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Regularity changes the geometry

Geos vs. extremal curves |: g € C*
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Regularity changes the geometry

Geos vs. extremal curves |: g € C*

v 9 =) - - d Vild W d U - d Y
geodesics. . . solutions vy of v = 0 (straightest possible curves)
extremal curves. ..~y minimizes the length functional (R)

maximizes length for causally related pts. (L)

C>®/C?| CH | below
v

geo eq. loc. uniq. solvable v
geos are locally extremal v v (1)
extr. curves are (pre)geos v v

(1) needs exponential map & Gauss lemma
[Minguzzi 2015], [KSS 2014], [KSSV, 2014]
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Regularity changes the geometry

geodesms .solutions ~y of v = 0 (straightest p055|ble curves)
extremal curves. ..~y minimizes the length functional (R)
maximizes length for causally related pts. (L)

C>®/C?| CH | below
v

geo eq. loc. uniq. solvable v X
geos are locally extremal v v (1) X
extr. curves are (pre)geos v v | C/2(2)

(1) needs exponential map & Gauss lemma
[Mlngu22| 2015] [KSS 2014] [KSSV 2014]
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Regularity changes the geometry

Existence of extremal curves

An issue separate from the geodesic eq. if g below Cb1!

g € CO | local global
length sructure Hopf-Rinow-Cohn-Vossen
Riem. Arzela-Ascoli in length spaces
[Hilbert, 1904] & [Burtscher 15]
existence of globally | continuous Avez-Seifert
Lor. hyperoblic neighb. [Samann 16]

[Sdmann 16]
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Regularity changes the geometry

Existence of extremal curves

An issue separate from the geodesic eq. if g below Cb1!

g € CO | local global
length sructure Hopf-Rinow-Cohn-Vossen
Riem. Arzela-Ascoli in length spaces
[Hilbert, 1904] & [Burtscher 15]
existence of globally | continuous Avez-Seifert
Lor. hyperoblic neighb. [Samann 16]

[Sdmann 16]

So extremal curves exist for continous metrics

Recent results in Lorentzian geometry & GR in low regularity



Regularity changes the geometry

Geos vs. extremal curves Il: below C!!

The shocking Hartman&Wintner-example (1951)

1 0
gij(x,y) = (0 1_ !X|)‘) on (—=1,1) x R C R?

Y a o gl 1 Ne(L,2)
(0,2y1) | slightly below C!!
o (nevertheless) geodesic
: equation uniquely solvable
0.y1) \ "=(s0) =
s (V)
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Regularity changes the geometry

Geos vs. extremal curves Il: below C!!

The shocking Hartman&Wintner-example (1951)

1 0
gij(x,y) = (0 1_ !X|)‘) on (—=1,1) x R C R?

YA

gecC 1 Ne(L,2)
slightly below C*!
(nevertheless) geodesic
equation uniquely solvable

(07 2}’1)

©y1) Y 'Yi(s(’) = @ minimizing curves not unique,
- (Ve even locally

Yo o y-axis is geo but

Recent results in Lorentzian geometry & GR in low regularity
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Impulsive gravitational waves

propagating in de Sitter universe

o distributional metric on constant curvature background
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Impulsive gravitational waves

propagating in de Sitter universe
o distributional metric on constant curvature background

de Sitter universe propagating wave
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propagating in de Sitter universe
o distributional metric on constant curvature background
o singular curvature concentrated on a null hypersurface, g € D’

o relevant models of ultrarelativistic particle
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Non-expanding impulsive gravitational waves with A

Impulsive gravitational waves

model short but strong pulses of gravitational rac
propagating in de Sitter universe

o distributional metric on constant curvature background
o singular curvature concentrated on a null hypersurface, g € D’

o relevant models of ultrarelativistic particle
The spacetime: 4D-hyperboloid in 5D-Minkowski with imp. pp-wave
ds? = dZ2 + dZ2 + dZ2 — 2dUdV + H(Z», Z3, Z)5(U)dU?
null-coords. U = 25(Z + Z1), V = 55(Z — Z1)

Z2 4+ 734+ 72 —2UV =3/A,

Recent results in Lorentzian geometry & GR in low regularity




Non-expanding impulsive gravitational waves with A

e

Geo equation, regularisation, model

‘Distributional equations’ |
U= —%/\Ue
. 1 -9 1 1 -5
Z, — 5H,,,éu :—5/\2,, (e+5 GoU?)
.1 . .o 1 1 .
V=S HOU =" Hpd Z U = —§AV(e+§G6U2)

where G := 6P Z, Hq — H and e = £1,0 but § = 6(U(t))

Recent results in Lorentzian geometry & GR in low regularity
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als

Geo equation, regularisation, model

Regularised equations

- 1oyx - U.
Usf—<e+§UaGs—Us(H5sUa)) m

. 1 . 1 -y =~ . : Zpe
Zpe = SHp0.U2 = — (e 5 U2 6. — U (M. U.) ) T
1 o 1,5 x . N\ Ve+ Hé:U:
Vs_§H65U3_5PqH,P6€Zq U5:_<e+§U§Gs_Us(H5sUs)) m

where

0e = 0:(Us(t)), 02 = 02 (Ue(t)),
e = Ge(Ue(1), Zpe(t)),  H=H(Zy(t)), and Hp=H,(Ze(t))

Recent results in Lorentzian geometry & GR in low regularity
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Geo equation, regularisation, model

good news!

- 1,5 . . U.
Ug——(e+§UEGE—U5(H55UE)> m
5 1 2 1px o . Zpe

Zpe = 5H 0. 02 = (e+2U€ & — 0. (H68UE)) VT
linear & decoupled. . .simply integrate at the end

where

6E(U5(t))> 5; :6;(U5(t)),
ég(Ug(t)7Zps(t))7 H= H(Zpg(t))7

d
G

and  H, = Hp(Ze(t))
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Geo equation, regularisation, model
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Geo equation, regularisation, model

Model system for 7. = x. = (u.,z.) € R x R3

) 1, . :
e = (et 3 6o = e (HEe ) ) 77—
£ &
1 1 ., = :
= DR O = —(e+ 52 G — i (HB.w)) 3777
&

with
H = H(z.) € C*(R3)

Recent results in Lorentzian geometry & GR in low regularity
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The full model system

Seed geodesics and initial conditions

The u-component of the seed geodesic

(black) reaches the regularisation sandwich .

at e Ve = Ve
t=ae, ie., ula:) = —¢. -

In the background spacetime v would
continue (dotted red) to

Qe e .t
U=0att=0. g p

In the regularised spacetime =y continues as V.
~e (green) solving the model equations. s

Goal: show that ~. lives long enough to
cross the sandwich for ¢ small.

Recent results in Lorentzian geometry & GR in low regularity




Non-expanding impulsive gravitational waves with A

e

The full model system

Seed geodesics and initial conditions

The u-component of the seed geodesic We look for solutions on
(black) reaches the regularisation sandwich
at Je = [ae, e +1] (7 >0)
t=ac ie, ulac) = —e and set data at t = .
In the background spacetime v would o
continue (dotted red) to Ye(oe) = (¢, z:)
. -0 -0
U=0att=0. Fe(ae) = (6(> 0), )

where we additionally demand conver-

In the regularised spacetime =y continues as
gence to some seed data

~e (green) solving the model equations.
(—e,22) = (0,2°)

Goal: show that lives long enough to
- & cnote (0> 0,2) = (° > 0,2°)

cross the sandwich for ¢ small.

Recent results in Lorentzian geometry & GR in low regularity
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The full model system
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Non-expanding impulsive gravitational waves with A

The full model system

Model system for 7. = x. = (u.,z.) € R x R3

ugz_(e+%u§c?5—u6(Hasug)') =
Zs—%DHcSE[lf:—(e+%ug G. — i (H6. usj) z

with data

xe(ce) = (ue(ae), ze(ae)) = (”2725)

(—,2%) = (0,2°) e R x R®

XE(OZE) == (0€(a€)a Z.E(ai-?))

g9 @

3/ — u2H.

(02,29) — (i°(>0),2°) e R x R?

Recent results in Lorentzian geometry & GR in low regularity
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Solution space & operator

xs = {Xe = (u€7z&?) S Cl(J87R4) : X5(a5) - X Xg(ag‘) _ XO

3
O < Gz =Y < y [ 10 ]
e =x°le < G |2 = Plloe < Gy e € |5, S }

prospective solutions assume e-dependent data

@ centred around the ‘fixed’ data (0, z°) and (o, 2°)
o u. forced to stay positive

o X, only depends on ¢ via the domain J; and data

Recent results in Lorentzian geometry & GR in low regularity
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247

Solution space & operator

xs = {Xe = (u€7z&?) S Cl(J&?,R4) : X5(a5) - X Xg((lg) _ XO

e = G ) < Gy i€ [Bad, 2]}

Recent results in Lorentzian geometry & GR in low regularity
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247

Solution space & operator

xs = {Xe = (u€728) S Cl(J&?,R4) : X5(a5) - X Xg(ag‘) _ XO

e = G ) < Gy i€ [Bad, 2]}

choose constants: ¢ >0, G, = C2(||DHHBC1(ZO), fixed data)

Recent results in Lorentzian geometry & GR in low regularity



Non-expanding impulsive gravitational waves with A

Solution space & operator

xs = {Xe = (u€7z&?) S Cl(J87R4) : X5(a€) - X Xg(ag‘) _ XO

: . : 3
e e < G 12~ 2l < Gy i € [500, 340}

choose constants: ¢ >0, G, = C2(||DH”BC1(ZO), fixed data)

eu. + 2u.i?G. — v (H.u.)
Al : t € o Heleg Ye ele ele
(:)(t) /Q/a 3N w2 Hs. drds

i’(t—o.)—¢

A2 t).: ~DH6.i? —

ez. + 3z.02G, — z-0. (Hou.)’

Recent results in Lorentzian geometry & GR in low regularity



Non-expanding impulsive gravitational waves with A

Local existence & uniqueness

1(A2)"(x) = (A)" (X))l er < %ﬁn e =xCllc with ) B < 00

and so Weissinger's fixed point theorem applies.

Theorem (Existence and uniqueness)

The initial value problem for the geodesic equation has a unique
smooth solution

Ve — (U€7 Vsazs) on [Oég,Oég + 77]a

provided n # n(g) and € are small enough. . .
Moreover =y, is uniformly bounded in e together with U, and Z..

Recent results in Lorentzian geometry & GR in low regularity
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Local existence & uniqueness

—wind1 22 G 2¢; 2 G 2 G

e ""“{ * 240" 3+ 0 54llplIDHI e d® ' 12(120] + G) " 8(120 + 1) |
Ga? /o 0 0 , -1 G }
?(u (12°1 + CGIDHI oo llpllos (12°] + C1) + 1 Hll oo 16" lloo)) ST IED

G 0 0 3.0 -t
S (0121 + @) (310l sl (1221 + @) + 2 Il (16w + loll)) )}

Theorem (Existence and uniqueness)

The initial value problem for the geodesic equation has a unique
smooth solution

Wz = (U&:a Vsaz&:) on [ae:’as + 77],

provided n # n(g) and € are small enough. . .
Moreover =y, is uniformly bounded in e together with U, and Z..

Recent results in Lorentzian geometry & GR in low regularity
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Local existence & uniqueness

2

e <o -—min{"’i i(BHDHH lolloo (12°1 + 1) + IHlloo 16 100 ) "
<egi= ,— sollpllo solle’llse) ™
2l|pllos [IHlloo 7200

2 — |

= (3||DH|\m||p||m(|z'°\ I (P ||pnoo)) g
96 2

-0
. — nu

BlIDHso llolloo (12°] + C2))TH, —— ¢
6

Theorem (Existence and uniqueness)

The initial value problem for the geodesic equation has a unique
smooth solution

Wz = (U&:a Vsaz&:) on [ae:’as + 77],

provided n # n(g) and € are small enough. . .
Moreover =y, is uniformly bounded in e together with U, and Z..

Recent results in Lorentzian geometry & GR in low regularity



Non-expanding impulsive gravitational waves with A

Extension of geodesics

Theorem (Extension of geodesics)

The geodesics . extend to geodesics of the background de
Sitter spacetime ‘behind’ the sandwich wave zone.

Proof.

as+n o
Us(as+n):—s+/ Us(s)d52—6+gU°Z—s+3525

Qe

sincee <17 U°/6
For such ¢, v leaves the wave zone and extends to a geodesic of

the background spacetime since the geodesic equations coincide
there. Ol

Recent results in Lorentzian geometry & GR in low regularity
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247

Basic completeness result

Theorem (Causal completeness)

Every causal geodesic in the entire class of regularised non-
expanding impulsive gravitational waves propagating in de Sitter
universe (with smooth profile function H) is complete, provided
the regularisation parameter € is chosen small enough.

Drawback: € depends on the initial data of the very geodesic, so
@ no result for periodic spacelike geodesics

@ no spacetime completeness result

Extension: Non-smooth H is okay as long as the seed geodesic is

Recent results in Lorentzian geometry & GR in low regularity G
/
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EL

Spacetime completeness result

o Turn above ‘local solution candidate’ into a global one

Recent results in Lorentzian geometry & GR in low regularity
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Non-expanding impulsive gravitational waves with A

Spacetime completeness result

o Turn above ‘local solution candidate’ into a global one

Globalization Lemma
Let v : (0,1] x M — R” be a smooth map and let (P) be a property
attributable to values u(e, p), satisfying:

VK CC M thereis ek > 0: (P) holds for all p € K and € < k.

Then there is a smooth map & : (0,1] x M — R" such that (P) holds
globally.

Moreover for each K CC M there exists some ex € (0,1] such that
i(e, p) = u(e, p) for all (g, p) € (0,ex] x K.

Recent results in Lorentzian geometry & GR in low regularity
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Spacetime completeness result

o Turn above ‘local solution candidate’ into a global one

@ prove moderateness and uniqueness

Recent results in Lorentzian geometry & GR in low regularity
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Non-expanding impulsive gravitational waves with A

@ Turn above ‘local solution candidate’ into a global one

@ prove moderateness and uniqueness

'Theorem (Generalized spacetime completeness)

The generalized impulsive wave spacetime (M, g) given by

—2UV +ZZ+ 72+ 27 =3/A

in the 5D-impulsive pp-wave
ds® = dZ3 + dZ2 + dZ} — 2dUdV + H(Z», Z3, Z,)D(U)dU?

 is geodesically complete.

Recent results in Lorentzian geometry & GR in low regularity
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