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ABSTRACT. It is shown that a strong system of vector fields on a fiber
bundle in the sense of [Mo] is induced from a principal fiber bundle if
and only if each vertical vector field of the system is complete.
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1. INTRODUCTION

The notion of systems of vector fields and systems of connections for
fibered manifolds were introduced by Marco Modugno as a generalisa-
tion of principal connections and as a means to give a lucid and easy
construction of the universal connection on the bundle of connections,
which for principal bundles is due to [Garcia, 1977]. This is a special
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case of the usual notion of a system as treated for example in [Gauthier,
1984]

In this paper we prove as the main result (theorem 3.6) that any
such system for a fiber bundle which is strong in the sense of Modugno
and has the further property that all vertical vector fields of the system
are complete, is in fact an induced system on an associated bundle for
a principal bundle. The structure group of the principal bundle is the
holonomy group of the universal connection of the system. In 2.7 we
show that the converse is true and we describe some simple examples of
non-complete systems also.

We use heavily the concepts and techniques of [Mi]. These can be
found also with more details and more complete proofs in [Michor, 1991].

I want to thank Marco Modugno for his hospitality, for asking the
question answered in this paper, and for lots of discussions.

2. SYSTEMS

2.1. Let (E,p,M,S) be a smooth finite dimensional fibre bundle with
base M and standard fibre S. By a system of vector fields on E we mean
a pair (H,n), where

(1) H=(H,qu,M) is a vector bundle over M.
(2) n is a mapping factoring as in the following diagram

HxyE —'—~ TE

m| [

H — T'M.

n

Furthermore it is supposed to be fibre respecting and fiber linear
over F/. Then it turns out that n : H — T'M is fibre respecting
and fiber linear over M. Also we suppose that 7 is fiberwise
surjective. B

In [Mo] this is called a linear, horizontally complete, and projectable
system of vector fields.

2.2. A system of vector fields is called monic if the associated mapping
i H — J,cr C°(TE|E,) is injective.

It is called involutive, if the push forward of the associated mapping
acting on sections 7, : C°(H) — C*(TE) = X(F) has as image a Lie
sub algebra of the algebra of vector fields on E. Note that this is not
involutivity of some sub bundle of T'F, since all vector fields in the image
of 7, are "rigid” along the fibres of E.
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A system is called canonical if there exist an open cover (U, ) of M, a
fiber bundle atlas (Uy, ¥ @ E|Uy — Uy x S) of (E,p, M), and a vector
bundle atlas (Uy, ¢q : H|Uy — TU, X V) of (H,qp, M), such that

Ta0-(9a" (€arv), ¥a (2, 58)) = (&,n% (v)(5)),

where n® : V' — X(5) is a linear mapping into the space of vector fields
on the standard fiber S. So it is required that the the mapping n® does
not depend on the foot point x € U,. These data will be called canonical
atlases for the system.

A system that is monic, involutive, and canonical is called a strong
system, see [Mo].

2.3. Let (H,n) be a system of vector fields on the bundle E. Then the
kernel of the vector bundle homomorphism n : H — T'M is a sub vector
bundle A of H. Thus we have the following diagram

HxyE —1— TE

pml lTp

0 A — H ——TM —— 0,
i n

where the lower line is an exact sequence of vector bundles. For a, € A,
the vector field 7(a;) € X(E,).

We say that the system (H,n) is complete if and only if each vector
field 7(a,) € X(E,) is a complete vector field on the fiber E,; so its flow
should exist for all time.

2.4. Remark. The exact sequence 0 — A — H — T'M of a monic
and involutive system is also called a Lie algebroid, see e. g. [Mackenzie,
1987, p. 100], or an abstract Atiyah sequence, see Almeida-Molino, 1985;
one forgets the bundle £ on which the sections of H induce projectable
vector fields. In this paper we will concentrate on F.

2.5. Let (H,n) be an involutive monic system of vector fields on the
bundle (E,p, M,S). We consider the exact sequence 0 — A — H —
TM — 0 of vector bundles from 2.3 and the induced exact sequence of
push forwards on the respective spaces of sections

0 — C®(A) 2 0% (H) 25 %(M) — 0.
We have also the induced push forward mapping

e s CF(H) — X(E)
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which is injective since the system is monic. The image of 7, is closed
under the Lie bracket, so there is an induced bracket

[, ¥ :C®(H)x C>®H)— C>(H)

which is a bilinear differential operator of total degree 1.

Now for sections aj, az € C*(A) and a function f € C>*(M,R)
we have [7.(f.a1), M« (a2)] = f.[7(f.a1), 7« (a2)], which is again vertical,
since the vector fields 7. (a;) € X(F) are vertical and f is constant along
the fibres. Thus the induced bracket [ , | : C®(A4) x C*(A) —
C>°(A) is of order 0 und is thus a push forward by a smooth fiberwise
Lie bracket [ , ]4: A xy A — A. Note that the isomorphism type
of the Lie algebra (A,,[ , ]2) need not be locally constant, if the Lie
algebra is not rigid, for example.

Let us now assume furthermore that the monic involutive system
is also canonical (see 2.2) and let (U,, %) and (U,, o) be canonical
atlases for this system as spelled out in 2.2. We want to express the
bracket [h1, ho]® for hi, ho € C°°(H) in terms of the canonical atlases.
We have ¢4 (h;)(x) = (X, (x),vp,(z)) € TU, x V, and h; has values in
the sub bundle A if and only if the vector field X}, is zero. We have
then

(T 0 1 () (657 (2, 5)) = (T 0 1) (03 (X (), 00 (2)), 5 (2, 9))
= (Xn(2), 7" (vn())(s)
(Tt © i (), e () * ) (0 (2, ) =
= [(Xn,, 0™ 0 0n, ), (Xnyy 1™ 0 vpy )XV (2, 5)
= ([Xny, X050 @), [0 (on, (2)), 1 (ony (2)) 5 (5)
(0 0 (h2)) (@) (X, (@))(s) = d(n* 0 v(n))(@)(Xns (2))(5)).
If a1, ay € C(A) then we get
(T o [in(ar), i (a2) X2 (67 (2, 5)) =
= (0,17 (W (2)), 1" (005 (@) F(5)
= 1 ([ta, (2), 0, ()] (5).

So the canonical atlases for a canonical system restrict to a vector bundle
atlas for the Lie algebra bundle (A,[ , ]%) in which the Lie algebra
structure is locally trivial, thus constant along connected components of
M. To simplify notation we assume that it is constant, isomorphic to

Vil o, V.
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2.6. Connections for a system. Let (H,n) be a system of vector
fields on the bundle . We consider a vector bundle homomorphism
o : TM — H which splits the exact sequence 0 — A — H — TM —
0. Then o defines a horizontal lifting C, : TM xp; E — TFE by the
prescription

Co(&ryug) :=n(0(&),u,) € TE.

So C, is linear over E and is a right inverse to (I'p,7g) : TE — TM x
E. By [Mi, 1.1] C, specifies a connection for the fiber bundle E. We call
all connections obtained in this way connections respecting the system
H or just H-connections.

Let us suppose now for the moment that the system H is canoni-
cal and let (Uy,%a), (Ua,pa) be canonical atlases for the system H
as required in 2.2. The splitting ¢ : TM — H can then written as
Val0(&:)) = (&x,0%(&:)), where 0* € QY(U,; V) is a one form on U,
with values in the vertical part V' of the standard fiber of H.

The space of all vector bundle splittings of the exact sequence 0 —
A — H — TM — 0 parametrizes thus the space of all connections of
the fiber bundle E which respect the system (H,n). These splittings are
exactly the sections of the affine bundle

C(H) :={sy € L(T;M,H;) :n_o sy = Idr,m,z € M}.

The modelling bundle of that affine bundle is L(T'M,A) = T*M ® A.

2.7. Associated systems. Let (P, M, p,G) be a principal fiber bundle
with structure group G, and let £ : G x S — S be a smooth left action
on a smooth manifold. Then we have the associated fiber bundle P[S] =
P[S,f] = (P x S)/G. On the principal bundle P there is the strong
system of all projectable G-equivariant vector fields (T'P/G, np), whose
exact sequence in the sense of 2.3 is given by

0—VP/G=Plg,Ad] - TP/G —TM — 0.

The sections of TP/G correspond to the infinitesimal automorphisms of
the principal bundle. The vertical sections correspond to the infinitesi-
mal gauge transformations.

The strong system (7'P/G,np) thus induces a system (T'P/G,np(g])
on the associated bundle P[S] which is monic if and only if the action
¢ is infinitesimally effective, i. e. the fundamental vector field mapping
¢ : g — X(9) is injective. By looking at a principal bundle atlas and the
induced associated atlas (see [Mi, section 2]) one easily sees that these
systems are canonical and complete. Also it is easily checked, that an
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arbitrary system (H,n) on the associated bundle P[S] is isomorphic to
the induced system if and only if each H-connection is induced from a
principal connection; by using [Mi, 2.5] one may recognize these induced
connections.

If we take a suitable open subbundle E of the associated bundle P[S]
we obtain by restriction a (strong) system (T'P/G,ng) which in general
is not complete.

3. PROPERTIES OF COMPLETE STRONG SYSTEMS

3.1. Theorem. Let (H,n) be a complete strong system of vector fields
on the bundle (E,p, M, S).

Then each connection C, respecting the system H for any splitting of
the exact sequence 0 — A — H — TM — 0 is complete in the sense of
[Mi, 1.6]: its parallel transport exists globally.

Proof. Let ¢ :[0,1] — M be a smooth curve. We have to show that for
each ug € F,(g) there exists a smooth curve Pt(c,t,uo) in £ which covers
c(t), is horizontal, has initial value ug, and is defined for all ¢ € [0, 1]. We
refer to [Mi, theorem 1.5] for the local existence and general properties
of parallel transport.

Let (Ua,%a), (Ua,pa) be canonical atlases for the system H as re-
quired in 2.2. We choose a partition 0 = t5 < t; < -+ < tp = 1
such that c([t;,t;11]) C U,, for suitable «;. It suffices to show that
Pt(c(tit+ ),t, ucy,)) exists for all 0 < ¢ < ¢;11 —t; and all ue,) € By,
for all ¢ — then we may piece them together. So we may assume that
c:1[0,1] — U, for some «.

By [Mi, third proof of 1.5] we have in U, x S

Ya(Pt(e,t, 15 (c(0), ) = (e(t),7(s,1)),
where (s, t) is the evolution line (integral curve) of the time dependent
vector field I'*(4¢(t)) on S, where I'™ € Q! (U,, X(9)) is the Christoffel
form for the connection C, in the fiber bundle chart (U,, 1, ), see [Mi,
1.4], from where we use now the defining equation for I'* to compute as
follows, where ®, is the projection onto the vertical bundle V E along
the horizontal bundle C,(TM % E):

(02.0%(&w,8)) = =T(¥a)-@6.T(¢a) ™ (&, 05)
= —T(Pa)-(T($a) " (&r: 05) = Co(&a, 03 (2, 5)))
= —(&,05) + T(va)0-(0(&), ¥ (z, 5))
= (&, 05) + T(%a) 1-(05" (82,07 (&) ¥a (2, 5))
= — (€2, 05) + (&0 (07 (£2))(3))
= (02, 7% (0% (£2))(5))-
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Since the system H is complete by assumption we have

T(%a)n-(a" (02,0), 95" (2,5)) = (05,7 (v)(s))

and n®(v) € X(Y) is a complete vector field for each v € V. So n® :
V,[ , 1Y) — X(S) is a homomorphism of Lie algebras whose image
consists of complete vector fields. By the theorem of [Palais, 1957] there
is a simply connected Lie group GG, with Lie algebra V and a right action
e : S X Gy — S of G, on S such that n is the fundamental vector
field mapping for this action: n®(v)(s) = Te(ra(s, ))v.

From the computation above we have I'*(L¢(t)) = n*(0®(Lc(t))).
Let us choose a left invariant Riemannian metric on the Lie group G,.
It is then a complete Riemannian metric, and the left invariant vector
fields L(v) generated by the v € V are all bounded with respect to this
metric. Since [0,1] is compact, L(c®(<c(t))) is a time dependent vector
field which is bounded for the complete metric. Thus there exists the
global evolution curve ¢ — g, (t) € G, for t € [0, 1], uniquely given by

{ %ga(t) = T/\ga(t).cro‘(%c(t))
9a(0) = ¢,

where A, is left translation by g € G,. But then we have

ral(s,0a(t)) = T(rals, ) 0a(0)
— T(ra(s, )).Te(Aga(t)).aa(%c(t))
d

= 1 (0 ()75, 90(0),

Ta(8,9a(0)) = ro(s,e) = s.

Thus (s, ga(t)) = v(s,t), the looked for global evolution curve for for

the time dependent vector field I'*(Lc(t)) = n® (0 (Le(t))). O

3.2. Curvature. Let (H,n) be a complete strong system of vector
fields on the bundle (E,p, M, S). We want to compute the curvature R
of a H-respecting connection C' = C,, for a splitting ¢ : TM — H in
canonical coordinates.

From [Mi, 1.4] we have

(Y ") R)((X1, Y1), (X2, Y2)) = dD*(X1, Xa) + [[*(X1), [¥(X2)]*).

«
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From the proof of 3.1 we have I'® = 7% 0 0® € QY (U,, X(5)), thus we
may compute

(L) R)((X1,Y1), (X2, Y2)) = dD™(X1, X2) + [[%(X1), T (X2)]*)
= d(n” 0 0®) (X1, X2) + [(1% 0 %) (X1), (1™ 0 *)(X2)] ¥
— (dao‘(Xl, Xo) + [0%(X1), aa(Xz)]V).

3.3. The holonomy Lie algebra. Let (H,n) be a complete strong sys-
tem. The holonomy Lie algebra of any (complete by 3.1) H-connection
C, is given as follows (see [Mi], 3.2):

Let M be connected. Choose x¢g € M, a base point, and identify
the standard fiber S with E,,. For x € M and X,, Y, € T, M we
consider the horizontal lifts Cy(X,) and C,(Y;) which are vector fields
on F along E,. Then the curvature applied to these fields is vertical,
R(Cy(X:),Cyr(Ys)) € X(E,). Now we choose a piecewise smooth curve ¢
in M from x( to x and consider the pullback under the parallel transport

Pt(c,1,  )"R(Co(Xz),C5(Yz)) € X(Eq,) = X(5).

The closed linear span of all these vector fields in X(.S) with respect to
the compact C'*°-topology is called the holonomy Lie algebra hol(C,, z¢)
of the connection C,, centered at xg.

3.4. Lemma. The holonomy Lie algebra hol(C,,x¢) is a sub Lie alge-
bra of Ny, (Az,) C X(E,,) and is thus finite dimensional.

Proof. Using 3.2 and the proof of 3.1 we get in turn

T(a)-R(Co(Xa, 05 (2,5)), Co (Y, 15 (2, 5)))
= (02 ) B)(T (Ya)n.(05" (Xa, 0% (Xa)), 005 (2,9))), .. )
= () R)(Xs, (0™ 0 0™)(X4)(5)), ( x,<n 0 0®)(Yz)(s)))
= (o (X, Ya) + [0%(X), 07 (V)] ) (5)
Thus R(Cy(X.),Cr(Y2)) € n:(Az). Next we prove that pull back via

parallel transport does not move out of n(A). From the proof of theorem
3.1 we know that for a smooth curve ¢ in U, we have

Y (Pt(c,t, 1057 (c(0),5))) = (c(t), rals, ga (1)),

where g, (t) is a globally defined curve in the Lie group G, and where
ro : S X Gy — S is a right action such that n, : V. — X(5) is the
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fundamental vector field mapping. But then we have

(Vo 1) Pt(e, 1) ey (Oe(r), ) =

= Tipo o TPt(c,t) " 01(p5" (0s),v)) o Pt(c,t) o thy ' (c(0
= T(tha 0 Pt(c,t) 0 05 1) (0c(ey, n* (v )0przo%oPt(c t) o951 (c(0), )
= (Oc(o), T(r&e ) 07 (v) 078 ®) =

= (0c(oy, (=) (v) =

= (0¢(0), 1% (Ad(ga(t))v)),

~—
~—

by well known properties of right Lie group actions. This implies the
desired result. [

3.5. Holonomy groups. Let (E,p,M,S) be a fibre bundle with a com-
plete connection ®, and let us assume that M is connected. We choose
a fixed base point xg € M and we identify E,, with the standard fiber
S. For each closed piecewise smooth curve ¢ : [0,1] — M through z
the parallel transport Pt(c, ,1) =: Pt(c,1) (pieced together over the
smooth parts of ¢) is a diffeomorphism of S. All these diffeomorphisms
form together the group Hol(®, xq), the holonomy group of ® at zg, a
subgroup of the diffeomorphism group Diff(S). If we consider only those
piecewise smooth curves which are homotopic to zero, we get a subgroup
Holy(®, xq), called the restricted holonomy group of the connection ¢ at
Zo.

3.6. Theorem. Let (H,n) be a complete strong system of vector fields
on the bundle (E,p, M,S). Let M be connected.

Then there is a principal bundle (P,p, M,G) with finite dimensional
structure group G and a smooth action of G on S such that the following
statements hold.

(1) The Lie algebra g of G is isomorphic to the standard Lie algebra
(V,[ , ]) of the Lie algebra bundle (A,p, M).

(2) The fibre bundle E is isomorphic to the associated bundle P[S].

(3) The system (H,p, M) is induced from the system TP/G of G-
invariant projectable vector fields on P.

(4) Any connection respecting H is induced from a principal connec-
tion on P.

Proof. Let us again identify E,, and S, and also A, and the standard
Lie algebra of the Lie algebra bundle (A,p, M). Then n,, : Az, —
X(FE,,) is a Lie algebra homomorphism whose image consists of complete
vector fields, since the system is complete. There exists a Lie group Gy
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with Lie algebra A,, and a effective smooth left action ¢ : Gy x S — §
such that —n,, is the fundamental vector field mapping for it (which is
a Lie algebra anti homomorphism for left actions). We call g the image
of 7,,. This is then a finite dimensional sub Lie algebra of X(S) which
is anti isomorphic to the Lie algebra of Gg. We view G as a finite
dimensional subgroup of the group of all diffeomorphisms of S = E,,.
For the rest of the proof we choose an H-connection C, given by some
splitting o : TM — H, which we fix from now on.

Claim 1. Gy contains Holy(®P, xg), the restricted holonomy group.

Let f € Holp(®, o), then f = Pt(c,1) for a piecewise smooth closed
curve c through z(, which is nullhomotopic. Since the parallel transport
is essentially invariant under reparametrisation, see [Mi, 1.5.3], we can
replace ¢ by c o g, where g is smooth and flat at each corner of ¢. So
we may assume that c itself is smooth. Since ¢ is homotopic to zero,

by approximation we may assume that there is a smooth homotopy
H : R? — M with H1|[0,1] = ¢ and Hg|[0,1] = xo. Then f; := Pt(Hy, 1)
is a curve in Holy(®, z¢) which is smooth as a mapping R x S — S.

Claim 2. (% f:)o fi ' =:Z;isin g for all ¢.

To prove claim 2 we consider the pullback bundle H*E — R? with
the induced connection H®. It is sufficient to prove claim 2 there. Let
X =4 and Y = <& be the constant vector fields on R?, so [X,Y] = 0.

Then Pt(c, s) = F1I¢¥ |(H*E)(1,0) and so on. We put
frs = FI9Y 0 FI9Y 0 FICX 0 FICY 1 § — 6,
so fi,1 = fi. Then we have in the vector space X(95)
(4 i) 0 fid = —(FICX)"CY + (FIC¥) (FICY ) (RIEX ),

(%ft,s) o ftjsl = / % ((%ft,s) o ft:gl) ds
0
= [ (-~ X ev]+ (RIF) OX, (R ) (FICY) Oy
0

~(FIC) (FIEY ) (FICY ) [CX, CY)) ds.
Since [X,Y] =0 we have [CX,CY] = ?[CX,CY] = R(CX,CY) and
(FIC¥)CYy = O((Flf)*Y) + (( 18X CY)

t t
:CY+/ 4 FI17*)*CY dt = CY+/ d(FIC*Y* [CX,CY] dt
0 0

t
:CY+/ O(FIC*)*R(CX,CY) dt.
0
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Thus all parts of the integrand above are in g and so (% frs)o f,;; is in
g for all ¢ and claim 2 follows.

Now claim 1 can be shown as follows. There is a unique smooth curve
g(t) in Gy satistying T.(py1)) Zt = Z¢.g(t) = Lg(t) and g(0) = e where
pg denotes right translation by g in G. Via the action of Gy on S the
curve ¢(t) is a curve of diffeomorphisms on S, generated by the time
dependent vector field Z;, so g(t) = f; and f = f; is in Gg. So we get
HOlo((I),xo) Q Go.

Step 3. Now let G be the subgroup of the group of all diffeomorphisms
of S which is generated by the full holonomy group Hol(®,z() and by
Go. We make G into a Lie group by taking Gy as its connected com-
ponent of the identity. This is possible: G/Gy is a countable group,
since the fundamental group 71 (M) is countable (by Morse Theory M
is homotopy equivalent to a countable CW-complex).

Step 4. Construction of a cocycle of transition functions with values in
G. Let (Uy,uq : Uy — R™) be a locally finite smooth atlas for M such
that each u, : U, — R™) is surjective. Put z, := u;'(0) and choose
smooth curves ¢, : [0,1] — M with ¢, (0) = z¢ and ¢4(1) = z,. For
each z € U, let ¢ : [0,1] — M be the smooth curve t — u_1(t.uy(z)),
then ¢ connects z, and x and the mapping (z,t) — cZ(t) is smooth
Uy x [0,1] = M. Now we define a fibre bundle atlas (Uy, %o : E|U, —
Uy x S) by ¥51(x,s) = Pt(c%,1) Pt(ca, 1) s. Then 1, is smooth since
Pt(c%,1) = FIS** for a local vector field X, depending smoothly on z.
Let us investigate the transition functions.
Yz, s) = (x, Pt(cq, 1)  Pt(c%,1)7! Pt(cg, 1) Pt(cg, 1) s)

(o)

= (x,Pt(cQ.cg.(cg)_l.(ca)_l,4) s)
=: (z,¢pa(x) s), where 95, : Uga — G.

Clearly ¥gq : Uga xS — S is smooth which implies that ¥g, : Uga — G
is also smooth. (1),3) is a cocycle of transition functions and we use it
to glue a principal bundle with structure group GG over M which we call
(P,p, M,G). From its construction it is clear that the associated bundle
P[S] = P xg S equals (E,p, M, S).

We have thus shown assertions (1) and (2) of the theorem. The two
remaining assertions will be shown later in 4.7. [

4. THE UNIVERSAL CONNECTION

4.1. The extension of the system. Let (H,n) be a complete strong
system of vector fields on the bundle F, and let (C' = C(H),pc, M) be
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the bundle of H-connections on F described in 2.6. We consider the
following fibered products

TC xpp H —22  H TC xpy A 22
pTll lﬂ phl lpA
TC — TM, TC — M.
T(pc) maroT (pc)

There is a smooth diffeomorphism, fibered over T'C', between these two
fibered products, whose description involves the properties of C = C(H):

K:TCXTMHHTCXMA
(X, h) = (X, h = me(X).n(h))

(X,a+ mc(X).Tpc.X) «— (X, a).

Since TC xp A =TC x¢c pt-A — C is a vector bundle, we may regard
also TC x7p H — C as a vector bundle via k.

We consider now the fiber bundle C(H) x) E = C x; E — C with
standard fiber S, and the extended system of vector fields on it which
is given by the following diagram:

(TC xpa H) o (C xy E) —L—  T(C xp E)

TC XTM (H XM E) — - TC XTM TE.
TCxTMmn
Since the vertical part of 7 is the same as that of  we see that the
system (T'C' xps H, 77) is again strong and complete if the system H is it.
Canonical atlases for the extended system are given by base extensions
of the canonical atlases for (H,n). The exact sequence in the sense of
2.3 is here an exact sequence of vector bundles over C"

0—>CxyA—TCxy AL TC 0.

4.2. The universal connection. We now consider the bundle of con-
nections C(TC xpp H) — C for the extended system of vector fields, in
the sense of 2.6. It is just the affine bundle of all splittings of the exact
sequence of vector bundles over C' in the bottom line of the big diagram
of 4.1. Thus we have

C(TC xpyp H)={0 € L(TC,TC xp; A) : pry oo = Idrc}
= L(TC,C xp A),
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since this affine bundle has a canonical section, namely (Idrc,0). This
canonical section gives rise to a distinguished connection on the bundle
C xp EF — C which is called the universal connection since it has the

universal property described in lemma 4.3 below. Its horizontal lift will
be called

C"™Y . TCOxo (Cxy E)=TC xpy E— T(C xp E)=TC x7p TE.
By the general formula of 2.6 we have (taking into account all isomor-
phisms):
C"™Y(X,e) = (k1 (X,0),e)
= (TC xpp n)(X, (mc(X).Tpc.X),e€)
= (X, n(mc(X).Tpc.X, €)).

This coincides with the coordinate formula of [Mo]. The unversal con-
nection itself is then given by

Y . T(Cxpy E)=TC xpy TE - V(C xy E)=C xyy TE
PUYV(XY) = (n¢(X),Y — n(nc(X).Tpce. X, m5(Y))).

4.3. Lemma. The universal connection has the following universal
property: Let o € C*°(C(H)) be a section describing a horizontal lift C,
of a H-connection on E. Consider the extended section o Xy E : E =
M xy E — C xp; E. Then the unversal connection C"™Y on C x5 E
and the connection C, are (o Xy E)-related, i. e. the following diagram
commutes:

TM xy E —*—~  TE

TGXMEJ lT(UXME)

TC XME E— T(C XME).
Cuniv
Likewise the vertical projection ®, : TE — V' E and the vertical pro-
jection ®Y of the universal connection are (o Xy E)-related, i. e. the
following diagram commutes:

TE = T(M % E) — 2 . VE=V(M xpy E)
TO'XTMTEl lUXMins

Puniv

Proof. Check from the definitions that the diagrams commute. [
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4.4. The universal holonomy group. Since the universal connection
C"™V respects the system TC' xpy H on C x5 E — C, and since this
system is complete as noted in 4.1, C""V is a complete connection by
theorem 3.1.

Now we choose ¢y € C with pe(co) = ¢ € M and we identify again
the standard fiber S with (C' xp F)., = E,,. Then we can consider
the holonomy group Hol"™"(cp) := Hol(C"™V, ¢o) within the group of
all diffeomorphisms of the standard fiber S. We may now apply the first
half of the proof of theorem 3.6 to the universal connection C"™V on
the bundle C x s E — C'. From step 3 of that proof it follows that the
universal holonomy group Holuniv(co) is a subgroup of the Lie group G
constructed there. The groups coincide, but we will not need this fact.

univ

4.5. Lemma. The parallel transport Pt
has the following universal property:

Let o € C*°(C(H)) be a section describing a horizontal lift C, of a H-
connection on E. Let ¢ : [0,1] — M be a (piecewise) smooth curve in M.
Then the universal parallel transport Pt and the parallel transport
Pt? of the connection C, are related by the following formulas:

of the universal connection

PE™ (50 c,8) 0 (0 x a1 B) = (0 X1 B) P (c, )
pra o Pt"™ (g o ¢, t) = Pt (e, t) o pro.
Proof. We only have to show that for u € E.) the following formula

holds: .
Pt"Y(ooc,t, (a(c(0)),u)) = (0 X E)Pt7(c,t,u)

Both curves cover the curve o o ¢ in C and have the same initial value
(0(c(0)),u) € C xpr E. Moreover by lemma 4.3 we have

®univi(o_ X 1 E) PtU(C,t,U) = CI)uniV(TU X T M TE)% Pt”(c,t,U)

i
= (0 Xy TE)®, L Pt7(c, t,u) =0. O

4.6. Lemma. Letb: [0,1] — C, be a vertical (piecewise) smooth curve
in C'. Then the universal parallel transport along b is just given by the

affine structure of C' — M, i. e. we have Pt"™ (b, t, (b(0), e)) = ((b(t),€))
for each e € E,

Proof. By the formula for ®""V in 4.2 we have
@uniV%(b(t), Oe) — q)univ(b/(t)’ Oe)
= (b(t)7 0c — n(b(t)()ma 6)) = O(b(t),e)~ O
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4.7. Rest of the proof of theorem 3.6. We assume that we are
again in the situation at the end of the proof.

Step 5. Lifting each H-connection to P.

For this we have to compute the Christoffel symbols of C. for an arbi-
trary section 7 € C*°(C(H)) with respect to the atlas of step 4. To do
this directly is quite difficult since we have to differentiate the parallel
transport with respect to the curve. Fortunately there is another way
using the universal parallel transport. Let again Pt” denote the parallel
transport of C, and as above Pt = Pt that one of C' = C,. Let us
identify S = E;, = (C Xm E)o(zy) = {0(20)} X S. Let ¢: [0,1] — U, be
a smooth curve. Then we have

ba(Pt7 (¢, )05 (¢(0), 5)) =
- (c(t),Pt(cgl, 1) Pt((cC®) =L 1) Pt (¢, ) Pt(c®), 1) Pt(ca, 1)s> .

Let now bg : [0,1] — C, oy be a vertical smooth curve from o(c(0)) to
7(c(0)), and let b; : [0,1] — C,) be one from o(c(t)) to 7(c(t)). Using
lemmas 4.5 and 4.6 the last expression then gives

Yo (P (c, )3 (c(0), 5)) =
= (c(t),prg Pt" (g o (cg(t).ca)_l, 2) Pt"™V (b1, 1) Pt™Y (1 0 ¢, )

PE™Y (b, 1) PE™Y (0 0 (). ), 2)(0(0), s))
= (c(t),~(¢)-5),

where ~(t) is a smooth curve in the holonomy group G since we have
Hol"™ (o (z0)) C G as remarked in 4.4. Now let T'® € QY(U,, ¥(S)) be
the Christoffel symbol of the connection ®, with respect to the chart
(Ua, o). From the third proof of theorem [Mi, 1.5] we have

ba(Pt7 (e, )01 (c(0), 8)) = (c(t),7(t, 5))
where (¢, s) is the integral curve through s of the time dependent vector

(t,
field I'?(<Lc(t)) on S. But then we get

P2 (Ge®)A(t,8) = §3(t5) = F(y(t)-5) = (F(1)).s,

where %v(t) ov(t)~! € g. So I'? takes values in the Lie sub algebra of
fundamental vector fields for the action of G on S. Theorem [Mi, 2.5]
shows that the connection @, is induced from a principal connection w.
on P.

Thus any H-connection on E = P[S] is induced by a principal con-
nection on P. By 2.7 this also implies that the system (H,7) is induced
from the system T'P/G of G-invariant projectable vector fields on P. [J
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