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1. Introduction. Correspondence between coadjoint
orbits and irreducible representations for Lie groups

A symmetry of a classical system is a group G acting on the symplectic manifold
(G,w) and preserving the symplectic form w. An elementary classical system is then
a G-orbit, hence a homogeneous symplectic G-space. A symmetry of a quantum
system is a group G acting by projective unitary transformations on a Hilbert
space. Then an elementary quantum system is a projective unitary irreducible
representation of G.

By passing to a central extension of the group, the irreducible projective unitary
representation corresponds to an irreducible unitary representation (see 3.4). By
passing to the universal covering space of the symplectic G-space and to a central
extension of the Lie group, the homogeneous symplectic G-space corresponds to a
homogeneous Hamiltonian one (this means that the fundamental vector fields (x,
X € g are Hamiltonian and the action has a moment mapping u: g — C*°(M,R),
(x = H,(x) which is a Lie algebra homomorphism).

The Kirillov-Kostant-Souriau Theorem assures that each homogeneous Hamil-
tonian G-space is locally isomorphic to a coadjoint orbit of G as Hamiltonian G-
space (see 8.1 for the construction of the symplectic structure on a coadjoint orbit
and the moment map of the coadjoint action). This suggests that there should be
a connection between the coadjoint orbits of a Lie group and its irreducible unitary
representations. Kirillov has found it.

Theorem [Kirillov, 1962]. Let G be a simply connected nilpotent Lie group.
Then:

(1) Each irreducible unitary representation is induced by a 1-dimensional uni-
tary representation of some subgroup.

(2) Any o € g* defines an irreducible unitary representation ind$ o, where
h is a maximal subalgebra of g such that a|p s = 0, H = exph and
the 1-dimensional unitary representation on H is given by the character
x(exp X) = e2mic(X)

(3) The irreducible unitary representations indg1 oy and indf[2 og are unitarily
equivalent if and only if oy and as lie in the same coadjoint orbit.

For compact simply connected Lie groups, the irreducible representations corre-
spond to integral coadjoint orbits of maximal dimension. By definition, a coadjoint
orbit @, is integral if the cohomology class of the symplectic form is integral; this
is a necessary and sufficient condition for the existence of a character x : G, — S!
that integrates the restriction of a to g, i.e. x(exp X) = €2™*(X)_ (The theorem
says that all the coadjoint orbits of a nilpotent Lie group are integral.)

An integral element o € g for an arbitrary simply connected Lie group induces
a family of irreducible unitary representations having [ cyclic parameters, where

= b1(O,)=the number of connected components of O,.

A theorem of Kostant-Auslander says that if G is a simply connected solvable
Lie group with coadjoint orbit space T and all coadjoint orbits are integral, then
all irreducible unitary representations are obtained by the above construction from
coadjoint orbits.
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2. Infinite dimensional Lie groups

2.1. Calculus of smooth mappings.

The traditional differential calculus works well for finite dimensional vector
spaces and for Banach spaces. For more general locally convex spaces the main
difficulty is that the composition of linear mappings stops being jointly continuous
at the level of Banach spaces, for any compatible topology. The infinite dimen-
sional calculus used in this work is the Frolicher-Kriegl calculus on convenient vec-
tor spaces: see the book [Frolicher-Kriegl, 1988], which is the general reference for
this section, see also the forthcoming book [Kriegl-Michor] for sections 2.2 and 2.3.

Let E be a locally convex vector space. A curve ¢: R — E is called smooth if all
derivatives exist and are continuous. Let C*°(R, E) be the space of smooth curves.
It can be shown that C*°(R, E) does not depend on the locally convex topology of
E, only on its associated bornology (system of bounded sets).

The final topologies with respect to the following sets of mappings into E coin-
cide:

(1) C=(R, E).

(2) Lipschitz curves (so that {w :t # s} is bounded in F).

(3) {Eg — E : B bounded absolutely convex in E}, where Ep is the linear
span of B equipped with the Minkowski functional pp(x) := inf{\ > 0 :
x € AB}.

(4) Mackey-convergent sequences x,, — x (there exists a sequence 0 < \,, ' 00
with A, (z, — z) bounded).

This topology is called the ¢*-topology on E and is denoted ¢ E. In general (on
the space D of test functions for example) it is finer than the given locally convex
topology, it is not a vector space topology, since scalar multiplication is no longer
jointly continuous. The finest among all locally convex topologies on E which are
coarser than ¢ F is the bornologification of the given locally convex topology. If
FE is a Fréchet space, then ¢ FE = E.

Definition. Let E be a locally convex vector space. FE is said to be a convenient
vector space if one of the following equivalent (completeness) conditions is satisfied:

(1) Any Mackey-Cauchy-sequence (so that (z, — x.,) is Mackey convergent to
0) converges. This is also called ¢*-complete.

(2) If B is bounded closed absolutely convex, then Ep is a Banach space.

(3) Any Lipschitz curve in E is locally Riemann integrable.

(4) For any ¢; € C®(R, E) there is c; € C*°(R, E) with ¢; = ¢ (existence of
antiderivative).

Fréchet spaces are convenient.

Lemma. Let E be a locally convex space. Then the following properties are equiv-
alent:

(1) E is c*™-complete.

(2) If f : R" — E is scalarwise Lip", then f is Lip*, for k > 1.

(3) If f : R — E is scalarwise C* then f is C*°.
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Here a mapping f : R” — F is called Lip® if all partial derivatives up to order k
exist and are Lipschitz, locally on R™ and f scalarwise C°° means that Ao f is C'*°
for all continuous linear functionals on F. This lemma says that on a convenient
vector space one can recognize smooth curves by investigating compositions with
continuous linear functionals.

Definition. Let F and F be locally convex vector spaces. A mapping f: E — F
is called smooth, if foc € C®[R,F) for all c € C®(R,E); so f. : C*(R,E) —
C*(R, F) makes sense. Let C*(E, F') denote the space of all smooth mapping
from F to F.

For E and F finite dimensional this gives the usual notion of smooth mappings:
this was first proved in [Boman, 1967]. Constant mappings are smooth. Multilinear
mappings are smooth if and only if they are bounded. Therefore we denote by
L(E, F) the space of all bounded linear mappings from F to F.

We equip the space C*° (R, E) with the bornologification of the topology of uni-
form convergence on compact sets, in all derivatives separately. Then we equip the
space C°°(FE, F) with the bornologification of the initial topology with respect to
all mappings ¢* : C°(E,F) — C®[R, F), ¢*(f) := foec, for all c€ C*(R, E).

Lemma. For locally convex spaces E and F' we have:

(1) If F is convenient, then also C*°(E, F) is convenient, for any E. The space
L(E,F) is a closed linear subspace of C*°(E, F), so it is also convenient.

(2) If E is convenient, then a curve ¢ : R — L(E, F) is smooth if and only if
t — ¢(t)(z) is a smooth curve in F for all x € E.

The category of convenient vector spaces and smooth mappings is cartesian
closed: we have a natural bijection C®(E x F,G) & C*°(FE,C*(F,G)), which is
even a smooth diffeomorphism. Other canonical mappings like evaluation, insertion
and composition are also smooth.

Theorem. Let E and F' be convenient vector spaces. Then the differential oper-
ator

d:C®(E,F)— C>®(E,L(E,F)),

o o= tim LEE) ),

exists and is linear and bounded (smooth). Also the chain rule holds:

d(f o g)(x)v = df (9(z))dg(x)v.

If one wants the cartesian closedness and assumes some other obvious properties,
then the calculus of smooth functions is already uniquely determined. There are,
however, smooth mappings which are not continuous. For example the evaluation
E x E' — R is jointly continuous if and only if E is normable, but it is always
smooth. Clearly smooth mappings are continuous for the ¢*-topology.
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2.2. Infinite dimensional manifolds.

Infinite dimensional smooth manifolds are defined by gluing c¢®°-open sets in
convenient vector spaces via smooth diffeomorphisms. Then we equip them with the
identification topology with respect to the c*-topologies on the modeling spaces.
We require this topology to be Hausdorff and regular.

A manifold is metrizable if and only if it is paracompact and modeled on Fréchet
spaces. If the metrizable manifold is modeled on nuclear convenient spaces, then it
admits smooth partitons of unity subordinated to locally finite open covers.

A subset N of a manifold M is called a submanifold if around each point of N
there exists a chart (U,u) of M such that w(U N N) = w(U) N Fy, where Fy is a
closed linear subspace of the convenient model space Ey;. N is called a splitting
submanifold if all Fy; are complemented subspaces of Ey;.

Definition. Let M be a manifold with a smooth atlas (uq : Uy — E,). The space
of equivalence classes | |, Uy X Eq X {a}/N where (z,v, @) ~ (y,w, ) if and only
if x =y and d(uag)(ug(x))w = v is called the kinematic tangent bundle.

This is the same as defining tangent vectors as equivalence classes of curves, but
we do not obtain the same tangent space wenn taking derivations (then we get the
operational tangent bundle).

Theorem. Let M and N be smooth finite dimensional manifolds. Then the space
C>*(M,N) of all smooth mappings from M to N is a smooth manifold, modeled
on spaces C°(f*TN) of smooth vector fields with compact support on N along f.

The construction of an atlas for C°>°(M, N): Choose a smooth Riemannian metric
on N and let exp be the smooth exponential mapping of this Riemannian metric.
There exists a smooth diffeomorphism onto an open neighborhood V' of the diagonal
(mn,exp) : U CTN — N x N. For f € C°(M,N) let

Up={9€ C®M,N):(f(x),g(z)) € V,Ve € M, f = g off some compact},
uf Uf — Ccoo(f*TN),
ur(9)(x) = exp7d, (9(2)) = (v, ex0) "L o (1, 0))(2).

Then uy is a bijective mapping from Uy onto the set of vector fields along f with
image in U C TN, whose inverse is u;l(s) = expos. The set us(Uy) is open in
C(f*TN) with the inductive limit topology of C%2 (f*TN) where K runs through
all compact sets in M and C(f*TN) has the topology of uniform convergence in
all derivatives separately. This is a convenient vector space and the chart change
mappings are smooth. This smooth structure does not depend on the choice of the
Riemannian metric.

Lemma. The smooth curves in C°°(M,N) correspond exactely to the smooth
mappings ¢ € C*°(R x M, N) satisfying the property: (*) for each compact interval
[a,b], there is a compact K in M such that ¢é(t,x) is constant in t € [a,b] for all
reM-K.

Proof. Since R is locally compact, to show (*) for each compact interval is the same
as to show (*) locally around each ¢ € R. Hence it suffices to describe the smooth
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curves in the modeling space C2°(E), where (E, p, M, V) is a vector bundle, C°(E)
being equipped with the inductive limit topology injlim C'%°(E) over all compact
subsets of M. This is a strict injective limit, so smooth curves locally factor to
smooth maps in some C% (E). Now we apply the cartesian closedness property for
each vector bundle chart (Uy,, 1) of E and get smooth maps R x U, — V which
fit together to a smooth map R x M — E with support in R x K. O

2.3. Infinite dimensional Lie groups.

Definition. An infinite dimensional Lie group G is a smooth manifold and a group
such that the multiplication p : GxG — G and the inversion v : G — G are smooth.

We shall use the following notation:
u: G x G — G, multiplication, u(x,y) = z.y.
te : G — G, left translation, p,(z) = a.z.
u® : G — G, right translation, pu*(z) = z.a.
v:G — G, inversion, v(z) = 271,
e € G, the unit element. The kinematic tangent mapping T,y : ToG X T,G —
TG is given by

T(a,b).u-(Xaa V) = Ta(,ub)-Xa + Tb(pta) - Yo-

and Tyv : T,G — T,-1G is given by

—1

TaV = _Te(ﬂa7 ) © Ta(,ula_l) = _Te(ua_l) oTa(ua )

Invariant vector fields and Lie algebras. Let G be a Lie group. A (kinematic)
vector field € on G is called left invariant, if p>¢ = £ for all a € G, where p}¢ =
T(pg-1) 0 € 0 fiq. Since we have pk[€,n] = [, pin], the space XL (G) of all left
invariant vector fields on G is closed under the Lie bracket, so it is a Lie subalgebra
of X(G). Any left invariant vector field £ is uniquely determined by &(e) € T.G,
since &(a) = Te(pq)-£(€). Thus the Lie algebra Xp(G) of left invariant vector fields
is linearly isomorphic to T.G, and on TG the Lie bracket on X7 (G) induces a Lie
algebra structure, whose bracket is again denoted by [,]. This Lie algebra will be
denoted as usual by g.

We will also give a name to the isomorphism with the space of left invariant
vector fields: L : g — X (G), X — Lx, where Lx(a) = Tepe.X. Thus [X,Y] =
[Lx,Ly](e).

A vector field n on G is called right invariant, if (u®)*n = n for all a« € G. If
¢ is left invariant, then v*¢ is right invariant, since v o u® = p,-1 o v implies that
(u*) v € = (vou*)*€ = (g—10v)* € = v*(lg-1)*¢ = v*€. The right invariant vector
fields form a sub Lie algebra Xr(G) of X(G), which is again linearly isomorphic to
T.G and induces also a Lie algebra structure on T.G. Since v* : X1(G) — Xg(G)
is an isomorphism of Lie algebras, T,y = —Id : T.G — T.G is an isomorphism be-
tween the two Lie algebra structures. We will denote by R : g = T.G — Xr(G) the
isomorphism discussed, which is given by Rx(a) = T.(1*).X. We have [Lx, Ry| =
0, thus the flows of Lx and Ry commute.

Let ¢ : G — H be a smooth homomorphism of Lie groups. Then ¢’ := T,y :
g=1T1.G — b =T.H is a Lie algebra homomorphism.
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Definition. A Lie subgroup H of a group G is a subgroup of G which is also a
submanifold. It follows that H is itself a Lie group.

A global flow for a vector field € on a manifold M is a smooth mapping FI¢ :
R x M — M with the following properties:

(1) & FLl(t,2) = E(F1°(L, ));

(2) FI(0,2) = x;

(3) FI8(t 4 s,x) = FI5(t, F1% (s, z)).
For Banach manifolds the last relation follows from the first two. If the flow of a
vector field exists, then it is unique.

Definition. Let G be a Lie group with Lie algebra g. We say that G admits
an exponential mapping if there exists a smooth mapping exp : g — G such that
t — exp(tX) is the l-parameter subgroup with tangent vector X at 0. Then we
have also:

1) The exponential map is unique, since if o, 8 are 1-parameter subgroups with
2

o/(0) = B'(0) = X, then La(t)B(t) "= ThawTr’ Y Llga(s)B(—s)= 0.

(2) F1¥* (t,z) = z. exp(tX).

(3) FI®*(t,2) = exp(tX).z.

(4) exp(0) = e and Tpexp = Id : Tyg = g — T.G = g since Tpexp.X =
41,exp(0+t.X) = Lo FI"*(t,e) = X.

(5) Let ¢ : G — H be a smooth homomorphism of between Lie groups admit-
ting exponential mappings. Then the diagram

/

P

g——bh

expGJ Jepo

a—r—

commutes, since t > p(exp®(tX)) is a one parameter subgroup of H and
dilow(exp? tX) = ¢/ (X), 50 p(exp tX) = exp” (t¢'(X)).

The adjoint representation. Let G be a Lie group with Lie algebra g. For
a € G we define conj, : G — G by conj,(x) = axa~t. It is called the conjugation
or the inner automorphism by a € G. This defines a smooth action of G on itself
by automorphisms.

The adjoint representation Ad : G — GL(g) is given by Ad(a) = (conj,) =
Te(conj,) : g — g for a € G. So Ad(a) is a Lie algebra homomorphism and Ad(a) =
T.(conj,) = Ta(p® ).To(pta) = Ty-1(pa).Te(u® ). The coadjoint representation
Ad* : G — GL(g*) is the dual of the adjoint representation: (Ad*(a)a, X) =
(a, Ad(a=1)X) for for every X € g.

Finally we define the (lower case) adjoint representation of the Lie algebra g,
ad: g — gl(g) := L(g,9), by ad := Ad' = T, Ad.

Like in the finite dimensional case we have:

(1) Lx(a) = Radqa)x(a) for X € gand a € G.

(2) ad(X)Y =[X,Y] for X,Y € g.
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Theorem. [Grabowski, 1993] Let G be a Lie group with exponential mapping
exp: g — G. Then for all X,Y € g we have

1
Txexp.Y = TeMepr-/ Ad(exp(—tX))Ydt
0

1
= TP X, / Ad(exp(tX))Ydt
0

Remark. If G is a Banach Lie group then the series Ad(exp(tX)) = Y., ii, ad(X)?,
so that we get the usual formula

oo
Ty exp = T.u®PX. Z ﬁ ad(X)".
i=0
It is not true in general that every convenient Lie agebra is the Lie algebra of

a convenient Lie group. Also not every Lie subalgebra in the Lie algebra of a Lie
group has a corresponding Lie subgroup.

3. Central extensions of Lie groups and
the coadjoint action in the extended group

3.1. Lie algebra cohomology and central extensions.

Let a be a linear representation of the Lie algebra g in R? and C*(g,RP) the
space of k-multilinear skew-symmetric mappings from g x ---x g (k times) to RP.
We define d, : C*(g,R?) — C**+1(g,RP) by

(—1)'a(X;)w(Xo, ..., Xir ..., Xp)

I
Wk

duw(Xo, ey Xk)

<.

+
L

(=1)"™Hw([Xs, X5), Xoy ooy Xiy oo, Xy, X1,
0<i<j<k

Because dq o d; = 0, we obtain by the usual procedure the cohomology groups
H{f (g, R?) of the Lie algebra g with values in R?.
A central extension of the Lie algebra g by RP? is a central exact sequence of Lie
algebras:
0—RP —g—g—0.

The word central means that R? lies in the center of g, i.e. [R?, g] =0.

Proposition. There is a one-to-one correspondence between equivalence classes of
central extensions of g by RP and the second cohomology group H?(g,RP) (here we
consider the trivial representation of g on RP).

Proof. Let g be such an extension and s : g — g a linear splitting which permits
the identification of g with g x R? as vector spaces. Because [RP, g] = 0, we have

G CL=[E) @)= () enee ueme
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Concretely: w(&,n) = [s(€),s(n)] — s([&,n]). This defines the bilinear symmetric
map w : g X g — RP. The Jacobi identity in g is equivalent with the cocycle
condition:

w(&, [, ¢]) +w(n, [¢,€]) + w(C, [&n]) = 0.

Another splitting will define a cocycle cohomologous to w, so to every central ex-
tension g, we can associate the class [w] € H?(g,RP). If two central extensions g
and go are equivalent, i.e. there exists a Lie algebra homomorphism ® : g; — go
such that

0 RP @1 g 0,
\‘(PJ /
g2
then the two associated cocycles differ by a coboundary 07, where the linear map

7 : g — RP is defined by q)(g) =: (Té)). Indeed:

(wien) =[2G ()] == ([6) ()])
=2(tem) = (e rie. )

Hence wo = wy +dr. O

If G is a compact connected Lie group with Lie algebra g, then the cohomology
of G equals the cohomology of the Lie algebra g: H*(G) = H*(g,R). General
extensions of g with RP, i.e. 0 - RP — g — g — 0 where R? is an ideal in g, are in
correspondence with elements of H2(g,RP), the representation a being defined by
a()A =[N, s(€)] e RP, £ € g, A € RP.

3.2. Lie group cohomology and central extensions.

Let G be a Lie group and E an abelian Lie group and G-module by some action
A of G on E. We define the cohomology groups H (G, E) as the cohomology of
the following cochain complex

C*(G,E) :={c: G¥ = E : ¢ smooth}
dac(gr, ..., get1) == Alg1)e(g2, - - - s Grt1)

k

+ Z(—l)lc(gl, s Gi159iGi+1, Git2s - - - Gh+1)
i=1

+ (=1 e, 98)-

Another way to define the cohomology groups H% (G, E) is by using the smooth
homogeneous k-cochains

CK(G,E)={¢: G**' = E: (990, ..., 99%) = A(9)&(gos -+ gi)}
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and dé(go, . .. s Gh+1) = Zf:ol(—l)ié(go, ey Jiy-+ oy 9gk+1). The isomorphism be-
tween C* and C* is given by:

C(gla e agk) = 6(67.91791927 sy g1 gk:)
&gos -+ ) = Algo)e( ' g1s -+ g 1198)-

A central extension of the Lie group G by F is a central exact sequence of Lie
groups
1—wF—G—G—1,

i.e. E lies in the center of G.

Proposition. There is a one-to-one correspondence between equivalence classes of
central extensions of G by E which admit a global smooth section, and the second
cohomology group H?(G, E), considering E as a trivial G-module.

Proof. Let G be a central extension of G by E, and S : G — G a smooth splitting
of the exact sequence. We define the corresponding group cocycle by ¢(g,h) =
S(9)S(h)S(gh)~", ie.

() (h) - <c<§flh>>’ CHEXGE

Using the property E C Z(G), we obtain that the group multiplication in G is:

(£ ()= o)

The associativity of this multiplication is equivalent with

(g2, 93)c(9192, 93) ' e(g1, 9293)c(g1. 92) T =1

which means c is a cocycle.

The cocycle ¢ depends on the splitting, but not its cohomology class [c] €
H?(G,E). Indeed, let S,5" : G — G be two splittings. They differ by elements
in E, so there exists a map ¢t : G — FE such that S’ = tS. Then (g,h) =
c(g, h)t(g)t(h)t(gh)~! = dt(g, h) = c(g, h)dt(g, h).

So, to every central extension G, we have associated a class [¢] € H?(G, E). Like
in the Lie algebra case we can prove that equivalent extensions lead to the same
cohomology class. [

General extensions
1—F—G—G—1

with E a normal subgroup of G, are in correspondence with elements of H% (G, E),
where the G-module structure of E is given by: A(g)v := S(g)vS(g9)~! € E,g €
G,ve k.
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3.3. How to obtain the Lie algebra cocycle from the group cocycle.

Let g = Lie(G),RP = Lie(E) and g = Lie(G). By differentiating at e the central
extension of G by E: ~
1—F—G—G—1,

we obtain a central extension of g by R?:
0 —RP —g—g—0.

Proposition. The relation between the group cocycle ¢ defined by the section S
and the Lie algebra cocycle w defined by the section s = dS, is w(&,n) = é(&,n) —
¢(n, §), where (&, ) := d10xc(e, €)(&, n).

There exists in general a map f € CF(G,E) — [f] € C¥(g,RP) defined by

(1Y, ..., &%) = Y oes, 5en(0)or ... O fle, ..., e)(€eM ... €)Y which induces a
map between the cohomology groups.

Proof. If G is a compact Lie group it can be realised as a matrix group and the
2
exponential map is ef = 1+ & + % 4+
The Taylor expansion of the cocycle ¢ at (1,1) is

c(L+1tE, 1+ tn) = 1+ t20102¢(1,1)(&,m) + o(t?) = 1+ tE(&,m) + o(t?)

because of the property: ¢(g,1) = ¢(1,9) = 1.
We use

e'felm — efets = 12 (¢n — n&) + o(t?)
=t’[¢,n)+o(t?),E&neEg

to compute the bracket in the extended Lie algebra:

D - e® = () (V) - (7))
etéetn — otneté
= (C(etf,et") — c(etn, €t£)>

(s ) T

[G) ’ @] B (é(& ngg’—nim, 5)) ’

which was to be proved. [

hence

3.4. Projective representations.

A projective representation of the group G is a representation of G into the
projective unitary group PU(H) = U(H)/S!, where H denotes a Hilbert space.
This means a map 7 : G — U(H) such that

T(g192) = c(g192) " 'T(q1)T(92); 91,92 € G
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with ¢(g1,g2) € S'. It corresponds to a unitary representation T of the central
extension G of G by S 1 defined by the cocycle c. The representation is defined by
T(%) := 2T(g), where z € S',g € G. Then

F{(2)(2) = seromim =i =1(2)1(%),

Conversely, every unitary representation T' of G such that 7:’ (z) = z1d for every
z € S, defines a projective representation of G. Let S : G — G be a splitting such
that c(g1,92) = S(91)S(g2)S(g192) 1. We define T'(g) = T(S(g)). Then

T(g192) = T(S(9192)) = T(c(g192) *S(g1)S(92)) = c(g1,92) " T(g1)T(g2)-

3.5. Coadjoint action in the extended group.

Let G be the central extension of G by S with the cocycle ¢ : G x G — S1.
Setting g3 = e in the cocycle condition (2.4) we get ¢(g192,€) = c¢(g2,e) = c(e,e) =
1, and setting g; = g3 = g, * we get ¢(g,9~ ") = ¢(g~ ', g). The inverse in G is

1 1
g _ g 1
(Z) B (Zlc(g,gl)l)’ geGzes

The conjugation in G is

(9 (") = ghg™ 1
conj <Z> (v) B <vc(g, h)c(gyg_l)_lc(gh,g—l)) heGuvesS.

The adjoint action in G is

wa2) (5= (e () ()

Ad(g)§
Ac(g,e)e(g,g™") " te(g,97") + [dac(g, e)elg, g~ 1) " elg, g7 1)+
+lclg, e)e(g, 97 1) " Hdie(g, g1 Terg £
( Ad(g)¢
A+ [dac(g,e) + c(g, g7 1) "Ldic(g, g7 ) Terg).€

We define h : G — g* by

), for £ €eg, NeR.

h(g™') := dac(g. €) + c(g. 97 ") " dic(g, g7 )T\,

Because the adjoint action of G is really an action of G, we write

Ad(g) (f\) = ()\ +?li;g))§17£>>

Here (,) denotes the pairing between the Lie algebra and its dual.
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The coadjoint action is:

@@, (§)) = w.oaaw(5))

o ( Ad(ge
=0 (Y )
= (p, Ad(g~")€) + eA + ¢(h(9), &)

= ((Ad"(g)p + ch(g),c), (i)),p €g*,ceR.

Hence
Ad*(g)(p, c) = (Ad"(9)p + ch(g), ).

Using the fact that Ad* is a group action on §*, we get that h is a 1-cocycle of
G with values in the G-module g* via the coadjoint action.

h(g192) = Ad"(g1)h(g2) + h(g1), so [h] € Hpg- (G, g").

3.6. Another way to compute the coadjoint action in G.

Let G be a connected Lie group with Lie algebra g and w : g x g — R a fixed Lie
algebra cocycle, this means w € Z2(g) C A%g*. The coadjoint action Ad* induces
an action of G on A%2g* denoted also by Ad* and then an action on Z2(g), because
every Ad(g) is a Lie algebra homomorphism.

Proposition [Kirillov, 1982]. The mapping « : §* — Z?(g) defined by a(p,c) :=
dp — cw,p € g*,c € R is G-equivariant. This is equivalent to

dh(g) = w — Ad*(g)w,

where h is the map defined in 3.5.

Proof. Because G is connected, it suffices to verify that « is a g-equivariant map-
ping. The ad*-action on g* is ad™(§)(p, ¢) = (Lep — ciew,0). Indeed

@ (1)) = o~ (5" )
(. [6.9]) — (€)= {ad" (€)p — cigw. ).

)
The g-equivariance means

a(ad™(§)(p, ¢) = Le(alp, o))
& d(Lep — clew) = Le(dp — cw)

and this is satisfied because d commutes with the Lie derivative and (doi¢)w = Lew,
w being a cocycle.
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So we get the G-equivariance, which means

a(Ad*(g)(p, ¢)) = Ad™(9)(a(p, )

& a(Ad"(g)p + ch(g),c) = Ad™(g)(dp — cw)

& d(Ad*(g)p) + cdh(g) — cw = d Ad*(g)p — c Ad" (g)w
< dh(g) =w— Ad*(g)w. O

—~~

It follows in particular that the cocycles w and Ad"(g)w belong to the same
cohomology class.

Remark. If the Lie algebra g obeys to the condition H'(g) = 0, then h(g) € g*
is uniquely determined by dh(g). The proposition and the results in 3.5 give the
coadjoint action in G. This condition is also equivalent to the fact that g is perfect,
i.e. the commutator algebra is the whole algebra:

feZ'g) e feg and (f,[6n)) =0,VEn€E g
& fegtand fl[g,9] =0

Hence H'(g) = Z'(g) =0 = [9,0] = 0.
Examples of perfect Lie algebras:
—the semisimple algebras;
~C°(M,h) with M a smooth manifold and § a finite dimensional Lie algebra such
that [h, h] = b (see chapter 4);
—Vect (M), the Lie algebra of compactly supported vector fields on a smooth man-
ifold M (see chapter 5);
—certain subalgebras of Vect(M) for a smooth manifold M (see chapter 9).

4. Current groups, loop groups

4.1. Some facts.

The current group C°(M, H) is the space of smooth mappings with compact
support from a finite dimensional smooth manifold M into a finite dimensional Lie
group H, i.e. mappings which equal constantly the unit element in H outside a
compact set of M, with pointwise multiplication. This is an infinite dimensional
Lie group: like in 2.2 we endow CS°(M, H) with a smooth manifold structure and
it remains only to show that multiplication and inversion are smooth

,U’(907w)GCSO(MvH)XCSO(M7H)'_>:U’HO(<)07¢))GCSO(MvH)
vipeCP(M,H)—~vgope CX(M,H).

We do this by showing that they map smooth curves into smooth curves. Let (¢1, ¢2)
be a smooth curve in C°(M, H) x C(M, H). Then (o (c1,c2))= pp o (é1,¢2)
R x M — H is smooth and because of the compact support it has automatically
property (*) from 2.2, hence p o (¢q,cz) is a smooth curve. The same is true for v.
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The Lie algebra is C2°(M, h) with the inductive limit topology of C$2 (M, §), where
K runs through all compact sets in M and each C$2(M,H) has the topology of
uniform convergence on K in all derivatives separately. This is a convenient vector
space and if M is compact it is a Fréchet space.

The loop group of H is by definition LH := C°(S', H) and its Lie algebra is
denoted by Lh. This is a Fréchet Lie group.

The exponential map exp : C°(M, h) — C° (M, H) is just composition with the
exponential map on H. Therefore it is smooth and it is a local diffeomorphism near
the identity. Even if the exponential map of H is surjective, the exponential map

0 z7!
SU(2). For if g = exp & for some £ € Lh, then £ must commute with g and hence &
i(z) 0
0 —id(z)
function ¥ : S — R such that ’’(*) = 2. But if H is compact, the exponential
image of LB is dense in the identity component of LH.

In the same way one can show that CS°(E), the space of smooth sections with
compact support of a locally trivial bundle E with a Lie group G as fiber, is an
infinite dimensional Lie group. An example is the Gauge group: Let (P, p, M, G) be
a principal bundle with compact base space M; then G acts on P by the principal
right action and on G by conjugation. The group of principal bundle automorphisms
of P over the identity on M is called the Gauge group and it is isomorphic to
C>®(P,G)¢ = C>=(P|G,conj]). Its Lie algebra is C>(P,g)¢ = C>=(P[g, Ad]).

4.2. Central extensions of Lh.

Let H be a compact connected Lie group and b its Lie algebra. One can always
find an H-invariant scalar product (, )y on h by choosing any scalar product on h
and integrating over H

on LH is not always surjective. An example is provided by z € S — = 0 ) €

must be diagonal, i.e. z € ST < > € su(2) but there is no smooth

(€ = [(Ad ()6, Ad ().
H
On the Lie algebra level the invariance of the scalar product is written

(&), Op = (& [n. ¢y, V&M CED.
Proposition. The form w(&,n) := [(£(t),n'(t))ydt on Lb is a Lie algebra cocycle

S1

invariant under conjugation with constant loops and under the action of Diff ; (S1).

Proof.
1.The cocycle identity is w([€,n],¢) + w([n,(],€) + w([¢,€],n) = 0. Using the
bilinearity of the Lie bracket and then the invariance of the scalar product, we get

w(le.nl.0 = [ (clel)
== [ @l [l

== [ e [ g,
g1 S
= —w([n,¢],€) — w([¢, €, n).
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2.The H-invariance of w follows from the H-invariance of (,)y.
3.The Diff ; (S1)-invariance. The action of Diff ; (S1) on Lb is by composition on
the right. Then

wlp-tpm) = [ (€)' (20 O
= [ €@ (o7 DIV ()0 = (e

where ¢ € Diff 4 (S1) and ¢’ : S* — Ry is defined by Typ. 4 = @’(t).%lw(t). O

Theorem [Pressley-Segal, 1986]. The only continuous H-invariant cocycles w on
LY, where H is compact and semisimple, are of the form

W(fﬂY) = /<§777/>h7 677] S ‘Ch

S1

with (, )y an invariant scalar product on §.
First we need a

Lemma. If H is a compact and semisimple Lie group, then every H-invariant
bilinear map « : hc X he — C is symmetric.

Proof. Let h = &h; be the decomposition of the semisimple Lie algebra § into a
direct sum of simple Lie algebras. The H-equivariant linear map induced by «,
denoted & : he = Db c = b = @h; ¢ decomposes, by Schur’s lemma, (because the
H-modules bh; are non-isomorphic), into a sum of H-equivariant maps : & = ®dy,
&; : hic = bic

We have reduced the problem to the case of a compact and simple group. Here
the adjoint action of H on h¢ is irreducible because the fact that hc has no ideals
implies that the ad-action, which is the differential of the Ad-action, is irreducible.
Then the coadjoint action is also irreducible. By the Schur lemma all the H-
equivariant linear maps : hc — b differ by a complex factor. On the other hand
there is a choice which corresponds to a symmetric map : he X hc — C. So any
choice of a is symmetric. [

Proof of the theorem. Let w : Lh x Lh — R be a cocycle and w : Lhc x Lhc — C

its complex extension. Every £ € Lk can be expanded in a Fourier series £(t) =

> omez &ne™, &, € he. The H-invariant, complex, bilinear maps w, , on hc defined

by wp.q(&,n) = w(&e™t, ne'd’) completely determine the cocycle w. By the lemma,

wp,q is symmetric. Together with the antisymmetry of w this implies wy, ; = —wq p-
The cocycle identity gives

wp+q,r([€v nl,¢) + wq+r,p([77a ¢,6) + Wr+p,q([C7 &l,m) = 0.

Applying the H-invariance of w4, we get

(Wptq,r + Watrp + wripg)([§ 1], C) = 0.
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But the semisimplicity of b assures that [, h] = §. Hence
Wptgq,r + Wotrp + Wripq = 0.
Setting ¢ = r = 0 we find w, o = 0. Setting r = —p — ¢ we find wp _p = pwi 1.

Setting r = n—p—q we find wy,_i ; = kwp—1,1. This implies 0 = wp p, = NWp—1,1 =
FWn—k ks SO wp g = 0if p+¢q# 0. Now

w(&,n) = pr,q(gpvnq) = prl,fl(gpmfp)
P.q P

27
= 1;{;5(]7—1- q)iqui,—1(&p,ng) = i 0/w1,1(§(t)’77/(t))dt

is of the required form. [J

In 3.6 we saw that for any Lie algebra cocycle w, [Ad*(g)w] = [w],g € G. Then
by averaging w over H, the group of constant loops, we get an H-invariant cocycle
J Ad*(h)wdh in the same cohomology class. Hence the H-invariance is not really
H

a restriction.

4.3. The coadjoint action of LH on ﬁ)

Let H be a connected compact Lie group. An invariant scalar product (,)y on
b defines an LH-invariant form on Lh: (£,n) = ffﬂ(g(t),n(t»hdt and a cocycle
w(g,m) = (')

We compute the coadjoint action in the extended Lie algebra using the result
from 3.6 and that [Lb, Lh] = L, which follows from the following proposition.

Proposition. If ) is a finite dimensional Lie algebra with [h,h] = b, then also
Ceo(M, ) = [C°(M, h), €2 (M, h)].

Proof. Let &1,...,&, be a basis of h and § € C*(M,h). Every & is a linear
combination », al¥[€;, €], Then

€)=Y d@e = Y ale @)l &l

.3,k

= alf[c (@), &) =Y al*[ni(x), G(@)]

4,3,k .5,k

hence ¢ is a linear combination of brackets [77;, Ck] in C°(M,p). O

Remark. An analogous statement is true for compact semisimple Lie groups H: the
identity component of C°(M, H) is a perfect Lie group.
We can realize H as a matrix group, since it is compact. Then the adjoint action
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of H is Ad(h)¢ = héh™1 and we can write:

Ad*(g)w (&, m) = w(g™ 69,97 'ng)
=(97'€9, (97 n9)")
= (g7 '€g,97 g+ 9 'ng' — g7 g'g" " ng)
=(&n' +ng'g™ —g'g7"n)
w(&n) + (& [, 997"
= w(&mn) +{(g'g~" [ ).
We can identify (Ef/))* with (Lh)* @R. The subspace of regular elements of (Lbh)* is

Lh* and can be identified with Lh under (,). Then the preceding calculation gives
Ad*(g)w —w = d(g’g™!) and the result in 3.6 gives the coadjoint action of LH on

the regular subspace of (Zf/))*

Ad*(g)(p,¢) = (gpg ™" +cg'g™"c), p € Lh= (L)}, ceR.

In this case h(g) is the right logarithmic derivative of g. We used that the coadjoint
action on the regular dual equals the adjoint action because (,) is invariant.

4.4. About the smooth coadjoint orbits.

This paragraph follows the book [Pressley-Segal, 1986].

To a regular element (p,¢) € Lh @ R in the dual of the extended algebra we
associate an ordinary differential equation in H:

cu' = pu.
Let ug : R — H be the solution with initial condition u(0) = 1. Then the solution
with initial condition u(0) = a is u = uga, because cu’'(t) = cuj(t)a = p(t)uo(t)a =
p(t)u(t). The map t — wu(t + 2m) is also a solution, so there exist M, € H, called
the monodromy, such that u(t + 27) = u(t)M,. Then M, = u(0)~'u(27). The
monodromy matrix of another solution v = ua is conjugated to M,,. The conjugacy
class of the monodromy is an invariant of the differential equation cu’ = pu.

We fix a nonzero real number ¢. There is a bijection ® between Lh and the set
{u:R— H:u(t+2r) =u(t)M,u(0) =1,M € H} (this is the set of multivalued
mappings on S’ with values in H such that u(0) = 1). To every p € Lh we assign the
solution uy and conversely, to every map u we assign cu/u~"', which is 27-periodic,
hence an element in Lb.

p(t+2m) = cu'(t + 2m)u™ (t + 27) = cu/ ()M (u(t)M) ™! = cu’ (t)u(t) ™" = p(t)

We recall that the coadjoint action of LH on (ﬁ))* =LhdRis

reg
Ad*(9)(p,c) = (gpg~" +cg'g™ ", c)

Under the bijection ®, the element p = gpg~' + cg’g~! € Lb corresponds to the
function u(t) = g(t)u(t)g(0)~!. Thus the monodromy matrix for (p,c) is My =
u(27) = g(2m)u(27)g(0)~ = g(0)M,g(0)~!, conjugate to the monodromy for (p, c).
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Proposition. The map m which assigns to every element (p,c) € Lh x {c} the
monodromy conjugacy class of the associated differential equation

7 Lh x {c} — [H]

is the projection onto the space of coadjoint orbits.

Proof. 1.Claim: = is surjective. For every M € H we can find a path u : [0,27] — H
from 1 to M and then extend it to (a multivalued function on S') u: R — H by
u(t +27) = u(t)M. Let p € Lh be the element corresponding to u by the bijection
®. Then m(p,c) = [M].

2.Claim: 7~ 1([M]) is a coadjoint orbit. We saw that 7(Ad*(g)(p,c)) = 7 (p, c) =
[Mg] = [9(0)M,g(0)71] = [M,] = 7(p,c). Tt remains to prove that w=1([M]) con-
tains only one coadjoint orbit. Let M; = aMa ™! and uq, us : R — H be multivalued
functions on S', u;(0) = u2(0) = 1, with monodromy M;, M and let p;,p € Lb
the elements corresponding by ® to uj,u. We show that Ad*(g)(p1,¢) = (p,c)
for g € LH defined by g(t) = u(t)a= uy(t)~!. (The map g is really 2m-periodic:
g(t+27m) = u(t+2n)a  ug (t+2m) "t = w(t) Ma= "My ur ()~ = u(t)a ug (8) 71 =
g(t)). Indeed:

Ad*(g)(p1,¢) = (gp1g~" + g’ 0)
= (ua " uy teviuy furaut 4 c(ua T ur Y (wa " T Y €)

= (cu'u™',¢) = (p, c).

Hence the space [H| of conjugacy classes in H can be considered as the orbit
space. [

Corollary. Every coadjoint orbit in the regular part of (Eh)* contains a constant
element.

Proof. The Lie group H is compact, hence exponential. Let M, =exp&, & € h be
the monodromy of u <+ (p,c). We claim that (pg, c) where pp is constant equal to
5-¢ is in the same coadjoint orbit as (p,c). By the proposition, we need only to
verify that 7(p,c) = 7(po,c). The solution ug of cuf = poug < uj = %uo with
condition up(0) = 1 is up(t) = exp( 5-). The monodromy M,, = exp&§ = M,. O

Proposition. The isotropy group G, ) for (p,c) € Orey 1 isomorphic to the cen-
tralizer Hys, of the monodromy matrix.

Proof. The isomorphism is the evaluation at zero. The fact that g stabilizes (p, ¢)
is equivalent to g(t) = u(t)g(0)u(t)~* and g is uniquely determined by its value at
zero. Indeed Ad*(g)(p,c) = (p,c) & 4 = u < g(t)u(t)g(0)~ = u(t). Then g(0) is
really in the centralizer of M,,.

The converse: If g(0) € Hyy,, then g given by g = ug(0 ) is 2m-periodic:
g(t +2m) = u(t +2m)g(0)u(t + 2m) =" = u(t) Myg(0) M, tu(t) ( )g(0)u(t)~" =
g(t) and centralizes (p,c). O
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4.5. Finite dimensional coadjoint orbits in C°(M, H).

Let M be a smooth manifold and H a Lie group with Lie algebra h being a perfect
Lie algebra. The adjoint action of G = C°(M, H) on g = C°(M,b) is pointwise.
The dual of g is g* = C~*°(M,h*) = D'(M) ® h* the space of distributions on M
with values in h*. From 4.3 we get g = [g, g].

Theorem [Kirillov, 1974]. The coadjoint orbit Oy is finite dimensional if and only
if the distribution § € g* has finite support.

Proof. Let 6 € g* with support {z1,...,zn}. Then for every g € G, Ad*(g)d has
as support a subset of {z1,...,zy} and at every point the order of Ad*(g)d is less
or equal the order of §. Hence

dim Os5 < dim{é € C~*°(M,h*) : suppd C {z1,...,xn},0rdy, 6 < s} =:d

where s = max{ord,, 6 : i = 1,..., N} < co. But d is the dimension of the space
of Nn-tuples of polynomials of degree s in m-variables, where m = dim M and
n = dim H, hence finite. Namely d = N dim(®5_yL7,,,(R™,R")) = Nn (™). For
the converse suppose that § has infinite support. We show that for any natural
number N, there exist N linearly independent vectors in the tangent space at o0
to Os, which is ad*(g)d C g*. For this let z1,...,xy € suppd and Uy,..., Uy be
disjoint open neighbourhoods of x1,...,zy. Then there exist &;,...,&y € g with
supp &; C U; such that (4,&;) # 0. Because g = [g, g], we can find ni(l), Ci(l) € g with

support in U;, such that & = Zf;l[ngl), (i(l)]. For some l; € {1,...,k;} is

(ad* (¢ .6, "y = (5, [, ¢y # 0

and so ad*(Ci(li)).cS are N linearly independent (having disjoint supports) vectors in
T50Os for every natural N. This contradicts dim Os < co. O

5. The group of diffeomorphisms

5.1. The Lie group Diff(M).

Theorem [Kriegl-Michor|. Let M be a smooth connected finite dimensional man-
ifold. The group G = Diff(M) of all smooth diffeomorphisms of M is an infinite
dimensional Lie group.

Proof. Diff(M) is an open submanifold of C*° (M, M), because it is an open subset
of C°°(M, M) for the Whitney C*°-topology and the topology on C*>°(M, M) as
smooth manifold is finer.

The composition g and inversion v are smooth, because they map smooth curves
into smooth curves:

Let (c1,¢2) be a smooth curve in Diff (M) x Diff (M). Then (uo (c1,c2) (¢, z) =
¢1(t, é2(t,x)) is smooth as composition of smooth maps. It also has property (*)
from 2.2: Let [a,b] C R and K7, Ky compact subsets of M such that ¢é;(¢t, z) = fi(z),
i = 1,2, doesn’t depend on t for € M — K; by property (*) of é1,¢é2. Because
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co(t) is a diffeomorphism, fo(M — K1) N (M — Ks) is the complement of a compact
set K and é1(t,é2(t,x)) = f1 0 fa(x) for ¢t € [a,b], x € M — K. So po (c1,¢2) is
again a smooth curve.

Let ¢ be a smooth curve in Diff(M). Then (v o ¢J fulfills the implicit equation
é(t, (v oc)(t,x)) = x. By the finite dimensional implicit function theorem (v o ¢y
is smooth. It also satisfies (*): Let [a,b] C R and a compact K in M such that
é(t,x) = f(z) for t € [a,b], x € M — K. Because ¢(t) is a diffeomorphism, f(M —K)
is again the complement of a compact set in M and for ¢ € [a,b] and x € f(M — K)
we have (voc)(t,z) = f~!(x) doesn’t depend on t. So voc is again a smooth curve.

Hence Diff (M) is a Lie group having Vect.(M) as tangent space at the iden-
tity. O

The same is true for the space Diff .(M) of diffeomorphisms of M which equal to
the identity outside a compact set. Diff(M) only has more connected components.

Proposition. The exponential map associates to a vector field with compact sup-
port its flow at time 1 and is smooth. The image of the exponential map lies in
Diff .(M).

Proof. Let & € Tiq,, Diff (M) = Vect.(M). Because supp ¢ is compact, the vector

field ¢ is complete, hence its flow exists FI5 € Diff (M) at every time ¢ € R. The
defining differential equation for expt¢ is

{ 4 expte = T(u™P*).¢
exp0& =1Idy, .

Here p% is the right translation in Diff .(M) by ¢, which is linear, so T'(u¥).£ = {op.
Evaluating the differential equation on = € M, we obtain the defining equation for
Fl1(z), hence exp t€ = FI5.

The exponential mapping exp : Vect.(M) — Diff (M) is smooth, because it maps
smooth curves into smooth curves. Indeed, a smooth curve £ : R — Vect.(M) is
a time dependent vector field with compact support K. The map (exp of)(t,x) =
Flﬁ(t)(a:) is smooth because s — FI$®(z) is the solution of an ordinary differential
equation with smooth parameter ¢ and initial condition z. Moreover (exp o (¢, z) =
x for x € M — K, hence property (*) is satisfied. Hence exp of is smooth. O

Proposition. The Lie bracket in Vect.(M) is just the negative of the usual bracket
of vector fields.

Proof. The adjoint action of Diff.(M) on Vect.(M) is

d _ _ Z1vk
Ad(@)fzﬁ‘osﬁoﬂfow '=Tpolop ! = (p7 1)

By the theorem in 2.3 due to Grabowski

d d
ad(n) = | Ad(FI)E = Z| (FI)7€ = ~In.¢]

is the Lie bracket in Vect.(M). O
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5.2. Some properties of Diff.(M).
The dual of g = Vect.(M) is g* = QY (M) ® D'(M), where D'(M) denotes
oo (M)
the space of distributions on M, and is also called the space of moments. The
coadjoint action is Ad* () = (p~1)*. Indeed, for a« € Q' (M) and § € D'(M) we

have

(Ad*(¢)(a ®6),6) = (@ ®6,4°€)

= (6,a(¢"¢))

= (5,0 (0" ) ) (€)))
)6, (07 )(©))
(o) a® (p71)"6,8)
(™) (@ ®96),8),V¢ € g.

U

We define the regular dual g}, = Q'(M) © Q"(M) and the space of moments
C=>=(M)

with finite support g3 = Q'(M) ® D}(M), where D;(M) denotes the space of
Co= (M)
distributions with finite support. Both are G-invariant subspaces of g*.

Proposition [Kirillov, 1982]. Every coadjoint orbit of Diff.(M) has infinite codi-
mension in g*.

Proof. The spaces greg« and g} are transversal in g* and their intersection is 0.
Both are G-invariant, infinite dimensional and dense in g* (in the weak topology).

If the orbit intersects gj.,, then it is contained in gy, and its complement
contains g}, hence the complement is infinite dimensional. Analogously for orbits
in g%, if the orbit doesn’t meet g;., U g} %, then it is contained in the complement of
the orblt and so the orbit again has infinite codimension. [J

Proposition. Let M be a connected smooth manifold of dimension dim M > 2.
Then the group Diff .(M) of all smooth diffeomorphisms with compact support acts
n-transitively on M, for each finite n. Ie. for any two ordered sets of n different
points (z1,... ,x,) and (y1,... ,Yyn) in M there is a smooth diffeomorphism ¢ with
compact support such that ¢(x;) = y; for each i.

Proof. Let M denote the open submanifold of all n-tuples (x1,... ,z,) € M™
of pairwise distinct points. Diff.(M) acts on M (™ by the diagonal action, and we
have to show, that this action is transitive.

Let us first assume that (z1,...,2,) and (y1,... ,yn) are pairwise disjoint. For
some € > 0 let ¢; : (—e,14+¢) - M be smooth curves with ¢;(0) = z; and
¢i(1) = y; which are embeddings and do not intersect each other. From a drawing
it can be seen that this exists if dim M > 2, since (z1,... ,2,) and (y1,... ,yn) are
disjoint. We choose pairwise disjoint tubular neighborhoods of ¢;(—¢, 1+¢), extend
the velocity vector fields of the curves to them, and use a smooth bump function
to obtain a vector field £ on M with compact support which coincides with the
velocity vector field ¢/ o ¢~! along each curve c¢;. Then the flow mapping Fl% maps
each x; to y;.
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This argument shows that each Diff.(M)-orbit in M (™ is dense. We may re-
place in the argument the points y; by points z; in small open pairwise disjoint
neighborhoods U; of y;, not meeting {z1,...,%,}. Then the argument shows that
each orbit contains an open set in M (") thus is open. Since the dimension of M is
at least 2, M (™ is connected, so there is only one orbit and the result follows. [

Proposition. For every smooth manifold M, Vect(M) and Vect.(M) are perfect
Lie algebras.

Proof. By dimension theory it follows that there exists a number p < dim M +1 and
an open cover with coordinate domains O = {U, : v € J = J; U--- U J, partition}
such that the open sets (U, ),c, are pairwise disjoint. Let (p,),es be a partition
of unity subordinated to O and (¢, ),cs smooth functions on M with support in
U, and identically 1 in a neighbourhood of supp p, .

Let £ be an arbitrary vector field on M and &|U, = > }_; 5’“%, where all
& € C>=(U,). Setting

%
0 ¥ 0
k_ 9 k._ k kY9
M= Pry G sou(/o P g da®) ==
we get
k
0 v el ok O 1, 0 g O
v Gl = v 1o ¥r v —d = PvS Sk
) = Lol et 5] = ot )50 = oy
The integral is well defined because supp p,, C supp ¢,. Then
k=1
and
p n p n
§:ZPV§:ZZZ"7WV Z 77172
veJ i=1ved; k=1 i=1 k=1

where n¥ = D e, nk and ¢F = > e ¢¥. This shows that ¢ is in the commutator
algebra of Vect(M). O

There is a similar result on the group level: the connected component of the
identity in Diff.(M), i.e. the group of those diffeomorphisms with compact support
isotopic to the identity by an isotopy with compact support, is a simple group.

5.3. Special cases: the circle and the torus.
Let p:t € R+ e € S' be the universal covering group of S!.

Proposition. The space
Diff(5') :={¢: R =R :po@=pop,¢p c Diff(S!)}

coincides with
{¢ € DIff(R) : ¢(t + 27) = §(t) £ 2m,t € R}
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and defines with the projection P : ¢ + ¢ the universal covering group of Diff (S1).

Proof. The fiber over ¢ € Diff(S!) consists of all lifts to R of the function pop :
R — S'. These lifts are also smooth functions and the difference between any two
of them is an integer multiple of 27. Each fiber is then isomorphic to Z. In general
plop= Id is a translation by an integral multiple of 27. But for every ¢ over ¢
we can find a ¢~! such that ¢~ = ¢~!. Hence ¢ € Diff(R).

We have po@(t+27) = p(p(t+27)) = p(p(t)) = poP(t) and using the continuity
of @ we get that there exists a k € Z such that ¢(t +27) = ¢(t) + 2kn for all ¢ in R.
But ¢ is a diffeomorphism, so there must be an s € R with @(s) = ¢(t) + 27. We
get s =t + 2mm for some integer m and @(s) = ¢(t + 2mm) = @(t) + 2mkm which
implies mk = 1. Hence k = +1, +1 for orientation preserving diffeomorphisms and
-1 for orientation reversing.

Diff(S') has two connected components, each one is a convex set, hence it is
simply connected.

It remains to observe that P is a local homeomorphism. O

The reference for Diff(T?) is [Juriev, 1993]. Let I' = Za + Zb, with a,b two
independent vectors in R? be a lattice and p : R? — R?/I" the projection. T2 =
R?/T is a two dimensional torus and p its universal covering.

Proposition. The space
Diff(T%) == {¢:R> 5 R®: po B =gop, ¢ € DIiff(T?)}
coincides with

{ € Diff(R?) : ¢(x + ma + nb) = $(z) + may + nby,
r €R* m,n € Z* T = Zay + Zb,}

and the projection P : ¢ € Diff(T?) s ¢ € Diff(T?) is the universal covering of
Diff(72).

Proof. Every ¢ is a lifting of ¢ o p; for a given ¢ € Diff(T?), there are Z? such
liftings because p has Z? sheets. The fiber over ¢! consists of the inverses of the
elements in the fiber over o, hence Diff(T?) is a subgroup of Diff(R?) (we use the
fact that all the liftings of the smooth function ¢ o p are smooth).

For every x € R? we have po ¢(z + a) = ¢(z + a) = ¢(p(z)) = po @(x) and
the same for b. Hence there exist aq,b; € T" such that ¢(x + a) = ¢(x) + a1 and
@(z + b) = ¢(x) + by and then for every m,n € Z

o

@(x + ma + nb) = @(x) + may + nb;.

Now we show that a1, by is a pair of generators too. Suppose there exists an element
pa + gb in T'\ Zay + Zby. Because ¢ is a diffeomorphism, we can find a y € R?
such that @(y) = @(x) + pa + ¢gb. Then y = x + ma + nb for some m,n € Z and so
&(y) = @(x) + may + nby;. We obtain a contradiction: pa + ¢b = ma; + nby, hence
I'= Za1 + Zbl
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Every two pairs of generators of I' differ by an element in SL(2,Z). Diff(7?) has
as many connected components as I' has independent generators. Each connected
component is a convex set , hence Diff(T?) is simply connected.

Every fiber is isomorphic to Z2? and P is a local homeomorphism. [

Diff(S') has two connected components, the one containing the identity is ex-
actly Diff ;(S1), the orientation preserving diffeomorphisms. The fundamental
group of Diff { (S1) is isomorphic to Z. Moreover, the inclusion S! = Rot(S!) C
Diff ; (S!) is a homotopy equivalence.

Let Diff.(7?) be the connected component of Diff(T?) which contains the iden-
tity; this is a normal subgroup and the quotient is isomorphic to SL(2,Z). Its
universal cover is the connected component of ﬁF(T2) which contains the identity:

Diff, (T?) = {¢ € Diff(R?) : ¢(z + ma + nb) = $(x) + ma +nb, m,n € Z}

There is no canonical inclusion of the rigid transformations 72 in Diff,.(7"?), like in
the case of the circle. Every splitting of the following exact sequence realises 72 as
a group of movements of the torus.

0 — Diffy(T?) — Diff(T?) - T? — 0  where
1

1
2

Diffo(T?) := P{go € Diff . (T?) : /

/ / B(tia + tab)dtidts) € T?.
1
2

We prove now the exactness of this sequence.
1.Claim: 7 is surjective. For ¢(z) = = + ¢, c € R? we get v(p) = p(c).
2.Claim: kery = Diffo(7?).

/ P(z + t1a + tob)dtrdty — x € I‘} and

(S m\»a

m\»-t

kerv = {(p E'(p s.t. / / t1a+ to )dtldtg S F}
1 1
2 2
= {@ 330 s.t. / / l‘ +tia + tgb)dtldtg — T € F} Dlﬂo(Tz)
1 1
2 2
because

1 1
2 2
/ / B(x + tia + tob)dtydty = x+/ / G(tra + tab)dtydts,
1) 1)
for all ¢ in Diff.(T2).

5.4. Anomaly.
The smooth manifold structure of Diff.(M) cannot be described by using the
exponential map, because [Pressley-Segal, 1986]:
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Proposition [Koppell, 1970], [Freifeld, 1967]. The exponential map in Diff , (S*),
the group of orientation preserving diffeomorphisms of the circle, is neither locally
injective, nor locally surjective.

Proof. Let Rot(S') C Diff { (S*) be the subgroup of rigid rotations and let R
denote the rotation by ¢.
(inj) The centralizer of Rzx is

H = {p € Diff  (S1) : RZWWORJ o}

The 1- parameter subgroup of is Rot(S 1), then the 1-parameter subgroup corre-
sponding to ¢* E ispo Rot(Sl) o~ t. Hence Rzx € ¢ o Rot(S!) o o=t for every
¢ € H,ie. Re = exp(t,.*¢). Making n — 00 we see that exp is not locally
injective.

(surj) A l-parameter subgroup of Diff | (S!) without stationary points is always
conjugate to Rot(S!). Indeed, let n = v(t)% with v(t) # 0,Vt € [0,27], we as-
sume v > 0. Define ¢(t) := T (o105 v(s) o fo )~lds. Then 1 € Diff  (S!) and

v'n=TYponoyp~! = Mﬁ% is a constant vector field on S'. Hence the
0 s S

l-parameter subgroup generated by 7 is conjugated to Rot(S1).
A diffeomorphism ¢ with the following properties is not in the image of the
exponential map:
- has no fixed points,
- has a point of order n,
-p™ # 1d.
Indeed, suppose ¢ = expn. The 1-parameter subgroup generated by 7 is conjugate
to the subgroup of rotations, because it has no stationary points. Hence ¢ =
Ry~ for some diffeomorphism ¢ and then ¢" # Id is conjugated with the
rotation by nt. This contradicts the fact that ¢ has a point of order n.
Diffeomi)\g)hisms with the three properties exist arbitrarily close to the identity.
Let ¢, € Diff  (S!) be defined by

2m .
Pn(t) :==t+ — + esinnt,
n

and ¢, the diffeomorphism of S' induced by (,. In this case ¢, has no fixed
points for small €, ($,)"(0) = 0 and ((¢,)™)(0) = (1 + ne)™ # 0 hence @™ is not
the identity. O

In [Grabowski, 1988] it is shown that Diff (M) contains an arcwise connected free
subgroup with a continuous set of generators, which meets the image of exp only
at the identity.

5.5. Diff  (S!) does not have a complexification.

The group Diff; (S'), like the universal cover of SL(2,R), has no complexifica-
tion. Moreover, every homomorphism from Diff ; (S*) into a complex Lie group is
trivial.
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The group PSL(2,R) = SL(2,R)/{£1} = GL(2,R)/R - 1 of projective transfor-
mations is contained in Diff  (S*), because S! can be regarded as the real projective
line PR!. The matrix <‘CL Z) € SL(2,R) defines the diffeomorphism:

A,y € PR = St v [ax + by, cx + dy] € PR = S*.

By the identification of P R! with R U oo, the projective transformations become
Moebius transformations

[Qf, y] ¢> [aa: + bya cx + dy]

A ar+by aA+b

P
oy cx+dy cA+d

The universal cover of PSL(2,R) is éi(?,R) and can be viewed as a subgroup

of the universal covering group Diff, (S) of Diff (S), namely all those diffeomor-
phisms of R which cover projective transformations

SL(2,R) ={p € Dif(R) : pogp = Aop, A € PSL(2,R)}

SL(2,R) — Diff, (S)

: 7
PSL(2,R) ——— Diff, (S').

A covering diffeomorphism @4 € éi(Z,]R) of a projective transformation A (iden-
tified with a Moebius transformation of R U co) can be obtained from A via the
diffeomorphism

t
f:te (0,27T)'—>Ctg§ €R,

namely by extending f~! o Ao f to a diffeomorphism of R using ¢4 (t + 27) =
@A (t) + 2. Each element ¢ € SL(2,R) is uniquely determined by its restriction to
an open intervall.

We define PSL(”)(2, R) as the n-fold covering group of PSL(2,R). More precise,
if pp 1 ST — St p,(2) = 2" is the n-fold covering map of the circle, then

PSL(n)(Q,R) = {p € Diff , (S*) : ppop = Aop,, Ac PSL(2,R)}.

Lemma. PSL™(2,R) = SL(2,R)/nZ, where Z = {$(t) = t + 2km, k € Z}, the
center of SL(2,R) (diffeomorphisms which cover the identity on S*).
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Proof. We define a surjective homomorphism g, from éi(2, R) to pPSL(™ (2,R) with
kernel nZ = {t — t + 2knm, k € Z}.

%
A Sl
TN
Sl ¥ Sl

Every ¢ € éi(?,R) is a cover of some A € PSL(2,R). We assign to ¢ an n-fold
cover of A by projecting it down to ¢ € Diff ; (S*) viat € R — etn € S* which is a
universal cover of S*. The elements which project to the identity on S! are exactly
the translations by 2knm with k € Z. O

Lemma. The kernel of any homomorphism from éi(Q, R) into a complex Lie group
contains 2. Center(SL(2,R)) = {t — t + 4kn}.

Proof. Let f: éi(?,R) — G¢ be a homomorphism and f’ : s[(2,R) — g¢. Then,
because the complexification of SL(2, R) is the simply connected Lie group SL(2, C),
we have the following diagrams on the Lie algebra level:
/
5[(27 R) L dc
!
s[(2,C)

and on the group level

SL(2,C)
The homomorphlsm j is the unique with the property j° = i, so j is really the
projection gy : SL(2 R) — PSL®(2,R) = SL(2,R). Hence ker f D kerqy =
2. Center(SL(2,R)). O

As a corollary we get that S~L(2, R) has no complexification.

Proposition [Pressley-Segal, 1986]. Every homomorphism from Diff | (S') into a
complex Lie group is trivial.

Proof. Let h : Diff, (S') — G¢ be a homomorphism.

The kernel of a homomorphism from PSL™ into a complex Lie group contains
2. Center(PSL™(2,R)) = {Ruze : k € Z}. Indeed, let g : SL(2,R) — G¢ be a
homomorphism and f =go qn.n We apply the lemma and we get

ker f O gn(ker f) O gn(2. Center(SL(2,R))) = 2. Center(PSL"™ (2, R)).
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We apply this result to h|PSL(")(2,R) for every n € N and we obtain that
ker h D {R% : k € Z,n € N}, so ker h contains the whole subgroup of rotations.
Now we apply the result of [Herman, 1971] that Diff, (S*) is simple and get the
conclusion. [

6. Morse moments in the diffeomorphism group

The reference for this chapter is [Kirillov, 1982] and [Kirillov, 1990].

6.1. Morse moments.

Let M be a compact orientable manifold and p a fixed volume form on M. We
denote by G = Diff(M) and g = Vect(M). Then g}, = Q'(M) @cee(ar) 2" (M)
can be identified via p with Q!(M).

Definition. Let f be a smooth section of the vector bundle £ — M and S a
submanifold of E. Then f intersects S transversally at m € M if either f(m) ¢ S
or f(m) € S and T(;)S + Ton f.Trn M = Ty N. Notation: f .S at m.

Lemma. Let E — M be a smooth vector bundle, S C E a submanifold and
f € C*(E) a smooth section with f(m) € S. Suppose there is a neighbourhood U
of f(m) in E and a submersion ¢ : U — R¥ (k = codim S) such that SNU = ¢~1(0).
Then f M S at m if and only if p o f is a submersion at m.

We consider J*(gr.,) = J*(Q'(M)) = J*(C>(T*M)) and the coadjoint action
of G on the jet space: Ad*(¢)jkp = jZZ(m) (Ad*(¢)p). Then we construct appropiate
G-invariant submanifolds Sy, --- , S, of J* (9rey) to define Morse moments.

Definition. We say that m € M is a singular point of the regular moment « if
jk () € U™ S; and a regular point otherwise. The singularity m € M is called
nondegenerate if j*a M S; at m for i = 1,--- ,n and « is called a Morse moment if
all its singularities are nondegenerate.

The G-invariance of the submanifolds S; assures the G-invariance of the property
to be a Morse moment. Hence we have the notion of Morse coadjoint orbits. The
set of Morse moments is dense in g;., because of the following:

Thom’s transversality theorem. Let E — M be a smooth vector bundle and
S; submanifold of J* (E) := Jki(C>(E)) for i = 1,...,n. Then the set of smooth
sections f € C™°(E) satisfying j* f h S; fori =1,...,n is a dense subset of C>(E)
in the compact C'*°-topology.

6.2. The classification of Morse moments in the case dim M = 1.

Since M is compact, this is the case of the circle. The tangent bundle of S!
is trivial, hence g and g}, can be identified with C*>°(S*,R). The adjoint and
coadjoint action are special cases of the following action of G = Diff ;(S!) on
C>(S1,R):

pf=(fop N op ™", nek

For n € Z, this is the action of G on C*°(®"(T'S')) and for n € Z_ the action
on C®(®@~"(T*SY)). Since g = C(T'S') the space of vector fields on S* and
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Greg = C(T*S' @ T*S') = Q(S") the space of quadratic differentials on S*, we
have

Ad(p)f = (p™ ) f=(fop D)@ op™)
Ad*(p)p = (o ) (@ o !
For the definition of Morse moments we take S as follows: the target map 7 :
J1 (g;ﬁeg) = JY(SY,R) — R is a submersion, hence S := 771(0) is a codimension 1

submanifold of J1(S1,R). A regular moment p € C°°(S!,R) is called Morse if j'p
is transversal to S.

Proposition. A regular moment p is Morse if and only if all its zeros are simple.

Proof. Let m be a zero of p. Because 7 is a submersion, we can apply the lemma
and get j'p M S at m if and only if 7 o j!p = p is a submersion at m, i.e. m is a
simple zero. [

A Morse moment always has an even number of zeros because S! is compact
and has Euler characteristic 0.

Lemma. Let gi,, , = C*(S",Ry). This is a G-invariant set (open cone) of g,

and Io :p € gyeg 1 — fo% V/p(t)dt € Ry is exactly the orbit map. All the orbits in
+ are diffeomorphic to Diff { (S')/Rot(S*).

Proof. Iy is a G-invariant function:

Io(Ad™(¢)p) = ’ Vo1 (0)) (@' (p71(1))) 2dt = W Vp(t)dt = Io(p).

0 0

*
greg7

Every moment p is G-equivalent to Iy(p)?, namely Ad*(p)p = Io(p)? where the
diffeomorphism ¢ is given by

1 t
p(t :—/ v/ p(s)ds.
Q Io(p) Jo (®)
Every coadjoint orbit in gy, | contains a constant moment, say Fp, so the isotropy
group is Rot(S!):
po=po(¢ o )2 e ¢ =1s ¢cRot(Sh)
hence the coadjoint orbit is Diff  (S*)/Rot(S1). O

Classification theorem. Let g7, ,, = {p € g/, : p has 2n zeros} for alln € N.
This is a partition of gy, and a complete set of invariants for gy, ,, is:

(i) Iy = 0277 VIp(t)|dt and € = sgnp, in the case n = 0;
(ii) I, J1,- -+ , I, Jn up to permutations, where we put I}, := fak Vpt)dt, Jy =

top—1
tok41 —p(t)dt, in the case n 75 0.

tok
Proof. The case n = 0 follows from the lemma.
Let n > 1, p,q € Gregn with the same invariants Iy, J1,--- , I,,J,. We denote
by t1,- -+ ,to, the zeros of p and by s1,- - , s2, the zeros of g. We can define p € G

by ¢(te) = si and [ /Ip@)]dt = [£'\/lg{)]dt for t € [ty txra]. This implies

O'(t) = q(’;(zt))), ie. g=Ad"(¢)p. O
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Proposition. The isotropy algebra of a moment p € g;., ,, for n # 0 is g, = 0.
The corresponding coadjoint orbits are diffeomorphic to Diff ; (S*) modulo some
discrete groups.

Proof. By differentiating the coadjoint action Ad*(¢)p = (p(¢')~2?)p ! we get

ad (h)p = |, (((FIEY) ) 0 FIE, = ~2ph’

Hence h € g, if and only if it satisfies the differential equation 2ph’ + p’h = 0, this
means h%p is constant on Iy,---,J, and h(t;) = 0. Taking the limit ¢ — t; we
obtain that all the constants are equal to 0, so g, =0. O

6.3. The local description of Morse moments in the case dim M = 2.

JHgrey) = JH(C>(T*M)) is a manifold of dimension 8. Let (U,u) be a coor-
dinate chart at m € M with u(m) = 0. This chart induces a chart on J(Q(M))
in which j}, () is given by (2, y; a, b; az, ay, by, by) with (z,y) = u(m), a = A(x,y),
b = B(z,y), (Zj Zj) = %((ch’,f)) the jacobian matrix at (z,y) of (4, B) if
a = Adz + Bdy in the chart (U, u).

The target map 7 : JY(C®(T*M)) — T*M is transversal to the zero section
Opr € T*M, hence Sy := 77" (0p) is a 6-dimensional submanifold of J'(gy,,). The
exterior derivative of 1-forms induces a map between jet spaces d : J*(QY(M)) —
JY(Q?(M)), the second space can be identified with J!(C®°(M,R)) via p. The
composition 7 od : JH(Q'(M)) — R is a submersion given in local coordinates
by: (z,y;a,b;ay,ay,bz,by) — by —a,. Hence So = S; N (1 0d)~1(0) is a 5
dimensional submanifold of J! (87eg). In local coordinates (z,y;a,b; az,ay, by, by)
these submanifolds are:

S1:a=b=0;

Seta=b=0,b,—a, =0.

and we define S3 by

S3:a=b=0, azb, — (%)2 =0.

S3 is a well defined 5-dimensional submanifold of J'(g7,,). Indeed, if an element

by by
another chart, determined by «/, it is given by X’ = Q*X(Q, where Q € GL(2,R)
is the Jacobian matrix at u(m) of the coordinate change u’ o u~!. The expression
y+bz\2
(57)

j(a) € Sy is given by X = (am ay> in the chart determined by u, then in

azby — is the determinant of the symmetric part of X and by a change of
coordinates it only multiplies by (det @)?, hence the definition of S3 makes sense.
We prove now the G-invariance of these submanifolds. S is clearly G-invariant
and the invariance of Sy follows from the relation (¢~!)*da = d(¢~1)*a. Now let u
and ' be coordinate charts at m and ¢(m) respectively and ) the Jacobian matrix
at u(m) of u'opou™t. An element j! () € S given in the chart u by (u(m);0; X)
goes to j;(m)((gofl)*a) € 51, given in the chart «' by (v'(¢(m));0; X’) where
X' = Q'XQdet@. This is exactly the transformation law for quadratic forms,
the factor det @) comes from the action of G on Q"(M). The same relation exists
between the symmetric parts of X and X', so we get the G-invariance of S3 too.
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Proposition. A Morse moment « is characterised by the fact that at every point
m € M either j « is not in Sy, or jl « is in S but not in Sy U S3 and det X # 0.
In local coordinates this means either (a,b) # (0,0) or

ay + by

a=b=0,by —ay #0,azb, — ( 5

)2 #0,azb, — ayb, #0

Proof. The moment « is Morse means that jla M Sy, Sy, S5 at every m € M. This
means either a(m) # 0 or a(m) = 0 and

(a) transversality to S; = 771(0p7) & Tojla = a is a submersion at m < det X =
D(AB) 4
D(z,y) 7 0.
(b) transversality to Sy and S3 just means jl a ¢ So, S3 because dim S; + dim M =

5+42=7<8=dimJ'(Q'(M)). O

Theorem. The local description of Morse moments in the case dim M = 2: around
every point of M one of the following situations occurs:

If a(m) = 0:

(1) @ = du and the foliation picture is: nonintersecting lines;

If a(M) # 0:

(2) a= Tzcll(aﬂ +Inr) and the foliation picture is a spiral;

(3) a= md(\x|1+a|y|1_“) and the foliation picture is a knot or a saddle.

Proof. (1) If a(m) # 0, there exists a neighbourhood of m where a # 0 and
therefore ker o defines there a 1-dimensional distribution which is always integrable.
The foliation must be locally of the form u = const, that means du = 0 on the leaves.
Then du = fa for some function f without zeros.

If a(m) = 0, the matrix X satisfies all the properties of the preceding proposition.
Because the coadjoint action on S is Q.X = Q*XQ det @, we can find a moment
o' equivalent to «, such that jl o’ has the matrix X’ = ( Oa 8) + (é 2) with
a # 0 (there must be an antisymmetric part) and ¢ = +1 (the symmetric part has
nonzero determinant).

(2) The case ¢ = 1 (index +1). Here a = a(xdy — ydx) + (xdx + ydy) plus
terms of order higher than 1. In polar coordinates (r,9) we get a = ar?dd + rdr =
r2d(a¥ + Inr). The foliation picture u = const is formed by the spirals

Inr = —a¥ + const

(2) The case ¢ = —1. We can find an Ad*-equivalent moment with <Oa 8) +

((1) (1)> Up to higher order terms o = (1 4 a)ydz + (1 — a)xzdy. An integrating
factor for o is f(z,y) = [7]*sgn(zy). So a = %((1 + a)|z|*|y|* " (sgnz)dx + (1 —
a)|lx|Frely| = (sgny)dy) = %d(|m|1+“|y|1’“). The foliation picture u = const is

ly| = clz|+T.
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If |a| < 1 we have a saddle (det X < 0) (index -1) and if |a|] > 1 we have a knot
(det X > 0) (index +1). O

M is a compact 2-dimensional manifold, hence an orientable surface of genus g.
The Euler characteristic is 2 — 2g, hence the singularities of Morse moments occur
pairwise. The torus is the only such surface that has a moment without singularities.
In general we have much more saddles than spirals and knots, because for g > 1
2 — 2g < 0 is the sum of the indices over all the singularities.

7. Coadjoint orbits for the Virasoro-Bott group

7.1. Central extensions of Vect(S?).
In this paragraph we show following [Pressley-Segal, 1986] that

dim H?(Vect(S)) =1,

i.e. there exists, up to isomorphisms, a unique nontrivial central extension of
Vect(S') by R. If the manifold M has dim M > 2, then there exist no non-trivial
central extensions of Vect(M) (Fuchs).

Let Vectc(S!) = Vectc(S?) @ C be the complexification of Vect(S!) and « :
Vectc(S?) x Vecte(St) — C a complex bilinear, skewsymmetric form, the complex-
ification of a cocycle on Vect(S!). An unconditional basis for the nuclear Fréchet
space Vectc(S?) is

int @
{L, = e””t£ :n € N},
so « is uniquely determined by the complex numbers oy, , = Ly, Ly).
In 3.6 we had [Ad*(¢)a] = [a] for every diffeomorphism ¢ of S, in particular
for all rotations. Hence
8= Ad*(Ry)adt
S1
is a Rot(S!)-invariant cocycle cohomologous to a. Without loss of generality we
can then assume that « is invariant under the group of rotations. This assures that
apo =0 for p = 0. Indeed

ap,0 = a(Ly, Lo) = Ad™(Ry)a(Ly, Lo)

* 1 d * d
= oz(nge pt%, 19%)
ip(t—0) 4 d —i
= (e 79)$7 a) =e .

Writing the cocycle condition for Ly, L,, Ly and using [L,, Ly] = i(¢ — p)Lp+4
we get
(¢ = P)aptq0 — qogp + pap,q = 0.

The antisymmetry of o implies o ¢ = —ay, and the relation becomes

(P — @)0prq0 = (P+ @)y q-
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We obtain ay, , = 0 if p+ g # 0. The cocycle condition for L, Lq, L_(,4q) gives

(q— p)O‘erq,f(erq) —(P+29)a—pp+ (2p+ qJa—gq = 0.

Denoting ap = o, —p = ——p p, We obtain a recurrence formula for a,:

(P — Q)aprq = (P+29)p — (2p + q)ayg,

which determines all the o, in terms of «; and as. The general solution is o, =
Ap? + up for some real \, u. Hence the general form of a Rot(S!)-invariant cocycle
« is:

0, forp+q#0

* L, L) =
*) oLy Ly) {Apgwn ey

A trivial Rot(S?!)-invariant cocycle is

2 2T
aolém) = /0 e =2 [ ean

It has the form
0, forp+qg#0

L, L,) =
ao(Lp, L) {47rip, for p4+q=0.

So the value of p in (*) is unimportant.
The Virasoro cocycle is defined by

27
w(&,n) = /0 g'dn'.

Evaluated on the basis it gives

2m
Wy o = —ipg? / dirarg — [ O for p+q#0
i 0 —2mip3, for p+¢q=0.

The Virasoro cocycle is a Rot(S!)-invariant cocycle whose cohomology class gener-
ates H?(Vect(S1)).
7.2. The Virasoro-Bott extension of Diff, (S1).

For every ¢ € Diff | (S1) we denote by ¢’ : S' — R, the map given by thp.%h =
¢ () o o)-
Lemma. The map

c: Diff, (S*) x Diff, (S*) — S*

clovt) = [ Toglip vy dlog
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is a group cocycle. It is called the Bott cocycle and the extended group is called
the Virasoro-Bott extension of Diff  (S1).

Proof. Because [g, logt/dlog’ = 3 [ d(logy')* = 0, we have

c(p,¥) = /51 log (¢’ o 1p)dlog ).
We verify the cocycle equation

—c(p1 0 02, p3) — c(p1, P2) + c(p1, P2 0 v3) + (P2, ¥3)

= —/ log (1 © @2 0 p3)"'dlog ¢l — / log (1 © 2)'dlog ¢
st 51

* /1 log(g1 © 2 0 p3)'dlog(pz o p3)" + /1 log(y2 0 p3) dlog ¢
S S
log (¢}
Sl

-

- /1 log(g2 o ¢3)'dlog @5 = /1 log(p2 o p3)'dlog((@h o @3)@s) =0. O
s s

o wa)dlog ¢ + /51 (log(¢] © @2 0 p3) + log(p2 © 3)")dlog(¢h o @3)

From this calculation we see that also ¢ : Diff , (S!) x Diff ; (S') — R is a group
cocycle and we could extend Diff, (S!) also by R.

Proposition. The Lie algebra cocycle corresponding to the Bott cocycle

1
() =5 /51 log(g o) dlog v’

is the Virasoro cocycle
w(&,n) = / gdn, for £,m € Vect(S1).
Sl

Proof. In 3.3 we proved that a Lie algebra cocycle can be obtained from the group
cocycle by differentiation:

w(fa 77) = alaQC(I(L Id) (57 77) - 81320(Id’ Id) (77, 5) = C(gv 77) - 0(7% 5)
Then

neid, 06 = 5 [ 101 o0)(€ 0 v)dlog ' = 5 [ (€ o vdlog s’
and

010214, 10)(¢.m) = 5 [

1 1
(¢ oId)dlog'(1d")n" + 7/ &"ndlogld = 7/ &dn'.
Sl 2 Sl 2 Sl

Finally we get

w(é,n) = %/S 'y — %/S nd¢ = /S gdy. O
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7.3. The coadjoint action of the Virasoro-Bott group.
There are two possibilities to compute the coadjoint action in the extended group:
1.Method. A direct computation of A like in 3.5;
2.Method. To notice that H'(Vect(S')) = 0 and to use the result of 3.6.
The final result is h(p) = S(¢~1)dt? and then

Ad"(¢)(p,c) = (Ad"()p + cS(p~)dt?, )
where p € g7.5,c € R,p € G and S(p) : S — R is the Schwartzian derivative of
©, or we take some @ who covers ¢ (see 5.3) and build the 27-periodic function
S(@): R —R.
Some facts about the Schwartzian derivative. Let f : R — R be a smooth

function, then S(f) := ff/j/ - %(%)2 measures the deviation of f from being a
Moebius transformation, this means
b
S(fH=0« f(x) = z:f—td for some real a, b, ¢, d.
Indeed
B f// T f// 2 B
" y2

Sy= 7 satisfies the differential equation 3’ = 5

N 2 , 1 ar+b

)= e ) = g ) = S

The Schwartz derivative of a composition is:

S(fog)=(S(f)og)g)*+5(g),
then we can deduce the Schwartz derivative of an inverse:

S(1) = —(S( o f () = —5;5,? of

1.Method. The long computation

h(p™1) = daoc(p,1d) + c(p, o1 " tdyic(p, ap‘l).Te)\@.
Recall that c(¢,v) = £ [, log(¢' ovp)dlog’. We have c(p,¢™") =0 and T.\y,.£ =
4 K FI¢ = Tp.& = ¢'¢. Then

1 1
dac(p,1d)¢ = 5/51 log'(¢').£dlog(1d") + 5/51 log ¢'d(log’ (Id").£")
1 / ! 1 ! /
=f/ log 'dé =—f/ dlog
2 Sl 2 Sl
[ 1 (e 06 o0 ton(e )

(¥&) [T | / @'E+ 10'¢ 1
/31 @’ oY Og(cp’ ) 2 Js ¢’ Og(sﬁ’)

1 ©" 5 1
= (Teat— = | ¢dlogy
2/51(%7’)f 2/315 8Y

dic(p, o™ N)'E =

N = DN =
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Finally

h(p™h)é = —%

/! /!
|G- [ Sea= [ sear
st ¥ st @ st
hence h(p™1) = S(p)dt2.
2.Method. We have H'(Vect(S')) = 0 (this follows from 5.1), so we can deter-
mine uniquely h(y) from the relation dh(p) = w — Ad*(p)w.
The second long computation

AT (@o(en) o6 o) = [ "

/

§op . Mmoo/
d
w’)(so’)

27
=/0 (§' = F&)op-d(n' — Fn)op, where F := )

2m
:/0 (" = F&d(n' — Fn)
2 27
_ é-/dn/_’_/ —f/(FIT]—‘rFUI)dt
0 0
2

27
+/ n’(F’EJrFf’)dtJr/ FE(F'n + Fr)dt
0 0
2 27 2 F2
= [ &dn + F’(&n’—é’n)dt+/ — (&' =&t
0 0 0
2

27
() + / E + e — empar.

2
But F/ + L = 7“’”"{;7)%“””2 o™t = gl o7l = —§(p7). Hence
27
dh(p)(&n) = w(&,n) — Ad*(p)w(&,n) = S(e™M)(En' — &)t

0
= (S(p™Hdt? [, n]) = —(S(p~")dt*,ad(E)n) = d(S(¢™)dt?) (€, n).
We get h(p) = S(p~1)dt? and

Ad (™) (pdt? ) = ((po @) +eS(p))dt?, ).
7.4. The isotropy group of a moment.

Let G = Diff  (S') and g = Vect(S') its Lie algebra. Let G(, ) be the isotropy
group of the regular moment (p,c) € §r., = gre, = Q(S') ® R under the coadjoint
action in the extended group. Its Lie algebra is

o) ={6€g:c” +2p¢ +p'€ =0}
because

w0 (1)) = (.= (7)) = (w0 (D)
2m

27 27
=@n)—c | &dy = / pEn" —&n) + &'y = — / (c€" 4+ 2p¢’ +p'E)n.
0 0 0

So
ad™ (&) (p,c) = —(c€"" + 2p&’ + p'€, 0).
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Proposition [Kirillov, 1982]. Every moment (p,c) has nontrivial stabilizer, that
means the equation c€"' + 2p&’ + p'¢€ = 0 has at least one nontrivial 2m-periodic
solution.

Proof. Let L be the space of all solutions. This is a 3-dimensional Lie subalgebra
of Vect(R), because L is the stabilizer of g, ) viewed as a Lie algebra action of
Vect(R). We denote by £_1, &, & the basis of solutions with initial conditions
&x(t) = t**1 4+ 0(t?). Then the commutation relations between them are:

p(0)

[5075—1] = _f—l + 7&1
[€0,&1] =&
[€1,6-1] = —2&.
For example the first equality follows from:
[§0,£-1](0) = &0(0)€21(0) — £ (0)§-1(0) = —1
[€0,€-1](0) = €0(0)€”,(0) — &G (0)§-1(0) =
[§0,6-1]"(0) = &0 (0)€7(0) — £, (0)§”1(0) — €57 (0)€-1(0) — &5'(0)€241(0)
~engy _ 2p(0)
&0 = 2

So we see that L = sl(2,R).

Let T be the automorphism of the Lie algebra L defined by the shift £(t) —
&(t+2m). The fixed points of T are exactly the periodic solutions of the differential
equation £ +2p¢’ +p'¢ = 0. But every automorphism of s[(2, R) has fixed points,
because for every T : sl(2,R) — sl(2,R) there exists a ¢ € GL(2,R) such that
T(X)=gXg ' and Xo =g — tr(g)] €sl(2,R) is a fixed point for T. O

7.5. Coadjoint orbits containing constant moments.
The results of this paragraph can be found in [Kirillov, 1982]. In the special case
p = pdt? constant, the stabilizing algebra 9(p,c) consists of those vector fields which
satisfy the equation
Cf”’ _|_ 2p£/ — O

Proposition. The isotropy Lie algebra is isomorphic to sl{(2,R) if p = ";c for
some n € N, and isomorphic to R otherwise.

Proof. The differential equation y” + ay = 0 has nontrivial 27-periodic solutions
if and only if @ = n2, namely linear combinations of cosnt and sinnt. Hence the
2m-periodic solutions of the equation c£” + 2p¢’ = 0 are constants if 27” #n? and

are generated by 1, L cosnt, + sinnt if 22 = n2,
‘n ’n c

. (4, for p # %c
(pye) = .
<%, % cosnt%, % s1nnt%>, for p = %20.
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From the commutation relations

d d d
[%, - bmnt%] = —— cosnta
d 1 d
[ﬁ’ fcosntﬁ] = ﬁslnntﬁ
[l cosnti fbmnti] = i
dt’ dt dt

we see that the last Lie algebra is isomorphic to s[(2,R). O

Proposition. The isotropy group of a constant moment (p,c) € Orey 1s the sub-
group PSL™ (2,R) of Diff { (S), of n-fold coverings of elements in PSL(2,R) if
p= %ZCdtQ, n € N, and the subgroup of rotations for all other choices of p.

Proof. 1.Method. To detect the Lie subgroups of Diff, (S') corresponding to the
isotropy Lie algebras determined in the preceding proposition. (Every finite di-
mensional Lie algebra of smooth vector fields on M arises from a Lie subgroup of
Diff(M)).

The 1-parameter subgroup in Diff; (S') of 4 is Rot(S') the subgroup of rota-
tions. The asociated 1-parameter subgroup to sint% is {z +— 2arctg(e®tg §) 1 a €
In fact we extend these maps defined around 0 uniquely to R by @(x + 27) =
@(x) + 27. As mappings from R U co = S! to itself they are Moebius transforma-

tions:

R}. The 1-parameter subgroup of cos t% is {x — 2arctg

(e + 1Dz +e*—1
(e =1z +e*+1

and they generate the 3-dimensional Moebius group. Hence the Lie subalgebra
corresponding to PSL(2,R) is <%, sin t%, cos t%).

Lifted to R, the n-fold covering map of the circle p,, becomes the multiplication
by n, hence the vector fields %7 Sint%7 cos t% are p,-related to %, %sin nt%,
%cos nt%. Then

Pn o Flfzg = F1§ OPn
and we conclude from the first part of the proof that the Lie subalgebra

<i 1 sin nti 1 cos nti>
dt’ n dt’n dt

arises from

PSL(n)(Q,R) = {p € Diff  (S") : ppop = Aop,, AcPSL(2,R)}.
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2.Method. For p = %20, this result can be obtained directly on the group level.
Recall that the coadjoint action on gy,  is

Ad (1) (pdt?, ) = (((p o )@ + cS(p))dt?, ),

(the left side of the equality we can actually also compute using an arbitrary cov-
ering @ of ¢). Hence in the case where p = ";c is constant, the isotropy group
is
. 1 n2 /2
Gpe) = {p € Diff4(57) : —-(¢" = 1) + 5(p) = 0}

Next we will show that these diffeomorphisms are n-fold coverings of Moebius trans-
formations. We have the following equivalences:

RS STJ(Z, R) < fo@po f~!is a Moebius transformation
& S(fogof ) =0

& 3@ - 1) +5(g) =

The computation uses S(f) = 3:

S(fogof ) =(S(fop)o f ()
= (S() 0 B)(F)? + 5(5) —
(U@ 1)+ 5@) 0 7 ()Y

So we get in the case n = 1 that G, ) = PSL(2,R). For the general case we show
that )
PSL" (2, R) = {p € Diff+(8") : T-((¢)* — 1) + S() = 0}.

Indeed, the condition p, o ¢ = A o p, which is the definition of PSL(”)(Q,]R),
transcribes to n@(t) = @a(nt) in Diff (S!). The result follows then from the
equivalences:

S(6)(1) = S(- dopaon1d)(t) = S(pa 0 n1d)(1)
2

n n2
=nS(¢a)(nt) = —3((@;)2("15) -1)= —7(@’)2(15) -1

We find that the isotropy group of (%- “c, ¢)is PSL™M(2,R). O
Corollary. All constant moments are pairwise nonequivalent.

Proof. Let p; = p1dt?, ps = padt? be constant moments and suppose there exists a
¢ € Diff, (S') such that Ad*(¢)(p1,c) = (p2,c). Then the isotropy groups Gy, o
and Gy, ) are conjugate by ¢. This can occur only if both are equal to Rot(S b
and ¢ normalizes Rot(S'). Then for every a € R, there exists a b(a) € R with



Coadjoint orbits in infinite dimensions 41

@o R0t = Ry, i.e. ¢(t+a) = @(t) + b(a) for every t. We get ¢’ is constant,
hence ¢ € Rot(S1). The relation Ad*(¢)(p1,c) = (p2,c) gives

p1=p2(@)? +cS(P) =pal +c0=py. O

Conclusion: To every pair of real numbers (p, ¢) corresponds a different coadjoint
orbit Op .

2
Op.c = Diff  (S')/Rot(S), if p # %C

2

7.6. Locally projective structures on S'.

Definition. A projective transformation in R is a restriction of an element in
SL(2,R) to an open set. A local projective structure on S! is a complete atlas of
S with projective transformations as transition mappings.

Remark. Every projective transformation in R is the restriction of a unique element
in SL(2,R).
Proposition. The problem of classifying coadjoint orbits with ¢ # 0 in the Vira-

soro-Bott group is the same as that of determining all local projective structures
on S

Proof. First recall that SL(2,R) = {¢ € Diff(S') : S(¢) = 1 — 1@)*}. Let
{fa : Uy C St — R} be a complete projective atlas on S'. We define p, =
cS(fa) + £(fL)?* : Uy € S* — R. The transition mappings f, o fﬁ_1 are projective
transformations, i.e.

(a0 5P

N

S(fao f[;l) =
Hence
“pa=5(fuo S5 0 fo) + (a0 S5 0 fo) )

= (S(fao f5') o fa)(fp)* + S(fp) + %(((fa o f5')')? o f5)(f5)?

= (fa) + 5 (1) = ~av

on their common domain of definition and so they can be pieced together to give a
smooth map p: S — R.

A projectively equivalent complete atlas is of the form {f,o¢ : ¢~} (U,) C S* —
R} for a fixed diffeomorphism ¢ of S'. The smooth map ¢q : S' — R defined by
this atlas is:

“a=5(fa09) + 3((Jao®))

= (5(fa) 0 9)#')? + 8(9) + 5((12)? 0 @) (&) = 2 (b0 9)(¥)? + 5(),

C
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hence (p,c) and (g, c¢) lie in the same coadjoint orbit.
For the converse let’s consider (p,c) € gy.,. The ordinary differential equation

of 3-rd order )

p=cS(f)+ ic(f')2

has local solutions {f, : U, C S' — R}. We show that they form a complete
projective atlas on S*:

SUfao 151 = (SUa) o £5)(U5))? + 5057
= ((SUa) — SUa)) 0 (7YY
= S~ G o T = 5 — 5 (a0 £

hence f, o fg 1is a projective transformation in R. The completeness of this atlas:
let ¢ € §I:(27R), ie. S(¢) = L(¢")?, and f, a chart of this atlas. Then @ o f,

1
27 2
is again a chart of this atlas because

S(@0 Ja) + 5((#0 1)) = (SB) 0 fa (A + S(fa) + 5(B 0 fu) (1)
1

= S(fa) + 5 (1) = 2.

It is clear that the two constructions are dual, hence the conclusion. [
7.7. The conjugacy classes in SAI:(Q,]R).

Proposition [Kuiper, 1954]. The equivalence classes of locally projective struc-
tures on S' are in one-to-one correspondence with conjugacy classes in SL(2,R).

Proof. Let Z be S! equiped with a locally projective structure {f,} and Z a con-
nected component of the topological space of all germs of all coordinate charts in
the complete projective atlas with the topology determined by the base

Ny = {germ,(f) : z € Dom(f) C S'}.

The mapping germ_(f) € Z — f(z) € R is a homeomorphism, because in
one connected component we can find only germs of coordinate maps obtained by
extending a fixed coordinate map (extending also around the circle). Let g be
the coordinate map obtained by extending f exactly one time around the circle
(Dom(f) = Dom(g)) and let h = gf~! be the projective transformation on R
representing the coordinate change.

The mapping

germ (f) € 2 z€Z

is a universal covering projection. The fundamental group of Z operates on Z as a
group of projective transformations generated by the element i € SL(2,R):

h™ : germ, (f) — germ,(h" o f),n € Z.
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Another connected component Z1, determined by the coordinate map f1, defines
in this way an element h; € SNL(Z,R) conjugate to h, because f; = ¢f for some
@ € SL(2,R) implies g1 = 3g and then hy = g fit=phg L.

So the locally projective structure { f,} defines a conjugacy class [h] in SAIJ,(Z7 R).
An equivalent structure f, o with ¢ € Diff, (S'), defines the same conjugacy class

becauseA (gop)o(fop)t :go/f:l.

Let h be a conjugacy class in SL(2,R). We define
Z :=R/{h"™ :neZ}
with the locally projective structure induced by the (unique) obvious locally pro-
jective structure on R defined by SL(2,R). The two constructions are dual. [

In [Segal, 1981] there is a direct proof to the fact that the coadjoint orbits in the
Virasoro Bott group are in bijection with conjugacy classes in éi(?, R).

The conjugacy classes in SL(2,R) are of three types:

—elliptic, if | tr A| < 2;
—hyperbolic, if |tr A|] > 2;
—parabolic, if | tr A| = 2.

Correspondingly, the conjugacy classes in §E(2, R) are of three types. They are
determined by the trace and the component in which they lie. The elliptic classes
are all in the image of the exponential map and have dimension 2. The parabolic
classes are 1-dimensional, the hyperbolic classes 2-dimensional. Only those in the
0-component lie on 1-parameter subgroups.

A coadjoint orbit has a constant representative if and only if the corresponding
conjugacy class in SL(2,R) lies in the image of exp [Segal, 1981].

The picture of STJ(Z, R) and its conjugacy classes is obtained after rotating the
following picture around the horizontal axis. The image of the exponential map is
the complement of the dashed part:

7.8. Hill’s equation and superalgebras.
This section follows [Kirillov, 1982]. With every regular moment (p, c), ¢ # 0 we
can associate an auxiliary equation, known as Hill’s equation:

2cu” () + p(t)u(t) =0
We consider u = u(t)y/ 4 as the square root of a vector field (or a density of weight

—3) and the natural action of Diff . (S1) :Ad*(¢™!) = ¢*u = (uo ) (') 2.
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Lemma. Ifu is a solution of the Hill equation associated to (p,c), then Ad* (¢~ )u
is a solution of the Hill equation associated to (q,c) = Ad*(¢~1)(p,c), for every

Proof.

(wo)(¢) 3 y"

N |

(p*u) = (u 0 p)(¢)7 —

* 3 3 _s 1 _3
(p"u)" = (W0 p) ()2 + S (uop)(¢) 72 (¢")* = S(uop)(¢) 2 ¢".
Using 2cu” + pu = 0, we get

3
2

2e(07u)" = ((—pu) 0 ) ()2 + Se(uo @) (") "2 (¢")

3
2
_3 .
—c(uop)(¢) ¢ = —(p*u)[(p o )(¢')* + S ()]
Hence ¢*u is a solution of the equation 2cv” + qv =0. O

The known fact that the product of any two solutions of Hill’s equation is a
solution of the equation c£” + 2p&’ + p’€ = 0 which characterizes the isotropy Lie
algebra, has an interpretation in the language of superalgebras.

The Ramon superalgebra «y is the set of pairs (&,u) with £ a vector field on S*
and v the square root of a vector field on S' with the operations

d d] o d

[gdt’ndt_ =—(&n —577)%

d d | .1, [d
lgdt’“\/;_:_(g“_f“) o
\/E \/7_ -

(3 %71} %_——UU%

The even part of the Ramon superalgebra is g = Vect(S!) and the Virasoro
cocycle

2m

w(&,mn) = ; gdn’

on g can be extended to the whole superalgebra by

27
w(uﬂ%,m/%) :4/0 uvdt
d [d

The extension 7 is again a superalgebra with even part the Virasoro algebra g and
odd part the densities of degree —%. The bracket operation in 7 is

(&, A w), (0, 1, v)]

d
)
for (&, A), (n, ) € g and u, v —3-densities. This induces a coadjoint action ad™ of ~
on the super-moment-space 7*, because the extension is central.

2m
1 1
= (= (& — &n + 2uv) / (" + du'v"), =(&v" — S&v —mu' + Sn'u)
dat’ J, 2 2
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Proposition. The isotropy superalgebra of the regular moment (p, c,0) is
_ d d . " ! /¢ " _
'y(pyc)—{(fa,u %).cg +2pg" 4+ p'é =0,2cu” + pu =0}

Proof.

(ad™ (&, u)(p, ¢, 0), (0, 1, v)) = {(p, ¢, 0), —=[(§,0,u), (1, i1, v)])

2
— (p el — €+ 2u0) — / " + 4'0')
0
21T

= /ZW(pﬁn’ —p&n—c€n’) + 2/ (puv — 2cu'v")
= <(0*(65"’ +2p¢’ +p'€),0, 2(261/? +pu)), (0, 1, v))
for every (1, pt,v) in the Ramon superalgebra. We get the coadjoint action
ad” (€,u) (p, ¢, 0) = (—(c&”" + 2p€' +P'€),0,2(2cu’” + pu)

and the desired form of the stabilizing superalgebra. O

Now two solutions uy, us of the equation

2cu’ +pu=0

define two elements (0,0, w14/ %), (0,0, \/%) of the even part of the superalgebra

Y(p,c), hence
A K P
UV g | T Ty

belongs again to v(, ). This means that ujuz is a solution of

cg/// + 2p§/ +p/§ — 0'

8. The coadjoint orbit Diff { (S1)/ Rot(S?)
8.1. The symplectic structure.
Let G be a (possibly infinite dimensional) Lie group with Lie algebra g. There
exists a canonical symplectic structure on each coadjoint orbit
O, =Ad"(G) 2 G/G,., acg.

Construction. We define an alternating bilinear form on g by

wa(X,Y) = (o, [X,Y]).
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The kernel of w,, is the isotropy Lie algebra g,,, because wq (X,Y) = —(ad*(X)a, Y).
Then w, projects to a weakly nondegenerate alternating bilinear form on g/ga,
denoted also w,. This is G,-invariant, so it defines a G-invariant 2-form on G/G,,.
By identifying T30, = {(x(8) : X € g} this means

wa(CX(B)vCY(/B)) = </65 [X7 Y]>

Indeed, if 8 = Ad"(g)a, then w(Cx(B),¢v(B))= w(Caag—1)x (), Caag-1y (@) =
(o, [Ad(g71) X, Ad(g71)Y]) = (Ad*(9)a, [X, Y ])= (B, X, Y]).

This is a closed non-degenerate form, hence a symplectic form on the orbit. w is
closed because

dw(Cx,Cy,(z) = (xw(Cy, (z) + Cyw((z, (x) + Czw(Cx, Cy)
- w([CX7<Y]’CZ) - w([<Y7<Z]’CX) - w([CZaCX]vCY)

and the identities

(G ) (B) = 5 ],(Gr G2 (A (expX).)
@ | (A" (exptX). 8,1, Z]) = (ad"(X).8, 1Y, Z]) = — (5, [X, Y, Z])

Tt
w([Cx,¢y], €2)(B) = w((x,v,C2)(B) = (B, [[X, Y], Z])

reduce the closedness condition to the Jacoby identity. w is non degenerate because

w(Cx(8),¢v(B)) =B([X,Y]) =0forall Y € g is equivalent to Y € gg, i.e. {y(8) =
0.

Moreover, the action of G on O, is Hamiltonian with symplectic moment the
inclusion O, < g*. This means (x = Hey:

devyx .Cy(B) = %|0 evx (Ad*(exptY).B) = (ad*(Y).8, X)
= (B, [X,Y]) =w((x(8), v (B)) = icxw-Cy (B), VCy (B) € T30,

and the map X € g+ evx € C*°(0O,,R) is a Lie algebra homomorphism:

{eVXaeVY} = W(HcvxyHch) = W(CXa CY) = eVixy] -

Now we consider the case of the Virasoro-Bott group and the coadjoint orbit
of the constant moment (p,c) = (p(dt)?,¢) € 5., with %p # n%, n € N, which is
diffeomorphic to Diff; (S1)/Rot(S?).

The references for the rest of this chapter are [Kirillov, 1990] and [Kirillov, 1990].
We compute the bilinear form w, .):

Wp.e)(§:m) = ((p-), (w[fénj?))
o ’ 27
= p/ (€ —&mydt e | &dt
) 0
27

= E(2pn’ —en)dt, Vén e g.
0
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If we expand &, n in Fourier series

€)= &e™ () = > me™,

kEZ kEZ

(the coefficients &, m, € C verify & = € 1, Tp = 1) We get

27
W(p,c) (5, 77) = / (Z gkezk’t)(Qpi Z lmezlt _ Ci3 Z l3mezlt)dt
0 kEZ €7 ez
- iZ@p(*k) + c(—k)*)Ekn—k
k>1
=1 Z(2pk + ck®)Ex Tk
k>1

=TIm(>_(2pk + ck®)&ie).

k>1

The tangent space at (p,c) to the orbit can be identified with Vect(S*)/R, i.e. the
space C§°(S1) of smooth functions on the circle with zero integral. This means the
0-coefficient &y in the Fourier expansion is zero.

This two-parameter family of non-degenerate alternating bilinear forms wyy, )
on Vect(S')/R form by Diff; (S1)-invariance a two-parameter family of different
homogeneous symplectic structures on Diff ; (S1)/ Rot(S?).

8.2. The almost complex structure.
The Hilbert transformation operator J on C§°(S') 2 Vect(S1)/R is defined by

_ L [T )
27 ), thT_t

J(€)(s) dt.

For a Fourier series this means J(3_; 4 Epettt) = > kzo 16k (sgn k)e* and we see
that J? = —I. Because J is also Rot(S!)-invariant, it defines a Diff ; (S1)-invariant
almost complex structure on the homogeneous space Diff | (S1)/Rot(S!). The
eigenspace corresponding to the eigenvalue i is

Vio={> &e* g = igpsgnk} = {>_ &e'*'},

k+£0 k>0

the space of boundary values of holomorphic functions in D := {z € C: |z| < 1}
and the eigenspace corresponding to the eigenvalue —i is V_ = (V. )1, where the
orthogonality is relative to the scalar product

O &re™ Y e = G

J satisfies the integrability condition [J, J] = 0, but in the infinite dimensional
case this doesn’t assure the existence of a complex structure.
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Proposition. On Diff, (S')/Rot(S!) there is only one integrable almost complex
structure which is Diff ; (S1)-invariant.

Proof. To give a G-invariant almost complex structure J on G/H is the same as to
give an H-invariant decomposition

(g/h)¢ =V, ® V_,where V_ = V.

Here V. and V_ are the eigenspaces of JC at 0 corresponding to the eigenvalues i
and —i.

Let 7© : g© — (g/h)C be the complexification of the canonical projection 7. J
is integrable if and only if p, := (#%)71(V,) is a Lie subalgebra of g©. Indeed:
let I : G x (G/H) - G/H and (x the fundamental vector field induced by this
action. The vector fields Rx x 0 on G x (G/H) and (x on G/H are [-related for
every X € g. The complex distribution on G/H obtained by translating V. with
the G-action is generated by (x, where X € p,. J is integrable if and only if this
distribution is integrable. This is equivalent to the integrability of the distribution
in G generated by Rx with X € py, i.e. [p4,p4+] Cpo.

Hence it suffices to find all Rot(S!)-invariant decompositions of

Coo(S)E = {D_&re™ : &, € C fast falling}.
k#£0

Such a decomposition has the form Vy @ V_4, where Vi = {374 £pe’™) with
A C Z — {0}, because

Ad(Rﬁ)(Z é—keikt) — ngeikﬁeikt'
The condition that p = {3, au(0y Ek€”™'} is a Lie algebra gives
ke AU{0},k#1l=>k+1ec AU{0}.

We use here the fact that

o d e d - d
ikt ilt _ i(k+1)t
el =il =k il
e g T e
Hence A =N or A = —N and the required decomposition is unique. O

8.3. The complex structure.
The set of univalent functions

F :={f: D — C holomorphic : f(0) =0, f'(0) =1, f injective}
is an infinite dimensional complex manifold; the coordinate map is

z4 ezt + - (1, e, )¢ €C.
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Proposition. The spaces Diff { (S')/Rot(S') and F are homeomorphic.

Proof. Let f € F. By the Riemann mapping theorem, there exists a uniquely
defined, modulo Rot(S'), biholomorphic mapping g : C — D — C — f(D) such that
g(00) = c0. Then v = f~log:dD — 9D is an element of Diff { (S!) defined
modulo Rot(S1).

Conversely, let v € Diff | (S'). The complement of D in the Riemann sphere C,
denoted A, is homeomorphic to D, so we can glue D and A along their boundaries
using v and we get @7 =D Ly A. The analytic structure on Cv is given by the

condition
. A . F|D,F|A analytic
F:Cy — C analytic & i
F continuous.

The Riemann surface C, is topologically a sphere and depends only on the class
of v in Diff { (S1)/Rot(S!). By Riemann’s uniformization theorem, (ACW is biholo-
morphically equivalent to the Riemann sphere C. The automorphisms of C form
the group of Moebius transformations which is 3-dimensional, hence we have 3 free
complex parameters in the choice of the biholomorphic map F : ((AL, — C and the
conditions F'(0) = 0, F(o0) = oo, F’'(0) = 1 uniquely define F. We assign to the
class . Rot(S!) the univalent function f = F|D € F. This is the inverse of the
map defined earlier because if g := F|A, then foy=gon S'. O

Moreover, the homeomorphism constructed above and its inverse are smooth
(they map smooth curves into smooth curves), so the spaces Diff, (S')/Rot(S)
and F are diffeomorphic. Hence on Diff ; (S)/Rot(S!) there is a complex struc-
ture: the one induced from F. Is this diffeomorphism Diff | (S1)-invariant? If
yes, then it integrates exactly the almost complex structure given by the Hilbert
transformation.

8.4. The Kaihler structure.
For every pair (p, c) with 2?” # n?, the complex structure .J is compatible with
the symplectic structure w, q):

Wipe)(JE TN) = wipe) (O ik (sgnk)e’™ > " iny(sgn k)e™)
k#0 k#0
= —i > (2pk + ck®)(i&k sgn k) (ink sgn k) = —i > (2pk + ck®)&xiin = wp.e) (1),
k>1 k>1

hence they define a family of Kéhler structures on Diff ; (S')/ Rot(S1):

Z(2pk + ck®)dcydcy.

k>1

9. Subgroups of the diffeomorphism group

9.1. Diffeomorphisms preserving a given structure.
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Definition. Let w be a differential p-form on M.

A diffeomorphism ¢ of M is said to be an automorphism of w if ¢*w = w and a
conformal transformation of w if p*w = pw for some positive valued function p on
M.

An infinitesimal automorphism of w is a vector field £ on M such that for every
element (¢, x) of the domain of the flow of &,

(FI§) w(x) = w(a);
and a conformal infinitesimal transformation of w, if
(FI§) w(w) = p(t, 2)w(x)

for a positive valued smooth function p.

Proposition. A vector field £ is an infinitesimal automorphism of w if and only if
Lew =0

and a conformal infinitesimal transformation if and only if
Lew = Iw

where A\ is a smooth function on M. The function X is related to p by

p(t,z) = exp(/0 Ao FIE(z)dr).

Proof. The assertion that £ is a (conformal) infinitesimal automorphism implies
Lew =0 (resp. Lew = Aw) follows from

= ‘O(Flf)*w = Lew.

The converse in the first case: let Lew = 0, then (Flf)*w is constant in ¢:

S ) = | (FIE )0 = (FI) | (FI9) w0 = (1) (£qw) =0
hence (Flg)*w = (Flg)*w = w.
The converse in the conformal case: let £ satisfy Lew = Aw. Then

L) w) = (FI) (Lew) = (FIE)" (W) = (10 FI)(FI)

and so the curve t — C(t) = (Flf)*w(x) in APT¥ M satisfies the ordinary differential

equation:
{ #O(1) = (Ao FIi(2))C(1)
C(0) = w(x)
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whose unique solution is t — p(¢, z)w(z), where

p(t,z) = exp(/o X o FIE (z)dr).

Hence (Flf)*w(x) = p(t,x)w(z). O

The set of infinitesimal automorphisms of w and the set of conformal infinitesimal
automorphisms of w are Lie subalgebras of Vect(M). We give the proof in the
conformal case: let &, n € Vect(M) such that Lew = Aew, Lyw = Aw, for A¢, A,
functions on M. Then L jw = [Le, Ly]w = [£(Ay) —n(A¢)]w, hence [€, 7] is again a
conformal infinitesimal automorphism of w. However the group of automorphisms,
resp. conformal automorphisms of w in general do not form a Lie subgroup of
Diff (M), because it is not always a manifold. This can be done by putting some
non-degeneracy conditions on w.

(a) The group of symplectomorphisms.

Let (M,w) be a connected smooth symplectic manifold, i.e. w is a closed 2-form
on M such that w™ is a volume form. The space of infinitesimal automorphisms of
w:

Vect(M,w) = {€ € Vect.(M) : Lew =0}

is a Lie subalgebra of Vect.(M). In [Michor, 1980] it is shown that the group of
symplectomorphisms

Diff .(M,w) = {p € Diff (M) : p*w = w}

is a Lie subgroup of Diff.(M) and, if M is compact, its Lie algebra is the space of
infinitesimal automorphisms of w.

The vector space Vect.(M,w) can be identfied with Z!(M), the space of closed
differential 1-forms on M with compact support, because the correspondence £ —
i¢w is an isomorphism between vector fields and 1-forms by which the infinitesimal
automorphisms of w correspond to the closed 1-forms

d(igw) = ng =0.

(b) The group of volume preserving diffeomorphisms.

Let 4 be a volume form on the compact manifold M. Let Diff (M, pu) = {p €
Diff (M) : ¢*u = p} be the volume preserving diffeomorphisms (the automor-
phisms of p) and Vect.(M,p) = {{ € Vecto(M) : Lep = 0} the Lie algebra of
infinitesimal automorphisms of p.

The divergence of a vector field £ is the unique function div such that Lep =
(div &)p, so the infinitesimal automorphisms are the zero divergence vector fields.

It follows from the next theorem that Diff.(M, i) is a submanifold of Diff.(M),
hence a Lie subgroup with Lie algebra Vect.(M, ).

Theorem. [Ebin-Marsden, 1970]. Let M be a compact orientable manifold and
to a volume form on M with total mass 1. Then Diff(M) splits smoothly into
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Diff (M) = Diff (M, po) x Vol(M), where Vol(M) is the space of all volume forms
with total mass 1.

Proof. We construct first a smooth mapping 7 : Vol(M) — Diff (M) such that
T(p)*po = p. Let py € Vol(M) and py = po + t(p1 — po). We search for a curve
t — ¢ in Diff (M) with ¢} pu: = po and we will find one as the evolution operator
of a well chosen time dependent vector field X3, i.e. %(pt = X; o0y, po = 1d. Then

0= %(soi‘ut) = @i Lo+ @p (B — po)

implies Lx, 1y = po — p1. Because [, (11 — po) = 0, there exists an (n — 1)-form
w such that dix,pu: = po — p1 = dw and we can choose by using Hodge theory
(so the condition M compact is necessary) w depending smoothly on uq. Then
it is sufficient to choose X; as the unique time dependent vector field satisfying
ix,p+ = w (this is possible because p; is a volume form for every ¢). Now we denote
by ¢ the evolution operator of this X; and by going back we find %(@2‘ ) = 0,
hence @1 = po. The mapping 7 can be defined as 7(u1) = ;' and it is smooth
because it maps smooth curves into smooth curves.

Now let the mapping ¥ : Diff (M) — Diff (M, u) x Vol(M) be given by ¥(y) :=
(poT(p* o)™t p* o). Its inverse is W1(¢), u) = 1 o 7(1) and both are smooth
because 7 is smooth (see also chapter 2.), hence the conclusion. O

Corollary. For a compact orientable manifold all the groups Diff (M, u) are dif-
feomorphic.

Proof. From the theorem it follows that Diff (M) acts transitvely on the space of
volume forms of total mass ¢. Let p; and py be volume forms with mass ¢, then
the groups Diff (M, 1) and Diff (M, us) are the isotropy groups of u, respectively
t2, hence they are conjugated subgroups in Diff(M). If ¢ is a constant, then
Diff (M, p) = Diff (M, cpt). These two facts solve the problem. O

(¢) The group of contact diffeomorphisms.

Let (M,«) be a strict contact manifold, i.e. « is a 1-form on M such that
a A (da)™ is a volume form. It has been shown for a compact manifold in [Ratiu-
Schmid, 1981] that the group of contact diffeomorphisms

Diff (M, «) = {¢ € Diff (M) : p*a = par, p € C(M)}
is a Lie group with Lie algebra the space of conformal infinitesimal transformations
Vecto (M, o) = {£ € Vecto (M) : Leao = Aa, A € C°(M)}.
Proposition. The map
€ € Vect(M, a) — fe = a(f) € C°(M)

is an isomorphism.

First we need a lemma.
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Lemma. There exists a unique vector field e on M, called the Reeb vector field
on M, which satisfies the following conditions:

Proof of the lemma. We show that these conditions are equivalent to
ic(a A (da)™) = (da)”

and from the fact that a A (da)™ is a volume form we get the existence and unique-
ness of e.

The direct implication is evident. For the reverse let ic(a A (da)™) = (da)™.
Because i. o i, = 0, we have i.(da)™ = 0. Consequently (da)™ = i.(a A (da)™) =
(icar)(da)™, therefore icac = 1. On the other hand 0 = i.(da)™ = n(i.da) A (da)™ 1,
and (da)™ # 0, therefore i.da =0. O

The tangent bundle may be decomposed into
TM = ker da @ ker a.

Indeed, ker de is of rank 1 (generated by ¢), ker « is of rank 2n (called the horizontal
bundle) and the intersection is 0 because if ica = 0 and ieda = 0, then i¢(a A
(da)™) = 0 and this implies £ = 0. It follows that every vector field is uniquely
determined by éca and i¢da. The unique decomposition of a vector field £ is:

€ = (iea)e + (€ — (iga)e).
Proof of the proposition. Every infinitesimal contactomorphism £ is completely de-
termined by the function fe = «(§), because the relation Leav = Ao may be written

dfe +icda = Ao

Since i.da = 0 and i = 1, after applying i we get A = i.(dfe). Finally
iedo = ic(dfe)oc— dfe depends only on fe, also icov = f¢, and together they uniquely
determine &.

It remains to verify that every £ defined in this way starting with an arbitrary
smooth function f, is an infinitesimal contactomorphism:

Lea = igda+ d(ica) = ic(df)a — df +df =i.(df)a. O

This isomorphism restricts to an isomorphism between Vect.(M, «) and the space
of smooth functions on M with compact support C°(M).

9.2. Splitting subgroups.
Let (M,w) be a symplectic manifold. The symplectic form induces an isomor-
phism & — dew
w : Vect(M) — QY (M).

The space Vect(M, w) is the preimage of Z'(M) and the space of Hamiltonian vector
fields Ham(M, w) is defined as the preimage of B (M) under this isomorphism. The
Hamiltonian vector field with generating function u € C*° (M) is denoted by H,.
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Remark. Ham(M,w) is a Lie subalgebra of Vect(M,w) because
[Vect(M,w), Vect(M,w)] C Ham(M, w).

This follows from ife ;jw = [Le,iplw = Leiyw = digiyw + iedipw = d(w(n,§)) for
every &,n corresponding to closed 1-forms.
Let (M, ) be a smooth manifold with a volume form. This induces an isomor-
phism & > icpu
w2 Vect(M) — Q™1 (M).

The preimage of Z™~1(M) is the Lie subalgebra Vect(M, ). The preimage of
B™~Y(M) is denoted B(M, u).

Remark. B(M, ) is a Lie subalgebra of Vect(M, u). Indeed, for &, € Vect(M, )
we have ie ;0 = d(igiyp), hence
[Vect(M, w), Vect (M, u)] C B(M, ).
The exact sequence
0 — BP(M) — ZP(M) — HP(M) =0

gives exact sequences of Lie algebras:

0 — Ham(M,w) < Vect(M,w) — H*(M) — 0
0 — B(M, ) < Vect(M, ) — H™ (M) — 0,

where on H'(M) and on H™ 1(M) we put the trivial Lie algebra structure. The
last two remarks assure that the morphisms

€ € Vect(M,w) v [icw] € H (M)
¢ € Vect(M, p) — [ign] € H™ (M)

are Lie algebra morphisms.

Proposition. For a compact manifold, the spaces of closed p-forms and exact
p-forms are splitting subspaces in the space of p-forms.

Proof. Let g be a Riemannian metric on the compact manifold M, § the codiffer-
ential and Harm? (M) = ker(A = dé + dd) the space of harmonic p-forms. Then we
have the following Hodge decomposition

QP (M) = dOP~H(M) @ 6QPT (M) ® Harm? (M).

More precisely, « = d0Ga + §dGa + Ha, where H is the projection on Harm? (M)
and G the Green operator: the projection on HarmP(M)L. Because ZP(M) =
BP(M) & HarmP (M), we get that both BP(M) and ZP(M) are splitting subspaces
of QP(M) O
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Let M be compact. Then the two commutator groups: [Diff(M,w), Diff (M, w)]
and [Diff (M, p), Diff (M, u1)] are Lie subgroups of Diff (M) by [Ratiu-Schmid, 1981]
with Lie algebras (see also 9.3):

[Vect(M,w), Vect(M,w)] = Ham(M, w)
[Vect(M, u), Vect(M, p)] = B(M, p)

respectively. By the isomorphisms w, resp. p, the Lie subalgebras Vect(M,w) and
Ham(M,w), resp. Vect(M, p) and B(M, i), correspond to the spaces of closed and
exact 1-forms, resp. (m — 1)-forms, hence by the proposition they are splitting
subspaces of Vect(M). We just proved the following

Corollary. If M is compact, then Diff (M, w), [Diff (M, w), Diff (M, w)], Diff (M, w)
and Diff (M, ), Diff (M, p) are splitting subgroups of Diff (M).

9.3. The commutator algebra of some subalgebras of Vect(M).

Lemma. The Lie algebras Vect.(R", ) = B.(R",u) and Vect.(R?>"*! «) are
perfect, where p = dx' A --- A dz™ is the standard volume form on R"™ and
o =dz* 1+ 37" xlda" is the standard contact form on R?" 1,

Proof. See [Arnold, 1969] and [Rozenfeld, 1970]. O

Proposition. 1. Let (M, «) be a contact manifold. Then Vect.(M, «) is a perfect
Lie algebra.

2. Let (M, ) be a manifold with a volume form. Then the commutator algebra of
Vecto (M, i) is B.(M, p1). Moreover, B.(M, i) is perfect.

Proof. 1. Let O = {U, : v € I} be an open cover of M with canonical coordinate
domains and (¢, ),ecr a partition of unity subordinated to O. Let & € Vect.(M, «)
and f = a(§). The support of £ equals the support of f and is covered by finitely
many sets of O, say supp& C Uy U---UUy. Let f; = ¢, f and &; € Vect.(M, a)
corresponding to f; by the isomorphism in 9.1(c). Then & = Z?Zl &; and because
the support of &; lies in a canonical coordinate domain we can apply the lemma
and get the conclusion.

2. Let O = {U, : v € I} be an open cover of M with canonical coordinate
domains and (¢, )yer a partition of unity subordinated to O. Let € € B.(M, i) and
choose o € Q"~2(M) such that iept = do. The support of o contains the support
of £ and is covered by finitely many sets of O, say suppo C Uy U --- U Uy. Let
oj = p;o and §; € B.(M, ) corresponding to do; by the isomorphism x in 9.2.
Then ¢ = Z?:l &; and because the support of &; lies in a canonical coordinate
domain we can apply the lemma and get the conclusion. [J

Let (M,w) be a symplectic manifold.
Definition. The symplectic pairing is the alternating bilinear form of H} (M)

([, 18]) == /oz/\,@’/\w"_1 for a, B € ZX(M).

The symplectic pairing is trivial for the cotangent bundle 7* N with the canonical
symplectic structure, because in this case the symplectic form is exact.
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Proposition. The symplectic pairing is nonsingular for compact Kédhler manifolds.

Proof. Let M be a compact Kéhler manifold. Then the Lefschetz Theorem assures
that the map
LF g8 (M) — H™ (M)

which maps [3] to [8 A w*] is an isomorphism. In particular [8] € HY(M)
[BAwn™1] € H?"~1(M) is an isomorphism. Using also the Poincare duality

(lo) () € HXOD) x B 10 = [ anueR
M

we get the non-degeneracy of the symplectic pairing. [

Remark. The generating function of the Lie bracket of £, € Vect.(M,w) is w(n, §)
and satisfies the relation

[ € = il iew)

M
Indeed, using the properties of the inner product we get

0= ig(iyw Aw™) = igipw Aw™ — iyw Adg(W™) = w(n, E)w™ — Niyw Adew Aw™ L

Then w(n, §)w™ = niyw A dew A w™ L.

The space of Hamiltonian vector fields having generating function with inte-
gral zero, is denoted by Ham?(M,w) and is a Lie subalgebra of Ham,(M,w).
This follows from the preceding remark. If M is compact, then Ham(M,w) =
Ham®(M,w) because we can replace any generating function u by the generat-

ing function ugp = u — [ uw™ with integral zero. If M is not compact, then
M

Ham,(M,w)/Ham?(M,w) = R because in this case the Hamiltonian vector field

with compact support determines uniquely the generating function with compact

support and [ : Ham.(M,w) — R which maps £ = H, to [wuw™ is a linear,
M M

surjective map with kernel Ham? (M, w).

Lemma [Arnold, 1969]. Let w = > | da’ A dz""" be the standard symplectic
form on R?". Then the commutator algebra of Vect.(R*",w) = Ham,(R?",w) is
the space Ham?(R?", w). Moreover, Ham®(R?" w) is a perfect Lie algebra.

Proof. Let H, € Hamg(R2”7w), ie. fRQH uw™ = 0. It follows uw™ = dy for an

2n
(n—1)-form £ with compact support, which written in coordinates gives u = gfci- ,

i=1

2n ) —
if p =n! > (=1)zidzt A Adat A -+ Ada®™. Taking
i=1

{ —2*1 if i odd
w; =

', if 7 even
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we obtain the Poisson bracket (see 10.1)

" v, Ow; ov;  Ow; 0z
{vi,wi} = Z(axzz Ox2l—1 ~ Pp2l-1 3:1:21) - Ozt
=1

2n
Hence u = > {v;, w; }.
i=1

To obtain elements H,,, H,, in Ham?(R?*" w) we must:
—multiply w; by a function h identically 1 on the support of ¥ and with compact
support.
—add to v; and w; bump functions with disjoint compact supports in the complement

of supp u; so we make the integral of v; and w; to be zero. The Poisson brackets
2n

remain unchanged, hence H, = " [H,,, H,,] € [Ham?(R?", w), Ham?(R?", w)]. O
i=1

Lemma. Ham(M,w) is a perfect Lie algebra.

Proof. Let £ = H, € Hamg(M, w), i.e. suppu is compact and [ uw™ = 0. There

M
exists a (2n — 1)-form ¢ with compact support such that uw™ = di).

Let O ={U, : v € I} be an open cover of M with canonical coordinate domains
and (¢, )ver a partition of unity subordinated to O@. The support of 1 is covered
by finitely many sets of O, say suppu C suppy C Uy U--- U Ug. Let ¢; = ¢;.
Because w™ is a volume form, there exists a function u; such that dy; = u;w".

k
Then suppu; C suppt; C Uj and u = ) u;, because
j=1

k
uw™ = dip = d(z V;) = Zd¢j = (Z uj)w".

We also have [ ujw™ = [ dy; = 0, hence H, is the finite sum of H,,, € Ham(M,w)
M M

with support in a canonical coordinate domain. Now we can apply the preceding
lemma and we are done. [

For a compact manifold M it follows that Ham(M,w) is a perfect Lie algebra.

Theorem [Calabi, 1970]. If M is a non-compact symplectic manifold, then:

1. The commutator algebra of Vect.(M,w) is either Ham®(M,w) or Ham,(M,w),
depending on whether the symplectic pairing is trivial or not.

2. Ham(M,w) is a perfect algebra. In particular, Ham(M,w) is the commutator
algebra of Vect(M,w).

Proof. 1. The last lemma assures that
Hamg (M, w) = [Ham (M, w), Hamg (M, w)]
C [Vecto(M,w), Vect.(M,w)] C Ham.(M,w).

Because Ham,(M,w)/Ham®(M,w) = R, we have two possibilities: the commuta-
tor group [Ham,(M,w), Ham.(M,w)] is either Ham.(M,w) or Ham?(M,w). The
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second case arises if and only if the symplectic pairing is trivial; see the remark
about the symplectic pairing.

2. Let £ = H, € Ham(M,w). There exists a (2n — 1)-form 1 on M such that
uw™ = dip because H?"(M) = 0. For every open cover O of M, there exists a
number p < dim M + 1 = 2n + 1 and a refinement V of O:

V={U,:veJ=J U---UJ, partition}

such that the open sets (U,), ey, are pairwise disjoint for a fixed & = 1,...,p.
We choose an open cover O consisting of relatively compact canonical coordinate
domains. Then V has the same properties. Let (¢,),cs be a partition of unity
subordinated to V.

Like in the proof of the lemma we obtain a decomposition u = Y u, with the
veJ

properties: u,w™ = di),, suppu, C suppt, C U, and we get functions v}, w?,i =
1,...,2n with support in U, such that

2n
w =y {v),wy}.
i=1

Let up = Y. wy, vp = > v, wi = > w! (these sums have in every point only
veJy vedy veJk ) )
one term). The supports of v!, and w?, are disjoint for ¢ # j, therefore {v’,w)} =0

and
2n

up =y _{vp, wi}.
i=1

p P 2n
Thus H, = > H,, = Y, Z[H,U;LC,sz] € [Ham(M,w), Ham(M,w)]. O
k=1 k=1i=1

9.4. n-transitivity.

Lemma. Let ¢ : (—¢,1 +¢€) — M™ be a smooth embedding. Then every 1-
form (respectively (m — 1)-form) along ¢([0,1]) can be extended to an exact 1-form
(respectively (m —1)-form) on M with compact support in a tubular neighborhood
of the image of c.

Proof. There exists a tubular neighborhood of ¢(—¢,1 + ¢), i.e. a diffeomorphism
from (—¢,1+¢) x R™~! to an open neighborhood U of the image of ¢ in M which
on (—&,1+¢) x {0} coincides with ¢, and whose inverse u : U — (—¢,1+¢) x Rm~1
we may use as a chart with u(c(t)) = (¢,0).
(1) The case of a 1-form.
A 1l-form along ¢ is given by o(t) = >I", a;(t)du’|.4) for t € [0,1], where a; :
[0,1] — R are smooth and we may extend them smoothly to a; : (—¢,1+¢) — R.
Consider the function f : U — R, given by

f=Au") +ulag(ul) + -+ uTan (uh),
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where A;(t) = f(f a1(s)ds. Then df(c(t)) = o(t). Let h,k : R — R be smooth bump
functions such that supp h C (=4,6), suppk C (—e,1+¢), h = 1 in a neighborhood
of 0, and k =1 in a neighborhood of [0, 1]. Then

fi=kuhHhr(@?) .. hu™)f

has compact support in U, so we extend it by 0 to the whole of M, and d f =df
near ¢([0, 1]), so df is also an extension of o.

(ii) The case of an (m — 1)-form.
An (m — 1)-form along ¢ is given by

i=1

where b; : [0,1] — R are smooth functions which we may extend smoothly to
(—e,14¢€). Let us write m = 2k or m = 2k + 1. Then the following (m — 2)-form
B e Q" 2(U) satisfies dfS|.r) = w(t).

k
B=>> Bidu' A--- AduPD A AU A du™ o+ Bdut A A du™
i=1
1

Bi=wnu)+ [ o)
0

51' = U2ib2i,1(ul) -+ U2i71b2i(ul) for 2 S 1 S ]f,
5o —u™ 1, (ul) for m = 2k + 1.
1o for m = 2k

Then 3 := k(u')h(u?)...h(u™)pB, where h, k are bump functions as above, has
compact support in U, so it may be extended by 0 to the whole of M, and since
B = B near ¢([0, 1]) we still have dB|.) = o(t). O

Theorem. Let (M™, u) be a connected smooth manifold of dimension m > 2
with a positive volume density. Then the group Diff.(M, ) of all smooth volume
preserving diffeomorphisms of M with compact support acts n-transitively on M,
for each finite n.

Proof. By the argument used at the end of the proof of the proposition in 5.2
it suffices to show, that there exists ¢ € Diff (M, ) with ¢(z;) = y;, for any
(x1,...,2,) and (y1,...,9,) in M™ which are pairwise disjoint sets in M.

Having fixed the points, we may find an orientable connected open subset of M
containing all points and replace M by this set. So without loss we assume that M
is orientable.

For somee > 0let ¢; : (—¢,14¢e) = M,i=1,...,n be smooth embeddings with
¢i(0) = x4, ¢;(1) = y; which do not intersect. We choose pairwise disjoint tubular
neighborhoods U; of ¢;(—¢,1+¢),i=1,...,n.

We can find a Riemannian metric g on M whose volume form is p. Then the
divergence of a vector field & € Vect(M) is div & = *d*&”, where £ = g(£) € Q' (M)
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(here we view g : TM — T*M) and * is the Hodge star operator. The velocity
field of the curve ¢; defines an (m — 1)-form (¢} o ¢; ')’ along ¢;([0,1]). Using the
lemma we extend it to an exact (m — 1)-form da; on M with support in U; and
weput a=3"  «a; € Qm=2(M). We consider the vector field £ uniquely given by
the relation do = *£°, i.e.

€= (1) (xda)t = (1) g x dav.

Then ¢ is divergence free divé = #d % & = *dda = 0 and has compact support in
the union of all U;. Tt also coincides on ¢; ([0, 1]) with the velocity field of the curve
¢i. Hence FI§ € Diff (M, u) with FI$(z;) = ;. O

Theorem. Let (M,w) be a connected symplectic smooth manifold of dimension
m > 2. Then the group Diff .(M,w) of all smooth diffeomorphisms with compact
support which preserve the symplectic form w acts n-transitively on M, for each
finite n.

This proof will also show that the Lie subgroup of Diff.(M,w) whose Lie al-
gebra is the Lie algebra of compactly supported Hamiltonian vector fields acts n-
transitively on M. This group has been identified as a Lie group in [Ratiu-Schmid,
1981], for compact M.

Proof. By the argument used at the end of the proof of the proposition in 5.2
it suffices to show, that there exists ¢ € Diff .(M,w) with ¢(x;) = y;, for any
(z1,...,2,) and (y1,...,yn) in M which are pairwise disjoint sets in M. We
take again smooth curves ¢; : (—¢,1 +¢) — M with ¢;(0) = z; and ¢;(1) = y;
which are embeddings and do not intersect. Let U; be pairwise disjoint tubular
neighborhoods of ¢;(—¢,1 + ¢€).

The velocity field of the curve ¢; defines the 1-form a; = i, w along the curve c;.
Using the lemma we extend this form to an exact 1-form df; on M with supp f; C U;.
Let f:= fi+ -+ f, and £ := Hy the Hamiltonian vector field corresponding to
f. Then & € Vect.(M,w), the Lie algebra of locally Hamiltonian vector fields on
M with compact support, and coincides with the velocity field ¢} oc; * on ¢;([0, 1]).
Hence F15 € Diff (M, w) and FI§(z;) = y;. O

Theorem. Let M be a connected smooth manifold of dimension m > 2, and let «
be a contact form on M. Then the group Diff.(M, «) of contact diffeomorphisms
with compact support acts n-transitively on M for all finite n.

Proof. By the argument used at the end of the proof of the proposition in 5.2
it suffices to show, that there exists ¢ € Diff (M, ) with ¢(x;) = y;, for any
(x1,...,2,) and (y1,...,9,) in M which are pairwise disjoint sets in M. For
e > 0 let again ¢; : (—e,1+¢) — M be smooth embeddings with ¢;(0) = z;, ¢;(1) =
y; which do not intersect. We choose pairwise disjoint tubular neighborhoods U; of
ci(—e, 1+ ¢).

Let f; : M — R be a smooth extension of a(c}oc; ) : ¢;([0,1]) — R with support
inU; and f:=>"", f; € C°(M,R). Then the unique vector field £ € Vect.(M, o)
such that a(§) = f coincides with the velocity field of the curve ¢; on ¢;([0,1]).
Hence FI§ € Diff (M, «) and FI§(z;) = y; for i =1,...,n. O
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9.5. Finite dimensional coadjoint orbits.

Lemma. Let E = C®(@PTM®IT*M) for M a smooth m-dimensional manifold
and G a subgroup of Diff.(M) with the natural action (¢~ 1)* : E — E, ¢ € G.
Then the orbit of an element of E* = D'(M) @cee(py C™(@PT*M @ Q1T M) with
finite support under the dual action (which is again the natural action) is finite
dimensional.

Proof. Let § € E* and suppé = {z1,...,ox}. Then (p~1)*6 has as support a
subset of {x1,...,zx} and at every point the order is less or equal to the order
of . Let s be the maximal order of § over all the ;. Then

: : s i m m m+s
dim Os5 < N(n +dim ®;_,L7,,,(R [ RPHO™MY) — N(n+(p+ q)m( m )),

which is the dimension of the space of all elements in E* with support consisting
of maximum N points and having at each point the order < s. Hence Oy is finite
dimensional. [

Let G = Diff.(M). Then the adjoint action on g = Vect (M) = C°(T'M) is the
natural action, and the lemma can be applied.

Let G = Diff.(M,w). Then g can be identified with Z}(M) = BL(M) @& H(M)
and the adjoint action is again the natural one on 1-forms with compact support,
restricted to the closed forms. Moreover G acts trivially on the cohomology group
H} (M), because if o € ZL(M), then L¢[o] = [Leo] = [digo] = 0 for every vector
field &, hence [p*o] = [o] for every diffeomorphism ¢. The inclusion of the dual
space BL(M)* = (QU(M)/Z2(M))* = {6 € QY(M)* : S|lzory = 0} in Qo(M)*
is equivariant. So we can apply the lemma in the case E = Q%(M) to get the
finite dimensionality of the coadjoint orbit in Diff .(M, w) of an element with finite
support.

Exactly in the same way, applying the lemma for E = Q7 2(M), we get the
result for Diff .(M, p).

Theorem [Kirillov, 1974]. Let G be one of the groups: Diff (M), Diff.(M,w)
or Diff .(M, ). Then a coadjoint orbit Os is finite dimensional if and only if the
distribution § € g* has finite support.

Proof. One direction has just been proved. For the converse let § € g* be an
infinitely supported distribution. We will show that for any natural number NV,
there exist N linearly independent vectors in the tangent space to the orbit Os at
§, which is ad*(g)d C g*. Let z1,...,zy € suppd and let Uy, ..., Uy be disjoint
canonical coordinate domains, centered at x1, ...,z y respectively. Then there exist
&1,...,&n € g vector fields on M with supp&; C U; and (6,&;) # 0. The Lie
algebras Vect.(R™) and Vect.(R™, i) are perfect (see 5.1 and 9.3), hence in the case
g is Vect.(M) or Vect (M, ), we can find 772@, Ci(l) € g vector fields with support

in U; such that & = Zf;l[ngl), 2-(1)]. The same is true in the case g = Vect.(M,w),
because we can add to & a Hamiltonian vector field with support in U; — {z;} to
obtain an element ¢/ € Ham®(M,w) and still (5,&)) = (6,&;) # 0. Now we can use

the lemma in 9.3 which says that Ham?(R?", w) is perfect.
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Because (0,&;) # 0, there exist I; € {1,...,k;} with

(ad*(¢").6, 0y = (6, ", ¢y # 0.

So we have found N linearly independent tangent vectors at §, namely ad* (Ci(l'i)).d
Indeed, they are not zero and have disjoint supports. Hence Oy is infinite dimen-
sional. [

10. The group of symplectomorphisms

10.1. Multivalued functions.

Theorem. Let (M,w) be a symplectic manifold. Then the space of smooth func-
tions on M with the Poisson bracket {f, g} := w(Hgy, Hy) is a Lie algebra. Consid-
ering also the trivial Lie algebra structure on H°(M) and H*(M), there is an exact
sequence of Lie algebras and Lie algebra homomorphisms:

0 — HO(M) -2 (M) 25 Vect(M,w) -1 HY(M) — 0

where o is the embedding of the locally constant functions, H¢ is the unique vector
field with ig,w = df and (§) = [iew]. In particular the following sequence is also
exact

0 — H°(M) — C*(M) — Ham(M,w) — 0.

Proof. From the first remark in 9.2 we get [£, 7] = H,,(,¢). In particular [Hy, H,] =
H,m, 1, = Hif gy, 50 H is a Lie algebra homomorphism. The other two mappings
in the sequence are also Lie algebra homomorphisms because {¢1, ca} = 0 for locally
constant functions and y([£,n]) = v(Hy,¢)) = 0.

(C>®(M),{,}) is a Lie algebra. Indeed

{f.9t =w(Hy, Hy) = —w(Hy, Hg) = —{g, [}
Hfgh b}y = H{f,g}h = [vaHg]h = HyHsh — HyHyh

:Hf{gah}_Hg{fvh}:{fﬂ{gvh}}_{g7{fvh}}'

The exactness of the sequence at Vect(M,w): vy(£) = 0 if and only if iew = df for
some smooth function f, i.e. £ = Hy. The exactness at the other stages is obvious.
O

Every locally Hamiltonian vector field £ € Vect(M, w) posesses locally a gener-
ating function because i¢w is closed, hence locally exact. So £ defines a multivalued
function on M.

Definition. A multivalued function on M is a smooth function ¢ on M, the uni-
versal covering space of M, such that g o & — g is constant for every covering
transformation o € Aut(M) = {a: M — M : po a = p}. We denote by C°(M)
the set of multivalued functions on M.
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For every multivalued function g, dg is a 1-form on M, invariant under all cov-
ering transformations:

a*(dg) = d(g o a) = d(g + const.) = dg,
hence it projects onto a closed 1-form ¢ on M. Indeed, the fact that dg = p*v
implies p*dd = dp*¥ = ddg = 0 and because p* is injective we obtain di¥ = 0.
Identifying the closed forms with the locally hamiltonian vector fields, we get the

map K : C2(M) — Vect(M,w), an analogue to the Hamilton map H : C*(M) —
Ham(M,w).

Proposition. There is an exact sequence
0 — HO(M) -2 C22(M) 25 Vect(M,w) — 0,

where « is the embedding of the locally constant functions on M into C°(M) C
C>°(M).

Proof. The exactness at C°(M): K(g) = 0if and only if ¢, the projection of dg, is
zero. This means dg = 0, i.e. G is locally constant. Now we prove the surjectivity
of K. Let £ € g and ¥ = iew € Z'(M). The lifted 1-form p*¥ is a closed form on
M, hence exact. Every smooth function on M such that p*9 = dg is a multivalued
function on M: d(go a) = a*dg = a*p*¥ = o™ =dg and so £ = K(g). O

Consequence. The following diagram is commutative and its lines are exact:

Id

00— HOM) —2 s (M) —E . Veet(M,w) ———0

W (
| p]( |

0——— HO M) —2— (M) —H — Ham(M,w) ———0

0——— HO(M) —— 0°°(N) —H— Vect (M, &) —— 0
(

where @ = p*w is the lifted symplectic structure on M and p* : Vect(M,w) —
Vect(M, ) is the lifting of vector fields.

Proof. The exactness of the second line follows from the proposition and the exact-
ness of the other two lines follows from the theorem, after noticing that H' (M) = 0.
Let g be a multivalued function on M. Then ¥ = i 4w and dg = iy (4w, hence the
relation p* o K(g) = H(g) translated in terms of 1-forms is p* = dg the definition
of K(g). The relation K o p*(f) = H(f) for a smooth function f on M is true
because the projection of d(p*f) is df. O

In the case M is connected we have

Ham(M,w) = C°°( )/R = Cg°(M) the space of functions with integral zero,
Veot(M,w) = 3z (M) /R,

Vect(M,w)/ Ham(M,w)' = H* (M)
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and the following sequence is exact:
0 — Ham(M,w) — Vect(M,w) — H' (M) — 0.

For the universal covering p: M — M there is a canonical identification of the
group of covering transformations with the fundamental group of M.

o€ Aut(M) < [d € m (M).

Here ¢ is a loop in M, the projection of a path ¢ in M starting at z and ending at
a(z).

Proposition. For every multivalued function g on M, the assignment
acAut(M) = m (M)~ goa—geR
is a group homomorphism. In fact
goa—g={([J];h(a))

where ¥ = iy g w and h is the Hurewitz homomorphism h : (M) — Hy(M),
h([c]) = c«[SY]; here [S*] is the generator of Hy(S?).

Proof. Let o € Aut(M), o = [c], and ¢ a lift of ¢ starting at . Then:

goa—g=g(a(z)) —g(z)

1 1 1 1
/6*dg=/ E*p*ﬂz/ (p05)*19:/ v
0 0 0 0
)

1 *q 1
=5 Slc ¥ = {e.[V], [S7]

= (W], " [S™]) = (9], h([])) = (9], h()). O

Example. The multivalued functions on the torus 7°2.
Let p: R? — T2 p(x,y) = (e**,e%) be the universal covering of the torus. The
covering transformations Aut(R?) = Z? are
afz,y) = (x + 2mm,y + 2nw), (m,n) € Z*
and the group homomorphisms from Z? to R are
(m,n)—am+btn, o, beR.

By the preceding proposition, every multivalued function on the torus satisfies:

g(x + 2mm,y + 2mn) — g(z,y) = 2r(am + bn), a,b€R.
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Then f(z,y) = g(x,y) — (ax + by) is a smooth function on R invariant under all
covering transformations, hence f is (27, 27)-periodic and can therefore be written
as a Fourier series

flz,y) = Z Crykpe’F1oR2Y) e C fast falling, Gy ky = Coky— ko
(k1,k2)€Z2

Conclusion

CX(T*) ={f :R?* = R?: f(x,y) = ax + by + Z Chy g€ F12HR29) Y
(k1,k2)€Z2

We consider on T? the projection w of the standard form dx A dy on R2.
This is a symplectic form. An unconditional basis for the nuclear Fréchet space

Vect(T?,w) =2 C2(T?) /R is

d
Ei=K(z) = ——
1= K(z) oy
9
By = K(y) = —
2= K(y) = o
Epyp, = K(efFrotkan)) — z’e“’“ﬂ*’”y)(k?@i —h faay), for (k1, k2) € Z* — {(0,0)}.

We denote the function e*(F1#+k29) by ¢, 4 Then the Hamiltonian vector fields

Epyk, = He, ., form an unconditional basis for Ham(7?,w).

10.2. Central extensions of Vect(M,w) which leave a certain scalar prod-
uct invariant.

Let (M,w) a symplectic compact manifold of dimension 2n, g the Lie algebra of
locally Hamiltonian vector fields and g’ the Lie subalgebra of Hamiltonian vector
fields. By choosing a linear splitting of the exact sequence of Lie algebras:

0—g g H(M)—0

we can identify g and H'(M) @ ¢’ as vector spaces. On the vector space g =

HY(M) @ g’ @ Hi(M) there is a natural scalar product determined by the pairing

between H'(M) and Hy(M), and by the scalar product on g’ : (f,g) = [ fgw™.
M

Explicitly:

(1) ((a*afaa>7(b*ag’b)):<a*’b>+<b*’a’>+<f7g>

Any Lie algebra structure extension on g can be defined with the help of a cocycle
on g= H'(M) @ ¢ with values in H;(M): ¢ € Hom(A?g, H,(M)).

0— Hi(M)—g—9g—0

Ki) (Z)] = <C[(§5”7g))7€,n €g,a,be Hi(M).
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Problem: For which Lie algebra structure extensions on g is the scalar product (,)
ad-invariant? This means ([l1,2],13) = ({1, [l2,13]).

Let (e;)i=1...b,,b1 = bi(M) be a basis of H'(M) and & = s(e;) € g. Given a
cocycle which fulfills this requirement, we can define an antisymmetric tensor A by

Qijk = <e’i7 C(§j7§k)>7i7j7 k= 1a ceey bl'
Proof of the antisymmetry:

(GHE D =(6) (Gele)

= (e, c(&,8k)) = aijk

and (1, [l2,l3]) = —(l1, [I3,12]) by antisymmetry of [, |
= —(la,[l1,13]) by ad-invariance of ( , ).
Hence A € Hom(ASHY(M),R) = A3H (M).
Proposition [Kirillov, 1990]. The cocycle is completely determined by this tensor.

Proof. A calculation gives us:

(ei,c(§ + Hp, &k + Hy)) = (ex, c(&i, §5 + Hy)) + /W(&,fj + Hy)gw".
M

Indeed:

(eicl(& + Hy &+ Hg))  def. of ()

B ((%) (J&Tjﬂifﬁg})» def. of [, ] on g

- ((%) [<£j j:)Hf>, <£k EH‘])}) ad-invar. of ()
- (K%) (gj 2Hf)} , (kaBH"» def. of [,]on §
() (007) aeac

= (ex,c(&,& + Hy)) + /W(fivgj + Hy)guw".
M

From this assertion it follows also that

(e, c(&i & + Hyp)) = (ej, c(§k, &) + /w(Ek,Ei)fwn

M

= a;j; + /w(§k,§i)fwn

M
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Using also w(&;, Hy) = =& f, we get

(2)  lencl& + Hy, & + Hy)) = aije + / (FEig + gw(€ &) — fwlén &))"
M

Every £ € g can be written as £ = [ — s(v(§))] + s(v(€)) = Hy, + 251:1 Ai&i, and
(e;) is a basis in H*(M) = (H;(M))*, hence the relation (2) defines the cocycle
c. U

Question. Does the formula (2) always define a Lie algebra cocycle? We should
verify the cocycle identity:

3) c([§,€71,€7) + e([€',€"],€) + c([¢", €], ) = 0.

Lemma. Let ¢ be given by (2). Then the restriction of ¢ to the Lie subalgebra g’
of Hamiltonian vector fields is always a cocycle.

Proof. In this case the defining relation of ¢ becomes:

(eic(Hy, Hy)) = | fEigw™.
/

Then (e;,c([Hg, Hy:], Hpr)) = [{f, f'}& f”w™ and the cocycle identity is equivalent
M
to

/ AL Y+ {4 FYar + {7 Y& w™ = o.
M

To show this we need a few identities:
() Juraer = [y
M M
Indeed:

- [y [ s = [y = @ nairn nent <o
M M M M

(i) L1 =n {58} ey

(a generalization of the Jacobi identity)

E{f 1w = Le({f, f1Y s [} Lew
= Le(dp N df')
= Le(df) Ndf' +df N Le(df')
=d(Lef) Ndf +df Nd(Lef')
=) o+ {16 w
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(i) [erar = [ eetzem =0 weeq
M M
Thus
/ ()6 = / (U P / FUELT T "
- / PGS e — / PGS
M M
—- [ rmesen- [ 1 nefen. ©
M M

Lemma. Ifb(M) = 2, the cocycle identity (3) is satisfied if and only if

(5) /M({f,g}w T df A dg)(6r, E)" = 0

for all f,g in C*°(M) and &,&; in g.

Proof. Let (e1,e2) be a basis of HY(M) and & = s(e;),& = s(ez). Because the
cocycle relation is linear in every argument and because every locally Hamiltonian
vector field is a linear combination of £;,&> and some Hy, it is sufficient to verify
it for them.

We have

(er, el[6,€1,€") = (e c(Hueery o “wn75/)>

_ /Mw@,é) €6 = [ wle e [ e e

Then the cocycle identity (3) is equivalent to:
@ X ([ s et - [ weenn [ we e
cyelic(,¢' ) "M M M

where every £,£',&",£" is £, &5 or a Hamiltonian vector field.
Case 1: None of them are Hamiltonian.

w(&r, &2)w(ér, &) +w(éa, &1)w(ér, &2) +w(, &)w(ée, &) =0

and (4) is satisfied.
Case 2: One of them is Hamiltonian. From (iii) we get [,, w(Hy, )w" =
0 ,V¢ € g. Then (4) becomes

/M(W(§1a§2)W<Hf7€1) +w(Hy, &)w(&e, &) + w(e, Hp)w(&r,&1))w™ =0

and is always satisfied.
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Case 3: Two of them are Hamiltonian. Then (4) becomes

/M<w<51, Hy)o(Hy, €) + w(Hy, € )w(Hy, &) + w(Hy, Hy)w(&r, )"
_ /M<§1f§29 —igbaf + ] w61, )"
_ /M({f,g}w +df A dg)(&r, E2)" = 0.

This is the relation (5), that should be satisfied. In the case all three of them are
Hamiltonian, the cocycle relation is always satisfied by the lemma. [

10.3. Examples and counterexamples.

n—1

The torus T?. By the remark in 9.3 which says that w(&, n)w™ = Niew Nipw Aw
for &,n € g, we get {f, g}w = dg A df and the relation (5) in the lemma is satisfied.
Hence c is a cocycle.

Symplectic forms on the torus are the same as volume forms, hence symplecto-
morphisms are just area preserving transformations. Then, by a result in paragraph
9.1, all the symplectomorphism groups are isomorphic.

Therefore we take T2 = R?/T" with the lattice I' generated by (0, 27) and (27,0),
the universal covering p(x,y) = (€!*,e%) and the sympectic form the projection of
dz A dy. A basis for the Lie algebra g = Vect(T?,w) is (see 10.1)

0 0 ; 0 0
Ei=—— Fy=—, Eg = H,, . =ielF1othay) I
! oy’ ox’ Rk kiky =16 ka2 Oz h Oy

with (k1, ko) € Z* — {(0,0)}. The commutation relations in g are:

[El, Eg] =0
[Ela Ek1k2} = _ikQEklkz
[Ba, By, k] = ik1 Bk,

k1 ko

[Eklkz ’ Elllz]
i s

Ek1+k27l1+l2 .

Next we choose a splitting s of the exact sequence
0—g —g— H(T?) —0
namely s([dz]) = E1, s([dy]) = Eh.

The relation (2) defines a unique cocycle ¢ on g with values in Hy (M), because
/\3H1 (Tz) =0:

(e, c(Ej+ Hy, By + Hy)) = /(fEig + gw(Ei, Ej) — fw(E;i, Ex))w

T2
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Let [c1], [ca] € H1(T?) be the dual basis to [dz], [dy] € H'(T?) relative to the pairing
(I, [o]) = [, . Then

AP ) = ([ ennia(Brevi )l + (| ena(Bens o)l

= (/ _il2€k1+l17k2+12w)[cl} + (/ il1€k1+ll7k2+lzw)[62]
T2 T2
= Z(s(kl + 11)5(]{}2 + 12)(]92[61] - kl[CQD

c(Ej, Bryky) = (/T2 ek koW (B, Ej)w)[en] + (/T2 ey koW (B2, Ej)w)lea]

= 0 because / e krethay) o A dy = 0 for (ky, ko) # (0,0)
T2
C(EZ‘, EJ) =0.

The restriction of the cocycle ¢ to the Lie algebra g’ of Hamiltonian vector fields,
which can be identified with the zero integral functions on 72, i.e. (2, 27)-periodic
functions on R? with fo% 0% f(x,y)dxdy = 0, is

B </02“ /o% fgzg/> lea] & (/0% /0% fgi) [e2] € Hi(T?).

We can obtain a 2-parameter family of R-valued cocycles cop5 on g’ = C§°(T7)
by pairing the cocycle ¢ with elements in H'(T?).

Cap = (Bldx] — a[dy],c) : C§°(T?) x C°(T?) — R.
Hence

2m 21
cap(f,9) / fla g ﬂ )ddye]R

The torus T*.
For the symplectic form w = %(dxl A dxo + dzs A dzy), the cocycle relation
(3) is satisfied. We choose as generators of H'(T?#) the 1-forms dxy,dxs, dxs,dry
d

and correspondingly the locally Hamiltonian vector fields & = —8%2, & = Far
§3 = —,9%4, §a = 8%3. For all possible choices of £,&',£”,£", the cocycle relation

(2) is satisfied. The non-trivial cases are:
(1) HfaHga€17§2

[ (@nes - @oen + (ot =0 =

/ d$1d$2/ {f, 9}Ydzsndz,das A dzy = 0.
T2 T2

The last relation is true because in general [, {f,g}w™ = 0.

(11) 51552763754
/ wlEr, Ea)(E, E4)” / (€1, E2)? / (63, E0)w? = 0
T4 T4 T4

<1-1-1=0
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The relation (4) representing the cocycle identity is not homogeneous in w, hence,
in general, if for (M,w) the relation (2) defines a cocycle ¢, then for (M, aw),
a € R—{-1,0,1} this will not be true anymore. This is the case here.

Riemann surface of genus g > 2.

A Riemann surface M has an essentially unique realization as a two sheeted cover
of the sphere Cx~p C!, branched over 2g + 2 points. It is the Riemann surface of
the algebraic curve

2g+2

w? = H(z—ak), a; # aj for i # j

k=1

We think of z as a variable point in C and then view M as the Riemann surface
on which w is a well defined (single valued) meromorphic function. As a function
of z, w is two valued.

Let 7 : M — C be the covering and P, € M the 2g + 2 branched points. Then
w(Py) = z(Px) = ar. We suppose that all aj, are real numbers. We get a volume
form on M, which is also a symplectic form, by lifting the volume form on P C!

71 dz Ndz
M o U+ 222

to the form w = 7*pu on M.
A basis for the holomorphic 1-forms on M is given by

k—1

2 dz

ap = , k=1,....g
w

hence a basis for H'(M) is determined by the holomorphic and antiholomorphic
forms oy and ay with & = 1,...,g. The locally Hamiltonian vector fields corre-
sponding to them are &, and &, defined by i¢, w = oy,

212k—1(1+ |z|2)22

== ) w 0z
_ 2m ZF1(1 + |2]?)? O

¢y =——""—""—""——

) w 0z

The cocycle relation (4) is written in terms of w(,¢’). In this case

2£Zj712k71(1 4 |Z|2)2

w(£j7£k): i ‘w|2
2 Z1ZR (1 4 |2)2)?
- 29+2
¢ hg=1 |z — an|

is projectable to C, hence its integral over M can be written as an integral over C.

| @pw=2 su
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Furthermore w(§;, &) = w(&;, &) = 0.
If we insert the vector fields &1, &a, &1, &2, the relation (8.4) becomes

[ vt [ vt [ v [ wenbw=o

This is equivalent to

/ 1 dd‘/ |21 dd‘+/ z dd‘/ Z dedz =0
—_—azaz —_—azaz —_azaz —aAzZadzZ = ,
c Iz —axl c Iz — axl c Iz —axl c Iz —axl

and writing it as an integral over R?, we see that this relation can never be accom-
plished:

dxdy % 4+ 92
dxdy
r2 [[ /(2 —ar)? + 92 Jr2 [[ /(2 — ar)? + 32

T+ 1y T — 1y
+ dxdy
r2 []+/ (2 — ax)? + 42 r2 [1+/ (2 — ax)? + 42

because the first term is strictly greater than zero and the second term is

dzdy 2 0

2
dedy | >0

dedy | +

z Y

We have found that for a surface with genus g > 2 there is no central extension of
g with Hy(M) which leaves the scalar product (1) invariant.
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