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Chapter 1

Introduction and Review of Probability
Theory

These notes contain the main definitions and results and a small number of examples. The majority
of the examples covered in the module are not in the printed notes but will be provided and worked
through in lectures.

1.1 Introduction

Realistic modelling of real world systems such as business, economics, finance, biology, medicine,
weather or climate prediction etc. often requires the inclusion of probabilistic elements, i.e.,
stochastic modelling to deal with uncertainties in the systems (e.g. human decisions in the fi-
nancial market) or high complexity of the system (e.g., in case of the weather which is a chaotic
system).

This module is about stochastic processes which are families of random variables X, where ¢
is time and X, lives in some state space to be specified.

1.2 Review of Probability Theory

e (Properties of probabilities) €2 set of events;

(i) Pr(0) = 0 (impossible event)
(ii) Pr(Q2) = 1 (certain event)
(iii) 0 < Pr(A) <1forall A € Q.
(iv) If A, B € Q are disjoint, i.e., AN B = () then Pr(A U B) = Pr(A) + Pr(B).

(v) let A=A UA;U...UA, U...be adisjoint union, i.e., 4; N A; = () fori # j. Then
Pr(A) =377, Pr(A;) (Law of total probability).

e Conditional probability: A, B C (2, {2 set of elementary events,
Pr(A | B) := Pr(An B)/Pr(B).
e A, B C Qindependent events if Pr(A | B) = Pr(A) and Pr(B | A) = Pr(B).
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CHAPTER 1. INTRODUCTION AND REVIEW OF PROBABILITY THEORY

Lemma A C Q,Q =B, UByU...UB, withn € NU{oo}, B; N B; = () for i # j. Then

Pr(A) =Y Pr(A| B,)Pr(B).

i=1

Proof. Let A, = AN B;. Then A;,NA; =0fori# jand A=A UAU...UA, U....
So by the law of total probability

Pr(A) = Z Pr(4;) = Z Pr(ANB;) = Z Pr(A | B;)Pr(B;).
O

A random variable (RV) X is a variable that takes its values “by chance”, i.e., X : Q — V.
If V is a finite or denumerable set then X is called discrete RV.

Let X : Q — V = {z1,2,,...} be adiscrete RV, then p : V' — [0, 1] with p; = Pr(X = ;)
is the probability mass function (distribution) of X.

Let X : Q — V = {z1,2,,...} be adiscrete RV, then
E(X)=) z,Pr(X =ux,)
n=1

is the expected value of X.

Example: (Binomial distribution) Consider n independent events Ay, As, ..., A, with p =
Pr(A4;),i=1,...,n. Let Y be the total number of events that occur. Then

n

p=Pr(Y = k) = (k

)pm S

where (Z) is the number or possible choices of picking & elements out of n. A concrete
example would be to toss a coin n times, with A; the event that the ith toss results in a
“head” and Y the number of “heads” thrown in n tosses.



Chapter 2

Random walks

2.1 Difference equations
Definition 2.1.1. We call
AnYnik + A 1Ynsk—1+ ... +aoye =0 forall keZ (HDE)

a homogeneous linear difference equation (HDE) with constant coefficients ay, . . . , a,, for the se-
quence {y, }.

Example 2.1.2. Check that any v;, = C12% 4+ C,3% where C,, Cy € R is a solution for

Y2 — DYk+1 + 6y = 0.

In order to solve (HDE) substitute y;, = r* where » € R. Then (HDE) becomes
ant™ T+ ap "R ar = 0.

Dividing by r* assuming r # 0 gives
Q(r) = apyr" + an_1m" '+ ... +ay=0,

a polynomial of degree n in r. So there are n roots of Q(r) (which may be complex and may not
be distinct). We consider two cases:

Case 1: All roots {ry, 79, ...,7,} of Q(r) = 0 are real and distinct. Then y;, = 75, y, = r5....,

Yp = rfj are solutions of (HDE) and we have the following:

Theorem 2.1.3. Let Q(r) = a,r" +an_17" ' +. .. +aq. Ifall roots {ry,ro, ..., 7.} of Q(r) =0
are real and distinct, then any solution of (HDE) is of the form
Yp = clr’f + 02r§ + ...+ cnrﬁ

where cq,...,c, € R.

Case 2: Some roots are equal, say 71 = 79. Then
Y = (Cl + CQk)?"]f

3



4 CHAPTER 2. RANDOM WALKS

is a solution of (HDE) for any C7,C € R.
Proof. Since (r;) = 0 we know that C;r¥ is a solution. Since 7 is a double root of Q(r) we
have

Q'(r1)=0=na, 7' +(n—Da,_1r7 2+ ... +a.

Then
0 =r"1Q (r)) + kr*Q(r1) = nanr?™ + (n — Vap_yrP ™ 4 4 ayrt ™
+ kanr™™ + ka7 4 4 agkr?
=a,(n+ k)T fa,_(n+k— D e (14 k)P 4 agkr?
which proves that 3, = kr¥ solves (HDE) too. [

More generally we have:

Theorem 2.1.4. If r =1y = ... = ry is a root of multiplicity { of Q(r) = 0 then
yp = (c1 + 2k + ...+ cekéfl)rk

is a solution of (HDE).

Example 2.1.5. Find the general solution of

Y2 — OYry1 + 8y =0
and the particular solution with yo = 3, y; = 2.

Remark 2.1.6. Note that cases 1 and 2 do not cover all cases, but in our applications complex
roots will not occur.

Definition 2.1.7. We call
AnYnik + A 1Ynsk—1+ ...+ aoye = qr forall keZ (DE)

a non-homogeneous linear difference equation (DE) with constant coefficients ay, . . . , Gy,.

Theorem 2.1.8. If yI°™ is a solution of (HDE) and y;™" is a particular solution of (DE) then
Y = Yio™ + yP™" is a solution of (DE).

Example 2.1.9. Check that y2*™" = 4k + 6 is a particular solution of

Yk+2 — HYk+1 + Oy = 8k
and find the general solution of this DE.

Guidelines 2.1.10. (Finding a particular solution) 7o find particular solutions in the case q =
BF we try y2™* = AB*. For q;, a polynomial of degree m in k,
Qe = Ck™ + 1 K™V F

we try
U™ = O k™ by KT bR L 4 by

as polynomial of degree m + ( in k where { is the multiplicity of the root r = 1 of Q(r) = 0.
Example 2.1.11. Find the general solution of

Yrt2 — Yr = 4.
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2.2 Random Walks and Gambler’s Ruin

2.2.1 Example: Gambling Problem

Suppose player A starts with £3 and player B with £2. At each bet A wins £1 from B with
probability 1/3 and B wins £1 from A with probability 2/3. The game continues until either
player wins all money. We want to compute

pa = Pr(A wins all money),
Pp = PI‘(B wins all mone}’)7

pc = Pr(game goes on forever).

Then
pa+pe+pc=1

Let us concentrate on player A. Let A,, be the amount of money that A has after the nth bet, so
A, €{0,1,2,3,4,5} which is the state space of the random variable A,,. This is an example of a

random walk. We have
Ag=3,A, € {2,4},_/42 S {1,3, 5}

etc. We could draw a tree diagram to compute the probabilities for A,. But a better method is to
generalize to the case when A starts with £k and B with £5 — k, where 0 < k < 5. Let
u, = Pr(A wins starting with £k | Ay = k).

We are interested in u3. We know that ug = 0 since if A starts with £0 he has already lost; also
us = 1 since if A starts with all the money £5 he has already won. Moreover, by the law of total
probability we have

uy, = Pr(A wins starting with £k | A wins first bet) x Pr(A wins first bet)
+ Pr(A wins starting with £k | A loses first bet) * Pr(A loses first bet)
= Pr(A wins starting with £k | Ay =k+1)%1/3
+ Pr(A wins starting with £k | Ay =k —1)%2/3
= Pr(A wins starting with £k | Ag =k +1)%1/3
+ Pr(A wins starting with £k | Ag =k — 1) x2/3

= %Ukﬂ + %Uk—l
So we get the difference equation
Uk, — U +2up_ 1 =0, uy=0, us = 1.
Let u;, = r*. Then we need to solve
P?=3r+2=0 & (r—2)(r—1)=0.

So the general solution is
Uy = 012k + co.

From
O:UOICl—l-CQ, 1:U5:3201+62
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we get
= 311’ C2 = _%
and so
and therefore
1 3

— _ 1 _ _ 15
Uy Uz = 375 U3 = 37 = PA, U2 = 37.

257

2.2.2 The general gambling problem

Assume in a game the total capital is £N, player A starts with £k and player B with £(N — k),
assume that A wins each bet with probability p and B with probability ¢ = 1 — p. Let A, be
the amount of money that A has at time n. This is an example of a random walk on the integers
k € {0,1,..., N} with absorbing boundaries at 0, N. Let

u, = Pr(A wins starting with £k | Ay = k).

Then uy = 0 since if A starts with £0 he has already lost. Moreover u = 1 since if A starts with
£ N he has already won. If 1 < k£ < N — 1 then

up = Pr(A wins starting with £k 4 1) x Pr(A wins first bet)
+ Pr(A wins starting with £k — 1) * Pr(A loses first bet)

= PUg+1 + qUE—1
Theorem 2.2.1. The probability for player A to win solves the difference equation
up = pug1 + qug—1, uo =0, uy =1,

and has the following solution:

—_
|
VRS
hSHYSY
N——
B

up=——Cx for p#q
e
p
and
—E or p=q=1p2

up =4 for p=q=1/2.
Proof.
Case a): Assume u;, = r*. Then we get

A

dividing by 7*~! assuming r # 0 this gives
Qr)=r—pr*—q=0

with solution

<
I

—_

TR

So the general solution is

k
Uy = €1 + o (%) .
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Now apply the boundary conditions:
Uy = 0= 1+ ¢

N
UN:1201+02(%) .

This gives
N
C1 = —Cg, T —C (%) =1
and so
1
1= —"%
0
P
and
k
- ()
p
up = ———=x
()
p

as claimed.
Case b). If ¢ = p then Q(r) has a double root r; = ry = 1. So the general solution is, by Theorem

2.1.4,

Up = C1 + Cgk.
Applying the boundary conditions we get
0= Ug = C1

1:U1261+02N,
[]

and so ¢; = 0 and ¢, = 1/N, giving uy, = % as claimed.

Proposition 2.2.2. The probability p. for the game to last forever is 0, i.e. ps + pp = 1 where py

(pB) is the probability that player A (B) wins the game.

Proof.
Casea): p=q = % then by Theorem 2.2.1 we have
pa=k/N, pp=(N-k)/N

and sops + pp = 1.
Case b): p # ¢. Then by Theorem 2.2.1

where
P=4q, q
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and so

Let s = %. Then

- 1o ()™
Po=1l=pa—pp=1-7—F%~ )"
1—sF sV —gk

1N N1

Remark 2.2.3. The gain for player A starting with £k is the random variable G with
Pr(G=N—-k)=u,, Pr(G=-k)=1-—u
Hence the expected gain of player A is
E(G) = (N —k)ug — k(1 — ug) = Nuy, — k.
Eg.,ifp=q=3then E(G)=N% —k=0.
Theorem 2.2.4. Let Dy, be the expected duration of the game (number of bets) if Ay = k. Then
Dy =pDr1+qDr1+1, Dy=0, Dy=0,

with solution

and
Dy =k(N —k) for p=q=1/2.

Proof. Let Pr(d), = n) be the probability that the game finishes after n plays. Then
Dy = E(dy) = ZnPr(al;€ =n)
n=1

is the expected duration of the game when A starts with £k.
Let A, be the amount of money player A has after n plays. By assumption Ay = k. Since in
the first step player A may win or lose £1, the law of total probability gives

Pr(dy, =n) = Pr(dy=n|A1 =k+1)Pr(A; =k+ 1|4, =k)

= Pr(dy =n|A =k+1)p+ Pr(dy = n|A; =k —1)q.
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If A has won the first trial then after this first trial the event that the game last n trials and A starts
with £k becomes the event that game lasts n — 1 trials and A starts with £(k + 1). Hence

Pr(dy =n|A1 =k+ 1) =Pr(dj 1 =n—1).

Similarly Pr(dy, = n|A; = k — 1) = Pr(dy—1 = n — 1). Inserting this into the above equation
proves that
Pr(dy =n) = pPr(dgs1 =n — 1) + ¢Pr(dy—1 =n —1).

Therefore

D, = > 2 nPr(dy =n)=> " n(pPr(dy1 =n—1) +¢Pr(dy_1 =n—1))
pY o nPr(dp =n—1)4+¢> " nPr(dy_y =n—1)
P oo MPr(dip1 =m) +p3 0 o Pr(dys = m)
+q> o _omPr(dy_1 =m)+q> ~_ Pr(ds_1 = m)
= pDir1+p+qDg—1+q=pDiy1 +qDp—1 + L.

Here we used that ) "  Pr(dys1 = n) = 1 because this is a certain event. So we obtain the
nonhomogenous linear difference equation

Dy = pDyy1 + qDj—1 + 1.
To solve this difference equation we first have to solve the homogeneous system
D™ = pDY + gD}

Note that we have already solved the same equation for u;, with different boundary conditions, in
the proof of Theorem 2.2.1. Setting D™ = r* we get r* = pr#™ + ¢r*~!. Dividing by r*~!
assuming r # 0 we get Q(r) = pr> —r + ¢ = 0. The roots are 71 = 1 and ry = %.

Case a): p # q. The general solution of the homogeneous system is
7\ "
D™ = Cy + Oy (-) :
p

Now we need to find a particular solution of the nonhomogeneous system. Since Q)(r) = 0 has
a root 1 of multiplicity / = 1 and since g, = 1 has degree 0, using Guidelines 2.1.10, we try
D};’art = b1k as a particular solution. Inserting this into the nonhomogenous equation we get
bik = pbi(k + 1) + gbi(k — 1) + 1. Comparing coefficients we obtain 0 = b;(p — ¢) + 1 and so

by = qL and D}Zart = ﬁ. So the general solution of the nonhomogeneous equation is

—-p
k: k/‘
Dk:—+01+02 (g) .
q—p p

Boundary conditions: We have Dy = Dy = 0 since the duration of the game is 0 if player A has
no or all the money in the game. Setting Dy = Dy = 0 we get

N q N
0=0Ch+ Oy, 0:—+C'1+Cg(—) )
q—7p b

Therefore
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(N (1 B (§>k>

Dy = —k
e
p

Caseb): p=q = % The general solution of the homogeneus equation

D};om _ D}€13_1111 _|_ Dhom

and

is (see proof of Theorem 2.2.1)
Di°™ = ¢; + ok

Since Q(r) = 0 has a root 1 of multiplicity ¢ = 2 and since g, = 1 has degree 0, using Guidelines
2.1.10, we try D™ = ck? as a particular solution of the nonhomogeneus equation. Then

Dy =1iDj1+ 3Dpy1 +1
becomes
ck?=le(k— 1)+ ek +1)* +1
which holds true if ¢ = —1. So the general solution is
Dy = ¢1 + cok — k2.
Boundary conditions. From Dy = Dy = 0 we get
0=c, 0=c¢;+cN—N?
and so c; = N and Dy, = k(N — k). O

Remark 2.2.5. (Gambler’s Ruin) If player A plays against an infinitely rich opponent, e.g. a
casino or a bank, then N — oo. Let s = q

Case a) p > ¢. Here the probability for A to win a bit is bigger than for B so that s < 1. In this
case, by Theorem 2.2.1,

=1-s">0,

I lm L5
4 = lim u im
p N—oo k= N—oo 1 — SN

and the expected duration of the game is, by Theorem 2.2.4,
1 N(1— s 1—sk k
lim Dy = lim ( ( S)—k)— * Jim N - —— = o0,

N—oo N—oop — @ 1—sN pP—q N—oo pP—q

Caseb) p < ¢q. Then s > 1 and

= i i L5
PA = s T N TN T
and
1 N(1—s* 1-— N k k
lim Dy = lim =5 )y =229 - - .
N—oo N—oo D — ¢ 1— sV p—q N=oc1l—sN p—q q—0p
Case c¢) p = ¢. Then
pA—hmuk—hm—:O

N—oo N
so the player is losing, despite the fact that the game is fair! Moreover

lim Dy = lim (N —k)k = o0
N—o0 N—o0

is the expected duration of the game.



Chapter 3

Markov Chains - An Introduction

3.1 Basic Definitions

Definition 3.1.1. A stochastic process is a family of random variables (RVs) { X, }ier. Two cases
arise frequently:

a) T = Ny: discrete time stochastic process. In this case we write { X, } nen,-
b) T = [0, 00): continuous time stochastic process.
If X : T — S we call S the state space of the stochastic process X;.

Definition 3.1.2. A Markov process { X} is a stochastic process with the property that given the
values of X, the values of X for s > t only depend on X, and not on X, forr < 1.

In short a Markov process is a stochastic process without memory.
Definition 3.1.3. A Markov chain (M.C.) {X,,} is a discrete time Markov process on a finite or
countable state space.
The Markov property for a M.C. reads:
PI'(Xn+1 :j | XO = 7;0, e ,Xn,1 = ’infl,Xn = Zn) = Pr(Xn+1 = ] | Xn = Z)

Definition 3.1.4. We call Pr(X,,.1 = j | X,, = i) the one-step transition probabilities of the M.C.
{X.,.} (foralln € Ny, i,j € S.

Definition 3.1.5. The M.C. has stationary transition probabilities if p; ; := Pr(X, 41 = j | X,, = 1)
is independent of n for all 1, j. In this case the M.C. is called homogeneous.

3.2 Transition Probability Matrices

Definition 3.2.1. {X,,} homogeneous M.C. on state space S = {1,2,...,N}. Then

is called (one-step) transition probability matrix (TPM).

11
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Figure 3.1: Floor plan of house.

Example 3.2.2. Consider a cat in a house with 4 rooms. The doors between rooms are indicated
by slashes in the floor plan of Figure 3.1.

If the cat is in one room it chooses one of the doors to another room with equal probability. So
it goes from room 1 to room 2 with probability p;2 = 1/2 and to room 3 with probabiity p;3 = 1/2
etc.. What is P?

11
bPi1 Pi2 P13 DPi4 (1) (2) ? ?
P=| : + : :|=1315 233
303 3
D1 Paz2 P43 Paa 01 % 0

Example 3.2.3. (Gambler’s problem with total capital /N) What is the state space and the TPM of
this Markov chain?

Definition 3.2.4. An (N, N)-matrix P is called row-stochastic if

N
0<p; <1, Y py=1 forall i=1,. N.

J=1

Proposition 3.2.5. The TPM P = (p;j)i jes of a homogeneous M.C. on S = {1,..., N} is row-
stochastic.

Proof. The entries p;; of P are probabilities, so p;; € [0, 1]. For any state ¢ € S we have

N
Z pij =1
=1

because the left hand side is the probability that the process has to go to some other state from state
1, which is the probability of the certain event. [

Theorem 3.2.6. Let {X,,} be a homogeneous M.C. on the state space S = {1,2,... N} with
TPM P and initial distribution p; = Pr(Xy = 1), i € S. Then

Pr(Xo =9, X1 =t1,..., X = i) = PiyDigis - - - Pipy_1in-
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Proof. We have

Pr(Xo = i, X1 = i1y, X = i)
— Pr(X,, =i | Xo =0, X1 =1,y Xno1 = in 1 )PL(Xo = d0y X1 = i1, oy X1 = in1)
=Pr(X, =in | Xn1 =in1)Pr(Xo =10, X1 =11,..., X1 = in_1)
= pi, i P1(Xo =10, X1 =41, ..., Xsio1 = ip1).

Here we used the definition of conditional probability in the first line and the Markov property in
the second line. Iterating this argument we get

Pr(Xo =10, X1 =t1,.... X0 =14n) = Dip 1inPin_oin PT(Xo =10, X1 =11,..., Xp2 =ip_2)

pinflinpin—?infl cr pioilpio'

]

Example 3.2.7. We send a binary message through a channel with several stages, each stage has
a fixed probability of error «, 0 < av < 1. Let Xy = 0 and let X, be the signal received at the nth
stage. Assume that { X, } is a homogeneous Markov chain.

a) What is the probability of no error in transmission up to and including stage 2?

b) What is the probability that a correct signal is received at stage 2?7

3.3 n-step transition probability matrices

Definition 3.3.1. Let {X,,} be a homogeneous M.C. on the state space S = {1,2,...,N}. Then

PO = (p); jes with p’ = Pr(Xpmin = j | X = i) is called the n-step transition probability
matrix of the Markov chain.

Example 3.3.2. Consider a Markov chain on the states {0, 1,2} with TPM
05 0 0.5

P=1 0109 0
0.2 06 0.2

What is pl) ?
Theorem 3.3.3. Let {X,,} be a homogeneous M.C. on the state space S = {1,2,..., N} with
TPM P. Then P™ = P". Componentwise

N
Vij vy =Y by Umy e P =pP0UP (3.1)
k=1

where we define pg-)) =1lifi=y andpg-)) =01ifi # J.
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In words (3.1) can be explained as follows: to get from ¢ to 5 in n steps (the probability of which
is pl(-;l)) the process has to go from state i to some state k in (n — 1) steps (the probability of which

is pgz_l)) and then from state k to state j in one step (the probability of which is py;). Summing
over all states £ gives (3.1).
For a detailed proof of this theorem we need the following lemma:

N
Pr(A|B) =) Pr(A|BnCy)Pr(Cy | B)
k=1
Proof of Lemma 3.3.4.

Pr(A| B) = Préf(gf ) _ PrgB) ; Pr((AN B) N Cy)

=z
=z

= Y Pr(A| BNCy)Pr(BNCy)/Pr(B) = > Pr(A| BN Cy)Pr(Cy | B).

k=1 k=1

Proof of Theorem 3.3.3. Now with A = {X,, = j}, B={Xo =i} and C}, = {X,,-1 = k} we
get

=

pY = Pr(X,=j|Xo=i)=) Pr(X,=j|Xo=i,Xo1=kPr(X,1=Fk|Xo=1i)
k=1
N
Pr(X, =j| Xo1 =k)Pr(X,1 =k | Xo=i)=> pupp "
1 k=1

I
WE

>
Il

P Vpy = (POYP);. (%)

[
WE

1

i

(n)

i
i to some state k in (n — 1) steps, the probability of which is pEZ_l), and then from state £ to state

J in one step, the probability of which is p;;. Summing over all states k gives (*).

Hence P™ = PP So if it is true that P(*~Y = P"~! then the above proves that also
pm = pl-)p — pr=lp — pPn Forn = 1 we know that P() = P! = P. So by induction,
P™ = P for all n. O

In words: To get from 7 to j in n steps, the probability of which is p,.’, the process has to go from

Example 3.3.5. A particle moves among the states {0, 1,2} with TPM

pP—

N=ol= O
Nl— Ol
O =

Compute pé%) and pé%).

Corollary 3.3.6. Let {X,,} be a homogeneous Markov chain with TPM P, state space S =
{1,2,..., N} and initial distribution p = (p;)ics = (p1,...,pn). Thenforalli € S,

Pr(X, = i) = (pP"):.
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Proof By Theorem 3.3.3

:ZPI( n=1]Xo=k)Pr(X Zp,ﬁ pr = (pP");.

keS kesS

Note that p and pP are row vectors.

3.4 First Step Analysis of Markov Chains

First step analysis analyzes the probabilities arising in the first transition for all initial states. We
have used first step analysis already for the gambling problem in Section 2.2.2 and will now intro-
duce first step analysis for general Markov chains.

I food
0 1 7
2 3 4
_water
8 5 6

Figure 3.2: Floor plan of house.

Example 3.4.1. Assume a cat is in a house with 9 rooms, see Figure 3.2. If it has & choices to
leave a room the cat chooses each room with probability % What is the probability that the cat
encounters the food before the water given that it starts in room 4? Let u; be the probability of
absorption into the food compartment given that the cat starts in room k. Then by the law of total
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probability
1 1
Uy = 5’&1 + §u2
1
up = guo + §U3 + 3
N
Uu = —U —U —U —U
3 4 1 4 2 4 4 4 5
1 . 1 . 1
U = — — —
4 3 3U3 3U6
1 1
Uy = §U3 + §u6
1 1
Ug = §U4 + §U5
Uy = 1
usg = 0.

Symmetry implies
1
Up = Ug, U2 = Us, Ul = Ugq, U3 = 9

ThCnWCgCtUOZ%:Uﬁ,Ulzg:U4,U2:§:U5.

Example 3.4.2. Consider the following model of the life span of females in a population. The
state space is S = {0, 1,...,5} with state 0 = prepuberty, state 1 = single, state 2 = married, state
3 = divorced, state 4 = widowed, state 5= dead. Suppose the model has the following TPM:

009 0 0 0 01
0 05 04 0 0 0.1
p_ 0 0 06 02 01 0.1
0 0 04 05 0 0.1
0 0 04 0 05 01
0o o 0 0 0 1

What is the expected duration in state 2 (married)?
Example 3.4.3. On the state space S = {0, 1,2, 3} consider a M.C. with TPM

10 0 O
0.1 06 0.1 0.2
02 03 04 0.1

0 0 0 1

P =

a) Starting in state 1 what is the probability of absorption in state 0?

b) What is the expected time to absorption (i.e., M.C. ends up in one of the absorbing states)
starting from state .

More generally, let {X,,} homogeneous M.C. on the state space S = {0,1,2,..., N} with
TPM P. We label the states such that {0,1,...,7 — 1} are not absorbing, {r,r + 1,..., N} are
absorbing, i.e. p; = 1 for i > r. Then the TPM P of { X, } takes the form

(9 4)
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where () is an (7, r)-matrix describing the transitions between non-absorbing states, ¢;; = p;;, I is
the (N +1 —r, N 4+ 1 — r) identity matrix, and R is the matrix that describes the transitions from
non-absorbing to absorbing states.

We want to compute the probability of absorption into an absorbing state k, the expected num-
ber of visits to a state j before absorption and the expected time before absorption starting from
state 4.

Theorem 3.4.4. Let k be an absorbing state, and let u; be the probability of being absorbed into

state k starting from state 1, i = 0,...,r — 1. Then
r—1
wi=pin+ Y pyuy, i€ {01, —1},
§=0

andu; = 0forj #k, j>r.

Proof. From state 7 the process can go in one step directly into state k£, with probability p;;. or it
can go to another non-absorbing state 0 < ¢ < r or into another absorbing state 7 withr < 7 < N,
with j # k. Hence

N
u; = Z Pr(absorption in state k | Xo = i, X1 = j)pi;
j=0
r—1
= pir +0+ Z Pr(absorption in state k | Xo = i, X1 = j)p;;
§=0

where we get the 0 term if the process goes in the first step to another absorbing state j # k and
the sum corresponds to transitions to another non-absorbing state j, 0 < j < 7, in the first step.
By the Markov property we get

r—1 r—1
u; = pir + Z Pr(absorption in state k | X1 = j)pi; = pix + Z ;i
§=0 =0

O

Let d; = min{n > 0, X,, > r | X = i} is the time which the process spends in non-absorbing
states before being absorbed, starting in state i. Assume Pr(d; < oo) = 1 for all i. More generally,
letg: {0,1,...,7 — 1} — Rand set g(k) = 0 for £ > r (for all absorbing states). We wish to
calculate the expected sum of values of g during the stochastic process starting from state ¢ until

absorption,
di—1

wi =B g(Xa) | Xo=1).

n=0

Examples 3.4.5.
a) If g(¢) = 1 for all non-absorbing states ¢ then w; = D; is the expected time until absorption;

b) If g = 1y, where j is a fixed non-absorbing state, i.e., g(i) = 1 for i = j, and g(i) = 0
otherwise, then w; is the expected number of visits to state j.
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Theorem 3.4.6. With the above notation we have
w; = g(1) + Zpikwk. (3.2)

Proof. Using First Step Analysis, if the process starts in state ¢ then Zi;—ol g(X,,) always contains
g9(Xo) = g(7). The expected value of Zi; " g(X,,) starting from state i going to state k in the first
step is p;rwi. Summing over all states k£ we get (3.2).

In more detail:

Wi = Zg ) [ Xo =)

di—1
= E(g(Xo) | Xo =)+ E()_ 9(X,) | Xo =)
= gli)+ B> 9(X,) | Xo =)

r—1

= g(i) + ZE(Z 9(X,) | Xy =k, Xo = i)Pr(X, =k | Xo = 1i).
k=0 n=1

Here we used in the third line that g(X,,) = 0 since X, is an absorbing state, and in the last line
we used the law of total probability. By the Markov property

r—

wi = g0)+ 3 B 9(Xa) | X1 = by

k=0

Shifting time n = m + 1 we get

=1 di—1
wi = g(i) + Y B 9(Xm) | Xo = k)pu = gli +Zwkpm
k=0  m=0
]
Examples 3.4.7.
a) If w;, = D, is the expected time until absorption starting from state ¢ then for all ¢ €
{0,1,...,r—1}

r—1
D; =1+ piDy.
k=0

b) If w; is the expected number of visits to a given non-absorbing state j starting from state ¢

then
r—1 r—1
w; = 1+ijkwk> wizzpikwk i
k=0 k=0
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Example 3.4.8. Consider a M.C. on {0, 1,2, 3} with TPM

02 08 0 O
0.1 0.3 0.3 0.3
06 01 0 0.3
0O 0 0 1

P =

a) What is the expected number of visits to state 2 before absorption into state 1?

b) What is the expected number of visits to state 1 before absorption into state 2?

19



Chapter 4

Long-time Behaviour of Markov Chains

4.1 Transience, Recurrence, and Periodicity

Definition 4.1.1. Let j be a state in a M.C. with TPM P. Then we call any n € N such that

p(-?) > ( a possible return time for state j; moreover we call the greatest common divisor of all

possible return times for state j the period 7(j) of state j:
7(j) = ged(n € N,pg-?) > 0).

pr;?) = 0 for all n then we set T = 0.
If 7(j) > 1 we call the state j periodic; if 7(j) = 1 we call state j aperiodic. A M.C. is called
aperiodic if all its states are aperiodic.

Note that all possible return times for state j are multiples of the period 7(j) of state j.
Example 4.1.2. Consider a random walk on the integers such that

To determine the period 7 of each state we need to find 7 such that the return times are multiples
of 7 only. Since pé?) = 0 for n odd the period of each state j is 7 = 2.

Example 4.1.3. Consider a random walk on the integers such that

where
a,B,v>0, a+p+y=1

This is an aperiodic Markov chain.

Example 4.1.4. Suppose a Markov chain has state space {0, 1,2, 3} and TPM

— o O O
o O O
o O = O
o= O O

Then all states have period 7 = 4.

20
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Definition 4.1.5. Let i, j be states of a homogeneous M.C.. Then we denote by fi(f) the probability
that starting at state 1 the M.C. first reaches state j at time n. We set fi(;)) =0fori # j.

NOTE: in contrast pg-l) the probability that starting at state ¢ the M.C. is in state j at time n.

Proposition 4.1.6. Let i, j be states of a homogeneous M.C.. Set fi; == > ( ). Fori #* 7

n=1
this is the probability that the M.C. ever reaches state j starting from state i; moreovei’ fii is the

probability of ever returning to state 1.

Proof. Let A, be the event that the M.C. is in state j for the first time at time n starting from state
i # 7 and the event that the M.C. first returns to state ¢ at time n starting from state 7 if ¢ = j. Then

A, N A, =0 forn # m. By definition fi(j”) = Pr(A,,). Furthermore | J~ | A, is the event that
there is some time n such that the M.C. is in state j. Hence

T(U An) = Z Pr(A,) = Z fi(jn)‘
n=1 n=1 n=1

[]
When f;; = 1 then { fi(i")}neN is a probability mass function such that f;; (") is the probability that
the M.C. first returns to state ¢ starting from state ¢ at time n.

Definition 4.1.7. When f;; = 1 then j; = Zn . n f is the expected recurrence time fo state i.
Definition 4.1.8.
a) State i of a Markov chain is called recurrent if f; = 1 and transient if f;; < 1.
b) If state 1 is recurrent it is called positive recurrent if j1; < oo and null-recurrent if p; = oo.
c) AM.C. is called (positive) recurrent if all its states are (positive) recurrent.

Theorem 4.1.9. Let { X,,} be a homogeneous M.C. with TPM P. Then

i Zfz(zk P for all states .
k=0

Proof. Assume the process starts in state ¢, so Xg = ¢. For 1 < k£ < n let Ej be the event that
X,, = ¢ and that the first return to state ¢ is at time k. Then

E;NE,=0 for j+#k,

and
Pr(Ey) = Pr(first return to ¢ at time k) x Pr(X,, =i | Xy =) = FLR) k)

(23 7

and so
pﬁ?) Pr(X, =1] Xo=1) Z Pr(E) = Z fi(ik)pz(.?_k
k=1 k=1

as claimed. ]
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Example 4.1.10. We can use Theorem 4.1.9 to calculate first return probabilities. Suppose a M.C.
has state space {0, 1, 2,3} and TPM

= O O O
S O Oni=
O O = O
V= = O

1) 2 3
Compute f353)’ :§3)’ :)53)-

Lemma 4.1.11. Let {X,,} be a homogeneous M.C. and let i be a statesof it. Then for any k € N
Pr(#{X, =i} > k| Xo =1) = (fu)".

Proof. If the process starts at state ¢ then to hit state ¢ at least k times it must first return to state ¢
once and then return at least (k — 1) times more. Thus inductively the probability is fi;(f;)*~1 =

(fis)"- -
In the following “i.0.” means “infinitely often”.
Theorem 4.1.12. Let { X,,} be a homogeneous M.C. and let i be a state of it. Then

a) i transient < Pr(X,, =i io. | Xo =1i) = 0;

b) irecurrent < Pr(X, =i i.o. | Xg=1)=1.

Proof.
Pr(X, =i io.| Xo =) = lim Pr(#{X, =i} > k | Xo = k) = ;}LIEO(f“)k
_ { 1 %f fii = 1 (state @ recuqent)
0 if f; < 1 (state ¢ transient).
where we used Lemma 4.1.11. [

Theorem 4.1.13. Let { X,,} be a homogeneous M.C. and let i be a state of it. Then

Mﬁ:fﬁ?
n=1

is the expected number of returns to state i. Moreover
a) 1 transient < M; < oo (i.e., the expected number of returns to state i is finite).

b) i recurrent < M; = oo (i.e., the expected number of returns to state 1 is infinite).

Proof. Let m; be the random variable that counts the number of visits to state ¢:

m; = Z 1{i}(Xn)
n=1

where
. 1 ifj=i
1{"}0):{ 0 ifj #i



4.1. TRANSIENCE, RECURRENCE, AND PERIODICITY 23

Then the expected number of visits to state ¢ starting from state 7 is

M; = E(m; | Xg =i) = ZEl{} )| Xo=0)=> pi.

Furthermore, by Lemma 4.1.11
Pr(msz\onz):(f”)k, k:172,3,....

For any integer valued random variable Y we have

:ikPr(Y:k) :io:Pr(Yz k).

Therefore, with Y = m,,

. - f“ - < oo if f;; <1 (utransient)
Mi = P i > k| Xo= i) = . .
Z_: t(mi 2 k | Xo=1) ; )" { if f;; =1 (i recurrent)

where we used the geometric series formula in the first case. O
Example 4.1.14. Consider the random walk on Z with
Pr(X,=i+1|X,1=49)=p, Pr(X,=i—-1|X,1=i)=¢q, pt+q=1.

Then p(2n+1)

Moreover,

= 0 for all n € Ny since the Markov chain can only return to state 0 at even times.

(2n) 277, n_n (2”)' n_n
Poo " = rq =P q.
n nmn!

Stirling’s approximation gives
n!l ~n"e "V2mn

for n large (with a,, ~ by, if lim,, . } “—" = 1). Using Stirling’s formula we get

(2n) 2n)! . . N (271)2” 4n o (4pq)

Poo = St P 0™ e —%M\/ﬁ Jn

We have
4pg = 4p(1 —p) <1
with equality if and only if p = % To check that
p(1—-p)<1 if p#1/2 and pe€|0,1]
note that for
f(x) = 42(1 - o)
we have f(0) = f(1) = 0 and
f(z) =4—8x
so that f'(x) = 0 if x = 1/2 and this is the maximum of f with f(1/2) = 1.
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Case a): p # g (Asymmetric random walk). Let r = 4pg < 1. Then for large n,
m

DPoo N\/ﬁ

n

<7

Thus, for large m,

S <3
Hence, by Theorem 4.1.13 the state 0 is transient for p # q.

Caseb):p=q= % (Symmetric random walk). If p = ¢ = 1/2 then 4pg = 1 and so for large m,

>k 7;”%_

Hence by Theorem 4.1.13 the state 0 is recurrent. Here we used that > >~
a > 1.

< oo if and only if

nlna

4.2 Irreducible Markov Chains and Communicating Classes

Definition 4.2.1. Let i and j be states of a homogeneous M.C.. State j is called accessible from
state 1 if pﬁ?) > 0 for some n € Ny. If j accessible from i and i accessible from j then i and j are
said to communicate, denoted by 1 < j.

Proposition 4.2.2. < is an equivalence relation on the state space S of a homogeneous M.C..

Proof. Let 7, j, k be any states of the M.C.. Reflexivity i <> ¢ follows from the fact that p(l) =1
for all 7. Symmetry ¢+ <+ j < j <> i is built into the definition of <+. To prove transitivity, i.e.,

1 <> jand j <> k imply ¢ <+ k note that, since ¢ <> j, there is some m € N such that pgn) > 0,
and, since j <> k, there is some n € Ny such that p§z) > (. This implies that
P =" pe) = piply > 0, 4.1)

Les

where we used that P("?) = P(™) p(") Therefore k is accessible from i. Exchanging the roles of
1 and k and arguing as before we see that i is also accessible from £ and so ¢ and £ communicate.
O
In words the first inequality of (4.1) can be explained as follows: one way of going from state ¢ to
state k in (m + n) steps is to visit state j after m steps and then state k after another n steps. The
probability of this event is pg.”) P;Z)-
Definition 4.2.3. We can partition the state space into disjoint equivalence classes which we call
communicating classes.

Remark 4.2.4. A Markov chain might start in a communicating class Cy and then enter another
communicating class Cs, but then it cannot return to C'.

Definition 4.2.5. A M.C. is called irreducible if it only has one communicating class.
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Example 4.2.6. The Markov chain with TPM

P=

N[ D [ D0 |
== O O
BN [0 [ =

on S = {1, 2,3} is irreducible.

Example 4.2.7. If a Markov chain with state space S has TPM

(P 0
P‘(o P2>’

i.e., P, is block-diagonal such that S = ('} U Cy with P, = P|¢, and P, = P|¢, and Cy, C; are
communicating classes then the M.C. stays in C forever if it starts in C'; and stays in C, forever if
it starts in Cs.

Definition 4.2.8. A communicating class C'is called closed if
PI'(XnGC‘X()GC):l

Example 4.2.9. Determine the closed communicating classes of the random walk on the integers
{0,1,..., N} with absorbing boundaries at site 0 and N.

Remark 4.2.10. A closed communicating class of a M.C. with TPM P on the state space S is a
M.C. itself. To see this let C C S be a communicating class of the Markov chain. Then) . pix =
1 for alli € C since py = 0 for all v ¢ C. Thus C has its own TPM given by P|c.

Theorem 4.2.11. (Invariants under communication) Let © and j be states of a homogeneous
M.C. with TPM P. Then the following holds:

a) If i < j then i and j have the same period.
b) If i <> j then 1 is recurrent if and only if j is recurrent.
Proof.

a) Let i <» j. Recall that the period 7(7) of state i is the greatest number which divides all its
possible return times, i.e., 7(i) = ged(n > 1,p§?) > (). Since i <> j there are r, s € Ny

such that pz(;) > 0 such that pEf) > 0. Hence by (4.1)

] s r
pﬁ-j ) > p§'i)p§j) >0,

and so 7 + s is a possible return time for state j and hence 7(j) divides r + s. Next note that
for r, s,n € Ny we have

p§;+n+8) > p(fz)pg?)pg;)’ 4.2)
because (similarly to the proof of (4.1)) one way of returning to state j after r + n + s steps
is to visit state j after s steps (the probability of this is pﬁ)), then return to state ¢ after n
steps (the probability of this is pl(ln )) and then to visit state j after r steps (the probability of
this is pg)), with the probability of the whole event given as the product pﬁ)pﬁf )pg) of the
probabilities.
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Now let n € N be a possible return time for state ¢, so that p@ > (; then by (4.2)

k23

p ) >l pPpl) > 0,

and so n+ 1 + s is a possible return time for state j as well; therefore 7(j) divides n+r + s.
Since 7(j) also divides r + s it divides n. Hence 7(j) divides all possible return times n of
state 7. But 7(7) is the largest integer with the property that it divides all possible return times
n € N of state . Hence 7(i) > 7(j). Exchanging the role of 7 and j shows that 7(j) > 7()
and so 7(i) = 7(j).

b) Suppose state ¢ is recurrent. By Theorem 4.1.13 this is equivalent to

M; = ipgl) =
n=1

where M is the expected number of visits to state ¢. Suppose ¢ <+ j. Then we need to prove

that
=S o
n=1

(r)

Since ¢ <> j there are € N such that pijs >0 and s € N such that pgfz) > (0 (as in part a)).

Hence (4.2) gives
T > ) > 0,
and so
£) n (s) (r)
S0 3 e S =l (S o =) =
l=r+s+1

Hence by Theorem 4.1.13 state j is recurrent. So we have proved that ¢ recurrent = j
recurrent. Exchanging the roles of 7 and j in the above argument also shows j recurrent = ¢
recurrent.

Theorem 4.2.12. Any finite homogeneous irreducible M.C. { X, } is recurrent.

Proof. Since the M.C. is irreducible either all states are recurrent or all states are transient by
Theorem 4.2.11. Suppose by contradiction that all states are transient. Let X, = 7y. By transience
Pr(X,, =iy i.0.) = 0 due to Theorem 4.1.12. So there is ny € N such that at time n, is the last
visit to state ig. Let X,,, 1 = ¢;. Then i; # iy. By transience, Pr(X,, = i; i.0.) = 0. So there is
ny > ng + 1 € N such that at time n; is the last visit to state 7;. Then X, # iy, ; for n > n;. Let
Xn,+1 = 1. Then iy # ip,4;. Continuing like this, after finitely many steps we have excluded all
possibilities which is a contradiction. O

Corollary 4.2.13. Finite closed communicating classes are Markov chains themselves (see Remark
4.2.10) and hence recurrent.
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Example 4.2.14. Consider a Markov chain on the state space S = {0,1,2,3,4,5} with TPM

O O O O OoON
OO OO OO
w—OoO O O = O
WO O = O O
O O = O Ovi=
W= o O o O

Find the recurrent communicating classes and compute the periods of all states.
Proposition 4.2.15. Recurrent communicating classes of homogeneous Markov chains are closed.

Proof. We prove the contraposition: non-closed communicating classes are transient. Let C' be a
non-closed communicating class. . Then there are j ¢ C, ¢ € C' such that j is accessible from 1.
If C' was a recurrent communicating class then ¢ would be recurrent, gebce state ¢ would have to
be be accessible from state j. But this would imply ¢ <> j and so j € C' which is a contradiction.
Thus C'is transient. [

Theorem 4.2.16. A M.C. can be partitioned into disjoint classes T, Cy, Cs, . . . such that T’ consists
of transient states and the C; are closed recurrent communicating classes.

Proof. Any state 7 in the Markov chain is either transient or recurrent. If it is recurrent then it
belongs to a recurrent communicating class (by Theorem 4.2.11 b)) and by Proposition 4.2.15 this
communicating class is closed. [

Definition 4.2.17. A state j of a homogeneous Markov chain is called ergodic if it is recurrent and
aperiodic.

Proposition 4.2.18. Let i, j be two states of a homogeneous Markov chain. If i <> j then i ergodic
& g ergodic.

Proof. follows from Theorem 4.2.11 (invariants under communication). L]

Definition 4.2.19. A communicating class C of a homogeneous Markov chain is called ergodic if
all its states are ergodic.

Theorem 4.2.20. Let { X,,} be a finite, irreducible, homogeneous M.C.. Then
{X,} isergodic < {X,} isaperiodic.
Proof. The recurrence follows from Theorem 4.2.12. [l

Definition 4.2.21. Let {X,,} be a homogeneous Markov chain. Then T; = inf(n € N, X,, = j) is
called first passage time of state j.

If Xy = j we also call T} first return time of state j. Note that
iz = Pr(T; < oo | Xo =)

and so Pr(7; < oo | Xy = j) = 1 if and only if j is a recurrent state.
The next theorem shows that in a recurrent irreducible M.C. every state is visited by the process
with probability one.
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Theorem 4.2.22. Let {X,,} be a homogeneous M.C. with state space S.
a) Leti,j € S and assume that state j is recurrent and i <> j. Then

fZ]:PI'<,_Z—']<OO|X0:l):1

b) Assume that the M.C. is irreducible and recurrent. Then for all states j € S we have T; < oo.
Proof in words:

a) Since 7 is accessible from j it is possible that the Markov chain visits j starting from ¢
(pg.?) > (0 for some n € N). But the Markov chain visits state j infinitely often by Theorem
4.1.12 since state j is recurrent. Therefore the Markov chain has to returrn to state j starting
from ¢. This means that f;; = 1.

b) By a), since the Markov chain is now assumed irreducible and recurrent, whatever state
i € S the Markov chain is in at time 0 it will visit every state j at some time 7. Hence
T; < ooforall j € S.

]
Formal Proof.'

a) Since ¢ <+ j there is some m such that p(m)

;i > 0. Since state j is recurrent we have

1=Pr(X,=j io. |Xo=j)
<Pr(X,=j forsome n>m+1]|Xy=j7)
:ZPr(Xn:j forsome n>m+1[X,, =k, Xo =j) Pr(X,, =k | Xo = j)

So we have both
Srapl =1, Y i =1,
kes keS
(

For the first equation to hold true we therefore need f;; = 1 whenever p j’,:‘) # 0, in particular

this holds for k = 3.

b) We have T} < oo if Pr(7; < co) = 1 and

Pr(Tj <oo) = Y Pr(Tj<oo|Xo=1i)Pr(Xo=1i)=» fi;Pr(Xo=1)

i€S €S

= ) Pr(Xo=1i)=1,

i€S

where we have used part a).

"Material not covered in lectures and not examinable
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4.3 Stationary Distributions of Markov Chains

Definition 4.3.1. Given a homogeneous M.C. {X,,} on a state space S = {0,1,...,N}, N €
N U {oo}, with TPM P a probabiity mass function m = {m;};es is called stationary distribution
for the Markov chain if if 1 P = 7, which is in coordinates

N
Zmpij =7, 7=0,1,...,N.
§=0
Remarks 4.3.2.
a) For a stationary initial distribution Pr(Xy = i) = m;, 1 € S we have
Pr(X, =i)=m forallneN i€ S,
because by Corollary 3.3.6 for all i € S
Pr(X, =1) = (7P");
and by the definition of a stationary distribution
(mP™); =m;, forall i €8S.
In other words, a stationary distribution 7 does not change with time.

b) The column vector ©! corresponding to the row vector of the stationary distribution © =

(7o, 1, . .., ) of a homogeneous M.C. on a state space S = {0,1,..., N} with TPM P
satisfies
7T = pTaT

so that T lies in the null space of P —id (where id is the identity matrix). To find © we solve
7l = PTrT together with the constraint

7T0+7T1+...—|—7TN:1.

Example 4.3.3. Compute the stationary distribution of the Markov chain with state space S =
{1,2,3} and TPM

v,
I
NIRwi— O

O W=
N[00 | =D | =

Example 4.3.4. Clearly the Markov chain with TPM

~(39)

has infinitely many stationary distributions.

In this section we will find conditions which guarantee a stationary distribution to exist and to
be unique.



30 CHAPTER 4. LONG-TIME BEHAVIOUR OF MARKOV CHAINS

Definition 4.3.5. Let {X,,} be a homogeneous Markov chain with finite or infinite state space
S ={0,1,2,..., N} where N € NU {oc}. If there exists a probability distribution T on S with

lim Pr(X, =i) =m

n—oo

for all initial distributions p = {p; = Pr(Xo = j)},es then 7 is called the limiting distribution of
the Markov chain.

Proposition 4.3.6. If a homogeneous Markov chain {X,,} has a limiting distribution m then 7 is a
stationary distribution.

Proof. A limiting distribution 7 satisfies m; = lim,,_,, Pr(X,, = i) for all i € S and so does not
change after a time step: we have lim,,_,., Pr(X, ;1 = i) = m; as well. Formally we compute,
using Corollary 3.3.6, that

m; = lim Pr(X, = j) = lim (pP"); = lim (pP"™); = ((lim pP")P); = (7P);

n—oo n—o0 n—o0 n—o0

forall ) € Sandso 7P = 7. O

Definition 4.3.7. Let { X,,} be a homogeneous, irreducible, recurrent M.C. and let i, j be states of
it. Let, as before, 11 (k) = 1 if k = i and 0 otherwise. Define

Zl{z ’XO_j)

where T is the first return time to state j, see Definition 4.2.21.

Note that fyf is the expected number of visits to state ¢ between visits to state j for ¢ # j. Moreover
fori =7

Zl{a} )| Xo=17) =110 +EZ1{” ) [ Xo=j)=14+0=1.

Theorem 4.3.8. Let { X,,} be a homogeneous, irreducible, recurrent M.C. with state space S =
{0,1,...,N}, N e NU{oo}, and let j € S. Let v/ = (7}, ~{,...,vx)- Then

a) VP =~;
b) 0 <~/ <ooforalli,jeS.
Proof.!

a) We will not prove part a) here, for a proof see the book “Markov Chains” by Norris. But
note that it is reasonable that ~/, the expected number of visits to a state i in between visits
to 7 is invariant under time evolution which gives 7/ P = ~7.

b) To prove b) notice that by Theorem 4.2.22 we have 7; < oo and therefore, due to the
definition of fyf also fyf < oo for all 7, 7. We will not prove here that fyf > 0 (a proof can be
found in the book “Markov Chains” by Norris); but note that we already know that 7? = 1.
Moreover any state ¢ # j is accessible from state j so that it is reasonable that the expected
number %j of visits to state j between visits to state ¢ is not zero.

"Material not covered in lectures and not examinable
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]

Theorem 4.3.9. An irreducible, recurrent homogeneous M.C. { X, } on the state space S with a

positive recurrent state j has a stationary distribution m = l%’yj with w; > 0 foralli € S. In
J

- _ 1
particular ; = e

Proof. Let S = {0, 1, ..., N} be the state space of the Markov chain. Then

N

Z yf = expected number of visits to other states between visits to j
i=0
= expected time between visits to j = expected return time to j = f;

and
p; < oo if and only if j is positively recurrent.
Since j1; > 0 by definition we can define m = ivj . Since y1; < oo we then know that 7 is not the
J

zero vector, i.e., m # 0. Moreover 7P = 7 by Theorem 4.3.8. Since by definition %j > 0 we have
m; =] /p; > 0foralli € S. Moreover

N N

1 J
> i r d "
1=0 =0

Further, since %j =1 we have 1; = vj/uj = 1/p;. Note that indeed 7r; = 7 /p; > 0 forall i € S
because 75 > ( for all ¢ € S by Theorem 4.3.8 and because by assumption j; < 0. [l

Theorem 4.3.10. A finite irreducible homogeneous M.C. has a stationary distribution.

Proof. Let S = {0,1,...,N}, where N € Ny, be the state space of the Markov chain. By
Theorem 4.2.12 all states are recurrent. Moreover by Theorem 4.3.8 we know that 0 < ’yf < 00
forall 7,7 € S. Since N is finite and p; = Zi\;o %j we see that p; < oo and so state j is positive
recurrent. Therefore by Theorem 4.3.9 the Markov chain has a stationary distribution. [l

Theorem 4.3.11. An irreducible, recurrent, homogeneous M.C. has at most one stationary distri-
bution 7 and if it exists then 7; = uL > 0 for all j.
J

Proof.! The proof is in the book “Markov chains” by Norris.

Corollary 4.3.12. If an irreducible, homogeneous M.C. has a positive recurrent state j, then all
states are positive recurrent.

Proof By Theorem 4.3.9 the Markov chain has a stationary distribution 7 and by Theorem 4.3.11
is is given by m; = ;% with m; > 0 for all 7 € S. Since m; > 0 if and only if x; < oo state i is
positive recurrent for all - € S. [

Corollary 4.3.13. A positive recurrent, irreducible homogeneous M.C. has exactly one stationary
distribution ™ with m; = t > 0 for all states j.

Proof By Theorem 4.3.9 the Markov chain has a stationary distribution 7 and by Theorem 4.3.11
it is unique and given by 7; = - forall i € S. O
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Examples 4.3.14.

a) Any finite irreducible homogeneous Markov chain has a unique stationary distribution (by
Theorems 4.3.10 and 4.3.11)

b) The symmetric random walk is irreducible and recurrent (see Example 4.1.14). Therefore
by Theorem 4.3.8 there is a sequence 7’ with components 727 satisfying 0 < %7 < oo and
7/ P = ~7. Suppose that there is also a stationary distribution 7. Then 7P = 7 is equivalent
tom = Z;’;foo Tipji- SINCe P; i1 = % = p;,i—1 for the symmetric random walk and p;; = 0
for j # ¢ £ 1, this gives ) .

7Tj = §7Tj_1 —|— 571']'4_1.

Moreover, > .- m = 1. To solve this difference equation try w; = . Then, dividing by
AL assuming A # 0 we get A = £(1 + A%) and A = 1 is a double root of this equation. So
the general solution of this difference equation is 7, = ¢; + cok. Since 0 < 71, < 1 for all
k we have c, = (. But then 7 is given by m; = ¢; and so does not satisfy Z,;“;foo T, = 1.
Therefore the symmetric random walk does not have a stationary distribution and is therefore
null-recurrent.

4.4 The Basic Limit Theorem for Markov Chains

Theorem 4.4.1. (Basic Limit Theorem, [BLT]) An irreducible, positive recurrent, aperiodic ho-
mogeneous M.C. with TPM P and state space {0,1,...,N}, N € NU {00}, has a distribution
such that

lim pw

;i =™ forall j,i.
n—oo

A proof can be found in the book “Markov chains” by Norris.
Remarks 4.4.2.

a) The distribution 7 from the BLT is a limiting distribution, i.e., for any initial distribution p
(ie, Pr(Xg=1i)=p;, 1=0,...,N)we have

lim Pr(X, =i) =m,.

n—00

This follows from

n—oo n—00

N N

. PN o1 n) B

lim Pr(X, =) = lim (pP"); = nll—>r20 ijpji = ijm =,
=0 =0

where we used Corollary 3.3.6 in the first equation. 0

b) By Proposition 4.3.6 the limiting distribution is stationary, and by Theorem 4.3.11 it is given
byﬂj:#ij,j:(),...,]\f.

Theorem 4.4.3. Let P be the TPM of a homogeneous M.C. { X, } and assume that

1
lim p§?)

for all states i. Then the M.C. spends an average fraction ui in state 1i.
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Proof. Let mE”) be the random variable that counts the number of visits of the M.C. to state ¢
during the times 0,1, ...,n — 1. Then

n—1
=D LX)
k=0

where, as before,
1 ifj=1
Ly (1) = { 0 otherwise.

Then, as we saw before (with 7 = j, see proof of Theorem 4.1.13)

[y

3

Em" | Xo=j) =Y E(lp(Xe) | Xo = j) Zpﬂ -
k=0
Thus,
(n)
m,;
E (— | Xo =) Zp

is the expected fraction of time spent in state ¢ in the perlod of time 0,1,...,n — 1 if the process
starts in state 7. Since lim,, pg?) = p% we conclude that

(2

1 1
im =3 " p = =
Jim bl P
k=0

where we used that if lim,,_,, a,, = a for a sequence {a,, },en then

n—1

Thus, in the long run, the M.C. spends a fraction of tlme - in state ¢. [

Example 4.4.4. Suppose an irreducible, aperiodic, recurrent, homogeneous M.C. on S = {0, 1,2}
satisfies

po =1 =4, o =2.
Then the BLT applies and so, by Theorem 4.4.3, on average the M.C. spends half of its time in
state 2, a quarter in state 0 and a quarter in state 1.

Example 4.4.5. A Markov chain with state space {1, 2, 3} has transition probability matrix

1/2 1/2 0
P=1|1/3 1/3 1/3
1/2 0 1/2

Compute the stationary distribution of this Markov chain. The costs incurred in spending one unit
period are £2 in state 1, £1 in state 2 and £3 in state 3. What is the long run cost per unit period
of this Markov chain?

Remark 4.4.6. A finite closed communicating class C of a homogeneous M.C. is a M.C. itself
(see Remark 4.2.10) and so by Corollary 4.3.13 it has a unique stationary distribution m with
mi = 1/u; > 0foralli € C. If C is aperiodic, then the BLT (Theorem 4.4.1) and Theorem 4.4.3
hold too.
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Poisson Processes

The Poisson distribution and Poisson processes come up frequently in applications when studying
“rare events”, e.g. break downs in transmissions, traffic accidents, arrivals at queues etc.

5.1 Poisson Distribution

Definition 5.1.1. The Poisson distribution with parameter ;1 > 0 is the probability mass function
given by p, = e *u¥ k!, k € Ny. A random variable X with values in Ny is Poisson distributed, if
Pr(X =k) = e Hu*/kl

Proposition 5.1.2. The Poisson distribution is indeed a probability mass function, i.e.,

a) 0 <pr <1forall k € Ny,

b) ZZO:() pr = L.

Proof. We use the Taylor expansion of e*:

2 3
1 !
" LY ol
e 1+/L—|—2!—|—3!—|—...

a) Itis clear that p;, > 0. To prove that p;, < 1 note that

k 2 3
pro poop _ _
Pr = e “S(1+M+§+§+...)e B — el eh =1,

k
b) D 0Pk =D g e =t e =1

[
Proposition 5.1.3. Let X be a random variable which is Poisson distributed with parameter [i.
Then E(X) = p.
Proof.
00 [e's] k [e's) ,uk 1 ) l,(,k
E(X)= kpy = kt—e " = e — e M [l T
(X) %pk %k'e pe ;(k:—l)' e %k‘ pe e 7

34
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5.2 Law of Rare Events

When an event can occur in a large number of independent ways and the probability of each such
event is the same arbitrarily small number then the number of events follows a Poisson distribution:

Theorem 5.2.1. Consider n independent trials, probability of success in each trial is p; let X,,
be the number of successes in n trials. Keep i = np = E(X,,,) constant and n — cc. Then

ko—p
: phe
lim Pr(X,, =k) = X
p=np

Proof. We have

k n
- p*(1—p)
= n(n—1)-...(n—k‘+1)k!(1_p)k
(&) — &)
= nn—-1)-...(n—k+1) KL=
1 k—1 pk(l— 2
= 1(1—- = (1 — n
( n) ( n ) El(1 — &)k
and so
k k,—pu
: T L M e
dm Pr(Xnpt = k) = 37 fim (1 =7) k!
which is the Poisson distribution. ]

5.3 Poisson Processes

A Poisson process X (¢) models that number of rare events up to time ¢ and is characterized by the
rate of occurence of rare events A > 0. It is used to model for example disintegration of radioactive
particles, occurence of accidents etc.

Definition 5.3.1. A Poisson process of rate A > 0 is an integer valued stochastic process { X, }i>0
for which

(i) for any timesty <t; < ... <t, <...the process increments
X(t1) — X(to), X(t2) — X(t1),. .., X(tn) — X(tn_1), ...
are independent.

(ii) For s > 0,t > 0 the random variable X (s+t) — X (s) is Poisson distributed with parameter
At,
M\ k _,—At
Pr(X(s+1t) — X(s) = k) = % k=0,1,2,...

(i) X(0) = 0.
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Remarks 5.3.2.
a) From X (0) = 0 and (ii) we get

Pr(x() = k) = QLT

b) Note also that E(X (t)) = At by Proposition 5.1.3 with |1 = L.

Example 5.3.3. Defects occur along a communication cable according to a Poisson process at rate
A = 0.1 per minute.

a) What is the probability that no defects occur in the first two minutes of operation?

b) Suppose it is known that there we no defects in the first two minutes. What is the probability
of no defects between ¢ = 2 and ¢t = 3?

5.4 Derivation of the Poisson Process

We have constructed the Poisson process from the Poisson distribution. We can also derive it from
the postulates below using First step analysis.

Definition 5.4.1.

a) f:R— Riso(h) iflim,_o f(h)/h = 0.

b) f(h)is O(h) if there is c € Rwith |f(h)/h| < cas h — 0.

Note that o(h) — o(h) = o(h), it is in general not 0! Also —o(h) = o(h).
Example 5.4.2.

a) Let f(h) = h*2.1s f(h) O(h) or o(h) or none?

b) Let f(h) = 3h.Is f(h) O(h) or o(h) or none?

Postulates 5.4.3. (Poisson process)
Let N((a, b)) be the number of events occuring during the time interval (a, b|.

1) Forty =0 <t <...<tythe random variables N ((to,t1]), N((t1,t2]), .- s N((tm—1,tm))
are independent.

2) Foranyt > 0,h > 0, the probability distribution of N ((t,t+h]) (# events occuring between
time t and t + h) depends only on the interval length h, not on t.

3) 3\ > 0 such that Pr(N((t,t + h]) > 1) = Ah 4+ o(h) as h — 0.
4) Pr(N((t,t 4+ h]) > 2) = o(h) as h — 0.
Theorem 5.4.4. Let P,(t) = Pr(N((0,t]) = n). The postulates above imply that

Pot) = —W);e_

i.e., P,(t) is Poisson distributed with parameter n = M, and X(t) = N((0,t]) is a Poisson
process.
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Proof. First step analysis gives forn > 1

n

P,(t +h) = Pu(t)Py(h) + Py () Pr(h) + Y Poy(t) Pi(h). (5.1)

=2

By postulate 3
Py(h) =1—=Pr(N((t,t+h]) >1)=1— A+ o(h)

and
Pr(N((t,t+h]) > 1) = Ah+o(h) = Pr(N((t,t+h]) = 1)+Pr(N((t,t+h]) > 2) = Pi(h)+o(h)
where we used postulate 4. Hence

Pi(h) = Ah + o(h).

Finally we can estimate the third term of (5.1) as follows:

S PR < 3P <3 P(A) = Pr(N (1.t + H]) > 2) = ofh).

where we have used postulate 4. Substituting this into (5.1) gives
P,(t+h)=(1—=Ah)P,(t) + P.,_1(t)\h + o(h)

and
P,(t+h) — P,(t)
h
for n > 1. Letting h — 0 we get

= AP, (1) + Py (DA + @

dP,(t)
dt

= —AP,(t) + AP, _1(t), n>1,

If n = 0 then the second term in this ODE has to be dropped (since the number of events is always
non-negative). So we get
Py(t+ h) = Py(t)(1 — Moh + o(h))

and Py(t + h) — Po(t) h)
olt+n)— ro 0
=-A\R(t)+ —=
Letting h — 0 we get
dPy(t)
= —APy(t
H b(2)

This gives the system of ODEs

P,
d (;t(t) = —-AP,(t) + A\P,_1(t), n>1,
dPy(?)
= —AF(t
- b (1)

with initial values
Py(0)=1, P,(0)=0 for n>1
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(this follows from P,(0) = Pr(N((0, ] n) = Pr(N(0) = n) which is 0 as no events happen
in an empty time interval. Hence Py(t) = e~ and

P{(t) = —APy(t) + Ae™™.

Multiplying through with e} we obtain

d
P A
S(MP (1) =
and so
eMP(t) =M +c
and

Pi(t) = Me ™M 4 ce™™

Since P;(0) = 0 we have P;(t) = Ate~*'. This proves the theorem for n = 1. Now assume that
the theorem holds for some n € N, i.e., P,(t) = %e*’\t. Then

dP,11(t At
—H( ) = —AP,1(t) + AP, (t) = —=AP,11(t) + /\( ) e M

dt n!
which is equivalent to

d(e’\tPnH(t)) >\n+1tn A )\n+1tn+1
= = Po(t) = "—r
dt n! P (t) (n+1)! e

/\n+1tn+l )\t

Since P,,+1(0) = 0 we have ¢ = 0 and so P, (t) = rnr € as claimed.

Remark 5.4.5. The postulates for the Poisson process imply
1) Pr(X(t+h)—X(t)=1]| X(t) =j) = A+ o(h) forall j € Ny;
2) Pr(X(t+h)—X(t)=0|X(t)=7)=1— A+ o(h) forall j € Ny;
3) X(0)=0.

5.5 Examples of Poisson Processes

Example 5.5.1. (Radioactive decay) Let X (t) be the number of radioactive disintegrations de-
tected by a counter in the time interval |0, t]. The process is Poisson as long as the half life time of
the substance is large compared to [0, t].

Example 5.5.2. (Fishing) Let X (t) be the number of fish caught in the time interval [0, t|. Assume
that the number of fish is large and that fish are equally likely to bite at any time. Then {X (t)}
may be considered as a Poisson process.



Chapter 6

Continuous Time Markov Processes

6.1 Pure Birth Process

The simplest generalization of the Poisson process allows the probability of events to depend on
how many have appeared previously, for example, the number of births goes up with the number
of members in the population.

Consider a sequence {\ }x>n With Ay > 0,k > N.

Postulates 6.1.1. (Pure birth process)
1) Pr(X(t+h)—X(t)=1]| X(t) =7)

Ajh + o(h) for all j € Ny,
2) Pr(X(t+h)—X(t)=0| X(¢t)

j) =1—=Xh+o(h) forall j € Ny,
3) X(0) = N (initial population).
Note that these postulates also hold for the Poisson process with A, = A.
Theorem 6.1.2. Let P,(t) = Pr(N((0,t]) = n) as above. Then the above postulates imply that
P/(t) = =\ Po(t) + M1 P (t), mn>1, By(t) = —XoPo(t)

with initial values
Py(0)=1, P,(0)=0 for n# N.

Proof. As for the Poisson process, first step analysis yields
P,(t+h) = P,(t)(1 = Ayh 4+ o(h)) + Py1(t) (An—1h + o(h))

forn > 1 and
Po(t+ h) = Po(t)(1 — Aoh + o(h))

which gives

Po(t +h) — Pt h
n(t + })L n(t) _ — M Po(t) + Py (H)Apq + O(h ),

forn > 1 and ( ) ) )

Py(t 4+ h) — Pyt o(h

0 0( )+ h
Letting h — 0 we get
dP, (¢ dPy(t
d_t( ) = AP+ A Paa(t), n>1, and (ft( ) = 3oRt)

39
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Note that
OEP()(t)EPl(t)EEPN_l(t)

Hence Py (t) satisfies
Py (t) = =AnPn(1).
Since Py (0) = 1 we get Py(t) = e ¢,

Example 6.1.3. (Yule process) Consider a population of members who give birth, but do not die.
Assume that each member acts independently and has a probability Ak + o(h) of giving birth to a
new member during a time interval of length /. Assume that the initial population at time ¢ = 0 is
X (0) = 1. If at time ¢ the population has n members then
Pr(X(t+h)—X(t)=1|X(t)=n)= (T) (A +o(h))(1 — Ah +o(h))* !
=nAh(1 —O(h)) = nAh + o(h).

The probability of £ > 1 members giving birth is

(Z) (M A+ 0(R)F(1 — A + o(h))™* = o(h).

This is a special pure birth process with A, = nh which we call a Yule process. The corresponding
ODEs are
P;L(t) = _n)‘Pn(t) + (’I’L - 1)/\Pn—1(t)7 Pll(t) = _/\Pl(t>

with
P(1)=1, P,(0)=0 for n>1,

since the initial population is X (0) = 1. These differential equations can be solved iteratively to
give
Pn(t) _ e—At(l o e—At)n—l.

6.2 Birth and Death Process

The pure birth process models early stages of population growth, but not population growth where
members can die or be removed. So we generalize to Birth and Death Processes.

Postulates 6.2.1. (Birth and Death Process) Consider non-negative sequences {\v},{px}, k €
No.

1) Pr(X(t+h)—X(t)=1|X(t) =7) = Njh+o(h) forall j € Ny;
2) Pr(X(t+h) — X(t) = —1| X(t) = j) = p;h + o(h) for all j € No;
3) Pr(|X(t+h)—X(t) > 1| X(t) =j) =o0(h)forall j € N.
Theorem 6.2.2. Let P,(t) = Pr(N((0,t]) = n) as above. Then the above postulates imply that

Pé@) = _()‘n + ,Un)Pn(t) + )‘nflpnfl(t) + >‘n+1pn+1(t>7 n =1,
Py(t) = —XoPo(t) + paPi(t).
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Proof. By first step analysis we have

P,(t+h) = P,(t)(1 —=Nh — pnh) + Py () An_1h + Poi1(t) piny1h + o(h)  for n € N,
Py(t+h) = Py(t)(1 — Noh) + Py (t)pih + o(h).

The first term in the first equation is the probability that the population size equals n at time ¢
and that no birth or death occurs in the time interval (¢,¢ + h]. For n > 1 the second term is the
probability that the population size equals n — 1 at time ¢ and one birth occurs in the time interval
(t,t + h]. The third term is the probability that the population size equals n + 1 at time ¢ and one
death occurs in the time interval (¢,¢ + h]. Due to the postulate 3 the probability of more than
one death or birth in the time interval (¢,¢ + h] is o(h). Since the population size is a nonnegative
number, the last term is absent in the case n = 0 and yy = 0. Rearranging we get

P,(t+h) — P,(t)
h

Po(t +h) — Py(t)
h

= — (At ) Pa(t) + Ac1 Pac 1 () + g1 Paga (t) + 0(1)

= —XoBo(t) + i Pi(t) + o(1).

Letting h — 0 we get the differential equations as required.



