Lniversitat
wien

DISSERTATION

Titel der Dissertation

Almost local metrics on shape space

Verfasser

Martin Bauer

angestrebter akademischer Grad

Doktor der Naturwissenschaften (Dr. rer. nat.)

Wien, Oktober 2010

Studienkennzahl It. Studienblatt: A 091 405
Dissertationsgebiet It. Studienblatt: Mathematik
Betreuer: Ao. Univ.-Prof. Dr. Peter W. Michor






Fur Luise






Contents

Preface
Acknowledgment . . . . .

Introduction. . . . . . ..

1 Notations and background material

1.1 Differential geometry of surfaces and notation . . . . . . ... ..

1.2 Shape space . . . . .

1.3 Formulas for first variations . . . . . . . . . . . . ... ..

1.4 Formulas for second variations . . . . ... ... ... ... ...

2 Swurfaces

2.1 Almost local metrics

2.2 The geodesic equation on immersions . . . . . . . . ... ... ..

2.3 The geodesic equation on shape space . . . . ... ... .. ...

2.4 Geodesic distance on shape space . . . . . . . .. ... ... ..

3 Hypersurfaces in n-space

3.1 The geodesic equation on immersions . . . . . . . . .. ... ...

3.2 The geodesic equation on shape space . . . .. .. .. ... ...

3.3 Sectional curvature on shape space . . . . . . ... .. ... ...

3.4 Special cases of almost local metrics . . . . ... ... ... ...

3.5 The set of concentric spheres . . . . .. ... ... ... .....

3.6 The Fréchet distance

4 Numerical results

vi

vii

22
31

37
37
38
43
45

53
53
95
o7
68
75
76

79



vi CONTENTS
4.1 Discretizing the horizontal path energy . . . . . . . .. ... ... 79
4.2 Scaling asphere. . . . . . .. ... Lo 82
4.3 Translation of asphere . . . . . . .. ... oL oL 87
4.4 Deformation of ashape . . . .. ... ... ... ... .. ..., 91

Appendix 93
The AMPL model file . . .. ... ... ... ... . .......... 93
Bibliography . . . . . . . 102
Curriculum Vitae . . . . . . .. ... L 103

Zusammenfassung . . . ... Lo oL 105



Acknowledgment

First of all I want to express my gratitude to my advisor Peter W. Michor.
During the last two years he has been a true Doktorvater to me. I would also
like to thank my former master thesis advisor Josef Teichmann, not only for
introducing me to Peter W. Michor but even more for his continuing support
during my PhD thesis. Becoming a mathematician I had many great teacher
and colleagues. It was a great pleasure to work together with my colleague
and good friend Philipp Harms, during my dissertation. I owe my deepest
gratitude to Prof. Peter Gruber, who gave me a first insight into the academic
world. Special thanks go to Laurent Younes, Michael Miller and Darryl Holm
who have invited me to research visits to their institutes, to Otmar Scherzer
and his working group for interesting discussions. and to Hermann Schichl and
Johannes Wallner who helped me with mathematical problems and questions. I
especially want to thank David Mumford for his help and comments about my
thesis.

I want to thank my parents and my whole family for all their support during
my life. Finally I want to thank my two best friends Michi and Stefan for being
there all the time.

vii



viii PREFACE



Introduction

In many procedures in science, engineering, imaging and medicine it is neces-
sary to distinguish between different geometric shapes. Therefore it is of great
importance to equip the space of all shapes with a significant metric. Many
different representations of shapes have been developed and there are various
different types of metrics on shape spaces, these include:

e Inner metrics on shape space of unparametrized immersions. These met-
rics are induced from metrics on parametrized immersions. See for exam-
ple [37, 6, 7, §].

e Outer metrics on various shape spaces (embedded surfaces, images, land-
marks, measures and currents) that the diffeomorphism group of the am-
bient space is acting on. See for example [5, 9, 38, 14, 31, 24, 21, 37].

e Metamorphosis metrics. See for example [46, 23].

e The Wasserstein metric or Monge-Kantorovic metric on shape space of
probability measures. See for example [2, 3, 11, 10].

e The Weil-Peterson metric on shape space of planar curves. See for example
[42, 43, 28].

e Current metrics. See for example [47, 16, 17].

e (Pseudo) Metrics based on elastic deformations. See for example [19].

More references can be found in the survey papers [1, 4, 12, 29, 39, 48].

In this work we will represent shapes as submanifolds of a connected Rieman-
nian manifold N which are diffeomorphic to a connected and compact manifold
M. The space of all these shapes will be denoted B. = B.(M, N) and viewed
as the quotient

Be = B.(M,N) = Emb(M, N)/ Diff (M)

of the open subset Emb(M, N) C C*°(M, N) of smooth embeddings of M in N,
modulo the group of smooth diffeomorphisms of M (see section 1.2.11 for more
details). It is natural to consider all possible immersions as well as embeddings,
and thus introduce the larger space

B; = By(M, N) = Imm(M, N)/ Diff (M)

ix
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as the quotient of the space of C'*° immersions by the group of diffeomor-
phisms of M (which is, however, no longer a manifold, but an orbifold, see
section 1.2.11):

Emb(M, N)“—— Imm(M, N)

l l

Bo(M, N)—= B;(M, N)

Furthermore we will focus on the class of inner metrics. These are metrics
that are induced by metrics on the manifold of immersions. We call these metrics
inner, since they are defined intrinsically to the base manifold M.

The simplest and most natural Riemannian metric on the manifold of im-
mersions is the L2-metric, which is given by:

G0 ) = [ gl vol(g),
M

where h, k € Ty Imm(M, N) are tangent vectors at the immersion f, g denotes
a fixed metric on the ambient space N and g = f*g denotes the pullback metric
on M. Unfortunately this metric induces vanishing geodesic distance on shape
space. By vanishing geodesic distance we mean that any two points in shape
space can be joined by a path of arbitrarily short length. This was first dis-
covered by Michor and Mumford for the case of plane curves (see [36]). In [35]
they proved that the vanishing geodesic distance phenomenon for the L?-metric
occurs also in the shape space Imm(M, N)/ Diff (M), where S! is replaced by a
compact manifold M and Euclidean R? is replaced by a Riemannian manifold
N. This was the starting point of the quest for suitable (stronger) inner metrics
on shape space.

One approach to strengthen the metric is to incorporate a differential oper-
ator into the definition of the metric, yielding metrics of the form:

GF(h,k) = /Mg(Pfh, k) vol(g),

where P is an equivariant differential opperator depending smoothly on the
immersion. These metrics are called Immersion-Sobolev metrics.

The interesting special case P = A and N = R? has been studied in [45, 55
and in [54] where an isometry to an infinite dimensional Grassmannian with
the Fubini-Study metric was described. Also in the case of plane curves metrics
induced by the differential operators P = A and P = A? have been treated
in [30], where estimates on the geodesic distance are proven and the metric
completion of the space of curves is characterized. In [7] Immersion-Sobolev
metrics have been generalized to shape space of arbitrary dimension, see also
[22].

Another approach to strengthen the metric, and the approach studied in this
thesis, is by adding weights into the definition of the metric. This yields metrics
of the form

<ﬁww=/¢wmmem»

M
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where @ is some positve, real-valued and Diff (M) invariant function depending
smoothly on the immersions and possibly on = € M. These metrics are called
almost local metrics. For the case of plane curves Michor and Mumford intro-
duced almost local metrics weighted by curvature (see [36, 37]). An important
special case of almost local metrics is the class of conformal metrics, i.e. metrics
of the form:
G k) = (7). [ glh.k) vol(g),

where ® is again some positve, real-valued and Diff (M) invariant function de-
pending smoothly on the immersions but not on the point x € M. For the case
of plane curves these metrics have been introduced in [41] and in [51, 52, 53].
In this thesis the investigation of almost local metrics from [37] is taken up, and
they are generalized to the shape space B;(M,N) = Imm(M, N)/Diff (M) of
surfaces of type M in N.

The contents of this thesis

Chapter 1 recalls concepts from differential geometry of surfaces in a form that
is suitable for our needs. The general formalism that we shall use to compute
geodesic equations and conserved quantities is explained. In the last part the
derivatives of the metric, the volume form, the second fundamental form and
some other curvature terms with respect to the immersion f and second deriva-
tives for both tangent vectors horizontal are calculated.

In chapter 2 and 3 we compute the geodesic equation for almost local metrics
both on the manifold of immersions and on shape space. For a flat ambient space
N the sectional curvature is computed (see section 3.3). We derive conditions
to ensure that the induced geodesic distance on shape space is positive (section
2.4) and for a flat ambient space N = R™ we compare the almost local metrics
to the Fréchet Metric (section 3.6). For special choices of the weight function
® all previously derived formulas are presented. These are the following (see
section 3.4):

1. The G -metric or L2-metric, where ® = 1. For this metric the geodesic
distance on B; vanishes (as shown in section 2.4.5). Sectional curvature
is non-negative and has a simple expression.

2. The G4-metric, where ® = 1+ A Tr(L)2. For the situation of plane curve
this metric was treated in great detail in [36].

3. The GB-metric, where ® = 1 + B det(L)?.

4. Conformal metrics, where ® = ®(Vol). For curves these were investigated
in [41, 51, 52, 53]. The full formula for sectional curvature is given only
in the case that ®(Vol) = Vol.

Tr(L)?

5. A scale invariant almost local metric with ® = Vol%:' +A Vol
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In Chapter 4 we study all previously defined metrics in some numerical
experiments and discuss the differences in their behaviour. The experiments
include:

1. Geodesics of concentric spheres.

2. Geodesics between a sphere and a translation of the sphere.

3. Geodesics between a shape and a deformation of the shape.



Chapter 1

Notations and background
material

1.1 Differential geometry of surfaces and nota-
tion

In this section we will present and develop the differential geometric tools that
are needed to deal with immersed surfaces. The most important point is a
rigorous treatment of the covariant derivative and related concepts.

This section is based on [7, section 2]. We use the notation of [34]. Some
of the definitions can also be found in [25]. A similar exposition in the same
notation is [6]. This section has been written in collaboration with Philipp
Harms and is up to slight modifications the same as chapter one of his PhD
thesis [22].

1.1.1 Basic assumptions and convention

Assumption. We always assume that M and N are connected manifolds of
dimension
1 <dim(M) =m < n = dim(N)

without boundary. Furthermore we will assume that M is compact.

We will work with immersions of M into IV, i.e. smooth functions M — N
with injective tangent mapping at every point. We denote the set of all such
immersions by Imm (M, N). It is clear that only the case dim(M) < dim(N) is
of interest since otherwise Imm(M, N) would be empty. Immersions or paths
of immersions are usually denoted by f. Vector fields on Imm(M, N) or vector
fields along f will be called h,k,m, for example. Subscripts like f; denote
differentiation with respect to the indicated variable, so f; = 0;f = 9f/0t, but
subscripts are also used to indicate the foot point of a tensor field.

1



2 CHAPTER 1. NOTATIONS AND BACKGROUND MATERIAL

1.1.2 Tensor bundles and tensor fields

We will deal with the tensor bundles

TrM T'M @ f*TN
M M

Here T7 M denotes the bundle of (7} )-tensors on M, i.e.

TrM = ®TM ® ®T*M,

and f*T'N is the pullback of the bundle TN via f, see [34, section 17.5]. A
tensor field is a section of a tensor bundle. Generally, when E is a bundle, the
space of its sections will be denoted by I'(E).

To clarify the notation that will be used later, some examples of tensor

bundles and tensor fields are given now.

o SFT*M = LE

sym

(T'M;R) is the bundle of symmetric ({)-tensors,

o A*T*M = Lk (TM;R) is the bundle of alternating ({)-tensors,

O (M) =T(A"T*M) is the space of differential forms,

X(M)=T(TM) is the space of vector fields, and

TL(f*TN) = {h € C®°(M,TN) :iyoh = f} is the space of vector fields
along f.

1.1.3 Metric on tensor spaces

Let g € I'(S2,7*N) denote a fixed Riemannian metric on N. The metric
induced on M by f € Imm(M, N) is the pullback metric

g=[geT(SL,T"M),  g(X.Y)=(fPXY)=gTfX TLY),

where X,Y are vector fields on M. The dependence of g on the immersion f
should be kept in mind. Let

b=g:TM —-T*M and #=¢ ':T"M — TM.
g can be extended to the cotangent bundle T*M = TP M by setting
g9 (@, B) = g (e, B) = a(B)
for o, p € T*M. The product metric
= Qe Qg

extends g to all tensor spaces T M, and g ® g yields a metric on 77 M ® f*TN.
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1.1.4 Traces

The trace contracts pairs of vectors and co-vectors in a tensor product:
Tr: T"M @TM = L(TM,TM) - M xR

A special case of this is the operator i x inserting a vector X into a co-vector or
into a covariant factor of a tensor product. The inverse of the metric g can be
used to define a trace

9 T"M@T*M — M xR

contracting pairs of co-vecors. Note that Tr? depends on the metric whereas Tr
does not. The following lemma will be useful in many calculations:

Lemma.
93(B,C) =Tr(¢g 'Bg~'C) for B,C € T9M if B or C is symmetric.

(In the expression under the trace, B and C are seen maps TM — T*M.)

Proof. Express everything in a local coordinate system u!,...u™ of M.
95(B,C) = gg(Z Bipdu' @ du®, )" Cjdw! @ dul)
ik 4l

=> ¢"Big"Ci=>_ ¢"'Birg"Ci; = Tr(g'Bg~'C)
ikl ikl

Note that we have used only the symmetry of C. O

1.1.5 Volume density

Let Vol(M) be the density bundle over M, see [34, section 10.2]. The volume
density on M induced by f € Imm(M, N) is

vol(g) = vol(f*g) € T'( Vol(M)).

The volume of the immersion is given by

Vol(f) = /Mvol(f*g): /Mvol(g).

The integral is well-defined since M is compact. If M is oriented we may identify
the volume density with a differential form.

1.1.6 Metric on tensor fields

A metric on a space of tensor fields is defined by integrating the appropriate
metric on the tensor space with respect to the volume density:

Gi(B,C) = / g (B(z), C(x)) vol(g) (x)

M
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for B,C € T'(TT M), and

B 4(B.C) = /M dF ® (B(x), C(x)) vol(g) (x)

for B,C e T(TYM ® f*T'N), f € Imm(M, N). The integrals are well defined
since M is compact.

1.1.7 Covariant derivative

We will use covariant derivatives on vector bundles as explained in [34, sections
19.12, 22.9]. Let V9,V be the Levi-Civita covariant derivatives on (M, g) and
(N, g), respectively. For any manifold @ and vector field X on @, one has

V% :C=(Q, TM) — C*(Q,TM), h v+ V%h
V% : C®(Q,TN) — C>=(Q,TN), h = V%h.
Usually we will simply write V for all covariant derivatives. It should be kept

in mind that VY depends on the metric ¢ = f*g and therefore also on the
immersion f. The following properties hold [34, section 22.9]:

1. Vx respects base points, i.e. moVxh = o h, where 7 is the projection
of the tangent space onto the base manifold.

2. Vxhis C*-linear in X. So for a tangent vector X, € T,,Q), Vx_h makes
sense and equals (Vxh)(z).

3. Vxh is R-linear in h.

4. Vx(a.h) = da(X).h + a.Vxh for a € C*(Q), the derivation property of
Vx.

5. For any manifold @ and smooth mapping ¢ : @ — Qand Y, € Ty@ one
has Vrgy,h = Vy,(hogq). If Y € X(Q1) and X € X(Q) are g-related,
then Vy (hogq) = (Vxh)og.

The two covariant derivatives V¥ and Vg{ can be combined to yield a covari-
ant derivative Vx acting on C*(Q,Tr M ® T'N) by additionally requiring the
following properties [34, section 22.12]:

6. Vx respects the spaces C*(Q,TrM @ TN).

7. Vx(h®k)=(Vxh)®k+ A® (Vxk), a derivation with respect to the
tensor product.

8. Vx commutes with any kind of contraction (see [34, section 8.18]). A
special case of this is

Vx(aY)) = (Vxa)(Y)+a(VxY) fora®Y :N — T} M.

Property (1) is important because it implies that V x respects spaces of sections
of bundles. For example, for Q = M and f € C>®°(M, N), one gets

Vx :D(TIM @ f*TN) — T(T'M ® f*TN).
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1.1.8 Swapping covariant derivatives

We will make repeated use of some formulas allowing to swap covariant deriva-
tives. Let f be an immersion, h a vector field along f and X, Y vector fields on
M. Since V is torsion-free, one has [34, section 22.10]

(1) VxTLY — VyTf.X — Tf.[X,Y] = Tor(Tf.X,Tf.Y) = 0.
Furthermore one has [34, section 24.5]

(2) VxVyh—VyVxh—Vixyh=RIo(TfX,TfY)h,

where R9 € Q?(N; L(TN,TN)) is the Riemann curvature tensor of (N, g).

These formulas also hold when f : R x M — N is a path of immersions,
h:R x M — TN is a vector field along f and the vector fields are vector fields
on R x M. A case of special importance is when one of the vector fields is
(04,047) and the other (Og,Y), where Y is a vector field on M. Since the Lie
bracket of these vector fields vanishes, (1) and (2) yield

(3) v(at,OM)Tf'(OJRa Y) - V(OR7Y)Tf'(at’ OM) =0
and

4) V.0 Voer)h = Ve Voo = RO (Tf.(8:,0a), Tf.(0r,Y))h.

1.1.9 Second and higher covariant derivatives

When the covariant derivative is seen as a mapping
Vi T(ITM) » T(T7, M) or V:T(TTM & f*TN) = T(T7, M ® f*TN),

then the second covariant derivative is simply VV = V2. Since the covariant
derivative commutes with contractions, V2 can be expressed as

Viy =uwyixV?=1yVxV =VxVy —Vyg,y for X,Y € X(M).

Higher covariant derivates are defined as V’ﬁ k> 0.

1.1.10 The adjoint of the covariant derivative

The covariant derivative
V:T(T;M) = T(T; M)

admits an adjoint
V(T M) — T(TTM)

with respect to the metric g, i.e.:

97..(VB,0) = gi(B,V*C).
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In the same way, V* can be defined when V is acting on I'(T7 M ® f*T'N). In
either case it is given by
V*B = -Tr/(VB),

where the trace is contracting the first two tensor slots of VB. We prove this
formula now.

Proof. The result holds for decomposable tensor fields 3® B € I'(T7, ;M) since
(Vs B),C) =g, (8 B,YC) = (B, V:C)
— [ Loai(B.C)vollg) - [ 419 5:B.C) vol(g)
M M

= / —95(B,C)Lg: vol(g) — /A ) 9. (TxY(8 ® VB),C) vol(g)

(nﬂ

B - T (3® VB), c)

C/:ﬁ

gi(-a (
( div(84)B + Tr?((VB) ® B) — Trg(V(B@)B)),C)
( div(84)B + Tr9(V 3 )BfTrg(V(ﬂ@)B)),C)

=g (0-m(v(s @ B)),0)

Here we have used that Vxg = 0, that Vx commutes with any kind of con-
traction and acts as a derivation on tensor products [34, section 22.12] and that
div(X) = Tr(VX) for all vector fields X [34, section 25.12]. To prove the result
for 3 ® B € I'(T{, ;M ® f*T'N) one simply has to replace g7 by g ® g. O

1.1.11 Laplacian

The definition of the Laplacian used in this work is the Bochner-Laplacian. It
can act on all tensor fields B and is defined as

AB =V*VB = —-Tr9(V?B).

1.1.12 Normal bundle

The normal bundle Nor(f) of an immersion f is a sub-bundle of f*T'N whose
fibers consist of all vectors that are orthogonal to the image of f:

Nor(f)y = {Y € TymyN : VX € T,M : g(Y,Tf.X) =0}.

Any vector field h along f can be decomposed uniquely into parts tangential
and normal to f as

h=Tfh" +ht,

where h' is a vector field on M and h' is a section of the normal bundle Nor(f).
In co-dimension one (i.e. dimM = n — 1) and when f is orientable, then the
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unit normal field v of f can be defined. It is a section of the normal bundle in
one of the above forms with constant g-length one which is chosen such that

(l/((E), Tmf.Xl, Tzf.X27 . Tzanfl)

is a positive oriented basis in Ty, N if X1,..., X, 1 is a positive oriented basis
in T, M. In this notation the decomposition of a vector field h along f reads as

h=Tfh" +av.
The two parts are defined by the relations

a=glh,v) € C°(M)
h' € X(M), such that g(h", X) = g(h, Tf(t,).X) for all X € X(M).

1.1.13 Second fundamental form and Weingarten map-
ping

Let X and Y be vector fields on M. Then the covariant derivative VxT f.Y
splits into tangential and a normal parts as

VxTtY =Tf(VxTLY) +(VxTfY)t =TfVxY + S(X,Y).

S is the second fundamental form of f. It is a symmetric bilinear form with
values in the normal bundle of f. When T'f is seen as a section of T*M & f*T N
one has S = VT'f since

S(X,Y)=VxTfY -TfVxY =(VTf)(X,Y).
Taking the trace of S yields the vector valued mean curvature
Tr?(S) € I'(Nor(f)).
In codimension one, one can define the scalar second fundamental form s as

s(X,Y) = g(S(X,Y),v).

1

Moreover, there is the Weingarten mapping or shape operator L = g~ s. It is

a g-symmetric bundle mapping defined by
s(X,Y) = g(LX,Y).

The eigenvalues of L are called principal curvatures and the eigenvectors prin-
cipal curvature directions. Tr(L) = Tr%(s) is the scalar mean curvature and for
surfaces in R? the Gaup-curvature is given by det(L). The covariant derivative
V xv of the normal vector is related to L by the Weingarten equation

Vyxv=-TfLX.
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1.1.14 Directional derivatives of functions

We will use the following ways to denote directional derivatives of functions, in
particular in infinite dimensions. Given a function F(x,y) for instance, we will
write:

D 3,1y I as shorthand for Oi[o F'(x + th,y).

Here (z,h) in the subscript denotes the tangent vector with foot point = and
direction h. If F' takes values in some linear space, we will identify this linear
space and its tangent space.

1.2 Shape space

Briefly said, by a shape we mean an unparametrized surface. We use the term
surface regardless of whether it has dimension two or not. This section is about
the infinite dimensional space of all shapes: First we give an overview of the
differential calculus that is used. Then we describe some spaces of parametrized
and unparametrized surfaces and how to define Riemannian metrics on them.

Assumption. We recall the most important assumptions made in section 1.1.1:
Let M and N be connected manifolds of dimension 1 < dim(M) =m <n =
dim(N) without boundary, where M is compact in addition.

This section is common work with Philipp Harms and can be also found in
his PhD thesis [22, chapter 2].

1.2.1 Convenient calculus

The differential calculus used in this work is convenient calculus [27]. The
overview of convenient calculus presented here is taken from [33, Appendix A].
Convenient calculus is a generalization of differential calculus beyond Banach
and Fréchet spaces. For this work, the most important property of convenient
calculus is that the exponential law holds without any restriction:

C>®(E x F,G) = C>*(E,C*(F,Q))

for convenient vector spaces F, F, G and a natural convenient vector space struc-
ture on C°(F,G). As a consequence variational calculus simply works: For
example, a smooth curve in C*°(M, N) can equivalently be seen as a smooth
mapping M X R — N. The main difficulty is that the composition of linear
mappings stops to be jointly continuous at the level of Banach spaces, for any
compatible topology.

Let E be a locally convex vector space. A curve ¢ : R — F is called smooth
or C° if all derivatives exist and are continuous - this is a concept without
problems. Let C*°(R, E) be the space of smooth functions. It can be shown
that C*°(R, E) does not depend on the locally convex topology of E, but only
on its associated bornology (system of bounded sets).
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F is said to be a convenient vector space if one of the following equivalent
conditions is satisfied (called ¢*-completeness):

1. For any ¢ € C*°(R, E) the (Riemann-) integral fol c(t)dt exists in E.

2. A curve ¢: R — F is smooth if and only if A o ¢ is smooth for all A € F’,
where E’ is the dual consisting of all continuous linear functionals on E.

3. Any Mackey-Cauchy-sequence (i. e. tpm (zn — ) — 0 for some tp,,, — 00
in R) converges in E. This is visibly a weak completeness requirement.

The final topology with respect to all smooth curves is called the ¢>°-topology
on E, which then is denoted by ¢>**FE. For Fréchet spaces it coincides with the
given locally convex topology, but on the space D of test functions with compact
support on R it is strictly finer.

Let E and F be locally convex vector spaces, and let U C E be c*-open.
A mapping f : U — F is called smooth or C®, if foc € C®(R,F) for all
¢ € C*(R,U). The notion of smooth mappings carries over to mappings be-
tween convenient manifolds, which are manifolds modelled on ¢*>°-open subsets
of convenient vector spaces.

Theorem. The main properties of smooth calculus are the following.

1. For mappings on Fréchet spaces this notion of smoothness coincides with
all other reasonable definitions. Even on R? this is non-trivial.

2. Multilinear mappings are smooth if and only if they are bounded.

8. If f: E DU — F is smooth then the derivative df : U x E — F' is smooth,
and also df : U — L(E, F) is smooth where L(E, F) denotes the space of
all bounded linear mappings with the topology of uniform convergence on
bounded subsets.

4. The chain rule holds.

5. The space C*° (U, F) is again a convenient vector space where the structure
s given by the obvious injection

CeWUF)— [ C*RF) - II C*(R,R).
ceC>(R,U) ceC>(R,U),\€F’

6. The exponential law holds:
C*®(U,C*®(V,G)) 2 C>®(U x V,G)

s a linear diffeomorphism of convenient vector spaces. Note that this is
the main assumption of variational calculus.

7. A linear mapping f : E — C*(V,G) is smooth (bounded) if and only if

E-L C>®(V,G) =% G is smooth for each v € V. This is called the
smooth uniform boundedness theorem and it is quite applicable.

Proofs of these statements can be found in [27].
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1.2.2 Manifolds of immersions and embeddings

What we sloppily called a parametrized surface will now be turned into a rig-
orous definition. Mathematically, parametrized surfaces will be modeled as im-
mersions or embeddings of one manifold into another. We call immersions and
embeddings parametrized since a change in their parametrization (i.e. applying
a diffeomorphism on the domain of the function) results in a different object.
We will deal with the following sets of functions:

(1) Emb(M,N) C Imm¢(M,N) C Imm(M,N) C C*(M,N).

C>(M, N) is the set of smooth functions from M to N. Imm(M, N) is the set
of all immersions of M into N, i.e. all functions f € C*°(M, N) such that Ty f
is injective for all z € M. Immy(M,N) is the set of all free immersions. An
immersion f is called free if the diffeomorphism group of M acts freely on it,
ie. fop = fimplies p =Idys for all p € Diff (M). Emb(M, N) is the set of all
embeddings of M into N, i.e. all immersions f that are a homeomorphism onto
their image.

The following lemma from [15, 1.3 and 1.4] gives sufficient conditions for an
immersion to be free. In particular it implies that every embedding is free.

Lemma. If p € Diff (M) has a fized point and if fop = f for some immersion
f, then p =1Idy,.

If for an immersion f there is a point x € f(M) with only one preimage
then f is free.

Since M is compact by assumption it follows that C°°(M, N) is a Fréchet
manifold [27, section 42.3]. All inclusions in (1) are inclusions of open subsets:
Imm(M, N) is open in C*°(M, N) since the condition that the differential is
injective at every point is an open condition on the one-jet of f [32, section 5.1].
Imm (M, N) is open in Imm(M, N) by [15, theorem 1.5]. Emb(M, N) is open
in Immg (M, N) by [27, theorem 44.1]. Therefore all function spaces in (1) are
Fréchet manifolds as well.

When it is clear that M and N are the domain and target of the mappings,
the abbreviations Emb, Imm ¢, Imm will be used. In most cases, immersions will
be used since this is the most general setting. Working with free immersions
instead of immersions makes a difference in section 1.2.11, and working with
embeddings instead of immersions makes a difference in section 2.4.5. The
tangent and cotangent space to Imm are treated in the next section.

1.2.3 Bundles of multilinear maps over immersions

Consider the following natural bundles of k-multilinear mappings:

L¥(T ITmm; R) LE(T Tmm; T Tmm)

| |

Imm Imm
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These bundles are isomorphic to the bundles
—k —~k
L <® T Imm; R) L <® T Imm; TImm)

l |

Imm Imm

where ) denotes the ¢*°-completed bornological tensor product of locally con-
vex vector spaces [27, section 5.7, section 4.29]. Note that L(7 Imm;7 Imm)
is not isomorphic to 7% Imm ® 7 Imm since the latter bundle corresponds to
multilinear mappings with finite rank.

It is worth to write down more explicitly what some of these bundles of
multilinear mappings are. The tangent space to Imm is given by

TfImm = C°(M,TN) := {he C*(M,TN) :myoh = f},
TImm = C5, (M, TN) := {h € C*°(M,TN) : 7y o h € Imm }.

Thus T Imm is the space of vector fields along the immersion f. Now the
cotangent space to Imm will be described. The symbol ®cee(5r) means that the
tensor product is taken over the algebra C°°(M).

T; Imm = L(Ty Imm; R) = C (M, TN) = C®(M) &ceanC7 (M, T*N)
T*Imm = L(T Imm;R) = C*™° (M) &ce (ar)Ciam (M, T*N)

The bundle Lfym(T Imm;R) is of interest for the definition of a Riemannian
metric on Imm. (The subscripts ¢ym and i, indicate symmetric and alternat-
ing multilinear maps, respectively.) Letting ®g denotes the symmetric tensor
product and ®g the ¢>®-completed bornological symmetric tensor product, one

has
L2, (Ty Imm;R) = (T Imm &g Ty Imm)’ = (C*(M,TN) &5 C¥(M,TN))’
= (CP(M, TN @5 TN))
= C®(M) &ce(u)CF (M, T*N ®s T*N)
L2 (T Imm; R) = C™° (M)’ ®coe(ar)Cham(M, T*N ®5 T*N)

sym

1.2.4 The diffeomorphism group

This result is taken from [27, section 43.1] with slight simplifications due to the
compactness of M.

Theorem. For a smooth compact manifold M the group Diff (M) of all smooth
diffeomorphisms of M is an open submanifold of C*° (M, M). Composition and
inversion are smooth. The Lie algebra of the smooth infinite dimensional Lie
group Diff (M) is the convenient vector space X(M) of all smooth vector fields
on M, equipped with the negative of the usual Lie bracket. Diff (M) is a regular
Lie group in the sense that the right evolution

evol” : O (R, X(M)) — Diff(M)
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as defined in [27, section 38.4] exists and is smooth. The exponential mapping
exp : X(M) — Diff (M)

1s the flow mapping to time 1, and it is smooth.

The diffeomorphism group Diff (M) acts smoothly on C*°(M, N) and its
subspaces Imm, Imm; and Emb by composition from the right. The action is
given by the mapping

Imm(M, N) x Diff (M) = Imm(M, N), — (f,¢) = r(f,) =r7(f) = foe.
The tangent prolongation of this group action is given by the mapping

TImm(M,N) x Diff (M) — T Imm(M, N), (h,@) — Tr?(h) =ho.

1.2.5 Riemannian metrics on immersions

A Riemannian metric G on Imm is a section of the bundle
such that at every f € Imm, Gy is a symmetric positive definite bilinear mapping
Gy : TyImm xTy Imm — R.
Each metric is weak in the sense that G ¢, seen as a mapping
Gy :TyImm — T7 Imm
is injective. (But it can never be surjective.)

Assumption. We will always assume that the metric G is compatible with the
action of Diff (M) on Imm(M, N) in the sense that the group action is given by
1sometries.

This means that G = (r¥)*G for all ¢ € Diff (M), where ¥ denotes the right
action of ¢ on Imm that was described in section 1.2.4. This condition can be
spelled out in more details using the definition of ¥ as follows:

Gy(h, k) = ((r¥)"G) (h, k) = Gre(5)(TT?(h), Tr? (k) = Gop(h o, ko).

1.2.6 Covariant derivative V9 on immersions

The covariant derivative V9 defined in section 1.1.7 induces a covariant deriva-
tive over immersions as follows. Let @Q be a smooth manifold. Then we identify

heC™ (Q,TImm(M, N)) and X € X(Q)
with

W € C™(Q x M,TN) and (X,00) € X(Q x M).
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As described in section 1.1.7 one has the covariant derivative

V‘E’x,oM)hA € C™(Q x M,TN).
Thus one can define
g A v oo
Vxh = (Vix o, h") € C™(Q.TImm(M, N)).

This covariant derivative is torsion-free by section 1.1.8, formula (1). It respects
the metric g but in general does not respect G.

It is helpful to point out some special cases of how this construction can be
used. The case Q = R will be important to formulate the geodesic equation.
The expression that we will be interested in is V, f;, which is well-defined when
f:R — Imm is a path of immersions and f; : R — T Imm is its velocity.

Another case of interest is @ = Imm. Let h,k,m € X(Imm). Then the
covariant derivative V,,h is well-defined and tensorial in m. Requiring V,, to
respect the grading of the spaces of multilinear maps, to act as a derivation on
products and to commute with compositions of multilinear maps, one obtains
as in section 1.1.7 a covariant derivative V,, acting on all mappings into the
natural bundles of multilinear mappings over Imm. In particular, V,,P and
VG are well-defined for

P € I'(L(T Imm; TImm)), G € I'(LZ,,, (T Imm;R))

sym

by the usual formulas

(Vi P)(h)
(VinG)(h, k)

= Vi (P(h)) = P(Vinh),
= Vo (G(h, k) = G(Vonh, k) — G(h, V k).

1.2.7 Metric gradients

The metric gradients H, K € F(LQ(T Imm; Tlmm)) are uniquely defined by the
equation

(V@) (h, k) = G(K (h,m), k) = G(m, H(h, k),

where h, k, m are vector fields on Imm and the covariant derivative of the metric
tensor G is defined as in the previous section. (This is a generalization of the
definition used in [37] that allows for a curved ambient space N # R".)

Existence of H, K has to proven case by case for each metric G, usually by
partial integration. We will prove the existence of H, K for various almost local
metrics in section 2.2 and in section 3.1.

Assumption. Nevertheless we will assume for now that the metric gradients
H, K exist.
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1.2.8 Geodesic equation on immersions

Theorem. Given H, K as defined in the previous section and V as defined in
section 1.2.6, the geodesic equation reads as

Vofo = 5 Hp(for f0) = K5 (fu 1),

This is the same result as in [37, section 2.4], but in a more general setting.

Proof. Let f:(—e,e) x [0,1] x M — N be a one-parameter family of curves of
immersions with fixed endpoints. The variational parameter will be denoted by
s € (—¢,¢) and the time-parameter by ¢ € [0,1]. In the following calculation,
let G¢ denote G' composed with f, i.e.

Gy :R — Imm — L2 (T Tmm;R).

sym

Remember that the covariant derivative on Imm that has been introduced in
section 1.2.6 is torsion-free so that one has

Vo, fs = Vo, fe = Tf.[0r, 0] + Tor(f;, fs) = 0.

Thus the first variation of the energy of the curves is

1 1 1 1 1
855/0 Gy fos fi)dt = 5/0 (vast)(ft7ft)+/O G¢(Va, ft, fr)dt

1 1 1
= §A (vng)(ftvff)+/O Gf(vatf€7ft)dt

1

1 1
=5 [ nGn o+ [ 00t sy

1
0

1
- [ (Ve st - / Gy (for Vo fo)dt

1
— [ 61 5B £ + 0 K(fusf) = Vo fi)
0

If f(0,-,-) is energy-minimizing, then one has at s = 0 that

SHU 1) = K(fi fi) ~ Vo e = 0. =

1.2.9 Geodesic equation for the momentum on immer-
sions

In the previous section we have derived the geodesic equation for the velocity f;.
In many applications it is more convenient to formulate the geodesic equation
as an equation for the momentum G(f,-) € Tf Imm. G(fy,-) is an element of
the smooth cotangent bundle, also called smooth dual, which is given by

G(T Imm) := H {Gf(h,"): h € TyImm} C T Imm.

fE€Imm
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It is strictly smaller than 7™ Imm since at every f € Imm the metric Gy :
Ty Imm — T§ Imm is injective but not surjective. It is called smooth since it
does not contain distributional sections of f*T'N, whereas T} Imm does.

Theorem. The geodesic equation for the momentum p € T* Imm is given by
p= G(ft7 )
1
v[‘)tp = in (H(ft7 ft)a )

where H is the metric gradient defined in section 1.2.7 and V is the covariant
derivative action on mappings into T* Imm as defined in section 1.2.6.

Proof. Let Gy denote G composed with the path f:R — Imm, i.e.

Gy :R — Imm — L2 (T Tmm;R).

sym

Then one has
Vo = Vo, (Gs(fi,) = (Vo,G5)(f1,) + G(Vo, fr,-)
= (VAG)for ) + Gy (5 H o f) — Ko £).7)

:Gf<K(ftvft)v')+Gf(%H(ftaft)_K(ftaft)v') O

This equation is equivalent to Hamilton’s equation restricted to the smooth
cotangent bundle:

b= G(ftv )

pe = (grad” E)(p).
Here w denotes the restriction of the canonical symplectic form on T* Imm to
the smooth cotangent bundle and F is the Hamiltonian

E:G(TImm) =R, E(p)=G '(p,p)

which is only defined on the smooth cotangent bundle.

1.2.10 Conserved momenta

We will describe how a group acting on Imm by isometries defines a momentum
mapping that is conserved along geodesics in Imm. This section is very similar
to [6, section 4]. A more detailed treatment and proofs can be found in [37].

Let us consider an infinite dimensional regular Lie group with Lie algebra
g and a right action g +— 9 of this group on Imm. Let Imm be endowed with
a Riemannian metric G. The basic assumption (assumption 1.2.5) is that the
action is by isometries:

G = (’I“g)*G, i.e. Gf(h,k‘) = GTg(f) (Tf(?“g)h,Tf(Tg)k‘).

Denote by X(Imm) the set of vector fields on Imm. Then we can specify the
group action by the fundamental vector field mapping ¢ : g — X(Imm), which
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will be a bounded Lie algebra homomorphism. The fundamental vector field
(x,X € g is the infinitesimal action in the sense:

Cx () = Oplor™ ().

The key to the Hamiltonian approach is to write the infinitesimal action as a
Hamiltonian vector field, i.e. as the w-gradient of some function. This function
will be called the momentum map. w is a two-form on 7T Imm,

w € I(L2(TT Imm; R))

that is obtained as the pullback of the canonical symplectic form on 7 Imm via
the metric
G :TImm — 7" Imm.

The w-gradient is defined by the relation
grad” f € X(T Imm), w(grad” f,-) = df,

where f is a smooth function on 7'Imm. Not all functions have an w-gradient
because
w:TTImm — T*T Imm

is injective, but not surjective. We will denote the set of functions that have a
smooth w-gradient by

CS(T Imm, R) ¢ C*°(T Imm, R).
We define the momentum map as
j:e— C®(TTmm,R), jx(hy) = Gp(Cx(f),hy)

and verify that it has the desired properties: Assuming that the metric gradients
H, K exist (assumption 1.2.7), one can prove that

jx € CP(TImm,R) and grad”(jx) = (x-

Thus the momentum map fits into the following commutative diagram of Lie
algebras:

HO(T Imm) —> O (T Imm, R) 2> (T Imm, w) ——> H(T Imm)

¢T Tmm
J

g

Here X(T Imm,w) is the space of vector fields on T'Imm whose flow leaves w
fixed. All arrows in this diagram are homomorphism of Lie algebras. The
sequence at the top is exact when it is extended by zeros on the left and right
end.

By Emmy Noether’s theorem, the momentum mapping is constant along any
geodesic f : R — Imm. Thus for any X € g we have that

ix(ft) = Gs(Cx(f), f:) is constant in ¢.

We will now consider several group actions on Imm and calculate the corre-
sponding conserved momenta.
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e Consider the smooth right action of the group Diff(M) on Imm(M, N)
given by composition from the right:

fr foe for ¢ e Diff(M).

This action is isometric by assumption, see section 1.2.5. For X € X(M)
the fundamental vector field is given by

(x(f) =0lo(foFIY)=TfoX

where FltX denotes the flow of X. The reparametrization momentum, for
any vector field X on M is thus G¢(T'fo X, hy). Assuming that the metric
is reparametrization invariant, it follows that along any geodesic f(t,-),
the expression G;(T'f o X, f;) is constant for all X.

For a flat ambient space N = R™ we can consider in addition the following group
actions:

e The left action of the Euclidean motion group R™ x.SO(n) on Imm (M, R™)
given by
f—= A+ Bf for (A ,B)eR"xS0(n).

The fundamental vector field mapping is
Cax)(f)=A+Xf for (A X)ecR" xs0(n).

The linear momentum is thus Gy(A, h), A € R” and if the metric is trans-
lation invariant, Gf(A, f;) will be constant along geodesics for every A €
R"™. The angular momentum is similarly G¢(X.f,h), X € so(n) and if
the metric is rotation invariant, then G¢(X.f, f;) will be constant along
geodesics for each X € so(n).

e The action of the scaling group of R given by f — €” f, with fundamental
vector field (,(f) = a.f. If the metric is scale invariant, then the scaling
momentum G¢(f, f:) will be constant along geodesics.

1.2.11 Shape space

Diff (M) acts smoothly on C°°(M, N) and its subsets Imm, Imm and Emb by
composition from the right. Shape space is defined as the orbit space with
respect to this action. That means that in shape space, two mappings that
differ only in their parametrization will be regarded the same.

Theorem. Let M be compact and of dimension < n. Then Immy¢(M,N) is
the total space of a smooth principal fiber bundle with structure group Diff (M),
whose base manifold is a Hausdorf smooth Fréchet manifold denoted by

B;. y(M,N) = Imm (M, N) /Diff(M).

The same result holds for the open subset Emb(M,N) C Imm;(M,N). The
corresponding base space is denoted by

Be(M, N) = Emb(M, N)/Diff (M).
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However, the space
B;(M,N) = Imm(M, N)/Diff (M)

s not a smooth manifold, but has singularities of orbifold type: Locally, it looks
like a finite dimensional orbifold times an infinite dimensional Fréchet space.

The proofs for free and non-free immersions can be found in [15] and the
one for embeddings in [27, section 44.1].

As with immersions and embeddings, we will sometimes write B; f, B;, B,
when it is clear that M and N are the domain and target of the mappings.

1.2.12 Riemannian submersions and geodesics

The concept of a Riemannian submersion will allow us to induce a Riemannian
metric on shape space. We will now explain in general terms what a Riemannian
submersion is and how horizontal geodesics in the top space correspond nicely
to geodesics in the quotient space. The definitions and results of this section
are taken from [34, section 26].

Let 7 : E — B be a submersion of smooth manifolds, that is, Tw : TE — TB
is surjective. Then
V=V(r):=ker(Tr) CTE

is called the vertical subbundle. If E carries a Riemannian metric G, then we
can go on to define the horizontal subbundle as the G-orthogonal complement
of V:

Hor = Hor(w,G) := V(n)* Cc TE.

Now any vector X € T'E can be decomposed uniquely in vertical and horizontal

components as
X = xver + Xhor

This definition extends to the cotangent bundle as follows: An element of T*FE
is called horizontal when it annihilates all vertical vectors, and vertical when it
annihilates all horizontal vectors.

In the setting described so far, the mapping
Tzﬂ-‘Horm : HOI‘m — Tﬂ.(x)B

is an isomorphism of vector spaces for all z € E. If both (F,Gg) and (B,Gp)
are Riemannian manifolds and if this mapping is an isometry for all z € E, then
we will call 7 a Riemannian submersion.

Theorem. Consider a Riemannian submersion m: E — B, and let ¢: [0,1] —
FE be a geodesic in F.

1. If ¢/(t) is horizontal at one t, then it is horizontal at all t.

2. If ¢ (t) is horizontal then o ¢ is a geodesic in B.
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3. If every curve in B can be lifted to a horizontal curve in E, then there
18 a one-to-one correspondence between curves in B and horizontal curves
in E. This implies that instead of solving the geodesic equation on B one
can equivalently solve the equation for horizontal geodesics in E.

See [34, section 26] for the proof.

1.2.13 Riemannian metrics on shape space

Now the previous chapter is applied to the submersion 7 : Imm — B;:

Theorem. Given a Diff(M)-invariant Riemannian metric on Imm, there is a
unique Riemannian metric on the quotient space B; such that the quotient map
7 : Imm — B; is a Riemannian submersion.

One also gets a description of the tangent space to shape space: When
J € Imm, then Ty ;) B; is isometric to the horizontal bundle at f. The hor-
izontal bundle depends on the definition of the metric. For the almost local
metrics, it consists of vector fields along f that are everywhere normal to f, see
section 2.3.1.

Assumption. In the following we will always assue that a Diff (M)-invariant
Riemannian metric on the manifold of immersions is given, and that shape space
is endowed with the unique Riemannian metric turning the projection into a
Riemannian submersion.

1.2.14 Geodesic equation on shape space

We will apply theorem 1.2.12 to the Riemannian submersion 7 : Imm — B;.

Theorem. Assuming that every curve in B; can be lifted to a horizontal curve
in Imm, the geodesic equation on shape space is equivalent to

fi = fher € Hor

1 or
W (Vo fe)h" = (%H(ftaft) - K(ftvft))h ;

where f is a horizontal curve in Imm, where H, K are the metric gradients
defined in section 1.2.7 and where V is the covariant derivative defined in sec-
tion 1.2.6.

Proof. Theorem 1.2.12 states that the geodesic equation on shape space is equiv-
alent to the horizontal geodesic equation on Imm which is given by

fo= 1

(2) 1
Vatft == in(fﬁft) - Kf(ff7ft)
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Clearly (2) implies (1). To prove the converse it remains to show that

(Vo f = (GH(u fi) — K (7 )™

As the following proof shows, this is a consequence of the conservation of the
momentum along f and of the invariance of the metric under Diff (M).

Recall the infinitesimal action of Diff (M) on Imm(M,N). For any X €
X(M) it is given by the fundamental vector field

Cx € X(Imm), (x (f) = Bslor (f,exp(sX)) = Oslo(f o FIY) = Tf.X.

Here r is the right action of Diff (M) on Imm(M, N) defined in section 1.2.4.
When f : R — Imm is a curve of immersions, one obtains a two-parameter
family of immersions

g : R xR — Imm, g(s,t) =r(f(t),exp(sX))
that satisfies

V5,T9.0s = Vo Tg.0 + Tg.[0, 0s] + Tor(Tg.0;, Tg.0s)
= Vo, T(r™PEX) f, +0+0

since V is torsion-free. This implies
Vo, Cx(f) = Va,T9.0slo = Vo, , T (P2 £,.

Cx(f) is vertical and f; is horizontal by assumption. Thus the momentum
mapping Gy (C x(f), ft) is constant and equals zero. Its derivative is

0=, (Gr(cx (1) 1))
= (Va,Gr)(Cx (), ) + G (Va,Cx (f): fr) + G (Cx(f), Vo, fi)
= (V5 G)(Cx(f), fr) + Gy (VaSmT(rexP(SX))ft,ft) +Gr(Cx(f), Vo, £1)
=Gy (Ks(fe, fr) + Vo, fr.¢x ()
+ GTexp(sx)f(vaST(Texp(sX))ft7T(,r.exp(sX))ft)
= Gr(Ks(fe, o) + Vo J1, Cx ()

# 520(Gpe f(T60) 1, 709 1)

- % (Vo,Grossierr) (T () 1, 1 (r00) 1)
= Gf(Kf(ft7 ft) + vf)tft7 CX(f))
1 1
+ §as|O(Gf(ftaft)) - §(V<X(f)G)(ftaft)

= Gy (Ky(fur o) + Vo fo+0— 5 Hy(For £),Cx (D)

s=0

s=0

Any vertical tangent vector to f is of the form (x(f) for some X € X(M).

Therefore
vert

0= (Voufe = g Hy (o )+ Ky f) =
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It will be shown in section 2.3.1 that curves in B; can be lifted to horizontal
curves in Imm for the class of almost local metrics. Thus all assumptions and
conclusions of the theorem hold.

1.2.15 Geodesic equation on shape space in terms of the
momentum

As in the previous section we apply theorem 1.2.12 to the Riemannian submer-
sion 7 : Imm — B;. This yields:

Theorem. Assuming that every curve in B; can be lifted to a horizontal curve
in Imm, the geodesic equation for the momentum on shape space is equivalent
to

p=G(f,-) € Hor

(Vo, &7 )™ = 5G(H(fi, £, )"

Here f is a curve in Imm, H 1is the metric gradient defined in section 1.2.7, and
V is the covariant derivative defined in section 1.2.6. f is horizontal because p
is horizontal.

The proof of this theorem is a consequence of the previous section and of
section 1.2.9.

1.2.16 Inner versus outer metrics

There are two similar yet different approaches on how to define a Riemannian
metric on shape space.

The metrics on shape space presented in this work are induced by metrics on
Imm(M, N). One might call them inner metrics since they are defined intrin-
sically to M. Intuitively, these metrics can be seen as describing a deformable
material that the shape itself is made of.

In contrast to these metrics, there are also metrics that are induced from
metrics on Diff (V) by the same construction of Riemannian submersions. (The
widely used LDDMM algorithm is based on such a metric.) The differential
operator governing these metrics is defined on all of NV, even outside of the shape.
When the shape is deformed, the surrounding ambient space is deformed with
it. Intuitively, such metrics can be seen as describing some deformable material
that the ambient space is made of. Therefore one might call them outer metrics.

The following diagram illustrates both approaches. Metrics are defined on
one of the top spaces and induced on the corresponding space below by the
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construction of Riemannian submersions.

Diff (V)

|

Emb(M, N)“—— Imm(M, N)

| l

B.(M,N)“—— B;(M,N)

1.3 Formulas for first variations

Recall that many operators like
g=fg S=57, vol(g), V=V A=A,

implicitly depend on the immersion f. We want to calculate their derivative
with respect to f, which we call the first variation. We will use this formulas
to calculate the metric gradients that are needed for the geodesic equation.

This section is based on [6, 8], with modifications due to possibly curved
ambient space N and higher codimension n —m. Some of the formulas can also
be found in [7, 13, 35, 49]. Some of the variation formulas are equal to [22,
section 3.

1.3.1 Paths of immersions

All of the concepts introduced in section 1.1 can be recast for a path of immer-
sions instead of a fixed immersion. This allows to study variations immersions.
So let f : R — Imm(M, N) be a path of immersions. By convenient calculus
[27], f can equivalently be seen as f : R x M — N such that f(¢,) is an
immersion for each t. We can replace bundles over M by bundles over R x M:

praTr M pra 1oy M @ f*TN Nor(f)
Rx M Rx M R x M

Here pry denotes the projection pry : R x M — M. The covariant derivative
Vzh is now defined for vector fields Z on R x M and sections h of the above
bundles. The vector fields (9;,0,) and (Og, X ), where X is a vector field on
M, are of special importance. Let

ins; : M — R x M, x— (t,x).
Then by [34, 22.9.6] one has for vector fields X,Y on M

VxTf(t,-)Y =VxT(foins)oY =VxTfoTins oY
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=VxTfo(Op,Y)oins; = Vrins, oxTf o (0r,Y)
= (V(ou )T f 0 (0, Y)) oiins, .

This shows that one can recover the static situation at ¢ by using vector fields
on R x M with vanishing R-component and evaluating at ¢.

1.3.2 Setting for first variations

In all of this chapter, let f be an immersion and f; € Ty Imm a tangent vector
to f. The reason for calling the tangent vector f; is that in calculations it will
often be the derivative of a curve of immersions through f. Using the same
symbol f for the fixed immersion and for the path of immersions through it,
one has in fact that

Dis.p0F = 0 F (f(1))-

For the sake of brevity we will write 9; instead of (J¢,0x) and X instead of
(Og, X), where X is a vector field on M.

1.3.3 Tangential variation of equivariant tensor fields

Let the smooth mapping F' : Imm(M, N) — I'(T7 M) take values in some space
of tensor fields over M, or more generally in any natural bundle over M, see
[26].

Lemma. If F is equivariant with respect to pullbacks by diffeomorphisms of M,

h F(f) = (" F)() =" (Fte™)F))

for all ¢ € DIt (M) and f € Imm(M, N), then the tangential variation of F is
its Lie-derivative:

i AR
Digag.gryF = doF (£ o I ) = loF ((FU )*F)
TN *
= ailo(F1* ) (F() = £47 (F ()
This allows us to calculate the tangential variation of the pullback metric

and the volume density, because these tensor fields are natural with respect to
pullbacks by diffeomorphisms.

1.3.4 Variation of the metric

Lemma. The differential of the pullback metric

{Imm — T[(S82,T*M),
= 9=ryg

s given by

Dis.1)9 =2Symg(Vf.,Tf) = —2g(f,S) +2Sym V(£ )’
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= —25(fi"S) + Lyrg.
In codimension one this formula specializes to

Ds.109 = —29(fe,v)-s + L7 (9)-

Here Sym denotes the symmetric part of the tensor field C of type () given
by

(Sym(0))(X,Y) == (C(X,Y) + C(Y, X)).

M| —

Proof. Let f : Rx M — N be a path of immersions. Swapping covariant
derivatives as in section 1.1.8 formula (3) one gets

O (9(X,Y)) =0, (g(Tf. X, TfY)) =g(Vo, Tf.X,TfY)+g(Tf.X,Vo,TfY)
=g(Vxf,TfY)+g(TfX,Vyfi) = (2Symg(Vf,,Tf))(X,Y).
Splitting f; into its normal and tangential part yields
28ymg(Vfy, Tf) = 2Symg(Vfi +VTf.f,Tf)
= —28ymg(f;", VTf) +2Symg(Vf, ")
= —25(fi,9) +2Sym V(f,)".
Finally the relation
D ryyryg= 2SymV(f," )" = Lirg

follows either from the equivariance of g with respect to pullbacks by diffeomor-
phisms (see 1.3.3) or directly from

(Lxg)(Y,2) =Lx(9(Y,Z)) —g(LxY,Z) — g(Y,Lx Z)
=Vx(9(Y,2)) - g(VxY = VyX,Z) - g(Y,VxZ - VzX)
=9(Vy X, Z) + g(Y,VzX) = (Vy X)'(Z) + (V2X)'(Y)
= (VyX")(Z) + (VzX")(Y) = 2Sym (V(X")) (Y, 2). O

1.3.5 Variation of the inverse of the metric

Lemma. The differential of the inverse of the pullback metric
{ Imm — TD(L(T*M,TM)),
foom gt =g
18 given by
Dyy09 " =D (F9) " =2g(fi 97" Sg™") + Ly (97)

In codimension one this formula specializes to

Disng~" = =29(f1,v).Lg™" + Lr(g7h).

Proof.
Oyt =—g N (Og)g ™" = —g (= 20(fi S) + Lyrg)g
=297'9(fi )97 =g (Lyra)g = 20(f 9 SgT) + Lyr (971 O
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1.3.6 Variation of the volume density

Lemma. The differential of the volume density

{Imm —  Vol(M),
f = vol(g) = vol(f*g)

1s given by

Dig, g,y vol(g) = To? (§(V £, 7)) vol(g) = ((div?(£7) = g(f, T9(S)) ) vol(g).

In codimension one this formula reads as
Dyg, g vollg) = (div! (1) = g(f+,v)- Te(L) ) vol(g).
Proof. Let g(t) € T'(S2,T*M) be any curve of Riemannian metrics. Then
O vol(g) = % Tr(g~*.0:9) vol(g).

This follows from the formula for vol(g) in a local oriented chart (u!,...u") on

M:
drvol(g) = Opy/det((gis)ij) dut A+ Adu™?

1
= ———Tr(adj(g)0rg) du' A--- Adu™!
24/det((gi;)ij)
1
= Tr(det((gs;)i;)g " 0rg) du' A--- Adu™?
2y/det((gi5)i;) o t
1
— L Tr(g019) vol(g)

Now we can set ¢ = f*g and plug in the formula
Org = 0u(f*g) =28ymg(Vfi,Tf)
from 1.3.4. This immediately proves the first formula:
9y vol(g) = % Tr (g~ ".2Sym g(Vfi, Tf)) = Tv? (g(V i, Tf)).
Expanding this further yields the second formula:
drvol(g) = Te* (Vg (f, Tf) = 3(f, VTS))
=T (Vg(fis T) = §(F2s S)) = =V"5(F0. TF) = 5(fi TY(S))
==V (1)) = g(f0(8)) = div(f;7) = g(fi Tr*(S)).
Here we have used
VIf=S and div(f)=Te(Vf) =T (V£)) ==V ((£)).

Note that by 1.3.3, the formula for the tangential variation would have followed
also from the equivariance of the volume form with respect to pullbacks by
diffeomorphisms. O
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1.3.7 Variation of the volume

Lemma. The differential of the total Volume

{Imm — R,
[ = Vol(f) = [, vol(f*g)

s given by

Dygogny Vol(f) = Dy p /M vol(g) = — /Ma<ff+, Tv9(S)) vol(g).

In codimension one this formula reads as
Dis.pyvol(g) = — /Mgw,u).ﬁ(L) vol(g).

Proof. This follows from 1.3.6. The integral over the divergence term vanishes
by the Theorem of Stokes. O

1.3.8 Variation of the vector valued second fundamental
form

Lemma. The differential of the vector valued second fundamental form

Imm — D[(S2T*M @ Nor(f)),
f — S

1s given by
Dis,)8 = V2 i+ RI(fo, THITf = V2 fir + RI(fi, Tf)Tf + Lyr (S).
Recall that V? stands for the bilinear mapping (X,Y) — V% defined in
1.1.9.
Proof. By definition S(X,Y) = Vx(TfY)—Tf.VxY. Therefore

08T (X, Y) =V, Vx(TLY) =V, TfVXY
=VxVyTf0+ RITfO;, TfX)TfY —VyyyTf.0
=VxVyfi = Vv fi + R(fe, TFX)TfY
= vzft + Rﬁ(ftan)Tfa
where we interchanged covariant derivatives as in 1.1.8.(3) and 1.1.8.(4). By

1.3.3, the formula for the tangential variation follows from the equivariance of
the second fundamental form with respect to pullbacks by diffeomorphisms:

SIO®(X,Y) = VI(T(f o ®).Y) = T(f 0 ®)VY*" 7y
=V (TL.TOY) -~ TfTO.VL® 7y
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= V9 (Tf.8.Y 0®) — Tf(Vh 5®.Y)0d
= Vie.x(T1.2.Y) ~ Tf(Véi%(Q*Y) o®d
_ (Vg*XTf@*Y> 0® — TH(VL%8.Y)0d =5 (,X,8,Y) 0 d

In the above calculations we used property (5) from section 1.1.7 and the nat-
urality of the covariant derivative. O

1.3.9 Variation of the scalar valued second fundamental
form (codimension one)

Lemma. The differential of the scalar second fundamental form

Imm — T(S?T*M),
f = s

s given by
D(ﬁft)s g( ft7 )+9(R§(ft7Tf)Tf7V)
9(fe.v) = 9(fr.v).go (L@ L) + Lyr.s + g(RI(fi-. T)T f.v)

Proof. By definition s(X,Y) = Q(S(X,Y),I/) = g(VX(Tf.Y),I/). Using the
formula for the first variation of the vector valued second fundamental form
(1.3.8) yields

0s(X,Y) = G(0,5(X,Y),v) + (S(X,Y), o)
=g(Viy /e ) g(R g(ft,TfX)TfY v) +0
= §<VX y I+ RO TIX)TY + Ly S(X,Y),v)),
where the term g( aty) vanishes since 0.v is tangential (see 1.3.14). To
get the second formula we calculate:

Os(X,)Y) = g(VX’Y(g(ft,u).l/)w) +g(£f; (s(X,Y).v),v)

+ (R f, TFX)T fY,v)

= Viyd(fi: ) + 0+ g(f1,1).9(Viyv,v) + L7 s(X,Y) +0
+ (R f, TFX)T fY,v)

= Vi yd(fi,v) = 3(f1,1).9(Vxv, Vyv) + 0+ L75(X,Y)
+g(R(fi, TfX)TfY,v)

= Vi d(fe,v) = 3(fi,v).9(LX, LY) + 0+ Ly s(X,Y)
+ g(RI(fi, TFX)T fY,v). O

1.3.10 Variation of the vector valued mean curvature

Lemma. The differential of the vector valued mean curvature

{Imm —  I'(Nor(f)),
fooe T(S)
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s given by

Dis,5,) TY9(S) = Tr (2g(f;5, 9~ ".S.g7").S) — A(fiH)
+ Te9(RI(f-, TF)TS) + Ly Trf(S)

Proof.
O Tr9(S) = 9, Tr(g~".8) = Tr ((9,g™").S) + Tr (¢ 1.9, 5)
=Tr (29(f7 97" Sg7").9) + Tr (Lyr(g71).8) + Tr (¢ . V2 f7)
+Te (97 RIS THTS) + T (9" (Lyr S))
=Tr (29(fi,97'S97")-8) + L7 Tr(971.8) = Tr (¢7".(L 7 5))
—Afi+Te (g7 RIS, THTS) +Tr (971 (L7 9))

=Tr (29(f;",97".S.97").9) — A(f)
+Tr (g RIS, THTF) + Lyr Trd(9)

Note that by 1.3.3, the formula for the tangential variation would have followed
also from the equivariance of the vector valued mean curvature with respect to
pullbacks by diffeomorphisms. O

1.3.11 Variation of the scalar Weingarten map (codimen-
sion one)

Lemma. The differential of the scalar Weingarten map

Imm — T(End(TM)),
{ f = Lf

is given by

Ds oL =g " V*(g(fe,v) + 3(fr,v)L? + g7 g(RO(fi", TF)TF) + Ly (L)

Proof. From L = g~L.s follows
L =g ' 0s+08(g")s
= g7 (V2@Ufi0) = 9(fe.0)g- L + g (RIS THTS) + Ly (5))
( 3 v)Lg™ 4+ Ly (g7h) 5
V3 (G(fe,v) + 3(fi,v). L2 + g7 g(RI(f5, TF)TF) + L7 (L). O

1.3.12 Variation of the scalar mean curvature (codimen-
sion one)

Lemma. The differential of the scalar mean curvature

Imm — C°°(M),
{ = T
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s given by

D5,y Tr(L) = =A(g(fe,v)) +g(fe,v). Tr (L)
+ Tr? (é(Rg(f#,Tf)Tf» +d(Te(D)) ().

Proof. This statement follows from the linearity of the trace operator and from
the previous equation for Dy ¢, L. O

1.3.13 Variation of the Gauf3curvature (codimension one)

Lemma. The differential of the Gauflcurvature

Imm — C°°(M),
{ f = det(L)

is given by
Dip, g,y det(L) = Tr(L). det(L).g(fu, v) + Te? (9. C(L).V2(5( i, )
+ 10 (9.C(L) g (RIS TTS) ) + ddes(L)(f)
where C(L) is the classical adjoint of L uniquely determined by
C(L).L = L.C(L) = det(L).I.
Proof. For the normal part we have
8y det(L) = Tr (C(L).0,L)
= Tr (C(L). (97 V2 (3(fe,v)) +3(Fe0).L2 + g~ G(RO (0. THIT)) )
=T (C(L).g’l.v2§(ft, V) +g(fi,v). det(L).L)
+C(L)g ™ g(RY(&:, THTS)))
= Te(L). det(L).g(fi, v) + Tr? (g. o(L).V2(g(f, y)))
+ 10 (9.0(L) 3 (R(f- THTS))

For the tangential part, we use the observation of section 1.3.3. O

1.3.14 Variation of the normal vector field (codimension
one)

Lemma. The normal vector field is a smooth map v : Rx M — T N. Therefore,
as explained in section 1.1.7, we can take its covariant derivative along vector
fields on R x M. Identifying O; with the vector field (0¢,0pr) on R x M, we get

Vo, v=-TF. (Lft—r + grad? (g(ft, V)))
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Proof. Vv is tangential because §(Vo,v,v) = 20,§(v,v) = 0. Therefore one
can write Vy,v = Tf.(Vp,v)". Then for all X € X(M) we have

9(Vo,v)", X)=g(Vor,Tf.X) =0—g(v, Vo, Tf.X) = —g(v, VxTf.0),

where in the last step we swapped X and 0; as in section 1.1.8 formula (3).
Splitting into normal and tangential parts yield:

9(Vo)", X) = =g(v,Vx fi) = —Q(V» Vx(Tf.f +§(fm”)-”))
=g (v Vx(TL1] +5(fev) )
= —s(X, ) = Vx(g(fi.») =0
= —g (LS +grad? g(fi,v), X)) O

1.3.15 Variation of the covariant derivative

In this section, let V = V9 = V/ 9 be the Levi-Civita covariant derivative
acting on vector fields on M. Since any two covariant derivatives on M differ
by a tensor field, the first variation of V/ 9 is tensorial. It is given by the tensor
field Dy 4, )V/"9 € T(T3 M).

The tensor field D(fyft)Vf*-‘j is determined by the following relation holding
for vector fields X,Y,Z on M:

1
9((Dis g VIXY), Z) = S(VD g pg) (XY @Z+Y X0 Z-Z0XaY)

Proof. The defining formula for the covariant derivative is
1
9(VxY,Z) = 3| Xg(Y.2) + Yg(2.X) - Zg(X.Y)
— 9(X, [V, Z]) + g(Y, [2, X)) + 9(Z,[X, Y])].

Taking the derivative Dy f,) yields

(D(5.109)(VxY, Z) + g((D(s, 1) V)(X,Y), Z)
_1 [X((D<f>ft>g)(Y7 2)) + Y ((Dis.109)(2, X)) = Z((D(s.4,,9) (X, Y))

2
- (D(f,ft)g)(X7 D/’ Z]) + (D(f,ft)g)(yv [Za X]) + (D(f,ft)g)(Z, [X7 Y])}

Then the result follows by replacing all Lie brackets in the above formula by
covariant derivatives using [X,Y] = VxY — Vy X and by expanding all terms
of the form X ((D(y,1,9)(Y, Z)) using

X((Dirpy9)(Y.2)) =
(Vx D, 1)) Y, Z) + (D(,1)9)(VxY, Z) + (D5,5)9) (Y, Vx Z). O
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1.4 Formulas for second variations

In section 3.3 we will calculate the second derivative of the metric G in a chart.
Therefore we will need second variation formulas of the volume form, the pull-
back metric and the mean curvature.

This section is taken from [6].

1.4.1 Setting for second variations

All formulas for second derivatives will be used in section 3.3.2, where we work
in codimension one and with flat ambient space N = R", i.e. RI(X,Y)Z = 0.
There we consider a curve of immersions

ft,z) = XD, () (t.a(m).uf‘) () = folz) + t.a(x).uf” (2),

for a fixed immersion fy. This curve of immersions has the property that at
t = 0 its first derivative and the covariant derivative of the first derivative are
both horizontal, i.e.,

(1) flico = fo, Olof =av’, and Vo, Tf.0i=0 = 0.

Assumption. In all calculations of second variations we will assume that we
have codimension one, a flat ambient space N and that the above properties
hold.

1.4.2 Second variation of the metric

Lemma. The second derivative of the pullback metric

{Imm — T(S2,T*M),
o= 9=ryg

along a curve of immersions f satisfying property (1) from section 1.4.1 is given
by
02)0f*g = 2(da ® da) + 2a%g o (L @ L¥).

Proof. Since Vo, T f.0¢|o = 0, we have

Olog(X.Y) = 0 og(Tf. X, TLY)
= 8t|0g(vatTf'Xa TfY) + 8t|0g(TfXa Vat TfY)
=2g(Vo,Tf X0, Ve, TfY o) +0+0=25(VxTf.0,,VyTf.0)
Using T'f.0; = a.v’o we get

9?0(g(X,Y)) = 2da(X).da(Y) + 2a°G(V xv'0, Vy /)
= 2(da ® da)(X,Y) 4 2a%.go(LY° X, LYY O
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1.4.3 Second variation of the inverse metric

Lemma. The second derivative of the inverse of the pullback metric
{ Imm — TD(L(T*M,TM)),
o= gt =
along a curve of immersions f satisfying property (1) from section 1.4.1 is given
by

20o(f*g) " = 6a*(L1).g5" — 29 ' (da @ da)gy "

Proof. We look at g = f*g as a bundle map from TM to T*M. Then

9 lo(g™") = Otlo(— 97 "-0e9.97") = 295 " -Dtlog-95 -Oelog-95 ' — 95O log-90 "
=2(—2aL’)?.g5" — g5 '.(2(da @ da) + 2a*go o (LY @ LT)).g5"
=8a*(L7)%.g5" — 295 (da @ da)gy ' — 2a*(L7)2. 5! O

1.4.4 Second variation of the volume form

Lemma. The second derivative of the volume form

{ Imm — Q" YM),
[ = vol(g) = vol(f*g)
along a curve of immersions f satisfying property (1) from section 1.4.1 is given
by
0Flovol(g) = [a* Tr(LP)? = a® Tr ((L7)?) + |dal[}- | vol(gn),

Proof. In section 1.3.6 we showed that for any curve of Riemannian metrics
g(t) € T(S2,T*M), we have

oy vol(g) = % Tr (g_l.atg) vol(g).
Therefore
92 vol(g) = at% Tr (g~".0,9) vol(g) = % Tr (8,(g™").04g) vol(g)
+ % Tr (9=".829) vol(g) + % Tr (g~".0,9)0, vol(g)
Evaluating at t = 0 and setting g(t) = f*g we get
0o vol(g) =5 Tr ((20L g5 ™). (~2a.5)) vollgo)
+ %Tr (95 "-2(da ® da)) vol(go)
+ %Tr (g0 *-2a%g0.(L7°)?) vol(go)
45T (g5 (~20.5%)) (~ TH(L*).a) volgo)

= [aQ Tr(L7)2 — a2 Ty ((Lfo)?) + ||da||§,1 } vol(go) O
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1.4.5 Second variation of the second fundamental form

The second derivative of the second fundamental form

Imm — T(S*T*M),
f = s

along a curve of immersions f satisfying Property (1.4.1.1) is given by
07los = 2(da ® da)(Id@LP + L* @ 1d) - |[da|} 1 .57

+ 2.a(Vgradyo(a)sf°).

Proof. From section 1.3.10 we have

=2 2
05(X,Y) = g(VxyTf.0n,v) =g(Vxyfi,v).
Using Vg, fi = 0 we get
s(X,Y) = _(Vi v, Vo) +3(Vo,VxVy f = Vo,Vuiy fi,v)
Vv o Vo) +0 = 3(Voxy Vo, fr + Vi, vxvifoov)

9(v
( Xth7V6t )+O_g(§[3t,VxY]ft7y)
(nyft,va,) E(V(D(f,ft)V)(X,Y)ft,V)

In the last step we used

104, VY] = (9, 0mr), (0=, VL TY)]
= (0z, (D10 V)X, Y)) = (Disp) VIX,Y).
Evaluating at ¢ = 0 yields:
BRlos(X,Y) =
= g(ﬁ;y(a.uf“), —T fo.grad” a) — g(v(p(fowao)
=0+ g(da(X).Vyv! 4 da(Y).Vxvio, —Tfy. grad® a)
+ g(a.ﬁi’y(uﬂm —T fo. grad® a) — da((D(s, 0.,70)V)(X,Y)) +0

) (X,Y) (a_l,fo)’ Vfo)

We will treat the three terms separately. The first one gives, using Vzv =
-TfL.Z:

g(da(X
a(X)LY + da(Y) L0 X, grad® a)

Vyvo +da(Y).Vxv/o, —Tfy. grad® a) =
(d
(X).da(LY) + da(Y).da(L7° X).

)
=90
da

For the second term we get:

g(a.ﬁi,y(uﬂ’), —Tfo.grad” a) = —ag(Vx Vyv! — Vg, yv/0, Tfy. grad® a)
= —ag(~Vx(TfoL°Y) + Tfo L7V xY, T fo. grad® a)
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= —ag(—(VTfo)(X,LT°Y) = TfoVx (L°Y) + Tfo L'V xY, T fo. grad® a)
=0+ ag(Tfo(Vx L) (Y), Tfo. grad” a) = ago ((Vx L™)(Y), grad” a)
= aVx (go(L1°Y, grad® a)) — ago(L°V xY, grad® a)
— ago(L°Y, Vx grad® a)
=aVyx (sfo (Y,grad® a)) — as’(VxY, grad” a) — as’ (Y, Vx grad® a)
= a(Vxs)(Y,grad? a)

ﬁi,yu is symmetric in X,Y because the ambient space R™ is flat. Therefore
the last formula and the symmetry of s imply that

a(Vxs)(Y,grad? a) = a(Vys)(X, grad” a) = a(Vgradso o5)(X,Y).
The third term yields, using formula 1.3.15:

= 90((D(5,0.010)V)(X,Y), grad” (a)) =

= 2 (V(~20.57))(X, Y, grad® (a)) — 5 (V(~20.5))(Y, X, grad® (a))

+ 5 (V(-20.5%)) (grad® (a), X, ¥)
= da(X).s7 (Y, grad® (a)) + a.(V xs7°) (Y, grad® (a))
+ da(Y).s" (X, grad® (a)) + a.(Vys/0) (X, grad® (a))
— da(grad® (a)).s"(X,Y) — a.(Vgradyo(a)st)(X, Y)
= da(X).da(LY) + da(Y).da(L7° X)
— |ldal?-1 .7 (X, Y) + a.(Vgrads (a)s7) (X, Y). O

1.4.6 Second variation of the mean curvature

The second derivative of the mean curvature

Imm — C*(M),
{ = T

along a curve of immersions f satisfying Property (1.4.1.1) is given by
020 Tr(L) = 2a* Tr ((Lf°)3) +4aTr (Lfogo_l.VQCL) +2Tr(9~ Y (da ® da)L'0)
- Hda||§51 Tr(L7) + 2a Tr? (Vgradso o57)
Proof. From Tr(L) = Tr(g~'.s) we get

O Tr(L) = Tr (07 (g7 ").s) + 2Tr (Ou(g™").0ps) + Tr (97 .07 s)

Evaluating at ¢t = 0 we get

2|0 Tr(L) = Tr (6a2(Lf°)2.gal.sf°) +Tr (- 295" .(da® da).gal.sfo)
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+2Tr (2aLf°gO_1.V2a) +2Tr (2aLf°g0_1.(fagg(Lf°)2))
+2.Tr (95 ".((da ® da o L) + (da o L° ® da))
— [[dal[}+ Tr(L7) 4 2a T (Vgraas os™)
= 2a* Tr ((L7)*) — 2 Tr (g5 *.(da ® da).L'0)
+4aTr (L7gy ' . V2a) +4Tr (g5 '.(da ® da).(L7))
— [[dal[} -+ Tr(L7) 4 2a T (Vgraas os™) O
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Chapter 2

Surfaces

2.1 Almost local metrics

The G° metric is the simplest metric on Imm (M, N). It is given by the following
formula:
Gy = [ glh.k)vol(g).
M
This metric is well studied, see for example [35]. Unfortunately it induces van-
ishing geodesic distance on shape space, see [35, 36] or section 2.4.5. There are
different ways to strengthen the metric. In [7] we incorporated a differential op-
erator in the definition of the metric, whereas in this work we will study metrics
of the form
GF(h,k) =/ O(f).g(h(z), k(z)) vol(g)(x),
M
where ® is a Diff (M )-invariant function depending on the immersion f and
possibly on z. These metrics are called almost local metrics. This definition
includes as an important special case conformal versions of the G° metric, i.e.
metrics of the form

G ) =2(f) [ g(hk).vollg),

M

where @ is again some Diff( M )-invariant function depending on the immersion
f but not on z. Conformal metrics have been studied in [41, 30].

Assumption. In this chapter we will consider functions ® depending on the
volume and the mean curvature, i.e.

® = &(Vol, [ Tx?(S)(z)]|2).

We will calculate the geodesic equation on both, Imm and B;. In section 2.4
we will state some conditions for ® ensuring that the induced geodesic distance
on shape space is non-vanishing.

37
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For this class of weight functions, some work has already been done by [37]
for the special case of immersions of the unit circle in the plane. The special
case of hypersurfaces in n-space has been studied in [6], see also chapter 3.

2.2 The geodesic equation on the manifold of
immersions

We use the method of section 1.2.8 and section 1.2.9 to calculate the geodesic
equation. So we need to compute the metric gradients. The calculation at the
same time shows the existence of the gradients. For vector fields m, h, k on Imm
one has

(V9.G*)(h, k) = D(ﬁm)/ ®.g(h, k) vol(g /Mcp (V9. h, k) vol(g)
—/ ®.g(h, VI k) vol(g)
M
/ (D(5.m)y®)g(h, k) vol(g) + [ ®g(V7,h,k)vol(g)
M

dg(h, k) D(fm) vol(g)

:\:\

+/ ®g(h, VI k)vol(g) +
M

—/ ®g(V3,h, k) vol(g) /<I> (h, V2, k)vol(g)
M

. :
-,

D( 5. ®)g(h, k) vol(g / ®g(h, k) D(f.m) vol(g)
M

(
(81 ) (D(f,m) VOl)g(h’ k) VOl(g)

g

+ [ (@29).D(1.m) IT(S)15 900, vol(g)
+ /M @.g(h,k).(D(f’m) vol(g)).

To read off the K-gradient of the metric, we write this expression as

/Mq)g([a(lb (D¢ Vol) +2 .%I’ (Dig TH9(5). T19(5))

D f,m) vol(g)

vol(g) ] h, k‘) vol(g)
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Therefore, using the formulas from section 1.3 we can calculate the K gradient:

K¢(m,h) =
_ [?(D(ﬁm) Vol) + 2,8?;5_](D(f7m) Trd(S), Trg(S)) + W}
B[ gt 1) i)

+ g,é%q’ g(Z Tr (g(m*, g*l.s.gfl).s),Trg(S)) - g(A(m™), Tr?(9))

+ g(Te? (R (m*, TF).Tf), Te(S)) + §(L,r Trg(S),Trg(S))>

+divi(m") — g(ml, Trg(S))} h.

To calculate the H-gradient, we treat the four summands of D f,m)G?(h,k)
separately. The first summand is

/M<61¢>><D<f,m>Vo1<x>>g<h<z>,k(x))voug)(w)

_ / (6,9) / g(m* (1), T () (3)) vol(g) (4)g((x), k() vol(g) (x)
reM yeM

- / g(mHy),—Trg(sxy) / <al<1>>.g<h<x>,k(x))vol(g><x>) vol(g)(v)
yeM zeM

=GY (m, —é Tr9(S) /M(a@).g(h, k) vol(g)> :

In the calculation of the second term we will make use of the selfadjointness of
the Laplacian, i.e. for any tensor fields B,C € T7 (M) we have

| s:@B.C)vollg) = [ 41 VB, Cpvollg) = [ gi(B,AC)vlly),

M M M

of the following Leibnitz rule for the derivative of the mean curvature:
g(ﬁmT T (S), Trg(S)) -

= %(g(ﬁm'r Tr9(S), Tv7(S)) + g( Tr?(S), L7 Trg(S)))

= 3 Lamg(TH(8), T¥(8)) = [T (S)]2 ("),

and of a symmetry property of the curvature tensor (see [34, 24.4.4]):
Thus the second summand is given by

[ (020D 1y [T (S) 250, ) vollg) =
M

:2/ (0:).9 (2T (g(m*, g7 S.g7").8), TH¥(S) ) g(h, k) vollg)
M
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=2 [ (0:0).(59 98) (Am). T(5)).(h. k) voll)
+2/M Trg RI(m*, T)Tf), Tr9(S )) (h, k) vol(g)

+2~/ (0:@ )*dlleg( )12 (m™).g(h, k) vol(g)

— 1 [ (@:0). 1 (gl g75:97).9(5.17(5)) ) (h ) vollo)
M

=2 [ (0:0).(5 g8) (Alm"). T8%(5) )ah. 1) vol(g)
+2/M(82<I>) Tr? (g(Rg(mL,Tf)Tf, Trg(S)))g(h,k:) vol(g)
+ [ (@:0)(grad® [T(S)3 " )-(h. k) voll)
/M(a2 ). <m Tr( S.gl.g(S,Trg(S)).g(h,k))>vol(g)
—2/M(g®98)(m{A((azq> 1)) v
—2/M(82<I>) ((R-"(Tf T ()T f, m* ) (h, k) vol(g
+/M(a2c1>)i(Tf. grad? || Tx? (S)||2, T f.m ).g(h,k;) vol(g)

v

=Gt <mL 4. 8(21) Tr ( “18.g71.5(S, Trg(S)).g(h,k))>
By (mi, 6A((32<1>). Te9(S).5(h, k)))
-2 /M g(g(h, k)(9,®) Te? (RY(T £, Te?(S))T f),mL> vol(g)
+ [ (@0)5(m. TLa(0 ). grad? [ T(S)] ) vollg)
- Gj?( 4. %ﬂ( “18.g7.5(S, Tr-"(S)).g(h,k)))
— Gt (m, %(A ((agq>). 9 (S).g(h, k)))l)
e (m 2.‘7%%(}1, k) Tr? (Rﬁ (T, Trg(S))Tf)L)
+GF (. 222 T (0 ). ro? 12751

In the calculation of the last term of the Hy(m, h) gradient, we will make use
of the following formula, which is valid for ¢ € C*°(M) and X € X(M):

0—/ div(¢.X). vol(g / Ly x vol(g)
:/ (doig.x +1ig.x od)vol(g) :/ d(¢.ix vol(g))
M M
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:/ d(j)/\ixvol(g)Jr/ ¢ Nd(ix vol(g))
M M

= / (—ix(do Avol(g)) +ix odg Avol(g)) + / ¢.Lx vol(g)
M M

_ / db(X)vol(g) + | . div(X)vol(g).
M M

Therefore we can calculate the last summand, which is given by

/M ®.g(h, k)(Df,m)vol(g)) =
_ / @.g(h, k) (div(m ) — g (m*, Tx4(S)) ) vol(g)
M
_ / _ (d((I).g(h, k) (m") + ®.g(m*, g(h, k). Trg(S))> vol(g)
:/ ~(T/-grad? (B.9(h, 1)), Tfm ") vol(g) — G2 (m*, g(h, k) Tv9(S))

= G? (m, —éTf. grad? (<I>.g(h, k:)) —g(h, k) Trg(S))

Summing up all the terms the H-gradient is given by

Hy (k) =~ 5 T(S) | (@100, 1) vol(g)

M
+ 4.8??@ Tr (g_l.S.g_l.g(S, TTQ(S)) -g(h, k))

_ %(A((azcb). Te?(8).5(h, k’)f

- 2.%1’g(h, k) Tr? (Rﬁ (T, Trg(S))Tf)L
0y ®

+ = T1g(h. k). grad? | Te? (S) 5

- éTf. grad? (®.g(h, k)) — g(h, k) Tr9(S)

Using the formulas from section 1.2.8 and section 1.2.9 leads:

Theorem. The geodesic equation for an almost local metric G® depending on
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volume and mean curvature on Imm(M, N) is given by

Voo = g Hy(fu i) — Kp(fur )

1 g 2
= mes) /Mm). | £2]12 vol(g)

0,0
+ 2.2 T (78,7 5(S. T (9)- I )

1 L
-3 (A(((‘)g(b). 9 (S). || f: |2 ))
P B €1
B0 e (ro (s ()T )
9, ® 1
+ g 1 I illy - grad? | T (S)]I7 — =T f-grad? (®.111,]7)

=3I - [ ([ ot mes) i)

* 218%?@ (g(?Tr (g(ftlag_l.S.g_l).S)7T\rg(S))
~9(A) () + g (T (RIS THTS) T (5))
+ g(ﬁf; Tr9(9), Trg(S))>

() - a1 T(8) |

According to section 1.2.9 we can rewrite this equation as an equation for the
momentum p:

p = ®(Vol, Tr(L)) f; ® vol(g)
Vor=—3T(S) [ (@19). 1113 vol(g) & vol(g)
+2.(02®) Tr (g_l.S.g_l.g(S, T9(9)). Hft||§) ® vol(g)
9 1
~ (a(@@). 1(5).1£:]7 ) @ vollg)

9 _ L
— (0@ |37 (R (T, T0(S)) T ) & vol(g)
0@
5
— ST arad (.1 £12) © vol(g) — 5 A2 TH9(S) © vol(g)

+ =T f | fil3 - grad? | Te?(S)]|2 @ vol(g)

2.2.1 Momentum mappings

The metric G® is invariant under the action of the reparametrization group
Diff(M). According to section 1.2.10 the momentum mapping for this group
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action is constant along any geodesic in Imm(M, N):

VX € X(M): /M<I>(V01(f), HTrg(S)H;)g(Tf.X, ft)vol(g) rep. mom.

or ®(Vol(f), ||Trg(5)||; Yg(f,") vol(g) € T(T*M ®j; vol(M)) rep. mom.

For a flat ambient space N = R™ the metric G® is in addition invariant under
the action of the Euclidean motion group R™ x SO(n). This yields the following
conserved quantities:

/M ®( Vol(f), | Tx? (S)H; )fevol(g)  lin. mom.
VX € so0(n) : /M @ (Vol(f), ||”,[‘1“9(S)||f7 )3(X.f, fi) vol(g) ang. mom.

or /M @ (Vol(f), H’Hg(S’)Hz)(f/\ft)vol(g) e A’R" 2 s0(n)*  ang. mom.

2.3 The geodesic equation on shape space

2.3.1 The horizontal bundle

Since vol( f*g) and Tr?(S) react equivariantly to the action of the group Diff (M),
every G®-metric is Diff(M)-invariant. As described in Section 1.2.13 it induces
a Riemannian metric on B; (off the singularities) such that the projection  :
Imm — B; is a Riemannian submersion. The restriction to almost local metrics
is very beneficial, namely:

Lemma 1. For an almost local metric G® the horizontal bundle at the point f
equals the set of sections of the normal bundle (see section 1.1.12) along f.

Proof. By definition, a tangent vector h to f € Imm(M, N) is horizontal if and
only if it is G®-perpendicular to the Diff (M )-orbits. This is the case if and only
if g(h(x), T, f.X.) =0 at every point € M. O

According to section 1.2.14 the calculation of the geodesic equation can be
done on the horizontal bundle instead of on B; assuming that every path in B;
corresponds to exactly one horizontal path in Imm. The following lemma shows
that this assumptions is satisfied.

Lemma 2. For any smooth path f in Imm(M, N) there exists a smooth path
w in Diff (M) with ¢(t, ) = Idps depending smoothly on f such that the path
f(t,o(t,x)) is horizontal, i.e. Oy f(t, o(t,x)) lies in the horizontal bundle.

Proof. The proof is taken from [35, Section 2.5]. The basic idea is to write the
path ¢ as the integral curve of a time dependent vector field. This method is
called the Moser-Trick.
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In the following we will write f o for the map f(¢, p(t,x)), etc. We look for
© as the integral curve to the time dependent vector field £(¢,z) on M, given
by

dp=Eop
We want the following expression to vanish for all z € M and X, € T, M:

90 (f o @) (@), T(f 0 9).Xa) = g((Ouf)((2)) + Tf.(Orp) (@), T'f o Tp. X)

= g((0uf)(p(2) + TfE(p(2)),Tf o Tp.X)

Since T'p is surjective, T'p.X exhausts the tangent space T, ()M, and we have
Ouf)(p(2) +TfE(p(x) L f.
This holds for all x € M, and by the surjectivity of p, we also have
O f)(@)+TfE(x) L f

at all z € M. This determines the non-autonomous vector field & = —(f;)"
uniquely. O

2.3.2 The geodesic equation on shape space

As described in section 1.2.14 and 2.3.1 geodesics in B; correspond to horizontal
geodesics in Imm. A horizontal geodesic f in Imm has f; = fi*. The geodesic
equation is then given by

Voo = SHUE )~ KUF 1),

see section 1.2.14. This equation splits into a normal and a tangential part. The
normal part is given by

1
(Vo f* = (SHU 15~ K- 1)

From section 2.2, where we calculated the geodesic equation on Imm we can
read off the tangential part of this equation:

(ol = (HUS 15 - KU 1)

8<I> 1
=+ 2|2 grade e ()12 — S rad? (2. £4]2)

8<I>
=t55 I 2 - grad? || T29(9)] 2

HfHI

-3 rad"(Hf#H;)

1 2
= g arad? ([[7]2).

(82). grad? (|| Te?(S)]2)

where we used the the following Leibnitz rule for the gradient:

g(grad?(f1.f2), X) = g(f1 grad? fo + fo grad? f1, X).
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In section 1.2.14 we proved that this equation is satisfied automatically. We will
nevertheless check this by hand. The following calculation holds for all vector
fields X € X(M):

9((Vo.f) ", X) =3(Tf(Vafo) ", Tf.X) = §(Vo,fe, Tf.X)
Vo, g(fi-s Tf.X) = 4(fi, Vo, Tf.X)

~ g6 Vi) = —5 o S))(X)

— Solerad?(Il2), X) = —3g(erad?(| - |2, X

Therefore we have: )
2
(Vo f)" = —5 grad’(| f-]])

According to section 1.2.15 we can rewrite the geodesic equation as an equation
for the momentum. This yields:

Theorem. On the smooth cotangent bundle the horizontal geodesic equation for
the momentum of an almost local metric G® is given by:

fi = fi- € Nor(f)
p = ®.fr ®vol(g)
v fJMS)/ ). |17 vol(g) © vol(
op=—5Tr 1> vo vol(g)
+ 2.(02®P) Tr (gil.S.gfl.g(S,Trg ). ||ft || )®V01 q)

~ (A((@). T (). |71} )) ® vol(g)

— (522) || il - Tx? (Rf? (Tf, T]rg(s*))Tf)L ® vol(g)

1
—5-2llfe I; T () @ vol(g)

2.4 Geodesic distance on shape space

We will state some conditions on ® ensuring that the almost local metric G®
induces non-vanishing geodesic distance on B;. The proofs are based on a
comparison between the G®-length of a path and its area swept out. The main
result is in section 2.4.5. This section is based on [6, section 7], with slight
modifications due to a possibly curved ambient space.Some of the ideas can also
be found in [22, 7, 35]

Geodesic distance on B; is given by
dist§ (Fo, Fy) = inf LS (F),

where the infimum is taken over all F': [0,1] — B; with F(0) = Fy and F(1) =
Fi. Lgf is the length of paths in B; given by

1
LCB’:"(F)Z/O \/GL(F,, F,)dt for F:[0,1] — B;.
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Letting 7 : Imm — B; denote the projection, we have

(mo f *om / f , fr)dt for horizontal f :[0,1] — Imm.
LY (w0 f) = L, ; \V GF o fi (0,1]

P
By non-vanishing geodesic distance on B; we mean that distgi separates points.

2.4.1 Area swept out

For a path of immersions f seen as a mapping f : [0,1] x M — N one has

(area swept out by f) = / vol(f / / Hft ‘vol

[0,1]x M

2.4.2 First area swept out bound

Lemma. For an almost local metric G® satisfying
d>C for Cy > 0.

and a horizontal path f : [0,1] — Imm, we have the area swept out bound

V/C1 (area swept out by f) < max Vol (f(t)). lem(f)

The proof is an adaptation of the one given in [35, section 3.4] for the G4-
metric.

Proof.

10 = [ VG
= [ ewitvoe) az v ([ 1)
>¢ci/ (] volto )5/1||ft|vol<>
Clmln(/ vol(g ) %/ / 1|1 f2]l vol(g)
C’1<max/ vol(g )/ / 1|1 f:]l vol(g) O

2.4.3 Lipschitz continuity of v/ Vol

N\H

Lemma. For an almost local metric G®, the condition

O > Cy || Te(L)||2
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implies the Lipschitz continuity of the map
VVol : (B;, dist55) — Rsg

by the inequality holding for fF) and Fs in B;:

V/Vol(F1) — /Vol(Fy) < 5 Wdlst L (Fy, Fy),

The proof is an adaptation of the one given in [35, section 3.3] for the G4-
metric.

Proof. Let f :[0,1] — Imm be a path, and let f; denote its derivative. Using
the formula from section 1.3.7 for the variation of the volume we get

atVol(f)z—/M g(f:, Tr9(S)) vol(g ’/ (fe, Tr9(S)) vol(g )‘

< (/M 12V01(g))é(/Mg(ft,Trg(S))Qvol(g))é

< v [ ||ft||§||Trg<s>||%vol<g>)§

< /Vol(f) /C—HftH vol(g )

\/V01 )/ GF(fe fo).

Thus

O Vol(f) 1
O/ Vol(f) = 2 Vol ]) < N G?(ft,ft)-

By integration we get
1
VVOI(f1) — V/Vol(fo) = / D/ Vol )t
S/O 2\/67'2\/ ft»ft 2\/— LImm( ).

Now take the infimum over all paths f : [0,1] — Imm with 7(f(0)) = Fy and
m(f(1)) = Fi. O

2.4.4 Second area swept out bound

Lemma. For an almost local metric G® satisfying
® > CVol with C > 0

and a horizontal path f :[0,1] — Imm, we get the area swept out bound

Ve (area swept out by f) < LICjnm(f)
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The proof is adapted from proofs for the case of planar curves that can be
found in [37, section 3.7], [41, Lemma 3.2], [53, proposition 1] and [52, theo-
rem 7.5].

Proof.

L (f >=/O Wdtz/o / @ 11 vol(g)) "t
> vE [ VNG [ 11 o)

>\F//1||ft||vol

=C vol(f(-,-)*g)dt = VC (area swept out by f). O
[0,1]x M

2.4.5 Geodesic distance

Theorem. At least on B, the almost local metric G® induces non-vanishing
geodesic distance if one of the two following conditions holds:

(1) ® > Cy + Cy Tr(L)? for C1,Cy > 0.
(2) ® > C' Vol for C > 0.

On the other hand, the almost local metric G® induces vanishing geodesic dis-
tance on shape space if

(3) ® < C3 Vol " for k> 0.

Proof. The first part of this theorem is a consequence of the previous estimates.
The following proof of the vanishing geodesic distance result for ® = 1 is taken
from [35], the figure illustrating the construction is from [36].

Take a path f(t,z) in Imm(M, N) from fjy to fi; and make it horizontal by
the same method that was used in 2.3.1. Horizontality for the H-metric simply
means g(f;, Tf) = 0. This forces a reparametrization on f.

Let « : M — [0, 1] be a surjective Morse function whose singular values are
all contained in the set {% : 0 < k < 2N} for some integer N. We shall use
integers n below and we shall use only multiples of N.

Then the level sets M, := {x € M : a(x) = r} are of Lebesque measure
0. We shall also need the slices M,, ,, == {x € M : r < a(z) < r2}. Since
M is compact there exists a constant C' such that the following estimate holds
uniformly in ¢:

/ vol(f(t, )'g) < Clrs—r) / vl(f(t, )"g)
M.

M

71,72
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Figure 2.1: Plot of the function . Each zig- zagged line corresponds to ¢(t, -)

1 2
for some fixed values of ¢, namely t = 15, 5, - - -, 10

Let f(t,z) = f(o(t,a(x)),z) where ¢ : [0,1] x [0,1] — [0,1] is given as in
[36], 3.10 by

2t(2na — 2k), 0<t<1/2, 2k <a< 2kt
(t,a) 2t(2k + 2 — 2na), 0<t<1/2, 25 <o < 2082
y Q) =
4 2 — 1+ 2(1 - t)(2na — 2k), 1/2<t<1, 2 <o <2l

2k—+1 2k+42
20— 1+2(1—t)(2k+2—2na), 1/2<t<1, 2 <o <262
See figure 2.1 for an illustration of the construction.

Then we get Tf = pq.da.fy +Tf and ft = . ft where

+4nt dna — 4k
) —4nt )4k +4—4dna
T - 0 7T 2— dna 4k
—dn(1—t) —(2 — 4na + 4k)

We use horizontality g(f:, 7 f) = 0 to determine fit = fi + Tf(X) where X €
TM satisfies 0 = g(f, + Tf(X), Tf(£)) for all &€ € TM. We also use

da(§) = g(grad’ o, €) = g(T f(grad’ a), Tf(€))

and get

g(fe+ TF(X), TF(©))
g(sotft + pada(X) fi + Tf(X). ada(§)fi + TF())

f(

)
= ¢r-pa-g(grad? a, )| fr]|*+
+ ¢5-g(grad? a, X).g(grad? o, )| fil* + g(T f(X), Tf(€))
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= (pr-0a + ¢a-g(grad’ a, X))l fe|*g(grad’ o, §) + 9(X,€)

This implies that X = A grad? a for a function A and in fact we get

~ o oroallfil2
fL = fi — Tf(gradg 0‘)
e A A T E
and I
"2
Ve = — il

1+¢3 12

From T'f = q.do.fy + Tf and g(f;, Tf) = 0 we get for the volume form

vol(f*g) = /1+ 2 [dall3]Lfil]? vol(g).

For the horizontal length we get

o= [ ([ 1P o 7)) =
A b,
U M 1 Al dal? ) -

2 (X (4na — 4k)%|| fi]®
= vol(g)+
J (Z(/M 2 [T+ AR a3

1
(4k + 4 — dna)®|| fi]® ’
+/M ol(g))) dt+

k41 2k+2 \/1—1— (4nt)? || dal|2]] f2]|?
2n

1 /n—1 2
(2 — 4na + 4k)°| f|
+ vol(g)+
/; <,;</M+ U+ An( = 0)Rldal3] 7]

2n

1

2 — dna + 4k)2|| f? 2

.\ / (2 — dno + 46)°) i) Vol(g))> i
Mapi1 gz 1+ (4n(1— 1)) daf2] /]

2n

Let € > 0. The function (t,z) — ||fi(¢(t, a(x)),z)||? is uniformly bounded. On

Moy ok+1 the function 4na — 4k has values in [0,2]. Choose disjoint geodesic
2 2n
balls centered at the finitely many singular values of the Morse function « of total

g-volume < €. Restricted to the union Mg, of these balls the integral above is
O(1)e. So we have to estimate the integrals on the complement M = M \ Mging
where the function ||da||4 is uniformly bounded from below by n > 0.

Let us estimate one of the sums above. We use the fact that the singular

points of the Morse function « lie all on the boundaries of the sets M% 241
2n’ 2n

so that we can transform the integrals as follows:

(4na — 4k)?|| fo12
Z/ no ISl vol(g) =
Mgk gin 1+ (dnt)? a3 £
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-y /2,3"

k=0" 2n

| (nr — 4R volGzf*g)
o J1+ (ntPldal3) £l dels

We estimate this sum of integrals: Consider first the set of all (¢,r,z) € M,
such that |fi(¢(t,7),z)| < e. There we estimate by

O(1).n.16n%.%.(r3/3)[1=y/*" = O(e).

On the complementary set where |f;(¢(t,7),x)| > € we estimate by

1
ntn3e

O(1)-n16n* 1 (r*/3)]1= M — o )

which goes to 0 if n is large enough. The other sums of integrals can be estimated
similarly, thus L' ( f) goes to 0 for n — co. It is clear that one can approximate
o by a smooth function whithout changing the estimates essentially. O
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Chapter 3

Hypersurfaces in n-space

In chapter 2 we studied metrics weighted by volume and mean curvature. In
codimension one it is natural to incorporate det(L) weights in the definition of
the metric. This yields almost local metrics with

® = ®(Vol, Tr(L), det(L)).

For such metrics we will derive the geodesic equation on the manifold of immer-
sions and on shape space (section 3.1 and section 3.2). In section 3.3 we will
calculate the sectional curvature of an almost local metrics weighted by mean
curvature and Volume and in section 3.4 all the previously derived formulas
are presented for special cases of . We will study the totally geodesic subset
of concentric spheres (section 3.5) and finally in section 3.6 we will compare
various almost local metrics to the Fréchet metric.

Assumption. In this chapter we will study hypersurfaces in n-space, i.e. we
have
dim(M)=n—-1 and N =R"

This chapter is based on [6, 8, 7).

3.1 The geodesic equation for the momentum
on immersions

Assumption. In this section and in section 3.2 we will assume that the weight
function ® depends on Volume, mean curvature and det(L).

Let m € Ty Imm(M,R") with m = g(m,v).v +Tfm" =av+Tfm'. We
calculate:

(V3,G®)(h, k) = D(5m)G7F (h, k)

= /M (81@) (D(f,m) VO])Q(h, k) VOl(g)

93
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+ /M<82<I>><D<f,m> Te(L))g(h, k) vol(g)
+ [ @)D det(E)alh. ) vollg)
—%/af@gaukxlxﬁnovoug».

As in section 2.2, we can easily read off the K-gradient:

Ky(m,h) = {?(/M —Tr(L).avol(g))

+ a%@( Aa+aTr(L?) +dTe(L)(m"))
+ %(TI‘(L). det(L).a + g5 (g. C(L), V*(a)) + ddet(L)(mT)>

+div?(m ") — Tr(L).a} h.

To calculate the H-gradient, we treat the four summands of D(ﬁm)G?(h, k)
separately. To the first and last term we can apply the same analysis as in 2.2.
The second summand is given by

| @:8)(D (1) TH(L) a8 1) vol()

/M ~ Aa+ aTe(I?) + dTe(L)(m"))g(h, k) vol(g)
/ 0 A((02®)g(h, k) vol(g) + | a.(02®) Te(L2).g(h, k) vol(g)
M M
+/ (02®)g( grad?(Tr(L)), m")g(h, k) vol(g
M

=GY (m, —%A((agq))g(h,k‘)).u) +GY (m é(a@)rﬁ( 2g(h, k). )
+62(m, é(aﬂ)g(h, KIS grad? (Tx(L))

The third summand is
/M<63<1>><D<f,m> det(L))g(h, k) vol(g) =
= [ (@9) Te(D). det(D).ag(h. 1) vollg)
+ / (93®)d det(L)(m " )g(h, k) vol(g)
M
+ / 0((05).9(h. k).g. C(L), V2(a)) vol(g)
M
/M(83 )Tr(L). det(L).a.g(h, k) vol(g)

-l-/ (83<I>)g(gradg(det(L)) )g(h k) vol(g)
M



3.2. THE GEODESIC EQUATION ON SHAPE SPACE

+ [ 909 ((030).9.C(LaA. 1)) -avollo)

03P _
e (m, S Tr(L).det(L).g(h, k).u>
e
) g
D 1 * 7k _
+ G (m, SV Y ((050).g. C(L)g(h, k)).y).
Summing up all the terms the H-gradient is given by

e (m, (h, k).TF. gradg(det(L)))

Hy(h k) = [_ éTr(L)/

M
o
d

03P

+ Tr(L*)g(h, k) + 3 Tr(L).det(L).g(h, k)

P

+ éT - (@:3)g(h, k) graa?(1x(1)

+ (03®)g(h, k) grad?(det(L)) — grad? (®g(h, k))]

(019)3(h, k) vol(g) — £ A((@:8)g(h. )

+ lv*v*((a3<1>).g. C(L)g(h, k)) — g(h, k) Tr(L)} vt

Using the formula from section 1.2.9

55

Theorem. The geodesic equation for the momentum of an almost local metric

G® on Imm is given by

pr = % |- Tx(L) /M n®||f:]* vol(g) — A((2:9) |1 £olI*)

+ (02®) Tr(L?) || fol|” + (95®). Tr(L). det(L). || fo]|”

+ ST (0:0) £ grad? (Tx(1))

p = ®(Vol, Tr(L),det(L)).f; ® vol(g) = ®.(a.v + Tf.f,") @ vol(g),

+ VIV ((058).9. C(L) I5]1?) = ® £l Te(E) ] v & vol(g)

+ (039) || f2]* grad? (det (L)) — grad?(® Hft||2)] ®vol(g)

3.2 The geodesic equation on shape space

For an almost local metric in codimension one a horizontal geodesic f in Imm
has f; = a.w with a € C*°(R x M). In the following we will calculate the
horizontal geodesic equation in terms of the velocity. This will allow us to
rewrite the horizontal geodesic equation as an equation for the function a only.

The horizontal geodesic equation is given by

1
fie = ar.v +auy = -H(av,av) — K(a.v,a.v),
~— =~ 2

normal tang.
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see section 1.2.14.

In 1.2.14 it was shown the tangential part of the geodesic equation is satisfied
automatically. Again we will check this by hand. Using the formulas from
section 2.2, we can easily read off the tangential part of the geodesic equation

a.vy = %Tf. {(8243)@2 grad?(Tr(L)) + (83®)a® grad? (det(L)) — gradg((paQ)}
= %Tf [a2 grad?(®) — ®. gradg(aQ) _al. grad? (®)
= —%Q)Tf. grad?(a?) = —T'f.a. grad’(a).

By the variational formula for v in section 1.3.14 this equation is satisfied au-
tomatically.

The normal part is given by

at =

QI

(;H(a.y, a.v) — K(a.y, a.v),v)

e\u

300 (L)) = 3 T(L) [ (@®)a vol("g) - 5a*A3a0)
M
+2aTr?(d(02®) ® da) + (02®) Tr?(da ® da)
1
+ (81<I>)a/ Tr(L7).avol(f*g) — 5(82<I>) Tr((Lf)2)a2].
M
We can rewrite this equation by expanding Laplacians of products as follows:
A(arag) = (Aaq)as — 2Tr7(da; ® dag) + a1(Aas).

Theorem. The horizontal geodesic equation of an almost local metric G® on
mmmersions is given by

ft =auv,
@w=3g B’ a®Tr(L) — 1Tr(L) /M(31(I>)a2 vol(g) — %a%(azcb)
+ 2ag~ " (d(02®), da) + (2 )IldaH -

Ja [ Tr(L).avol(g) — 5(82<I>) Tr(L?)a?

X

+ vv*(( )a?) = (95®)g3 (9. C(L), V*(a) ).

- 837 Tr(L ).det(L).aQ}

This equation is in accordance to the equation in section 2.3.2. For the case
of curves immersed in R?, this formula specializes to the formula given in [37,
section 3.4]. (When verifying this, remember that A = —D? and Tr(L) = det(L)
in the notation of [37].)
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3.3 Sectional curvature on shape space

The following part is taken from [6].

Assumption. In all of this section we will assume that the weight function ®
depends on Volume and mean curvature only.

To compute the sectional curvature we will use the following formula, which
is valid in a chart:

Ro(a1,az,a1,as) = Gg(RO(al,GQ)al,GQ) =
%deg)(a,l, ar)(az,az) — deg)(al, as)(ay,az) + %d2G(OI>(a2, as)(a,a)
+ G (To(a1,a1),To(az, az)) — Gg (To(as, az), To(as, az)).
Sectional curvature is given by
Ro(ay,a2,as,a1) = —Ro(a1,as,a1,a2).

Therefore we have to calculate the metric in a chart and calculate its second
derivative.

3.3.1 The almost local metric G® in a chart

In the following section we will follow the method of [35]. First we will construct
a local chart for B;. Let fo: M — R”™ be a fixed immersion, which will be the
center of our chart. Consider the mapping

W =1p, : C°(M,(—¢€,€)) = Imm(M,R")
$(@)() = expd, . (a(x) 77 (2)) = folz) +alz) ¥ (2),

where € is so small that ¢(a) is an immersion for each a.

Denote by 7 the projection from Imm(M,R™) to B;(M,R™). The inverse
on its image of wo v : C°(M, (—¢,€)) — B;(M,R™) is then a smooth chart on
B;(M,R™). We want to calculate the induced metric in this chart, i.e.

(0 9)*G)alby, ba)

for any a € C*°(M, (—e¢,¢€)) and by,by € C°°(M). We shall fix the function a
and work with the ray of points t.a in this chart. Everything will revolve around
the map:

ft,x) = (t.a)(x) = fo(x) + t.a(x).ufO (2)

We shall use a fixed chart (u,U) on M with 9; = %. Then in this chart, the
pullback metric is given by

n—1 n—1
glv = Zgijdui ® du’ = Z?(aif,ajf)dui ® du?,

i,j 0,J
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the volume density by

vol(g) = \/det(g (B;f, 0; f))|dul A -+ A du™"Y),

the second fundamental form by

02 f
0:0;

sij = 5(0i,0;) = g(Vo,Tf.0;,v) = g( vio),

and the mean curvature by Tr(L) =}, ; g si;. To calculate the metric G® in
this chart we have to understand how

Ti.qtp.by = by (a:).ny (x)

splits into a tangential and horizontal part with respect to the immersion f(¢, ).
The tangential part locally has the form

T f(T(r.ayt-(b1)) cha f(t,z)
where the coefficients ¢’ are given by
¢ =397 (@)’ (2),0;f(t.2)).
j=1
Thus the horizontal part is
n—1 )
(Tt.a'(/)-bl)'y = (Tt.awbl) Tf (T(t a) (bl)) = bl (x)yfo (.17) - Z Claif(tax)'

Lemma. The expression of G® in the chart (mo)~! is:
((Wowfo)* )(t a)(blabQ) ﬂ(w(t a))(Tt a(mo). bl,Tta(Woi/})b2)

1/)(t a)( E aw bl v, (Tt.aw-bQ) 'V)

/ 9 ((Tr.atp-b1) v, (Th.ath-ba)) vol(g)

= /M ® (bl.bg - Zcig(aif(t,x),bg(x).ufo (:r:))) vol(g)

i=1

3.3.2 Second derivative of the G®-metric in the chart

We will calculate
8t2|0((7r © wfo)*Gé)(t.a) (blv b2)

We will use the following arguments repeatedly:

8t|06jf = 8j8t|0f = 6j(a.1/f°) = (6'ja)1/f° +a (8juf“),
——
tang.
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g (bl(w)yfo(x)aajf(tvx)) |t:0 =0,

and consequently ¢;|¢—g = 0.

n—1 n—1
Otloci = Z Blo(g7).0+ Z 9" 04)og (b1v7°,0; f)
=1

j=1
:nilgijg (01070, 0400, f) = Zg”g (b1, Zgjblaa
=1
Thereforej
(br.b2 — chi!?(aif, bo. 1)) |,_y = b1 b
i=1
no1

Otlo(b1.bg — Z c'g(of, bQ-VfO)) =
i1

n—1 n—1
= — Z(at|oci).0 — Z 08t|0g(8,f, bg.l/fo) =
=1 =1

n—1
0o (b1.b2 — Z c'g(dif,bav’0)) =
=1
n—1 n—1
=- Z (0710¢")-0 = 2> (kloc')Dslog(0i f,ba.7) =Y~ 0.07|0g (0 f, ba.)
i=1 i=1
=2 Z(@t|oci)§(8i( ), bo.f0) = 722 Arloct)(Dia)b
i=1
n—1n—1
= —2biby » Y g70;a.0;a = —2byby ||dall’ -, .
i=1 j=1

The derivatives of ® are
O1lo(® o (Vol, Tx(L))) = (01).(r]o Vol) + (92).(3:]o Tr(L)
971o(® o (Vol, Tr(L))) = (01019).(0x|o Vol)? + (02029).(04]o Tr(L))?
+2(9102®).(0¢]o Vol). (9o Tr(L)) + (912) (9|0 Vol) + (32@) (97 |o Tr(L)).
Lemma. The second derivative of the G®-metric in the chart (moi) ™! is given

by:
O21o((m 0 5,)"G®) 1y (b1, b2) = (d((7 0 ¥1,)*G®) (0)(a, ) ) (b, bo)

(1)
/M . bl.bg VOl(g)

over the following expression

02|, vol 0O¢|o vol
= (g a2, ) + @010). (920 Vo) + 2(nl0 Vo) 2109

vol vol
+ (029). ((83|0 Tr(L)) + 2(0¢)o Tr(L))%) + (01019).(0t)o Vol)2

+2(0192).(0s |0 Vol)(8y|o Tr(L)) + (9282®).(0|o Tr(L))>2.
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3.3.3 Sectional curvature on shape space
To understand the structure in the formulas for the sectional curvature tensor,
we will use some facts from linear algebra.

Lemma 1. Let V = C*(M), and let P and @Q be bilinear and symmetric maps
VxV = V. Then

B(P,Q)(a1 A as, by A bs) = %(P(al, b1)Q(az, ba) — Play, by)Q(as, by)
+ P(a2,b2)Q(a1,b1) — P(az2,b1)Q(ay, bg))
defines a symmetric, bilinear map (V AV)@ (VAV) = V.
Also H(P,Q) = BH(Q,P). The symbol B stands for the Young tableau
encoding the symmetries, see [20]. We have
B(P, Q)(a1 A az,a1 A az)
= %P(al, a1)Q(az,a2) — P(a1,a2)Q(az,a1) + %P(ag, a2)Q(a1,a1).

P is called positive semidefinite if for all z € M and a € C*(M), P(a,a)(x) > 0.
P is called negative semidefinite if —P is positive semidefinite. We will write
P > 0,P <0,P < 0if P is positive semidefinite, negative semidefinite or
indefinite.

Lemma 2. If P and Q are positive semidefinite bilinear and symmetric maps
V xV — V, then also B(P,Q) is a positive semidefinite symmetric, bilinear
map.

Proof. To shorten notation, we will write for instance Pjs instead of P(aq,as).
The Cauchy inequality applied to P and Q) gives us

Pi2Q12 < v/ P11 P22Q11Q22,

and therefore we have
B(P,Q)(a1 A az,a1 A az) = %PllQll — P12Q12 + %Pzzsz
> %Pquz — VP11 PpQ11Qa + %PzzQu
= %(\/P11Q22 - \/]322Qn)2 > 0. O

Let \,u:V — V. Then the map AQ u: V ®V — V is given by

(A@ )@ ® b) = Aa).pu(d),

where the multiplication is in V' = C°°(M). Denote by AV p the symmetrization
of the tensor product given by

AVp=iA@u+peN).

We will make use of the following simplifications:
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Lemma 3. Let \, 5, u,v,: V — V. Then the bilinear symetric map
BV B, uvY)

satisfies the following properties:

(S1) BV p,AVr)(ar Aag,a1 Aag) = —i(/\ @ p)(a1 Aaz).(A@v)(ar Aasz),
(S2) BOAV,A®A) =0,

(S3) BOA® A uVr)(a Aag, a1 Aag) = %()\ ® p)(ar Aag).(A®@v)(a Aaz).

Proof. For the proof of simplification (S1) we calculate:
BV g, AV v)(ar Aaz,a Aas)

1
:5(/\®u®/\®1/) a1 ®a;1 ®az®az+ az®@az®@a; @ay

1 1
f§a1®a2®a1®(l2*§(l1®02®02®al

1 1
_§a2®a1®a1®a2—§a2®a1®a2®a1}

Using the symmetries of the quasilinear mapping A ® p® A ® u, we can swap the
first and third position in the tensor product of the two summands in the first
line. Then the expression inside the square brackets equals — 3 (a1 Aa2)® (a1 Aas).

Since A ® A vanishes when applied to elements of V' AV, simplification (S2)
is a direct consequence of (S1).

For the proof of simplification (S3) we calculate:
HA M\ uVr)(a Aag,ar Aas)
= %(A@))\@M@V)[m@m RarsRas+asQas @a; @ ay
—a1 ®ax@a;1 ®az —a; ®az @ az ® aq

Using symmetries as above, we can replace third summand a1 ® as ® a1 ® as by
as ® a1 ® as ® a1, because the first two tensor components of A® A ® u ® v are
equal. Then, swapping the second and third position in all tensor products, we
get

BOAR A\ p@v)(a Aaz, a1 Aag)
1
:§(A®u®)\®u)[a1®a2®a1®a2+a2®a1®a2®a1

—a2®a1 ®a; ®az — a1 @ax ®az ®ay

The expression inside the square brackets equals (a1 A a2) ® (a1 A az). O

For orthonormal ai,as sectional curvature is the negative of the curvature
tensor Ry(a1,as,a1,a2). We will use the following formula for the curvature
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tensor, which is valid in a chart:

Ro(a1,as,a1,a2) = G§ (Ro(a1,a2)ar, az) =
1 1
(1) §d2G§(a1,a1)(a2, ag) — dQGg)(ahag)(al,ag) + ideg)(ag,ag)(al, al)

+ G¥(To(a1,a1),To(az,az)) — G (To(a1,az),To(ar,az)).

Looking at Formula (1) from section 3.3.2 we can express the second deriva-
tive of the metric G® in the chart as

(o ws) G (0)(araz)) (b1, bo)
= /]u (fI).Pl(al, G,Q) + (81‘1’)P2(&1,&2) + (62‘1))]33(&1,&2) + (8181<I>)P4(a1, ag)
+ (8182<I>)P5(a17 ag) + (8282@)P6(CL1, CLQ)) P(bl, bg) VO](g)7

where P(b1,b2) = b1.be, so P = id®id, and where the P; are obtained by
symmetrizing the terms in Formula (1) from section 3.3.2.

For the rest of this section, we do not note the pullback via the chart any-
more, writing G¢ instead of ((moy,)*G®)(0), for example. To further shorten
our notation, we write L instead of L7 and ¢ instead of go. The following terms
are calculated using the variational formulas from section 1.3.

_ 9[pvol

Py(a,a) —2|dall;-1 = a*(T(L)* — Tr(L?)) — ||dal];-

vol

o vol
Py(a,a) = (8?]o Vol) + 2(9¢|o Vol)%

= /M a®(Te(L)? — Tr(L?)) + /M ||da||§,1 vol(g)

+2Tr(L).a /M Tr(L).avol(g)

Ps(a,a) = (02|o Tr(L)) 4 2(¢|o TT(L))%

=2a*Tr(L?) +4aTr (L.g'.V?a) +2Tr(g" ' (da ® da)L)
— [|da]|?-, Tx(L) + 2a Tr? (Vgradas)
+2(— Aa+aTr(L?) (- Tr(L).a)

=2a®Tr(L?) +4aTr (L.g'.V?a) +2Tr(g~ " (da ® da)L)
— |lda]|?-s Tr(L) + 20 Tr? (Vgrad a5)
+2Tr(L)aAa — 2 Tr(L) Tr(L?).a?

Py(a,a) = (8o Vol)2 = ( /M Tr(L).avol(g)>2

Ps(a,a) = 2(0¢|o Vol) (0|0 Tr(L)) =2 /M —Tr(L).avol(g)( — Aa+ aTr(L?))

=2Aa /M Tr(L).avol(g) — 2Tr(L%)a /M Tr(L).avol(g)
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Ps(a,a) = (9o Tr(L))? = (= Aa+aTr(L?))”
= (Aa)? — 2aAa Tr(L?) 4 a® Tr(L?)?

Then the first part of the curvature tensor is given by

1

1
2d2Gg’(al7a1)(a2,a2) — deg’(al, (Lz)(ahag) + §d2G§(a2,a2)(a1,a1)

- [ (@B P + @) (P P) + (0.8) B(Py, P)

+ (8161‘13) HH(P4, P) + (8182q)) EH(P5, P) + (8262@) EH(P@, P)) VOl(g)

. (Cl1 Nag,a; N\ 0,2).

Note that P is positive definite, so that EB(P;, P) is positive semidefinite if
P; is positive semidefinite. We can always assume that & is positive because
otherwise G® would not be a Riemannian metric.

PP P, =P} + P},
with

P} = (Tr(L)? — Tr(L?))id ®id
P} = —Tr9(d®d)

Applying simplification (S3) to B(P{, P) and B(PZ, P), we get
1

B(P, P) = 5(TI«(L)2 —Tr(L?))(id®id)* =0

on (VAV)®(VAV) and
2 1 ; 2
B(P, P) = —§Trg ([d®@d)?),
1

BH(PE,P)(GQ AN a2, ay AN ag) = —5 ||a1da2 - agda1||z,1 S 0.

Therefore we have

/M O.B(Py, P)(a1 A ag,ar Aag)vol(g) <O0.
PP| P,=P;+P;+P}
with
Py = /M(id ®id)(Tr(L)? — Tr(L?)) vol(g)

P} =2Tr(L)(idV /M Tr(L)idvol(g))
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P} = / Tr?(d ® d) vol(g)
M

Pj is indefinite. Applying Simplification (S2) we get B(Ps, P) = 0. Py and
therefore also B(Ps, P) is positive semidefinite. Therefore

/ (01®) B(Py, P)(a1 A az, a1 A az)vol(g) S0,
M

/ (01®)B(P3, P)(a1 A ag, a1 A az)vol(g) >0
M

Py = Py + P} + P3,

Pl =2 idv(Tr(L3) id+2 Tr(Lg~'V?(id)) + Tr9(Vgrad ids)
+ Tr(L)A(id) = Tr(L) Tr(L)%id )

P; =2Tr (¢ ' (d®d)L)
P} = —Tv9(d ®d) Tr(L)

Applying Simplification (S2) we get that B(P;, P) vanishes. Furthermore,

B(PZ, P)(a1 A ag, a1 A az) = ai Tr(g~ ' (das ® das).L)
— 2a1a Tr(g~ ' (day ® day).L)
+ a2 Tr(g~ (day ® day).L)
= gg((aldag — asday) ® (ardas — asday), s)) S0

1
B(P}, P)(a1 A ag, a1 A ag) = —5 llaxdas — azday||2-, Te(L) S 0
PP Py = / Tr(L)id vol(g) @ / Tr(L) id vol(g)
M M
Applying Simplification (S3) we get
1 2
B(Py, P) = f(id®/ Te(L) idvol(g)) .
2 M
Therefore, if 910;P >0

/ 0101 P H(Py, P)(a1 A az, a1 Aaz)vol(g) >0,
M

Pl=2(Av /M Tx(L)id vol(g))

P2= 2 Tr(L2)<idv /M Tr(L)as Vol(g)>
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Applying Simplification (S3) we get that B(PZ, P) is the indefinite form given
by

B(P;,P) = (id®A) ® (id® /M Tr(L)id vol(g))

Simplification (S2) gives B(PZ, P) = 0. Therefore

/ (010,®) B(PL, P)(a1 A as, a1 A az)vol(g) < 0.
M

P = Py + F¢

with

Pi=A®A
P} =Tr(L*)?id®id
P} = —2Tr(L?)idVvA

Applying Simplification (S2) we get that B(PZ, P) and B(P;, P) vanish. Sim-
plification (S3) gives

B(Pg, P) = %(id ®A)?
We get
/ (8282<I>) BH(PG, P)(a1 N ag, a1 A CLQ)VOl(g) >0
M

if 920:® > 0.

Now we come to the second part of the curvature tensor Ro(ai,as,a1,as),
which is given by

Go(To(a1,a1),To(az, a2)) — Go(Lo(a1,az),To(ar, az)).
From the geodesic equation calculated in section 3.2, which is given by
1.1, 1 ) 1,
a; =To(a,a) = =[P’ Tr(L) — = Tr(L) [ (8:®)a® vol(g) — sa”A(D2D)
2 2 M 2
+2aTr?(d(02®) @ da) + (02®) Tr?(da ® da)

—1—(81(1))@/ Tr(L).avol(g)

— 1(52<I>) Tr(L2)a2],
" 2

we can extract the Christoffel symbol by symmetrization and get

5
1
Poar,a2) = 5 > Qilar, a2),
i=1
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where Q1,...,Q5 are the symmetrizations of the summands in the geodesic
equation. @); are given by

Q= %(@ Tr(L) — A(0:®) — (9:2) Tr(L?) ) id @ id,
Q5 = _% Te(L) /M(ﬁltb)id®idvol(g),
Qs = 2idV Tv? (d(5,®) @ d)
Qi = (@®)idV | Te(L)idvol(g),
Qs — (0,8) Te"(d % ).
Then
Go(To(ar,a1), To(az, as)) — Go(To(ar, as), To(ar, as))

= /M é ZEE(Qi,Qi)(al A ag,aq A az)vol(g)

N /M %ZEH(Qi,Qj)(al A az, a1 A ag) vol(g).

1<j

The contribution of the following terms to Ro(a1, az,a1,az) is fM é ...vol(g)
over the terms listed.

B(Q1,Q1) =0

according to Simplification (S2).

2
B(Q2,Q2)(a1 N az,a1 ANaz) = Tr(4L) [

/M(alqi)af vol(g). /M(&(I))a% vol(g) — (/M(alii)alag Vol(g))Q}

which is positive by the Cauchy-Schwarz inequality, assuming that 0;® > 0.

B(Q3,Q3)(a1 Aaz,a; Aay) =
- ‘((id®ﬁg(d(az<1>) ®d)) (a1 A az))Q
- — 71(d(82<I>),a1da2 — anal)Q § O

according to Simplification (S1).

B(Qu, Qu) = —3(3@)2(1(1@/ Tr(L)id vol(g))* < 0

M

according to Simplification (S1).

B(Qs, Qs) = (022)* (|| dasly- || dazlf;-1 — g~ (dar, daz)*)
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= (029)” || day A das||3 > 0

by the Cauchy-Schwarz inequality.

The contribution of the following terms to Ry(a1,as,a1,az) is fM % ...vol(g)
over the terms listed.

B(Qr, Qs) = _i(q> Tr(L)? — Te(L)A(92®) — Tr(L) Te(L2)(92)).

.Bﬂ(id@id,/ (81<I>)id®idvol(g)>,
M

where the second factor is > 0 assuming that 0;P > 0.

B(Q1,Q3) =0

according to Simplification (S2).

B(Q1,Q4) =0

according to Simplification (S2).

B(Q1,Qs) = i(q’ Tr(L)(9:9) — (922)A(920) — Tr(L*)(920)%).

. Haldag — agdCLlH?]_l

B(Q2,Q3) S0
B(Q2, Qu) = —%(5‘1@)Tr(L)-

N (/M(al@) id ®id vol(g),id v /M Tr(L) id vol(g))

This form is indefinite, but we have

/ %E}(Q27Q4)vol(g) = —B(Q2,Qu),
M

with the positive semidefinite form
Q2= / (9, ®) id ® id vol(g),
M
and the form
~ 1
Q4= / Tr(L)— (01 ®) id vol(g) V / Tr(L)id vol(g),
M ¢ M

which is positive semidefinite if B}T@

B(Q2,Q5) = *%(@@TT(L)'

is a non-negative constant.
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23] (/ (01®)id®@idvol(g), Tr!(d ® d)) S 0,
M
because of the factor (9;®) Tr(L). But the factor
M (/ (61®@)id ®id vol(g), Tr?(d @ d))
M

is positive definite.

B(Qs, Qu)
B(Qs,@s)(a1 A az,a1 Aaz) =
= (0:) (w197 (d(029), dan) [ das} -~ (arg™" (A(D2®), daz)+
429 (A(220), da)) g~ (day, daz) + azg ™ (d(0:), da) |dan |} )
= (02®)g9(d(02®) ® (a1das — azday),day Adas) S 0

B(Q4,Q5) S0

We are now able to compile a list of all negative, positive and indefinite
terms of Ry(a,as,a1,a2). Remember that negative terms of Ry(aq,as,a1,as2)
make a positive contribution to sectional curvature. Positive sectional curvature
is connected to the vanishing of geodesic distance because the space wraps up
on itself in tighter and tighter ways.

‘ PP H PgP HQgQg HQ5Q5‘ are positive, assuming 01 P, 0101 P, 0202 P > 0.

‘ PP HQ3Q3HQ4Q4HQ1Q2‘ are the negative, assuming that 9;® > 0.

is negative assuming that 61<I> is a non-negative constant, and indefinite
otherwise.

is negative assuming that Tr(L)(02®) is positive, and indefinite other-

wise.

‘ PP H P3P H PsP HQlQE)"Q2Q3"Q3Q4HQ3Q5HQ4Q5‘ are indefinite.

3.4 Special cases of almost local metrics

3.4.1 The G’metric

The G%-metric is the special case of a G®-metric with ® = 1. Thus its geodesic
equation can be read off from section 3.1. It reads as

Jt=av+ Tf-ft—r

fu = f% (I1fe 1> Te(L).v + T f. grad? (|| f]1?)) + (Tx(L).a — div?(hf,")) - fe-
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We have three conserved quantities, namely:

g(f,")vol(g) € T(T*M @p vol(M)) reparametrization momentum

fivol(g) linear momentum
M

/ (f A fi)vol(g) € A*R™ = so(n)* angular momentum
M

The geodesic equation on B;(M,R™) is well studied. We can read it off from
section 3.2:

Tr(L).a?
—

ft = a.v, ay =

Sectional curvature is given by

1
Ry(a1,az,a2,a1) = 5/ llaidas — agda1||§,1 vol(g) > 0.
M

This formula is in accordance with [35, section 4.5] since we have codimension
one and a flat ambient space, so that only term(6) remains, and for the case of
plain curves, it is in accordance with [37, section 3.5].

The G%-metric induces vanishing geodesic distance, see section 2.4.5.

3.4.2 The G4-metric

For a constant A > 0, the GA-metric is defined as

G (h,k) = /M(1 + ATr(L)?)g(h, k) vol(g).

This metric has been introduced by [36, 35, 37]. It corresponds to an almost
local metric G® with ®(z,y,2) = (1 4+ Ay?), thus its geodesic equation on
Imm(M,R"™) is given by (see section 3.1):

fe=av+Tff,,
fom 1{_ A(AT(L)) |I£:I1P) 2ATY(L?) )]V
"9 1+ ATr(L)? 1+ ATr(L)?
Tf.[2ATH(L)) I grad?(Tx(L)) — grad”(1+ ATR(L)?) |il]%)]
+ 21+ ATe(L)?)

+ el (L)

- [m( — Aa+aTe(L?) + dTr(L)(f]))

Fdive(f)) - Tr(L).a} fo.
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The conserved quantities have the form

(1+ ATr(L)?) g(f,] ) vol(g) € T(T*M @y vol(M)) reparam. momentum

/ (14 ATr(L)?)f; vol(g) linear momentum
M

/ (1+ATe(L)?)(f A fi) vol(g) € A°R™ = so(n)*  angular momentum
M

The horizontal geodesic equation for the G4 metric reduces to

fi=awv

—a?AA(Tr(L)) + 4Aag=1(d Tr(L), da)
(1+ATr(L)?)

2ATr(L) ||dal?- — ATx(L) Tr(L?)a?
(1+ATr(L)?)

1
a; = 5(12 Tr(L) +

For the case of curves immersed in R?, this formula specializes to the formula
given in [36, section 4.2]. (When verifying this, remember that A = —D? in the
notation of [36].)

The curvature tensor Rg(ay,as,ay,as) is the sum of:

negative terms,
positive terms, and

‘ PP HQ1Q5HQ3Q5 ‘ indefinite terms.

Ro(a1,az,a1,as) = A(a1Aag — aQAa1)2vol(g)
M

+ / 2ATr(L)g3 ((ardas — asdar) ® (ardas — asday), s) vol(g)
M

1
* /M m |: - 4A29_1(dTI‘(L)’ alda2 - anal)Q

- (%(1 + ATr(L)2)” + 242 Tr(L)A(Tr(L)) + 242 Tr(L2) TY(L)2)~

|lardas — azdas |-+ + (24% Te(L)?) ||day A das |z

+ (8A* Tr(L))g9 (d Tr(L) ® (ardas — azday),day A dag)} vol(g)

We want to express the curvature in terms of the basic skew symmetric forms.
Therefore, mimicking the notation of [36, 37] we define

W2 = aldag - agdal, W22 = alAaQ - agAal, W12 = da1 AN dag.
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Then the above equation reads as:

AWE, vol(g) + / 2ATr(L) g3 (W ® Wa, s) vol(g)
M

Ro(ay,az2,a1,as) :/

M

1 2 —1 2
+/M 1+ATr(L)2[—4A g~ (dTx(L), Wa)

- (% (1+ ATe(L)?)” + 24 TH(L)A(TR(L)) + 242 Tr(1) Te(L)?) [Wal -

+<2A?1&<LF>nw42n;«+<8A21&<L»gg(dﬂ%<L>®1wa,wa2)}voMg)

For the case of plain curves, this formula specializes to the formula given in
[37, section 3.6].

The G4-metric satisfies condition (1) from section 2.4, thus it induces non-
vanishing geodesic distance.

3.4.3 The GP-metric

For a constant B > 0, the GB-metric is defined as

G‘]‘}(h,k):/ (1+ Bdet(L)2)g(h, k) vol(g).
M

This metric is another generalization of the plane curves G4-metric. It cor-
responds to an almost local metric G® with ®(z,y,2) = (1 + Bz2), thus its
geodesic equation on Imm(M,R"™) is given by (see section 3.1):

fi=av+Tf.f],

u= o) . der(r)-
e Y (B AeD)g CIAIR) — 11 ()]
oy Bldet(L)Q) Tt [(23 det(L)) || fel|* grad? (det(L))

— grad’(1+ Bdet(L)*) | fi|*)]

- [ 2B det(L)

W(TM). det(L).a + g2 (g. C(L), V*(a))

+ddet(L)(fT)) +div?(£T) Tr(L).a] £
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The conserved quantities have the form

(1+ Bdet(L)?) g(f,") vol(g) € T(T*M ®,s vol(M)) reparam. momentum

/ (1+ Bdet(L)?)f; vol(g) linear momentum
M

/ (14 Bdet(L)?)(f A f;)vol(g) € A’R™ = so(n)*  angular momentum
M

The horizontal geodesic equation for the G® metric reduces to

ft = a.v,
1 [ 2B det(L)
at 1+ Bdet(L)?

"2
+ WV*V*(@Bdet(L)),g,C(L)az) _ 42 Tr(L)]

Tr(L). det(L).a*

- [%(H(L). det(L).a+ g3(g. C(L), VQ(a))) - Tr(L),a] a.

3.4.4 Conformal metrics

The conformal metrics correspond to almost local metrics G® with ® = ®(Vol).
For the case of planar curves these metrics have been treated in [51, 52, 53, 41].
[41] provides very interesting estimates on geodesic distance induced by metrics
with ®(Vol) = Vol and e¥°!. The geodesic equation on Imm(M, R") is given by:

fi=h=av+Tfh',

b= 5[5 ([ 1 volte)) ey
+ |2 Te(L).v + T grad? (| 1]])]

+ [2’ (/M Tr(L).avol(g)) +Tr(L).a — divg(hT)} h

The conserved quantities are given by

®(Vol)g(f, ) vol(g) € T(T*M ®ps vol(M)) reparam. momentum

o (Vol) / fevol(g) linear momentum
M

@(Vol)/ (f A f)vol(g) € A’R™ = so(n)*  angular momentum
M

The horizontal part of the geodesic equation is given by

1
a; = §(§H(a.y, av) — K(av,a.v), 1/)
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o' ) 1, o’
=—— a®vol(g) | Te(L) + —a® Tr(L) + — a.Tr(L)vol(g) | a.
25 \ Jy 2 3 \Jy,
To simplify this equation let b(t) = ®(Vol).a(t). We get

by = ®'.(Df,4.0) Vol).a + ®.ay

= & .q. /M Tr(L).a. vol(g )+<I> a®. Tr(L)

1
- =9 </ a’ vol(g)) (L) + 9'.a / Tr(L).avol(g)
2 M M

:f%qy /Ma2vol(g).Tr(L)+ ~®a®. Tr(L).

Thus the geodesic equation of the conformal metric G® on B; is

)
Je= 3(Vol)”

_ Tr(L) d’(Vol)
b= 3ol (b2 ~ 3(Vol) /M v’ VOI(g)) '

For the case of curves immersed in R?, this formula specializes to the formula
given in [37, section 3.7].

Assuming that ®" and ®” are non-negative, the curvature tensor consists of
the following summands.

are the positive summands.

‘ PP HQ4Q4‘ ‘Qle‘ are the negative summands.

is indefinite, but assuming that % is a non-negative constant, it is

negative. Solving the ODE &' = ' > 0 leeds to ®(Vol) = VoL, In the case of
curves, conformal metrics of this type have been studied by [30] and [41].

is indefinite.

Since the formula for sectional curvature with general ® = ®(Vol) is still too
long, we will only print the formula for ®(Vol) = Vol. To shorten notation we
will write @ for the integral over a € C*°(M), i.e.

a= /M avol(g).



74 CHAPTER 3. HYPERSURFACES IN N-SPACE

Then the sectional curvature reads as:

1
Ro(a1,a2,a1,a2) = —3 Vol/ laidas — agda1||§,1 vol(g)
M

1 S
+ 4V01Tr(L)2 (a%.a% - al.agz)

1/ _
+ 1 (a%.Tr(L)%z% — 2a7.a3.Tr(L)%a;.a9 + a%.Tr(L)%z%)

3 - ,
- 4Vol( Tr(L)as” — 2ar-a3.Tr(L)ar Tr(L)az + a3.Tr(L)ax )

+ %(E.Trg((dag)z) — a1z Tv? (day .daz) + %Trg((dam))

1 - N
-3 (a%.a%. Tr(L?) — 2.a1.a3.a;1.a2. Tr(L?) + a3.a3. Tr(L2)).

For the case of curves immersed in R?, this formula is in accordance with the
formula given in [37, section 3.7].

From Condition (2) in section 2.4 we read off that the conformal metrics in-
duce non-vanishing geodesic distance if ®(Vol) > C. Vol for some constant C' >
0.

3.4.5 A scale invariant metric

For a constant A > 0 we define the metric

G?’(h,k):/M(voll +A \(]LI)Q)Q(h7k)V01(g).

Scale invariance means that this metric does not change when f, h, k are replaced
by Af, Ak, Ak for X > 0. To see that G°7 is scale invariant, we calculate as in
[37] how the scaling factor A changes the metric, volume form, volume and mean
curvature. We fix an oriented chart (u',...,u""!) on M. Then

(Af)*_(ama') = g(T(\f)-05, T(\f).0;) = N.f*5(0;, 9;)
vol((A.£)*g) = \/det(N2(f*g)|y) du' A ... Ad“F = A""tvol(f*g)

2
TL(M)'D) = (M) <aa§gf>,w>

2

A *=\1j — af
= U9 a5

V) = £ TH(L().

The scale invariance of the metric G°! follows. Thus along geodesics we have
an additional conserved quantity (see section 1.2.10), namely:

/ (V 1T 44 (L) ) (f, fr) vol(g) scaling momentum
M
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From 3.2 we can read off the geodesic equation for G5! on B;:

fi = aw,

“= %a2 Tr(L) + Vol iATr(L)
[ 5 ™) /M (E2 vorr™ AT\Y;OLIQ)Q)QQ vol(g) — A%ﬁ»-‘ﬂ
+ 4\z/i;flgfl(dTr(L),da) + MVTi;(L) |\da||§,1
+ (% Vol 7 —AT;(OLF)Q)a/M Tr(L).avol(g) — A%f .

For the case of curves immersed in R?, this formula specializes to the formula
given in [37, section 3.8]. (When verifying this, remember that A = —D? in the
notation of [37].)

The metric G°! induces non-vanishing geodesic distance. This follows from
the fact that log(Vol) is Lipschitz, see [37, section 3.8].

3.5 The set of concentric spheres

For an almost local metric, the set of spheres with common center x € R" is a
totally geodesic subspace of B;. The reason is that it is the fixed point set of a
group of isometries acting on B;, namely the group of rotations of R” around =.
(We also have to assume uniqueness of solutions to the geodesic equation.) For
the G4 metric and plane curves the set of concentric spheres has been studied
in [36] and for Sobolev type metrics they have been studied in [7, 22] Some work
for the G°-metric has also been done by [40].

Theorem. Within a set of concentric spheres, any sphere is uniquely described
by its radius r. Thus the geodesic equation within a set of concentric spheres
reduces to an ordinary differential equation for the radius. It is given by:

1 01® nrarn? 1 (—1)n

on —1
- — 4 (5,0
5 ot T(1+12) T2 %®) 5

T+t = T’t

(050)].

The space of concentric spheres is geodesically complete with respect to a G®
metric iff

/ \/ n7r2r" ; —(n—1)/r, 1/(—r)2”_2)dr = 00 ry >0

and

/ \/ mrzr" ' (n—l)/r,l/(—r)%—2>dr:oo ro > 0.
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For the metrics studied in this work, this yields:

kn
® = Vol* = (T;k_iﬂ: 2% ph(n=1) incomplete

O =Vl = erzaﬂif%) e incomplete
d=1+ATr(L)** =1+ A(n;l,c)gk : complete iff k > %1

® =1+ Bdet(L)* =1+ B- (i =k ‘ . il
d = Voli=r +A% = fn(fl) : complete.

Proof. The differential equation for the radius can be read off the geodesic
equation in section 2.3, when it is taken into account that all functions are
constant on each sphere, and that

Vol= T lldpay, () = (125 det(L) =

O—wa = —; ldrw, (L7) = (1) 2%, et()—(,r)ﬁ-
To determine whether the space of concentric spheres is complete, we calculate
the length of a path f connecting a sphere with radius rg to a sphere with radius
r1:

D

1
18" () = /O Gt fiydt =

/1 \// ®(Vol, Tr(L),det(L))r? vol(g)dt

|rf|¢ e <n1>/r,1/<r>2n2)%dt
2

= \/I:/(ﬁl%/ \/ WQT —(n— 1)/r,1/(—r)2”*2)dr. O

3.6 The Fréchet distance

The vector space structure of R™ allows us to define a Fréchet metric on shape
space B;(M,R™). In 3.6.1 it is shown how this metric is related to a L>° Finsler
metric, and in 3.6.2 the Fréchet metric is compared to almost local metrics.

3.6.1 Fréchet distance and Finsler metric

The Fréchet distance on shape space B;(M,R™) is defined as

distZ (Fy, F1) = inf || fo — fill poe
fo,f1
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where the infimum is taken over all fy, fi with 7(fo) = Fo,n(f1) = F1. As
before, m denotes the projection 7 : Imm — B;. Fixing fy and f;, one has

distZ: (7 (fo), 7(f1)) = inf [foow— fillpe

where the infimum is taken over all ¢ € Diff(M). The Fréchet distance is related
to the Finsler metric

G : TImm(M,R") >R,  he ||ht] .-

Lemma. The path length distance induced by the Finsler metric G provides
an upper bound for the Fréchet distance:

1
distZi (Fy, F1) < distZic (Fy, Fy) = ir}f/ | fell geo dt,
0

where the infimum is taken over all paths

f:00,1] = Imm(M,R™) with w(f(0)) =F,, =(f(1))=F.

Proof. Since any path f can be reparametrized such that f; is normal to f, one
has

1 1
it [ 15 de = int [ 1Al
f Jo I Jo

where the infimum is taken over the same class of paths f as described above.

Therefore
1 1
/ftdt ginf/ 1ol o dt
0 Lo fJo

1
:irflf/ | £ || o dt = dist 5 (Fo, F1). O
0

distE (Fo, Fy) = inf /(1) = f(0) . = in

It is claimed in [30, theorem 13] that do, = distge. However, the proof
given there only works on the vector space C*°(M,R™) and not on B;(M,R™).
The reason is that convex combinations of immersions are used in the proof,
but that the space of immersions is not convex.

3.6.2 Almost local versus Fréchet distance on shape space

Theorem. On the shape space B;(M,R") the G® distance can not be bounded
from below by the Fréchet distance if one of the following conditions holds:

(1) d < Cp + Cy Tr(L)?* for C1,C3 >0 and k < (dim(M) + 2)/2,
(2) d < CVol” for C' >0,
(3) d < CeV! for C >0,
1
(4) ®<Cy+Cydel(L)? for C1,Cy >0 and 1 < = +

2 dim(M)’



78 CHAPTER 3. HYPERSURFACES IN N-SPACE

Indeed, then the identity map
Id: (B;(M,R"),dge) — (B;(M,R"),dw)

18 not continuous.
Note that this result also holds in higher codimension n — m.

Proof. Let fy be a fixed immersion of M into R™, and let f; be a translation of
fo by a vector h of length ¢. We will show that the HP-distance between m(fo)
and 7(f1) is bounded by a constant 2L that does not depend on £. It follows
that the HP-distance can not be bounded from below by the Fréchet distance,
and this proves the claim.

For small 7, we calculate the G®-length of the following path of immersions:
First scale fy by a factor rg, then translate it by h, and then scale it again until
it has reached f;. The following calculation shows that under one of the above
assumption the immersion f; can be scaled down to zero in finite G®-path length
L.

LImm T. fO

/ \// (Vol(r.fo), Tr(L™fo), det(L70)) g (ry. fo, re-fo) vol ((r.fo)*g)dt

:/ \// rf.(b(rm Vol(fo), 1Tr(LfU)7 imdet(LfO))g(fo,fo)rm vol (fg‘g)dt
0 M r r

0
-/ ¢ [ @ Vo). Te(L5), s det(L))g(fo fo) vl () dr
1 M T T

The last integral converges for all of the above assumptions. Scaling down to
ro > 0 needs even less effort. So we see that the length of the shrinking and
growing part of the path is bounded by 2L.

The energy needed for a pure translation of the scaled immersion by distance
{ is given by (f = t.h, with g(h, h) = ¢?):

LIC;;:m / /M g(fe, ft) vol(g)dt

//<I>t2€2vol dt—£2/ ® vol(g)

(r(m=2k)) " if ® satisfies (1)
= O(Tm (k1)) if ® satisfies (2)
O(e™™ ™), if ® satisfies (3)

This length tends to zero as r tends to zero. Therefore

dist§, (w(fo), w(f1)) < distSom(fo, 1) < 2L. O



Chapter 4

Numerical results

4.1 Discretizing the horizontal path energy

We want to solve the boundary value problem for geodesics in shape space of
surfaces in R3® with respect to several almost local metrics, more specifically
with respect to G®-metrics with

d=VolF, ®=¢" ®=1+ATr(L)** + Bdet(L)*

and the scale-invariant metric

s Tr(L)?
d =Volt-3 +A—~.
Vol +A4<4

In order to solve this infinite-dimensional problem numerically, we will reduce
it to a finite-dimensional problem by approximating an immersed surface by a
triangular mesh. This chapter is based on [6, 8].

One approach to solve the boundary value problem is by the method of
geodesic shooting. This method is based on iteratively solving the initial value
problem for geodesics while suitably adapting the initial conditions.

Another approach, and the approach we will follow, is to minimize horizontal
path energy

hor = 1 ol, Tr e 132 o
Ehor(f) = / /M<I><VLT<L>,dt<L>><ft> 1(9)

over the set of paths f of immersions with fixed endpoints. Note that by defini-
tion, the horizontal path energy does not depend on reparametrizations of the
surface. Nevertheless we want the triangular mesh to stay regular. This can be
achieved by adding a penalty functional to the horizontal path energy.

79
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4.1.1 Discrete path energy

To discretize the horizontal path energy

hor _ ! o e iR 2VO
Ehor(f) = / /M B(Vol, Te(L), det(L))(f-)? vol(g),

one has to find a discrete version of all the involved terms, notably the gauss
and mean curvature. We will follow [44] to do this. Let V, E, F denote the
vertices, edges and faces of the triangular mesh, and let star(p) be the set of
faces surrounding vertex p. Then the discrete mean curvature at vertex p can
be defined as

vector mean curvature V ,(surface area

||vector areal| ||V, (enclosed volume)]|”

Here V,, stands for a discrete gradient, and

(vector mean curvature), = V,(surface area) = Z (cot av; + cot B;)(p — ;)
(p,pi)€E

is the vector mean curvature defined by the cotangent formula. In this formula,
a; and B; are the angles opposite the edge (p, p;) in the two adjacent triangles.
For the numerical simulation it is advantageous to express this formula in terms
of scalar and cross products instead of the cotangents. Furthermore,

(vector area), = V,(enclosed volume) = Z v(f).(surface area of f)
fEStar(p)

is the vector area at vertex p.

The discrete Gauss curvature can be defined as

det(L)(p) = zm(jigz)tar(m'

Here ©(p) stands for the angular deflection at p, defined by

#(star(p))

O(p)=2r— > b,

i=1

where 6; denotes the internal angle of the i-th corner of vertex p and #(star(p)
the number of faces adjacent to vertex p. We discretize the time by

0=1 <...<tN+1:1.
Then the (N — 1)(#V) free variables representing the path of immersions f are
flti,p), with2<i< N, peV.

f(0,p) and f(1,p) are not free variables, since they define the fixed boundary
shapes. f; can be approximated by either forward increments

f(tiv1,p) — f(ti,p)

tiv1 —1;

i w(tivp) =
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or backward increments

f(ti,p) — f(ti—hp).

bw
t; =
t ( 27p) ti_ti—l

We use a combination of both to make path energy symmetric. (Instead of this
we could have also used the central difference quotient. However minimizing an
energy functional depending on central differences favors oscillations, since they
are not felt by the central differences.) Using the discrete definitions of normal
vector and increments we can calculate f;- at every vertex p and are now able
to write down the discrete horizontal path energy:

GP(h k)= Zcb(Vol Tr(L)(p )’det(L)(p))

peV F3p
area(starf (p))

3(h(p), v(F)).g k() () T

N t —1
or i+1 9

i=1

( F(ts) (ftw( i)»ftw( )) +Gf(t7+1 ( tbw(tiJrl),ftfw(tiH)))'

This is not the only way to discretize the energy functional. There are several
ways to distribute the discrete energy on faces, vertices and edges. Depending
on how this was done, the minimizer converged faster, slower or even not at
all. However if the minimizer converged to a smooth solution, the results were
qualitatively the same. This increased our belief in the discretization. However
we do not guarantee the accuracy of the simulations in this section.

This energy functional does not depend on the parametrization of the surface
at each instant of time. So we are free to choose a suitable parametrization. We
do this by adding to the energy functional a term penalizing irregular meshes. So
instead of minimizing horizontal path energy, we minimize the sum of horizontal
path energy and a penalty term. The penalty term measures the deviation
of angles from the “perfect angle” 27 divided by the number of surrounding
triangles, i.e.

k

Z Z Z ’ (pq,pr) — (perfect angle)| , k€ N.

t=2 peV (p,q,r)EA

4.1.2 Numerical implementation

Discrete path energy depends on a very high number of real variables, namely
three times the number of vertices times one less than the number of time
steps. In the numerical experiments that we have done, this were between
5.000 and 50.000 variables. To solve this problem we used the nonlinear solver
IPOPT (Interior Point OPTimizer [50]). IPOPT uses a filter based line search
method to compute the minimum. In this process it needs the gradient and the
Hessian of the energy. IPOPT was invoked by AMPL (A Modeling Language
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for Mathematical Programming [18] ). The advantage of using AMPL is that
it is able to automatically calculate the gradient and Hessian. The user only
has to write a model and data file for AMPL in a quite readable notation (see
appendix 4.4 for the model file). The data file containing the definition of the
combinatorics of the triangle mesh was automatically generated by the computer
algebra system Mathematica. As an example, some discretizations of the sphere
that we used can be seen in figure 4.1.

Figure 4.1: Triangulations of a sphere with 320, 500 and 720 triangles, respec-
tively.

4.2 Scaling a sphere

In section 3.5 we studied the set of concentric spheres in n dimensions. In
dimension three the geodesic equation for the radius simplifies to

1.1 1 1
Tt = 77’?6 I:;(I) —+ 31<I>4r2ﬂ —+ ﬁ(aQQ) + ﬁ(83®)] .

This equation is in accordance with the numerical results obtained by minimizing
the discrete path energy defined in section 4.1.1. As will be seen, the numerics
show that the shortest path connecting two concentric spheres in fact consists
of spheres with the same center, and that the above differential equation is (at
least qualitatively) satisfied. Furthermore, in our experiments the optimal paths
obtained were independent of the initial path used as a starting value for the
optimization.

In all numerical experiments of this section we used 50 timesteps and a
triangulation with 320 triangles.

For conformal metrics of the type ® = Vol* and ® = V!, the differential
equation for the radius is:

k+1
® = Vol* : Ty = —th ki )
r

1
O =Vl T = —TtQ(f + 4r7r).
r
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t

0.2 0.4 0.6 0.8 1

[ e 0=Vol “d—Vol2 - d—VoP +d=c" b=

Figure 4.2: Geodesics between concentric spheres of radius 0.4 to 0.8 for several
conformal metrics. Solid lines are the exact solutions.

0.2}

0.18 1

0.16 1

0.14 ¢

0.12

t

0.2 04 0.6 0.8 1
cd=Vol *d=Vol> - d=Vol® + d=¢" . P®=]

Figure 4.3: Geodesics between concentric spheres of radius 0.1 to 0.2 for several
conformal metrics. Solid lines are the exact solutions.
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.
2 L
18+
16 f
14+
1.2

: : : : — ¢

0.2 0.4 0.6 0.8 1
e k=2 “ k=4 c k=6 s k=8 |

Figure 4.4: Geodesics between concentric spheres for ® = 1 4+ 0.1 Tr(L)*, and
varying k. Solid lines are the exact solutions.

‘ ‘ ‘ ‘ —
0.2 0.4 0.6 0.8 1
| «A=1 - A=01 cA=001 +A=0 |

Figure 4.5: Geodesics between concentric spheres for ® = 1 + ATr(L)? and
varying A. Solid lines are the exact solutions.
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Figure 4.6: Geodesics between concentric spheres for Gauss curvature weighted
metrics with ® = 1 + Bdet(L)?.
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Figure 4.7: Geodesics between concentric spheres for the scale-invariant metric.
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Note that the equation for ® = Vol ™! is r = 0. These equations have explicit
analytic solutions given by

o = Vol : r=Cy((k+2)t — Cy) 7

1
o =V rzﬂwlog((]lt—i—(]g).

A comparison of the numerical results with the exact analytic solutions can
be seen in figure 4.2 and 4.3. The solid lines are the exact solutions. For the
numerical solutions, 50 time steps and a triangulation with 320 triangles (see
figure 4.1) were used. Note that for big radii as in figure 4.2, the solution for
® = ¢V°! has a very steep ascent, is more curved and lies above the solutions
for ® = Vol, Vol?, Vol®. For small radii, it lies below these solutions, as can be
seen in figure 4.3. Note also that when the ascent gets too steep, the discrete
solution is somewhat inexact as in figure 4.2.

For mean curvature weighted metrics, the differential equation for the radius

1 2k A22k—1
® =1+ ATe(L)? : rtt:—rf(;—w).

The numerics for these metrics are shown in figure 4.4 and figure 4.5. Note
that we got convergence to a path consisting of concentric spheres even for the
G -metric (A = 0), even though we know from the theory that this is not the
shortest path. In fact, there are no shortest paths for the G° metric since it has
vanishing geodesic distance [35].

The geodesic equation for ® = 1+ Bdet(L)% on a set of concentric spheres
in B; reads as):

1 20.B
. 21 — 2
® =1+ Bdet(L) Ty = —T} (7‘7%-1‘3-7").

Note that det(L) = (Tr(L)/(Q))Q. Therefore this equation is equal to the equa-
tion for metrics weighted by mean curvature with suitably adapted coefficients.
A comparison of the numerical results with the exact analytic solutions can be
seen in figure 4.6.

For the scale-invariant metric, the differential equation is given by:

Tr(L)? ri
: Tt = —.
Vol r

d=Vol 2+A4

This equation has an explicit analytical solution:

Tr(L)?

= Cye®.
Vol " 1e

d =Vol 244

Note that this equation and therefore its solution is independent of A. Again,
this is confirmed by the numerics, see figure 4.7.
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4.3

Translation of a sphere

In this section we will study geodesics between a sphere and a translated sphere
for various almost local metrics of the type & = Vol* , ® = ¢Vl and @ =
1+ ATr(L)* + Bdet(L)*.

Depending on the distance (relative to the radius) of the two translated
spheres, different behaviors can be observed.

High distance:

Low

Shrink and grow: For some metrics it is possible to shrink a sphere in finite
time to zero. For these metrics long translation go via a shrinking and
growing part. Studied metrics of this behavior are: ® = Volk, O = Vel
and ® = 1+ ATr(L)2. This phenomenon is studied in more detail in
section 4.3.1, see also figure 4.9.

Mowving an optimal middle shape: For some of the metrics translation of
a sphere with a certain optimal radius is a geodesic. For these metrics
geodesics for long translations scale the sphere to the optimal radius and
translate the sphere with the optimal radius. Metrics with this behavior
include ® = 1+ATr(L)?* for k > 1 and ® = 14 B det(L)?". This behavior
is studied in section 4.3.2.

distance:

Geodesics of pure translation. (® = 1+ ATr(L)?* for k > 1 and ® =
1+ Bdet(L)?, c.f. figure 4.12)

Geodesics that pass through an ellipsoid, where the longer principal axis
is in the direction of the translation (Conformal metrics, c.f. figure 4.8).

Geodesics that pass through an ellipsoid, where the principal axis is in the
direction of the translation is shorter (® = 1+ ATr(L)? for k > 1 and
® =1+ Bdet(L)%, cf. figure 4.12).

Geodesics that pass through an cigar shaped figure (® = 1+ A Tr(L)?, c.f.
figure 4.11.)

¢ € € @ @ ¢

Figure 4.8: Geodesic between two unit spheres translated by distance 1.5 for
® = Vol. 20 timesteps and a triangulation with 500 triangles were used. Time
progresses from left to right. Boundary shapes ¢ = 0 and ¢t = 1 are not included.
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4.3.1 Shrink and grow

In section 3.5 we showed that it is possible to shrink a sphere to zero in finite time
for some of the metrics, namely conformal metrics with ® = Vol* or & = ¢V°!
and for the G4 metric. For these metrics geodesics of long translation will go
via a shrinking and growing part, and almost all of the translation will be done
with the shrunken version of the shape. We now want to get an bound about
the ratio of distance and radius of the boundary spheres where these behavior
cannot occur. To do this, we compare the energy needed for a pure translation

¢ ¢ ¢ ¢ € €

Figure 4.9: Geodesic between two unit spheres translated by distance 2 for
® = eVol. 20 timesteps and a triangulation with 500 triangles were used. Time
progresses from left to right. Boundary shapes t = 0 and ¢t = 1 are not included.

with the energy needed to first shrink the sphere to almost zero, move it, and
then blow it up again.

The energy needed for a pure translation of a sphere with radius r by distance
¢ in the direction of a unit vector e; is given by

= 1 ol, Ir g(t.eq v)?vo
P[] el Te(m)a(ter. 1) vl

9 m 2w cos @ sin 6 2
= ®(4r?m, - 2) / / g|Lley,| sinpsind 2 sin 6 dpdh
" cos

) iy 2m 2 4
= ®(4r%n, —7)/ % (cos @ sin 0)%r? sin Odpdd = B (4r’m, —=). 22
T 0 0 T 3

Any other unit vector can be chosen instead of ey, yielding the same result.

We will now calculate the energy needed for shrinking the sphere, moving
it, and blowing it up again. The energy needed for translating a sphere of
radius almost zero can be neglected. Shrinking and blowing up is done using
the solutions to the geodesic equation for the radius from the last section, where
one has to adapt the constants to the boundary conditions. For the shrinking
part, we have 7(0) = r and r(3) = 0, and for the growing part we have r(3) =
0,7(1) = r, see figure 4.10 (left).

The energy of the path is
4k+2ﬁk+1
(k +2)2

1
1
o =eV: E= / eVOl/ r2vol(g)dt = 7(62”2 —1)2
0 s

1
® = Vol* : E:/ Volk/ 7 vol(g)dt = 2kt
0 52

3
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r l
1.0 0.5
0.5
t r
0.0 0.5 1.0 0.0 0.5 1.0 1.5

= & = Vol d = Vol? —Vol? = d=c¥l =gl

Figure 4.10: Left: Shrinking a sphere to zero along a geodesic path and blowing
it up again. Right: Pairs of ¢ and r such that translating a sphere of radius r
by distance ¢ needs as much energy as shrinking it to zero and blowing it up
again. G' stands for the G4 metric with A = 1.

The energy of the two different paths are the same when

- k. _2\/57‘
d = Vol" : E—k+2
o —2nr2
o _ Vol . g V31—e™)
2rm

These curves are shown in figure 4.10 (right). We did not derive an analytic
solution for the G4 metric, but for A = 1 one can see the solution curves
in figure 4.10. In figure 4.9 one can see an example of this shrink and grow
phenomenon. We could not determine numerically whether a collapse of the
sphere to a point occurs or not. But the more time steps were used, the smaller
the ellipsoid in the middle turned out. Also, the energy of the geodesic path
comes very close to the energy needed to shrink the sphere to a point and blow
it up again. It is remarkable that almost all of the translation is concentrated
at a single time step, independently of the number of timesteps that were used.
The reason for this behavior is that high volumes are penalized so much: In the
case of figure 4.9, ¢¥°! is more than 1000 times smaller in the middle than at
the boundary shapes.

4.3.2 Moving an optimal shape

In the following we want to determine whether pure translation of a sphere is
a geodesic. Therefore let f; = fo + b(t) - e1, where fy is a sphere of radius r
and where b(t) is constant on M. Plugging this into the geodesic equation from
section 3.1 yields an ODE for b(t) and a part which has to vanish identically.
The latter is given by:

2 2 21 2
(1) (81@);4r27r + (62<1>)72 - (agcb).;.?2 +o-=0

For conformal metrics this equation is only satisfied if ® = Vol™*. Since this
metric induces vanishing geodesic distance (see section 2.4.5) we are not inter-
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ested in this case. For curvature weighted metrics the above equation reads
as:

45 Ak —1)
_ 2k . —
B(2l-1)
_ 20 . -
® =1+ Bdet(L)* : T_1
Solutions to this equations are given by:
® =1+ ATr(L)* : r=2%/Ak—-1), k>1.

® =1+ Bdet(L)* : r=4BQ2l—-1), 1>1.

For the most prominent example the G metric this yields » = 0 and there-
fore translation can never be a geodesic for this type of metrics. The numerics
have shown that the G metrics yields geodesics that resemble the geodesics of
the G4 metric for planar curves from [36, section 5.2]. Namely, when the two
spheres are sufficiently far apart, the geodesic passes through a cigar-like middle
shape, see figure 4.11. As predicted by the theory (see section 3.6.2) geodesics
for very high distances tend to have a similar behavior as Vol® metrics, i.e. the
geodesic first shrinks the sphere, then moves it, and then blows it up again (cf.
section 4.3.1).

Figure 4.11: Middle figure of a geodesic between two unit spheres translated by
distance 3 for ® = 1+ ATr(L)2. From left to right: A =0.2, A= 0.4, A= 0.6,
A = 0.8. In each of the simulations 20 timesteps and a triangulation with 720
triangles were used.

For metrics weighted by higher factors of mean curvature and for Gauf
curvature weighted metrics the above equation for the radius has a positive
solution. For these metrics geodesics for translations tend to scale the sphere
until it has reached the optimal radius and then translate it. If the radius is
already optimal the resulting geodesic is a pure translation (see figure 4.12).

If the distance is not high enough there is still a scaling towards the optimal
size, but the middle figure is not a perfect sphere anymore. Instead it is an
ellipsoid as in figure 4.12.
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Figure 4.12: Geodesic between two unit spheres translated by distance 3 for
® = 1+ det(L)? (first row) and ® = 1 + Tr(L)% (second row). In each of
the experiments 20 timesteps and a triangulation with 720 triangles were used.
Time progresses from left to right. Boundary shapes ¢ = 0 and ¢ = 1 are not
included.

4.4 Deformation of a shape

We will calculate numerically the geodesic between a shape and a deformation
of the shape for various almost local metrics. Small deformations are handled
well by all metrics, and they all yield similar results. An example of a geodesic
resulting in a small deformation can be seen in figure 4.13, where a small bump
is grown out of a sphere. The energy needed for this deformation is reasonable
compared to the energy needed for a pure translation. Taking the & = Vol-
metric as an example, growing a bump of size 0.4 as in figure 4.13 costs about
a third of a translation of the sphere by 0.4.

Figure 4.13: Geodesic between a sphere and a sphere with a small bump for
® = Vol. 20 timesteps and a triangulation with 500 triangles were used. Time
progresses from left to right.

Bigger deformations work well with Vol*-metrics and curvature weighted
metrics, but not with the eV°l-metric, which tends to shrink the object and to
concentrate almost all of the deformation at a single time step. In figure 4.14,
a large deformation can be seen for the case of ® = Vol and ® = ¢"°!. Clearly
one can see that the eV°-metric concentrates almost all of the deformation in a
single time step. We have met this misbehavior of the eV°l-metric already with
translations. Again, the reason is that eV°! is so sensitive to changes in volume.

In figure 4.15 one sees that using higher curvature weights smoothens the
geodesics.
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Figure 4.14: Large deformation of a shape for ® = Vol and & = eV°l. 20
timesteps and a triangulation with 500 triangles were used. Time progresses
from left to right.

Figure 4.15: Large deformation of a shape for ® = 1+ 0.1 Tr(L)? (top), ® =
1+ 10Tr(L)? (middle) and ® = 1 + Tr(L) (bottom) . 20 timesteps and a
triangulation with 720 triangles were used. Time progresses from left to right.
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The AMPL model file

11

13

15

17

Listing 1: AMPL model file

param A default 1;

param k default 1;

param B default 1;

param | default 1;

param C default 1;

param j default 1;

param D default 1;

param TimestepsN > 1 integer;

param VerticesN integer;

param PenaltyFactor default 1;

param PenaltyExponent default 2;

set Verticesl := 1.. VerticesN;

set VerticesOfEdgesI within {VerticesI, Verticesl };

set VerticesOfFaces] within { VerticesI, VerticesI, VerticesI };

set FacesOfVerticesI {v in Verticesl } within VerticesOfFacesI;

set LinkOfVerticesI { VerticesI} within {VerticesOfFacesl,VerticesOfEdgesI,{—1,1}};
set AdjacentEdgesOfVerticesI {VerticesI} within {VerticesOfEdgesI,{1,—1},VerticesOfEdgesI,{1,—1}};



19

21

23

25

27

29

31

33

35

37

39

41

43

47

set EdgesOfFacesI {VerticesOfFacesl} within VerticesOfEdgesl;
set EdgesOfVerticesI {v in Verticesl} := setof {(f1,f2,f3,el,e2,0) in LinkOfVerticesI[v]}(el,e2);

param Pi default 3.141592653589793;

param PerfectAngle {v in VerticesI} default cos(2xPi/card(FacesOfVerticesI[v]));
param InitialVertices { Verticesl ,1..3};

param FinalVertices {Verticesl,1..3};

var MiddleVertices {2..TimestepsN, VerticesI,1..3};

var Vertices {t in 1.. TimestepsN+1,v in VerticesLiin 1..3} =
(if t=1 then InitialVertices|v,i]
else if t=TimestepsN+1 then FinalVertices[v,i]
else MiddleVertices[t,v,i]);

var VectorOfEdges {t in 1..TimestepsN+1, (v1,v2) in VerticesOfEdgesL,i in 1..3} =
Vertices [t,v2,i] — Vertices[t,v1,i];

var LengthOfEdges {t in 1..TimestepsN+1, (v1,v2) in VerticesOfEdgesl} =
sqrt(VectorOfEdges[t,v1,v2,1]"2+VectorOfEdges[t,v1,v2,2] "2+ VectorOfEdges|t,v1,v2,3] " 2);

var CrossOfFaces {t in 1..TimestepsN+1,(v1,v2,v3) in VerticesOfFacesl,i in 1..3} =
if i=1 then (Vertices[t,v2,2]—Vertices[t,v1,2])*( Vertices [t,v3,3]—Vertices[t,v1,3]) —
(Vertices [t,v2,3]—Vertices[t,v1,3])( Vertices [t,v3,2]—Vertices[t,v1,2])
else if i=2 then —(Vertices[t,v2,1]—Vertices[t,v1,1])*( Vertices [t,v3,3]—Vertices[t,v1,3]) +
(Vertices [t,v2,3]—Vertices|[t,v1,3])x( Vertices [t,v3,1]—Vertices[t,v1,1])
else (Vertices [t,v2,1]—Vertices[t,v1,1])*( Vertices [t,v3,2]—Vertices[t,v1,2]) —
(Vertices [t,v2,2]—Vertices[t,v1,2])*( Vertices [t,v3,1]—Vertices[t,v1,1]) ;

var NormCrossOfFaces {t in 1..TimestepsN+1,(v1,v2,v3) in VerticesOfFacesI} =
sqrt(CrossOfFaces[t,v1,v2,v3,1]"2 + CrossOfFaces[t,v1,v2,v3,2]"2 + CrossOfFaces[t,v1,v2,v3,3]"2);
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s

var NuOfFaces {t in 1..TimestepsN+1,(v1,v2,v3) in VerticesOfFacesl;i in 1..3} =
CrossOfFaces|t,v1,v2,v3,i]/NormCrossOfFaces[t,v1,v2,v3];

var AreaOfFaces {t in 1..TimestepsN+1,(v1,v2,v3) in VerticesOfFacesl} =
NormCrossOfFaces[t,v1,v2,v3]/2;

A1l TdINV HH.L

var AreaOfVertices {t in 1.. TimestepsN+1, v in VerticesI} =
(sum {(f1,f2,f3) in FacesOfVerticesI[v]} AreaOfFaces[t,f1,{2,f3])/3;

var VectorAreaOfVertices {t in 1..TimestepsN+1, v in Verticesl, i in 1..3} =
(sum {(v1,v2,v3) in FacesOfVerticesI[v]} CrossOfFaces[t,v1,v2,v3,i])/6;

var SquareOfNormOfVectorAreaOfVertices {t in 1..TimestepsN+1, v in VerticesI} =
VectorAreaOfVertices[t,v,1] "2+ Vector AreaOfVertices|[t,v,2] "2+ Vector AreaOfVertices|[t,v,3] 2;

var NormOfVectorAreaOfVertices {t in 1..TimestepsN+1, v in VerticesI} =
sqrt( SquareOfNormOfVectorAreaOfVertices[t,v]);

var Volume {t in 1..TimestepsN+1} =
sum{(v1,v2,v3) in VerticesOfFacesI} AreaOfFaces[t,v1,v2,v3];

var GaussCurvature {t in 1..TimestepsN+1, v in Verticesl} =
(2+Pi— sum{(vl,wl,01,v2,w2,02) in AdjacentEdgesOfVerticesI[v]}
acos(( VectorOfEdges[t,v1,wl,1]xVectorOfEdges[t,v2,w2,1]
+VectorOfEdges|[t,v1,w1,2]xVectorOfEdges[t,v2,w2,2]
+VectorOfEdges|[t,v1,w1,3]xVectorOfEdges[t,v2,w2,3])
* 0l * 02 / LengthOfEdges[t,vl,wl] / LengthOfEdges[t,v2,w2]))/AreaOfVertices[t,v];

var VectorMeanCurvatureOfVertices {t in 1..TimestepsN+1, v in Verticesl, i in 1..3} =
if i=1 then
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83

85

87

89

91

103

105

107

109

sum {(f1,2,3,el,e2,0) in LinkOfVerticesI[v]} ox
( VectorOfEdges|t,el,e2,2]*NuOfFaces|[t,f1,2, 3 ,3] —
VectorOfEdges[t,el,e2,3]*NuOfFaces|t,f1,£2,£3 ,2] )
else if i=2 then
sum {(f1,£2,f3,el,e2,0) in LinkOfVerticesI[v]} ox
(—VectorOfEdges[t,el,e2,1]*NuOfFaces|[t,f1,{2,£3 ,3] +
VectorOfEdges|[t,el,e2,3]«NuOfFaces[t,f1,f2,£3 ,1] )
else
sum {(f1,£2,3,el,e2,0) in LinkOfVerticesI[v]} ox
(' VectorOfEdges[t,el,e2,1]*NuOfFaces[t,f1,{2, {3 ,2] —
VectorOfEdges[t,el,e2,2]xNuOfFaces|t,f1,f2,£3 1] ) ;

var SquareOfScalarMeanCurvatureOfVertices {t in 1..TimestepsN+1, v in Verticesl} =
(VectorMeanCurvatureOfVertices[t,v,1] "2+ VectorMeanCurvatureOfVertices|t,v,2] "2
+VectorMeanCurvatureOfVertices|t,v,3] "2) /SquareOfNormOfVector AreaOfVertices|t,v];

var PhiOfVertices {t in 1.. TimestepsN+1,v in VerticesI} =
14+ Ax(SquareOfScalarMeanCurvatureOfVertices[t,v]) "k + Bx(GaussCurvature[t,v])” (2x1)
+Cx(Volume([t]) "j+Dx* exp(Volumelt]);

var IncrementsOfVertices {t in 1.. TimestepsN,v in Verticesl,i in 1..3} =
TimestepsN=(Vertices[t+1,v,i] — Vertices[t,v,i]);

var Energy = 1/ 12 / TimestepsN x(
sum {t in 1..TimestepsN,v in VerticesI}
PhiOfVertices[t,v] * sum {(wl,w2,w3) in FacesOfVerticesI[v]}

( IncrementsOfVertices[t,v,1]*CrossOfFaces[t,wl,w2,w3,1] +
IncrementsOfVertices|t,v,2]* CrossOfFaces[t,wl,w2,w3,2] +
IncrementsOfVertices|t,v,3]* CrossOfFaces[t,wl,w2,w3,3] )"2 /

NormCrossOfFaces[t,wl,w2,w3] +

sum {t in 1..TimestepsN,v in VerticesI}

96

XIANHddY



111

113

115

117

119

121

123

125

127

PhiOfVertices[t+1,v] * sum {(wl,w2,w3) in FacesOfVerticesl[v]}

( IncrementsOfVertices|[t,v,1]*CrossOfFaces[t+1,w1,w2,w3,1] +
IncrementsOfVertices|t,v,2]* CrossOfFaces[t+1,w1l,w2,w3,2] +
IncrementsOfVertices|t,v,3]* CrossOfFaces[t+1,wl,w2,w3,3] )2 /

NormCrossOfFaces[t+1,w1,w2,w3] )

bl

var Penalty =
sum {t in 1..TimestepsN+1, v in Verticesl,(vl,wl,0l,v2,w2,02) in AdjacentEdgesOfVerticesI[v]}
abs(

( VectorOfEdges|t,v1,wl,1]*VectorOfEdges[t,v2,w2,1] +
VectorOfEdges[t,v1,w1,2]xVectorOfEdges[t,v2,w2,2] +
VectorOfEdges|[t,v1,wl,3]*VectorOfEdges[t,v2,w2,3] ) * ol * 02

/ LengthOfEdges[t,v1,wl] / LengthOfEdges[t,v2,w2]

— PerfectAngle[v]

)" PenaltyExponent;

minimize f:
Energy+Penalty+PenaltyFactor;
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Zusammenfassung

In vielen Bereiche der Wissenschaft, Technik und Medizin ist es notwendig
zwischen verschiedenen geometrischen Figuren zu unterscheiden. Daher ist
es sehr wichtig signifikante Metriken fiir den Raum aller Figuren zu bestim-
men. Wir modellieren Figuren als immersive unparametrisierte Unterman-
nigfaltigkeiten. In dieser Arbeit betrachten wir Riemannsche Metriken auf
dem Raum der Figuren die von Metriken auf der Mannigfaltigkeit der Im-
mersionen induziert werden. Diese Metriken werden auch als innere Metriken
bezeichnet. Ungliichierweise induziert die einfachste und natiirlichste solche
Metrik verschwinde geodétische Distanz am Raum aller Figuren. Diese Ent-
deckung von Michor und Mumford war der Startpunkt der Suche nach stiarkeren
aussagekraftigen Metriken. In dieser Arbeit betrachten wir eine bestimmten
Klasse innerer Metriken auf Figurenrdume beliebiger Dimension. Wir berech-
nen die Geodéatengleichung und die Schnittkriimmung, zeigen dass sie positive
geodadtische Distanz induzieren und vergleichen sie mit der Fréchet Distanz. Im
letzten Teil studieren wir das Verhalten dieser Metriken anhand verschiedener
numerischer Experimente.
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