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1. Generalized complex geometry

The inner product and bracket on C°(T @ T™):
1
(X +6Y +n) = S(E0) + (X))

(X +&Y +n] =[X, Y]+ Lxn —iydE
The Courant bracket satisfies
le1, [eo, e3]] = [[e1,e2], e3] + [e2, [e1, €3]]

le1,e1] = 7™ d(e1,e1)

where ¢, € C®°(T ®T*) and m : T®T* — T is
projection.



Defn (Hitchin 2002): A generalized complex struc-
ture is an orthogonal endomorphism

J . TeT -ToT"
such that J2 = —1 and the +2-eigenspace
LC(TaoT*)®C
is closed under the bracket, [L,L] C L.



I 0
jf:( 0 1*)

where [ is a complex structure.

. (O —w 1
jw'_<w 0 )

where w is a symplectic structure, thought of as a
map w: 1T — T%.

Eg 2.



A generalized complex structure J is determined
by a pure spinor ® € C®°(AN*T* ® C).

The +4i-eigenspace of 7,
Lc(ToT")®C,
consists of (X, &) which annihilate &.

Eg 1. For J; the pure spinor is dzqy A...Adzp and
L=1%" Q"

Eg 2. For 7, the pure spinor is ¢ and
L={X —iw(X,-)}.



A generalized complex manifold of dimension 2n
is stratified by type,

LdimT* 0 77T <:” for Jj )
>

Generalized Darboux Thm (Gualtieri 2004):
On an open set of constant type = k, a generalized
complex manifold is equivalent to the product of
an open set in C* and an open set in (R2"—2k ().



Let S be a K3 surface with C-structure I and holo-
morphic symplectic form o = wj + wwg. Then

—7I 0 . 0 —w3t
= J
Jp - cos@( 0 I*>—|—sm0<wj 0 )

interpolates between Jy and J, ;. Note that
_ _—B B
Jp =€ j(CSC@)WJe

where B = —(cotf)wy and

e ::(é (1)> " TeT* -TaT*

iIs known as a B-field transform.



Let M be a hyperkahler manifold with C-structures
I, J, K, and Kahler structures wy, wj, wg.

They give six generalized complex structures:

Jr, Ty I, Jwp, Jw; Jwi

Our goal is to assemble them all into one family.



2. Twistor spaces for HK manifolds

The set of C-structures compatible with the hy-
perkahler metric is

{al + bJ + cKl|a® + b° + 2 = 1}.
This is actually a holomorphic family,
SQ o~ IP)l
as there is a family of holomorphic two-forms

o = (wy + iwg) + 2wy — n?(wy — iw)

depending holomorphically on n € P1.



For each n € P1, o, determines a C-structure I, on
M. The —i-eigenspace of I,

Tt CcT®C,

consists of vectors whose interior product with 07/7\"
IS zero.

These C-structures I, can be combined into a sin-
gle C-structure on the smooth manifold M x Pl

Defn: The resulting C-manifold Z — P of dimen-
sion 2n + 1 is called the twistor space of M.
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3. Generalized twistor spaces

We want the set of generalized complex structures
J compatible with the generalized metric

1
GX+EY +n) =7 (9(X, ) +g71(&m),
i.e., such that G(jel,jel) = G(el,eg).

We will describe three approaches.
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1) For each 6

Jp := (cos8)Jr + (sin6)Jw,

is compatible with G. We can replace w;j by

(Cos@)wy + (Sin@)w.

Then 6 and ¢ are spherical coordinates on 52 & P1.
We can also replace I by I, where n € L.

This vields a P x P1-family of generalized complex
structures 7, 3.
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The diagonal A ¢ P! x P! parametrizes complex
structures Jy, .

The “antipodal graph”

{(n,—7 YneP} c Pt xP!

parametrizes symplectic structures an-
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The generalized complex structures J, g are de-
termined by a family of pure spinors

o+ (a+ Blwr — 0455>
i(a — )

which depend holomorphically on (¢, 3) € P! x PL.

When n =1

Php:=1"(a—B)"exp (

D 5= 0+ (a+ Bws +i(a — B) (1 - “4—") _ af5.

Recall that the +4:-eigenspace,

Loz,ﬁ C (T D T*) X (Ca
of J, g consists of (X,&) which annihilate &, 3.
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i) Given a hyperkdhler metric on a K3 surface,
there is a corresponding positive 3-plane

V= (wp,wswg) C H*(M,R).

The locus of holomorphic two-forms [oy] of the P1-
twistor family is the null conic in P(V ® C) = P2.

There is also a positive 4-plane
w2
W = <CU],CUJ,(UK, 1-— ?> C Heven(MyR).

The locus of pure spinors [P, 5] of the Pl x pl-
generalized twistor family is the null quadric sur-
face in P(W @ C) £ P3.
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iii) Let (g,14,1 ) be a bi-Hermitian structure on
M. Then

B Y
2\ wy —w- (I3 +1I%)

pol( Tl gt )
2\ wy +w- -4 —1I%)

give a generalized Kahler structure, i.e., a pair of
commuting generalized complex structures.

If I, =1_ then (J,J) = (J1,+Jwy) comes from
a genuine Kahler structure on M.
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On a hyperkahler manifold, we can choose I = I,
and I_ = Ig from a P!-twistor family. For each
(a,8) € P! x P, (g,1a,1Ig) defines a generalized
Kahler structure («7@,5,70'4,5)-

Along the diagonal A c P! x P!

(joz,ou jolg,a) — («7]@7 Twa)

comes from a Kahler structure on M.

Unfortunately only J, 3 depends holomorphically
on (a,B) € P1 x PL. (J!, 5 depends on « and §.)
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Thm (Glover & S—): The generalized complex
structures 7, 3 can be combined into a single gen-
eralized complex structure on the smooth manifold
X = M x P! x PL.

We call X the generalized twistor space.

Proof: The pure spinor on X is given by

v = (Da,ﬁ A da A d.
Integrability follows from dW = O.
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Properties:
e there is a generalized reduction X — Pl x ]Pl,

e the antipodal maps on the P! & S$2s5 give a real
structure on X,

e for each m € M, {m} xPl xP! C X yields a real
twistor section with generalized normal bundle

O(1,0)%?" ¢ 0(0,1)%?™.
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4. Generalized twistor correspondence

A connection V is Yang-Mills if its curvature ©
satisfies

AN(©) = const.Id.

The hyperkahler twistor correspondence gives an
equivalence between (non-Hermitian) Yang-Mills
connections on bundles over M and holomorphic
bundles on Z.

The bundle and connection (E,V) on M can be
pulled-back by the smooth projection n« : Z — M
to give (7*E,7*V91) on Z.
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Defn: A generalized holomorphic bundle on X is
a complex vector bundle E equipped with a flat
L-connection D, where L C (T® T*) ® C is the
+:-eigenspace, a Lie algebroid.

Eg. If 7 = J; is of complex type, L* = Q01 g110
and the L-connection decomposes into

D=0+ T.
Then (E,9g) is a holomorphic bundle and
T e HO(T1O @ EndE)

IS a co-Higgs field.
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Qu: Are generalized holomorphic bundles on the
generalized twistor space X equivalent to some
kind of bundles with connections on M7

A generalized holomorphic bundle on X should
look like a co-Higgs bundle on Z C X (over A C
Pl x P1) and a flat unitary bundle on X\Z.
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5. Quaternionic manifolds

hypercomplex geom C quaternionic geom
GL(n,H)-structure GL(n,H)GL(1,H)-structure
U U
hyperkahler geom C  quaternion-Kahler geom
holonomy = Sp(n) holonomy = Sp(n)Sp(1)

There is a Pl-bundle Z — M over a quaternionic
manifold M whose local sections give local almost
complex structures on M.

These combine to give a complex structure on Z.
We call Z the twistor space of M.
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The fibre product Z x;; Z is a P x P1-bundle over
M whose local sections give pairs of local almost
complex structures (Ia, Ig) on M.

On a QK manifold, (g, Ia, I3) defines a local almost
Kahler structure (J, g, J. 5) on M.

Qu: Do the ja,/g combine to give a generalized
complex structure on X = Z X £7

Eg. For P3 — S% = HP! we have X = P3 x o4 P3.
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