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For Mike Eastwood

who taught me
never to be afraid of
a Dynkin diagram

but who, somehow,
never convinced me to
try bungee jumping.
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play an important role in 4-dimensional geometry,

particularly in connection with Einstein manifolds.

This might be dismissed as a combinatorial fluke.

But it is directly related to representation theory.
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for some constant λ ∈ R.

“. . . the greatest blunder of my life!”

— A. Einstein, to G. Gamow
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Definition. A Riemannian metric g is said to
be Einstein if it has constant Ricci curvature —
i.e.

r = λg

for some constant λ ∈ R.

λ called Einstein constant.

Has same sign as the scalar curvature

s = r
j
j = Rijij.
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Variational Problem:

If M smooth compact n-manifold, n ≥ 3,

GM = { smooth metrics g on M}
then Einstein metrics are critical points of the scale-
invariant action functional

GM −→ R

g 7−→
∫
M
|sg|n/2dµg

Conversely:

Weak critical points are Einstein or scalar-flat (s≡0).

Try to find Einstein metrics by minimizing?
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A Differential-Topological Invariant:

Is(M) = inf
g

∫
M
|sg|n/2dµg

Theorem. Let M be a compact simply connected
n-manifold, n ≥ 3. If n 6= 4, Is(M) = 0.

Theorem. There exist compact simply connected
4-manifolds M j with Is(M j)→ +∞.

Moreover, can choose M j such that

Is(M j) = inf
g

∫
M j

|sg|2dµg

is realized by an Einstein metric gj with λ < 0.
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Why is Dimension Four Exceptional?

The Lie group SO(4) is not simple:

so(4) ∼= so(3)⊕ so(3).

On oriented (M4, g), =⇒
Λ2 = Λ+ ⊕ Λ−

where Λ± are (±1)-eigenspaces of

? : Λ2→ Λ2,

?2 = 1.

Λ+ self-dual 2-forms.
Λ− anti-self-dual 2-forms.
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Importance?

Curvature is a bundle-value 2-form!

Vector-bundle-with-connection (E,∇) over
oriented Riemannian (M4, g) has curvature

F∇ = F+ + F−

where F± ∈ Λ± ⊗ End(E).

If F− = 0, so that F∇ = F+,
∇ is called self-dual (SD).

Proposition. (Λ+,∇) is SD ⇐⇒ g is Einstein.

Donaldson: moduli spaces of SD connections
=⇒ differential topological invariants of M4.
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Seiberg-Witten Theory:

analogous invariants, related to scalar curvature.

Given smooth compact oriented 4-manifold M and

complex line bundle L→M such that

c1(L) ≡ w2 mod 2

get twisted spin bundles

V± = S± ⊗ L1/2

for any metric g on M . Called spinc-structure.

Every unitary connection ϑ on L induces

spinc Dirac operator

Dϑ : Γ(V+)→ Γ(V−)
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DϑΦ = 0

F+
ϑ = −1

2
Φ� Φ

Unknowns:

both Φ and ϑ.

Here F+
ϑ = self-dual part of curvature of ϑ.

Non-linear, but elliptic once ‘gauge-fixing’

d∗(ϑ− ϑ0) = 0

imposed to eliminate automorphisms of L→M .
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Seiberg-Witten equations:

DϑΦ = 0

F+
ϑ = −1

2
Φ� Φ

Unknowns:

both Φ and ϑ.

Here F+
ϑ = self-dual part of curvature of ϑ.

Key idea: “counting” solutions defines invariant.

With mild hypotheses, independent of g.

Depends only on M & spinc structure.
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Seiberg-Witten equations:

DϑΦ = 0

F+
ϑ = −1

2
Φ� Φ

Unknowns:

both Φ and ϑ.

Here F+
ϑ = self-dual part of curvature of ϑ.

Weitzenböck formula:

0 = 2∆|Φ|2 + 4|∇ϑΦ|2 + s|Φ|2 + |Φ|4

gives scalar curvature key role in theory.
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Theorem (L ’99). Let M4 be underlying smooth
manifold of a compact complex surface (M,J)
with b1 even. Then Is(M) 6= 0 ⇐⇒ (M,J) is of
general type.

Recall: Is(M4) := infg
∫
M s2

gdµg

General type means dimΓ(M,O(K⊗`)) grows

quadratically as `→ +∞, where K denotes

the canonical line bundle Λ2,0.

For complex surfaces, b1 even ⇐⇒ Kähler type.

Conjecture. For any compact complex surface
(M4, J) with b1 odd, Is(M) = 0.
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Blowing up:

If N is a complex surface, may replace p ∈ N
with CP1 to obtain blow-up

M ≈ N#CP2

in which new CP1 has self-intersection −1.

A complex surface X is called minimal if it is not
the blow-up of another complex surface.

Any complex surface M can be obtained from a
minimal surface X by blowing up a finite number
of times:

M ≈ X#kCP2

One says that X is minimal model of M .
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Theorem (L ’96). Let (M4, J) be a compact
complex surface of general type, and let X be
its minimal model. Then

Is(M) = 32π2c1
2(X) > 0.

Seiberg-Witten argument =⇒ every g satisfies∫
M
s2
gdµg ≥ 32π2c1

2(X)

Then must exhibit sequence gj with∫
M
s2
gjdµgj ↘ 32π2c1

2(X)
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Key observation: Pluri-canonical model X ′

admits orbifold Kähler Einstein metric.

Follows from Aubin/Yau because c1(X ′) < 0.

X ′ = image M → CPN via linear system K⊗`.

Orbifold, modeled on C2/Γ, Γ ⊂ SU(2).

X ′ obtained from X by collapsing CP1’s

contained in regions with c1 = 0.

Stategy: replace neighborhood of each orbifold
point with ALE Ricci-flat manifold.
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Given Γ ⊂ SU(2) finite subgroup,

the orbifold C2/Γ can be viewed as

singular complex surface ⊂ C3 by

choosing 3 generators of Γ-invariant polynomials.

Example.

[
e2πi/m

e−2πi/m

]
∈ SU(2)

generates Γ ∼= Zm. Setting

u = zm1 , v = zm2 , y = z1z2,
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Given Γ ⊂ SU(2) finite subgroup,

the orbifold C2/Γ can be viewed as

singular complex surface ⊂ C3 by

choosing 3 generators of Γ-invariant polynomials.

Example.

[
e2πi/m

e−2πi/m

]
∈ SU(2)

generates Γ ∼= Zm. Setting

u = zm1 , v = zm2 , y = z1z2,

then identifies C2/Γ with

uv = ym.
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Given Γ ⊂ SU(2) finite subgroup,

the orbifold C2/Γ can be viewed as

singular complex surface ⊂ C3 by

choosing 3 generators of Γ-invariant polynomials.

Example.

[
e2πi/m

e−2πi/m

]
∈ SU(2)

generates Γ ∼= Zm. Setting

w =
1

2
(zm1 −z

m
2 ), x =

i

2
(zm1 +zm2 ), y = z1z2,

then identifies C2/Γ with

w2 + x2 + ym = 0.
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Felix Klein’s Table of Singularities (1884)

Zm ←→ w2 + x2 + ym = 0

Dih∗m ←→ w2 + y(x2 + ym) = 0

T ∗ ←→ w2 + x3 + y4 = 0

O∗ ←→ w2 + x3 + xy3 = 0

I∗ ←→ w2 + x3 + y5 = 0
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Prototypical Klein singularity:

• Smooth it, by deformation:

w2 + x2 + y2 = 0
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V̂ → V

with c1(T 1,0V̂ ) = 0.

Replaces origin with a union of CP1’s,
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McKay Correspondence

Given ρ : Γ ↪→ SU(2) finite subgroup,
construct Dynkin diagram, as follows:

One node for each non-trivial irred. representation

ρj : Γ→ End(Vj)
Next decompose

ρ⊗ ρj =
⊕
`

(ρ`)
⊕nj`

as sum of irreducibles. Then nj` = n`j = 0 or 1.

Now draw edge joining nodes j & ` if nj` 6= 0.

Reproduces Dynkin diagram of crepant resolution!
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Theorem (Kronheimer ’89). Let Γ ⊂ SU(2) fi-
nite, and let Y be the smooth 4-manifold gotten
by resolving the singularity of R4/Γ. Then Y
admits a family of ALE Ricci-flat metrics. Ev-
ery such metric is hyper-Kähler, and the mod-
uli space of these metrics is connected: roughly,
[Weyl chamber ]3 ⊂ h⊗R3, where mathfrakh ∼=
H2(Y, R) is Cartan of Lie algebra g correspond-
ing to Dynkin diagram associated with Γ.
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(Mn, g): Kähler ⇐⇒ holonomy ⊂ U(m)
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Theorem (Kronheimer ’89). Let Γ ⊂ SU(2) fi-
nite, and let Y be the smooth 4-manifold gotten
by resolving the singularity of R4/Γ. Then Y
admits a family of ALE Ricci-flat metrics. Ev-
ery such metric is hyper-Kähler, and the mod-
uli space of these metrics is connected: roughly,
[Weyl chamber ]3 ⊂ h⊗R3, where mathfrakh ∼=
H2(Y, R) is Cartan of Lie algebra g correspond-
ing to Dynkin diagram associated with Γ.
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Theorem (Kronheimer ’89). Let Γ ⊂ SU(2) fi-
nite, and let Y be the smooth 4-manifold gotten
by resolving the singularity of R4/Γ. Then Y
admits a family of ALE Ricci-flat metrics. Ev-
ery such metric is hyper-Kähler, and the mod-
uli space of these metrics is connected: roughly,
[Weyl chamber ]3 ⊂ h⊗R3, where h ∼= H2(Y,R)
is Cartan of Lie algebra g corresponding to Dynkin
diagram associated with Γ.

A1: Eguchi-Hanson

Ak: Gibbons-Hawking/Hitchin

Dk: conjectured by Hitchin
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Hyper-Kähler quotient (HKLR)

If G compact acts on simply-connected

hyper-Kähler V by tri-holomorphic isometries,

moment map is G-equivariant map

µ : V→ g∗ ⊗ R3

encoding Hamiltonians for generators.

If G acts freely on µ−1(ζ), then

V�G := [µ−1(ζ)]/G

inherits natural hyper-Kähler structure, and

dim(V�G) = dim V − 4 dimG
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Kronheimer Construction

Γ ⊂ SU(2) acts on H and RΓ = R|Γ|. Set

V = [H⊗R End(RΓ)]Γ = [C2 ⊗C End(CΓ)]Γ

G = [SU(CΓ)]Γ ∼= U(n1)× · · · ×U(nk)

where n1, . . . , n1 dim’ns non-triv. irred. reps. Γ.

Then Y = V�G gives ALE hyper-Kahler

structure to resolution of C2/Γ.

Construction depends on ζ : 3k parameters.
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