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Introduction

Introduction

The notion of entropy first appeared in the context of thermodynamics in 1864
by Rudolf Clausius as a measure of disorder/randomness of the system. In
mathematics, the notion of entropy was first introduced by Shannon in the
1930’s in the context of information theory.

In 1965 Adler, Konheim and McAndrew defined topological entropy of a
continuous self-map of a compact metric space.

In 1971 Bowen extended this notion to uniformly continuous self-maps of (not
necessarily compact) metric spaces via separating and spanning sets, which we
shall call uniform entropy or Bowen's entropy.

In 1998 Kimura proposed a modified notion of entropy for uniform spaces and
he proved among other things that completing a totally bounded uniform space
does not change the entropy of the space, in the sense that if ¢ is uniformly
continuous self-map of a totally bounded uniform space (X,U) and (X,U) is
the completion of (X,U) and 9 is the uniformly continuous extension of 1,
then the entropy of ¢ and that of {[ coincide.
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It is well known that uniform continuity and continuity play an important role
in the study of entropy in metric spaces.

Observe that for any two quasi-metric spaces (X, g) and (Y, p), if

¥ (X, q) = (Y, p) is uniformly continuous, then ¥ : (X, q°) — (Y, p°) is
uniformly continuous, but the converse is not true in general (Olela Otafudu,
2021).

As mighty be expected these have led to possibilities of studying the notion of
entropy in quasi-pseudometric (quasi-metric) spaces.
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More recently (2015) Sayyari, Molari and Moghayer defined the notion of
entropy for a continuous self-map of a quasi-metric space (X, g). It must be
noted that they defined the entropy via join-compact subsets. i.e their notion
of entropy is computed within the metric space (X, ¢°).

This led to a conjecture of studying the notion of entropy of a (uniformly)
continuous self-map of a quasi-metric space (X, g) using the topology 7(q)
induced on X by the quasi-metric q.
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Quasi-uniform entropy on a quasi-metric space

Let (X, g) be a quasi-metric space and v : (X, q) — (X, q) be a uniformly
continuous map. For x € X, n € N, and € > 0. Then we define

(x, €, ) : ﬂw (Ba(¥"(x), €))
and

DY (x,e,9) := DI(x,e,) N DY (x,€,).
It follows that

DY (x,e,9) C Di(x,€,) (1)

DY (x,€,1) C DY (x,€,1)). (2)
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Let K(X) denotes the collection of all nonempty compact subsets of X. i.e.
compact with respect to the topology 7(q). We define

ra(e, K, 1) = min {|F| tFCXandKC|J D,‘,’(X,e,w)}
xeF

whenever K € K(X).

A subset F of X is said to be (n, €)-supseparated with respect to 9 if
DS (x,e,4) N DI (y,e,) = 0 for any x,y € F with x # y.

For K € K(X), we set

sn(€, K,9) = max{|F| : F C K and Fis(n, e)—supseparated with respect to}.

Observe that since K is compact, then the quantities ry(e, K, ) and
sn(€, K, 1)) are finite and well defined.
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Furthermore, we define:

o log rn(e, K, v)

r(e, K,¢) = nllﬁngo su .

and | i
s(e, K,9) = lim sup w.
n—o00 n
Then, the quantities h,(K, %) and hs(K, ) are defined by
h(K,y) = Elm) r(e, K,) and hs(K,¢) = 6Iinos(e7 K, ).

We Write r"(€7 K7 ¢> q)7 s”(Ev K7 17[)7 q)> r(67 K> ¢7 q)7 5(67 K7 ’(7[}7 q)> hr(K7 d)7 q) and
hs(K, 1, q) if we need to emphasise on the quasi-metric g used.
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Lemma

Let (X, q) be a quasi-metric space and v : (X, q) — (X, q) be a uniformly
continuous map. If F C K such that s,(e, K,v) = |F|, then

K C U DY (x, €,1b) whenever K € K(X) and € > 0.

x€eF

| \

Lemma (compare Bowen)

Let (X, q) be a quasi-metric space and 1) : (X, q) — (X, q) be a uniformly
continuous map. For any € > 0 and € > 0 we have:

(’) r,,(e, K7¢) < Sn(€7 Kaw) < rn(%, Kﬂ/’)
(ii) If0<e< ¢, then
ra(e, K, 1) > ra(€, K, 1) and sn(e, K, 1) > sn(€', K, ).

.
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Definition

Let (X, g) be a quasi-metric space, ¥ : (X, g) — (X, q) be a uniformly
continuous map and K € K(X).

hQU(K,’lﬁ) = h’(Kvw) = hS(Kvw)a

is the quasi-uniform entropy of v with respect to K. Furthermore, we define
the quasi-uniform entropy hqu(%) of ¥ by

hou(¥) = K:zl()x) hou(K, ).

We write hqu(K, v, q) and hqu(%, q) if we need to emphasise on the
quasi-metric g used.
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Let (X, g) be a quasi-metric space and ¢ : (X, g) — (X, q) be a nonexpansive
map. Then hou(y) = 0.

Proof. Suppose that ¢ : (X, g) — (X, q) is a nonexpansive map. Then % is
uniformly continuous. We first show that for e > 0 and x € X we have

Dfi(x, €,1) = Bq(x, €) whenever n € N

Let y € DI(x,€,). It follows that g(¢*(x),¥*(y) < € for any 0 < k < n. By
taking k = 0, we have y € By(x,€).

If y € By(x, €), then q(1*(x),1*(y)) < q(x,y) < € since 9 is nonexpansive.
Hence y € Di(x,¢€,%). We have that r,y(¢, K, %) and s,(¢, K, %) do not depend
on n € Ny. Thus, r(e, K,¢) =0 = s(¢, K, ).

Therefore, hqu(y) = 0. O

0. Olela Otafudu On entropies in quasi-metric spaces



Quasi-uniform entropy on a quasi-metric space

Definition (compare Bowen)

Two quasi-metrics g1 and g2 on a set X are uniformly equivalent if

idx : (X, q1) = (X, g2) and idx : (X, g2) — (X, q1) are both uniformly
continuous maps of quasi-metric spaces. In this case ¥ : (X, q1) = (X, q1) is
uniformly continuous if and only if ¢ : (X, g2) — (X, g2) is uniformly
continuous.
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If (X,q) is a quasi-metric space, then (X, q) and (X, g*) are not uniformly
equivalent in general.

For instance consider R, equipped with the usual quasi-metric u, defined by
u(x,y) = max{x — y,0} for all x,y € R.

Then idx : (X, u) — (X, u®) is not uniformly continuous, as it is not
continuous. In particular idx : (X, u) — (X, u") is not continuous on (—o0, 0].

Indeed, for any > 0 choose x < 0 and set € = % > 0, then
u(x,0) = max{x,0} =0 < 4, but
u*(idx(x), idx(0)) = u*(x,0) = u(0,x) = max{—x,0} = —x = |[x| > e.

Therefore idx : (X, u) — (X, u") is not continuous at 0, and so is not uniformly
continuous.
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If g1 and qo are uniformly equivalent quasi-metrics on X and
¥ : (X, q1) — (X, q1) is uniformly continuous, then hou(v, q1) = hqu(, g2).
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(i) Let (X, q) be a quasi-metric space and ¢ : (X, q) — (X, q) be
a uniformly continuous map, then hqu(y™) = mhqu(v) for
each m € N =N, U {0}.

(i) Let (X1, q1) and (X2, q2) be quasi-metric spaces . Suppose
Y1 (Xi, qi) — (Xi,q1) and 9 @ (X2, q2) — (X2, q2) are
uniformly continuous maps. Define a quasi-metric q on
X1 X X2 by

q((xa, %), (1, y2) = max{qi(x1, 1), 92(>2, y2) },

for all (x1,x2), (y1, y2) € X1 X Xz.

Then 11 X ¥ @ (X1 X X2, q) — (X1 X Xo,q) is uniformly
continuous and hqu(11 X v2,q) < hou(¥1, q1) + hqu(t2; G2).
Furthermore, if X1 or X, is compact, then

hou(t1 X 2, q) = hou(¥1, q1) + hou (2, q2).
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Let (X, q) be a quasi-metric space. Then

(i) ¥ :(X,q) — (X, q) is uniformly continuous if and only if
¥ (X, q") = (X, q") is uniformly continuous.

(i) ifvy : (X, q) — (X, q) is uniformly continuous, then
¥ : (X, q°) = (X, q°) is uniformly continuous. The converse
does not hold in general.
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Definition (Bowen)

Let (X, d) be a metric space and ¢ : (X, d) — (X, d) be a uniformly
continuous function. For each x € X, n € N and € > 0. Then we define the
uniform entropy hy of ¢ by

hu(v) = sup{hu(K, ) : K is a compact subset of X},

where hy(K, 1) is defined in exactly the same way as in previous section. We
write hy(K, ¥, d) and hy(1, d) to emphasise the metric d used.

Lemma

Let (X, q) be a quasi-metric space and v : (X, q) — (X, q) be a uniformly
continuous function. Let n € N1 and e > 0.
(i) If K C X is join-compact and F C X such that
K C | D (x,¢,9), then K C | Di(x, ¢, 9).

xEF x€EF
(i) F C X is (n, €)-separated if and only if F C X is
(n, €)-supseparated.

- - —
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Theorem

Let (X, q) be a quasi-metric space and 1) : (X, q) — (X, q) be a uniformly
continuous function. Then

(’) hU(’(:ba qS) 2 hQU(w7 q)
(i) hu(, %) > min{heu(, q), hqu(?, q°)}

Example

Let us consider R equipped with the usual quasi-metric u

(u(x,y) = max{x — y,0} for all x,y € R).

Let ¥ : (R, u) — (R, u) be the map defined by ¥(x) = 2x for each x € R.
Then % is uniformly continuous and

0= hQU(wv u) < hU(wv us) = |0g2

A\
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Completion theorem for quasi-uniform entropy on a

quasi-metric space

Definition

Let (X, g) be a quasi-metric space and ¢ : X — X a function. A subset Y of
X is @-invariant if (YY) C Y.

If (X, q) is a quasi-metric space and Y C X. It is well known that (Y, qgy) is a
quasi-metric space, where gy = q|yxy-

Lemma

Let (X, q) be a quasi-metric space, ¢ : (X, q) — (X, q) a uniformly continuous
function and let Y be an -invariant subset of X. For n € N; and ¢ > 0 we
have that
(i) Ify €Y, then D} (y,e,%|y) =
Di(y, &) N Y and DI (y,€,9lv) = Df (v, &, 4) N Y.

(i) (e, K,¥lv, qv) = ra(e, K, 1, q) for each K € K(Y)

v
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Lemma

Let (X, q) be a quasi-metric space, ¢ : (X, q) — (X, q) a uniformly continuous
function and let Y be an v-invariant subset of X. Then

hou(¥|y, qv) < hou(¥, q).

.

Definition

Let (X, g) be a quasi-metric space.
(1) (X, q) is said to be bicomplete if the metric space (X, g°) is
complete. i.e every g°-Cauchy sequence is g°-convergent.
(2) A bicompletion of (X, q) is a pair (np, ()~<7 ﬁ)) consisting of a
bicomplete quasi-metric space ()~<7 q) and a quasi-isometry
v : (X, q) = (X, q) such that ©(X) is dense in the metric
space (X, (3)°).
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Theorem

Let (X, q) be a quasi-metric space and 1) : (X, q) — (X, q) a uniformly
continuous function. If (X, q) is the bicompletion of (X, q) and 1 is the
uniformly continuous extension of 1) over X. Then

hQU(w) q) S hQU(J: a)

.

Theorem

Let (X, q) be a join-compact quasi-metric space and ¢ : (X, q) — (X, q) a
uniformly continuous function. If (X, q) is the bicompletion of (X, q) and 1) is
the uniformly continuous extension of ) over X. Then

hou(%, ) = hou(¥, ).

.
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Thank you
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