Iversitat

DIPLOMARBEIT

Titel der Diplomarbeit

Functional Analytic Methods

for

Hyperbolic Partial Differential Operators

angestrebter akademischer Grad

Magistra der Naturwissenschaften (Mag?® rer. nat.)

Verfasserin: Alice Mikikits

Matrikel-Nummer: 0206157

Studienrichtung: Mathematik

Betreuer: Ao. Univ.-Prof. Ginther Hérmann

Wien, am 3.5.2007



Contents

1 Introduction

2 Prerequisites
2.1 Sobolev Spaces . . .. ... .......
2.2 Holder Spaces . . . . . ... ... .. ..

2.3 Vector-valued Distributions resp. Functions . . . . . . ... .. ... ...

2.3.1 Vector-valued Distributions . . .
2.3.2 Vector-valued Functions . . . . .

3 Hyperbolic Operators
3.1 Existence and Uniqueness of the Solution
3.1.1 Formulation of Problem (H) . .
3.1.2 Preparations . ... ... ....

3.1.3 Uniqueness of the Solution of Problem (H) . . ... ... .....
3.1.4 Existence of a Solution of Problem (H) . ... ... ........
3.1.5  Continuity of the Solution with Respect to the Data . . . . . . ..

3.2 Regularity of the Solution . . . ... ..

4 Examples
4.1 The Wave Equation . . ... ... ...
4.2 A Generalization of the Wave Equation

Table of Notation
References

Curriculum Vitae

13
13
13
15
19
23
30
31

33
33
39

43

45

46



Chapter

Introduction

This diploma thesis deals with the problem (H)

d?y
@—I_L(t)y_fv tG(O,T),

with the initial conditions

d
O =p eV, Z(0) =y €,
where f € L?(0,T;H), T < oo and V C H C V' are Hilbert spaces, all densely embedded.
From the operator L there can be constructed an associated sesquilinear form a(t; ., .) :

VxV—-C,ie.
a(t; o, ) = (L(t)p, ).

If this sesquilinear form satisfies certain conditions, i.e. continuity, antisymmetry, V-
coercivity and boundedness of the derivative (with resp.to t), there exists a unique solu-
tion to the problem (H).

The aim of the thesis at hand is to consider two examples, first the wave equation and
second a more general form of a wave equation, and to find out what requirements on
the coefficients of the operators have to be made, such that the existence of a solution is
guaranteed.

Chapter 2 begins with a short introduction to the theory of Sobolev spaces H?®(R™),
s € R, since these play a decisive role in the theory of partial differential equations and
are therefore important for the subject of this thesis. Moreover, a definition of the space of
a-Holder continuous functions (0 < a < 1), in particular of Lipschitz continuous functions
(a = 1) is given. Furthermore, definitions of vector-valued distributions are recalled. In
Chapter 2 essentially results which are the prerequisites needed in the following chapters
are presented.

With Chapter 3 the main part of this diploma thesis begins, which deals with the proof of
the existence and uniqueness result mentioned above. It should be noted that Chapter 3
is based heavily on [13]. To prove the existence of a solution to problem (H) the Galerkin
method is used.
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In Section 3.2 a regularity result is proven, which shows that the problem (H) can be
solved in the scope of Sobolev spaces. The classical solvability can then be obtained by
applying Sobolev’s Lemma.

In Chapter 4 the wave equation

O*u — c(t)0*u =0
u(0,z) = uo(z), (81&”) (0,7) = ua ()

is considered. To have a(t; ¢, 1) satisfy the conditions, which are necessary for the exis-
tence of the solution, we will come to the conclusion that the coefficient ¢(t) has to be
Lipschitz continuous and ¢(t) > ¢; > 0 for all ¢ € (0,7). In Section 4.1 it will be also
discussed which requirements on ¢ guarantee existence of a solution if we do not restrict
to the functional analytic method used in this thesis. Due to [2] it will turn out that c at
least has to be Log-Lipschitz continuous.

The Section 4.2 deals with a more general form of a wave equation. Essentially we will
find, analogous to the wave equation, that we need the coefficients to be Lipschitz con-
tinuous in .
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Chapter

Prerequisites

2.1 Sobolev Spaces

In the analysis of partial differential equations the spaces H™(R™) with m € N, denoting
the spaces of distributions whose derivatives up to the order m are in L?(R"), play an
important role. We will start with a definition of the Sobolev spaces H*(R™) with s € R
and will see, that for s = m € N the space H*(R") coincides with the space H™(R").

Definition 2.1 For s € R we define

H (R = {u e .7 (R

(1+[¢P)/%a e L2R™) }

(with 4 the Fourier transform of w). We furnish H*(R™) with the scalar product

(u,v)s = (27T)_”/ (1+ [¢P) a(&)o()dg
Rn
and the associated norm 1s

Julle = (m)™" [ (1+16R) la(e) )

1/2

Note that we obviously have H°(R™) = L?(R"™). From now on we will use the notation
&) == (1 + [£]2)/2. Moreover we will write H® instead of H*(R") for s € R and .¥
instead of .7 (R™).

Lemma 2.2 (i) The spaces H® with s € R are Hilbert spaces.
(ii) Let u € H® with s € R, then

lulls = (2m)~"2[IA%allo

and
we H® if and only if X4 € L2

(iii) If s > t then H®* C H' and the injection is continuous.
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Proof. (i) For any given s € R we only have to show that H?® is complete. Let therefore
{u;} be a Cauchy sequence in H*, then {\*(¢)u;} is a Cauchy sequence in L2. The space
of classes of square integrable functions on R" is complete and so A\*(¢)u; — v in L2
Hence v € ./ and \*(&)v € ¥/, because A™%(€) is of slow growth. Since the Fourier
transformation is a continuous isomorphism on .# and the Fourier transform on .’ is
defined by duality there exists u € ., such that A™%v = 4. Finally we have

we.s and N(&)ae L2
i.e. u € H’ and since
|uj —ulls = [N — Aallo = A% —vllo — 0 as j — oo

we have u; — u in H®.
(ii) By definition.
(iii) This follows from

lulle = [\ allo = [A*Xallo < I\ allo = [[ulls.

d

Because of Lemma (2.2) (iii) it makes sense to introduce Sobolev spaces of infinite order.

Definition 2.3
H>® = ﬂHs and H™™ = UHS.
S S

Observe that we have the following inclusions
S CH®CH > c.5.

To see that the inclusions above are strict observe that for n = 1 the function f(x) = ﬁ
is smooth and square integrable, i.e. f € C*° N L% For all k we have f*)(z) = O((l +
|2|)7*=2) and therefore f*) € C°° N L%, Vk. Hence f € H*(R), but f ¢ .#(R). So we
have shown that the inclusion CRV 5 H® is indeed strict.

We find that for w:=.#"1 (A7 2 ~%) we have u € H\H*™! for all s € R. We conclude
that H* C H*, Vs € R, ie. H* C|J,H®* = H™*.

By definition we have

H™> = {u € .#"|3s € R such that \*a € L?}.

Now assume that ./ C H~*°. Then for all u € .#’ there would exist s € R such that
A4 € L?. But then one would get A™%(\*4) = @ € Li_, which does not hold for all
ue ..

Lemma 2.4 (i) Let s € R, uw € .%". Then

we H'Y if and only if w,Dyu,...,Dyu € H® (2.1)
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and .
lall3 sy = llull3 + D 1Djull3. (2.2)
j=1
(ii) For m € NU {0} and v € %" we have

we H™ if and only if D% € L%, VY|a| <m (2.3)
where D; := —id;, D* = (—i)l*19*).
j J

Proof. (i) This results from

AR = AR = (1 P = (14 €)Ial
j=1

n n
= VA + ) INgal = [xa? + > [N Djul,
=1 i=1

where we have used the fact that multiplying the Fourier transform of a function by a
polynomial corrensponds to the Fourier transform of the derivative of the function.

(ii) We use induction on m: For m = 0 we have H® = L? and nothing is to prove. For
the inductive step m to m + 1 use (i). O

Theorem 2.5 (Sobolev’s embedding) Let m € Ny U {oco} and v € H*(R™) with s >
5 +m, then
Duc C°NL>®, V|a| <m.

Moreover,
[D%ul[Loe < Crslulls- (2.4)

Proof. We use induction on k. For k = 0 we have s > % Then

: &y
[ taena = [ taoue <ol [ %) @9)

Since 2s > n the last integral in (2.5) is convergent and thus @ € L'(R™). The Fourier
transformation on L' gives elements, which are bounded (|4(¢)| < |lu|;1) and continuous
by the theorem of dominated convergence. Conclusively we get v € C° N L™, Now we
make the inductive step from & to k+1. Then we have s —1 > 5 4k and by Lemma (2.4)
(i) u € H® is equivalent to u, Dju € H*"! for j = 1,...,n. By applying the induction
hypothesis on u, D;u € H*~! we obtain D*Dju € C°N L™ for all a with |a| < k and
finally Du € C°N L for all B with |8| < k+ 1. The estimate (2.4) follows from Cauchy
Schwarz’ inequality. a

Theorem 2.6 (Strengthening Theorem 2.5) Let s € R and k € N, satisfying s >
2+ k. Then u € H*(R") implies u € B"(R") := {u € C*(R")|limy—o0 |Du(z)| =
0, V|| < k}.
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Proof. To show the result for k = 0 we note that u € H*(R") implies @ € L'(R") (take
a look at the proof of Theorem 2.5). Since @& € L'(R") C ./ (R") we get u = F~ (1) €
B°(R™). Since 4 € LY(R™), u is given by

u(w) = (2m) " [ (e

n

and satisfies

. A ) d 1/2
ey = sup futw)| < m) [ il < 2m) ([ =Tl

where we made use of (2.5).
For the general case we observe that from Lemma 2.4 (i) we get

uwe H*(R™) if and only if D% e H*™®l(R™) € H**(R"), V|a| < k.
Since s — k > § we use the result for k = 0 and obtain
D € Z°(R™), V|a| <k

or
u € B*RM).
O

H*-distributions are exactly the conjugate linear and continuous forms on H™*, more
precisely

Theorem 2.7 (H*-duality) (i) Let w € H® and ¢ € .. Then we have |(u,p)| <

Julsllell—s- )
(ii) Conversely, if u € " and |(u, )| < C|lpll—s, Vo € .7 we get uw € H® and ||u||s < C.
(By (u, ) we denote the distributional action of u on ¢.)

Proof. (i) Using Parseval’s formula and the Cauchy-Schwarz inequality we obtain

|(u, 0)| = 2m)7"[(@, @) = 2m) 7" [(Na, AT°@)] < lulls [l s

by Lemma 2.2 (ii).
(ii) We compute

(N1, 0)| = (@, A°9)| = |(i1, X9)| < ClAp|—s = C2m) ™2 |A~* X0 ]lo = C2m)"2[|¢]lo-

By Riesz’ representation theorem we get A% € L? and hence by Lemma 2.2 (ii) u € H®. O



2.2. Holder Spaces Chapter 2. Prerequisites

2.2 Holder Spaces

Definition 2.8 Let  C R™ be an open set and 0 < o < 1. We say the function ¢ is
a-Hélder continuous on ) if there exists a C > 0 such that

lp(z) — (y)]

ey SO

forallx, y € Q with x #y. If a =1 we call ¢ Lipschitz continuous.
We define for 0 < a <1

Cc0e(Q) = {tp e CO(Q)

and more generally for 1l € N
cle(Q) ={pe Cl(Q)‘ngo e ™), ljl <1},

We furnish the spaces CH*(Q) with the norm

s Dip(z) — D¢y
Iollone = sup [D(a)] + sup 22 = Dew)]

Is|<l Is|=1 |z —y|*
€ x,yeN
Y

By definition it is obvious that for 0 < a < 8 < 1 we have %P8 C %, Therefore
Lipschitz continuity is stronger than Holder continuity.

Remark 2.9 There is a connection between Sobolev spaces and Hélder continuous func-
tions:

Let u € H*(R") with s € Rand 0 < a < 1. If s > 2 + o we have u € C*.

This result is often known as Sobolev’s lemma. The proof can be looked up in [8], p. 207,
Prop. 8.6.10.

Note that Lipschitz continuous functions are obviously continuous, whereas the converse in
general does not hold. Continuous functions with a bounded first distributional derivative
are Lipschitz continuous (on convex sets). However, the concept of Lipschitz continuity is
weaker than the notion of continuous differentability. Indeed, look at the example f : R —
R, z + |z|. To make the connection between Lipschitz continuity and differentiability
more precise let us define absolutely continuous functions.

Definition 2.10 Let f be a complex-valued function defined on a subinterval I of R.
Suppose that for every e > 0, there is a § > 0 such that

Z |f(yi) — f(zs)| < e
=1

:.L:l of open subintervalls of I for which

for every finite, pairwise disjoint, family {(a:,, yl)}

n

> yi—m) <.

i=1

Then f is said to be absolutely continuous.
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One can show that a function f is absolutely continuous on [a,b] C R if and only if f has
the form

f(2) = fa) + / ")t (2.6)

for some g € L'[a,b]. In this case we have g(z) = f’(x) a.e. on (a,b). We will not prove
this in the thesis at hand, it is a typical result from measure theory (cf. [7], p. 286). Thus
it makes sense to define the space of absolutely continuous functions in the following way

ACla,b] := {f € Cla,b]| f(z) = f(a) + /r g(t)dt, g € L'[a,b]}. (2.7)

In some way the definition (2.7) is more feasible and for our aims easier to work with.
So if we will later on deal with absolutely continuous functions we will always have the
characterizing property (2.7) in mind. However, to show that every Lipschitz continuous
function is absolutely continuous we will make use of Definition 2.10.

Lemma 2.11 Let f € C%'[a,b], then f € AC|a,b].

Proof. Let f be Lipschitz continuous on [a,b] and C' a positive Lipschitz constant. Then
for every € > 0 we can choose § = & such that for every finite, pairwise disjoint, family

{ (i, yi)}?zl of open subintervalls of [a, b] for which

n

D (yi—wi) <6

i=1
we have
S i) = fla) <CZ|yz—x2|—CZ )< C-b=¢.
i=1
Hence f is absolutely continuous on [a, b]. 0

Summarizing our observations above we have that every Lipschitz continuous function
is absolutely continuous, and since absolute continuity implies differentiability a.e. also
every Lipschitz continuous function is differentiable a.e.

We will now clarify the relation between functions with the Lipschitz property and their
distributional derivative. This will be of prime importance in Chapter 4.

Lemma 2.12 We have f € C%'[a,b] if and only if the distributional derivative f' €
L>[a,b).

Proof. Assume f € C%[a,b], i.e. IC > 0 such that |f(t) — f(¢')| < C|t — ¥| for all
t,t" € [a,b], then the distributional derivative f’ of f is bounded. Indeed, let ¢ € %(a,b)
be arbitrary, then we have

(f'p) = / F(t)¢!(1)dt = Jim / 0 % ot + B))dt

b1
= lim E(f(t) ft— dt<C/

h—0 J,
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Hence

I(f, ) <C

b b
| et <c [ et = Clieln,

and so f’ € (L'[a, b]), = L*[a,b).

Conversely, let f' € L*[a,b], then f’ € L'[a,b] and therefore f € AC[a,b]. Hence for
all ¢ € Z(a,b) we obtain that f - € AC[a,b] That means f - ¢ is differentiable almost
everywhere and we get

(f-o)=Ff+[f e

Integration by parts for absolutely continuous functions yields

b
(f.¢) = - / £ (1)t

Hence the pointwise derivative almost everywhere, i.e. the distributional derivative exists
and we obtain

) - £ =| / £ (| < / P )ldn < |1 [zt — .

Setting C := || f'||L~ we obtain f € C%![a,b]. 0

The following result will be needed in Section 4.2, where we will deal with functions
depending on two variables, for example x denoting space and ¢ denoting time. Since
Lemma 2.13 and 2.14 will need vector-valued distributions, the reader may recall the
definitions in Section 2.3 first.

Lemma 2.13 If c € C%!([a,b]; L°(R)) then d;c € L*=([a,b] x R).
Proof. Let ¢ € C%!([a,b]; L°°(IR)), then there exists C' > 0 such that
\V/tl,tQ € [CL, b] : HC(tl, ) — C(tg, . )HLOQ(R) § C|t1 — t2|. (28)

Now we have to show that d;c € L°°([a,b] x R). The derivative of a Lipschitz continuous
function in general does not exist pointwise in all points. So we consider c¢ as a distribution
in 2'((a,b) x R). Then we get Vo € Z((a,b) x R)

b
(Oe,) = —(c,01p) :—/(mb)XRc(t,x)@tgp(t,;v)d(t,:n):—/R/a c(t, )0pp(t, x)dtdz
b
= — [ (clba)otbna) =~ claaipla,e) = [ duett,a)olt.)it)da
= / Oe(t, x)p(t, x)d(t, z). (2.9)
(a,b)xR

Here we have used integration by parts for absolutely continuous functions. To explain this
in a little more details let us, for the sake of clarity, temporarily suppress the dependency
on z. Then ¢ € C%'[a, b] implies ¢ € AC[a, b] by Lemma 2.11. Clearly, also ¢ € Z(a,b) is
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absolutely continuous. Thus ¢ - ¢ € AC|a,b]. Therefore c - ¢ is differentiable a.e. and we
get by a simple calculation

(cop) =c-o+ o

Finally, integrating implies

b b
c(b)p(b) — c(a)p(a) :/ c(t)gp’(t)dt—i—/ d(t)p(t)dt. (2.10)

So (2.10) means integration by parts for absolutely continuous functions. Now we rewrite
(2.9) in the following way

(9he, ) = lim c(t + h,x) — c(t, )

p(t,x)d(t, 2.11
pm ) (t,2)d(t, ) (211)

and we obtain

t+ h,z) — c(t,
(@re0)| < sup /[ b] R'“ D) = a)ld(t, o)
a,b] x

h h
le(t 4 h,x) — c(t, ©)|| L= m
<[ . B o(t, ), 2)
[a,b] xR
< Clieltr (anxr)s (2.12)

where we have used the definition of Lipschitz continuity for the last inequality sign. So
we have shown

dic € (LY([a,b] x R))" =2 L®([a,b] x R).

Lemma 2.14 The space L*([a,b] x R) is isomorphic to L*(a,b; L (R)).

Proof. Set X := L*®(a,b; L>*(R)), Y := L*([a,b] x R) and define A : X — Y with
(AE) (t, ) == (&(t))(z). A is well defined

|(A8) (t,z)| = | (&) (2)] < Slelﬂlilf(t)’ = 1€ lee®) < M€l Loo (a,bs2o0 (RY)» (2.13)

so A € Y. We can also define B : Y — X with (Bf)(t) := f(t, .), Vt € [a,b]. We have

[BHO oo gy < I1F 1200 (a5)xR)

and

tSI[lIZ} [(BF) O ooy < I1F oo a,5xR)- (2.14)
cla,

Hence Bf € X and B is also well defined. Now we will show that A is bijective and the
corresponding inverse map is B. We have Vf € L*([a,b] x R), Vt € [a, ]

(A0 B)(N)(ta) = (ABNH) (1) @) = (B (1)) = f(t,a),  (2.15)

10
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and hence (Ao B)f = f.
We get V¢ € L>®(a,b; L*°(R)), Y(t,z) € [a,b] x R
(BoA)©)(t.x) = (B(AE) (1)) (@) = (A8) (t,2) = £()(a). (216)

and therefore (B o A)¢ = &.

Thus (A o B) = idy and (B oA) =1idx. Since A, B are linear we have that X and Y are
isomorphic. Furthermore, we obtain that this isomorphism is isometric. Indeed, let || .||
denote the operator norm, then [|A|| <1, ||B|| < 1. Since Ao B =id, Bo A = id we get

1= [lAeB| <[lA[l-[|B] <1,

and hence ||A|| - || B|| = 1. So finally we conclude |A|| =1 and ||B| = 1. O

2.3 Vector-valued Distributions resp. Functions

We will give a short review of distributions resp. functions with vector values in a Banach
space, since those will be needed frequently later on.
2.3.1 Vector-valued Distributions

Let E be a Banach space, (a,b) an open set of R and dt the Lebesgue measure over (a,b).
The definitions we recall are valid for an arbitrary open set £ of R™.

(i) We denote by LP(a,b; E) (1 < p < oo) the space of classes of functions ¢ — f(¢) :
(a,b) — E such that

f is measurable for dt and

1Al zoasey = (/b i) " <.

(ii) We denote by L>(a,b; E) the space of classes of functions f from (a,b) into E satis-
fying
f is measurable for dt and

f is bounded a.e. over (a,b).

We set

H HL (7b1E) Hf(t)”ESMa'e'

(iii) We call every continuous linear mapping 7" : Z(a,b) — E a vectorial distribution
over (a,b) with values in F, i.e. for all compact subsets K of R there exist constants
¢ > 0, m € N such that

(T 0)|p <e > 10%(@)lle k), Ve € P(a,b) with supp(p) C K.

la<m

11
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9'((a,b); E) denotes the space of all such continuous linear mappings of Z2(a,b) — E.

(iv) Let k € N. By the Sobolev space H*(a,b; E) we denote the space of all measurable
functions (or distributions) ¢ — f(¢) : (a,b) — E such that

d7
E{ € L*(a,b; E) for 0<j<k.

The norm in H*(a,b; E) is given by

koo
1712 = ;) /0 | 2201 g

Note that for & = 0 the space H%(a, b; E) coincides with L?(a, b; F).

2.3.2 Vector-valued Functions
Let E be a Banach space and I an subinterval of R.

(i) By C(I; E) we denote the space of all continuous functions f : I — E such that for all
ty € I we have

Ve > 030 > 0 such that Vt; € I with |[t; — t2| < § we have ||f(t1) — f(t2)||g < e.

(ii) Let k € N, then we denote by C¥(I; E) the space of all functions f : I — E, whose
derivatives up to the order k exist and are continuous as defined in (i).

(iii) Let 0 < a < 1. Then C%%(I; E) denotes the space of all continuous functions

f I — E such that
sup 1f(t) — ft2)llE

t1£ts [t — to]®
t1,ta€l

< o0

12
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Hyperbolic Operators

3.1 Existence and Uniqueness of the Solution

Let V and H be Hilbert spaces. Suppose V' is densly embedded into H, V separable, and
we identify H with its dual H’. If V' denotes the dual of V' we have

VCHCV,

where the embedding of each space in the following is continuous, injectiv and the image
of the embedding is dense in the following space.

3.1.1 Formulation of Problem (H)

For t € [0,T],0 < T < o0, let the sesquilinear form a(t; ., .) : VxV — C be a continuous
sesquilinear form, i.e. there exists ¢ > 0 such that

la(t; 0, 9)| < cllelvivllv, Vi,oeV (3.1)

where ¢ does not depend on t.
It follows that, for each t € [0,T] the sesquilinear form a(t;p,1)) defines a continuous
linear operator L(t) : V — V' with

at; 0, 9) = (L(t)@, 1) - (3.2)

Moreover, we make the following hypotheses:
The sesquilinear form a(t; ¢, 1) should be antisymmetric

alt; 0. 9) = a(t; v, ) Vo, €V (3.3)
A further condition is the V-coercivity, i.e. there exist constants kg > 0, o > 0 such that

a(t;e, ) + kollellF = ellelly, Ve [0,T], Ve eV, (3.4)

13
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(note that a(t; ¢, ¢) is real by (3.3)).
Moreover, we require the function t — a(t;p, 1) (¢, fixed) to be C! from [0,7] to C,
a(500) €CTO.T], Vow e,
such that p

| Zattio,0)| < clglvivly, vieo.T], (3.5)
where ¢ again does not depend on t.

We will also consider a weaker condition than (3.5): For all ¢, ¢ € V the function
t — a(t;,v) (p, 1 fixed) should be Lipschitz continuous, i.e.

a(.,p,9) € COM0,T], Vo, e V.

In light of Lemma 2.12 we see that this holds if and only if the distributional derivative
is bounded

d
| Zatte.9)| < cllellv vl (3.6)

for almost every t € [0, T].

We consider the problem (H):
Let f € L?(0,T; H), T < oo be given, and the initial values

y()EV, yleH.

Then we want to find a solution y(t, z) such that

d
y € L2(0,T;V), Y ¢ L%0,T;H),

dt
and such that the following holds (in V)
d%y
dy
0) = —(0) = y1.
v(0) =y, = 0)=wn
Note that we have
d
d—i :[0,T] — V' continuous, and y:[0,7] — H continuous,

(cf. [13], Remark 29.1). Hence we have a priori

d
y@zmeH,mm;%mzmew

From the proof of Theorem 3.1 (more precisely, from the proof of the existence of a
solution of problem (H)) we will get that the intitial data can even be fulfilled in the
following sense

y(0) =yo €V, and Z—ZZ(O) =y € H.

14



3.1. Existence and Uniqueness of the Solution Chapter 3. Hyperbolic Operators

We read (3.7) in V'’ or equivalently in a weak sense, i.e.
d%y
(W#})H + (L(t)y,v)H = (f, v)H Yo e V. (3.8)

Note that from now on we will always use the notation (, )y instead of (, )y or
(, )(m,m)- So one should always be aware of which duality, the (V', V')~ or (H, H)-duality,
is meant. Our aim is to prove the following result:

Theorem 3.1 Let T' < oo and the conditions (3.1)-(3.4) and (3.5) be satisfied. Then
the problem (H)

@—FL(t) =f for te(0,T)
dt2 y - bl
with the initial conditions
d
y(O) =y eV, ) =y €A,

and f € L*(0,T; H) has a unique solution y € L*(0,T;V).
The map

{f7y07y1} = {y7 %}

s linear and continuous
L*(0,T;H) x V x H— L*(0,T;V) x L*(0,T; H).

It should be mentioned that Theorem 3.1 also holds if the weaker condition (3.6) is
satisfied instead of (3.5) (cf. Remark 3.11).

In Section 3.1.2 we will show some integral inequalities like for example Gronwall’s lemma.
Moreover, we will recall an important functional analytic result about weak compactness.
In 3.1.3 we will prove the uniqueness and in 3.1.4 the existence of the solution of the
problem (H). Finally, in Section 3.1.5 we show that the solution, if it exists, depends
continuously on the initial data yg, y1 and on the inhomogeneity f.

3.1.2 Preparations
Integral Inequalities

Lemma 3.2 Let g, v, w € C[0,T], and 0 < h € L'(0,T). Assume that the following
inequalities hold in [0,T]

v(t) < g(t) —i—/o h(r)v(T)dr, w(t) > g(t) +/0 h(m)w(r)dr, (3.9)

where for each t € [0,T] equalitiy in the above inequalities holds at most in one equation.
Then
u(t) <w(t), Vtel0,T]. (3.10)

15
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Proof. For ¢t = 0 it follows from (3.9) that v(0) < g(0), g(0) < w(0), where equality can
not hold in both equations at the same time, so v(0) < w(0). Assume (3.10) is not true,
then there exists tg € (0, 7] such that v(tg) = w(tp) and v(t) < w(t) for 0 < ¢ < ¢y. Since
h(t) > 0 it follows that

h(r)v(r) < h(T)w(r) for 0 <7 <ty

Then by (3.9) we obtain

u(ty) < glto) + /0 " h(r)yo(r)dr < glto) + /0 " h(r)w(r)dr < w(to),

where one of the outermost inequalities is strict. That means we get v(to) < w(tp), which
is a contradiction to v(tg) = w(to). 0

Lemma 3.3 (Gronwall) Let g(t), v(t) € C[0,T], and 0 < h(t) € L1(0,T). Moreover in
[0,T] the following inequality should be satisfied

t
—I—/ h(T)v(T)dr. (3.11)
0
Then in [0,T]
t
u(t) < g(t) + [ g(r)h(r)e?D"H T qr (3.12)
0
where H(t fo 7)dr. Moreover if g(t) € C' we have the estimate
t
o(t) < 0 (g(0) + / g (7)1 dr). (3.13)
0

Proof. First we observe that for every g € C[0,T]

w(t) = g(t) + / tg(T)h(T)eH“)—H(T)dT (3.14)
0

w(t) = §(t) + /0 h(r)w(r)dr. (3.15)

Indeed, differentiating (3.14) gives
w'(t) = g(t)+g(t)h(t) +/O g(r)h(r)e" O HD arh(t) = g'(t) + h(t)w(t) (3.16)
w(0) = g(0), (3.17)

which clearly is equivalent to (3.15). If we choose g > g, then (3.15) becomes a strict
inequality

w(t) > g(t) + /0 h(r)w(r)dr. (3.18)

16
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Considering (3.11) and (3.18) we see that the conditions of Lemma 3.2 are satisfied and
we obtain the result
v(t) < w(t) vt € [0,T7.

(3.12) follows by taking the limit § — g and by integrating by parts we get (3.13). O

Lemma 3.4 Letv € C[0,T], v> 0. If v additionally satisfies the following estimate

v(t) < c/o v(r)dr  for te[0,T],

where ¢ > 0, then v = 0.

Proof. Set g(t) = 0 and h(t) = ¢, then we have by Gronwall v(t) < 0, so together with
our condition v(t) > 0 we get v = 0. 0

Weak Compactness

We will need a typical functional analytical result about weak compactness. It will be
used first in step 3 of the existence proof of a solution to the problem (H) and second to
show that the solution of problem (H), if it exists, continuously depends on the intitial
data. Therefore we review definitions and results, which should be well known from any
lecture course or book on functional analysis.

Definition 3.5 Let H be a Hilbert space.
(i) A sequence hy, is called to converge weakly to h if

(g, h")H — (g, h)H for every g € H.

One writes
hy — h (3.19)

in this situation.

(ii) A sequence hy, is called weak Cauchy sequence if (g, hn) is a Cauchy for every g € H.

H
Obviously h,, — h implies h,, — h. Note that the weak limit is unique, since (g, hn) P
(9,h) ;; and (g,hn) ;; — (9,h),; implies (g, (h —h)), = 0.

Lemma 3.6 Let H be a Hilbert space. Then

(i) hyy = h implies ||h|| < liminf [|Ay]|.

(ii) every weak Cauchy sequence hy, is bounded: 3K such that ¥n ||h,| < K.
(iii) every weak Cauchy sequence converges weakly.

(iv) for a weakly convergent sequence h, — h we have:

hp — h if and only if limsup ||hy| < ||B]|-

17
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Proof. (i) Note that
[R|]* = (R, k), =lminf (h, hy) < ||2]|liminf ||y

(ii) Suppose hy, is a weak Cauchy sequence. Then for every g there exists Ny such that
for N > Ny and all n > Ny we have

[(9:70) | < (9, ) | + (9 = o) | < [(9Bv) | 1 =2 Kg).

Hence (hy,) is a family of pointwise bounded linear functionals on H and we get that

[l = [ (ks ) || < K

i.e. (hy) is uniformly bounded with respect to the operator norm.
(iii) Suppose h,, is a weak Cauchy sequence. We choose an orthonormal basis g,, and
define a,, := lim,, s (gm, h")H’ Since hy, =), (gm, hn)Hgm we obtain

Z\ G ) o |” = [Bnll? < K2 for all n.
This yields for all N
Z!amP Jim Z! G ) g = Tim [ |2 < K.

Therefore (a,,) € [? and finally h := > amgm € H. h is the weak limit of the weak
Cauchy sequence h,,, since we have that

(hmgm)H - (hygm)H

and that g, is an orthonormal basis.
(iv) Let h,, be weakly convergent, i.e. h, — h. Let limsup ||h,| < ||h||, then we get by
(i) that lim ||h,|| = ||h|| and hence

[h=hal® = [8I* = (hhn) (hh) + (|||
= ||Al> = 2Re(h, hn)  + [|Bn]|* — 0.

For the converse there is nothing to prove. O

Theorem 3.7 (Weak Compactness) Let H be a Hilbert space and (hy,) be a bounded
sequence in H, i.e. ||hy| < K, n € N for some constant K. Then there exists a subse-
quence, which converges weakly to an element h € H, and we have ||h| < K.

Proof. Let M := span{hn\n eN }, then M is a closed linear subspace of H and we can
apply the projection theorem: every h € H can be uniquely written as h = hy + hy
with by € M and hy € M L where M~ denotes the orthogonal complement of M, i.e.
M+t = {g‘ (f, g)H =0, Vf e M} More precisely, since M is closed it is a Hilbert space
and has an orthonormal basis {m;}. Then we set h = Zj (mj, h) M. Obviously, for

18
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g € M the scalar product (g, hn) y = 0 converges. Thus it suffices to show the result
for g € M. By Cauchy-Schwarz’ inequality we get

|(hny 1) | < K%, neN.
Hence there exists a subsequence (hy,,(;)) en such that
(hnl(j),hl)H converges as j — oo and ‘(hnl(j),hl)H‘ < K? for all j.

Considering the scalar product (hnl(j), hg) g We obtain by the same procedure as above
a subsequence (h,(j))jeN Of (hn,(j))jen, Where

(Pns ()5 hg)H converges as j — oo and ‘(hnz(j)v hg)H‘ < K? for all j.
Successively, for all k € N we get a subsequence (hy, ., (j))jeN Of (A, (j))jen such that
(hnk+1(j)’hk+1)H converges as j — oo and ‘(hnk+l(j)’hk+1)H‘ < K? for all j.

Choosing the diagonal sequence (hnk(k)) reN we have that (hnk(k), hm) converges for all

o H
m € N. Thus (hnk(k),g)H converges for all g € M. Let g € M and choose € > 0 arbitrary.
Then there exists f € S with ||f — g||g < /4K and there is N; € N such that

| ™

Finally we get for k,m > N,

| (M) = P 9) 5] < | Ponge) = P> ) 1| | (B () = Py 9 — ) ]

9 9

N ™

In summary I(g) = limg_ (hnk(k),g)H exists for all ¢ € H by Lemma 3.6 (iii). Since [
is linear and continuous by

Ug)l = lim |(Pn,(x),9) | < timsup {7, i)l llgller < Klgll

k—o0
we can apply Riesz’ representation theorem, which yields that there exists h € H with

i(9) = (9,h); and A =l < K.

3.1.3 Uniqueness of the Solution of Problem (H)

Theorem 3.8 Let the conditions (3.1)-(3.4) and (3.5) be satisfied and let f € L*(0,T; H),
T < oo be given, and the initial values

yo €V, y€H.
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If there exists a solution y(t,x) such that

d
yeL0.15V), =l eL’0,T5H)

and such that the following holds

Py = f for te(.T)

dt2 y - Y bl
_ ay o _

y(0) = yo, I (0) =1,

then the solution is unique.

Proof. Let y be a solution of (H) with yo =0, y1 = 0 and f = 0. We have to show that
y = 0.
Let s € (0,7T) and set
t
— do t<s
ool = fylo)
v = {

t > s.

Then from (3.8) we get by our conditions

/0 ' (% + L(t)y(t), ¢>Hdt —0 (3.20)
From the relation
(u(0),0(0)) = (0, 0(0))  + (), (1) (321)
which holds for all u € AC([0,T]; V') and v € AC([0,T); V) we get
LW 000 5 = (0" 0.80) 5 + (0.0 0) (322)

since 3273 € L?(0,T;V") and therefore y' € AC([0,7];V’). Using (3.22) and integration

by parts we can rewrite (3.20)

T
= /0 <(y”(t)’ P(t)) y +alt;y(t), ¢(t)))dt
T T
:/0 di(y/(t)7¢(t))Hdt —I-/ <a(t;y(t)’¢(t)) _ (y/(t)a¢/(t))H)dt

0
T

= (y,(T)ﬂ/}(T))H - (th(o))]—[ +/0 (a(t;y(t)ﬂ/f(t)) - (y,(t)7w,(t))[{>dt
T
= [ (ats).00) - /000, )
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For the last equality we have used that y; = 0 and by the definition of ¢ that (7T") = 0.
The above calculation together with (3.20) finally implies

T
| (atew.00) - (/01.0'0) )t =0 (3.23)

That means

Re< /0 8 (altsw' ). v() - (y’(t),y(t))H)dt> —0 (3.24)
We set p
aa(t;u,v) =ad (t;u,v), Yu,v € V.
Then we obtain for all u, v € C*([0,T]; V)
%a(t;u(t),v(t)) =d' (tu(t),v(t)) +a(t;u'(t),v(t) + a(t; ut),v'(t)). (3.25)
So considering (3.25) and condition (3.3) we have

d
%a(t; T/J(t)7 ¢(t))

a (G0(t), ¥(t) +alt; ' (£),9(t)) + a(t; ¥(t), ¢ (1))

a (1), (1) +a(t; ' (t), () + a(t; ¢ (1), (1))
d (t(t), (1)) +2 Re a(t; ' (t),9(t)) (3.26)

By (3.26) and (3.24) we get
[ (Gatwt.ve) —a (6o, 60) - 5 0u0),, )
S , d
= | (2 Re a(ta/ 0. 0(0) = 5 (0(0)910)) )t
- /0 (2 Re a(t:0/(1), 6:(8) — (40, 5(1))  — (w(8), (1)), )t
=2 Re /0 (a(t;w ), %) — (v (t),y(t))H>dt = 0.
Therefore we have

[ Grattsvtevio) o (6060, 6(0) = 5 00(0) 1)t =0,

This implies ,
a(0;4(0),%(0)) + ly(s)lI 7 = —/0 a’ (2 (t), ¥(t))dt, (3.27)

since 9(s) = 0 and our intitial condition yp = 0. Because of condition (3.4) for our
sesquilinear form a there exist constants kg > 0 and « > 0 such that

al[p(0) I3 — kolly(0)[1F < a(0;4(0),%(0)). (3.28)
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Adding ||y(s)||% to both sides and using (3.27) we have

all B ()17 — kollwO)IZ + )% < a(0;5(0), $(0)) + llu(s) %
=—/w@wmwmﬁ

0
gAmwwmwwﬂw
cénww%a

IN

where the last inequality follows from our condition (3.5). So we get

ol[p O + ly()I7r < C/OS I ()15t + Koll(0)7 (3.29)

or

O+ I < ea [ It + 1ol ). (3.30)

Define w(t) := fg y(o)do, so ¥(t) = w(s) — w(t) and ¥(0) = w(s). Then we can rewrite
(3.30)

oI+l < el [ oo - ws) e+ fueo)l)

< a [l [ e [ olha)
0 0 0
and finally
(=29 + Iyl < e [ (lo®I} + Lol )a @31
Now set sg = ﬁ, then we obtain for 0 < s < 39

oI+ l(s) < ca | (o)1 + ) ) (3:32)

Let v(s) := |lw(s)|? + |ly(s)]|%, then v(s) € C[0,s0] and v(s) > 0. So we get from (3.32)
by Lemma 3.4 that
lws)[I + ly(s)l[7r =0 for s € [0, 5] (3.33)

or

| /0 y(a)da”?/ +ly(s)|3 =0 for s € [0, s0). (3.34)

That means y = 0 on [0, so]. Analoguously one can show that y = 0 on [sg, 2s¢], etc. So
we have proven that
y=0 on[0,T].
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This implies the uniqueness of the solution. Indeed let 771, 9> be two solutions of problem
(H), then for i = 1,2 ,

(%ruﬁﬁng te(0,7)

with initial conditions

@(0) = Y1
dt

By subtracting the two equations for ¢ = 1 resp. i = 2, we get

?jZ(O) = Yo,

2
(45 +20) @ - =0, te(.1]

G- @)0) =0, G- 2)0) =0,

and applying the above result yields 37 = 72, hence uniqueness. a

3.1.4 Existence of a Solution of Problem (H)

Theorem 3.9 Let the conditions (3.1)—(3.4) and (3.5) be satisfied. Then the problem
(H)

@—FL(t) =f for te(0,T)
dt2 y - bl
with the initial conditions
d
y(0) =yo €V, %@ZMGE

and f € L?(0,T; H),T < oo has a solution (which is unique by Theorem 3.8).

To prove this result, i.e. to show existence of a solution of problem (H), we make use of
the Galerkin method. In the following we will first give the definition of an approximation
of a Hilbert space, a so-called Galerkin approximation, and second describe what is meant
by a Galerkin method.

Definition 3.10 Let V' be a separable Hilbert space and {Vy,}men a family of finite di-
mensional vector spaces satisfying the axioms:

Vin CV (dim V,,, < 00) (3.35)

Vin — V when m — oo in the following sense: (3.36)

there exists V a dense subspace of V', such that, for all v € V, we can find a sequence
{vm }men satisfying:

for all m we have v, € V,, and v, — v in'V as m — oo.

We call the space Vy, the Galerkin approximation of order m of V.
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To establish existence of a solution of the problem (H) in a space of functions constructed
over a separable Hilbert space V', we suppose that we know that the solution z of the
problem (H) is unique (which we have already shown in Section 3.1.3). Then the first
step is to make a choice of a Galerkin approximation V,, of V', and second define a so-
called approximate problem (H,,) in the finite dimensional space V;,,, which has a unique
solution .

The procedure of study will be the following:

(i) Step 1: Approximate problem (H,,): We formulate the approximate problem (H,,)
and define its solution .

(ii) Step 2: A priori estimates: We establish some estimates on y,,, and ¥/, from which
we obtain that y,, resp. v, are bounded in L2(0,T;V) resp. L*(0,T; H).

(iii) Step 3: Passage to the limit: By using the result of weak compactness, which we
derived in Section 3.1.2, it is possible to extract from (ym),,en @ subsequence (Ym, )peN
which has a weak limit in L2(0,7;V) and the derivative (Y, JneN converges weakly in
L?(0,T; H). Let z be the limit obtained from (ypm, ),en as 7 — oc.

(iv) Step 4: z is the solution of problem (H): We will prove that z is the solution of
problem (H), therefore the solution sought from uniqueness.

Proof.

Step 1: Approximate problem (H,,):

Let {V, }men be a family of finite dimensional vector subspaces of V' choosen as in Defi-
nition 3.10. Set d,,, = dimV;,, and let {wjm}, j =1,...,dy be a basis of V;,,. Set

dm
— 0 )
Yom = Zgjmwjmﬁ
i=1

dm
_ gl .
Yim = JmWjims
Jj=1

where Yo, — yo in V' for m — oo and 1., — y1 in H for m — oo.
The approximate problem (H,,) is then: Find a sequence y,,(t) in the form

dm
ym(t) = Z gjm(t)wjmy
Jj=1

which approximates the prospective solution such that
d2
g2 m(t) + L(t)ym(t) = f(t) (3.37)
and
Ym(0) = Yoms  Y(0) = Yim.
So applying the inner products ( ,wjm)  to equation (3.37) we get a system of d,,, linear
ordinary differential equations

d2

@(ym(t),wjm)H + a(t; ym(t),wjm) = (f(t),wjm)H, for 1 < j <dpn, (3.38)
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ym(o) = Yom, y;n(O) = Yim-

This system has a unique solution.

Step 2: A priori estimates:
From equation (3.37) we obtain

dm dm dm
(v > G ®win) | +a(tym(t Zgjm Jwm) = (£, Y Gy )
7=1 j=1 Jj=1
hence
(Um (), Y (1) g + @t ym (), yr (1) = (F(8), 4 (1)) - (3.39)
As in equation (3.21) we now have the following relation
Wn0), Ui (1)) gy = (), 90 () g+ (01,0 (0) (3.40)
and therefore
(1Y) = () — (D) 0 0)

- i(ym( 0, 4m(®) g = (U (8), yim () g

= EHy;n(t)H%—I +altym (), y () — (f(), () r  (3-41)

where the last equality follows from (3.39). Considering (3.39) and (3.41) we obtain

Ol + at 9 0) 90 (1) + (050 (1), (1)) = 2 Re(F (1), (1)
jtu O+ St 9 (1), 9 () — o (9 0) 9 (1) = 2 Re(7(0), (1))
{Hym Wi + a(t; ym (@), ym () } = ' (£ ym (), ym(t)) + 2 Re(F (1), yn, (), (3.42)

Integration of (3.42) yields

a(t§ym(t)7ym(t)) + ”y;n(t)”%{ - a(O; ym(o)vym(o)) - ”y;n(O)H%{ =

- /0 & (& ym(€), ym(€))dE + 2 Re /0 (F(€), 4 (©)) e (3.43)
and hence
a(t; ym (1), ym (1)) + lym (8) 7 = (3.44)
a(0; Yoms yone) + i % + / (€ Um(E). ym(€))dE + 2 Re /0 (F(©), 4 () i
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For the right-hand side (RHS) of (3.44) we have the following estimate

t t
IRHS| < e [lyoml[3 + lyam 7 + 62/ [y (€)17-d€ + 2/ £ et 1y () 122
0 0

t t t
< c1llyomlly + lyimllF + c2 / ym (O3 d€ + / 1 (©)I|7dE + / [y (€)1 7€
0 0 0

where we have used condition (3.1), (3.5) and 2|ab| < a® + b?. For the left-hand side
(LHS) of (3.44) we get

LHS > allym ()| — Kollym (D1 + 1y ()7

by the condititon (3.4). Using y,,(t) = yom + fot yr (€)d¢ and the Cauchy-Schwarz in-
equality we calculate

[Ym O3 = (Ym(t), ym (1))

t
— 2 /
= ool + 2 Re [ (o ta(€)) s+ ([

t

t
(€. [ (i)
t t t
~ lyom|% + 2 Re /0 (Yoms U (€)) € + /0 /0 (4 (6). ¥l () dédin
t t t t
< lyomll% + /0 lyom 3¢ + /0 1 (©)120dE + /0 /0 15 () 12l () sy
t t 1 t t
<ol + [ ol + [ M@+ 5 [ [ (i@l + 1) dec
t t
< om 13+ tllsoml + / (€3 dE + ¢ / 14 (©)13de
0 0

t
= (14 0) (lyomll3s + /0 Iy (6) 3,d).
So finally we have

t
IOl < (1) (ol + [ L (). (3.45)
Using the estimate for the (LHS) of (3.44) we get

allym @I — kollym N7 + Iy (D)7 < LHS = RHS < [RHS|

and therefore
al[ym (B3 + 1Ym (O1Fr < RHS| + kol|ym (£)[|%- (3.46)
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Next we will use (3.45) and the estimate of the (RHS) of (3.44)
min{1, a}(1lym (&)1 + llgin () )
< allymOIF + lym O1F < [RHS| + kollym (1)1

t
< IRHS] + ho(1+ ) (ool + | 160 O Frce)
~ t
< [RHS| + Fo(1 + 8)llyoml|? + ko1 + 1) /0 14 (©) 2
~ t t
< (c1 + ko(L+ 1) lyomI3 + lyamllzr + /0 £ ()1 FdE + ca /O [ym (€)[13-d€
t
(1 ko(1+0) [ i@
t
< llvomlZ + lyml? + / 1F(©)|3de
0

t
smaselen, 1+ ko + ot} [ (I (@ + (€)1 ) de (3.47)

where we have set v := ¢ + ];0(1 +t). Note that in the calculation above we used the
fact that ||. ||z < ¢||.||v for some constant ¢ and hence kg = ¢ - ko.

Now define wp, (t) == ||yb, ()% + lym (1)]|# and divide equation (3.47) by min{1, a}, then
we obtain

t t
wn(®) < Cs (Jownlly + ol + [ IF©NdE) +Co [wn(ras. @a8)

Applying Gronwall’s Lemma on (3.48) we get

T
wn®) < with C = ea(lall + llly+e+ [ IFQIAE). @)
Therefore (y,,) is bounded in L?(0,T;V) and (dg—?) is bounded in L?(0,T; H).

Step 3: Passage to the limit:
Now we construct a subsequence (ym,,) of () such that

Ym, — 2 in L*(0,T;V), for n— oo,
and
dYm,
dt

(the existence of such a subsequence (y,,) and such elements z, Z follows from Theorem
3.7). Therefore we obtain for all ¢ € Z(0,T)

— % in L*(0,T;H), forn— ooc.

T
(dz;?n ), p@v), = _/0 (Yomy (1), 0) 1y (1)t

T T
= / (y,’nn (t),v) Hcp(t)dt — / (E(t),fu)Hcp(t)dt as j — 00, (3.50)
0 0
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and p p
Z . Ym,
(G @0)y = lim (= e ®v) . (3.51)
From (3.50) and (3.51) we deduce
Lt
S dt’

Consider ¢ € 2(0,T) and v € V. From Definition 3.10 we obtain the existence of a
sequence {Um }meN, Um € Vi, for all m such that v,, — v strongly in V. We define

Vm(t) = o @ vy (Le. Yi(t) = p(t)vm),
() =p@uv (e P(t) = p(t)v).

We have

VY — ¥ in L*(0,T; V) strongly, (3.52)
Yl — 1 in L*(0,T;V) strongly. (3.53)

From (3.38) we deduce
T d2 T
| (Ggptins 00 m, 0 1+ (6, (010, (0) ) = [ (100, 0) et (350

After integrating the first term by parts and noting that the boundary terms vanish
because of the compact support of ¢ we obtain

T , , T
[ (g 0000, (0 = @t 90, (050, (00) )t = [ (1000, 0) . (3:55)

We apply our result from step 2, that means all integrands are bounded and by taking
(3.52) and (3.53) into account we get the following limit for n — oo

T T T
[ o [ atao.u0i = [ (GO.00) 0 650
0 0 0

We interpret the first term as a distributional action of (2(.),v) 5 € 2'(0,T) on ¢ €
2(0,T). In this sense we can rewrite (3.56) in the following way

T d2 T
/0 ((Wz(t),w))}]+a(t;z(t),qp(t))>dt:/0 (F(6),6(0) . (357)

which is (3.8).
Next we will show that z(0) = yo. Choose ¢ € C'[0,T] such that ¢(T') = 0. Note that

T T
/0 (dy";;(t),wmt))]{dt:—(yomwmn(O))H— /0 (o (0, ¥, (O) gt (3:58)

where the boundary term for 7" vanishes because of ¢(7T") = 0. Then for  — oo we deduce

T T
| E00w) it = ~(0.0) o0 = [ G0 @0) (359
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This passage to the limit is permissible because of our result we derived in step 2. More-
over, we have

T T
/0 (2'(t), (1)) pdt = —(2(0),v) ;;¢(0) — /0 (2(8), /(1)) ,ydt. (3.60)
By comparison of (3.59) and (3.60) we finally obtain

(yo,U)H = (z(O),v), Yv eV,

which implies z(0) = yg. To finish the proof it is only left to verify that 2/(0) = y;. So
let again ¢ € C1[0,7T] with ¢(T) = 0. Then set

Pm(t) = @(t)om,
P(t) = p(t)v,

where vy, € V such that v, — v strongly in V. From (3.38) we deduce

T T d2 T
| @0, 0) gt = [ o0 (v, e+ [t 0,0, ()

0
T
= ~(0) (Y, (0), vm, ) gy /0 (W, (8): V0, () 5 = @t gy (1), i, (1)) ) .

Therefore
T
[ (G 00, (03) 5 = 51, ()., 1) )

T
- /0 (£ m, () gt + (Y1my Yom, (0)) -

All integrands are bounded by step 2 and converge pointwise, so we can apply the theorem
of dominated convergence and finally get for  — oo the following limit

T T
- /O ((Z/@,0'®) y = alts 2(8),0(1)) ) dt = /O (F(0), 6(8)) et + (31,0(0)) ;. (3.61)
We calculate the first term in (3.61) again by integration by parts
r / / r d /
—/0 (2'(t),v) ' (t)dt = —/0 E(z(t),fu)ng (t)dt =
2

T g
— (£(0),v) ,0(0) + /0 o (e0), ) gty (3.62)

Plugging (3.62) into (3.61) we obtain

T d2
/O (720 + L= v(®) | dt + (/(0),0(0) , =

T
_ /0 (£, (1)) it + (11, (0)) - (3.63)
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Comparing the last equation with (3.8) it follows that for ¢ € C1[0,7] with ¢(T) = 0
arbitrary we get

(2'(0),v) ;(0) = (y1,v) y2(0), YoeV, ie 2'(0)=u.

So z is a solution of the problem (H). O

Remark 3.11 Upon inspecting the proof of existence and uniqueness of a solution of the
problem (H) we find that the proof also works if the sesquilinear form a(t; ¢, ) fulfills
the weaker condition (3.6) instead of (3.5). Note that a generalized version of the main

theorem of calculus holds for functions in Ll _ (by (3.6) the distributional derivative of

a(t;,1) is in L and hence Llloc). To adapt the proof one has to assume occasionally
that equations hold for almost all £. It should be mentioned that also Theorem 3.12 and
Theorem 3.13 still hold if we replace condition (3.5) by (3.6).

3.1.5 Continuity of the Solution with Respect to the Data
Theorem 3.12 Ify € L?(0,T;V) is the solution to

d2
Eg +Lt)y=f for te(0,T)

with the initial conditions

d
Yy =y € H,

y(O) =%Yo € v, dt(

and f € L*(0,T; H), T < oo, then the map
dy
{f7 yOvyl} = {y7 E
is linear and continuous
L*(0,T;H) xV x H— L*(0,T;V) x L*(0,T; H).

Proof. To show that the solution depends continuously on the data we integrate (3.49)
with respect to ¢

T T t
| Mm@t + [t < eo (ol + lonll+ | 1 ©IBrce)

and by Theorem 3.7 we conclude that

T T t
| i@+ [l < e (ol + o+ [ 1)
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3.2 Regularity of the Solution

Now we will prove a regularity result, which shows that we are able to solve our problem
(H) within the scope of Sobolev spaces. We first assume that the operator L and the
corresponding sesquilinear form a(¢p, 1) do not depend on t.

Theorem 3.13 We consider the hyperbolic equation

d?y(t
YO Loy = ) in (0.7), (3.64)
with the initial conditions
y(0) =yo,  ¥'(0) =y (3.65)

Ezxpect of the preconditions we had in Section 3.1 we assume that

feHY0,T;H), k>1, (3.66)
diy(0) o d¥y(0)
Then the solution of (3.64) and (3.65) satisfies
_ dky t dk+1y t
y e HY0,T;V), dt,ﬁ ) e L*(0,T; H), W"'(l) e L2(0,T;V"). (3.68)

Proof. Induction with respect to k. For k = 1 we have
feL*0,T;H), y(0)=y eV, y(0)=y €H,
which are exactly the conditions of the problem (H). So by Theorem 3.1 we obtain
ye L*0,T;V), wy e L*0,T;H), wyye L*0,T;V"). (3.69)

We will only show the inductive step to k = 2 in detail (the general inductive step from
k —1 to k can be shown analogously). By formaly differentiating (3.64) one gets

Yue + Lye = fi(2), (3.70)
and (by (3.66) and (3.67))
y(0) =11 €V, yu(0)=f(0)— Lyo € H, f, € L*(0,T;H). (3.71)
We consider the initial value problem
vy +Lv=f, v0)=y1 €V, v(0)=f(0)— Ly € H, (3.72)

and want to show that v = y;.
By Theorem 3.1 we know that (3.72) has a unique solution v, which satisfies

ve L*0,T;V), v € L?0,T;H), wvye L*0,T;V"). (3.73)
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Now define w(t) := y(0) + fg v(7)dr. Then it follows that

w e C([0,T);V) C L*(0,T;V), w;=wv¢€ L*0,T;V) c L*0,T; H),
wy = vy € L2(0,T; H) € L*(0,T; V"), (3.74)

and (by looking at (3.72))
w(0) = y(0) =y, wi(0) =v(0) = 1. (3.75)

Integrating (3.72) yields for all ¢ € (0,7

vui(t) — vy (0) = —/0 Lo(r)dr + f(t) — f(0) = —Lyo — /0 Lo(r)dr + f(t) — v:(0),

where we have used the intitial conditions of (3.72) for the last equality. Since

t t
/ Lv(t)dr = / Lw,dr = Lw(t) — Ly(0), Vte (0,7),
0 0

we get

wat) = vilt) = ~Lw(t) + f(¢) in (0,7). (3.76)
Now we substract equation (3.64) from (3.76) and obtain

(w = y)u(t) + Lw —y)(t) =0, in (0,T), (3.77)
and (because of (3.75))

(w=9)(0) =0, (w—y):(0) =0.

Because of (3.74) and (3.69) we can apply the existence and uniqueness result (Theorem
3.1) on (3.77). This finally implies

w=y in[0,T], or v=w=uy.

O

An inspection of the above proof shows that the result also holds for operators L(t), which
depend on t, if the following is satisfied

d

%L(t) :V — H and,

dk—l

WL(t) :V — H are continuous.
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Chapter

Examples

In this chapter we will look at some typical examples of linear hyperbolic differential
equations with nonconstant coefficients. The aim is to find out, what conditions on the
coefficients have to be made, that the existence and uniqueness result of Section 3.1 can
be applied and therefore guarantees the solvability of the equations considered.

4.1 The Wave Equation

We consider the following

Example 4.1
OPu — c(t)PPu =0

u(0,x) = up(x), (Opu)(0,) = ui(z). (4.2)

2

We choose V = H!, H = L? and V' = H~!. From the operator L(t) = —c(t)dd? we can
construct the appropriate sequilinear form

altiip. ) = (L0 )y = [ ) @) (4.3
To guarantee the existence (and uniqueness) of the problem (4.1) with the intitial condi-
tions (4.2) the sesquilinear form a(t; , 1) has to satisfy the conditions (3.1)—(3.5). There-
fore we have to check, what requirements on the coefficient ¢(t) have to be made that
these conditions hold. More precisely, we are searching for requirements on ¢(t), which
are essential to ensure solvability by Theorem 3.1. Since the proof of Theorem 3.1 also
works if the sesquilinear form a(t; ¢, 1) satisfies the weaker condition (3.6) instead of (3.5)
(cf. Remark 3.11), it will be sufficient that a(¢; ,v) fulfills (3.1)—(3.4) and (3.6).

The operator L(t) = —c(t)% is linear and continuous from V to V' for all ¢ € (0,7) if

c € C(0,T). Hence we just have to check the continuity, antisymmetry, V-coercivity and
boundedness of the distributional derivative of a(t; ¢, ).
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Continuity

Assume that the sesquilinear form a(t; ¢, ) is continuous in ¢, i.e. ¢ € C(0,T). Suppose
in addition that ¢ € L*°(0,T), then

alt; 0, )| = |e(t) / 2P @) de| < |e(t)| / T)\dx
< 1) 1 1ol@llo < colle Tollll
< collgl ¢

where the last inequality follows from (2.2). So for a(t; ¢, 1) to be continuous, i.e. to have
the condition (3.1) fulfilled it is sufficient that the coefficient ¢(¢) of the wave equation
satisfies

le(t)] < co YVt e (0,T), ie. [lc(t)|lpe(or) < co- (4.4)

Conversely, continuity of a(t; ,v) implies ¢ € L*°(0,T'). Indeed, suppose a(t; ¢, 1)) satis-
fies

la(t; o, )| < collelllelh, Ve, ¢ e H.
Setting ¢ = ¢ € Z we obtain

lellico > la(t; ¢, I/ )Pdt = e[ 1¢I5 = le@®)llle,
where we have used Poincaré’s inequality. Hence
c e L>(0,T).

So condition (3.1) is fulfilled if and only if there exists cg such that |c(t)|| fe(0,7) < co-

Antisymmetry

) = [ o= [ 0T @)s

—00 —0o0

holds if and only if ¢(¢) is real valued.

V-Coercivity

alts 0, 0) + kollollZ = c(t) / (@) 2de + kol

> c1||¢[|2 + Kollpl|2 > min{er, ko} ([|l@l12 + [|¢II3)
= min{chk(]}H@H%)
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where we have used (2.2) for the last equality sign.
Hence we can choose kg > 0 arbitrary and then a > 0 such that o < min{ey,ko}. So we
finally get

a(t; ¢, ) + kollell§ > allel,

which is exactly condition (3.4). Here we necessarily had to make the assumption that
c(t) stays away from 0 for all t € (0,7), i.e

dep > 0 such that ¢(t) > ¢ Vt € (0,7). (4.5)
If conversely there exists kg > 0 and o > 0 such that

a(t; @, ¢) + kollellg > allel?

holds for all t € [0,7] and ¢ € H' we have that c stays away from zero, i.e. there
exists ¢; > 0 such that ¢(t) > ¢; for all t € (0,7). Indeed, let kg > 0 and o > 0
be given such that a(t;p,1) is V-coercive and suppose that ¢ comes arbitrary close to
0. Then consider ¢, = sin(nz)e™*", choose ng such that koll¢n, |2 < alln, |3 and set
e = a¢ny 12 — kolln, I3 > 0. Since we assumed that ¢ can be arbitrary close to 0 we can
choose ¢ € [0, T] such that ¢(t) < ”2, but this gives a contradiction to the V-coercivity

of a(t; p,1)).
So condition (3.4) is fulfilled if and only if

Tehg

dep > 0 such that ¢(t) > ¢ ¥Vt € (0,7).

Boundedness of the distributional derivative

If ¢ is Lipschitz continuous in ¢, so is the sesquilinear form a(t; ¢, 1) and we get

d /
- | <
[ ats o) 1dt/_ c(t)! (a7 (@)da] < |t r/ V(@)\dx
< 1= 1Tl Mo < 111z el Il

where we have used (2.2). Note that |||~ < oo by Lemma 2.12 (¢’ denotes the distrib-
utional derivative of ¢). Hence for having the condition (3.6) be satisfied, it suffices that

c is Lipschitz continuous, i.e.
c(t) € C%1(0, 7). (4.6)

Conversely, assume that (3.6) holds, i.e. there exists ¢ > 0 such that

d
‘Ea(t 1/1)‘ <ol ll¥lli, Ve, € H' and for almost every t € (0,T).
Setting ¢ = ¢ € Z yields

cloll = | [ et @@as] = o] [~ I @Pde = 1)l

for almost every ¢ € (0,T). Here we used again Poincaré’s inequality. Hence ¢ € L*°(0,T),
ie. c€ C%(0,T) by Lemma 2.12.
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So condition (3.6) is fulfilled if and only if ¢ € C%1(0,T).

In summary we made the following conditions to have the requirements of Theorem 3.1
be satisfied:

ce C¥N(0,T),R) and e, c1: 0<cy <c(t)<co Vi€ (0,7T). (4.7)

One might ask oneself if a requirement on the coefficient ¢(¢) weaker than Lipschitz
continuity would also be sufficient to guarantee existence of a solution of the problem
(4.1) with the initial conditions (4.2). If we use the functional analytic method presented
in the thesis at hand we can not reduce our requirements because of Lemma 2.12. More
precisely, to ensure the boundedness of the distributional derivative of the sesquilinear
form a(t; p, 1) it’s essential to require that ¢ is bounded, but this is equivalent to ¢ €
C%1((0,T)) by Lemma 2.12. Now let’s forget of the method used in this thesis, then the
question is, whether it is possible to ensure (maybe with other methods) the existence of a
solution with weaker conditions such as Holder continuity or if the Lipschitz continuity of
c(t) is essential in general. This question can be answered by the following result derived
by F. Colombini and S. Spagnolo.

Theorem 4.2 There exists a function c(t) such that

<c(t) <

DO | =
DN W
—
=~
0¢)
S~—

c(t) € CO¥YR) foralla <1 (4.9)

and two C*° functions ug(z), ui(x) for which the problem
Otu — c(t)0*u =0 (4.10)

’LL(O, :E) = ’LL(](QZ‘), (8tu) (07 33‘) = ul(ﬂj) (411)
has no solution u(t,z) in C*([—r,r], 2" (& —r,T + 1)), for any T € R and r > 0.

The consequence of Theorem 4.2 is, that in general a-Holder continuity of the coefficient
is not sufficient to ensure the existence of a solution. That means if we only required c(t)
to be Holder instead of Lipschitz continuous we could construct a counter example, i.e
a coefficient ¢ € C%%(R) with a < 1, where our problem has no distribution-solution on
any strip {|t| < r}. The basis of the proof of Theorem 4.2 is the construction of such
a particular coefficient. We leave this theorem without proof here, because the methods
used in the latter are far from the subject of this thesis. In the main F. Colombini and S.
Spagnolo use results from the theory of ordinary differential equations and Fourier series
to prove their theorem. For more details the proof can be looked up in [3].

So there exists a counter example showing that one-dimensional wave equations with a-
Holder continuous coefficients are not well-posed. To the interested reader it may seem
obvious that the next question one can ask is if there is a condition on the coefficient,
which is stronger than a-Hoélder continuity but weaker than Lipschitz continuity, such that
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the existence of a solution to the Cauchy problem (4.1) with (4.2) is still guaranteed. In [2]
F. Colombini and N. Lerner go beyond the classical well-posedness result for hyperbolic
operators with Lipschitz continuous coefficients. First of all we will need the following
definition.

Definition 4.3 For a real-valued function ¢ € L>(R™) to be Log-Lipschitz (LL for short)
means that there exists k > 0 such that

(1) — c(z2)| < k|z1 — x| |log |21 — 22| (4.12)

whenever |z1 — 3| is small (say for |z — 2| < 1).

Hed (1) — elas)
c(xy) — c(x
lelle = sup [e(z)[ +  sup : : (4.13)
z€Rn 0<lar—zo| <3 [T1 — w2||log |1 — 2]
z;€eR"

and define the set of Log-Lipschitz (LL) functions ¢ such that ||c||rr < 0.
If we denote by A the space of functions ¢ satisfying

3k > 0 such that |c(t) — c(s)| < k|t — s||log |t — s||@(t — s), (4.14)

with ¢(r) = log |log |, we have

COl'cLLcAcol0.= ﬂ coe,

a<l

Theorem 4.2 gives an example of a nonsolvable strictly hyperbolic equation with C*'~°-
coefficients. Moreover, in [1] counter examples are presented about nonuniqueness for the
Cauchy problems for strictly hyperbolic equations with C'~%-coefficients.

F. Colombini and N. Lerner showed that the class A is still too large to expect the existence
of a solution. More precisely, consider the initial value problem

Otu—c(t)Pu=0, tcR zeR (4.15)
u(0,z) = up(z), (Gpu)(0,z) = uy(x). (4.16)

Then for any function ¢, with ¢(r) — oo as r — 07, one can find c satisfying
3k > 0 such that |c(t) — c(s)| < k|t — s||log |t — s||@(t — s), (4.17)

such that the problem (4.15), (4.16) is not well-posed.
Anyway, what about wave operators with LL coefficients? There are two different types
of results proved in [2]. First, consider wave equations in divergence form

0? 0 0
Pzw— Z %Cij(t,x)%ja (4.18)

1<ij<n
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with ¢;; real-valued satisfying

Cij = Cji and (4.19)
Z cij&i&j > |€[%, 6 > 0 for any € € R™ (4.20)

1<ij<n
Moreover, ¢;; € LL, i.e. ¢;; € L* and

3k > 0 such that [c;;(y1) — cij(y2)| < klyr — ng log |y1 — 2

: (4.21)

energy estimates hold under these conditions, which allow them to prove well-posedness
results for the Cauchy problem P.
Second, consider a wave operator in R1*" = R, x R? of the form

whenever |y; —ya| < %, where y; € R = R; xR?. Colombini and Lerner show that some

0? 0?
(et}

1<i,j<n

where L is strictly hyperbolic, i.e. ¢;; satisfy (4.19) and (4.20). Assume that ¢;; are LL
in the time variable ¢, smooth in the space variables x. So ¢;;(t, .) are smooth functions
such that

3k > 0 such that sup|c;;(t,z) — ¢i;(s, )| < k[t — s||log |t — s

, (4.23)

when |t —s| < 1.
For instance consider the initial value problem

Lu=20
u(0,z) = uo(z),

(Ou)(0,2) = ui(z),

with smooth wug, u;. Then one can find a unique solution u(¢, z) depending continuously
on the data ug, uq such that

Ofu(t x) € LL(Ry; O (R3)).

For our Example 4.1 this means that Log-Lipschitz continuity of the coefficient ¢(t) comes
up as the natural treshold beyond which no well-posedness could be expected.
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4.2 A Generalization of the Wave Equation

Now we look at a more general form of a wave equation

Example 4.4
OFu — 0y (c(t, )0pu) + b(t, x)0pu + alt, x)u = 0 (4.24)

u(0,z) = up(x), (Opu)(0,) = ui(z). (4.25)

We choose again V = H', H = L? and V' = H~!. As in the case of Example 4.1 we get
the sesquilinear form

alti p,) = (L, 8) y = (= O (clts2)¢ (@) + b(t,2)¢ (@) + alt,2)p(a). )

= [ (elt.a)e @@ + bt 2) @) + alt,a)pla) ) da. (4.20
As above we now have to check, what requirements on the coefficients a(t, x), b(t,z) and
¢(t, x) we have to make that the sesquilinear form a(t, ¢, 1) satisfies the conditions (3.1)—
(3.4) and (3.6).

The operator L(t), which corresponds to the sesquilinear form a(t;p,v) is obviously
linear and continuous from V' to V' for all ¢ € [0, T]. Analogously to Example 4.1 we now
check the continuity, antisymmetry, V-coercivity and boundedness of the distributional
derivative of a(t; ¢, 1).

Continuity
o)l < | [ (elt.a)g @) + bit. )¢ @000 + alt.a)ple) 5o da|
< Mleft, =z / T @T @ + [5Gt e my / " 1Y (@)@ dx

Hlalt, s [ lo@iwlds

—00

< colleloll¥"[lo + boll" llo | llo + aolllloll#[lo
< (co + bo + ao)||ll1[1¥]lx
< 3max{co, by, ao}t||ll1|¥]1,

where we have used (2.2) and the Cauchy-Schwarz inequality. Hence to have the condition
3.1 fulfilled we required the coefficients a(t, z), b(t,xz) and c(¢,x) to satisfy the following:

”C(tv ')”LC’O(R) < co, Hb(t7 ')”LC’O(R) < bo, ”CL(t, ')HL‘X’(R) <ag, Vte [07T]' (4'27)
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Antisymmetry
a(t; vy, p) = /_OO (C(t’x)w/(x)m‘*‘b(taﬂf)lb’(ﬂﬂ)m—i-a(t,a:)w(a:)gp(x))da:
= [ (el @ (@) + bt 2 T @o(a) + alt, ) @) (a)) do
= a(t;,v),

where we had to require that a(¢, ), b(t,z) and c(t,z) are real valued.

V-Coercivity

a(t; o, ) = /OO (c(t, 2)|¢' (@) + b(t, 2)' (2)p(2) + alt, )| (2)|*) dx

—0o0
callelI§ = 1ot )l oo ) ¥ lolI@llo = Nat, oo ) llll5
calle'll§ = b2l lollello — azlll3

AV,

v

by
coll NG — b} ("5 + llellp) — azllell3-

So we finally get

ba\, 2 (b2 2
. > I _ [z
alti,9) = (02— 2 )IPIE — (2 +a2) Il (4:28)

Note that by considering (2.2) the condition (3.4) is equivalent to

Fko >0, a>0: altip,¢) > al¢|[h + (a—ko)lellz, Vte[0,T], VoeV.
Hence if we choose as, by and co suitable we have that o := (62 — %2) > 0 and kg :=
(a + %2 + CLQ) > 0.
So for the sesquilinear form a(t; p, 1) to satisfy the V-Coercivity we made the following
demands:

c(t,x) > e, Y(t,x) € [0,T] x R, (4.29)
bt ey < bov llalt, )lze) < a2, Ve € [0,7) (4.30)

where the constants as > 0, by > 0 and ¢ have to satisfy

b
(62 - ;) >0, et ap>0. (4.31)
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Boundedness of the distributional derivative
ob(t,z) , da(t, )

Gt = | [ (PG @@ + R @i + 2

< et -)llLoo(R)llso'llo\Wllo + 1166t )l ooyl ol 110
+las(t, )l m@yllellol¥llo

< (e1 + b1+ an)llell vl

< 3max{ci, b, a1 }|ell1[[¥]1,

o) (@) ) da

by using again (2.2). For this inequality to be fulfilled we made the following demands
on the coefficients:

”Ct(t7 ')HL‘X’(R) < c1, ”bt(tv ')HL‘X’(R) < by, ”at(t7 ’)”LC’O(R) <ap, Vie [OvT] (4’32)

and
c(t), b(t), a(t) € Co’l[O,T]. (4.33)

In summary we required the coefficients a(t, z), b(t,z) and c(t, z) to satisfy the following
conditions to ensure the existence of a solution of the problem (4.24) with the initial
conditions (4.25):

a, b, c € C%([0,T]; L=(R)), (4.34)
laft, Mz < a3, 16t ey < bs, lett, oy < s VEED,T],  (4.35)
lae(t, Mm@ < ar. e, Hzm@) < bi. let, e < e Vi€ [0,7], (4.36)
a, b, ¢:[0,7] x R - R, (4.37)
c(t,x) > co, V(t,z)€[0,T] x R, (4.38)
<2—%)>0 o +as > 0. (4.39)

Now we will argue how we can reduce the above requirements. More precisely, we know
by Lemma 2.13 (and Lemma 2.14) that (4.34) implies 0,a, Ob, O,c € L>(a,b; L°(R)).
Then we have for a(t,z) that

0ca(t, Loy < 10wallLoco,7;000) < A
Now taking the sup with respect to ¢ we get
||ata(t7 : )HL‘X’(R) <A, Vte [07T]

This works analoguously for b(¢,z) and ¢(t,z). Hence we have shown that (4.34) already
implies (4.36). So we can simplify the conditions (4.34)—(4.39). To guarantee existence
of a solution of the problem (4.24) it’s sufficient that the coefficients a(t, z), b(¢,z) and
c(t, ) fulfill

a, b, ce C%([0,T]; L (R)),
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which implies
la(t, L@y < as, [1b(t, )lreom®) < b3, le(t, llpeom) < e3,  VE€[0,T].
Furthermore we require

a, b, c:[0,T] xR - R,
c(t,z) = ca, V(t,x) € [0, T] xR,

b
<c2—53> >0, co2+az3>0.
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Table of Notation

Q{&)\ﬂNN{Q

f®g
P(Q),1<peR

LP(a,b; E)
L2

Ll

Llloc
L>(Q)

L(a,b; E)
c*Q), keN
C(I; E)
CH(IE), k e N
()

AC(I)

CY'(Q),0<a<1

CY(I; E)

usually denotes an open subset of R"”

usually denotes a compact subset of R™

usually denotes an subinterval of R

the Fourier transform of f

the inverse Fourier transform of f

the tensor product of f and g

the space of classes of measurable functions on €2 such
that  +— |f(x)|P is integrable on 2

cf. Section 2.3.1 (i)

the space of all square integrable functions

the space of all integrable functions

the space of all locally integrable functions

the space of classes of measurable functions on €2 such
that z — |f(x)| is essentially bounded

cf. Section 2.3.1 (ii)

the space of functions, whose derivatives up to the
order k exist and are continuous on 2

cf. Section 2.3.2 (i)

cf. Section 2.3.2 (ii)

the space of smooth functions on {2

the space of functions f : I € R — C, which are
absolutely continuous

the space of Holder continuous functions on €2, i.e. the
space of all ¢ € C°(Q2) such that

sup lp(z) — p(y)] < o

z,yef |3j - y|a

cf. Section 2.3.2 (iii)
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che(Q),0<a<1,1€N

CO(Q)
LL

H*a,b;E), ke N
H*(R"), s € R

the space of all ¢ € C'(f2) such that

Dip e C™™(Q), V|j| <1

the space of Lipschitz continuous functions on {2

the space of Log-Lipschitz continuous functions, i.e.
the space of all real-valued functions f € L*(R"™)
such that

Jk>0: |e(xr) — c(z2)| < k|xy — 29 |log|x1 - :172||

the space of those functions of C*°(2) which have
compact support in {2

the space of rapidly decreasing functions of C*°(R™)
such that all derivatives satisfy

Vi e N, Vae N*: |z|*|DYf(z)] — 0 as |z| — o

the space of distributions on €2, i.e. the set of contin-
uous linear forms on Z(9)

cf. Section 2.3.1 (iii)

the space of tempered distributions on R™, i.e. the
set of continuous linear forms on .#(R™)

the space of functions f € L?(IR") such that

D*f e L*(R"), Ya e N", |a| <m
cf. Section 2.3.1 (iv)
the space of distributions f € .#/(R™) such that

(1+1€%))%a e L*(R")
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