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Ǒà¥¤« £ ¥¬ ï à §à ¡®âª  ¯®çâ¨ ¯®«®áâìî á®áâ ¢«¥  ¨§ § ¤ ç, ¨á¯®«ì-§®¢ ¢è¨åáï ¢ ªãàá¥   «¨§  ¢ ���� ¢ 1991{1997££.�®«ìè ï ç áâì íâ¨å § ¤ ç ¢å®¤¨«  ¢ íª§ ¬¥ æ¨®ë¥ ¡¨«¥âë ¢ ª ç¥áâ¢¥âà¥âì¥£® ¢®¯à®á . �¯¨á®ª íª§ ¬¥ æ¨®ëå § ¤ ç á®®¡é «áï áâã¤¥â ¬ § -¡« £®¢à¥¬¥® (§  ¥áª®«ìª® ¥¤¥«ì ¤® á¥áá¨¨). � ª ¯à ¢¨«® à¥è¥¨ï § ¤ ç¢ ¡ãª¢ «ì®¬ á¬ëá«¥ íâ®£® á«®¢    «¥ªæ¨ïå ¥ à §¡¨à «¨áì ¨   ª®áã«ì-â æ¨ïå áâã¤¥â ¬ ¥ á®®¡é «¨áì. �¤ ª® á®áâ ¢ á¯¨áª  íª§ ¬¥ æ¨®ëå§ ¤ ç ®ç¥ì â¥á® á¢ï§  á «¥ªæ¨®ë¬ ¬ â¥à¨ «®¬ ¨, ¢ ç áâ®áâ¨, á ¯à¨-¬¥à ¬¨, à §¡¨à ¢è¨¬¨áï   «¥ªæ¨ïå. �® ¬®£¨å á«ãç ïå ¯à¨£®¤®áâì â®©¨«¨ ¨®© § ¤ ç¨ ¢ ª ç¥áâ¢¥ íª§ ¬¥ æ¨®®© § ¢¨á¨â ®â ¤¥â «¥© ªãàá , ¨¯® íâ®© ¯à¨ç¨¥ á®áâ ¢«¥¨¥ ã¨¢¥àá «ì®£® á¯¨áª  § ¤ ç § âàã¤¨â¥«ì®; è á¯¨á®ª   ã¨¢¥àá «ì®áâì ¥ ¯à¥â¥¤ã¥â.�à®¬¥ â®£®, ¢ á¡®à¨ª ¢å®¤¨â ç áâì § ¤ ç, ¯à¥¤« £ ¢è¨åáï áâã¤¥â ¬  ª®««®ª¢¨ã¬ å. �à®¢¥ì íâ¨å § ¤ ç à §«¨ç¥: ®â ®ç¥ì ¯à®áâëå ( ¯à¨¬¥à,2.1, 4.8) ¤® áà ¢¨â¥«ì® á«®�ëå (4.13, 6.9).�î¤  �¥ ¤®¡ ¢«¥ë ¥ª®â®àë¥ § ¤ ç¨, à §¡¨à ¢è¨¥áï   «¥ªæ¨ïå ¨ ã¯à �-¥¨ïå, § ¤ ç¨, ¢å®¤¨¢è¨¥ ¢ â¨¯®¢ë¥ ¤®¬ è¨¥ à ¡®âë ( ¯à¨¬¥à 2.13,2.15, 2.27, 4.1, 6.15),   â ª�¥ ¥áª®«ìª® § ¤ ç, ¥ ¯à®å®¤¨¢è¨å ¯à®¢¥àªã¢ ãá«®¢¨ïå ����. � á«ãç ïå, ª®£¤  ¢®§¬®�®áâì ¨á¯®«ì§®¢ ¨ï § ¤ ç¨¢ë§ë¢ ¥â á®¬¥¨ï, ®ª®«® ®¬¥à  § ¤ ç¨ ¯®áâ ¢«¥ § ª ¢®¯à®á  ( ?). �â-®á¨â¥«ì® á«®�ë¥ § ¤ ç¨ á ¡�¥ë § ª®¬ ¯«îá (+).
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I. Ǒ®á«¥¤®¢ â¥«ì®áâ¨1. �®ª § âì, çâ® Cn2n | á ¬®¥ ¡®«ìè®¥ ¨§ ç¨á¥« Ck2n. �®ª § âì ¥à ¢¥-áâ¢  12n+ 1 22n < Cn2n < 22n:2. �  áª®«ìª® ç áâ¥© ¤¥«ïâ ¯«®áª®áâì n ¯àï¬ëå ®¡é¥£® ¯®«®�¥¨ï (¨-ª ª¨¥ ¤¢¥ ¯àï¬ë¥ ¥ ¯ à ««¥«ìë ¨ ¨ª ª¨¥ âà¨ ¥ ¯¥à¥á¥ª îâáï ¢ ®¤®©â®çª¥)?3. Ǒãáâì a) an = n101:01n ; ¡) an = 100nn! . � ©â¨ lim an. � ©â¨ N â ª®¥, çâ®an < 10�1 ¤«ï ¢á¥å n > N .4. Ǒãáâì an = 1+ 11! + 12! + � � �+ 1n! . � ©â¨ n â ª®¥, çâ® jan � ej < 10�5.5. �®ª § âì, çâ® ¯®á«¥¤®¢ â¥«ì®áâì nPk=0 (�1)kk10k áå®¤¨âáï. � ©â¨ ¥¥áã¬¬ã á â®ç®áâìî ¤® 10�3.6. Ǒãáâì an = 1 + 12 + 13 + � � �+ 1n . � ©â¨ lim an. � ©â¨ ª ª®¥-¨¡ã¤ì nâ ª®¥, çâ® an > 100.7. �ª®«ìª® ã�® ¢§ïâì á« £ ¥¬ëå, çâ®¡ë ¢ëç¨á«¨âì áã¬¬ã àï¤ 112 + 122 + 132 + � � �+ 1n2 + : : :á â®ç®áâìî ¤® 10�6.8. �®ª § âì, çâ® àï¤P 1(2n)! áå®¤¨âáï. �ª®«ìª® ã�® ¢§ïâì á« £ ¥¬ëå,çâ®¡ë ¢ëç¨á«¨âì ¥£® áã¬¬ã á â®ç®áâìî ¤® 10�6?9. � ©â¨ ¬®�¥áâ¢® ¯à¥¤¥«ìëå â®ç¥ª ¯®á«¥¤®¢ â¥«ì®áâ¨:12 ; 13 ; 23 ; 14 ; 24 ; 34 ; 15 ; 25 ; 35 ; 45 ; 16 ; : : : :10. Ǒ®áâà®©â¥, ¥á«¨ íâ® ¢®§¬®�®, ¯®á«¥¤®¢ â¥«ì®áâì, ¬®�¥áâ¢® ¯à¥-¤¥«ìëå â®ç¥ª ª®â®à®© ¥áâì:  ) f0; 1g; ¡) f0; 1; 2g; ¢) N; £) f1; 12 ; 13 ; 14 ; : : : g.
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II. �ãªæ¨¨ ®¤®© ¯¥à¥¬¥®©1. Ǒãáâì  ) f(x) = px + 1000 sinx; ¡) f(x) = x � (1:001 + sinx). �ª § âìC, â ª®¥, çâ® f(x) > 100 ¯à¨ x > C.2. � ©â¨ ª ª®¥-¨¡ã¤ì C, â ª®¥, çâ® ¤«ï ¢á¥å x > C ¢ë¯®«¥® ¥à ¢¥-áâ¢® x9 + 7x8 + 1x10 � 10x9 + 7x� 2 < 1100 :3. � ©â¨ â ª¨¥ f ¨ g, çâ® limx!+1 f(x) = 1, limx!+1 g(x) = +1,   fg áâà¥-¬¨âáï ª  ) 0; ¡) 1; ¢) 17; £) +1; ¤) ¯à¥¤¥« ®âáãâáâ¢ã¥â.4. � ©â¨ â®çãî ¢¥àåîî £à ì äãªæ¨¨ f(x) = sinx+ sinx2.5. �áá«¥¤®¢ âì äãªæ¨¨ sinx3, x3, sinx + sinp3 x, x5=7, x7=5   à ¢®-¬¥àãî ¥¯à¥àë¢®áâì   R.6. �áá«¥¤®¢ âì ä®à¬ã ªà¨¢®© y = x3 + ax2 + bx +  ¢ § ¢¨á¨¬®áâ¨ ®â a,b, .7. Ǒà¨¢¥áâ¨ ¯à¨¬¥à ¬®£®ç«¥ , ¨¬¥îé¥£® âà¨ «®ª «ìëå ¬ ªá¨¬ã¬  ¨¤¢  «®ª «ìëå ¬¨¨¬ã¬ . �ãé¥áâ¢ã¥â «¨ ¬®£®ç«¥ á ¤¢ã¬ï «®ª «ìë¬¨¬¨¨¬ã¬ ¬¨ ¨ ç¥âëàì¬ï «®ª «ìë¬¨ ¬ ªá¨¬ã¬ ¬¨?8. Ǒà¨¢¥áâ¨ ¯à¨¬¥à ¬®£®ç«¥ , ¨¬¥îé¥£® à®¢® 7 â®ç¥ª ¯¥à¥£¨¡ .9. � à¨á®¢ âì íáª¨§ £à ä¨ª  äãªæ¨¨ y = x210� + osx. �ª®«ìª® «®ª «ì-ëå íªáâà¥¬ã¬®¢ ¨¬¥¥â íâ  äãªæ¨ï?10. �ª®«ìª® ª®à¥© ¨¬¥¥â ãà ¢¥¨¥ x3 + px+ q = 0 (¢ § ¢¨á¨¬®áâ¨ ®â p¨ q).11. �ª®«ìª® ª®à¥© ¨¬¥¥â ãà ¢¥¨¥ (¨áá«¥¤®¢ âì § ¢¨á¨¬®áâ¨ ®â ¯ à -¬¥âà  �):  ) ex = �x2; ¡) x5 � �x+ 1 = 0:12. �§®¡à §¨âì ªà¨¢ãî y2 = x3+x2. �â® ¯à®¨áå®¤¨â ¢¡«¨§¨ â®çª¨ (0; 0)?13. Ǒà¨ ¤ ëå (¯à¥¯®¤ ¢ â¥«¥¬) § ç¥¨ïå ¯ à ¬¥âà®¢ ¯®áâà®¨âì £à -ä¨ª,  ©â¨ ãç áâª¨ ¬®®â®®áâ¨, ¢ë¯ãª«®áâ¨,  á¨¬¯â®â¨ªã   ¡¥áª®¥ç-®áâ¨; ¨áá«¥¤®¢ âì ¯®¢¥¤¥¨¥ £à ä¨ª  ¢¡«¨§¨ â®ç¥ª à §àë¢  ¨ ¢¡«¨§¨ â®ç¥ªà §àë¢  ¯à®¨§¢®¤®©: a) = x� exp(Ax�);¡) y3 = x(x� p)(x � q) = x3 +Ax2 +Bx;¢) y = A(x � a)� +B(x� b)�;£) y = Ax� +Bx� ;¤) y = x�(xh �B)� ;¤) yk = xm(x2 � b2)n;¥) y = ln jxj(ln jxj � p)(ln jxj � q) = ln3 jxj+A ln2 jxj+B ln jxj;�) y = ln� jxj(ln jxj+ p);§) y = ln jxj+Ax2� +Bx�:5



14. � à¨á®¢ âì íáª¨§ £à ä¨ª : ) (x = et sin t;y = et os t; ¡) (x = et sin2 t;y = et os2 t; ¢) (x = et sin t;y = e�t os t;£) (x = sin 3t;y = sin 5t; ¤) (x = sin 3t;y = os 5t; ¥) (x = sin 17t;y = sin 19t:15. � à¨á®¢ âì (¤®¬ ) ¯à ¢¤®¯®¤®¡ãî ª àâ¨ªã:a) x = (t2 � 1)(t2 � 2); y = (t2 � 3)(t� 4); (1)¡) x = t+ sin30 t; y = t+ os30 t; (2)¢) x = t3 � t; y = os 2�t; (3)£) x = t4 � t2; y = os 2�t; (4)¤) x = 3 os t+ os 5t; y = 3 sin t+ sin 5t; (5)¥) x = 3 os t+ os(t=5); y = 3 sin t+ sin(t=5); (6)�) x = sin t(� + artg t); y = os t(� + artg t); (7)§) x = sin11 t; y = sin(t=6): (8)16. � à¨á®¢ âì § ¤ ë¥ ªà¨¢ë¥. �â® ¯à®¨áå®¤¨â ¢¡«¨§¨ â®çª¨ (0; 0)? ) (x = t2 � 1;y = t(t2 � 1); ¡) (x = t4;y = t6 + t7; ¢) (x = t3 � t2;y = t5 � t4; £) (x = t3 � t;y = t4 � t2:17. Ǒ®áâà®¨âì £à ä¨ª. � ©â¨ â®çª¨, £¤¥ ª á â¥«ì ï ¢¥àâ¨ª «ì  (£®-à¨§®â «ì ). �áá«¥¤®¢ âì ¯®¢¥¤¥¨¥ ¢¡«¨§¨ ®á®¡ëå â®ç¥ª:3 ) x = t3 � 3t; y = t4 � 2t2;¡) x = t+ os t; y = sin t;¢) x = t4 � 2t2; y = sin�t:18. �«ï ªà¨¢®© x = et os t, y = et sin t  ©â¨ ã£®« ¬¥�¤ã à ¤¨ãá-¢¥ªâ®à®¬(x(t); y(t)) ¨ ¢¥ªâ®à®¬ áª®à®áâ¨ (x0(t); y0(t)).19. � ©â¨  ¯à ¢«¥¨¥ ª á â¥«ì®© ª § ¤ ®© ªà¨¢®© ¢ ¬®¬¥â ¢à¥¬¥¨t = 0 ¨  ¯à ¢«¥¨¥ ¢ë¯ãª«®áâ¨ ªà¨¢®© ¢¡«¨§¨ íâ®© â®çª¨: ) (x = et � 1;y = sin t; ¡) (x = sin t� t;y = sin 2t� 2t:20. �áá«¥¤®¢ âì äãªæ¨î f(x) = ln2 (x+px2�1)ln2 (x�px2�1)   «®ª «ìë© íªáâà¥¬ã¬.21. � ©â¨ a, b ¨  â ª¨¥, çâ®arsinx = �2 + a(1� x)1=2 + b(1� x)3=2 + (1� x)5=2 +o(1�x)�5=2; x! 1� 0:6



22. � ©â¨ a, b ¨  â ª¨¥, çâ®artg x = �2 + ax + bx2 + x3 + o� 1x3�; x! +1:23.  ) �â® ¡®«ìè¥ 4 ln 100001991 ¨«¨ 3 ln 100001992+ln100001988? (�á«¨áâã¤¥â ¨á¯®«ì§ã¥â ª «ìªã«ïâ®à, ¯ãáâì ®¡ìïá¨â, ¯®ç¥¬ã â®ç®áâì ¢ëç¨-á«¨â¥«ìëå áà¥¤áâ¢ ¤®áâ â®ç .)¡)+ � ©â¨ ¯à ¢¤®¯®¤®¡ãî ®æ¥ªã ¤«ï à §®áâ¨.24. � ©â¨ f (17)(0) ¤«ï f(x) = (e�x�2 ; x 6= 0;0; x = 0 :25. � ©â¨ f (43)(0) ¤«ï f(x) = sin(x13 + x15).26. �â® ¡®«ìè¥ ¯à¨ ®ç¥ì ¬ «ëå ¯®«®�¨â¥«ìëå x: ) sin ln (1 + x) ¨«¨ ln(1 + sinx)?¡) sin(sh x) ¨«¨ sh(sinx)?¢) sin (x15 + sinx) ¨«¨ sin(sinx) + sin15 x?27. � ©â¨ ¯¥à¢ë© ¥ã«¥¢®© ç«¥ â¥©«®à®¢áª®£® à §«®�¥¨ï ¢ ã«¥: ) sin�x+ x36 + 3x540 �� x;¡) ln(e�x + x5) + x;¢) ln(x+p1 + x2)� sinx;£) ln(x+p1 + x2) + ln(�x+p1 + x2);¤) tg�x� x33 �� x;¥) ln2�1 + x+ x22 �� x2;�) sin(x+ x3)� sinx� sin3 x:28+. �®ª § âì, çâ® á«¥¤ãîé ï äãªæ¨ï ¡¥áª®¥ç® ¤¨ää¥à¥æ¨àã¥¬ :f(x) = (ospt; t � 0;12 (ep�t + e�p�t); t � 0:29. Ǒãáâì y = f(x) = x + x3. �®ª § âì, çâ® ®¡à â ï ª f(x) äãªæ¨ï'(y) ¡¥áª®¥ç® ¤¨ää¥à¥æ¨àã¥¬ . � ¯¨á âì à §«®�¥¨¥ �¥©«®à  äãªæ¨¨'(y) á â®ç®áâìî ¤® o(y3). �¥è¨âì ¯à¨¡«¨�¥® ãà ¢¥¨¥ x3 + x = 0:1.30. �«ï äãªæ¨¨ '(y) ¨§ ¯à¥¤ë¤ãé¥© § ¤ ç¨  ¯¨è¨â¥  á¨¬¯â®â¨ªã¢¨¤  '(y) = �ya + �yb + o(yb) ¯à¨ y ! +1; � 6= 0; � 6= 0; a > b:7



31. �®ª § âì, çâ® ªà¨¢ ï (x = t+ t3;y = t+ t5 ï¢«ï¥âáï £à ä¨ª®¬ ¥ª®â®à®©äãªæ¨¨ y = f(x). � ¯¨á âì à §«®�¥¨¥ �¥©«®à  ¤«ï f(x) ¢ ã«¥ á â®ç®-áâìî ¤® o(x5).32. �ª®«ìª® á« £ ¥¬ëå ä®à¬ã«ë �¥©«®à  ã�® ¢§ïâì, çâ®¡ë ¢ëç¨á«¨âìsin 1 á â®ç®áâìî ¤® 10�6?33.  ) Ǒãáâì x1 = 1, xn+1 = sinxn. �®ª �¨â¥, çâ® limn!1xn = 0.¡) �ª �¨â¥ ª ª®¥-¨¡ã¤ì L, â ª®¥, çâ® xL < 1=1000. Ǒ®ª �¨â¥, çâ®L < 7�109. � ©¤¨â¥ ª ªãî-¨¡ã¤ì ¨�îî ®æ¥ªã ¤«ï L.
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III. �â¥£à «1. �ëç¨á«¨¢   ¤®áª¥ ¥®¯à¥¤¥«¥ë© ¨â¥£à «, ¯®á¬®âà¨â¥, á®¢¯ «¨«¨ � è ®â¢¥â á ®â¢¥â®¬ ¨§ �¥¬¨¤®¢¨ç . �á«¨ ®â¢¥âë ¢ë£«ï¤ïâ á®¢¥àè¥®à §«¨ç® (çâ® á«ãç ¥âáï ®ç¥ì ç áâ®), ã¡¥¤¨â¥áì ¢ â®¬, çâ® ®â¢¥âë á®¢¯ -¤ îâ.2. � ©¤¨â¥ à æ¨® «ìãî ¯®¤áâ ®¢ªã x = p(t)=q(t), á¢®¤ïéãî «î¡®©¨â¥£à « ¢¨¤  R R(x;px+ 1;px� 1) dx, £¤¥ R | à æ¨® «ì ï äãªæ¨ï, ª¨â¥£à «ã ®â à æ¨® «ì®© äãªæ¨¨.3+. �ãé¥áâ¢ã¥â «¨ à æ¨® «ì ï ¯®¤áâ ®¢ª  x = p(t)=q(t), á¢®¤ïé ï«î¡®© ¨â¥£à « ¢¨¤  R R(x; 3p1� x2) dx, £¤¥ R | à æ¨® «ì ï äãªæ¨ï, ª¨â¥£à «ã ®â à æ¨® «ì®© äãªæ¨¨?4. �ëç¨á«¨âì ¨â¥£à «ë:Z �=20 sin100x dx; Z 1�1(1� x2)100dx; Z 1�1(1� x2)100+ 12 dx:5. �æ¥¨âì R 10 sinx2dx á â®ç®áâìî ¤® 10�2.6. � à¨á®¢ âì íáª¨§ £à ä¨ª : ) y = Z x0 sin101 t dt; ¡) y = Z x0 sin100 t os 2t dt; ¢) y = Z x0 dt3pt3 � t :7. � ª®© § ª ã R 20�k10�k sinxx dx?8. � ©â¨ N â ª®¥, çâ® ��R12�N sinxx dx�� < 11000 .9. �æ¥¨âì ¨â¥£à « R1�1 e�x4 os 1000x dx: ) á â®ç®áâìî ¤® 10�3; ¡)+  â®ç®áâìî ¤® 10�15.10. �®â �¥ ¢®¯à®á ¤«ï R 2�0 esinx os 1000x dx.11. � ¯¨á âì ¤«ï â®à  ãà ¢¥¨¥ ¢¨¤  f(x; y; z) = 0, £¤¥ f(x; y; z) |¬®£®ç«¥. � ©â¨ ¯«®é ¤ì ¥£® ¯®¢¥àå®áâ¨. � ©â¨ ®¡ê¥¬ ¯®«®â®à¨ï.12. �ëç¨á«¨â¥ á¨«ã ¯à¨âï�¥¨ï â®ç¥ç®£® ªã«®®¢áª®£® § àï¤  ª § -àï¤ã, à ¢®¬¥à® à á¯à¥¤¥«¥®¬ã (á ¤ ®© ¯«®â®áâìî) ¯® ¯àï¬®©.13?. Ǒãáâì jf(x)j ! +1 ¯à¨ x! +1. �«¥¤ã¥â «¨ ¨§ íâ®£®, çâ® ¨â¥£à «R10 f(x) dx à áå®¤¨âáï?
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IV. �ãªæ¨¨ ¥áª®«ìª¨å ¯¥à¥¬¥ëå1+. Ǒãáâì ��Æ� | ¤¢®¨ç ï § ¯¨áì ®¬¥à  áâã¤¥â  ¢ �ãà «¥. �§®-¡à §¨âì ªà¨¢ãî ¢ ¯®«ïàëå ª®®à¤¨ â år = 1 + � + sin(1+�)(�1)� 3 + 21 + Æ �:2. �§®¡à §¨âì ¯®¢¥àå®áâ¨: xy+ yz+xz = 0; 100(x2 + y2+ z2)� 99(xy+yz + xz) = 1; 100(x + y)2 � (x2 + y2 + z2) = 1; z = 1000(x2 + y2) + 2001xy;x2 + y2 + z2 + 1:99(xy + yz + xz) = 1.3. � ë ¤¢¥ áªà¥é¨¢ îé¨¥áï ¯àï¬ë¥ l1 ¨ l2. � ª ï ¯®¢¥àå®áâì ¯®«ã-ç ¥âáï, ¥á«¨ ¢à é âì ¯àï¬ãî l1 ¢®ªàã£ ®á¨ l2?4. � ©â¨ ¢á¥ ¯àï¬ë¥, «¥� é¨¥   ¯®¢¥àå®áâ¨ z = x2 � y2.5.  ) �®ª § âì, çâ®   «î¡®¬ í««¨¯á®¨¤¥ «¥�¨â å®âï ¡ë ®¤  ®ªàã�-®áâì. ¡)+ � ©â¨ ¢á¥ ®ªàã�®áâ¨, «¥� é¨¥   í««¨¯á®¨¤¥ x2a2 + y2b2 + z22 = 1(a 6= b 6=  6= a).6?. �¯¨è¨â¥, ª ª ¬®�¥â ¡ëâì ãáâà®¥® á¥¬¥©áâ¢® á¥ç¥¨© ®¤®¯®«®áâ-®£® £¨¯¥à¡®«®¨¤  ¯ãçª®¬ ¯ à ««¥«ìëå ¯«®áª®áâ¥©.7. �§®¡à §¨â¥ â¥«®, ®£à ¨ç¥®¥ ¢®áì¬ìî ¯«®áª®áâï¬¨:x+ y + z = �1; �x+ y + z = �1; x� y + z = �1; x+ y � z = �1:8. �§®¡à §¨âì «¨¨¨ ãà®¢ï äãªæ¨© ¨ ¯®áâà®¨âì ¨å £à ä¨ª¨: ) z =px2 + y2; ¡) z = 3px2 + y2;¢) z = x2 + y2; £) z = 12x2 + y2 ;¤) z = xy; ¥) z = (x� y)2;�) z = x� y2; §) z = 1x2 + y2 � 1 ;¨) z = (x2 + y2 � 1)2:9. �§®¡à §¨âì «¨¨¨ ãà®¢ï äãªæ¨© ¨  à¨áã©â¥ ¨å £à ä¨ª¨: ) z = sinx� y2; ¡) z = x4 + x2 � y2;¢) z = (x� y2)2; £) z = �p�y2 + x2 � x4;¤) z = xx2 + y2 ; �) z = xyx2 + y2 :10. �®ª § âì, çâ® äãªæ¨ï, ¥¯à¥àë¢ ï   ª®¬¯ ªâ¥, ¤®áâ¨£ ¥â á¢®¥£® ¨¡®«ìè¥£® § ç¥¨ï.11.  ) �  ¯«®áª®áâ¨ ¤ ® § ¬ªãâ®¥ ¬®�¥áâ¢® K ¨ â®çª  a. �®ª § âì,çâ® áãé¥áâ¢ã¥â â®çª  x 2 K, â ª ï, çâ® jx� aj � jy � aj ¤«ï ¢á¥å y 2 K.¡) �  ¯«®áª®áâ¨ ¤ ë § ¬ªãâë¥ ¬®�¥áâ¢  K ¨ L. �®ª �¨â¥, çâ® áã-é¥áâ¢ãîâ â®çª¨ ~x 2 K, ~y 2 L, â ª¨¥, çâ® j~x � ~yj � jx � yj ¤«ï ¢á¥å x 2 K,y 2 L. 10



12. �¡®§ ç¨¬ ç¥à¥§ �(x; y) à ááâ®ï¨¥ ¬¥�¤ã â®çª ¬¨ x ¨ y   ¯«®áª®-áâ¨. Ǒãáâì a1; a2; : : : ; an | â®çª¨ ¯«®áª®áâ¨, ¥ «¥� é¨¥   ®¤®© ¯àï¬®©. ) �®ª �¨â¥, çâ® äãªæ¨ï f(x) = �(a1; x) + � � � + �(an; x) ¨¬¥¥â â®çªã«®ª «ì®£® ¬¨¨¬ã¬ .¡)+ �®ª �¨â¥. çâ® f(x) ¨¬¥¥â ¥¤¨áâ¢¥ãî â®çªã «®ª «ì®£® ¬¨¨-¬ã¬ .¢)? Ǒãáâì b| â®çª  ¬¨¨¬ã¬  äãªæ¨¨ f . �®ª �¨â¥, çâ®Pj b� ajjb� aj j = 0.13. Ǒ®ª �¨â¥, çâ® äãªæ¨ï � �2�x2 + �2�y2�f(px2 + y2) ¨¬¥¥â ¢¨¤g(px2 + y2). � ©¤¨â¥ g.14. �ë¢ îâ «¨ ¤¨ää¥à¥æ¨àã¥¬ë¥ äãªæ¨¨, ¨¬¥îé¨¥ ¤¢  ¬ ªá¨¬ã¬  ¨¨ ®¤®£® ¬¨¨¬ã¬ ?15. �£à ¨ç¥ë «¨ ªà¨¢ë¥:  ) x4�x3+ y2 = 1; ¡) x2� 2xy3+ y6+ y = 1;¢) x2 � 2xy3 + y4 = 1; £) x4 � xy3 + y4 = 1?16. � ©¤¨â¥  á¨¬¯â®âã ªà¨¢®©  ) x3 + y3 = 3xy; ¡) x5 + y5 = x2y2.17. Ǒ®ª �¨â¥, çâ® ¯à¨ ¤®áâ â®ç® ¡®«ìè¨å x ãà ¢¥¨¥ (á ¥¨§¢¥áâ®©y) y7+xy�x5 = 0 ¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥. Ǒ®«ãç¨â¥ à §«®�¥¨¥ ¢¨¤ :y(x) = Ax� +Bx� + o(x�); x! +1 (A 6= 0; B 6= 0; � > �):18. Ǒ®ª �¨â¥, çâ® ªà¨¢ ï y3 + y + x3 � x2 = 0 ï¢«ï¥âáï £à ä¨ª®¬ ¥-ª®â®à®© äãªæ¨¨ y = f(x). � ¯¨è¨â¥ à §«®�¥¨¥ �¥©«®à  f(x) ¢ ã«¥ áâ®ç®áâìî ¤® o(x3).19. � ©â¨ ã£®« ¬¥�¤ã ªà¨¢ë¬¨ ¢ â®çª¥ ¯¥à¥á¥ç¥¨ï: ) x2 � y2 = a; xy = b;¡) x2 + �xy � y2 = a; xy = b:20. �â® ¤¥« îâ ¯à¥®¡à §®¢ ¨ï ¯«®áª®áâ¨ (¯à®áâà áâ¢ ), § ¤ ë¥ ¬ -âà¨æ ¬¨: �1 00 0� ; �1 00 �1� ; �2 11 2� ; � 1 1�1 1� ;�1 10 1� ; �1 10 0� ; �0 11 0� ; �1 10 �1� ;0�1 1 01A ; 0�1 �1 11A ; 0� os� sin�� sin� os� 11A ;0�1 2 31A ; 0�0 1 00 0 11 0 01A21. � ª ãáâà®¥ë ®â®¡à �¥¨ï: ) (u = xx2+y2 ;v = yx2+y2 ; ¡) (u = x2 � y2;v = 2xy; ¢) (u = x2;v = y2 ?11



�ã¤  ®¨ ¯¥à¥¢®¤ïâ ª®®à¤¨ âãî á¥âªã? Ǒà¨¬¥à® ¨§®¡à §¨â¥, ªã¤  ®¨¯¥à¥¢®¤ïâ í««¨¯áë: x2100 + y2 = 1; 100x2 + (y � 12 )2 = 1 (í««¨¯áë ¬®�®§ ¬¥¨âì   ¨§®¡à �¥¨ï ç¥«®¢¥çª®¢, ª®è¥ª, ªà®ª®¤¨«®¢ ¨ â.¤.).22. � àâ  �®áª¢ë ¬¥ìè¥£® ¬ áèâ ¡   «®�¥    â®ç® â ªãî �¥ª àâã �®áª¢ë ¡®«ìè¥£® ¬ áèâ ¡  (â ª, çâ® ¬¥ìè ï æ¥«¨ª®¬ á®¤¥à�¨âáï¢ ¡®«ìè¥©). �®ª § âì, çâ® áãé¥áâ¢ã¥â â®çª , ª®â®à ï   ®¡¥¨å ª àâ å ¨§®-¡à � ¥â ®¤® ¨ â® �¥ ¬¥áâ® �®áª¢ë.23. �®ª § âì, çâ® ¯à¨ ¤®áâ â®ç® ¬ «ëå jaj, jbj á¨áâ¥¬  ãà ¢¥¨©:(x = x2 + y2 + a;y = xy2 + b¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥ ¢ ª¢ ¤à â¥ jxj � 110 , jyj � 110 . � ª  ©â¨à¥è¥¨¥ á â®ç®áâìî ¤® 10�3?24. �áá«¥¤®¢ âì äãªæ¨¨:  ) z = x4 + y7, ¡) z = x3 � 3xy2, ¢) z =x4�xy3+y4, £) z = x2�2xy3+y6+y10 = 0   íªáâà¥¬ã¬ ¢ ã«¥. �§®¡à §¨âì¯à¨¬¥à®¥ à á¯®«®�¥¨¥ «¨¨© ãà®¢ï ¢¡«¨§¨ ã«ï.25. Ǒà¨ ª ª¨å § ç¥¨ïå ¯ à ¬¥âà  � äãªæ¨ï z = x4��xy3 + y4 ¨¬¥¥â«®ª «ìë© ¬¨¨¬ã¬ ¢ ã«¥?26. Ǒ®ª �¨â¥, çâ® äãªæ¨ï z = (x � y2)2 � y6 ¨¬¥¥â ¢ ã«¥ ¬¨¨¬ã¬  «î¡®© ¯àï¬®©, ¯à®å®¤ïé¥© ç¥à¥§ ã«ì. �¬¥¥â «¨ ®  ¬¨¨¬ã¬ ¢ ã«¥?27. �§®¡à §¨â¥ ªà¨¢ë¥: ) x2 = y3; x2 = y4; x3 = y5; ¡) x2 + xy + y2 = 1;¢) (x2 + y2)2 = 2(x2 � y2); £) x3 + y3 = 3xy;¤) x2y2 = x3 � y3; ¥) x6 � y4 = x2y2;�) x6 + y6 = x2y2; §) x6 + y6 = xy¨ (x + y)3 = x+ 8y; ª (x2 + y2)2 = y2 + 1:� ª ª¨å â®çª å ¯à¨¬¥¨¬  (¥ ¯à¨¬¥¨¬ ) â¥®à¥¬  ® ¥ï¢®© äãªæ¨¨ (£¤¥¬®�® ¢ë¡à âì ¢ ª ç¥áâ¢¥ ¥§ ¢¨á¨¬®© ¯¥à¥¬¥®© x,   £¤¥ y)? � ª ãáâà®-¥ë ®á®¡ë¥ â®çª¨?28. �§®¡à §¨â¥ ¯à¨¬¥à® ãç áâ®ª ªà¨¢®© (x�y2)(x�y3)�y10 = 0 ¢¡«¨§¨ã«ï.29. �§®¡à §¨â¥ ¯®¢¥àå®áâ¨: ) x2 + y2 � z2 = 1; ¡) x2 + y2 � z2 = 0; ¢) xy + z2 = 0;£) z2 = (1� x2)(1� y2); ¤) z3 � z4 = x2 + 4y2; ¥) y2z = x3 � xz2;�) y2z = x3 + x2z:� ª ª¨å â®çª å ¯à¨¬¥¨¬  (¥ ¯à¨¬¥¨¬ ) â¥®à¥¬  ® ¥ï¢®© äãªæ¨¨ (£¤¥¬®�® ¢ë¡à âì ¢ ª ç¥áâ¢¥ ¥§ ¢¨á¨¬ëå ¯¥à¥¬¥ëå x; y? £¤¥ x; z? £¤¥y; z?)? � ª ãáâà®¥ë ®á®¡ë¥ â®çª¨?30. �§®¡à §¨â¥ ¯à¨¬¥à® ãç áâ®ª ¯®¢¥àå®áâ¨ z(x2+y2) = x2�y2 ¢¡«¨§¨(0; 0; 1). 12



31. �§®¡à §¨â¥ ªà¨¢ë¥: ) (x2 + y2 = 1;y2 + z2 = 1; ¡) (x2 + y2 = 1;x2 + x+ z2 = 0; ¢) (x2 + y2 = 1;x2 + z2 = 14 :� ª ª¨å â®çª å ¯à¨¬¥¨¬  â¥®à¥¬  ® ¥ï¢®© äãªæ¨¨? �¤¥ ¬®�® ¢ë¡à âì¢ ª ç¥áâ¢¥ ¥§ ¢¨á¨¬®© ¯¥à¥¬¥®© x, £¤¥ y, £¤¥ z? � ª ãáâà®¥ë ®á®¡ë¥â®çª¨?32. � ©â¨ íªáâà¥¬ã¬ äãªæ¨¨ x1x2 : : : xn ¯à¨ ãá«®¢¨¨ x1 + x2 + � � � +xn = 1. �®ª �¨â¥, çâ® áà¥¤¥¥ £¥®¬¥âà¨ç¥áª®¥ n ¯®«®�¨â¥«ìëå ç¨á¥« ¥¯à¥¢®áå®¤¨â ¨å áà¥¤¥£®  à¨ä¬¥â¨ç¥áª®£®.33. �áá«¥¤®¢ âì   íªáâà¥¬ã¬ äãªæ¨î x21 + x22 + x23 ¯à¨ ãá«®¢¨¨Paijxiyj = 1.34. �ª®«ìª® ®à¬ «¥© ¬®�® ®¯ãáâ¨âì   í««¨¯á x2a2 + y2b2 = 1 (a > b): ) ¨§ â®çª¨ (0; �)? ¡)+ ¨§ â®çª¨ (�; �)?35. �   ¯®¢¥àå®áâì x4 + y4 + z4 = 4xyz. ) � ©â¨ ¥¥ á ¬ãî ¢ëá®ªãî â®çªã.¡) � ©â¨ ¥¥ ¯à®¥ªæ¨î   ¯«®áª®áâì x0y.¢) �§®¡à §¨âì íâã ¯à®¥ªæ¨î.36?. Ǒãáâì X | ª¢ ¤à â ï ¬ âà¨æ  à §¬¥à  n � n. � ©â¨ ¤¨ää¥à¥-æ¨ «ë ®â®¡à �¥¨©:  ) X 7! AXB; (9)¡) X 7! X2 ¢ â®çª¥ X = A; (10)¢) X 7! X3 ¢ â®çª¥ X = A; (11)£) X 7! X�1 ¢ â®çª¥ X = E; (12)¤) X 7! X�1 ¢ â®çª¥ X = A; (13)¥) X 7! det(X) ¢ â®çª¥ X = E: (14)
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V. �¨á«®¢ë¥ àï¤ë1. �áá«¥¤®¢ âì àï¤ P sinnn�    ¡á®«îâãî ¨ ãá«®¢ãî áå®¤¨¬®áâì.2. �ª®«ìª® ã�® ¢§ïâì á« £ ¥¬ëå, çâ®¡ë ¢ëç¨á«¨âì áã¬¬ã àï¤ : ) X n43n ; X (�1)nlnn ; ¡) X sinnná â®ç®áâìî ¤® 10�3.3. � à¨á®¢ âì £à ä¨ª äãªæ¨¨'(x) =Xn�0 1nx :�¥¬ã à ¢¥ ¥¥ ¯à¥¤¥« ¯à¨ x! +1?4. �®ª �¨â¥, çâ® áãé¥áâ¢ã¥â ª®¥çë© ¯à¥¤¥«limn!1�1 + 12 + 13 + � � �+ 1n � lnn�:5.  ) �ª®«ìª® ã�® ¢§ïâì á« £ ¥¬ëå, çâ®¡ë ¢ëç¨á«¨âì áã¬¬ã àï¤ Pn�5=4 á â®ç®áâìî ¤® 1=1000?¡)? Ǒà¥¤«®�¨â¥ ª ª®©-¨¡ã¤ì à §ã¬ë© á¯®á®¡ ¢ëç¨á«¥¨ï íâ®© áã¬¬ë  ª®¬¯ìîâ¥à¥.VI. �ãªæ¨® «ìë¥ àï¤ë ¨ ¨â¥£à «ë, § ¢¨áïé¨¥ ®â ¯ à ¬¥âà 1. �æ¥¨âì á¢¥àåã à §®áâìln(1 + x)� 20Xn=1 (�1)nxnn ¯à¨ jxj � 12 :2. Ǒà®áã¬¬¨à®¢ âì àï¤ë:Xn2xn; X xnn(n+ 1) ; X xnn(n+ 1)(n+ 2) ;X(h n)xn; X(sinn)xn:3. �ëç¨á«¨âì:  ) 1� 12 + 13 � 14 + : : : ; ¡) 1� 14 + 17 � 111 + : : : .4. � ©â¨ 99-© ª®íää¨æ¨¥â �¥©«®à  ¢ ã«¥ ¤«ï äãªæ¨¨: ) 1x2 + x+ 1; ¡) xex � 1 :5. � §«®�¨âì arsin x ¯® áâ¥¯¥ï¬ (1� x) ¯à¨ x! 1� 0.6. � §«®�¨âì ¯® áâ¥¯¥ï¬ x�1 ¯à¨ x! +1 äãªæ¨¨: ) artg x; ¡) Z 1x dt1 + t5 :14



7. Ǒãáâì f(x) | ¥¯à¥àë¢ ï ®£à ¨ç¥ ï ¯à¨ x � 0 äãªæ¨ï. � ©â¨limn!+1n Z 10 f(x)e�nxdx:8. Ǒãáâì f(x) | ªãá®ç®-¥¯à¥àë¢ ï ®£à ¨ç¥ ï äãªæ¨ï   R. �ë-ç¨á«¨âì limn!1 Z 1�1 f(x)Kn(t� x) dx;£¤¥  ) Kn(s) = n2 e�njsj; ¡) Kn(s) = n1 + n2s2 :9+. Ǒãáâì f(x) = (1; x > 0;0; x < 0:�á¯®«ì§ãï ï¤à® �¨à¨å«¥,  à¨á®¢ âì ¯à¨¬¥à® ¯®¢¥¤¥¨¥ 1000-© áã¬¬ëàï¤  �ãàì¥ ¢¡«¨§¨ ã«ï.10. Ǒãáâì £à ä¨ª 2�-¯¥à¨®¤¨ç¥áª®© äãªæ¨¨ f æ¥âà «ì®-á¨¬¬¥âà¨ç¥®â®á¨â¥«ì® â®ç¥ª (0; 0) ¨ (�=2; 0). �â® ¬®�® áª § âì ® ¥¥ ª®íää¨æ¨¥â å�ãàì¥?11. � ©â¨ ¯à¥¤¥«ë äãªæ¨¨ f(�) = R10 exp(�x�) dx ¯à¨ � ! +1,�! 0.12. �ëç¨á«¨âì R 10 ln �(x) dx.13. �®ª § âì, çâ® äãªæ¨ïF (k) = Z �=20 q1� k2 sin2' d'ï¢«ï¥âáï à¥è¥¨¥¬ ãà ¢¥¨ïF 00(k) + 1k F 0(k) + 11� k2 F (k) = 0:14. �®ª § âì, çâ® äãªæ¨ïy(x) = Z ba sin jx� tj f(t) dtã¤®¢«¥â¢®àï¥â ãà ¢¥¨î y00 + y = 2f(x).15. � ª®¬ã ¤¨ää¥à¥æ¨ «ì®¬ã ãà ¢¥¨î á ¯®áâ®ïë¬¨ ª®íää¨æ¨¥-â ¬¨ ¢¨¤  y00 + ay0 + by = f(x)ã¤®¢«¥â¢®àï¥â äãªæ¨ï:
15



 ) y(x) = Z 10 (max(x; t)� xt)f(t) dt;¡) y(x) = Z ba sh jx� tj f(t) dt;¢) y(x) = Z xa f(t)(x � t)ea(t�x) dt:16. �ëç¨á«¨âì: ) � ��x�k Z x0 (x� t)��(�) f(t) dt;¡) �x2 �2�x2 + x ��x�Z �0 os(n�� x sin�) d�:17. �ëç¨á«¨âì R10 dx(x2+a)n ) á ¯®¬®éìî ä®à¬ã«ë ¯®¨�¥¨ï,¡) á ¯®¬®éìî ¤¨ää¥à¥æ¨à®¢ ¨ï ¯® ¯ à ¬¥âàã,á) á ¯®¬®éìî à §«®�¥¨ï   ª®¬¯«¥ªáë¥ ¯à®áâë¥ ¤à®¡¨.
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VII. �à âë¥, ªà¨¢®«¨¥©ë¥ ¨ ¯®¢¥àå®áâë¥ ¨â¥£à «ë1. �ëç¨á«¨âì ZZ G(y2 � x2)20dx dy¯® ®¡« áâ¨ G: jxj+ jyj � 1.2. �ëç¨á«¨âì ZZ R2 exp(�x2 + xy � y2) dx dy:3. � ®¡« áâ¨, ®£à ¨ç¥®© ¯®¢¥àå®áâï¬¨: z = 1 � x2, z = �1 + y2,à ááâ ¢¨âì ¯à¥¤¥«ë ¨â¥£à¨à®¢ ¨ï ¢ ¯®àï¤ª¥ dz dx dy ¨ dx dz dy.4. Ǒ¥à¥áâ ¢¨âì ¯à¥¤¥«ë ¨â¥£à¨à®¢ ¨ï ¢Z �0 dx Z x0 dy Z y0 f(z) dz¨ á¢¥áâ¨ ¨â¥£à « ª ®¤®ªà â®¬ã.5. �ëç¨á«¨âì ZZZ G x�y�z(1� x� y � z)�dx dy dz¯® ®¡« áâ¨ G: x � 0, y � 0, z � 0, x+ y + z � 1.6. � ©â¨ ¯®â¥æ¨ « ¢ëà �¥¨ï y dx� x dyx2 + y2 ¢ ¯«®áª®áâ¨ R2 , ¨§ ª®â®à®©¢ëª¨ãâ  ¯®«ã®áì f(x; 0); x � 0g.7. �ëç¨á«¨âì ¨â¥£à « ®â â®£® �¥ ¢ëà �¥¨ï ¯® ª®âãàã:(x = os 3t+ 2 os2t;y = sin 3t+ 2 sin 3t; t 2 [0; 2�℄:8. �§®¡à §¨âì ªà¨¢ãî ¨  ©â¨ ¥¥ æ¥âà âï�¥áâ¨:8><>:x = (a+ b os 3') os 2';y = (a+ b os 3') sin 2';z = b sin 3' (' 2 [0; 2�℄; a > b > 0):9. �ªàã�®áâì � à ¤¨ãá  R ª â¨âáï ¯® ®ªàã�®áâ¨ à ¤¨ãá  2R ¡¥§áª®«ì�¥¨ï. �§®¡à §¨âì âà ¥ªâ®à¨î â®çª¨, «¥� é¥©   �, ¨ ¢ëç¨á«¨âì¯«®é ¤ì, ®£à ¨ç¥ãî íâ®© âà ¥ªâ®à¨¥©.10. � ©â¨ æ¥âà âï�¥áâ¨ ®¤®à®¤®© ¯®«ãáä¥àë.11. � ©â¨ ª¨¥â¨ç¥áªãî í¥à£¨î ®¤®à®¤®£® è à  ¤ ®© ¯«®â®áâ¨,¢à é îé¥£®áï á ¤ ®© ã£«®¢®© áª®à®áâìî ¢®ªàã£ ®¤®© ¨§ ®á¥©.12. � ©â¨ ®¡ê¥¬ n-¬¥à®£® è à .13+. � ©â¨ á¨«ã £à ¢¨â æ¨®®£® ¯à¨âï�¥¨ï ª ®¤®à®¤®© áä¥à¥.14. � ©â¨ á¨«ã ¯à¨âï�¥¨ï ªã«®®¢áª®£® § àï¤  ª à ¢®¬¥à® § àï�¥-®© ¯«®áª®áâ¨. 17



15. � á®á¥¤¥© ¢á¥«¥®© á¨«  £à ¢¨â æ¨®®£® ¯à¨âï�¥¨ï ®¡à â®¯à®¯®àæ¨® «ì  à ááâ®ï¨î. � ©â¨ á¨«ã ¯à¨âï�¥¨ï â®çª¨ ª ®¤®à®¤®©áä¥à¥.16. � ©â¨ ¯®â®ª Z x dy dz + y dz dx+ z dx dy(x2 + y2 + z2)3=2ç¥à¥§ í««¨¯á®¨¤ x2a2 + y2b2 + z22 = 1:17. � ©â¨ Z (z � y2) dx+ 2xy dy � x dzx2 + (z � y2)2¯® ªà¨¢®© 8><>:x = os';y = 1 + sin';z = 2� os' ¨ ¯® ªà¨¢®© 8><>:x = 5 os';y = 1 + 5 sin';z = 2� os':18. �®ª �¨â¥, çâ® æ¥âà «ì®¥ ¯®«¥, â.¥. ¯®«¥ ¢¨¤ ~f = �(r)r (x �~i+ y �~j + z � ~k);£¤¥ r =px2 + y2 + z2, ï¢«ï¥âáï ¯®â¥æ¨ «ìë¬. � ©â¨ ¥£® ¯®â¥æ¨ «. �«ïª ª¨å äãªæ¨© �(r) ®® ï¢«ï¥âáï ¡¥§¤¨¢¥à£¥âë¬?
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� ¤ ç¨ ¤«ï íª§ ¬¥®¢ ¨ ª®««®ª¢¨ã¬®¢ ¯® ¬ â¥¬ â¨ç¥áª®¬ã   «¨§ã ¤«ïáâã¤¥â®¢ 1{2 ªãàá  �Ǒ� (1{3 á¥¬¥áâà).
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