
On functions with a conjugate

Joint work with Mike Eastwood

Two functions f, g : (Mn, c) → R are conjugate

iff at each point of Mn

||grad f || = ||grad g|| and 〈grad f, grad g〉 = 0.
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Semi-conformal maps

ϕ : (M,G) → (N, h) is semi-conformal if and only if

∃ continuous function λ : M → R (≥ 0) such that

dϕx ◦ (dϕx)∗ = λ(x)2Id|Tϕ(x)N .

if and only if in local coordinates (xi) and (yα)

Gijϕα
i ϕ

β
j = λ(x)2hαβ

f, g : (M,G) → R are conjugate if and only if

ϕ = (f, g) : (M,G) → R2 semi-conformal

Question: What differential condition on

a function f ensures that it admits a conjugate g?

Answer when n = 2: iff f is harmonic.
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A necessary condition

f admits conjugate ⇒ ∃ closed 1-form ω s.t

f jωj = 0 and ωjωj = f jfj

⇒ f ijωj + f jωi
j = 0 and ωijωj + f ijfj = 0

⇒







f ijωiωj + f ijfifj = 0

ωjωj + f jfj = 0
- two quadratics in ωi.

This gives the necessary condition:

||∇f ||2(∆f)2 ≤ (n− 2)
[

||∇f ||2Tr ((∇2f)2) − 2||(∇2f)∇f ||2
]
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dim M = 3: some conformal invariants

J := ||∇f ||2 = f ifi (weight −2)

X := 2fi
jfjf

ikfk − f ifif
jkfjk + f ifi(f

j
j)

2

Z := f ijfifj + f ifif
j
j (3-Laplacian)

Y := Z2 − 2JX

Normalization at a point x

f1 = f2 = f12 = 0 ⇒ ω3 = 0

J = f3
2

X = 2f3
2(f11 + f33)(f22 + f33)
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Conjugate directions

X 6= 0 ⇐⇒ ∃ 4 distinct solutions

X = 0 and Y 6= 0 ⇐⇒ ∃ 2 distinct solutions

X = 0 and Y = 0 ⇐⇒ ∃ ∞-many solutions.

X < 0 Y = 0X = 0
Y 6= 0
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Integrability of conjugate direction

The generic case X < 0

ω integrable

⇔ ωij symmetric in its indices

⇔ uivj(ωij − ωji) = 0 with ui, vj lin. ind.

Take ui, vi ∈ {f i, ωi, f ijωj} l. i. since X < 0.

f iωj(ωij − ωji) = f ijfifj + f ijωiωj vanishes by

assumption. Differentiate RHS:

0 = f i∇i(f
jkfjfk + f jkωjωk)

= (terms involving ωi) + 2f jkωijf
iωk

Latter term is first component of symmetry

cond: f if jkωk(ωij − ωji) = 0, which holds iff:

0 = (terms involving ωi) + 2f jkωjif
iωk

Now replace ωjif
i with −fjiω

i.
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A first criterion for X < 0.

0 = f ijkfifjfk + f ijkfiωjωk + 2f ijfj
kfifk − 2f ijfj

kωiωk

0 = f ijkfifjωk + f ijkωiωjωk + 4f ijfj
kfiωk

Let η be the other conjugate direction (defined

up to sign)
√
Y ηi = 2(f jkfjωk)fi + (Z − 2f jkfjfk)ωi − 2Jfi

jωj

p+ := f ijkfifjfk + f ijkfiωjωk + 2f ijfj
kfifk − 2f ijfj

kωiωk

p− := f ijkfifjfk + f ijkfiηjηk + 2f ijfj
kfifk − 2f ijfj

kηiηk

q+ := f ijkfifjωk + f ijkωiωjωk + 4f ijfj
kfiωk

q− := f ijkfifjηk + f ijkηiηjηk + 4f ijfj
kfiηk

f admits a conjugate ⇔
p+ = q+ = 0 or p− = q− = 0 ⇔
p+p− = 0, q+q− = 0, (p+q−)2 + (p−q+)2 = 0
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More conformal invariants

ψ inv. wt. v

ϕ inv. wt. w







⇒ vψ∇iϕ− wϕ∇iψ inv.

1-form of wt. v + w. Then

σi = J∇iZ − 2Z∇iJ and τi = J∇iX − 3X∇iJ

are inv. 1-forms ⇒ R = f iσi, S = f iτi inv.

E = εijkfiωjfk
lωl

is invariant: E2 = −J2X/2. Then E changes

sign under ω ↔ η.

Qij quadratic form:

Y (Qijωiωj −Qijηiηj) := 4Ev

For Qij = f ijkfk − 2f ikfk
j , define V := 4Jv

odd inv. depending only on f and its

derivatives.

8



Eliminating ω from polynomial

expressions F (fi, fij, fijk, . . .) = 0

Two identities

Let Qij be any symmetric form. Then

Y (Qijωiωj +Qijηiηj) = 2Qijfifj(JX − Z2)

+2J2Qj
j(Zfl

l −X)

−2J2ZQijfij + 4JZQijfi
kfkfj√

Y Qijωiηj = −ZQijfifj + 2JQijfifj
kfk

+J2(fk
kQl

l −Qklfkl)

⇒

Y (p+ + p−) = ZS − 2XR+ 2XY

Y (p+ − p−) = EV/J
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Answer for the generic case

4Y 2p+p− = Y 2(p+ + p−)2 − Y 2(p+ − p−)2 ⇒
p+p− = 0 ⇔

P := 2(ZS − 2XR+ 2XY )2 +XV 2 = 0

q+q− = 0 ⇔

Q := 1

6
JZB − 1

4
JU − 1

4
ZS2

+X(XZ3 − JX2Z + 6W + 1

4
JM

− 2

7
ZXR+ 5

7
RS − 15

7
N + 2

9
ZA

− 9

10
F − 2

21
ZK + 10

21
T + 6

25
G− 17

42
JD)

= 0

(p+q−)2 + (p−q+)2 = 0 ⇔ .....
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