice of the C? Riemannian metric on B.
The statement on C%-plots follows from lemma (5.3). O
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5.5. Corollary. Let A;, Ay and B be finite dimensional C9-manifolds with A; and
Ao compact. Then composition

C9(Az,B) x C9(A1, A2) — C9(A1,B), (f.9)— fog

is C9. However, if N = (Ny) is another weight sequence (L-intersectable quasian-
alytic) with (Ny/Qr)'* \, 0 then composition is not CN.

Proof. Composition maps C'@-plots to C%-plots, so it is C<.

Let A = Ay = S* and B = R. Then by [25, Theorem 1] or [17, 2.1.5] there exists
f e 098 R)\ CN(S', R). We consider f as a periodic function R — R. The
universal covering space of C?(S', S') consists of all 2nZ-equivariant mappings in
C?(R,R), namely the space of all g+Idg for 2n-periodic g € C?. Thus C?(S!, S1)
is a real analytic manifold and ¢t — (x — x + t) induces a real analytic curve ¢ in
C?(S1, SY). But f.ocis not CV since:

(OFli=o(froc)) (@)  Ofl—of(x+t)  fP(x)
klp* Ny, T EIpEN, KRN

which is unbounded in k£ for x in a suitable compact set and for all p > 0, since

féch. 0

5.6. Theorem. Let Q = (Qy) be a, L-intersectable quasianalytic weight sequence of
moderate growth. Let A be a compact (= finite dimensional) C®-manifold. Then
the group Difo(A) of all C?-diffeomorphisms of A is an open subset of the C9-
manifold CR(A, A). Moreover, it is a C9-reqular C? Lie group: Inversion and
composition are C9. Its Lie algebra consists of all CQ-vector fields on A, with the
negative of the usual bracket as Lie bracket. The exponential mapping is C?. It is
not surjective onto any neighborhood of 1d 4.

Following [16], see also [15, 38.4], a C%-Lie group G with Lie algebra g = T.G
is called C@-regular if the following holds:

e For each C%-curve X € C?(R,g) there exists a C?-curve g € C9(R,G)
whose right logarithmic derivative is X, i.e.,

g(0) =e
Deg(t) = To(u'M)X(t) = X(t).g(t)

The curve g is uniquely determined by its initial value g(0), if it exists.
e Put evoli(X) = g(1) where g is the unique solution required above. Then
evoly, : C9(R,g) — G is required to be C¥ also.

Proof. The group Diff?(A) is open in C2(A, A) since it is open in the coarser C'*
compact-open topology, see [15, 43.1]. So Difo(A) is a C?-manifold and composi-
tion is C? by (5.4) and (5.5). To show that inversion is C? let ¢ be a C?-plot in
Diff?(A). By (5.4) the map ¢ : D x A — Ais C? and (invo )" : Dx A — A
satisfies the Banach manifold implicit equation ¢"(¢, (invo ¢)*(¢,z)) = x for x € A.
By the Banach C® implicit function theorem [26] the mapping (invo ¢)" is lo-
cally C9 and thus C?. By (5.4) again, invo ¢ is a C%-plot in DiﬂQ(A). So
inv : Diff?(A4) — Diff%(A) is C?. The Lie algebra of Diff%(A) is the convenient
vector space of all C@-vector fields on A, with the negative of the usual Lie bracket
(compare with the proof of [15, 43.1]).

To show that Diff (A) is a C%-regular Lie group, we choose a C%?-plot in the
space of C?-curves in the Lie algebra of all C? vector fields on A, ¢ : D —
CO(R,C%(A «+~ TA)). By lemma (5.3) ¢ corresponds to a (D x R)-time-dependent
C? vector field ¢ : D x R x A — TA. Since C?-vector fields have C?-flows and
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since A is compact, evol” (c"(s))(t) = FlfA(s) is O in all variables by [27]. Thus
DiHQ(A) is a CQ-regular C® Lie group.

The exponential mapping is evol” applied to constant curves in the Lie algebra,
i.e., it consists of flows of autonomous C? vector fields. That the exponential map
is not surjective onto any C'@-neighborhood of the identity follows from [15, 43.5]
for A = S*. This example can be embedded into any compact manifold, see [9]. O
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