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A map T :[0,1] — [0,1] is called a piecewise monotonic map if

there exists a finite partition Z of [0, 1] into pairwise disjoint open

intervals with | J .z Z = [0, 1] such that T‘Z is continuous and

strictly monotonic (increasing or decreasing) for every Z € Z. It is

called Ct if T is continuously differentiable on (0,1) and T’ can be

extended to a continuous function on [0, 1].

Fora Cl-map T :[0,1] — [0, 1] define

| TII := maxyeo,1] | T| + supye(0,1) | T'x|. Moreover, we will also

consider the R%-topology on continuous piecewise monotonic maps

defined below. Given ¢ > 0 two continuous piecewise monotonic

maps T1 and T, are said to be e-close in the R%-topology, if

e they have the same number of intervals of monotonicity,

e the endpoints of corresponding intervals of monotonicity differ at
most by ¢, and

® MaX,eo,1] |T1X — T2X| < €.



Next we fix an N € N. Denote by My the family of all

Cl-maps S : [0,1] — [0, 1] which are piecewise monotonic with at
most N intervals of monotonicity. The set M is endowed with the
Cl-topology, this is the topology given by the norm defined above.
Suppose that T : [0,1] — [0,1] is a C*-map such that

card({c € (0,1) : T'c =0}) < N — 1. Hence

{ce€ (0,1): T'c =0} is finite and T € My.

Given n € N and € > 0 a subset E C [0, 1] is called (n, ¢)-separated
if for any x £y € E thereisa j€ {0,1,...,n— 1} with

|Tix — T/y| > e. If f : [0,1] — R is continuous then the
topological pressure p(T,f) is defined by

p(T,f):= lim I|msupflogsup Zexp Zf TJ ’

84)0'*' n—oo n
xeE

where the supremum is taken over all (n,g)—separated subsets
E C [0,1]. Moreover define hyop(T) = p(T,0) the topological
entropy of T.



The variational principle states that

p(T,F) = sup (hH(T)+/fdM> _

HEP(T)
= sup (hH(T)+/fdu> ,
HEE(T)

where P(T) is the set of all T-invariant Borel probability
measures p on [0,1], £(T) is the set of all ergodic T-invariant
Borel probability measures 1 on [0, 1], and h,(T) is the
measure-theoretic entropy of T. A T-invariant Borel probability
measure p on [0, 1] is called measure of maximal entropy if

hu( T) - htOP(T)-



Concerning lower semi-continuity of the topological pressure we
have the following results.

Theorem 1
Suppose that T : [0,1] — [0,1] is a piecewise monotonic map, that
f:[0,1] - Ris continuous and satisfies

p(T,F) > limnso0  SUP.efo1] Soro F(T9x). Then

liminf p(T,f)>p(T,f).
T—T in RO
[f—Flloc—0



Theorem 2

Let T :[0,1] — [0,1] be a C1-map such that

card({c € (0,1) : T'c =0}) < N — 1. Suppose that f : [0,1] — R
is continuous and satisfies

p(T,f) > limp o L SUPxc[0,1] Zf;ol f(T’/x). Then

liminf p(T,7) > p(T,f).
|T—T|—0

~7~—€MN
£ —Flloo—0

Note that p(T, ) > sup,cpoq) f(x) implies

p(T,f) > limpoo 2 SUPye[0,1] Zf;ol f(T/x). The supremum above
is always a maximum.



Define T : [0,1] — [0, 1] by

29 865 3878 77530 2 71200 3

™= 359384 167" T 2167° 12167

Observe that £ is a fixed point of T, and that [,1] is T-invariant.
We define f : [0,1] — R by

5, ifxe[O,%],
f(x):=¢10—40x, ifx€[5, 3]
0, |fx€[%,1]

Moreover, for s € [0, 4] set Tox := Tx+ s (hence To = T). Note
that T, converges to T for s — 0 both in the R%- and
Cl-topology. Below we will see that the pressure is not lower
semi-continuous in this case.
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Since Ty is invariant on [%, 1] we obtain hyop(Ts) < log2. As % is
a fixed point of T we get p(T,f) =5. In the case s > 0 this fixed
point is destroyed and every orbit comes into [%, 1} after some time
we get p(Ts, f) = hop(Ts) < log 2 showing the “jump down” of the
pressure. For this example one can show that the endpoints of the
intervals of monotonicity are not periodic, hence one has upper
semi-continuity of the pressure by Theorem 9.

We obtain as an easy consequence of Theorem 1 and Theorem 2
that the topological entropy is lower semi-continuous. Here the
condition for lower semi-continuity would be h¢op(T) > 0, and
lower semi-continuity is trivial in the case hiop(T) = 0 as the
entropy is always nonnegative. The result on lower semi-continuity
of entropy has been obtained in 1980 by Michat Misiurewicz and

Wiestaw Szlenk.



For Cl-maps we get the following result on upper semi-continuity
of the topological pressure.

Theorem 3

Let T :[0,1] — [0,1] be a Ct-map such that

card({c € (0,1) : T'c =0}) < N — 1. Suppose that f : [0,1] — R
is continuous. Then

limsup p(T,f)=p(T,f).
| T—T|—0

T—EM/\/
1 =Flloo—0

Using Theorem 2 and Theorem 3 we obtain immediately the
following result concerning the topological entropy which has been
proved by Michat Misiurewicz in 1995.



Theorem 4
Assume that T : [0,1] — [0,1] is a Ct-map such that
card({c € (0,1): T'"c =0}) < N — 1. Then

lim heop(T) = heop(T) .
|T—T|—0
T_EMN

Next we deal with the measure of maximal entropy. In general a
dynamical system may not have a measure of maximal entropy.
Furthermore a map may have more than one measure of maximal
entropy. Every dynamical system with a measure of maximal
entropy has always also an ergodic measure of maximal entropy.
We obtain the following result for C1-maps.



Theorem 5
Let T :[0,1] — [0,1] be a Ct-map such that
card({c € (0,1) : T'c =0}) < N — 1. Suppose that hwop(T) > 0
and yu is the unique measure of maximal entropy for T. Then there
exists a § > 0 such that every T € My with |T — T|| < & has a
unique measure ji of maximal entropy. Moreover,

_lim o p=p,

[T-T[—0
TEMN

where the limit is meant in the w"-topology.
By Theorem 4 and Theorem 5 one easily obtains that
lim  hz(T)=hu(T).

IT—T||—0
TeMy



Observe that in the situation considered above the perturbed map
may have more intervals of monotonicity than the original map. It
is only assumed that the number of intervals of monotonicity is
bounded by a given number N. Nonetheless this number could be
chosen arbitrary large.

The situation is very different if one considers piecewise monotonic
maps with respect to the R%-topology. Here the perturbed map has
the same number of intervals of monotonicity as the original map.
Unfortunately one does not get upper semi-continuity of the
pressure and the entropy in this case. We like to describe the
possible “jumps up” in this situation. Denote by E the set of all
endpoints of intervals of monotonicity of T except 0 and 1. For a
periodic point x denote by n(x) the period of x and set

k(x) := card (E N {x, Tx, T?x,. .., T”(X)_lx}) )



Theorem 6

Let T : [0,1] — [0,1] be a piecewise monotonic map, and suppose
that that f : [0,1] — R is continuous. Then

limsup p( T, f) = max {p( T,f), max {k(X) log 2+
T—T in RO n(x)
[|F—F]loc—0
1 n(x)—1 .
—1—@ ; f (T/x) : x € E is periodic

As an easy consequence of Theorem 6 we get the following result
on entropy which has been obtained by Michat Misiurewicz in 1989.



Theorem 7
Suppose that T : [0,1] — [0,1] is a piecewise monotonic map.

Then - k(X)
limsup hop(T) = max {htop(T), max { log 2 :
T—T in RO n(x)

xeEis periodic}} .

Theorem 8

Let T :[0,1] — [0, 1] be a piecewise monotonic map. Suppose that
htop(T) > max {% log2:x€ Eis periodic} and i is the unique
measure of maximal entropy for T. Then there exists a § > 0 such
that every piecewise monotonic map T which is §-close to T in the
RC-topology has a unique measure i of maximal entropy.

Moreover, _lim o=,

T—T in RO
where the limit is meant in the w"-topology.



The next result gives a condition equivalent to upper
semi-continuity of the pressure for all weight functions.

Theorem 9

Let T :[0,1] — [0, 1] be a piecewise monotonic map. Then the

following conditions are equivalent.

(1) limsupz 1. o P(T,f) < p(T,f) for all continuous func-

|| —Floc—0

tions f : [0,1] — RR.

(2) limz_ . goP(T,f) = p(T,f) for all continuous functions f :
[0,1] — R satisfying liminf=_ . o p(T,f) > p(T,f).

(3) There are no periodic points in E.

Finally we will consider some examples.



If s € [0, 4] define T : [0,1] — [0,1] by

[y

Gl
1w

Tox:=s+2x—32, ifxe[},3],

x, ifxe [0,5],
2—-2x, ifxel3,1].

WIN Wik

Here T, is e-close to Tg in the R%-topology if s < £. We consider
the weight function f : [0,1] — R given by f(x) := 0 for
all x € [0, 1], this means we consider the entropy.



Weight function
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Obviously we have hop(To) = 0. But for s > 0 we get the new
invariant set [% — s, % + s] and we obtain hyop(Ts) = log 2.
Define for s € [0, &5] the map T : [0,1] — [0,1] by

(4x | if x € [0,35],
%—4X, ifxe[%,%],
4x—%, ifxe[%,ﬂ,
Tsx = %—4x, ifxe[%,%},
(2+6s)x—3—2s, ifxe[} 3],
2x—%+s, ifxe[%,%},
2—2x+s, if x € [3,1].

Also in this case Ty is e-close to Tp in the RO-topology. Moreover
we obtain for s > 0 the new invariant set [3 — s, 3 + s] from the

fixed point % Here we have hiop(Ts) = log4 for all s € [0, 1—12]






Weight function
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We know from Theorem 9 that there exists a continuous function f

such that the pressure is not upper semi-continuous at Tg. Now we
give an example for such a function f. Define f : [0,1] — R by

0, if x € [0,3],
f(x):= 35—9x—%, ifxé[%,%],
B if x € [3,1].

As p(To, f) = hiop(To) = log4 > }—(3) = SUPy¢(0,1] f(x) we get by
Theorem 1 that liminfz= , . .o p(T,f) > p(T,f). For this
[|[F—flloo—0

function we get for s > 0 that

p(Ts, f) =13 +log2 > log4 = p(To, f).



Weight function
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Thank you very much

Herzlichen Dank
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