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ABSTRACT

After a short introduction to the finite dimensional case of orbit spaces and a
summary of the most important results on Hilbert manifolds and smooth infinite
dimensional manifolds, we consider three orbit spaces related to the space Conn(E)
of connections on a fiber bundle £ — M and its gauge group Gau(FE).

This investigation is motivated by a decomposition of the space of metrics
Met(FE) on the total space of the bundle into three parts on which Gau(FE) acts,
one of them being Conn(F). For the orbit spaces related to Met(E) and to
Conn(E) x Met(VE) the direct sum of the space of connections and the space
of fiber metrics on the vertical bundle, respectively, slice theorems will be proven,
which lead to stratifications of the orbit spaces.

For the orbit space related to the space of connections on E counterexamples will
show that, except for the trivial cases of zero dimensional fiber or zero dimensional
base, no such slice theorem can exist.

KURZFASSUNG

Nach einer kurzen Einfiihrung in Orbitraume im endlichdimensionalen Fall und
einer Zusammenfassung der wichtigsten Ergebnisse iiber Hilbert Mannigfaltigkeiten
und glatte unendlichdimensionale Mannigfaltigkeiten betrachten wir drei Orbitrau-
me, die mit den Konnexionen Conn(F) eines Faserbiindels £ — M und dessen
Eichgruppe Gau(F) zusammenhéngen.

Dies ist motiviert durch die Zerlegung des Raumes der Metriken Met(FE) auf
dem Totalraum des Biindels in drei Teile, auf denen jeweils die Eichgruppe wirkt.
Einer dieser Teile ist der Raum der Konnexionen Conn(F). Fiir den Orbitraum zu
Met(FE) und dem Orbitraum zu Conn(E) x Met(VE), der direkten Summe der
Raume der Konnexionen und der Fasermetriken auf dem vertikalen Biindel, wird
ein Scheibensatz bewiesen, der zu einer Stratifizierung der Orbitraume fiihrt.

Fiir den Orbitraum, der zum Raum der Konnexionen gehort, wird mit Hilfe von
Gegenbeispielen gezeigt, dafl kein Scheibensatz existieren kann, ausgenommen in
den trivialen Fallen von nulldimensionaler Basis oder nulldimensionaler Faser.
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1. INTRODUCTION

In modern mathematics and physics actions of Lie groups on manifolds and
the resulting orbit spaces (moduli spaces) are of great interest. For example, the
moduli space of principal connections on a principal fiber bundle modulo the group
of principal bundle automorphisms is the proper configuration space for Yang—Mills
field theory (as e.g. outlined in [Gribov 1977], [Singer 1978|, and [Narasimhan,
Ramadas 1979)).

Usually, when symmetries and invariance groups are considered, a problem re-
duces to the corresponding orbit space, and therefore the structure of these spaces
has to be investigated. This structure theory is quite complicated in general, since
these spaces usually are singular spaces and not again manifolds. In fact, only if the
action of the Lie group is free (i.e. all isotropy subgroups of single points are triv-
ial), the resulting orbit space bears a manifold structure and forms together with
the manifold and the quotient map a principal fiber bundle, whose structure is well
known. More often, the orbit space admits a stratification into smooth manifolds
with an open and dense largest stratum, the set of principal orbits (see section 2).
This stratified space can then be treated almost like a manifold when taking spe-
cial care. The existence of such a stratification is usually shown by proving the
existence of slices at every point for the group action.

All these problems arise already, if both the Lie group and the manifold are finite
dimensional. As shown in section 4, both notions can be very widely generalized to
infinite dimensions, and again the structure of the, now often infinite dimensional,
moduli spaces is interesting. For example the above mentioned configuration space
of Yang—Mills theory is constructed from infinite dimensional spaces. Again, a slice
theorem for the action is the way to prove existence of a (generalized) stratification
of the moduli space. This slice theorem turns out to be more difficult than in the
finite dimensional case, because of the lack of an inverse function theorem. In order
to reduce this problem to a very special inverse function theorem with very strong
prerequisites, an approach using Hilbert manifolds and Sobolev completions has to
be taken in order to construct the slice via inverse limits of Hilbert manifolds.

In spite of these technical difficulties, these infinite dimensional generalizations
are very interesting, since many problems in modern theoretical physics lead to
moduli spaces in the infinite dimensional setting. Not only the above mentioned
Yang-Mills theory is considered, but also the space of Riemannian metrics modulo
the group of diffeomorphisms, which appears in General Relativity, (principal) fiber
bundle connections modulo the gauge group arise from gauge theories, and also one
approach to quantization, the geometric quantization method, is taken via orbit
spaces, as described in [Kirillov 1982], [Kirillov 1990], and [Vizman 1994].

Also, very recent research in theoretical physics is connected to moduli spaces:
e.g. invariance of Euler numbers of moduli spaces of instantons on 4-manifolds
[Vafa, Witten 1990], moduli spaces of parabolic Higgs bundles, which are connected
to Higgs fields [Maruyama, Yokogawa 1992], [Nakajima 1996].

In algebraic topology moduli spaces play an important role, either, [Maruyama
1996], [Simpson 1994], [Simpson 1995], and also the definition of the famous Don-
aldson Polynomials involves moduli spaces ([Donaldson 1990]).



In this thesis, I will try to analyze the structure of some moduli spaces, which
are connected with the space of connections on a general fiber bundle with compact
fiber and compact base space. In section 2 some known results about actions of
finite dimensional groups on finite dimensional manifolds will be recalled, such that
the notion of slices will become clear. Then in sections 3 and 4 the basic facts
about Hilbert manifolds and about infinite dimensional smooth manifolds and Lie
groups will be introduced. Slice theorems for two moduli spaces will be shown in
section 5. In section 6, finally, counterexamples will show that there cannot exist
a slice theorem for the moduli space Conn(FE)/ Gau(E) of connections on a general
fiber bundle modulo the gauge group.

The result is connected with a slice theorem for Met(M)/ Diff (M), the orbit
space of metrics on a manifold with respect to the action of the group of diffeo-
morphisms proved by [Ebin 1968|, another slice theorem proved by [Kondracki,
Rogulski 1986] for Conn(P)/ Gau(P), the space of connections on a principal fiber
bundle modulo the gauge group, [Cerf] for §/ Diff (R) the space of functions of finite
codimension at critical points on R modulo the diffeomorphism group. For a general
survey on slice theorems and slices see [Isenberg, Marsden 1982], where a slice the-
orem for the space of solutions of Einstein’s equations modulo the diffeomorphism
group is proven.

Finally, the non-existence of the slice theorem in the case connections on a fiber
bundle modulo the gauge group is connected to the fact, that C°°(S*, R)/ Diff (S!),
where the diffeomorphisms act by composition, admits in general no slices, except
when restricted to the space of functions of finite codimension at critical points.



2. G-MANIFOLDS AND LIE GROUP ACTIONS

In this section, I want to introduce the basic facts about finite dimensional Lie
groups acting on finite dimensional manifolds (some of them without proofs). These
facts will be taken for motivation of the terms in infinite dimensions. Moreover, a
basic example will be discussed, which helps to understand the properties of slices
and sections.

Throughout this chapter all manifolds and groups are supposed to be finite
dimensional, except if stated otherwise explicitly.

2.1. Definition. Let G be a Lie group, M a smooth manifold. A smooth action
of Gon M is a C* mapping | : G x M — M (I(g,z) = l4(xz) = 1"(g) = gx), such
that

ex=x VYeeM
(9192)r = g1(g2x) Vg1,92 € G,z € M.

We say that G acts on M, or M is a G-manifold. Furthermore, a G—action on M
is called

(1) linear, if M is a vector space, and the action is a representation.

(2) affine, if M is an affine space, and all the [, are affine transformations.

(3) orthogonal, if (M,~) is a Euclidean space, and the action is a subgroup of
O(M, 7).

(4) isometric, if (M,~) is a Riemannian manifold, and every [, is an isometry.

(5) symplectic, if (M,w) is a symplectic manifold, and every [, is a symplecto-
morphism.

2.2. Definition. Let M be a G—manifold, x € M

The set G-z := {gx | g € G} is called the (G-)orbit of z.
The closed subgroup G, := {g € G | gx = x} of G is called the isotropy
subgroup of x.

Then T.G =: g, To(G/G;) ~ g/ Lie(G), and
l

G—=—» M

/71
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G/Gye—p

where the mapping G/G, — M is an initial immersion with image G - x.

2.3. Lemma.
(1) ng :gng_l
2 G 2NG-y#0 = G- 2=G -y
(3) Tm(G'm) :Te(lw)-g

Proof. Is clear.
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2.4. Definition. For a G-manifold M, let M/G be the space of all G-orbits
equipped with the quotient topology; @ : M — M/G. Then M/G is called the
orbit space (moduli space) of M with respect to G.

The set of closed subgroups of G bears an equivalence relation H ~ H' : <=
H = gH'g™! for some g € G. The equivalence classes are called conjugacy classes.

The set of conjugacy classes admits a partial order (H) < (H') if H C gH'g™!
for some g € G.

For an orbit G - x, by Lemma 2.3(1), the isotropy subgroups G, form a conju-
gacy class (G,), which is called the isotropy type of the orbit G - . Two orbits are
said to be of the same type if their isotropy types coincide.

2.5. Definition. For two G-manifolds M, N and a smooth mapping f: M — N
we say f is equivariant iff f(gz) = g f(z).

2.6. Definition. Let M be a G—manifold. An orbit G - x is called a principal orbit,
if there exists an open neighborhood U of x in M withVy e U : 3f : G-z —- G-y
G-equivariant, which is equivalent to Yy € U : Ja € G : G, C aGya™ .

x € M is called a reqular point if G - x is a principal orbit, and is called singular
point otherwise.

M,eg := {regular points}, Msie := {singular points}.

2.7. Definition. Let x € M, M a G—manifold. A subset S of M is called a slice
at x, if there exists a G—invariant open neighborhood U of the orbit G -z and a
smooth equivariant retraction r : U — G -z, such that S = r~1(x).

2.8. Proposition. Let M be a G-manifold and S a slice at x. Then

(1) ze Sand G, -SC S
(2) g-SNS#0 = geG,
(3) G-S={gylg € G,y € S} =U with U as in definition 2.7.

Proof. Let r be the (smooth, equivariant) retraction. Then we know that r is a
submersion and S = r~!(z). Thus G, C G, Yy € S. Therefore, r|g., : G-y —
G - x is also a submersion Vy, which implies that x is a regular value for r. That
suffices to show that S = r~1(z) is a sub-manifold of U and also of M.

Thus we have y € S,gy € S = r(gy) =z = gr(z) = gr = ¢ € G, which in
return implies (2).

Then g € Gy,s € S = r(gs) = gr(s) =gr =2 = G, -S C S, which shows
(1).

(3) can be shown as follows: y € U = g€ G:gr(y) =z = r(gy) = gr(y) =
r = gyesS. U

2.9. Corollary. Let S be a slice at x for the G-manifold M. Then

(1) S is a Gy—manifold

(2) Forye Sis Gy C Gy.

(3) If G -z is a principal orbit and G5 compact, then G, = G, Vy € S, i.e. all
orbits near G - x are principal, too.

(4) Two G,-orbits G, -s1 and G - so are of the same type, iff the two G-orbits
G -s1 and G - s9 in M are of the same type.

(5) S/Gy is isomorphic to G - S/G, an open neighborhood of G -z in the orbit
space M/G.



Proof.

(1) is clear

(2) is clear

3) ye S = G, C Gy(compact) = G, is compact. G - z is principal =
for y near z is G, conjugate to a subgroup of G,. Therefore G, = G,,.

(4) K =G,, s€ S, K actson S. K; = G5 (see Proposition 2.8(2)). G.s1 =
Grysa = K, is conjugate to K, in G,. Hence Gy, is conjugate to Gs,.

(5) follows from 2.8(2) and (3).

O

2.10. Example. An elementary example will be useful to illustrate the properties
of slices a bit.

Take M = R™ and G = SO(n) acting by rotations about 0 € R™. The orbit
G -0 = {0}, Gp = G, and the slice S at zero may be chosen to be any open ball
centered at 0. For any other point x € R™ G-z is the sphere of radius ||z||2 centered
at 0, G, = {e}, and any sufficiently short line segment transversal to G - x through
x can be chosen as S.

2.11. Proposition. If S is a slice at x in a G-manifold M. Then there exists a G-
equivariant diffeomorphism G[S| = G x¢g, S — G-S, which maps the “zero-section”
G x¢g, {x} onto G - x.

Proof. The map f : G[S] — G- S given by f :[(g,s)] — g- s is smooth and has the
required properties. [

2.12. Definition. An action [ : G x M — M is called proper, if one, hence all, of
the following equivalent conditions is satisfied.

(1) (1,1d): Gx M — M x M (g,x) — (gx,x) is proper

(2) gnzn — y and x,, — x imply g, has a convergent subsequence.

(3) K,L C M compact = {g € Gl|gK NL # 0} is compact
M is then called a proper G—manifold.

Proof. (1) = (2) is clear. Suppose (2) = (3) does not hold. Then 3(g,,) without
cluster point, g,K N L # (. Choose z, € K with g,z, € L. Without loss of
generality x,, — x, gp, — ¥y, which is a contradiction.

(3) = (1): (,LId)"(LxK)={(g,x):veK,grelL} C {geG:gKNL#

closed

0} x K which is compact. O

2.13. Lemma. (M,v) a Riemannian manifold, | : G x M — M an effective,
isometric action, such that [(G) is closed in Isom(M,~). Thenl is a proper action.

Now we have collected most of the important results and terms for the first
important theorem, which was proven by R. Palais in 1961.

2.14. Slice Theorem. Let M be a G-manifold, x € M such that G, is compact
and for all open neighborhoods U of G, in G there is an open neighborhood V of x
in M with {g € GlgV NV £ 0} CU. Then there exists a slice at x.

Idea of proof. Take a Riemannian metric on M, and construct a G, ~invariant metric
7. Now construct a so called “almost slice” S: S := exp)(T,(G - )+ N B(e)). If
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you take an open neighborhood U of 0 in G/G,., such that there exists a section

X : U — G with x(0) = e. Then

f:UxS — M (u,s) — x(u) - s is a diffeomorphism (maybe for somewhat smaller

U, S ) onto an open neighborhood of  in M. Using the assumption of the theorem,

you get a neighborhood V of z in M, such that S = SNV is the required slice.
The complete proof can be found in [Palais 1961].

In the proof of the infinite dimensional slice theorem most of the “easy-to-
construct” things like the manifold G /G, x, and T,.(G - x)* will make much more
difficulty, and constructing these will be the first crucial step in obtaining the slice
theorem.

2.15. Theorem. In every proper G—manifold M, there exists a slice at every point
re M.

Proof. G, is compact, since the action is proper. Now let U be an open neigh-
borhood of GG, in G. Then there exists an open neighborhood V of G, with
G, -V =V. (G -G, = Gy; Thus Y(a,b) € G, x G, exist open neighborhoods
Aqp of ain G and B,y of b in G such that A,y - Bap € U. Since G is compact
Gz G Ui, Bap; =@ Ba. Let A, := (N_; Aap,- Then A, - B, C U. Further-
more G, G, U?:1 Ay, and W = m?:1 By, is open in G, G, C W, G, -W C U,
V=G, W.)

Now let U = G,U be a neighborhood of cosets. [* : G — G -x is a closed
mapping. Thus (G \ U) - x is closed in G -z, therefore in M. This implies the
existence of a neighborhood W of z such that W N (G\ U) -z = (. Without
loss of generality let W be compact. Then {g € G | gW N W # 0} is compact
(2.12(3)). K :={g € G\U | gW NW # 0} is a compact subset of G \ U.
ke K = kaxe (G\U) -2 = kx € M\ W (which is open). Therefore,
there exist neighborhoods Qj of k, Vi of x such that Qf -V € M \ W. Some
Qky - --Qu, cover K, V := (_, Vi, is neighborhood of z in M, without loss of
generality V C W.

Let gV NV # (). Then gW NW # (b, and therefore ¢ € U U K. If g € K, then
there exists ¢ such that g € Qf,. But then gV C Q,V C M\ W C M \ V and this
implies gV NV = () which is a contradiction. Therefore g € U. 0O

2.16. Theorem (Palais 1961). For a proper G-manifold M, x € M the following
are equivalent

(1) G, is compact and there exists a slice at x.
(2) There exists a neighborhood U of = in M, s.t. {g € G|lgV NV # 0} has
compact closure in G.

Proof. in [Palais 1961].

2.17. Corollary. M proper G-manifold — M/G is completely regular and
locally compact (hence Ts).

2.18. Lemma. If M is a proper G—manifold, then there exists a principal orbit
type.



2.19. Theorem. M a proper G-manifold. Then the set of all reqular points in M
1s open and dense.

2.20. Theorem. M a proper G-manifold, x € M. Then x has a G-invariant
open neighborhood U, such that U contains only finitely many orbit types.

2.21. Theorem. M a proper G-manifold, then the space Msing/G of all singular
G-orbits does not locally dissect M /G.

2.22. Corollary. M connected proper G—manifold. Then

(1) M/G is connected
(2) M has exactly one principal orbit type.
(3) The set of all principal orbits is open and dense.

Most of these facts essentially follow from the existence of slices. In infinite
dimensions analogous results can be likewise proven, if the existence of such slices
is ensured.

However, first we will have to define most of the involved terms like manifold,
Lie group, tangent space, ... in infinite dimensions. The next two chapters are
devoted to this.






3. BANACH AND HILBERT MANIFOLDS

In this chapter I will give a brief excursion on Banach and Hilbert manifolds
which is in part excerpted from [Lang 1995]. More detail can (e.g.) be found there.

3.1. Definition. A topological vector space is a vector space E over R equipped
with a topology such that the operations + : E x F — E (addition of vectors) and
-: R x E — E (multiplication with scalars) are continuous.

Throughout our presentation all topological vector spaces will be Hausdorff and
locally convex (i.e. every neighborhood U of 0 € E contains an open convex neigh-
borhood V of 0.)

The set of continuous linear maps ¢ : E — F' (F and F being two topological
vector spaces) will be denoted by L(E, F), and we set L(F) := L(E,R).

The vector space of n—linear maps ¢ : Ex---x E — F will be denoted L™ (E, F),
and as above L™(F) := L"(E,R).

3.2. Definition. A locally convex topological space E will be called a Fréchet
space if its topology is metrizable (i.e. there exists a metric d: F x £ — ]Rg’, such
that every neighborhood U of 0 € E contains a ball B, := {v € E|d(0,¢e) < €}.),
and it is complete (i.e. all Cauchy sequences converge).

A Fréchet space space F will be called a Banach space if its metric is defined by
anorm |.| : E — R (i.e. d(v,w) = ||[v — w||). It is well known, that for Banach
spaces I, F' the norm [[A| := supj|z=1/|Az|F for A € L(E, F) makes L(E,F)
into a Banach space.

A Banach space is called a Hilbert space if the norm is defined by an inner

product (.,.) : Ex E — R (i.e. ||v| = v/(v,0)).
3.3. Proposition. Let E, F be Banach spaces, f € L(E,F). Assume G C F is an

(algebraic) linear complement to im f and G is closed in F. Then im f is closed in
Fand F=imf&G.

Proof. See [Palais 1965, proof of Theorem 1] [
3.4. Definition. Let E,F be two Banach spaces, and f : U C E — F be a

open
continuous map. We say that f is differentiable at a point x¢ € U if there exists a
A € L(E, F) such that

lim 1/ (zo +y) = flzo) = AW)Il _ 0.

y—0 Iyl

A is then uniquely determined, and we set D f(zg) := X and call it the derivative
of f at xg. If f is differentiable at every point x € U then we get a map Df : U —
L(E, F), and we say f is differentiable.

If Df is again continuous we say that f is of class C''. Maps of class CP for p > 1
are then defined inductively. The p-th derivative of f will be DPf := D(DP~Lf),
a map of U to L(E,L(E,...,L(E,F)...)), which can be identified with LP(E, F).
A map f is said to be of class C? if D¥ f exists for 1 < k < p, and is continuous.

The usual results like chain rule, and linearity hold as in the finite dimensional
case.



3.5. Definition. Let E1, Fs, F' be Banach spaces, Ui G Ei and f: Uy x Uy — F

be a continuous map. If (u,v) € U x V and we keep v fixed, then f( ,v):Us — F,
and we define the partial derivative as

alf(u7v) = D(f( ,’U))(U),

which is a map U x V. — L(FEq,F). Similarly, we may define d5f. The total
derivative and the partials are related as follows.

Proposition. Let E;, F' be Banach spaces, U; G F;, and f : Uy X --- x U, — F
continuous. Then f is of class CP if and only if each partial derivative 0;f : Uy X
- x U, — L(E;, F) exists and is of class CP~1. In that case for v = (vy,...,v,) €

Uy X -+ x Uy, and (w1, ...,wy,) € By X -+ x E, we have
Df(v)- (wy,...,wn) =Y 0if(v) - wi.
i=1

3.6. The inverse mapping theorem. The inverse mapping theorem is one of the
main reasons for considering Banach and Hilbert spaces (and the yet to be defined
Banach and Hilbert manifolds), since in most of the smooth infinite dimensional
spaces of chapter 4 this theorem does not hold. This arises as the main difficulty in
proving theorems for these spaces, and long ways have to be taken to circumvent
this difficulty. Most of these ways lead to Banach and Hilbert completions of the
spaces.

Both the inverse function theorem and the existence theorem for differential
equations (which is extremely important also) are based on the following

Shrinking Lemma. Let E be a complete metric space, with distance function d,
and let f : E — E. Assume the existence of a constant 0 < C' < 1, such that, for
any v,w € E, we have

d(f(v), f(w)) < Cd(v,w).
Then f has a unique fized point x (x = f(x)). Given any point ro € E, then
r = lim, o f™(zo) with f*(v) = f(f* 1 (v)).

Inverse mapping theorem. Let E, F' be Banach spaces, U C F, and let f : U —
F be a CP—map with p > 1. Assume that for some point xo € U, the derivative
Df(xo) : E — F is a top-linear isomorphism (the inverse is continuous also). Then
f is a local CP—isomorphism at xg. (i.e. there exists an open neighborhood V' of x

such that f|v is a CP—isomorphism onto an open subset of F'.)

Proof. Since a top-linear isomorphism is C'°°, we may assume without loss of gen-
erality that £ = F', and D f(xg) is the identity (Consider Df(x¢)~! o f instead of
f). Furthermore, we may assume that o = 0 and f(z) = 0.

Set g(z) = x — f(z). Then Dg(zp) = 0, and by continuity there exists r > 0
such that, if ||z| < 2r, we have ||Dg(z)|| < 4. Then [|g(z)| < 5 by the mean value
theorem. Thus g(B,(0)) C Bz (0).

Claim: For y € E% (0) there exists x € B,.(0) such that f(z) = y.
Proof: Consider the map
gy =y +x— f(z).
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If flyl < 5 and |[z]] < 7, then [lg,(2)|| <

T’
mapping of the complete metric space ET(O) into itself. g, is a contracting map,
since

and hence g, may be viewed as a

lgy(v) = gy (W)l = llg(v) = g(w)l| < 3llv — w]

by the mean value theorem for v, w € B,.(0). By the Shrinking Lemma we find that
gy has a unique fixed point , which is the solution we were looking for.
By this claim we obtain a local inverse f~!. It is continuous, since

[o —w| < [f(v) = fw)] + llg(v) = g(w)l| < 2[[f(v) = f(w)]].

Furthermore, f~! is differentiable in B = (0) by the following argument: Let vy, v2 €
B,(0), w1, wy € Bz (0), with f(v;) = w;. Then

1f~ (wr) = f~H(w2) — D f(v2) " (wy — wa)|| =
= [lor — w2 — Df(v2) " (f(v1) = f(v2))]| <
< IDf(v2) " [IDf (v2) (w1 — v2) — flv1) + flu2)]] =

= o(|v1 — va]) = o(Jw1 — wal),

where the first o—term is correct, since f is differentiable, and the last equality
follows from the already proved continuity of f~!. So the differentiability of f~!
is proved, and its derivative is D(f~")(y) = Df(f~"(y))~" for y € Bz (0). Since
f~1, Df are continuous and taking inverses is C°°, D(f~!) is continuous, so f~! is
C*. By induction, it follows that f=!is C? if fis. O

3.7. The Implicit Mapping Theorem. Let E, F,G be Banach spaces, U C FE,

open

V.C.F, andlet f:UxV — G be a C? mapping. Let (ug,vo) € UV, and assume

that
02 f(ug,vo) : F — G

is a top-linear isomorphism. Let f(ug,v9) = C. Then there exists a continuous
map g : Uy — V defined on an open neighborhood Uy of ug such that g(ug) = v,
and such that

flz,g(x))=C
for all x € Uy. If Uy is taken sufficiently small then g is uniquely determined, and
1s also of class CP.

Proof. Without loss of generality we may assume that s f(ug,vo) is the identity
(simply replace f by Oaf(ug,v9)"t o f). Consider the map ¢ : U XV — E x F
o(z,y) = (x, f(x,y)). Then we compute

Depuo, vo) = (51f(uf, o) 32f(uo,vo)> B (81f(uf, vo) IdF) |

which obviously is invertible. Hence, ¢ is locally invertible by 3.6. Since we have
o Yz, 2) = (x,h(x, 2)) for some mapping h of class CP. We set g(z) = h(z,C).
Then g is also of class C? and

(, f(2,9(2))) = p(x,9(x)) = @(@, h(z,C)) = o™ (x,C)) = (x,C).



This proves the existence of g. For the uniqueness we suppose that ¢’ is a continuous
map defined near uy such that ¢'(ug) = vy and f(z,¢'(x)) = C for all  near
ug. Then ¢'(z) is near vy for such z, and hence ¢(z,¢'(x)) = (x,C). Since ¢ is
invertible near (ug,vo), it follows that there is a unique point (z,y) near (ug,vg)
such that ¢(x,y) = (z,C). Let Uy be a small ball on which g is defined. If ¢’ is
also defined on Uy, then the argument above shows that g and ¢’ coincide on some
smaller neighborhood of ug. Let z € Uy and let v/ = 2 — ug. Consider the set
{t € [0,1]|g(up + tu') = ¢'(up + tu')}. This set is nonempty, so let T be its least
upper bound. By continuity we get g(ug + Tu') = ¢'(ug + Tu'). If T < 1 we can
apply the existence and uniqueness part we have already proved to show that g and
g’ are equal in a neighborhood of ug + Tu’. Therefore, T = 1, and the uniqueness
is proved, as well as the theorem. [J

3.8. Banach Manifolds. Let M be a topological Hausdorff space. A chart on M
is a triple (U,u, E), where U ¢ M and v : U — V < FE is a homeomorphism onto
an open set in a Banach space E.

An atlas of class C? (0 < p < o0) is a set A = {(U;,u;, E;)|i € I} of charts
satisfying the following conditions:

(1) {U;li € I} is a covering of M

(2) For each pair of indices (i,7) € I x I the map

Uj oui_l . uz(Ul N UJ) — UJ(Ul N U])

is a C'P diffeomorphism.

If p > 1 we see by (2) that if U; N U; is nonempty E; ~ E;. Therefore, on each
connected component of M we can assume that all F; are equal, say E. In the
following we will assume that all E; are isomorphic, which is not a big assumption,
since we could prove all theorems for each connected component separately.

We say that two atlases A; and Ay are CP equivalent if the atlas A; U A5 is a
C? atlas. An equivalence class of CP atlases is said to define the structure of a C?
Banach manifold on M, and if all E; are isomorphic to the space F we say M is
modeled on E. If the modeling space E is a Hilbert space, we call M a Hilbert
manifold.

Let M and N be two Banach manifolds, and let f : M — N be a continuous
map. We shall say f € CP(M, N) if for all x € M, there exist charts (U,u) of M
with € U and (V,v) of N with f(x) € N such that vo fou™! : u(U) — v(V)
is CP as a mapping of Banach spaces. A bijective mapping is said to be a CP
diffeomorphism if f and f~! are both CP.

Manifolds, mappings, ... of class C* will also be called smooth in the sequel.

3.9. Submanifolds, Immersions, Submersions. Let M be a C'? Banach mani-
fold. A subset N C M is called submanifold of M if at each point x € N there exists
a chart (U, u) of M such that there are two Banach spaces E7, Fo with Fy X Fy ~ E,
and u(U) = Vi x Vp with V; C E; and u(N NU) = Vi x {0}.

Then the collection of pairs (U N N, pr; o (u|ynn)) is an atlas of class CP for N.
This structure satisfies a universal mapping property, which characterizes it:
Given any map f : Z — M from a manifold Z into M such that f(Z) is contained
in N. Let fy : Z — N be the induced map. Then f is C? if and only if fx is CP.
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A submanifold N is always locally closed in M (i.e. every point z € N has an
open neighborhood U in M such that N N U is closed in U). We say that N is a
closed submanifold of M if N is a closed topological subspace of M.

Let f: Z — M be a CP map, and let z € Z. We say that f is an immersion at z
if there exists an open neighborhood V' of z such that f|y induces an isomorphism
of V' onto a submanifold of M. We call f an immersion if it is an immersion at
every point z € Z. An immersion f is called a (closed) embedding if it gives an
isomorphism onto a (closed) submanifold of M.

A mapping f : M — Z is called a submersion at a point x € M if there exists
a chart (U,u) at x and a chart (V,v) at f(x) such that u gives an isomorphism of
U on a product Uy x Uy (U, U open in some Banach spaces), and such that the
map vfu~!: Uy x Uy — V is a projection. We say that f is a submersion if it is a
submersion at every point. Submersions are open mappings.

A criterion for immersions and submersions will be given in 3.10 using the tangent

space:
On every point x € M we consider triples (U, u, X) where (U,u) is a chart at z
and X € E. We call two such triples (U,u, X), (V,v,Y) equivalent if and only
if D(vu=1)(u(z)).X =Y. An equivalence class of such triples is called a tangent
vector of M at x. The set T, M of such tangent vectors is called the tangent space
of M at x. Each chart (U,u) determines a bijection of T, M to the modeling space
E of M by which T, M gets the structure of a Banach space. Using the tangent
spaces, we can interpret the derivative of a C?” mapping f : M — N by means of
charts as a continuous linear mapping Ty f : T, M — T,y N (essentially as in the
finite dimensional case).

Proposition. Let M and N be Banach manifolds of class C? (p > 1), and let
f:M — N be a CP mapping. Take x € M. Then

(1) f is an immersion at x if and only if the map T, f is injective and splits
(i.e. it exists a top-linear isomorphism o : Ty N — Fy x Fy such that
ao T, f induces a top-linear isomorphism of T, M onto Fy x {0}.)

(2) f is a submersion at x if and only if the map T, f is surjective and its kernel
splits (i.e. is closed and has closed complement).

Proof. This is an immediate consequence of the inverse mapping theorem. [

3.10. Partitions of unity. Unlike for finite dimensional manifolds the existence
of partitions of unity is even in the Banach case not always satisfied. The problem
for constructing differentiable partitions of unity is the existence of a differentiable
norm. However, if we put strong restrictions on the topology of M, we will get the
existence:

Theorem. Let M be a Banach manifold modeled on E which is locally compact,
and whose topology has a countable base. Then M admits partitions of unity: i.e.
for every open covering {V;} there exists a subordinate open covering {U;} of M
and a family of functions f; : M — R satisfying the following conditions

(1) For all x € M we have f;(x) > 0.

(2) The support of f; is contained in Uj.

(3) The covering is locally finite (i.e. every x € M has a neighborhood which

intersects only finitely many U; ).



(4) For each x € M we have ), fi(z) = 1.

Proof. The proof will be left out, but can be found in [Lang 1995, II §3]. [

However, since the only locally compact Banach spaces are finite dimensional we
have not won too much. The proof can be carried over to the situation where M
is paracompact, and there is a differentiable norm on E which is equivalent to the
original one, but it is difficult to check the existence of such a norm. However, in
one case we can always construct differentiable partitions of unity:

3.11. Theorem. Let M be a paracompact manifold of class CP modeled on a
separable Hilbert space H. Then M admits partitions of unity of class CP.

Proof. For this proof we will need a few definitions and some lemmas.

Definition. A subset V' of a metric space (X,d) is called scalloped, if there exist
open balls B, (z;) in X such that

V = B,,(x0)NC(B,,)N---NC(B,,).

where C(A) shall denote the set theoretical complement of A.

Lemma 1. Let (X,d) be a metric space and {B,,(x;)} (i € N) a countable covering
of a subset W by open balls. Then there exists a locally finite open covering {V;}
(i € N) of W such that V; C By, (x;) for all i, and such that V; is scalloped for all

1.

Proof. Define V; inductively by the following construction. Let Vi := B, (z1).
Then set r}; :=r; — +, and let

1—1
Vi = By, (i) N (1) C(By (),

j=1

replacing all balls of negative radius by the empty set. By construction, each V; is
scalloped and is contained in B, (z;). Take x € W, and let k be the smallest index
such that x € By, (zx). Then = € V}, because otherwise, z would be in C(V};). But

k—1
C(Vk) = C(Bm-> U U Er;j (x ‘)7

and thus x lies in some B, (z;) with j <k — 1 which is a contradiction.

For proving the locally finiteness, take again x € W. Then z € B, (x}) for some
k. Let € > 0 be so small that B.(z) C By, (zr). For all sufficiently large i the
ball B (r) C E,ﬂ;ﬂ(xk), and therefore by construction Be (x) NV; = (. Thus B ()
meets only finitely many V;. [
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Lemma 2. Let U be an open ball in the Hilbert space H, and let V be a scalloped
open subset. Then there exists a C*°-function ¢ : H — R such that ¥|c¢yy =0 and

Ylv > 0.

Proof. Since V is scalloped, we have V = B, (zo) N (i, C(By,(z;)). For i =
1,...,n choose a function ¢; : H — R such that

0<pi(z) <1 ifxecCB,(x;))
0i(x) =0 ifz € B, (z;).

Let ¢o : H — R be a function such that ¢(x) > 0 on U and ¢(x) = 0 outside U.

Set .
= H pi(z)
i=0

Then 1 satisfies the requirement. [J

Proposition. Let Ay, Ay be two nonempty, closed, disjoint subsets of a separable
Hilbert space H. Then there exists a smooth function 1) : H — R such that | 4, =0
and ¥la, =1, and 0 < YP(z) <1 for all x (i.e. H is smoothly normal).

Proof. By the theorem of Lindel6f, we can find countably many open balls B, (z;)
(i € N) covering Ao such that each B,,(x;) is contained in C(A;). Let W =
Uien Bri (z:). By Lemma 1 we can find a locally finite refinement {V;} of scalloped
open sets. By Lemma 2, we find functions ¢; positive on V; and zero outside of V;.
Let o = >, .y @i (the sum is finite at each point of W, since the V; are a locally
finite covering). Then ¢ is positive on As, and ¢|4, = 0.

Let U be the open neighborhood of Ay on which ¢ > 0. Then A, and C(U) are
disjoint closed sets. We then apply the construction above to get another function
o : H — R which is positive on C(U) and is identically zero on As. By setting

®
Y+o

¥ =

we get the required function. [J

Proof of Theorem 3.11. Let B,(z) be an open ball in H. By

)

yl—)

B, () is diffeomorphic to H. Take any point x € M, and a neighborhood V of . We
can find a chart (U,u) of M at x such that w(U) = H, and U € V. Given an open
covering of M we, therefore, can find an atlas {(Uy, ua)} such that u,(U,) = H for
all o, and the U, are subordinate to the given covering. By paracompactness, we
can find a refinement {U;} of the covering {U,} which is locally finite. Each Uj; is
contained in some Uy ;). Let u; = uZ|Ui Again by paracompactness we find open
refinements {V;} and {W;} such that

W,cV,cV,;cU,.



By construction @;(W;) and @;(V;) are closed in H. By the proposition, we can
find functions ¢; on H with 90i|a,-(Wi) = 1 and ¢;|g_g,(v;) = 0, being beﬂveen 0
and 1, otherwise. Set ¥; = p; ou;. Then %; is 0 on M — V; and 1 on W,. Set
=73, and f; = % Then the {f;} are the desired partition of unity. O

Since partitions of unity are the only known means of gluing together local
mappings, this theorem gives a hint on the importance of Hilbert manifolds (i.e.
manifolds modeled on Hilbert spaces). A very important class of Hilbert spaces
will be considered in paragraph 3.21.

3.12. Vector bundles. The partitions of unity discussed above are an essential
tool when considering vector bundles.

Let M be a C? Banach manifold modeled on a Banach space B, let F¥ be another
Banach manifold, and 7 : ¥ — M be a CP map. Let F' be a Banach space. Let
{U;} be an open covering of M, and for each i suppose that we have a mapping
7, : mY(U;) — U; x F satisfying the following conditions:

(1) The map 7; is a CP diffeomorphism such that the following diagram com-
mutes:

UZ'XF

In particular, we obtain an isomorphism on each fiber

Tiz - 7T_1($) — F.

(2) For each pair of open sets U;, U; the map
ijTi;cl F— F

is a top-linear isomorphism.
(3) If U; and U; are two members of the covering, then the map of U; NUj into
L(F, F) given by
T (Tsz‘il)x
is a CP mapping.
Then we call (U;, 7;) a trivializing covering for m or E, and that {7;} are its trivial-
izing maps. If x € U;, we say that (U;, 7;) trivializes at . Two trivializing coverings
are called to be equivalent if their union is a trivializing covering. An equivalence
class of such trivializing coverings is said to give the quadruple (E, 7, M, F') the
structure of a vector bundle. M is called the base (space), E the total space, w the
bundle (or footpoint) projection. The Banach space F' is called the standard fiber.
The space 7~ 1(z) is called the fiber over x.
Note the difference to the finite dimensional case: (3) is implied by (2) there. In
the infinite dimensional case it has to be stated explicitly.
The maps 7, = Tiz © rjgl, are called the transition functions associated with
the covering. They satisfy the so called cocycle condition

_ . |
Tkjz © Tjiz = Tkix, (l-p- Tije = Tjix)'



17

As in the finite dimensional case, the cocycle of transition functions characterizes
the vector bundle.

A vector bundle (E, 7, M, F) is called trivializable if it is isomorphic to (M x
F,pry, M, F).

Let (E, 7, M,F) and (E’, 7', M', F") be two vector bundles. A C? vector bundle
morphism [ between these bundles consists of a pair of C? mappings fo : M — M’
and f : E — E’ satisfying the following conditions:

(1) The diagram
i

E —— F

"

M — M
fo

is commutative for each x € M f, : B, — E}(w), and the induced map is a
continuous linear map.
(2) For each xg € M there exist trivializing maps

i Y U) —»UXF
7 a N U) - U x F

at zog and f(xg) respectively, such that fo(U) is contained in U’, and such
that the map

U — L(F,F')

/ —1
T Tr () © fooT,

is CP.
We will usually write f : E — E’ to denote a vector bundle morphism.
Let (E,m,M,F) be a vector bundle, and f : N — M a CP map. Then

(f*(E), f*(m), N, F) is a vector bundle called the pull back of E along f, and the
pair (f,7*(f)) is a vector bundle morphism.

fr) L E
fr(m) m
N — M

f

An important vector bundle is the tangent bundle of a manifold. Let M be a
manifold of class CP with p > 1. Let T'M be the disjoint union of the vector spaces
T, M from 3.9. Let 7 : TM — M map T, M to x, and set F' = B the modeling
space of M. Take an atlas (U;,u;) of M. From the definition of tangent vectors as
triples (U;, u;, X;) we immediately get a bijection

Ti : 7T_l([ji) = TUZ — Uz xX F



which commutes with the projection on U;, that is such that

UiXF

is commutative. Furthermore, if we set for any two charts (U;,u;) and (U;,u,)

~1 then we obtain transition mappings

Uij = UjU;

Tji = TjTZ-_l : UZ([]Z ﬂUj) x F — UJ(UZ ﬂU]’) x F

by the formula
7ji(2, X) = (uji(x), Duji(z) - X)

for x € U; NU; and X € F. Since the derivative Duj; is of class CP~! and is an
isomorphism at z, we find all conditions for a vector bundle satisfied. Therefore,
TM is a vector bundle of class CP~1.

Given a C? map f : M — N, we can define T'f : TM — TN to be simply
T, f on each fiber T, M. It is easy to check that T'f is a vector bundle morphism
TM — TN of class CP~! called the tangent map of f. Locally, the map is given as
Tf(a, X) = (f(z), Df () - X),

Another useful definition follows: A mapping f : E — E’ between vector bundles
(E,m,M,F) and (E',7',M,F’) is called fiber preserving, if f(7=1(z)) C @' '(z)
for all z € M.

3.13. Sections of bundles, vector fields. Let M be a CP manifold, and take a
C? vector bundle (M, E,w, F) over M (¢ < p). A C" section of E (r <q)isa C"
map & : M — E with mo & = Idps. The set of all such sections will be denoted by
C"(E).

If E = TM such a section ¢ of class CP~! will be called a (time-independent)
vector field on M. The set of all vector fields on M will be denoted by X(M).

Like in the finite dimensional case, some constructions can be applied to vector
bundles, but more care has to be taken with the topology: Ve W, Vo W, V* =
L(V,R), and A"V can e.g. be constructed. Sections of tensor products of TE and
TE* are also called tensor fields.

3.14. The existence theorem for differential equations. There is an existence
theorem for the flow of vector fields similar to the finite dimensional case. Since we
will only need the existence of local flows, only that result will be mentioned.

Let f:JxU — E be a C? mapping (p > 0), 0 € J an open interval in R and
U C F open (i.e. the local representation of a time-dependent vector field).

For a point zg € U, an integral curve for f with initial condition x¢ is a mapping
of class C" (r > 1)

a:Jyg—U
a(0) =z
o' (t) = f(t,a(t)),
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where 0 € Jy is an open subinterval of J.
A local flow for f at x( is a mapping

(67 JO X U() — U
a(t) = alt, x),

where 0 € Jy is an open subinterval of J, and xy € Uy C U is an open subset, and
o is an integral curve for f with initial condition x.

Having these definitions in mind, we find the following results, similar to the
finite dimensional case.

Proposition. In the situation above, let 0 < a < 1 be a real number such that
Bza(xo) lies in U. Assume that f is a continuous map bounded by a constant
L >1 onJxU and satisfies a Lipschitz condition on U, uniformly with respect to
J, with constant K > 1. If b < %, then for each x € B, (o) there exists a unique
local flow

a: (=b,b) X By(zg) — U.

If f is of class CP, so is each integral curve . o
The local flow « is continuous, and the map x — oy of Ba(xg) into the space of
curves satisfies a Lipschitz condition.

If we take f CP with p > 1 then we get stronger results.

Theorem. Let f be a (local) vector field on U of class CP (p > 1), and let xg € U.

Then there exists a unique local flow for f at xg. We can select a (mazimal)
open subinterval Jy of J containing 0 and an open subset Uy of U containing x,
such that the unique local flow

a:JgxUy—U
is of class CP, and such that Oc«v satisfies the differential equation
0102a(t, x) = Do f(t, a(t, x))O2cx(t, x)
oanO x Uy with initial condition 02c(0,x) = Id. Usually, o will then be denoted by
F1’.

Proof. The proof can e.g. be found in [Lang 1995, IV.§1]. It depends heavily on
the Shrinking Lemma, and on the Banach space norm.

3.15. Corollary. Let U, V be open sets in Banach spaces E, F respectively. Let
J be an open interval of R containing 0, and let g : J X U xV — F be a C" map
(r > 1). Let (ug,vg) be a point in U x V. Then there exist open balls Jo, Uy, Vo
centered at 0, ug, vg respectively, and a unique map of class C" h: JyxUygxVy — V
such that h(0,u,v) = v and

O h(t,u,v) = g(t,u, h(t,u,v))
for all (t,u,v) € Jy x Uy x V.

Proof. This follows from the existence and uniqueness of the local flow of the vector
fieldon U xV G:JxUxV — E x F given by G(t,u,v) = (0, g(t,u,v)). Then
h(t,u,v) = pry o F1°(t, u,v). O



3.16. Corollary. The function h from Corollary 3.15 satisfies the equation
6182h(t7 u, ’U) L= 829(ta u, h(ta u, U)) T+ a3g(t7 u, h(ta u, /U)) ’ 62h(t7 u, U) Y

forallz € E.
Proof. This is just calculation, using the result above. [

3.17. Corollary. Let J be an open interval of R containing 0 and take U G F.
Let f:JxU — FE be a continuous map, which is Lipschitz on U uniformly for
every compact subinterval of J. Let to € J and let o1, ps be two C' maps such

that p1(to) = wa2(to) and satisfying the relation

@i(t) = f(t, @i(t))

for allt € J. Then ¢1(t) = pa(t).

Proof. This follows directly from the existence and uniqueness result for differential
equations. [

3.18. Integrable subbundles. Let V' be a tangent subbundle over M. We say
V' is integrable at a point x( if there exists a submanifold N of M containing xg
such that the tangent map of the inclusion ¢ : N — M induces a vector bundle
isomorphism of T'N with the subbundle V restricted to N. Equivalent is, for each
y € N the tangent map Tyj : TyN — T, M induces a top-linear isomorphism of
Ty, N onto V.

We say that V is integrable if it is integrable at every point.

3.19. Frobenius’ Theorem. Let M be a Banach manifold of class CP for p > 2
and let S be a subbundle of TM. Then S is integrable if and only if S is involutive

(i.e. for each point z € M and vector fields X, Y defined on an open neighborhood
of z which lie in V', the bracket [X,Y] also lies in S ).

Proof. The part integrable = involutive follows just by the functoriality of vector
fields and their relations under tangent maps. The converse is the difficult direction.

The proof will be carried out locally. We first try to find a suitable description
of the bundle S in local terms.

Take z € M. We can then find a product decomposition of an open neighborhood
W of z, say U x V, open subsets of Banach spaces E and F', respectively, such
that the point has coordinates (ug,vp) and such that S|y can be written as the
image of an injective vector bundle map f : U x V x E — U xV x E x F with
f(uo,v9) : E — E x F is the canonical embedding £ — E x {0}. Without loss of
generality we may assume that pry of (u,v) = Idg for all (u,v) € U x V. Thus we
may describe f by a CP~! mapping (also called) f: U x V — L(E, F).

Further note that a subbundle S of T'M is integrable at a point z € M if and only
if there exists an open neighborhood W of z and a diffeomorphism ¢ : U x V — W
of a product of open subsets of Banach spaces onto W such that the composition

TH(UxV)—=TUXxV) T¢ TW is a bundle isomorphism onto S|y, where T7 (U x V)
is the subbundle of T'(U x V') whose fibers are T,,U x0 C T, U xT,,V = T(, ,,(Ux V),
relU,yeV.
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Now take the local representations of a vector field X over W = U x V. Then
X € S|w if and only if Xo(u,v) = f(u,v) - X1(u,v), where X; and X» are the
projections of X to E and F' respectively. In other words, iff X is of the form
X (u,v) = (X1(u,v), f(u,v).Xo(u,v)), for some CP~t map X; : U x V — E. If X,
Y are vector fields of this type, then [X,Y] € S|w if and only if

Df-X-Y1=Df-Y - Xq,
which can be calculated from the local representation of [ , ]. Having expressed

all data locally, the following result remains to be shown.

Proposition. Let U, V' be open subsets of Banach spaces E, F' respectively. Let
f:UXxV — L(E,F) be a C" map (r > 1). Assume that if X1,Y1 : U XV — E
are two C" maps and that

Df-(X1,f-X1)-Yi=Df- (Y1, f-Y1) - X1.

Let (ug,vo) € U x V. Then there exist open neighborhoods Uy C U, Vo C V' of o,
vo respectively, and a unique C™ map o : Uy x Vo — V' such that

81a<u7v) = f(ua O‘(ua U)),

and a(ug,v) = v for all (u,v) € Uy x Vp.

Proof. By acting by a translation we can without loss of generality assume that
(ug,v9) = (0,0) € E x F. Now set g(t,u,v) = f(tu,v)-u. u € B:(0) C U a
small ball in E. Then by Corollary 3.15 we obtain h : Jy X Eg X Vi — V with
initial condition h(0,u,v) = v for all u € Ey, satisfying the differential equation
O1h(t,u,v) = f(tu, h(t,u,v)) - u. Changing variables by ¢ = at’ and u = a~'u’ for
a small a > 0, we can assume that 1 € Jy, provided FE is small enough.

Set a(u,v) = h(1,u,v). Then we have to calculate d2h(t,u,v). From Corollary
3.16 we obtain for any vector x € F,

O1O2h(t,u,v) - x = t0 f(tu, h(t,u,v)) - x - u+
+ 02 f (tu, h(t,u,v)) - Ooh(t,u,v) -z - u+ f(tu, h(t,u,v)) - x.

Now let k(t) = O2h(t,u,v) - x — tf(tu, h(t,u,v)) - . Then k(0) = 0, and using the
local version of the integrability for the fields u and =, we get

DEk(t) = 02 f (tu, h(t,u,v)) - k(t) - u.
By Corollary 3.17 we know that k(t) = 0 is the unique solution. Thus
O h(t,u,v) = tf(tu, h(t,u,v)),

and hence

Oha(u,v) = f(u,a(u,v)).
0J



Having this result, we can set ¢ : Uy X Vo — U x V as p(u,v) = (u, a(u,v)).

Then
Id 0
De(uo, vo) = (f(u()aUO) Id) ’

which, obviously, is a top-linear isomorphism. Thus by the inverse mapping theorem
3.6 ¢ is a local diffeomorphism at (ug,vo). Furthermore, for (z,y) € E x F' we have

61@(“‘7 U) ’ (xvy) = (':Ea 8104(u, U) ’ CE) = (:L'7 f(ua a(u, U)) ' 33'),
which shows that the bundle is integrable. [

3.20. Corollary. Let M be a Banach manifold, S an involutive subbundle of T X .
Then for any x € M, there is a neighborhood W of x and a diffeomorphism ¢ :
UxV — W (U, V open neighborhood in Banach spaces) such that ¢(0,0) = z,

and the composition Ty (U x V') — T(U x V) S TW is a bundle isomorphism onto
Slw, where Ty (U x V) is the subbundle of T(U x V') whose fibers are T,U x 0 C
T.UXT,WV =Tu yUxV),zeU,yecV.

Proof. This is just a reformulation of the local version of V' being integrable.

3.21. Sobolev spaces. These important spaces have been developed in [Sobolev
1936]. Lets start with the space L*(R™,C") of all Lebesgue square integrable
functions. This space is, as is well known, a Hilbert space with the inner product

(f,9)0:= /(f(:v),g(:z:)>dx.

Definition. The space of rapidly decreasing functions S(R",C") is the vector
space of all C">°—functions f : R™ — C", which satisfy that for every multiindex «
and every p € Ny exists a cop > 0 such that for all x € R"

[z|[P|1D* f(@)]| < cap-
Obviously, S(R™,C") C L*(R™,R").
For all f € S(R™,C™) we define the Fourier transformation Fy as

(Fof)(x) = (2m)" % / D) f(y) dy.

Having this, we get the well known result

Proposition. FyS(R™,C") C S(R™,C"), and for every f € S(R™,C") and every
multiindex o

DFyf = (—1)*FoMyf,  MuoFof = FoD°f,
where (Mo f)(z) = x®f(x) componentwise.
Fy is a bijective linear mapping of S(R™,C™) onto itself and
(F5g)(a) = (2m) % [ e g(y) dy.

Furthermore, (Fof)(x) = (Fy ' f)(—x) for all f € S(R™,C") and Fy =1d.

The following describes the extension of Fy to L?(R™,C"), which is well known,
also.



Theorem. Fy and FO_1 preserve the L?-norm, and there exist unique extensions
F, F of Fy and Fo_l, respectively, as bounded unitary operators on L*(R™,C"),
and F = F* = F~1, F* =1d. The operator F is called Fourier transformation on
L?(R™,C").

Furthermore, the following are equivalent

(1) Ff-Fge L*>(R™,C"),

(2) F'f-F-lge L3R C"),

(3) fxge€L*R™,C"),
and in that case f x g = F~Y(Ff-Fg).

Definition. In the following set for x € R™
ks(z) = (1+||z]|*)*
and
L2(R™,C") = {f € LXR™,C™) |k, € L3(R™,C")}.
L2(R™,C") is a dense subspace of L?(R™,C").

() = [ Fa)go)ha)? do

for f,g € L2(R™,C"™) defines an inner product on L2(R™,C™). This inner product
makes L?(R™,C") to a separable Hilbert space, isomorphic to L?(R™,C") by U, :
fkef : LA(R™,C™) — L?(R™,C").

The Sobolev space of order s is defined by

H¥(R™ C") := {f € L*(R™,C")|Ff € L>(R™,C")} = F~'L3(R™,C").
H*(R™,C") is a dense subspace of L?(R™,C"). It is a separable Hilbert space by
defining for f,g € H*(R™,C")

(f:9)s = (Ff, Fg)s)
[flls := V{5 f)s-
Obviously, H*(R™,C") = L?(R™,C").
The functions in H*(R™,C") are in a weak sense differentiable:

Theorem.

(1) Let s 2 1, wj = (61, 05m), (M;g)(x) = x;9(x) and fj(x) = f(z+ew;)
for j =1,2,...,m, and ¢;; denotes the Kronecker 6 symbol. Then for all
fe H¥(R™,C") and j =1,2,...,m

.1 _
li —(f;c — f) = FIM;F Y.
in the L?>-sense. Is f € S(R™,C"), then the limit coincides with D f
with « = (6;1,...,0jm). We write D*f for this limit in any case, even if

f ¢ SR™ C).



(2) If a is a multiindex with |o| < s, then the derivative D*f can be calculated
iteratively. The order of differentiation can be exchanged.
(3) If s € Ny, then || f||s is equivalent to the norms

Ifllso= | > IID*f|
jal<s

[fllsa = \/||f||§+ > IDefi.

loe|=s

(4) For all g € HII(R™, C") is (D" f, g)o = (f, D)
(5) The function D*f € L2(R™,C") is uniquely determined by

<Daf7.g>0 - <f7Dag>0

for all g € CZ°(R™,C"™), the space of all functions R™ — C™ of compact

support.
(6) For s > 0 are C§°(R™,C™) Cc S(R™,C") and C3*(R™,R™) C H*(R™,C")
dense subspaces with respect to the norm || ||s.

Definition. The spaces L?(R™,R"), L2(R™,R"), and H*(R™,R") shall be just
the subspaces of almost everywhere real valued functions of the spaces L?(R™, C"),
L2(R™,C"), and H*(R™,C"), respectively. The results above are true for the
spaces of real valued functions, also.

The result, which is one of the reasons for the importance of Sobolev spaces is
the

3.22. Sobolev Lemma. Let s > k + %, then the inclusions H*(R™,C") C

CE(R™,C") and H*(R™,R") C C*(R™,R") are continuous linear maps.
Proof. in [Sobolev 1938].

Analogously, we define the spaces H*(U,R™) for open subsets U of R™.
Next we will prove some useful results, which we will need in the next sections.

3.23. Lemma. Let D" denote the open unit ball in R™, and let f : D, — D,, and
g: D, — RF be H*-maps (s > 5 +1) such that D f has everywhere mazimal rank.

Then go f € H*(D,,R¥), and the map (f,g) — go f is jointly continuous near
(f,9), as a map o : H*(Dy,, D,,) x H*(D,,,R*) — H*(D,,, R¥).

Proof. Recall that by the Sobolev Lemma 3.22 H*(D,,D,) C CY(D,,D,) is
continuous. By induction, we will prove that o : H*(D,,D,) x H"(D,,RF) —
HT"(D,,,R*) is continuous.

For & = 0 we check [, lgo fI% But [, llgo fI” = [y, lol*1/1det(7(1)
with J(f) the Jacobian of f. Since D,, is compact, J(f) is bounded away from zero.
Therefore, o(H*(D,,, D,,) x HY(D,,,R¥)) c HY(D,,,R¥). Take ¢ > 0, f’ such that
Ip Ilf = F'll < e/(4maxzep, || Dxgl|?) (this is possible since the L' norm is weaker



than the H® norm) and (fDn lg—d'l)? < e/(dmax,ep, {1/|det(J(f"))(x)|}). Fur-
ther choose ¢ such that max,ep, {1/| det(J(f))(z)],1/| det(J(f"))(z)|} < /49, and
pick g € C>°(D,,,R¥) so that Jp. 119 = gl < é. Then we compute

/Hgof—g’of’HQS/ Hg<>f—g°°0fH2+/ 197 0 f — g% o f'[2+
D,, D,

n

00 o F oo f2 o ' — o o |2
+/Dn||g F—gof +/Dn|\gf g of
[e'e) 2 1 2 /
< [ 19 o e+ e IDsol® [ 17 = £
ST R S T S
*/Dn o™ =l |det<J<f'>>|+/Dn lo =9l raeeamy

<S4+ 4 <
4 4 4 4 ’
which proves the continuity of o : H*(D,,, D,,) x H°(D,,,R*) — H°(D,,,R¥).
For the inductive step we will need the following

3.24. Lemma. Let [ > 5, k < [. Let B be any bilinear map B : RP x R? —

R”. Then B : H'(B,,R?) x H*(B,,RY) — H*(D,,,R") defined by B(f,g)(x) =

B(f(x),g(x)) is a continuous bilinear map.
Proof. In [Palais 1968, 9.13] O

Next we assume the lemma for H®* x H" — H" for r < s. We then prove it for
H®* x H™+ — H™1 Since go f € H™1(D,,,R¥) if D(go f) € H"(D,, L(R",RF))
we compute D(go f) = (Dgo f)- Df. But Dg € H"(D,, L(R",R¥)), thus
Dgo f € H"(D,, L(R",R¥)) by the induction assumption. Furthermore, Df €
H* (D, L(R",R")), and s—1 > r, so we find that by Lemma 3.24, (Dgo f)-Df €
H"(D,, L(R",R¥)).

Take (f’,g') near (f,g) in H*(D,,, D,,) x H™*1(D,,R¥). Then (f’, Dg’) is near
(f,Dg) in H*(D,,D,) x H"(D,, L(R",R¥)), so Dgo f is near Dg’ o f’ by the
induction assumption. Also Df’ is near Df in H*"(D,,, L(R™,R™)). Since we
haver <s—1,s—1> %, (Dg'of')-Df"is near (Dgo f)-Df in H"(D,, L(R",R¥))
by Lemma 3.24. [

3.25. Sobolev completions of spaces of vector bundle sections. To over-
come certain difficulties which arise while working with manifolds modeled on
Fréchet spaces (or on general convenient spaces (see section 4)), we construct Hilbert
manifold completions of these spaces in the following way.

For any vector bundle V over M construct the s-th jet bundle J*(V'), and endow
J#(V') with an inner product ( , ),. Taking any volume form dvol on M, we get
an inner product ( , )5 on C*°(J5(V)), the space of smooth J*(V)-sections by

(a,b)s := /M<a, b)sdvol .

Since there exists the natural map j*: C®°(V) — C>®(J*(V)), ( , )s defines an
inner product on C*°(V'), also.



Define H* (V') as the Hilbert space completion of C*° (V') with respect to ( , )s.
Taking other choices for dvol and ( , ) changes the inner product, but any two
such constructed inner products are equivalent.

3.26. Lemma (Sobolev Lemma). Let s > k + 5 dim(M), then the inclusion
Hs (V) C C*(V) is a continuous linear map.

Proof. See [Palais 1965], but follows essentially from the Sobolev Lemma 3.22.

3.27. Theorem. If V and W are vector bundles over M and f : V — W s
a smooth fiber preserving map, then for s > %dim(M), the map f : H5(M,V) —
H*(M, W) defined by f(o) = foa is smooth, and its derivatives satisfy the formula
DEF(w1, o 2)(p) = DYy F@1(0)s - 2 (p)), with p € M.

Proof. In [Palais 1968, 11.3]. O

3.28. Differential operators. Let V and W be vector bundles over M, and let
D : C®(V) — C>(W) be a k-th order differential operator. Let V and W have
smooth inner products ( , )y and( , )w, respectively, and let vol be a smooth
volume form on M so that H°(V) and H°(W) have explicit inner products.

A k-th order differential operator D* : C°(W) — C>°(V) is called an adjoint
of D if for all v € C=®(V), w € C®(W), [,,(Dv,w)wdvol = [, (v, D*w)ydvol.
Every operator D has a unique adjoint.

For any x € M, and £ € T}, the symbol of D at &, o¢(D) is a linear map
V., — W,. It can be shown that

Ug(Dlng) :Ug(Dl)Oag(Dg), and O’g(D*) :U£<D)*,

where o¢(D)* : W, — V, is the adjoint of o¢(D) (with respect to the given inner
products on V, and W,).

We say that D has injective symbol if o¢(D) is an injective map for all £ # 0,
and we call D elliptic, if o¢(D) is an isomorphism for £ # 0.

The equations above show that D* o D is elliptic if and only if D has injective
symbol.

Any k-th order operator D extends uniquely from a map C*°(V) — C*(W) to
a continuous linear map Dy : H*(V) — H*F(W).

3.29. Proposition. If D is a k-th order elliptic operator from V to W. Then

(1) ker D = ker Dy is a finite dimensional subspace of C*(V'), and similarly
ker D* = ker D¥ is a finite dimensional subspace of C*°(W).
(2) H*=*(W) = im D, ® ker D*, in particular im D* is closed in H*~*(W).

Proof. The proof can be found in [Palais 1965, pp.178-179]. O

3.30. Proposition. If D has injective symbol then
(1) H5®(V) =im(D* o D)4y + ker D* o D.
(2) ker D* o D =ker D and im(D* o D)syj = im D}.
(3) im Dgyy, is closed in H*(W), and H*(W) = im D4y @ ker D¥.
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Proof. (1) follows from 3.29(2) and the fact that D* o D is selfadjoint.
(2): Let {( , )v,o be the inner product on H°(V) and {( , )w,o be the one on
HO(W). Of course, ker(D* o D) D ker D. Also if D*Dv = 0, 0 = (D*Dv,v)y, =
(Dv, Dv)w,, so Dv = 0. Therefore ker D* o D = ker D. Furthermore, im(D* o
D)syr Cim D}, since (D* o D)gy, = DE o Dgyy. By (1) it has only to be shown
that im D Nker D*o D = {0} or that im D¥Nker D = {0}. If Dv = 0 and v = D*w
then Do D*w =0, s0 0 = (Do D*w,w)w, = (D*w, D*w)y,, and so v = D*w = 0,
which in turn implies (2).
(3): Since ker D? is closed by Lemma 3.3 we need only show that H*(W) =
im Dgy, @ ker D7 is true in the algebraic sense.

Let w € H*(W) such that Dfw = 0 and w = Dgypv. Then 0 = (D} o
Dgiiv,v)E0 = (Dsyrv, Dsik) F0, 80 w = 0. Therefore, im D14 Nker D} = {0}.

DI(H*(W)) = Dy o Dy (H***(V)) by (2), H*(W) = Dy~ (D;(H,(W)), and
thus

H*(W) = D Y(D? o Dy 1 (H**(V))) = ker D} +im Dy}

This implies (3). O






4. SMOOTH INFINITE DIMENSIONAL MANIFOLDS

Throughout this and the following chapters, I will use the term smooth manifold
in the sense of [Kriegl, Michor 1997]. I will use the notion of Frolicher-Kriegl
calculus and of convenient vector spaces.

I will not define more than the most basic facts of the Frolicher—Kriegl calculus,
since that would exceed the goal of this thesis. However, the most important results
can be found in [Frolicher, Kriegl 1988] or [Kriegl, Michor 1997]. Most of the results,
which are presented in this chapter are taken from [Kolér et al. 1993], [Michor 1988],
[Michor 1991], and [Kriegl, Michor 1997].

First we will define a suitable generalization of Fréchet spaces which will fit
extraodinary well in a category theoretical way to infinite dimensional calculus.
These spaces will later serve for the local models of manifolds.

4.1. Definition. Let F be a locally convex vector space. A curve ¢ : R — E will
be called differentiable if the derivative ¢’(t) = limj_o 3 (c(t + h) — c(t)) at ¢ exists
for all ¢. A curve c is called smooth (or C*°) if all iterated derivatives exist. The
set of all smooth curves will be denoted by C*°(R, E). It will be equipped with
the bornologification of the topology of uniform convergence on compact sets, in all
derivatives separately. (Note: Smoothness is not primarily a topological concept,
but rather a concept of bounded sets, hence a bornological concept. Therefore, the
bornologification.)

A sequence {z,} in E is called Mackey—convergent to x if there exists a positive
sequence {p, } in R with px, — 0 and H%(xn — x) is bounded.

The ¢>* —topology on a locally convex vector space is the final topology with re-
spect to all smooth curves R — E. (Note: The ¢*—topology is in general not a
vector space topology on E. However, the finest locally convex topology coarser
than the c*—topology is the bornologification of the original locally convex topol-
ogy.)

A locally convex vector space E is called convenient (or ¢>°—complete) if one
of the following equivalent conditions is satisfied. (There are more equivalent con-
ditions than these, which can be found together with the proof of equivalence in
[Kriegl, Michor 1997, Theorem 1.22].)

(1) Any Mackey-Cauchy sequence converges (i.e. E' is Mackey—complete).

(2) E is c™—closed in any locally convex space.

(3) For any smooth curve ¢; € C*(R, E) there exists a curve co € C®(R, E)
with ¢, = ¢; (i.e. the existence of an antiderivative).

(4) If c: R — E is a curve such that o c: R — R is smooth for all ¢ € E*,
then c is smooth.

4.2. Theorem. The following constructions preserve ¢ —completeness:

1) limits,

2) direct sums,

) strict inductive limits of sequences of closed embeddings,

) formation of £>°(X, ), where X is a set together with a family B of subsets
of X containing the finite ones, which are called bounded, and (> (X, F)

(
(
(3
(4



denotes the space of all functions f : X — F bounded on all B € B,
supplied with the topology of uniform convergence on the sets in ‘B.

Proof. See [Kriegl, Michor 1997, Theorem 1.23].

4.3. Definition. A mapping f : F O U — F between convenient spaces, defined
on a c¢*—open subset U of E is called smooth (C*°) if it maps smooth curves in U
to smooth curves in F'.

By C*(U, F) we will denote the space of all smooth maps U — F. This space
is locally convex, with pointwise linear structure and the bornologification of the
initial topology with respect to all mappings ¢* : C*°(U, F) — C>®(R, F) for ¢ €
C*(R,U). Then C*(U, F) is a convenient vector space.

4.4. Proposition. A (multi)linear map f : E1 X --- X E,, — F, where E;, F are
convenient spaces, is smooth if and only if f is bounded.

We equip the space L(E1,...,Ey; F) of all such maps with the topology of uni-
form convergence on bounded sets. Then L(FEn,...,E,;F) is a closed linear sub-
space of C°(Ey X -+ X E,, F'), hence convenient.

There are natural bornological isomorphisms

L(E177EH7F) = L(Ela'"7El;L(El+17"'7En;F))'

This is called the exponential law for the linear maps.
Proof. See [Kriegl, Michor 1997, Propostion 3.2]

4.5. Theorem (Cartesian closedness). The category of convenient vector spaces
and smooth mappings is cartesian closed. So there is natural bijection

C*(Ex F,G)~C>*E,C®(F,Q)).
Furthermore, the following canonical mappings are smooth.

ev:C®(E,F)x E—F, ev(f,z)=f(x)
ins: E— C(F,E x F), ins(z)(y) = (x,y)
( ) :C®(E,C>®(F,G)) - C*(E x F,Q)
( )W:C®EXF,G) —C>®E,C®F,Q)
comp : C*(F,G) x C*(E,F) — C*(E,G), comp(f,g)(z)= f(g(x))
C®( , ):C®(F,F')xC®(FE E)— C>®(C®E,F),C*(E F)
(f;9) = (h— fohog)

I1:[[c=E.F) — =] &. ][ F)

Proof. See [Kriegl, Michor 1997, 1.36]

The following lemma provides strong means for proving many results in the
Frolicher—Kriegl calculus.
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4.6. Lemma. Uniform boundedness principle. Let E be a locally convex
vector space and let S be a point seperating set of bounded linear mappings with
common domain E. Then the following conditions are equivalent.

(1) If F is a c®—complete locally convex vector space and f : F — E is linear
and X o f is bounded for all A € S, then f is bounded.

(2) If {b,} is an unbounded sequence in E with A(b,) bounded for all X € S,
then there is some {t,} € ' such that >_ t,b, does not converge in E for
the initial locally convex topology induced by S.

We then say that E satisfies the uniform S-boundedness principle if these conditions
are satisfied.

A convenient vector space E satisfies the uniform S-boundedness principle for
each point separating set S of bounded linear mappings on E if and only if there
exists no strictly weaker ultrabornological topology than the bornological topology of
E.

The space C°(U, E) satisfies the uniform boundedness principle for the set S :=
{ev, 1z € U}.

Proof. See [Kriegl, Michor 1997, 3.21-3.25]

The importance of the Frolicher—Kriegl calculus is also due to the fact that the
function spaces in finite dimensions are all convenient vector spaces.

4.7. Proposition. Let M be a smooth finite-dimensional paracompact manifold.
Then the space C°(M,R) of all smooth functions on M is a convenient vector
space and satisfies the uniform boundedness principle for the point evaluations.
The structure is e.g. given by the following description: The initial structure with
respect to the cone

C*(M,R) == C*(R,R)
for all ¢* € C*(R, M).

Proof. Other equivalent descriptions and the proof can be found in [Kriegl, Michor
1997, 3.31].

By considering smooth spaces, which are the category theoretical basis of the
smooth calculus, many results can be proved by using the Cartesian closedness.
However, one cannot differentiate in smooth spaces, so I will not show the devel-
opment of the theory here, and rather give a cite: [Kriegl, Michor 1997, section
4].

A very important notion, as always in the theory of manifolds, is the existence
of smooth partitions of unity, since they are the only known means of gluing local
results together to yield global results.

4.8. Definition. A convenient vector space is said to be smoothly normal if for any
two closed disjoint subsets Aj, Ao C X there is a smooth function f with f|4, =0
and fla, = 1.
It is called smoothly paracompact if it is paracompact and smoothly normal.
Then the vector space admits smooth bump functions (i.e. for any neighborhood
U of x there exists a smooth function f such that f(x) = 1 and the carrier carr(f) C

v).



Note: A nuclear convenient space admits smooth bump functions.

4.9. Definition. A chart (U, u) on a set M is a bijection u : U — u(U) C Ey from
a subset U C M onto a c*°—open subset of a convenient vector space Ey. For two
charts (Uy, uq) and (Ug,ug) on M the mapping uag 1= uq 0 ug : ug(Uy NUg) —
ua(Ua NUp) is called the chart changing.

A family (Uy,uq)aca of charts is called an atlas of M, if {U,} is a covering of
M and all chart changings are defined on ¢*°—open subsets. Such an atlas is called
C*° if all chart changings are smooth. Two C°°—-atlases are called C*°—equivalent
if their union is again a C'"*°—atlas. An equivalence class of C*°—atlases is called a
C°—structureon M. A set M together with a C'>°—structure is called C'°*°~manifold.

A mapping f : M — N between manifolds is called smooth if for each x € M
and each chart (V,v) on N with f(z) € V there is a chart (U,u) in M with z € U,
f(U) C V, such that vo fou~! is smooth. This is the case if and only if f o c is
smooth for each smooth curve ¢: R — M.

We will denote by C*° (M, N) the space of all smooth mappings f: M — N. A
smooth bijective mapping f : M — N is called a diffeomorphism if f~! is smooth
also.

The natural topology on a C*°—manifold M is the identification topology with
respect to some C*-atlas (Uy,uq)aca, where W C M is open if and only if
U (U N W) is ¢*—open in Ey, for all a.

M is called smoothly Hausdorff if the smooth functions in C'*°(M, R) separate
points in M.

A C°°—manifold M will be called a smooth manifold if it is smoothly Hausdorff
and pure (i.e. the isomorphism type of the modeling spaces E,,, which is constant
on each connected component of M, is constant on M). If a smooth manifold,
which is smoothly paracompact, is modeled on a convenient vector space which is
smoothly normal then M admits smooth partitions of unity.

N C M is called a submanifold, if for each x € N there is a chart (U,u) of
M such that u(U N N) = u(U) N Fy, where Fyy is a closed linear subspace of the
convenient model space Ey. Of course, N is itself a manifold with (U NN, u|ynn)
as charts for all (U, u), which are as above.

A submanifold N is called splitting submanifold of M if there is a cover of N by
submanifold charts (U, u) as above such that the Fiy C Ey are complemented (i.e.
splitting) linear subspaces.

4.10. Tangent bundles. In finite dimensions, and up to Banach manifolds, the
two descriptions of the tangent spaces as spaces of tangent vectors, and on the
other hand, as spaces of derivations, coincide. This is in general not the case for
manifolds modeled on convenient vector spaces. Therefore, we will spend some time
on the definition of the tangent bundles.

Let E be a convenient vector space, U an open subset of F, a € U. A kinematic
tangent vector with footpoint a is a pair (a, X) with X € E. Let the kinematic
tangent space T,U ~ E be the space of all kinematic tangent vectors with footpoint
a. Tt consists of all derivatives ¢/(0) at 0 of smooth curves ¢ : R — E with ¢(0) = a,
thus the name kinematic. Similar to the finite dimensional case, a kinematic tangent
vector induces a continuous derivation over ev,,.



An operational tangent vector with footpoint a is a bounded derivation 0 :
C>®(U,R) — R over ev,. Let the operational tangent space D,U be the space
of all such derivations. It can be equipped with a convenient vector space struc-
ture, and for all a € U these spaces are isomorphic. DU := J .y DaU.

However, usually T,E and D,FE are not isomorphic! For more information see
[Kriegl, Michor 1997, 19.6]

We can then define the kinematic and operational tangent bundles as quotient
sets with respect to an equivalence relation. Let us start with an atlas for the
manifold M (Uy,uq : Uy — Eo)aca. Then we define manifolds

TM := (U UaanX{a}>/~,
acA

(2,0,0) ~ (w0, B) <= @ =y A d{uas)(us(x))w = v

with charts (TUy, Ty ), where TU, = 7, (Us) (72 being the footpoint projection)
and Tuy([x,v,a]) = (us(z),v), and

DM := <U D(uq(Uy)) X {a}>/~,

(9,0) ~ (9/,8) = Dl(uap)d =9

with charts (DU, Du,,), where DU, = 73} (Uy,) and Du, ([0, a]) = 0. There is an
embedding TM — DM.

As expected, a smooth mapping f : M — N induces smooth mappings T'f :
TM — TN and Df : DM — DN, which are fiber linear, and T f is the restriction
of Df to TM.

4.11. Vector bundles. Let p: E — M be a smooth mapping between manifolds.
A wvector bundle chart on (E,p, M) is a pair (U,1), where U is an open subset of
M, and v is a fiber respecting diffeomorphism as in the following diagram:

X‘ pry

U

Ely :==p *(U) UxV

V' is a convenient vector space, called the standard fiber. Two vector bundle charts
(Ua, ¥o) and (Ug, 1) are called compatible, if 1/)aoq/)§1 is a fiber linear isomorphism,
i.e. (waowgl)(x,v) = (z,Yqp(x)v) for some mapping Y5 : UsNUg — GL(V'). This
mapping is then unique and smooth into L(V, V') and is called transition function.

A wvector bundle atlas is a collection of pairwise compatible vector bundle charts
(U, ta)aca such that the U, are an open cover of M. Two vector bundle atlasses
are called equivalent if their union is again a vector bundle atlas.

A smooth vector bundle (E,p, M) consists of smooth manifolds E (the total
space), M (the base space), a smooth mapping p : E — M (the projection, which



turns out to be a surjective submersion), and an equivalence class of vector bundle
atlasses (the wvector bundle structure). Similar to the finite dimensional case, we
can describe vector bundles over M by the cocycle of transition functions, and the
isomorphism classes by cohomological means.

TM and DM are two important examples of vector bundles. Like in the finite
dimensional case, and in the Banach case, one can perform certain operations on
vector bundles. However, one has to take much more care in bornological and
topological questions. For two vector bundles (E,p, M) and (F, ¢, M) the following
constructions are, e.g., possible, yielding again vector bundles over M: A*E, EGF,
E*, AE := Dyen, A*E, EQF, L(E, F).

4.12. Sections of vector bundles. There is a unique structure of a convenient
vector space on each fiber E, of a vector bundle (E,p, M), induced by the vector
bundle charts. So 0, € E, is a special element, and 0 : M — E, 0(z) = 0, is a
smooth mapping, the zero section.

A section s of (E,p, M) is a smooth mapping s : M — F with pos = 1Id,;. The
space of all smooth sections of the bundle (F,p, M) is denoted by C*°(FE). It is a
vector space with fiberwise addition and scalar multiplication. It is equipped with
the structure of a convenient vector space given by the closed embedding

C*(E) = [[C*Ua,V)

§ = Pry oY © (s|u,,)

where (Uy, %4 ) is a vector bundle atlas. This structure is independent of the choice
of the atlas.

The space C*°(FE) satisfies the uniform boundedness principle with respect to
the point evaluations ev, : C*°(E) — E, for all z € M.

As usual the sections of the tangent bundles are called (here kinematic, and
operational respectively) vector fields on M.

4.13. Differential Forms. The definition of the tangent bundles has provided us
with a severe technical difficulty, but if we want to define differential forms, these
difficulties even increase.

The first problem is the definition of the cotangent spaces, since there are of
course also two of them: Take the covariant smooth functor, which takes the con-
venient vector space F to its dual E’. Applying this functor to the tangent bundles
TM and DM, we get the kinematic (1" M) and operational (D'M ) cotangent bun-
dles, respectively. By taking spaces of sections, we can define the kinematic and
operational 1-forms.

However, for the definition of higher order forms, we have to take deeper inves-
tigations. There are at least eight possible choices for the space of k-forms, which



coincide in the finite dimensional case.

C(AM(D'M)) C™ (LR (DM, M x R))
C>®(A*(T'M)) C>®(Lk, (TM, M x R))
AX Hom 4 (C*(DM), A) Hom* ! (C>(DM), A)

\ \

A Hom 4 (C™(TM), A) ———— Hom M (C(T'M), A)

where A := C*°(M,R) and A* denotes the bornological exterior product and A¥
the convenient module exterior product.

A careful examination in [Kriegl, Michor 1997] shows that the space with the
most fruitful features leads to the definition

QF (M) := C>(L%,,(TM, M x R)).

This space is isomorphic as convenient vector space to the closed linear subspace of
C®(TM Xxpp -+ xp TM,R) consisting of all fiberwise k-linear alternating smooth
functions. Using this definition, all the important mappings

d: QF(M) — QML (M)

i C®(TM) x QF (M) — QM)

L:C®(TM) x QF(M) — QF(M)

f*QF(M) — QF(N)
are smooth, and there is a working notion of De Rham cohomology. However, in
this thesis we will not be concerned with this.

4.14. The Frolicher—Nijenhuis Bracket. Now consider the graded commuta-

tive algebra
oo

QM) =Paran = @ o)

k>0 k=—o0

of differential forms on M, where QF(M) = 0 for k < 0. A graded derivation of
degree k on Q(M) is a bounded linear map D : Q(M) — Q(M) with D(QY(M)) C
QF(M) and

D(¢ Ay) = D(¢) A+ (=1)M¢ A D() for ¢ € Q'(M).

The space of all such derivations is called Dery Q(M). The space

Der Q(M) = @ Der; Q(M)
k



with the graded commutator [Di, D] = D; o Dy — (=1)***2Dy o Dy for D; €
Dery, Q(M) is a graded Lie algebra. The bracket is graded anticommutative and
satisfies the graded Jacobi identity

[D17 [D27D3]] = HD17D2]7D3] + (_1)klk2 [D27 [D17D3]]'
A derivation D € Der Q(M) is called algebraic if D|qoary = 0. Then D(f.¢) =
f-D(¢) for f € C*°(M,R) and ¢ € Q(M).

For the definition of the Frolicher—Nijenhuis bracket we will have to consider the
space of vector valued kinematic differential forms

QM;TM) = P QF(M; TM) = @ C= (LK, (TM; TM)).
k>0 k>0

For K € QF(M;TM) and L € Q'(M;TM) the formula

= s seno > [K(Xo1, .., Xon), L(Xo(ki1)s - - » Xohsn)]+
+ (_1)k <m Z sgn UL([Xala K(Xc727 s 7Xa(k+1))]7 Xa(k—l—Z)a s )_
1
— sy O S o LK ([Xo1, Xoa), Xo3, )y Xo(kya)s - ..)>+
+ (—1)l(k+1) (l'(kil—l)' Z sgn O'K([Xgl, L(XO—Q, N 7Xa(l—|—1))]> Xa(l+2)7 ce )—
— sy O e o K (L([Xo1, Xoo), Xoa, -+ )y X2, - ))

defines a graded anticommutative bracket, which satisfies the graded Jacobi iden-
tity, the Frolicher—Nijenhuis bracket. This makes Q(M;TM) to a graded Lie alge-
bra. In the above situation [K, L] € Q**{(M;TM) and

(LK), L(L)] = L([K, L]) € Der Q(M),

Id7 s is in the center, and the mapping £ : Q*(M; T M) — Der, Q(M) is an injective
homomorphism of graded Lie algebras.

4.15. f-relatedness of the Frolicher—Nijenhuis bracket. Let f: M — N be
a smooth mapping between manifolds. Two vector valued forms K € QF(M;TM)
and L € Q(M;TM) are called f-related (f-dependent), if for all X; € T, M

Tof 'Ly (Tof - X, Tnf - Xp) = Ko (X1, -+, Xi).

Theorem. If K; and L; are f-related for j = 1,2 then their Frolicher—Nijenhuis
brackets [Ky, K] and [Ly, La] are also f-related.
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4.16. Lie groups. A smooth manifold G is called a Lie group if there are smooth
mappings 4 : G x G — G and v : G — G, such that (G, pu,v) is a group with
multiplication p, inversion v, and unit element e. uq(b) = pu®(a) = p(a,b) =a-b

A kinematic vector field £ on G is called left invariant, if p:& =€ for all a € G,
where p*é = Tpg,—10€0u,. The vector space X1, (G) of all left invariant vector fields
on G is closed under the Lie bracket, so it is a sub Lie algebra of X(G). Since every
left invariant vector field ¢ is uniquely determined by £(e) € T.G ({(a) = Tepq-&(€)),
the Lie algebra of left invariant vector fields is linearly isomorphic to T.G. This
isomorphism induces on T.G a Lie algebra structure. This Lie algebra is called the
Lie algebra of G, and is denoted by Lie(G) or by g.

An important example of an infinite dimensional Lie group is the group Diff (M)
of diffeomorphisms of a compact finite dimensional manifold. Its Lie algebra is the
algebra of vector fields X(M).

Diff (M) is a regular Lie group, which is an extremely important subset of all
Lie groups. For more information on regular Lie groups see [Kriegl, Michor 1997,
section 29.

Now, we have mentioned the most important definitions and results of the
Frolicher—Kriegl calculus applied to differential geometry. In the following we will
concentrate on fiber bundles and the basis for the slice theorems we will consider
in the next section.

4.17. Definition. A fiber bundle (E,p, M,S) consists of smooth (here finite di-
mensional) manifolds E, M, S and a smooth mapping p : E — S. Moreover, each
x € M possesses an open neighborhood U, such that E|y := p~1(U) is diffeomor-
phic to U x S via a fiber respecting diffeomorphism.

E|U ¢ UxS

E is then called the total space, M the basis (or base space), and S the standard
fiber. (U,v), as above, is called a fiber chart; (Ua,%q), such that (U,) cover M
is a (fiber) bundle atlas. As for vector bundles there is a cocycle of transition
functions constructed as follows. For two charts (U,, ¥4) and (Ug, ug), we consider
the mapping

o o 7/}5_1(1" S) = (x’¢aﬁ(xvs))7

where o5 1 (Uap := Uy NUg) xS — S is smooth, and 4z(z, ) is a diffeomorphism
of S for each z € Uypg. Thus ¢qp : Uy — Diff(S). They again satisfy the cocycle
conditions for x € U, NUg N U,

¢aﬁ(x) o 7/},3’}/(1.) = ¢a’y (CE)
waa (:IZ‘) = Ids .

As usual, a cocycle of transition functions reproduces the fiber bundle. For the
notions presented here see [Michor 1988], [Michor 1991], and [Kolaf et al. 1993].



4.18. Lemma. Let M, N be finite dimensional manifolds, let p : N — M be
a proper surjective submersion (fibered manifold), and let M be connected. Then
(N,p, M, S) is a fiber bundle, where S is diffeomorphic to p~t(z) for an x € M.

Proof. We have to construct a fiber chart at each xg € M. Take (U, u) a chart cen-
tered at zg on M such that u(U) = R™. For each x € U let &, (y) := (Tyu) tu(z),
then & € X(U), depending smoothly on z € U, such that u(F15* u=1(z)) =
z 4+ tu(zx). Thus, each &, is a complete vector field on U. Since p is a proper
submersion, with the help of a partition of unity on p~!(U) we may construct vec-
tor fields 7, € X(p~1(U)) which depend smoothly on x € U and are p-related to
& : Tpmy = & o p. Therefore, p o F17* = F15” op and FI7* is fiber respecting, and
since each fiber is compact and &, is complete, 7, has a global flow, too. If we define
S = p~Ywxp) then ¢ : U x S — p~1(U), defined by ¢(z,y) = F1{*(y), is a fiber
respecting diffeomorphism, and thus (U, ¢) is a fiber chart. Since M is connected,
the fibers p~!(z) are all diffeomorphic. [J

4.19. Definition. Let (E,p, M,S) be a fiber bundle. We consider the fiber linear
mapping Tp : TE — T M and its kernel V E := ker T'p, the vertical bundle of E.

A vector valued 1-form ® € Q!(E; V E) which satisfies Po® = & and im® = VE
(a projection TE — V E) is called a connection on (E,p, M, S).

Since ker @ is of constant rank, ker ® is a subbundle of T'E, called the space of
horizontal vectors or horizontal bundle HE. (Of course, TE = VE & HE.)

Consider (T'p,mg) : TE — TM %y E. Then (Tp, mg) ! (0p(uy, u) = V, E. There-
fore, (Tp,7g)|up : HE — TM X 5 E is an injective, fiber linear mapping, and thus
a fiber linear isomorphism. C := [(Tp,7g)|ugp]™t : TM Xy E — HE — TE is
right inverse to (T'p, 7g), called the horizontal lift with respect to ®. The connection
between ® and C' is as follows,

(I)(Su) =&u — C(Tpfu,U) §u ETLE.
X :=Idpg —® = C o (Tp,mg) is called the horizontal projection.

4.20. Pullback bundle. Let (E,p, M,S) be a fiber bundle and f : N — M a
smooth mapping. Since p is a submersion, f and p are transversal. Thus the
pullback f*E of the fiber bundle F along f exists.

PE 21, g

e b

N — M
f
Proposition.
(1) (f*E, f*p,N,S) is again a fiber bundle and p* f is a fiberwise diffeomor-
phism.

(2) If ® € QY(E;TE) is a connection on E, then f*® defined by

(f*®)u(z) := Tu(p* f) " @.Tu(p* f). X
for X € T,E) is a connection on f*E. f*® and ® are p* f-dependend.



Proof. (1): If (Uqa,vq) is a fiber bundle atlas of (E,p, M, S), then the collection
(f~1(UL), (f*p,praothaop* f)) is obviously a fiber bundle atlas for (f*E, f*p, N, S),
by the formal universal properties of a pullback.

(2) is obvious. O

4.21. Remark. Parallel transport.

Let ® be a connection on the fiber bundle (E,p, M,S) and let ¢ : (a,b) — M be
a smooth curve with 0 € (a,b), ¢(0) = x. Then there exists a neighborhood U of
E, x {0} in E, x (a,b) and a smooth mapping Pt.: U — E, such that

(1) p(Pt(e,t,uy)) = c(t), if defined and Pt(c,0,u;) = uy.

(2) ®(L Pt(c,t,uy)) = Our), if defined.

(3) Reparametrization invariance: If f : (a’,b') — (a,b) is a smooth mapping
with 0 € (a’,b"), then Pt(c, f(t),u,) = Pt(co f,t,Pt(c, f(0),us)), where
defined.

(4) U is mazimal for (1) and (2).

(5) parallel transport is smooth as a mapping C(R, M) X (ev, rmp) £ X R D

U E, where U is its domain of definition.

4.22. Definition. Let (F,p, M, S) be a fiber bundle and (U,, 1, ) a fixed bundle
atlas. Then Frolicher-Kriegl calculus implies that C>°(Uyg, C*°(S, S)) C C®°(Uyp X
S, S) and equality if and only if S is compact. Therefore, we will restrict ourselves
to compact S from now on.

We define the non-linear frame bundle of (E,p, M, S) as

Diff{S, E} := | J Diff(S, E,)
zeM

together with the differentiable structure which is obtained if the functor Diff (S, )
is applied to the cocycle of transition functions (1,3). The cocycle for Diff{S, E'},
which is constructed in this procedure describes the structure of a smooth principal
fiber bundle (see [Michor 1991]) with structure group Diff(S). (The right action is
given by composition from the right.)

Since ev : Diff(S) x S — S is smooth, we may consider the associated bundle

Dift{S, E}[S, ev] = Diﬁ;f f’f;Es})X S

ev : Diff{S, E} x S — FE is invariant under the Diff(S) action and thus factorizes to
a smooth mapping Diff{S, E}[S,ev] — E as it is shown in the following diagram.

Diff{S,E} x S — el

Je H

E Diff{S, E}[S, ev]

is Diffeomorphism

Therefore, the name non-linear frame bundle is justified.



4.23. Lemma. Diff{S, E} is a smooth splitting submanifold of Emb(S, E), with
the obvious embedding.

4.24. Connections on Diff{S,E} and E. Let ® € Q'(E,TE) be a connection
on E. We want to lift it to a principal connection on Diff{S, E'}. If we use a result
of [Michor 1980], we get

TDiff{S,E} = U {f € C*(S,TE|g,) | Tpo f = one point in T, M
xeM

and g o f € Diff(S, Em)}

If we consider w(f) := T(rgo f) todof:8S - TE — VE — TS for f €
T Diff{S, E'}, then w(f) is a vector field and we get

Lemma. w € QY(Diff{S, E}; X(9)) is a principal connection, and the induced con-
nection on E = Diff{S, E}[S, ev] coincides with ®.

and

Theorem. Let (E,p, M,S) be a fiber bundle with compact standard fiber S. Then
there is a bijective correspondence between connections on E and principal connec-
tions on Diff{S, E'}.

Proofs. See [Michor 1991, 13.3]

4.25. Definition. Diff{E,E} = (J, o, Diff (£, E;) with the smooth structure,
which is described by the cocycle Diff(@b;é, Yap) = (Yas)«(Vap)”, when again (1)
is the cocycle for (E,p, M, S).

Lemma. The associated bundle Dift{S, E}[Diff(S), conj] is isomorphic to the fiber
bundle Diff{E, E'}.

Proof. The mapping A : Diff{S, E'} x Diff(S) — Diff{E, E'}, given by A(f,g) := fo
gof7':E, - S — S — E,for f € Diff(S, E,) is Diff(S) invariant. Thus, it factors
to a smooth mapping Diff{S, E}[Diff (S)] — Diff {E, E'}. Tt is bijective and admits
smooth inverses locally over M, so it is a fiber respecting diffeomorphism. [

4.26. Definition. The gauge group Gau(E) of the bundle (E, p, M, S) is the group
of all principal fiber bundle automorphisms of the Diff (S)-bundle Diff{S, E'}, which

cover the identity on M. Lemma 4.25 implies that Gau(.S) is equal to the space of
sections of the bundle Diff{E, E} = Diff{S, E'}|Diff (S), conj].

4.27. Results. Bearing in mind, that we have restricted ourselves to compact S,
we get the following results.

Theorem. The gauge group Gau(E) = C°(Diff{E, E}) is a splitting closed sub-
group of Diff(E). It admits an exponential mapping, which is not surjective on any
neighborhood of the identity. The Lie algebra consists of all vertical vector fields
with compact support on E with the negative of the usual Lie bracket.

Proof. Since S is compact, we see from a local application of the exponential law
(see [Frolicher, Kriegl 1988]) that C*°(Diff{E, E} — M) — Diff(E) is an embed-
ding of a splitting submanifold, which proves the first assertion. A curve of principal
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bundle automorphisms of Diff{S, E} — M through the identity is a smooth curve
through the identity in Diff (E) consisting of fiber representing maps. The deriva-
tive of such a curve is thus an arbitrary vertical vector field with compact support.
The space of all these derivatives is therefore the Lie algebra of the gauge group,
with the negative of the usual Lie bracket. The exponential mapping is given by the
flow of such vector fields. Since on each fiber it is just isomorphic to the exponential
mapping of Diff (S), it has all properties of the latter. [J

4.28. Definition. Let J!(E) — E the affine 1-jet bundle of sections of E — M.
We have JY(E) = {l € L(T,M,T,E) : Tpol = Idr,»,u € E,p(u) = x}. Then a
section of J1(E) — FE is just a horizontal lift mapping TM x p; E — TE, which is

fiber linear over E. Therefore, it describes a connection like in 4.19. Thus, we may
view C®(JY(E) — E) = Conn(F) as the space of connections on E.

4.29. Curvature. If & € Conn(F) then ® € Q'(E;VE) and ®o® = &. Using the
Frolicher—Nijenhuis bracket (cf. 4.14), we may define

R=1[® @ =1i]ld-®,1d-9] € Q*(E;VE).
the curvature of ®. R satisfies the Bianchi identity [®, R] = 0.
4.30. The action of Gau(F) on Conn(E). Let again Conn(E) = {® € QY (E;TE) :

®od = ¢,®(TE) = VE}. Since S is compact, Conn(FE) is diffeomorphic to
C>®(JY(E)). The action of v € Gau(E) C Diff(E) on ® € Conn(E) is given by

1@ = () e=TyoPoTy!
Then from [Michor 1991, Theorem 6.6] we get

Theorem. The action of the gauge group Gau(E) on the space of connections
Conn(E) is smooth.

4.31. Remark. The infinitesimal action can be found as follows. Let X be a
vertical vector field with compact support on E and FltX the global flow. Then we

find

4 (FL')*® = Lx ® = [X, D]
dt|,

Ty Conn(E) = {V € QY(E;TE) : U]y = 0}

The infinitesimal orbit at ® in Ty Conn(E) is {[X,®]: X € C*(VE)}.

The isotropy subgroup Ie of a connection ® is {y € Gau(E) : v*® = &}, clearly
jgust the group of those f, which respect the horizontal bundle HE = ker(®). This
group s often infinite dimensional. The non-compactness of this group gives rise
to some difficulty, and is the essential reason why there exists no slice theorem for

Conn(E)/ Gau(E).
4.32. Definition. The orbit space (moduli space) Conn(FE)/Gau(F) is the space
of Gau(E)—-orbits in Conn(E).

This space is the main interest of our studies. In the next chapters we will
formulate the problem, mention similar results, and consider slice theorems for
moduli spaces related to this moduli space.






5. SLICE THEOREMS FOR Met(E)/Gau(E) AND (Conn(E) x Met(VE))/ Gau(E)

First, we will discuss the slice theorem for Met(FE)/Gau(E), which will be
proved closely following the proof of the slice theorem for Met(FE)/ Diff(E) by
[Ebin 1968]. Later we will use that result and a “decomposition theorem” from
[Gil-Medrano et al. 1992] to carry the result from Met(E)/ Gau(E) to (Conn(E) x
Met(VE))/Gau(E). However, if we want to use the same result to remove the
Met(VE) term in (Conn(E) x Met(VE))/Gau(E) difficulties arise, but that will
be described in the following chapter.

5.1. Definition. Let (E,p, M,S) be a fiber bundle, M and S both compact, and
let Met(E) be the space of Riemannian metrics on E. Since the group Gau(FE)
is a subgroup of Diff(F), it acts on Met(F), also. Let Met(FE)/Gau(E) be the
corresponding moduli space.

5.2. Remark. The method of proving a slice theorem for this space follows essen-
tially the proof for the action of a compact finite dimensional Lie group on a finite
dimensional manifold as e.g. in [Borel 1960] or [Palais 1961].

However, if one tries to copy that proof difficulties arise. First, Gau(FE) is not
compact, not even locally compact. Therefore, integration with respect to the Haar
measure yielding a Gau(F)-invariant metric on F is not possible. Also, we cannot
easily conclude that an orbit Gau(F) - x is closed in F, and that Gau(F)/ Gau(F),
is a manifold and in fact homeomorphic to Gau(FE) - .

Furthermore, the problem which forces us to take the detour via Hilbert man-
ifolds is a topological one. Met(F) is a manifold modeled on neighborhoods of
a Fréchet space, and Gau(F) is also modeled on Fréchet spaces. The lack of an
implicit function theorem in Fréchet spaces has the very disturbing consequence,
that the exponential mapping, Exp, for Gau(FE), although it can be proved to exist,
is not a diffeomorphism onto any neighborhood of the identity, which is used very
heavily in the usual proof of a slice theorem. However, in spite of the detour, we
will need a very restricted inverse function theorem on Fréchet spaces, but with
strong prerequisites.

5.3. Hilbert manifold completions. To overcome the topological difficulties
mentioned above, we consider the Sobolev completions of the manifolds Met(E)
and Gau(FE).

Recall the constructions from 3.25, and now construct analogously for an arbi-
trary fiber bundle (F,m, N,S’) the space of H®-sections H*(F'), which consists of
all sections, whose partial derivatives in local coordinates up to order s are square
integrable. H*(F') is a Hilbert manifold modeled on the Sobolev space H*(R"™,R™),
where n = dim(N) and m = dim(5").

Again, the Sobolev lemma holds: For s > k + & the inclusion map H*(F) C
Ck(F) into the Banach manifold C*(F) is continuous.

This result is proven in [Palais 1968].

5.4. The space of metrics Met’(E). Now consider the vector bundle S?*T*F
over E. Met(FE) is the space of smooth sections of this bundle, which are positive
definite everywhere. Now consider C°(S?T*E), the space of continuous sections



of S?T*E. Tt follows that C° Met(E) C C°(S?T*E), the subset of everywhere
positive definite sections is an open subspace.

Now define the Sobolev extension Met®(E) of Met(E) for s > 2 as H¥(S*T*E)N
C® Met(E). Met®(E) is an open subset of H*(S*T*E), a convex positive cone,
and therefore a Hilbert manifold.

The tangent space T, Met*(E) can be canonically identified at each point g with
H*(S?T*E).

We can construct a Riemannian structure on Met®(E) as follows: Since every
g € Met®(E) defines a Riemannian structure on TFE, it induces a (CY) Riemannian
structure g on S?T*E and a (C°) volume form dvol? on E. Now define for ¢, €
H#(S?T*E) =T, Met*(E) an inner product

(6,0) = /E 56, ¥)dvol?,

which induces the H-topology on H*(S*T*FE). Therefore, H*(S?*T*E) is unfor-
tunately not complete under ( , )9. Thus, we cannot define a real Riemannian
structure on Met®(E). However, ( , )Y is a positive definite inner product every-
where, therefore we call G5(¢,v¢) := (g — (¢g,%4)?) a weak Riemannian structure

on Met®(E).
Lemma. The weak Riemannian structure Gs on Met®(E) is smooth.

Proof. 1t suffices to show that the function Gs(¢,v) : Met*(E) — R g — (¢, )¢
is smooth for ¢, € H*(S*T*E), uniformly in H*-norms of ¢ and .

Take go € Met®(F), and let dvol?® be the corresponding volume form on E.
Consider f : Met®(FE) — H*(E,R) defined by the equation f(g)dvol?® = dvol?
and h : Met®(E) — H*(E,R), h(g) = (¢, ).

Now let F' be the subbundle in S?T*E of positive definite forms on each T, F.
Obviously, there exist functions f,h: F — E x R with f(g) = fog, h(g) = hog.
Thus, by Theorem 3.27, f and h, and hence fh are smooth functions from H*(F) =
Met*(E) — H*(E,R). O

5.5. Connection and Exponential mapping on Met*(FE).

Proposition.

(1) The weak Riemannian structure defined above admits a unique connection
V which respects G .

(2) This connection defines an exponential mapping, which is a local diffeomor-
phism T Met®(E) — Met®(E) at the zero section.

Proof. (1): By [Lang 1995, Theorem VIII.4.1] there exists for any Riemannian
metric g on a Hilbert manifold a unique connection V with

(1) X9V, 2)=g(VxY,Z)+g(Y,VxZ)
(2) VxY - VyX — [X,Y]=0.



However, since we have only a weak Riemannian metric, a problem arises. Assume,
that we have already found such a connection. In our case, we may compute

XG¥(Y,Z) = G*(VxY,Z)+ G*(Y,VxZ) |+
YG*(Z,X) =G (VyZ,X)+ G*(Z,VyX) |+
ZGH(X,Y) =G (VzX,Y)+ G5 (X, VYY) | —

giving
XGY,2)+YG*(Z,X)—-ZG*(X,Y) =

=G (VxY +Vy X, Z)+G*(VxZ - VzX,Y)+G(VyZ - VY, X) =
(3) = GS([Xa Z]7Y) + GS(D/; Z]vX) + GS(2VXY - [X7Y]7Z)7

and thus

2G5(VxY, Z) = XG*(Y, Z) + YG*(Z,X) — ZG*(X,Y)+
+GH(X,Y], Z) — GX([Y, 2], X) + G*([Z, X].Y).

Now we would like to conclude that V xY is uniquely determined by this equation.
But, since we G*° is only a weak Riemannian metric, we cannot conclude that a
solution VxY exists, although if it exist it is uniquely determined.

Since G* defines the H’-topology on H*(S*T*E), we may conclude, that a
solution exists in H°(S?T*FE). Everything that remains to show now is that this
solution, in fact, lies in H*(S*T*E).

Equip Met®(FE) with the canonical coordinate system it inherits as a subset of
H*(S?T*E), and fix g € Met®(E). If we consider g as a section of Hom(TE, T*E),
we can write any element of H*(S?*T*E) as g - a where a € H*(Hom(TE,TE)).
Thus, vector fields X, Y, and Z can be written as g -a, g - b, and g - ¢ in the
canonical coordinate system. Then for h € Met®(E), h(Y, Z) = tr(h~'gbh~'gc)),
where h~! is regarded as a section of Hom(T*E,TE). Furthermore, (Y, Z)" =

[ tr(h~1gbh ™ ge)/det(hg=1) dvol®. Let hy := h + tga. Then
d

— (/ tr(hy ' gbhy 'gey/det(hig—t) dvol?))
t=0 JE

XGi(Y, Z)y= -

= / (— tr(h~tgah~ gbh~'gc + h=tgbh ™ gah ™ gc)+
E
+ % tr(h "t gbh ™ gc) tr(h_lga)) det(hg=1) dvol?
and

Gs([X :/tr (h~tgah~tgbh~tgc — h=tgbh~tgah~'gc)\/det(hg=1) dvol? .
E

Using equation (3), we end up with

(VxY)n =
=g(—h " 'gah7'gb+ 1 (tr(h " ga)b + tr(h~'gb)a — tr(h~'gah ™" gb)g~'h)).



Since a, b, g, and h are H®, (VxY), is H® as well, so the weak Riemannian struc-
ture defines a connection on Met®(E) for any s > 3.

(2): Furthermore, (Vy X)y, is clearly smooth in h. Therefore, it is a smooth con-
nection and defines a smooth exponential map Exp, in the usual way, with all
standard properties. In particular, Exp, is a diffeomorphism from a neighborhood
of the zero section of T Met®(E) — Met*(E). O

5.6. The group Gau®(F). Recalling 5.3 we may restrict our attention to the special
fiber bundle (F' = F x F,pry, E, E), whose sections are exactly the mappings F —
E. C1(F) is then the space of all C'-mappings with the topology of uniform conver-
gence up to the first derivative. Define C! Diff(E) := {f € CY(F)|3f~! € C(F)}.
The Sobolev extension of Diff (E) is then defined as Diff*(E) := C! Diff(E)NH*(F)
for s > Z. Since, by the Sobolev lemma, H*(F) C C'(F) is continuous, Diff*(F)
is open in H*(F'), and therefore is also a Hilbert manifold. Locally it looks like
H*(TE).

We know from theorem 4.27 that Gau(FE) is a splitting closed subgroup of Diff (E).
Thus, we define the Sobolev extension Gau®(E) of Gau(E) as the topological com-
pletion of Gau(FE) in Diff*(E).

Remark. Note, that Gau®(FE) is exactly the subgroup of Diff*(E) of all fiber re-
specting diffeomorphisms, which cover the identity on M.

Proof. Both conditions can be described by continuous equations, and the inverse
of a fiber respecting diffeomorphism is also fiber respecting. [

Proposition. Gau’(FE) is a topological group. (Note, that it is not a Hilbert Lie
group.)

Proof. Since, by construction, Gau®(E) is a group and a closed submanifold of
Diff*(F), it remains to show that Diff*(FE) is a topological group.

First we determine the tangent space T Diff°(E). T, Diff*(E) = H*(¢*TE). By
the way, Ty Gau®(F) = Hj (¢*TE).

In [Palais 1968, §4], it was shown that H*(T'M) is linearly isomorphic to a closed
subspace of @~ | H*(B,R), where each B, is the closed n-dimensional disc. From
the local structure of Diff*(E), it only remains to show that the composition map
o: H*(D,,D,) x H*(D,,R) — H*(D,,R) is continuous. But this is assured by
Lemma 3.23. That shows that the composition map is continuous.

The proof, that the inverse-mapping is continuous, is very similar, also. From
definition of Diff*(E), we know that for f € Diff*(E), f~! € C! Diff(F). Therefore,
it remains to show that f=! € H*® or D(f~!) € H*!. This can be achieved as
follows. Consider the map ¢ : GL(n,R) — GL(n,R) the matrix inversion. Then
D(f~')=ioDfof~'. Df € H*"! and s —1 > %, and therefore by Theorem 3.27
ioDf € H*~!. Now we use induction to show that for 0 < k < s, D¥(f~1) = gpof~!
for g, € H*~*. For k = 1 we have shown that already. Assume, the fact is true for
k. Then we compute D**1(f~1) = Dgro f~1- D(f~1) = (Dgi - (io Df)) o fL.
Since Dg, € H* %" 1 and io Df € H*7!, gpy1 = Dgr - (io Df) € H**~! by
lemma 3.24. Now we see that D*(f~1) € H?, since f~! € C!Diff(E) already.
Thus, D(f~1) € H*7!, so f~! € Diff’(E). The continuity of the inversion map is
proved analogously. Since C! Diff(E) is a topological group, f~! is close to f’ -1
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in the Cl-topology, if f is close to f’ in Diff’(E). Using the same induction as
above, we show that ¢f =io Df’ is close to g1 in H*~!, and inductively gj, is close
to gr in H*~*. Hence, ¢, is close to g, in H°. Again, since f~! is close to f’fl
in C* already, D*f'~" = ¢, o f'~" is close to D*f in H°. Thus Df'~" is close to
Df~Yin H5"!, therefore, f/~ " is close to f~1 in Diff*(E), which proves continuity
of ()71. O

5.7. Proposition. Let vy € Gau®(FE).
(1) The right multiplication r., : Gau®(E) — Gau®(E) is smooth.
(2) The left multiplication 1, : Gau®(E) — Gau®(E) is smooth for v € Gau(E)
(i.e. a smooth gauge transformation).

Proof. (1): We know already that 7, is smooth. Locally Gau®(E) looks like a closed
subset of H*(V') for a vector bundle V. Locally r4a is the restriction of ¢ — ¢ o~
H*(V) — H*(W) to that subset for W another vector bundle. Since this map is
the restriction of a linear map and continuous it is smooth.

(2): Consider again the trivial fiber bundle (F' = Ex E,pr,, E, E). Let ¥ : ExXE —
E x E be the map (p,q) — (p,v(q)). Since v is C*°, so is 4. Also I, : H*(F) —
H*(F) is the mapping ¢ +— 7 o ¢. This is smooth by theorem 3.27. O

5.8. Proposition. The action of Gau(E) on C®(S?*T*E) can be extended to an
action € : Gauw* N (E) x H*(S*T*E) — H*(S?*T*E), which is continuous and linear
(thus smooth) in the second variable. We write £(vy, g) = £9() = {(g).

If g € C®(S*T*E) then £9 : Gau* ! (E) — H*(S?*T*E) is smooth.

Proof. We define the extension of the action by the same formula as usual as
((7,9)2(X,Y) = gy@)(Ty - TX, T - TY), regarding elements of Gau*t'(E) as
elements in Diff*™ (E). First we check that this action is continuous and is well
defined (i.e. has range in H*(S?T*FE)). We check this in local coordinates. There
Gau® T (E) looks like a closed subset in H**'(B,,,R") and H*(S?T*E) looks like
H3(B,,R2""*+1)) " The map v — T : H*t'(B,,R") — H*(B,,R*"t)) is
continuous. The map (y,9) — go~ : Ht(B,,R") x H* (B, Rz"n+D) _,
H*(B,,,R2"("*1) is continuous by Lemma 3.23. Considering the map (T, gov) —
0(~,9) : H*(B,, R+t x Hs(B,, Rz} — Hs(B, R2""+1) we see that it
is bilinear. Therefore, it is smooth by Lemma 3.24. Thus ¢ is continuous and well
defined. Obviously, £ is linear in the second variable. For g € C*°(S?T*E) we see
that (v, g) — go-y is smooth by Theorem 3.27. Therefore, ¢9 is also smooth in that
case.

5.9. Proposition.

(1) The weak Riemannian structure Gs on Met®*(E) is invariant under the
action of Gau*t(E).

(2) There exists a Riemannian structure G5 on Met®(E) which is invariant
under Gau*t(E).

Proof. (1): Take v € Gau®'(E). Then £, (Met*(E)) = Met*(E) and £, is linear,
so for g € Met*(E) Tyl = (. Take X,,Y, € T, Met*(E) = H*(S?*T*E). Pick



p € E, then g(ngyg)p = tr(g_ngg_lytq)p and
gwg(gv'Xg,gw-Yg)p =

= (19T ) TV X g T (19930 1Y) T TV g TV ') =

= g(Xg7 Yg)’y(p)7

with T indicating transposition. 7 acts as a diffeomorphism also naturally on vol-
ume forms on E, and it is clear that v*d vol? coincides with dvol®9. £, acts as an
isometry on Met*(E) since, by the substitution rule, [, Kjg(ﬁ,y.Xg, KV.Y;])dvolgvg =
I 9(Xg,Yy)dvol?. Then £,(VxY|y) = Vi (x,)l(Yy) for X, Y € X(Met*(E)), and
Exp, oTE = (, o Exp, (where one of the sides of the equation is defined, the other
is deﬁned and the equation holds).

(2): To construct the Gau®**(E)-invariant Riemannian structure, we assume that
s > 2 41, for then all elements of Met®(E) are C.

It suffices to define G, on HY(J*(S?*T*F)) to get it on the space H*(S?*T*E) =
T, Met®*(E). We start by defining G, for g € Met(E). To do that we first note,
that g induces a smooth isomorphism J5(S*T*E) = @°_, S*T*E ® S'T*E, as
follows: ¢ defines a covariant derivative for sections of TE, T*FE, and hence on
S2T*E. Using this covariant derivative, we easily find the required isomorphism.
Then we use the inner product induced by g on S*T*E and dvol? to define the
inner product G5, on H°(J*(S*T*E)).

This, however, is more than we need. We do not need that isomorphism to be
smooth. The only thing we have to know is, that it induces a continuous linear
map H*(S?*T*E) — H(@,_, S*T*E ® S'T*E) = @;_, H°(S*T*E ® S'T*FE) for
g € Met*(E). This is what we show. The individual maps D} : H*(S*T*E) —
H*=(S?T*E ® S*T*E) can be shown to be continuous as follows.

D0 is the identity. By induction, we will assume that Di is linear and continuous,
and shovv that then D%t is continuous. Dit! = V! oD, Where V! is the covariant
derivative on S?T*E ® S*T* E induced by g. NOW for gb € HY(S?’T*E @ S'T*E)
in local coordinates we have V7 (¢) = % +I' - ¢, where I' denotes the Riemann-
Christoffel symbols with respect to g. ¢ is H®, thus I is H*~!, and % is Hs— 1,
Therefore, V; : H5~" — H*"~! is continuous, so D;H is continuous, as required.
Clearly, Gs gives a weak Riemannian structure for 7' Met®(E), and Gy, induces
the H*-topology on T, Met®(E) for g € Met(E). It remains to show, that it also
induces the H*—topology for all g € Met®(FE). By construction, it clearly induces
the H°-topology. Again, by induction, we assume that we have already shown
that it induces the H'-topology (i < s). We now prove, that it then induces the
H*1 topology for i < s.

Let | ||* be a fixed norm on H*(S?T*E) giving the H* topology (0 < i < s).
That G, induces the H'-topology means that

Hﬁ%ﬂl(z” ol) >

where || ||J denotes the H” norm induced by g. For the inductive step, assume that
Gsg does not induce the H i+1 topology. That means, that there exists a sequence



{qbn} with ||¢, [/ =1 and Z;ZB |1 D7 (¢n) |5 — 0. But then7 since G4, induces the
H'-topology, we know |¢,||" — 0. But, setting ¢, = D} (¢n), we get [|¢y |9 — 0.
We have already seen above, that DéJrl(d)n) = %an + 9, - I'. Thus, Hwan — 0

implies [, - T|% — 0. Hence, since ||Di*1(¢,)]|9 — 0, |29

|¢n||* — 0 and || a(;/;n 19 — 0 imply [|¢,||"t" — 0 which is a contradiction. Thus G,
defines a strong inner product for every g € Met®(E).

The next thing to show is that G, is Gau®"!(E) invariant. The proof is the same

as in (1), but additionally we have to use that T'y(Vigg Y) =V, xTvY. It follows
that v*(Dg¢) = Dj_,(v*$). Thus, the two isomorphisms of J*(S?*T*E) induced by
g and £, g commute with ¢. The remainder is analogous to (1).

What remains is, that G, is a continuous Riemannian structure. From the local
description, we see that I' is differentiated no more than s — 1 times, and it is
composed of g and %. Everything else follows from [Schwartz 1964, pp. 158-159].

It even follows that G, is smooth, but we will not use that fact. [

5.10. Construction of the manifold Gau®(E)/ Gau(F),. Pick g € Met(E), and
let Gau®(E), be the isotropy subgroup of Gau®(E), s > § + 1. Then Gau®(E), is
the set of H* diffeomorphisms, which are fiber respecting, cover the identity on M,
and are isometries with respect to g. By [Palais 1957] it is well known that any
Cl-isometry of a smooth metric is smooth. Therefore, since C'! Gau(FE) D Gau®(E),
Gau®(E), C Gau(E) and Gau®(E), = Gau(E), for all s > § + 1. By [Kobayashi,
Nomizu 1963] and [Palais 1957] we know the following

— 0 also. But

Theorem. Let X be a smooth compact manifold with smooth Riemannian metric
g. Let ¢, ¢ € Dif(X)y. If ¢ — ¢ and T, — T¢ uniformly on X (i.e. C'-
convergence), then ¢, — ¢ uniformly in all derivatives (i.e. C°°—convergence). If
Diff (X), is given the topology of uniform C*-convergence (1 < k < 00), Diff(X),
1S a compact Lie group.

By the first part of this theorem, the topology of Diff(X), is independent of k.
Also A : Diff (X)y x X — X defined by A(¢,z) = ¢(z) induces a natural identifi-
cation i between the Lie algebra & of Diff(X), and the set U of vector fields on X
whose one parameter groups of diffeomorphisms lie in Diff (X),. This identification

i is defined by i(Y )y = T(14,2)A(Y,0) where Id is the identity of Diff (X),.

Since Gau(FE), C Diff(E), is a closed subgroup, Gau(E), is a compact Lie group.
Its topology is also independent of the choice of k. The Lie algebra of Gau(E), can
be identified as the Lie subalgebra Gau, of & of all vertical vector fields in 0.

5.11. Lemma. i: Gau(E), C Gau®(E) is a smooth embedding.

Proof. We prove in two steps and use Corollary 3.15.
Claim 1: i : Gau(E), C Gau®(F) is smooth.

Since, by Proposition 5.7 7 is smooth for any v € Gau(¥),, and i = r, 0ior, -1,
we only need to show smoothness at the identity Id € Gau(E),. For doing this, we
use a standard chart for Gau(E),. Let Exp®™s be the exponential mapping of the
Lie group Gau(E),. It is a diffeomorphism from a neighborhood U of zero in &au,,
to a neighborhood of Id.



In Corollary 3.15 set g : J x U x V. — F as g(t,u,v) = u, and note that
Exp®®s(u) is the map v — h(l,u,v). Let h : Uy — Gau®(E) be defined as
h(u) = (v — h(1,u,v)). Then smoothness of i is equivalent to smoothness of h.
We prove -4 (h)(v)(x1,...,x1) = O5h(1,u,v)(z1,...,2). For k = 1 this means

dvk
lim;_.q w converges at each point v € V to d1h(1, u,v)(z). Since, by the
theorem, h is a smooth map, the convergence is uniform in all derivatives. That
means, it converges also in the H*—topology. The same works for £ > 1, so h is

smooth, and so is .
Claim 2: i : Gau(E), C Gau’(F) is an embedding.

Since Gau(FE), is compact, i is a homeomorphism onto its image. Tiqi : Gauy, —
Tia Gau®(E) is given by z — Dh(0)(z) = (v — 02h(1,0,v)(z)). If Dh(0)(z) = 0
then 0xh(1,0,v)(z) = 0 for all v. But, by construction, h(1,z,v) = h(t, %x,v),
so then Oxh(t,0,v)(x) = 0, and 0 = 0102h(1,0,v)(z) = O2(01h(1,0,v))(z) =
O2f(1,0,v)(x) = x. Thus, z = 0, so Tiq¢ is injective. Its image is finite dimen-
sional, therefore closed in Tiq Gau®(FE). Transporting by right multiplication, we
find that T% is injective on each fiber, and its image is closed in its fiber. [J

5.12. Lemma. Let S = U, cgaus(p) T1ar(Baug). Then S is a smooth involutive
subbundle of T'(Gau®(F)).

The elements of S are the vectors in T Gau®(E) which are tangent to some coset
Gau(E),y, i.e. the elements of T Gau(E),v C T Gau®(E).

Proof. At first we prove that the composition mapping o : Gau(E), x Gau®(E) —
Gau®(E) is smooth. We know from Proposition 5.7 that o is smooth in either
variable individually, that 9; o . (i = 1,2) is continuous in both variables, and that
it can locally be described by a map which is linear in the first variable. We only
need to show existence and continuity of the higher partial derivatives. But locally

oho. j=1

kaj —
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This proves the first step.

Let {X;} be a basis of &au,, and define V; by (V;)y = Tr(X;). V; is smooth
because o is, and {V;} is clearly a basis everywhere. Furthermore, [V;, V)], =
[Try(X;),Try(X;)] = Try([Xi, X;]) which is in S since [X;, X;] € &auy. Since S
has finite dimensional fiber, this suffices to prove the first part of the proposition.
The second part is obvious. [

5.13. The manifold structure of Gau®(E)/Gau(E),. Consider the usual pro-
jection 7 : Gau®(F) — Gau®’(F)/Gau(F),, and equip Gau®(F)/ Gau(E), with the
quotient topology.

From Frobenius’ theorem 3.20 we get for any v € Gau®(E) a neighborhood W of
~ and a diffeomorphism ¢ : U x V' — W such that for any fixed v € V', ¢|y x {v}
is a diffeomorphism onto a neighborhood of ¢(0,v) in the coset Gau(E)~¢(0,v).
Especially, we can find a neighborhood W of Id small enough so that Gau(E),NW =

(U, 0).
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To assure that 7o ¢|xvy) : Vo — Gau®(E)/ Gau(E), is a homeomorphism onto
a neighborhood of Gau(E), in Gau®(E)/ Gau(E), for certain smaller Vj, such that
we can use that to define charts, we will need the following Lemma.

Lemma. There exist connected neighborhoods Uy, Vi of zero in a Banach space,
included in U, V', such that if Wy = ¢(Uy x V), for any v € Wy, there exists a
unique v € Vi such that Gau(E),y N Wy = ¢(Up, v).

Proof. Since Gau®(E) is a topological group, we get neighborhoods Wy, Wy of
Id such that Wy - W, € W, Wy - Wy ' € Wy, and Wi = ¢(U; x Vi), where
U, c U, Vi C V are connected balls about 0. Next pick Uy, Vi so small that
d(Uy x Vo) = Wy C Wa. Take v € Wy, and n € Gau(E),y N Wy. Then ny~! €
Gau(E),y N Wy - Wit C Gau(E), N Wi. Hence, ny~t € ¢(Uy,0).

Let [ := {t- ¢ t(ny~1)|t € [0,1]} C Uy be a line. Then ¢(I) is a smooth curve
from Id to ny~! in Gau(E), N W;y. Thus, ¢(I)y is a smooth curve ¢ from v to 7 in
(Gau(E)y N Wi)y C Gau(E)yyNW C ¢(U x V). From the construction of ¢, we
know that the tangent to ¢ at any point lies in T¢(T'U). Therefore, if v = ¢(u, vq)
and n = ¢(u',v), we get vy = v, and so n € ¢(U,v). Since n € Gau(E),y N Wy
was arbitrary, we get Gau(E),y N Wy C ¢(Up,v), and v € V} is unique, and by the
paragraph before the Lemma, ¢(Up,v) C Gau(E),y N Wy, O

Now define charts for Gau®(E)/ Gau(FE), by right translation
Yy i=moryo¢: Vo — Gau(E),y.

1., clearly is injective and ., (Vj) covers a neighborhood of Gau(E),vy. We compute

Y3t othy(v) = 7 (Gau(E)g(0,v) - n) = pry ¢~ (Gau(E)gp(0,v) -y 71),

which is a smooth map. Therefore, the maps are smoothly compatible, and hence
Gau®(F)/ Gau(E), is a smooth manifold.
Note, that the usual right action r., on Gau®(E)/Gau(E), is smooth.

5.14. Proposition.

(1) The map m : Gau®(E) — Gau’(F)/Gau(E), admits a smooth local cross
section at any coset Gau(E)n.

(2) Let N be any manifold. A map f : Gau®(E)/Gau(E), — N is smooth if
and only if fom: Gau®(E) — N is smooth. In particular, m is smooth.

Proof. (1): Define s : Gau®(E)/ Gau(E)y, — Gau®(E) on a neighborhood of v by
Sy 1= rvquow;l.

7o s, is the identity, and s, (Gau(E)4y) = . Furthermore, s, is obviously smooth.
(2): <=: Suppose f o is smooth. Near Gau(E),y, f = fomos,, thus f is a
composition of smooth mappings.

= : 7 is smooth, since in charts 1, and 7, 0 ¢, 7=pry : U x V — V. Thus for
is smooth, if fis. O



5.15. The map of Gau**' (F) onto an orbit through g. Consider again the map
¢9. Since ¢9(Gau(E),) = g, £9 induces a map £9 : Gau*"(E)/ Gau(E), — Met*(E).
We will show that £9 is a diffeomorphism onto the orbit of Gau®*™!(E) through g.

Lemma. /9 is smooth and imjective.

Proof. £9 is smooth and £9 = 09 o . By Proposition 5.14(2) #9 is smooth. Since
09(Gau(E)4v) = 09(Gau(E)yn), £9(vy) = £9(n), hence yn~! € Gau(E),, and finally
Gau(E)yy = Gau(E)gn. U

To show that #9 is an immersion, we must show that the tangent mapping

T,09 = T,(Gau*t(F)/ Gau(E),) — Ty (py(Met®(E)) is injective and has closed
range. First we will consider the map Tigf? : Tia(Gau*t(E)) — T,(Met*(E)).
Recalling, that Tiq(Gau®(E)) = H**(VE) and T, Met*(E) = H*(S?>T*E), we

can formulate the following

5.16. Lemma. 11409, with the identifications defined above, is the first order dif-
ferential operator L.(X) = Lx(g) (the Lie derivative of g with respect to the vertical
vector field X ).

Proof. We know that £.(g) and Tiq¢9 are both continuous linear maps H5*1(VE) —
H*(S?T*E) because they are of first order. Thus we only have to show that they
agree on the dense subset C*°(V E). Take any X € C*°(VE). This X generates a
one parameter subgroup of diffeomorphisms ;. The map ¢: R — gauSH(E) given
by t — 7; is a smooth curve in Gau*™' (E). Tse = (z — X, () € Ty, (Gau*t ! (E)).

To compute Tial9(X), we compute 2[5 (¢9 o c(t)) = L1o(¢,,(g)). By definition,
at each point = € F, %|o(€% (92)) = Lx(g)z. Since £9 is smooth, %(Zg oc(t)) exists
in H%(S?T*E), and it is the map = +— Lx(g),. U

T,09 for any v € Gau®''(E) can be computed by right translation to the
identity: T, ¢9(T,(Gau*"(E))) = v* o Le o T, (ry-1)(T,(Gau*t(E))). Therefore,
T, 09(T, Gau* T (E)) & Tygb9(Tig Gau®(E)).

Now, if we want to show that T.¢9(T, Gau®*"(E)) is closed in Tys () Met®(E) =
H*(S?T*E), it is sufficient to prove it for v = Id. By 5.16 we, therefore, examine
the map L.

5.17. Proposition.
(1) The map L. : HSTY(VE) — H*(S?T*E) has closed image, and the comple-
ment of im(L.) is closed.
(2) im(T5(4)t?) is closed and has closed complement in Tyo () Met®(E).

Proof. (1): By Proposition 3.30 we need only show that for £ #0 € T E o¢(L.) is
injective, where o¢(L.) denotes the symbol of L. at £ € TE. Let Y € T, E and
n € T E be the element associated to Y by the metric g. Then

oe(Le)(Y) =n®@E+E@,

which is injective.
(2): 09 =49 o and T'w is onto Tﬁ(v)(gauerl(E)/ Gau(E),), so the image of T.¢9
coincides with the image of Ty(,). This fact, together with (1) proves (2). O



5.18. Proposition. (9 : Gau*t'(E)/ Gau(E), — Met*(E) is an injective immer-
s10M.

Proof. For proving this fact, it remains to show that T’ 09 is injective in every tangent
space. But we know already that 7.9 = )gg o T’ym, and therefore injectivity
can be proven by the following claim:

Claim: If X € T, Gau*t'(E) with T,¢9(X) = 0, then T, 7(X) = 0.

To prove this, we consider as first case v = Id. There Tigl?9 = L.. If L.(X) =0
then X is a smooth vertical vector field and Lx(g) = 0. Thus, the one parameter
subgroup {7} generated by X lies in Gau(E),. Hence, 7({n:}) = Gau(E),, and
therefore Tigm(X) =0. O

m(y

The next step will be showing that 09 is actually an embedding with closed image

in Met®*(E).

5.19. Proposition. If s > 4 + 2 then 09 : Gau* T (E)/ Gau(E), — Met*(E) is a
homeomorphism onto a closed subset of Met®(E).

Proof. Let {v,} be any sequence in Gau®*"'(E) such that £, (g) — ¢’. Consider the
exponential mappings exp, exp’,exp,, : TE — E of g, ¢’, and £, (g), respectively.

Since F is compact, there exists a positive real € such that any ball of radius
smaller than ¢ with respect to g in F is contained in some normal coordinate
neighborhood of E. For ¢’ there similarly exists a real number &’.

Now set K = maxxerp(¢ (X, X)/g(X, X)), and pick a finite set {e;} of points
in F such that for each 4, U; is a normal coordinate neighborhood with respect to
g centered at e;, of radius less than § = K2 min(g,e’), and the U; are a covering
of E. Further pick {X7} such that for each fixed i, {X7}; is an orthonormal basis
with respect to g of T,, M.

Claim 1: You can ﬁnd a finite set {f;} C E, {Y/} C TFE and a subsequence {v,, }
such that v,, (e;) — f; and Ty, (X7) — Y7 for all i,j. Furthermore, Y7 is a basis
of Tfl.E

Proof: Tt is immediate from the compactness of F that there exists a subsequence 7y
of v, such that for all i there is an f; and 9y (e;) — fi. Let C' = max(; j(¢' (X7, X7)).
Since £,, (9) — ¢, for every (i,7) we have g(Tn, X!, TnpX}) — ¢ (X}, X]). Thus
for k large enough g(T'r;kXij,T"r)ng)% < 2C. 1If you define By(F) = {X €
TE|g(X,X)z < N}, then By (E) is compact, and T, X € Byr(E) for large
k. The existence of a subsequence as asked for in the claim and the existence of
the Y] follow again from compactness of E. The YZJ obviously are a basis.

From now, we denote ,, again by -, for convenience.

Claim 2: There exists v € C! Gau(FE) such that v,, — ~.

Proof: Consider a fixed U; about ;. If e € U;, e = exp(}_; al X7) with > j(a N2 <
6. Thus, yn(e) = ’VTL(Z]‘ ng]) = exp, OT'YTL(Z]' fo) Since T'Yn(Xz]) - Yz’j
{Tv, (X f )} is a bounded set. Furthermore, on bounded sets exp,, converges C! to
exp’ (since s > 5 +2), thus v, (e) — exp’(3_; alY?). Define y(e) = exp’ (D, alY?),
then +,, converges C'! to v on U;. Extend v to a map on E by gluing together the

definitions on all U;. The two constructions on e € U; NUj coincide since the v, are
maps on E and v, (e) — v(e). Therefore, 7 is well defined on E, and since ,, — 7



on each U;, v, — v on E. On U; is v = exp’ o)\oexpe_il7 where exp,. : To, E — E'is
exp |, g, and A : Te, E — T}, E' is the linear map given on the basis by )\(Xl-j) = Ylj
Since ¢'(Y/,Y/) < K, Ao exp, *(U;) is contained in a neighborhood of zero of ¢'-
radius < &’. This proves that exp’ | Noexpz, (U2) is a C''-diffeomorphism. Hence, 7|,

is a C''—diffeomorphism onto a neighborhood of v(e;), and thus v(E) is open in E.
Since F is compact, y(E) is closed also.

Let d, d,, d’ be the (topological) metrics on E induced by g, ¢, (g), and ¢’, re-
spectively. Let [ be the Lebesgue number of the covering U; with respect to d (i.e.,
if d(e, f) < [, there is some U; such that e, f € U;.). For we know that ~|y, is
injective, we take e, f € E such that d(e, f) > [. Then, d,(yn(€e),Vvn(f)) > for k

big. But £,,(g) — 7" and v, (e) — v(€), v (f) — v(f). Thus, d'(v(e),~(f)) = I,
so y(e) # v(f). Therefore, v is injective, by the above argument it is onto, hence
a C'-diffeomorphism. Since v, — v in C' Diff (E), £, (9) — £-(g) in C° Met(E),
so £~ (g) = ¢'. Next, we have to show that v actually is in C! Gau(E).

y(p~i(x)) C p~(x) since all v,(p~1(z)) C p~1(x) and p~!(z) is closed for all
x € M, and p(y(e)) = p(lim,— oo Yn(€)) = limy,— oo p(yn(€)) = lim, o p(e) = p(e)
since p is continuous and all 7,, € Gau®*"!(E). Hence, v € C' Gau(E).

Closely following Palais’ idea in Ebin’s proof we show what remains to be proved.

We know that given £, (g) — ¢’ in Met®(E), there exists a subsequence {v,, }
of {vn} such that v,, — v in C! Gau(E) and £,(g) = ¢’. Consider the Riemann-
Christoffel-symbols ,,T" fj, and ’ Ffj of £, (g), and ¢’, respectively. Set ,, Z = nffj —
'T};. Since Ay, (9) — ¢’ in Met®(E), the functions ,¢; — 0 H*"! and hence
C!. Now we denote by =, again the subsequence 7,,. If we represent -, in local
coordinates by fi(x!,... ™) and v by f*(z!,...,2™), then
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na (8907") <8x5) " (%) a (8x38xr> <8x3) (8957“> '

i j k
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converges C°. This means that f,, converges C?, so in particular v € C? Diff (E).
As above we show that indeed v € C? Gau(FE). Then
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Now assume 7, — 7 in Gau’(E) for t < s. Then since ,¢¥ — 0 in H*~', and

: } tj
% — % in H=! and in C°, by an application of the Sobolev lemma 3.22,




aijg;:k — 82??;’;,9 in H'~!. Therefore, we find f,, — f in HT!. Thus, by induction
we find 7, — 7 in Diff* ™ (E), by the same argument as above we prove 7, — 7 in
Gau*" (E), and ¢’ = £,(g) € £9(Gau"T (E)/ Gau(E),), thus the orbits are closed.
The last fact to show is that Gau(E) 4y, — Gau(E),y in Gau*™(E)/ Gau(E),. If we
assume the contrary, this implies the existence of a neighborhood U of Gau(E) 7y
and of a subsequence {v,,} such that v,, ¢ U Vk. But by the above we can
find a subsequence {(;n} of {V,,} such that ¢,, — 7 in Gau*t'(E) and £,/ (g) =
g'. Therefore, Gau(FE),y = Gau(F),y and for large m, Gau(E),(y € U, which

contradicts the assumption. [J

5.20. Slice theorem. Let s > 5 +2 and { : Gau* T (E) x Met*(E) — Met*(E)
be the usual action. Then there exists for every g € Met®(E) a submanifold S of
Met®(E) containing g, which is diffeomorphic to a ball in Hilbert space, such that:
(1) If v € Gau(E)g, £(7,5) = S.

(2) Ify € Gau*t (E), such that £(y,S) NS # O, then v € Gau(E),.

(3) There exists a local cross section s : Gau*T'(E)/Gau(E), — Gau*T!(E)
defined on a neighborhood U of the identity coset such that if F': U x S —
Met*(E) is defined by F(u,t) := £(s(u),t), then F is a homeomorphism
onto a neighborhood of g.

Proof. Up to now we have shown that £9 is a diffeomorphism of Gau®***(E)/ Gau(E )g
onto OF := Gau*t(E) - g, the orbit through g. First we will construct the normal
bundle v(0y) of O, in Met”(E).

Obviously, Oy is a smooth submanifold of Met®(E), which is by 5.4 equipped
with a weak smooth Riemannian structure G;. We consider T Met®(E)|os, the
subset of all tangent vectors in T'Met”(E) whose base points are in Oj. It is a
vector bundle over Oy and T'Oy is a subbundle of it. We define

V(05) = {X € T Met*(E)

0:|VY € TO; : G4(X,Y) = 0}.

Because Gy is only a weak Riemannian metric, it is not automatic that the normal
bundle v(Og) is a smooth subbundle of T"Met*(E)|os. To show this, we will
construct a smooth surjective vector bundle map @ : 7' Met®(E)
kernel is v(Oj).

From 3.30 and 5.17 we know that the fiber of v(O7) is ker L}, where L7 :
H*(S*T*E) — H* Y(TFE). Because the weak Riemannian structure of Met®(FE)
is preserved by the action of Gau*''(E), the fiber of v(0;) at any point £,(g) is
~v*(ker Le).

Set ® := L. o (L*L.)"! o L* where we consider L* : H*(S*T*E) — H*"}(VE),
L. : H""Y(VE) — H*(S?T*E), and regard L? o L. as a map

0: = TO; whose

LioLe: LiL(H(VE)) C H*"Y(VE) — L{L.(H*"(VE)) C H*"|(VE).

Since L} L. is elliptic and selfadjoint, it is an isomorphism on these sets, and since
L*(H*(S?T*E)) = L:L.(H*"(VE)), the composition L. o (L*L.)~! o L} makes
sense.



On the fiber at ¢, (g) define ® to be v* o L, o (L:L,)™* o L* o 4*~'. Then by
3.30 and the fact that T, (,y(O;) = Tl,T,(Oj), it is obvious that v(O;) = ker ®
and that ® is onto. It remains to show that ¢ is a smooth bundle map.

Let ®, be ® restricted to the fiber at £,(g). Assume s > 5 + 2.

Next take local trivializations of T' Met”(E)|os and TOy over some neighborhood
U. There v — ®, can be viewed as a map U — L(H*(S?*T*E), L.(H*tY(VE))).
Taking U small enough such that there exists by proposition 5.13 a local section
s:U — Gau*"(E). In the sequel, we will not distinguish between U and s(U). It
suffices to show that v — @, is smooth in order to prove that ® is a smooth bundle
map.

Set, therefore, L, := y* o Lo (T'ry) ™" = T,9, then L% = TryoL%o(y*)™", thus
@y =Lyo(L}o L) to L.

Since, obviously, v — L, is smooth, we only need to show that v — LZ is smooth
also. Because then, L L, : T, (Gauw*t(E)/ Gau(E),) — T,(Gau* ' (E)/Gau(FE),)
is an isomorphism, and v — L L, is smooth. Since we are in the setting of Banach
spaces, we conclude that v — (L;IMY)_1 is smooth also, hence v — @, is smooth.

Let us concentrate on v — L. L% € L(H*(S*T*E), L:(H®*(V*E))), and we see
that v — L7 is smooth if v — L% (h) is smooth for all h € H*(S?T*E), and its
derivatives are bounded by constants depending only on ||h||. We will prove this

fact by computing in local coordinates.
We find from [Palais 1965, chapter 4, §4] that

_ Aijkl
Li(h)! = % + hy BIH!

where A" and Bk are rational functions of the {g;;} and their first derivatives.
Let {7/} be the matrix of first derivatives of y~*. Then (y*)~'(h);; = 7E(hp o
7_1)7'}. Also if X* is a vertical vector field in local coordinates Tr.(X*) = X* o,
since 7., looks locally like a linear map (Proposition 5.7). Thus, we compute

* 1 m 8hm’n n 87_m7 n
L0 = (o o St o) + 2Tt o)+
ot} oy

(7 0 ) )(Aij’“ 0 7) + (71 0 7)o (77" 0 7)(B™ 0 7).

Ox!
T o is the inverse of the matrix of first derivatives of v, so L (h) consists of a
rational function in the first and second derivatives of v times the smooth functions
AR and BY* composed with 7. Therefore, using Lemma 3.24 and Theorem 3.27,
we see that v — L (h) is smooth as a map from Gau* Y (E) — H*~Y(VE). Each
derivative of the map is bounded by a constant involving the functions {g;;} and
their derivatives, and involving the H*-norm of h, since h and its first derivatives
appear in a linear fashion. Thus v — Li‘; is smooth.

By the arguments given before, we see that ® is a smooth bundle projection
T Met®(E)|os — TO; with kernel v(Og). Therefore, v(Oy) is a smooth bundle
over Oy.

This normal bundle now enables us to construct the requested slice. To ac-
complish this, we consider the exponential map Exp, : T Met®(E) — Met*(E)




o/

of the weak Riemannian structure on Met*(E). Then Exp,[,(0s) is a diffeo-
morphism from a neighborhood of the zero section of v(O7) to a neighborhood
of Oy in Met®(E). (Here, we essentially need that we are in the Hilbert space
setting). There exists a small neighborhood U of g in Oj with a local section
s : U — Gau*"(E), and a small neighborhood V of zero in v(0y)g such that
if W= {v*(v)lv e V,y € s(U)} C v(0;), Expg|w is a diffeomorphism onto a
neighborhood of g in Met®(E).

Consider the strong inner product Gs,( , ) on H¥(S*T*E) (see Proposition
5.9). As we have seen, Gau(FE), acts as a group of orthogonal transformations with
respect to Gs4( , ). A suitable V for above is then e.g. the set

V ={X € T Met*(E)|X € v(0])g,Gs4(X, X) < &*}.

We choose U and V' small enough such that Exp, (W) N O, =U.

By Gs( , ) we denote again the strong Riemannian structure on Met®(E)
from 5.9 and by Bj the ball of radius r about g with respect to G;. Then for
some 0 > 0, Exp (W) D B;‘S. Take U; C U, and pick €1 < € giving V; C V and
W1 = {v*(v)lv € V1,7 € s(Uy)} such that Exp,(W1) C BY. Define the slice as

S := Exp,(V1). We next prove the three required properties.
(1): Let v € Gau(FE), and = = exp(v) € S, v € V5. Then

l(x) = £y(Exp,(v)) = Exp (7" (v))

v 1 v(0;)g — v(0y)g, since it preserves G; and the weak Riemannian structure
Gs. Therefore, ¢ (x) = Exp,(v*(v)) € S.

(2): Assume that there exist v € Gau*t'(E) and x,y € S such that £, (z) = y.
Then Gs(g,y) < 0, and 6 > Gs(g9,2) = Gs(£4(9),l+(x)). Thus Gs(g,¢,(g9)) < 26
and ¢(g) € Exp (W) and ¢4(g9) € U. If x = Exp,(a) and y = Exp,(b), then
Exp,(b) = Exp,(v*(a)) and b,v*(a) € W. Since Exp, |w is injective, v*(a) = b, so
since a,b € V, £,(g) = g or v € Gau(E),.

(3): Let s and U be as above. Let Wy = {y*(v)|v € V1,7 € s(U)}. Then, since
Exp, |w, is a diffeomorphism onto a neighborhood of g, F : U x S — Met*(FE)
defined by F(u,x) = £(s(u),x) is a continuous bijection onto Exp,(Ws). For z €
EXps(W2)

F1(2) = (n Bxp; (=), (s 0 7 0 Bxpy ()7L, 2))

where 7 : v(Oy) — Oj is the bundle projection map. Therefore, F~1is continu-

ous. U

5.21. Corollary. Let s> 5 +2 and { : Gau* T (E) x Met*(E) — Met*(E) be the
usual action. Then there exists a neighborhood N of OF and a smooth equivariant
deformation retract of N onto OY.

Proof. Following the notation of Theorem 5.20, let W5 = {y*(v)|v € Vi,y €
Gau®T'(E)}, and set N = Exp,(W3).

Exp, |w, is a diffeomorphism, and since Exp,(y*(v)) = £,(Exp,(v)) for any
v*(v), Expy |w; is a local diffeomorphism. Furthermore,

Exp,(W3) = U by (Exps(W2)),
vEGauT1(E)



so Exp,(Ws3) is a neighborhood of Oj. Next we show that Exp, |w, is injective. As-
sume Exp, (7] (v1)) = Exp,(v3(v2)). Then £ !0, (Exp,(v1)) = Cn? Exp,(v2) =
Exp,(v2). But since Exp,(v1), Expy(vs) € S by Theorem 5.20(2) v17; * € Gau(E),.
Thus, (y17; 1)*(v1) € Vi, so since Exp, is injective on Vi, v¥(v1) = 74 (v2).

Thus Exp, |w, : W3 — N is a diffeomorphism. But then r : N x [0,1] — N,
defined by r(x,t) = Exp,(tExp, ' (x)) is the required deformation retract. It is
equivariant and smooth, since Exp, is. [

5.22. Smooth Slice theorem. Let {: Gau(F) x Met(E) — Met(FE) be the usual
action. Then for every g € Met(E), there exists a contractible subset S of Met(E)
containing g, such that

(1) If 7 € Gau(E),, £(,S) = S.

(2) If v € Gau(E), such that £(y,S) NS # 0, then v € Gau(E),.

(3) There exists a local cross section s : Gau(E)/ Gau(E), — Gau(E) defined on
a neighborhood U of the identity coset such that if F: U x S — Met(FE) is
defined by F(u,t) := €(s(u),t), then F is a homeomorphism onto a neigh-
borhood of g.

Proof. If S* is the slice from Theorem 5.20 define S := S° N Met(E).

(1): obvious.

(2): obvious.

(3): Let U® be the U of Theorem 5.20 and set U := U® N Gau(E)/ Gau(E),. Let
u € U, sou = Gau(E)yy, v € Gau(E). Let s be the local cross section from
5.20. Then s(u) = 77y, with n € Gau(F), C Gau(F), so s(u) € Gau(E). Thus
s(u) C Gau(FE).

Next assume z,, — « in U. By the definition of the topology of Gau(£)/ Gau(E),,
there exist {v,},7 € Gau(F) such that 7(v,) = z,, 7(y) = =z, and v, — 7 in
Gau(E), and there exists {n,},n € Gau(E), with n,s(z,) = 7, and ns(z) = 7.
Because z,, — x in U®, s(z,) — s(z) in Gau*T'(E), and since Gau*T'(E) is a
topological group, this means that 7, — 7 in Gau®*"'(E). Therefore, 7, — 7 in
C! Gau(E), and by Theorem 5.10 7,, — 7 in Gau(E). But since s(z,) = n,, 17, and
s(r) = n7 1y, we get s(x,) — s(x) in Gau(E), so s is continuous, and s is a local
cross section s : U — Gau(E).

Define again F' : U x S — Met(F) as F(u,z) = {(s(u),x). It remains to show
that F' is a homeomorphism onto a neighborhood of g in Met(E), which reduces to
showing that F'(U x S) = Exp(W2)NMet(E) (c.f. Theorem 5.20) which clearly is a
neighborhood of g in Met(E), and that F~! is continuous. For we know the formula
for F~! from Theorem 5.20, it finally suffices to show that Exp |r Met(E)NWs -
T Met(E) N Wy — Wy N Met(E) is a homeomorphism in the C° topologies:
Take § = Exp(w) € Met(E), w € Wy. Then Exp~'(§) € T,(M) for h € Oy, and
therefore § = Ly(n) (Cxp(s(n)—1w) = F(h,Lsn)-1(g)). So, it remains to show that
Exp is a homeomorphism.

This follows from a very restricted implicit function theorem for Fréchet spaces
(Theorem 5.23). O

5.23. Theorem. Let V and W be any vector bundles over E associated to the
tangent bundle or the vertical bundle (e.g. TE, VE, T*E, S*T*E, ... ). Then for



any v € Gau(E) there is a natural linear map v* : H°(V) — HO(W). Let A C
H*(V) and B C H*(W) be submanifolds such that for all v € Gau(FE), v*(A) C A,
v*(B) C B. Assume f : A — B is a diffeomorphism such that f oy* = v* o f
for all v € Gau(E). Then f(ANC>(V)) C BNC>®(W), and flanc=(v) is a
homeomorphism onto B N C>(W).

Proof. Since elements of Gau(E) act naturally on H*(V) and H*(W), one can
define Lie derivatives for such sections. If a € A, a € C>°(V) iff all its iterated Lie
derivatives exist. But f oy* =~* o f implies Lx(f(a)) =Tf L(a) (or Lx(f(a)) =
V f L(a) depending which bundles V' and W are chosen). This can be extended to
higher Lie derivatives. Therefore, if all Lie derivatives of a exist, all Lie derivatives
of f(a) exist. Furthermore, a,, — a is C*° if all Lie derivatives of a,, converge to
those of a. But then f(a,) — f(a) in all Lie derivatives, hence f(a,) — f(a) C*°.
Hence f is continuous in the C°° topologies. Since the hypothesis of the Theorem
is symmetric in f and f~!, we see that f is a homeomorphism. [J

Now we have constructed slices for the Hilbert manifold situation and using these
for the smooth case. Next we will figure out, how this slice theorem leads to a kind
of stratification in the infinite dimensional case, at least to the largest open and
dense stratum.

5.24. Theorem. Let G be the set of all g € Met(E) with trivial isotropy group.
(1) G is open in Met(E)
(2) G is dense in Met(E) if the base manifold M and the standard fiber S are
at least of dimension 1.

Proof. (1): Take g € Met(E) and V any neighborhood of Id in Gau(E). Next
consider the U, F' from Theorem 5.22, set U := U Nw(V), and let N = F(U,S). N
is a neighborhood of g. For arbitrary h € N, h = F(u,z), so k = £4)-1(h) € S. By
Theorem 5.22(2) Gau(E), = Gau(E)y. Thus if v = s(a), we get v ! Gau(E)ry C
Gau(E),. But m(y) = @ € U, and therefore v € V. So we have proven that for every
nerighborhood V of Id in Gau(FE), there exists a neighborhood N of g such that for
every h € N exists v € V such that Gau(E), = v~ Gau(E),~y. This implies (1).
(2): Take g € Met(E). We have to show, that in any neighborhood of g we can
find h such that Gau(FE), = {Id}.

Let S(E) be the unit sphere bundle of TE. For h € Met(F) set f; : S(E) — R
as

Ric(X, X)

where Ric(X, X) denotes the Ricci tensor of h. In normal coordinates x, (with
respect to g) at e € E.

1 (92g” (9291'71 a2gnn
To(On) = 2 Z ((8xn)2 B 28xi8xn * Ox? > '

7

Next take ¢ € C*°(S?T*FE) such that ¢, = 0 and gijj

zero in C*°(S?T*E) being nonzero only on a given neighborhood U of e, and such

p = 0, with € very near to



that fy4c(0n) > f4(0n). We, furthermore, calculate

1 8262'2' 8252'71 62€nn

%

So we can construct for every metric g, every point e € E, and every neighborhood
U of p a metric § which is arbitrarily near g, g = g outside U and f5(X) = f,(X)
for all X € S(E).

We also see that for any h € Met(E) and v € Gau(E), fn(TyX) = fr(X) for
every X € S(F). Now choose p, X € S,(E) such that f,(X) is maximal. As U
take a neighborhood of p which is contained in a normal coordinate neighborhood,
and take € as above. Set g3 = g+ ¢, and let e; € E and X; € S(FE) be chosen
that f,, (X1) is again maximal. e; € U, since g = ¢; outside U. Next select a
neighborhood U; C U of ey with radius 74(U;) < 2ry(U). For the setting e1, Us
find a 1 as above and iterate the construction to inductively define h = g+e+), €;,
é = lime;. We have then got a metric h such that for a Z € S;(E), fn(Z) > fr(Y)
for all Y € S(E) — S¢(FE), and g = h outside U. Since for v € Gau(E);, fr(X) =
frn(TyX) for all X € S(E), the maximality at é implies y(é) = é.

Now set K¢ = {z € El|dy(x,é) = &}, where dj, is the metric induced by h.
Choose § in a way that Kg NU = and Kg is included in a normal coordinate
neighborhood of é. Using the above procedure, change h to h; around Kg, leaving
hi = h on U, so that for é; € K¢ and X € Se, (E) fn, (X) > fn, (X1) > fn, (Y) for
all Y € S(K?) — Sz, (E).

By the same argument as before v € Gau(E)y, implies v(é) = é, y(é1) = é;.
Take Kggll = {z € Eldp,(z,€) = d,dp,(x,é1) = 01} and iterate the construction
above, giving points é,¢éq,...,é,, and metrics hq,...,h, with the properties that
v € Gau(E)p, implies vé = é and vé; = é;. All &; are in K2, so there exist
Y; € T:(E) such that é; = exp(Y;) where exp is the exponential map of h,. The
{é;} can be chosen in a way that the Y; form a basis of Tz E. For v € Gau(E),, we
get exp(Y;) = é; = v(é;) = y(exp(Y;)) = exp(TY;), hence Y; = TvY;, so Ty = 1d.
Since Gau(F) C Diff(E), v is an isometry for h,,, and since y(é) = é and Tzy = Id,
we get v = Id. Hence, Gau(FE)y, = {Id} and h,, is arbitrarily close to g. Therefore,
G is dense in Met(E). O

5.25.Remark: A stratification for Met(FE)/ Gau(E). By iterating the construc-
tions above, one can then show that Met(E)/Gau(F) = M; U My U ..., where
M; =G and M; C OM;_;. All the manifolds are modeled on Fréchet spaces, giving
Met(E)/ Gau(E) the structure of a stratified manifold.

5.26. The slice theorem for (Conn(F) x Met(VE))/Gau(E). Next make use of
the following result from [Gil-Medrano et al. 1994]:

Definition. Let M be a smooth (connected) finite dimensional manifold, and let V'
be a distribution on it. We denote by (M, V, my) the vector subbundle determined
by V, and by (M,N = TM/V,7y) the normal bundle. i : V < TM shall denote
the embedding, and p : TM — N the epimorphism onto the normal bundle. An
almost product structure on M is a P € C*°(L(TM,TM)) such that P? = Id.
Every almost product structure on M induces a decomposition of T'M of the form
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TM = ker(P—Id)®ker(P+Id). These subbundles are called vertical and horizontal,
and will be denoted V' and H” respectively. We are given in a natural way the
vertical and horizontal projections v’ = %(P—i—Id) and hf = %(P—Id). The almost
product structure P also determines a monomorphism Cp : N — T'M, called the
horizontal lifting, given by Cp o p = h¥. It is an isomorphism onto H inverse to
p| Hp.

For a given distribution V' in M we will denote by Py (M) the space of all almost
product structures with V¥ = V. So choosing an element of Py (M) is equivalent
to choosing a subbundle of TM complementary to V. This subbundle is given by
ker(P + 1d).

Theorem. Let M be a smooth finite dimensional connected manifold, then there
is a real analytic diffeomorphism

Met(M) =~ Met(N) x Met(V) x Py (M).

where Met(M) as usual denotes the Riemannian metrics on M, and Met(N) and
Met(V) denote the bundle metrics on N and V' respectively.

Proof. [Gil-Medrano et al. 1994, Proposition 4.4] O

5.27. Application to £ and V E. Consider, as before, the vertical bundle of the
fiber bundle E. It is, of course, also given by a vertical distribution on E. An
almost product structure on F is just a projection onto V' E/, hence a connection on
E. Thus Pyg(F) = Conn(E), so the Theorem in 5.26 is applicable to our situation.
We, therefore, have

Met(E) ~ Met(NE) x Met(VE) x Conn(FE).

Since Gau(E) acts naturally on Met(E), it also acts on the spaces on the right
hand side of the above equation. The action on Conn(FE) is just the usual action.
The action on gy € Met(VE) is given by

(*gv)p (v X, 0%Y) = gy (07 X, 07 PY),

and the action on Met(INE) is trivial.
Using this result, we may use the slice theorem for Met(E)/Gau(FE) to gain the
following theorem for (Conn(E) x Met(VE))/Gau(FE).

5.28. Theorem. Let { : Gau(E) x Conn(E) x Met(VE) — Conn(E) x Met(VE)
be the restriction of the action ¢ : Gau(E) x Met(E) — Met(E) to Conn(FE) x
Met(VE). As seen before, { is an action on Conn(E) x Met(VE), and for every
g € Conn(E)x Met(V E) there ezists a contractible subset S of Conn(E)x Met(V E)
containing g, such that

~

(1) If v € Gau(E)g, £(y,5) = S.

(2) If v € Gau(E), such that £(y,S) NS # 0, then v € Gau(E)j;.

(3) There exists a local cross section s : Gau(E)/ Gau(E); — Gau(E) defined on
a neighborhood U of the identity coset such that if F: U x S — Conn(FE) X
Met(VE) is defined by F(u,t) := {(s(u),t), then F is a homeomorphism
onto a neighborhood of g.



Proof. Consider the decomposition Met(F) = Conn(E) x Met(VE) x Met(NE)
which get from 5.27. Choose a g € Met(F) with (pr; X pry)(g) = g. Denote
by Siet(p) the slice for g of Theorem 5.22, and set S := pry X pry(Spser(r)). Iff
v € Gau(E); then v € Gau(E), since the action on the third factor is trivial. We
then have

(1):

~

05(8) = £((pry % Pra) (Snet(m)) = (Pry X pra)(ly (Samet(r))) =
= (pry X pry) (Snmet(m)) = S-

(2): If v € Gau(E), such that EV(S) NS # (. Set g := prsg(g). Let z,y € S
be chosen such that é,y(x) = y. Denote by iy : § — Spget(r) the map iy : 2 +—
(pry X pry) ~Y(z) x pr3'(g). Then £, (ig(x)) = iy4(y), and since Srer(m) is a slice,
we get v € Gau(FE),, therefore v € Gau(E)j;.

(3): Take the cross section s from 5.22; the same U as in 5.22; and denote by F’
the homeomorphism of 5.22. Then F' = (pr; X pry) o F’ o (Idy xi4) is a homeomor-
phism onto the neighborhood (pr; x pry)(F'(U X Spet(r))) of § as a composition
of homeomorphisms. [

5.29. Remark. As in 5.24 one can again show that the set of principal orbits G,
where the isotropy group is trivial, is open and dense, and like in 5.25 a strati-
fication into smooth manifolds modeled on Fréchet spaces exists for (Conn(FE) x

Met(VE))/ Gau(E).

In the next chapter we will, however, see that the factor Met(V E) is crucial for
the existence of a slice theorem. When omitted, it can be shown that there exist
elements of Conn(F) where no slice can possibly exist.



6. Conn(FE)/Gau(FE) AND WHY NO SLICE THEOREM EXISTS

The non—existence of the slice theorem follows from a counterexample which is
inspired by a counterexample for the action of Diff(S1) on C°°(S!,R) and the fact
that when slices exist locally the isotropy subgroup of an element cannot increase.

6.1. Proposition. Let the action of G on M have a slice S at x. Then there is a
neighborhood U of x such that

(1) ify e UNS, then G, C Gy,

(2) ify € U, then Gy is conjugate to a subgroup of G.

Proof. (1) follows directly from slice property (2) (see e.g. Theorem 5.22) as follows.
Let y € S and some g € Gy, so that gy = y. It follows that ¢S NS # 0, and so by
property (2) we must have g € G,.

(2): Let U be the neighborhood described in slice property (3). Then there must
exist some g € G such that g~'y € S. Applying (1) to g~ 'y, we then find that
g 'GykCcG,. O

6.2. The counterexample for C*°(S! R)/Diff(S1). Let h(t) : S* — R be a
smooth bump function with

o=, TEO

>0, z€]0,5].

Then set h,(t) = =h(4"(z — 1_3‘%")). Then h,(t) is nonzero in the interval
1 -1
]17347”, = 2= [. Defining

£ =3 halt)e =P
n=0

1
1—4—n

we get a positive smooth function, which has zeros exactly on ¢ = —*=, and which
is flat at t = %
In every neighborhood of f lies a function
N N
() = ha(t)e =57
n=0
. . .. . . . - x4t
which has only finitely many zeros and is identically zero in the interval [—4—-, 1].

All diffeomorphisms in the isotropy subgroup of f are also contained in the
isotropy subgroup of fy, but the latter group contains additionally all diffeomor-

1——L
phisms of S! which have support only on | 4§V =, %] This is a contradiction to

the fact that locally the isotropy subgroup cannot increase (i.e. to proposition 6.1).

6.3. Remark. The counterexample above also works, when replacing zeros of the
function with zeros of the derivative. In the Conn(FE)/ Gau(E) case neither of these
work, since the action is more complicated. So one has to search for an expression
in the connection ® for which the action is simpler. It turns out that the curvature
of ® is such a convenient expression.



6.4. The curvature of a connection. In 4.29 we have defined the curvature R
of a connection ®. For a gauge transformation v € Gau(F) we have that ® and
~v*(®) are y-related. By theorem 4.15 we hence get that R and v*R are ~y-related.
But for v € Gau(F)4 this means that for all e € E

(v*R). = R..

This is the simple action we were looking for. In order to construct a counterex-
ample to the slice theorem, we have to investigate the local description of the
curvature.

6.5. Christoffel forms. Let ® be a connection on (E,p, M, S), and (U, %) a
fiber bundle atlas with transition functions (1o3). Let us consider the connection
(P 1)*® € QY U, x S;U, x TS). It may be written in the form

W;l)*(fm??y) = —I'*&,y)+n, for &, € T,U, and ny € T),S,

since it reproduces vertical vectors. The I'* are given by

(04, T%(&4,9)) = —T0.®.T(0) . (&, 0y).

They can then be considered as elements of the space Q!(U,; X(S)). These I'“ are
called the Christoffel forms of the connection & with respect to the bundle atlas

(Ua,%)-

6.6. Lemma. The curvature R of ® satisfies the (local) Maurer—Cartan formula.

(o ')* R =dl* + 3[T*, T x(s).

Proof.

(Yo ) R((&1,m), (b2,m2)) =
= (o ) R[Ad = (13 ") ®) (1, m1), Ad —(1p 1) * @) (&2, m2)] =
= (Yo ) @[(&1, T(€1)), (&2, T%(&2))] =
= (V) 0 ([&1, &), &I (&) — &T¥(&) + P(&), T (&)]) =
= —T%([61,&2]) + &1 (&) — LI(&) + [I(61), I (&2)] =
=dl*(€1, &) + [T9(&1), T (&2)] % (s)- O

6.7. The counterexample for dim M > 2. We will construct locally a connec-
tion, which satisfies that in any neighborhood there exist connections which have
a bigger isotropy subgroup.

Let n = dim S, and let h : R™ — R be a smooth nonnegative bump function,
which satisfies carr h = {s € R"| ||s — s¢|| < 1}. Set

hr(s) :=rh(so + (s — s0)),



then carr h, = {s € R"| ||s — so|| < r}. Next define
h;t(s) := h(s — (s1 — S0)),

which implies carr bt = {s € R"| ||s — s1|]| < r}. Using these functions, we can
define new functions fx for k£ € N as

Ti(8) = M5y e (5),

where z := #2250 for some so, € R™ and sy, := s+ 2(2 Z?:o 2% —1- 2%) Further
set

N
fN(S) = e ls—sooll? Z ﬁfk:(S):
k=0
f(s) := lim fN(S)'

N—oo

The functions fV and f are smooth, respectively, since all the functions f; are
smooth, and on every point s at most one summand is nonzero. carr f N = U,]j:o{s €
R"| ||s = sill < grllzll}, carr f = UpZo{s € R"| ||s—si]l < gx ]2}, fV and f vanish
in all derivatives in all zx, and f vanishes in all derivatives in s..

Let ¢ : E|y — U xS be a fiber bundle chart of F with a chart u : U = R™on M,

and let v : V = R™ be a chart on S. Choose g € C2°(M,R) with §) # suppg C U
and dg A du' # 0 on an open dense subset of supp g, choose sg and s, as inner
points in supp g. Then we can define (denoting by u* and v’ the coordinates in U
and V, respectively) a Christoffel form as in 6.5 by

[':=gdu' ® f(v)0, € QY U, X(5)).

This defines a connection ® on E|y which can be extended to a connection ¢ on
E by the following method. Take a smooth functions ki,k2 > 0 on M satisfying
ki +ky =1 and k; =1 on suppg and suppk; C U and any connection ¢’ on F,
and set ® = k1 ®'' 4 ko ®’, where ®' denotes the connection which is induced locally
by I'. In any neighborhood of ® there exists a connection ®~ defined by

Y = gdu' @ fN(s)d,, € Q' (U, %(9)),

and extended like ®.
Claim: There is no slice at .
Proof: We have to consider the isotropy subgroups of ® and ®%. Since the con-

nections ® and ®" coincide outside of U, we may investigate them locally on
W ={u:ki(u) =1} C U. The curvature of ® is given locally on W by 6.6 as

Ry =dl = 3[0,T[3") = dg A du' & f(0)d, - 0.



For every element of the gauge group Gau(E) which is in the isotropy group Gau(E) ¢
the local representative over W which looks like 7 : (u,v) — (u,y(u,v)) by 6.6
satisfies

Tv(’V(“? )) <£u7 ): (éuyv(uav))_Tu<7( ’,U))'éua
g(uw)du' ® f(v Za’y@ = g(u)du @ f(v(u,v) Ul—zafy

du3®8 i

Comparing the coefficients of du’ ® 0,; we get the following equations for v over
Ww.

D1 =0 for (i) £ (1,1),
(1) o) F(0) 9 = glu) f(x(m,0) — T

Considering next the transformation ¥* Ry = Ry of the curvature 1.2 we get

Tv(’y(uv )) RU(&u,”m ) = RU(Suanu77(ua ’U)),

dg A du' @ f(v Z Oyi = dg A du* @ f(y(u,v))0p

Another comparison of coefficients yields the equations

f(v)ng =0 fori#1,
@) £ 2% = f6r(.0)),

whenever dg A du' # 0, but this is true on an open dense subset of supp g. Finally,
putting (2) into (1) shows

ov'
oul
Collecting the results on supp g, we see that v has to be constant in all directions
of u. Furthermore, wherever f is nonzero, v! is a function of v! only and v has to
map zero sets of f to zero sets of f.
Replacing T' by I'V we get the same results with f replaced by f~. Since
f = f~ wherever f¥ is nonzero or f vanishes, ~ in the isotropy group of ® obeys
all these equations not only for f but also for ¥ on supp f~¥ U f C (0). On
B := carr f\ carr fV¥ the gauge transformation v is a function of v! only, hence
it cannot leave the zero set of fN by construction of f and f~. Therefore, v
obeys all equations for fV whenever it obeys all equations for f, thus every gauge
transformation in the isotropy subgroup of ® is in the isotropy subgroup of ®¥.
On the other hand, any ~ having support in B changing only in v! direction not
keeping the zero sets of f invariant defines a gauge transformation in the isotropy
subgroup of ®V which is not in the isotropy subgroup of ®.
Therefore, there exists in every neighborhood of ® a connection ®V whose
isotropy subgroup is bigger than the isotropy subgroup of ®. Thus, by proposi-
tion 6.1 there exists no slice at ®. [J

=0 for all i, j.
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6.8. The counterexample for dim M = 1. The situation is somewhat different
if dimM = 1, i.e. M = S'. In this case, the method of 6.7 is not applicable,
since there is no function ¢ satisfying dg A du' # 0 on an open and dense subset
of suppg. However, any connection ® on FE is flat. Hence, the horizontal bundle
is integrable, the horizontal foliation induced by ® exists and determines ®. Any
gauge transformation leaving ® invariant also has to map leaves of the horizontal
foliation to other leaves of the horizontal foliation.

We shall construct connections ®* near ® such that the isotropy groups in
Gau(FE) look radically different near the identity, contradicting 6.1.

Let us assume without loss of generality that E is connected, and then, by
replacing S! by a finite covering if necessary, that the fiber is connected. Then
there exists a smooth global section x : S! — E. By [Michor 1980, Lemma 10.9]
there exists a tubular neighborhood 7 : U C F — im(x) such that 7 = x o p|U
(i.e. a tubular neighborhood with vertical fibers). This tubular neighborhood then
contains an open thickened sphere bundle with fiber S x R®~! and since we
are only interested in gauge transformations near Idg, which e.g. keep a smaller
thickened sphere bundle inside the larger one, we may replace E by an S!-bundle.
By replacing the Klein bottle by a 2-fold covering we may finally assume that the
bundle is pr; : ST x ST — St

Consider now connections where the horizontal foliation is a 1-parameter sub-
group with slope A. We see that the isotropy group equals S' if \ is irrational,
and equals S! times the diffeomorphism group of a closed interval if A is rational.
Since in every neighborhood of a 1-parameter subgroup with irrational slope are
some having rational slope, we see that there cannot be a slice theorem for one
dimensional M, either. [

The counterexamples constructed in 6.7 and 6.8 imply the following

6.9. Theorem. Let (E,p, M,S) be a fiber bundle such that M, S are both compact,
and dim M > 1 and dim S > 1. Further denote the usual action by | : Gau(E) X
Conn(E) — Conn(E). Then there exists ® € Conn(E) such that there does not
exist a contractible subset S (a slice) of Conn(FE) containing ®, such that

(1) If y € Gau(E)q, £(v,S) = S.

(2) If v € Gau(E), such that £(v,S) NS # 0, then v € Gau(E)s.

(3) There exists a local cross section s : Gau(FE)/Gau(FE)e — Gau(E) defined
on a neighborhood U of the identity coset such that if F': U x S — Conn(FE)
is defined by F(u,t) := £(s(u),t), then F is a homeomorphism onto a neigh-
borhood of ®.

Proof. See 6.7 and 6.8 [J
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