On functions with a conjugate

[ Joint work with Mike Eastwood ]

~
Two functions f,g: (M",c) — R are conjugate
iff at each point of M"

\ngad f1l = llgrad g|| and (grad f,grad g) = 0. y




Semi-conformal maps

-~

\_
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1 continuous function )\ : M — R (> 0) such that
depg o (dps)* = A(:E)QId‘Tgo(:c)N :
if and only if in local coordinates (z') and (y°)

G2 gj = Aw)*he?

1

: (M,G) — (N, h) is semi-conformal if and only ifx

J

f,9:(M,G) — R are conjugate if and only if
o=1(f,9): (M,G)— R? semi-conformal

Question: What differential condition on

a function f ensures that it admits a conjugate ¢?

Answer when n = 2: iff f is harmonic.

J




A necessary condition

/f admits conjugate = 4 closed 1-form w s.t \
fjo — 0 and ijj = fjfj

= fYw; + flw'; =0 and wYw; + fY9f; =0

= / j, / f,fj - two quadratics in w;.
wwi+f1f; = 0
\This gives the necessary condition: /

VAR < (n=2) [IV7T (922 — 20729 A11) |




dim M = 3: some conformal invariants

(T IVIP = fif: (weight —2)

X = 2 fi f* i — Ff I Fip+ 1)
Z = [fif;+ [ :}7; (3-Laplacian)

Y =22 -2JX
o /

~

Normalization at a point z

[f1:f2:f12:0:>w3:0]

J = f3*
X =2f3%(f11 + f33)(f22 + f33)




Conjugate directions

-

X <0

X #0 <= d4 distinct solutions

X=0and Y #0 <= 42 distinct solutions

X=0andY =0 <= 4 oo-many solutions.
N\ ' Y,
2 )




Integrability of conjugate direction

[The generic case X < O]

4 )

w integrable

& w;; symetric in its indices

& u! (wij —wjyi) =0 with v’ v’ lin. ind.

J

Take u’,v* € {f*",w", fYw;} 1. i. since X < 0.
flwl(wij — wji) = fY fifj + fYw;w; vanishes by
assumption. Differentiate RHS:

0 = [f'V(f7%5fifi + fTFwjwg)

= (terms involving w®) + 2f7¥w;; flwy

Latter term is first component of symmetry
cond: f*fI¥wy(w;; — wj;) = 0, which holds iff:
[O = (terms involving w*) + 2 f7¥w,; flwy ]

Now replace w;; f* with — f;;w".



A first criterion for X < 0.

0 = [9%fififu+ [9% fiwjwr +2f9 f35 fifio — 217 [ wiwy
0 = fijkfifjwk + fijkwiijk + 4fijfjkf7;wk

Let 1 be the other conjugate direction (defined
up to sign)

[\/Vm = 2(f7% fjwi) fi + (Z = 2f7% f; fr)wi — 2sz'jwj]

/p+ = 9% fifife + [I5 fawjwr + 29 f5* fifi — 2 fiFwiwr

p~ = fURf i fe + PR fimime + 259 £35 fife — 209 fiFnim
gt = fURfifjok + fPP0wwg + 41 FiF fiwok
\¢ = FI5 fifime + F75nmme + 4F9 5% fim

~
f admits a conjugate <
pt=¢" =0 or p =¢ =0%

PP =007 =0, (0T )+ (g =0




More conformal invariants

Y inv. wt. v .
= VYV, — wpV;Y inv.
@ 1nv. wt. w

1-form of wt. v + w. Then
o, =JV;Z—-2ZV;J and 1; = JV; X —3XV,;J
are inv. 1-forms = R = f'o;, S = f'7; inv.

E =" fw; fr'w

is invariant: £? = —J?X/2. Then E changes

sign under w < 7.

QY quadratic form:
Y(QYwiw; — QYnin;) := 4Ev

For Q%Y = fY*f,, — 2f" f,.7, define V :=4Jv
odd inv. depending only on f and its

derivatives.



Eliminating w from polynomial

) =0

expressions F'(f;, fii, fijk, -

Two 1dentities

Let QY be any symmetric form. Then

/Y(Qijwiwj +Qming) = 2QYfifj(JX — Z?)
+2J2Q;7 (Zfi' — X)
—2J2ZQY fi; +4JZQY f;¥ fr f;
VYQUuwm; = —ZQYfif; +2JQY f; fi* fr
_ +J2 (" Q' — Q" fiy)

~

J

=

ZS —2XR+2XY
EV/J

|




Answer for the generic case

AY?ptp- =Y23(pt +p )2 = Y2(pT —p )2 =

ptp” =0«

(P i=2(Z5 —2XR+2XY)? + XV2 =0 |

gtqg =0

R 1 1 1
+X(XZ2 - JX2Z +6W + 2JM
2 5 15 2
—2ZXR+2RS—- 2N+ 274
9 2 10 6 17
—2F - 2ZK+ 3T+ 2G - 1JD)
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