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Tent maps and inverse limits:

Let Ts : I — I, x — min{sz,s(1 —x)} be the
tent map with slope s € [0, 1].

The inverse limit space

UM ([0, 1], Ts) = {(zr)k<o : Ts(xg) = zp41Vk <O}

is the space of all backward orbits, equipped
with product topology.

Theorem: (Ingram’s Conjecture)

If 1 < s < s < 2, then lim([0, 1], 75) and
Ii<_m([0, 1],T,) are non-homeomorphic.



Some History:

Tom Ingram posed the question in the early
1990s, specifically for the case that c is peri-

odic.

Partial results for specific critical behaviour.
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Notation:

c = 5 is critical point. cn = cn(s) = T7(c)
I = [0,1] and [co,cq] is the core of Ts.
T he shift homeomorphism is

O-(CC) — ( ey 3,2, _1,TQ, TS(xO))
The projection on coordinate —q is

Tq - |I<_m([0, 1]7T8) — [7 WQ(:C) — L —q

commutes as T oy = mg 0 0.

The zero-composant

C={x€ I<i_m([0, 11,Ts) : x_p, < ¢V k suff. large}

IS a ray disjoint from but converging to the
core of the inverse limit space Ii<_m([c2, c1],Ts).



Main Result:

If s € (v2,2], then lim([c2, c1], T5) is indecom-
posable.

Theorem: If vV2 < s < 2, then every self-
homeomorphism

h: ll(_mu:on 1]7TS) — “<_m{[07 1]7TS>

is 1Isotopic to a power of the shift.

Remark: We started proving that A is pseudo-
isotopic to o', i.e., h permutes the com-
posants of Ii<_m([c2,c1],T8) in the same way
as olt.

This makes the Ingram Conjecture easier to
prove as well.



Chains:

Unimodal inverse limits are chainable, i.e.,
for every e > O there is a chain C = {£;}__;
such that

¢ Li_m([o,l],Ts) C Ujt;;
e [; are open;
o /;NL; £ 0 if and only if |¢ —j] < 1;

e mesh(C) = max;diam({;) < e.

We will use g-chains constructed as follows:

o I C U{I}, where I! are intervals of length
<es 1/2;
° f;l — 7'('(]_1([]('-]);

e The resulting chain Cq = {¢]}.



More notation:

A point z € ¢ is a p-point if T_(ptj) =C for
some j > 0. The largest such j = Lp(x) is
the p-level of x.

The set of p-points E, can be ordered ac-
cording to arc-length d along ¢:

=y if d(a,z) < d(a,y)
where « is the end-point of €.

The folding pattern is the list of p-levels of
p-points in an arc A C ¢

FP(A) = Lp(x1)L(p2) - .. Lp(zN)
if xt1 < xo X--- <Xz are the p-points of A.
s IS the k-th salient p-point if
o Lp(sp) =k,
o Ly(x) <k forall a<z<s.



p-link-symmetry:

Definition: Given an arc A C € and a p-chain
Cp, let £0, 21, ... ¢N be the links successively
visited by A. Then A is

e symmetric if the folding pattern FP(A) is
a palindrome and m,(0A) is a single point;

e p-link-symmetric if ¢/ =¢N-J for0 < j <
N,

e Mmaximal p-link-symmetric if there is no
p-link-symmetric arc A’ D A passing though
more links.

A symmetric arc has a well-defined midpoint.

If h(Cq) refines Cp, then g-link-symmetric arcs
map to p-link-symmetric arcs.



Main Lemmas on p-link-symmetric Arcs:

Assume that ¢ has an infinite orbit.
Let k :=min{t >3 :¢; > c}.
Lemma 1: The maximal p-link-symmetric

arc A; centred at s;, ©+ > &, contains k salient
points, namely

Si—k+25 551 Si41

and s;_,4o IS interior to this arc.

Lemma 2: If a p-link-symmetric arc J is not
centred at a salient point y, say s;_1 <y < s;,
then J contains at most one salient point,
and J C A;.



How to use p-link Symmetry
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Folding points.

A point is called folding point if it has no
neighbourhood in the core Ii<_m([c2, c1],Ts) home-
omorphic with a Cantor set of arcs.

Characterisations of folding points:

e z is folding point iff z;, € w(c) for all k.

e r IS folding point iff there is a sequence
of p-points z¥ — z such that L(z*) — .

e ¢ is folding point iff there is a sequence
of salient points s;, — x.

Theorem: Ifsc (v/2,2]and h: lim([ez, c1], Ts) —
Ii<_m([c2,c1],T3) is @ homeomorphism, then there

is R such that for every folding point z: h(z) =
ofi(x)
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A typical example of this is when T has a pe-
riodic critical point of period 3. The below
picture illustrates the resulting inverse limit
space; p is the fixed point of f.

* 3

This representation has a single infinite Wada
channel.

12



