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CHAPTER 1

Symplectic geometry and contact geometry

In this section, we want to build the bridge between analysis on manifolds and differ-
ential geometry. It is also intended to complement our later discussion of Riemannian
geometry. Riemannian metrics are the simplest example of a geometric structure of
finite type. They have local invariants (e.g. curvature) and the group of automorphisms
of such a structure is small. These facts are (at least vaguely) familiar from the case of
hypersurfaces in Euclidean spaces discussed in the first course on differential geometry.
The structures we consider in this chapter are the simplest examples of the opposite
end of the spectrum. They do not admit local invariants, so any two structures are
locally isomorphic, and there are many diffeomorphisms preserving the structure. Still
they are very interesting in view of their close connections to classical mechanics and
the geometric theory of partial differential equations.

Initial considerations – distributions and integrability

A simple idea how to define a geometric structure on a manifold M would be to
choose some distinguished object, e.g. a vector field or a differential form.

1.1. Distinguished vector fields. We first want to show that there is not much
about single vector fields, unless they have a zero. Locally around a point in which they
are non–zero, all vector fields look the same up to diffeomorphism:

Proposition 1.1. Let M be a smooth manifold and let ξ ∈ X(M) be a vector field. If
x ∈M is a point such that ξ(x) 6= 0, then there is a chart (U, u) for M with x ∈ U such
that ξ|U = ∂

∂u1
.

Proof. This is an easy consequence of the existence of the flow. First we take
a chart (Ũ , ũ) with x ∈ Ũ , ũ(x) = 0 and ũ(Ũ) = Rn. Composing ũ with a linear
isomorphism, we may in addition assume that Txũ · ξ(x) = e1. Thus it suffices to prove
the result in the case M = Rn, x = 0 and ξ(0) = ∂

∂x1
(0).

Now recall that the flow of ξ is defined on an open neighborhood D(ξ) of Rn × {0}
in Rn × R. Hence the set W := {(y1, . . . , yn) ∈ Rn : (0, y2, . . . , yn, y1) ∈ D(ξ) is open
and we can define a smooth map ϕ : W → Rn by

ϕ(y1, . . . , yn) := Flξy1(0, y2, . . . , yn).

For any y ∈ W we have

(∗) Tyϕ · e1 = d
dt
|t=0 Flξy1+t(ũ

−1(0, y2, . . . , yn)) = d
dt
|t=0 Flξt (ϕ(y)) = ξ(ϕ(y)).

On the other hand, the definition immediately implies that ϕ(0) = 0 and T0ϕ·ei = ei for
all i > 1, so T0ϕ = id. Hence shrinking W , we may assume that ϕ is a diffeomorphism
from W onto an open neighborhood U of 0 in Rn. Putting u = ϕ−1, we get a chart
(U, u) for Rn around 0 and (∗) exactly means that ξ|U = ∂

∂u1
. �

If one studies vector fields, one thus only has to look at neighborhoods of a zero. Of
course ξ(x) = 0 is equivalent to Flξt (x) = x for all t, so this study is the study of fixed
points of dynamical systems, and ideas from dynamics play an important role in this.

1



2 1. SYMPLECTIC GEOMETRY AND CONTACT GEOMETRY

1.2. Distinguished 1–forms. Let us next consider the case of a distinguished
one form α ∈ Ω1(M), which is already considerably more varied than the case of a
vector field. This becomes easily visible if one reinterprets the result for vector fields in
Proposition 1.1 slightly: Recalling that a chart map is just a diffeomorphism onto an
open subset of Rn, we can simply say that for x ∈ M such that ξ(x) 6= 0, there is a
diffeomorphism f from an open neighborhood U of x in M onto an open subset of Rn,
such that ξ|U = f ∗ ∂

∂x1
. Applying this twice we can immediately conclude that for two

manifolds M,N of the same dimension, two vector fields ξ ∈ X(M) and η ∈ X(N) and
points x ∈ M such that ξ(x) 6= 0 and y ∈ N with η(y) 6= 0, there is a diffeomorphism
from an open neighborhood U of x in M onto an open neighborhood of y in N such
that ξ|U = f ∗η. So locally around a point in which they are non–zero, any two vector
fields look the same up to diffeomorphism.

The situation can not be as simple for one–forms due to the existence of the exterior
derivative. Recall that for a one–form α ∈ Ω1(M), the exterior derivative dα ∈ Ω2(M)
is characterized by

dα(ξ, η) = ξ · α(η)− η · α(ξ)− α([ξ, η])

for ξ, η ∈ X(M). Naturality of the exterior derivative says that f ∗(dα) = d(f ∗α).
Having given two one–forms α ∈ Ω1(M) and β ∈ Ω1(N) on manifolds of the same
dimension and points x ∈M and y ∈ N such that both α(x) and β(y) are nonzero, we
not only have to take into account the linear maps α(x) : TxM → R and β(y) : TyN →
R (which of course look the same up to linear isomorphism). For a locally defined
diffeomorphism f with f ∗β = α and f(x) = y to exist, also the skew symmetric bilinear
maps dα(x) : TxM × TxM → R and dβ(y) : TyN × TyN → R must be compatible via
the linear isomorphism Txf : TxM → TyM .

Before we study skew symmetric bilinear maps in more detail, let us turn to the
simplest possible case. An analog of Proposition 1.1 in the realm of one–forms should
say when a one–form locally looks like dx1 ∈ Ω1(Rn) up to diffeomorphism. Since
d(dx1) = 0, this can be possible only for closed one–forms, i.e. for α ∈ Ω1(M) such that
dα = 0. For closed forms, the analog of Proposition 1.1 actually is true. Before we show
this, we prove one of the fundamental results on the exterior derivative, the Lemma of
Poincaré:

Lemma 1.2 (Lemma of Poincaré). Any closed differential form on a smooth manifold
M is locally exact. More precisely, if ω ∈ Ωk(M) a smooth k–form such that dω = 0,
then for each point x ∈M , there is an open subset U ⊂M with x ∈ U and a (k−1)–form
ϕ ∈ Ωk−1(U) such that ω|U = dϕ.

Proof. It suffices to deal with the case M = Rn, since locally around any point we
can find a chart which is a diffeomorphism onto Rn.

Consider the multiplication map α : R×Rn → Rn defined by α(t, x) =: αt(x) = tx.
Clearly α1 = id, so (α1)∗ω = ω and (α0)∗ω = 0, and we can write ω as

ω = (α1)∗ω − (α0)∗ω =

∫ 1

0

d
dt

(αt)
∗ωdt,

where we integrate a smooth curve in the vector space Ωk(Rn). For the Euler vector
field E ∈ X(Rn) defined by E(x) = x, the flow is evidently given by FlEt (x) = α(et, x),
so we have αt = FlElog t. Using this, we compute

d
dt
α∗tω = d

dt
(FlElog t)

∗ω = 1
t
(FlElog t)

∗LEω = 1
t
α∗tLEω,
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where LE is the Lie derivative along E. Now LEω = diEω + iEdω for the insertion
operator iE, and by assumption dω = 0. Since pullbacks commute with the exterior
derivative, we end up with d

dt
α∗tω = d1

t
α∗t iEω.

Next, we observe that Txαt = t id, so

1
t
α∗t iEω(x)(X2, . . . , Xk) = 1

t
ω(tx)(tx, tX2, . . . , tXk) = ω(tx)(x, tX2, . . . , tXk),

so this is defined for all t and we can view it as a smooth curve of (k − 1)–forms. But
since d defines a continuous linear operator Ωk−1(Rn)→ Ωk(Rn), it commutes with the

integral of a smooth curve. Thus, defining ϕ :=
∫ 1

0
1
t
α∗t iEωdt, we obtain

dϕ =

∫ 1

0

d1
t
α∗t iEωdt =

∫ 1

0

d
dt
α∗tω = ω.

�

Proposition 1.2. Let M be a smooth manifold and let α ∈ Ω1(M) be a closed one–
form. If x ∈ M is a point such that α(x) 6= 0, then there is a chart (U, u) for M with
x ∈ U such that α|U = du1.

Proof. We may start with an arbitrary chart (Ũ , ũ) such that ũ(Ũ) is a ball in Rn.
By the lemma of Poincaré, dα = 0 implies that there is a smooth function f : Ũ → R
such that α|Ũ = df . Since α(x) 6= 0, we can renumber the coordinates in Rn in such

a way that df(x)( ∂
∂u1

) 6= 0. Considering the smooth map ϕ : ũ(Ũ) → Rn defined by

ϕ(y1, . . . , yn) = ((f ◦ ũ−1)(y), y2, . . . , yn) we see that det(Tyϕ) = ∂f
∂u1

(y) 6= 0. Hence ϕ
is a diffeomorphism locally around ũ(x) and u := ϕ ◦ ũ is a chart map with f = u1. �

For later use, we discuss a reinterpretation of this result, using the concept of integral
submanifolds.

Definition 1.2. (1) Let M be a smooth manifold of dimension n. A k–dimensional
submanifold is a subset N ⊂M such that for each x ∈ N there is a chart (U, u) for M
with x ∈ U such that u(N ∩ U) = u(U) ∩ Rk.

(2) Let I ⊂ Ω∗(M) be a family of differential forms on a smooth manifold M . An
integral element for I at a point x ∈ M is a linear subspace L ⊂ TxM such that
α(x)|L = 0 for all α ∈ I.

(3) For I as in (2), an integral submanifold for I is a submanifold N ⊂ M such
that α|N = 0 for all α ∈ I. Otherwise put, for each y ∈ N , TyN has to be an integral
element for I.

Remark 1.2. (1) In the special case M = Rn, the first part of this definition is exactly
the notion of a local trivialization which is used as one of the equivalent definitions of
submanifolds of Rn.

(2) If I consists of a single differential form α, then we talk about integral elements
and integral submanifolds for α.

(3) Finding the integral elements of a family I is usually a question of linear algebra,
since one has just to find the common kernel of a family of multilinear maps. The
question whether a given integral element comes from an integral submanifold is much
more subtle and interesting.

Let us return to the case of a single one–form α ∈ Ω1(M). If α(x) 6= 0, then the
integral elements at x are exactly the linear subspaces of the hyperplane Ker(α(x)) ⊂
TxM , so in particular this hyperplane itself is the unique integral element of dimension
n− 1. Now we can rephrase Proposition 1.2 in terms of integral submanifolds:



4 1. SYMPLECTIC GEOMETRY AND CONTACT GEOMETRY

Corollary 1.2. Let M be a smooth manifold of dimension n and let α ∈ Ω1(M) be a
closed one–form. Suppose that x ∈ M is a point such that α(x) 6= 0. Then there is a
chart (U, u) in M such that u(U) = (−ε, ε) × V for some ε > 0 and some open subset
V ⊂ Rn−1 such that for each t ∈ (−ε, ε) the subset u−1({t} × V ) ⊂ M is an integral
submanifold for α of dimension n− 1.

Notice that integral elements and submanifolds do not really depend on α but only
on the kernels of the maps α(x). The one–forms β for which these kernels are the same
as for α are exactly the forms fα for non–vanishing smooth functions f . Notice that
d(fα) = df ∧α+fdα, so if α is closed we get dβ = 1

f
df ∧β. Conversely, if dβ = 1

f
df ∧β,

then one immediately verifies that 1
f
β is closed. Hence Corollary 1.2 extends to forms

with this property.

1.3. Distributions and Involutivity. The considerations in 1.2 have an obvious
analog in higher codimension: for a smooth, nowhere–vanishing one–form α ∈ Ω1(M),
we can consider the family Ex := Ker(α(x)) ⊂ TxM as a smooth family of hyperplanes
(i.e. linear subspaces of codimension one) in the tangent spaces of M . The corresponding
notion for higher codimension is (maybe up to the notion of smoothness) easy to guess,
for completeness, we also introduce the notion of involutivity and integrability:

Definition 1.3. (1) For a smooth manifold M of dimension n, a distribution E of rank
k on M is given by a k–dimensional subspace Ex ⊂ TxM for each x ∈M . (This should
not be confused with distributions in the sense of generalized functions.)

(2) A (smooth) section of distribution E ⊂ TM is a vector field ξ ∈ X(M) such that
ξ(x) ∈ Ex for all x ∈M . A local section of E on an open subset U is a local vector field
ξ ∈ X(U) such that ξ(x) ∈ Ex for all x ∈ U .

(3) A local frame for the distribution E is a family {ξ1, . . . , ξk} of local smooth
sections of E (defined on the same open subset U ⊂ M) such that for each x ∈ U the
vectors ξ1(x), . . . , ξk(x) are a basis for the linear subspace Ex ⊂ TxM .

(4) The distribution E ⊂ TM is called smooth if it for each point x ∈ M there is
a local frame for E defined on an open neighborhood of x ∈ M . Smooth distributions
are also called vector subbundles of TM .

(5) A distribution E ⊂ TM is called involutive if for any two local sections ξ and η
of E also the Lie bracket [ξ, η] is a section of E.

(6) The distribution E ⊂ TM is called integrable if for each x ∈ M there is a
smooth submanifold N ⊂ M which contains x such that for each y ∈ N we have
TyN = Ey ⊂ TyM . Such a submanifold is called an integral submanifold for E.

Concerning smoothness and involutivity, there are nice alternative characterizations:

Proposition 1.3. Let M be a smooth manifold of dimension n and E ⊂ TM a distri-
bution of rank k.
(1) For the distribution E the following conditions are equivalent:

(a) E is smooth
(b) For any point x ∈M there is an open neighborhood U of x ∈M and there are

one–forms α1, . . . , αn−k ∈ Ω1(U) such that

Ey = {ξ ∈ TyM : αi(ξ) = 0 ∀i = 1, . . . , n− k}.
(c) There is a family I ⊂ Ω1(M) of smooth one–forms such that

Ex = {ξ ∈ TxM : α(ξ) = 0 ∀α ∈ I}.
(2) If E is smooth, then following conditions are equivalent:
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(a) E is involutive
(b) For any point x ∈ M there is an open neighborhood U of x ∈ M and a local

frame {ξ1, . . . , ξk} for E defined on U such that for each i, j = 1, . . . , k the
vector field [ξi, ξj] is a section of E.

(c) For any point x ∈M there is an open neighborhood U of x in M and there are
forms α1, . . . , αn−k ∈ Ω1(U) as in part (b) of (1) such that the restriction of
dαi to E vanishes for all i = 1, . . . , n− k.

(d) For any differential form α ∈ Ω∗(M) whose restriction to E vanishes, also the
restriction of dα to E vanishes.

Proof. (1): (a) ⇒ (b): For x ∈ M , condition (a) implies the existence of an open
neighborhood U of x ∈M and of local sections ξ1, . . . , ξk of E defined on U which form
a local frame for E. Possibly shrinking U , we may assume that it is the domain of a
chart (U, u) for M , and we denote by ∂i := ∂

∂ui
the corresponding coordinate vector

fields. Renumbering the coordinates if necessary, we may assume that putting ξi := ∂i
for i = k + 1, . . . , n, the vectors ξ1(x), . . . , ξn(x) form a basis for TxM . Then the fields
ξ1, . . . , ξn must be linearly independent locally around x, so possibly shrinking U once
more, we may assume that ξ1(y), . . . , ξn(y) is a basis of TyM for all y ∈ U .

Now for each y ∈ U and each i = 1, . . . , n, we can define a linear map αi(y) :
TyU → R by putting αi(y)(ξi(y)) = 1 and αi(y)(ξj(y)) = 0 for j 6= i. Given a smooth
vector field ξ ∈ X(U), there are uniquely determined smooth functions f1, . . . , fn such
that ξ =

∑n
i=1 fiξi, which implies that αi(ξ) = fi, so αi ∈ Ω1(U) for all i = 1, . . . , n.

Evidently, the n− k one–forms αk+1, . . . , αn satisfy the conditions in (b).

(b) ⇒ (a): This is proved very similarly: Having given α1, . . . , αn−k ∈ Ω1(U) one
may assume that U is the domain of a chart (U, u) whose coordinates are numbered in
such a way that α1(y), . . . , αn−k(y), dun−k+1(y), . . . , dun(y) form a basis for (TyM)∗ for
each y ∈ U . The elements of the dual basis of TyM fit together to define vector fields
ξ1, . . . , ξn on U , and the last k of these form a local frame for E defined on U .

(b) ⇒ (c): Let I := {α ∈ Ω1(M) : α(x)|Ex = 0 ∀x ∈ M}, and for x ∈ M put
Fx := {ξ ∈ TxM : α(x)(ξ) = 0 ∀α ∈ I}. Then Fx is the intersection of the kernels
of the linear maps α(x) : TxM → R for α ∈ I and thus a linear subspace of TxM . By
construction Ex ⊂ Fx and it suffices to prove the converse inclusion for each x.

Given x, there is an open neighborhood U of x in M and there are α1, . . . , αn−k ∈
Ω1(U) satisfying the conditions of (b). Choose an open neighborhood V of x in M such
that V̄ ⊂ U and a smooth function f : M → [0, 1] which has support contained in U
and is identically one on V . For each i, we can extend fαi by zero to a globally defined
one–form α̃i ∈ Ω1(M) and by construction α̃i ∈ I for i = 1, . . . , k. But then for ξ ∈ Fx,
we have α̃i(x)(ξ) = αi(x)(ξ) = 0 and hence ξ ∈ Ex.

(c) ⇒ (b): We have given I ⊂ Ω1(M) and by assumption Ex = {ξ ∈ TxM :
α(x)(ξ) = 0 ∀α ∈ I} has dimension k for all x ∈ M . Let us now fix a point x ∈ M .
Then we can find forms α1, . . . , αn−k ∈ I such that Ex = {ξ ∈ TxM : αi(x)(ξ) =
0 ∀i = 1, . . . , n − k}. (If k < n there must be a form α1 such that α1(x) 6= 0. Then
one inductively finds further forms, since until n−k forms are found, Ex must be strictly
smaller than the intersection of the kernels in x of the forms found so far, so there must
be a form in I whose value in x is non–zero on this intersection.)

Since Ex has dimension k, the functionals α1(x), . . . , αn−k(x) are linearly indepen-
dent. This implies that α1(y), . . . , αn−k(y) are linearly independent for all y in some
open neighborhood U of x. Thus {ξ ∈ TyM : αi(y)(ξ) = 0 ∀i = 1, . . . , n − k} is a
linear subspace of TyM which has dimension k and contains Ey by construction, so it
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must coincide with Ey. Hence the restrictions of the αi to U satisfy the conditions of
(b).

In part (2), the inclusions (a)⇒ (b) and (d)⇒ (c) are obvious. To prove (b)⇒ (d),
we assume that α ∈ Ω`(M) is a differential form such that αy(η1, . . . , η`) vanishes for
any y ∈ M provided that all ηi lie in Ey ⊂ TyM . Fixing a point x ∈ M , we can
take a local frame ξ1, . . . , ξk of E defined on an open neighborhood U of x in M which
satisfies the conditions of (b). Then a vector ηi ∈ Ex ⊂ TxM can be written as a linear
combination of the ξj(x). It thus suffices to show that dα(ξi0 , . . . , ξi`) vanishes for any
choice of 1 ≤ i0 < i1 < · · · < i` ≤ k. But this follows immediately from the formula
for the exterior derivative and the fact that the bracket of any two of the ξ is again a
section of E.

(c) ⇒ (a): Let ξ and η be two smooth sections of E and consider their Lie
bracket [ξ, η]. For a point x ∈ M take an open neighborhood U of x in M and forms
α1, . . . , αn−k ∈ Ω1(U) as in (c). Then by assumption αi(ξ) = αi(η) = 0 so the formula
for the exterior derivative implies that 0 = dαi(ξ, η) = −αi([ξ, η]). Since this holds for
all i = 1, . . . , n− k, we conclude that [ξ, η](x) ∈ Ex ⊂ TxM . �

1.4. The Frobenius theorem. If α ∈ Ω1(M) is nowhere vanishing then by part
(1) of Proposition 1.3, Ex := Ker(α(x)) ⊂ TxM defines a smooth distribution E of rank
n − 1. In 1.2 we assumed that dα = 0, which by part (2) of that Proposition implies
that the distribution E is involutive. Then Corollary 1.2 shows that the distribution E
is actually integrable.

Indeed, integrable distributions always have to be involutive. Suppose that E is an
distribution, N is an integral manifold for E, α ∈ Ω∗(M) is a form whose restriction
to E vanishes. Denoting by i : N → M the inclusion, we get i∗α = 0 and hence
i∗dα = di∗α = 0. For x ∈ N this means that dα(x) vanishes when evaluated on
elements of TxN = Ex, so the claim follows. Generalizing Corollary 1.2, the Frobenius
theorem states that involutivity implies integrability:

Theorem 1.4 (Frobenius). Let M be a smooth manifold of dimension n and let E ⊂
TM be a smooth involutive distribution of rank k. Then for each x ∈ M , there exists
a local chart (U, u) for M with x ∈ U such that u(U) = V ×W ⊂ Rn for open subsets
V ⊂ Rk and W ⊂ Rn−k and for each a ∈ W the subset u−1(V ×{a}) ⊂M is an integral
manifold for the distribution E. In particular, any involutive distribution is integrable.

Proof. By Proposition 1.2, we can choose a local frame ξ1, . . . , ξk for E defined on
an open neighborhood Ũ of x in M , and possibly shrinking Ũ we may assume that it is
the domain of a chart (Ũ , ũ) for M . Putting ∂i := ∂

∂ũi
, we consider the local coordinate

expressions for the vector fields ξj. This defines smooth functions f ij : Ũ → R for

i = 1, . . . , n and j = 1, . . . , k such that ξj =
∑

i f
i
j∂i. Consider the n× k–matrix (f ij(y))

for y ∈ Ũ . Since the vectors ξi(x) are linearly independent, the matrix (f ij(x)) has rank
k and hence has k–linearly independent rows. Renumbering the coordinates, we may
assume that the first k rows are linearly independent. Then the top k × k–submatrix
has nonzero determinant in x. By continuity, this is true locally around x, and possibly
shrinking Ũ , we may assume that it holds on all of Ũ .

For y ∈ Ũ let (gij(y)) the k× k–matrix which is inverse to the first k rows of (f ij(y)).

Since the inversion in GL(k,R) is smooth, each of the gij defines a smooth function on

V . For i = 1, . . . , k we now put ηi :=
∑

j g
j
i ξj. These are local smooth sections of E

and since the matrix (gij(y)) is always invertible, their values span Ey for each y ∈ Ũ .
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Expanding ηi in the basis ∂` we obtain

(∗) ηi =
∑
j

gji ξj =
∑
j,`

gji f
`
j∂` = ∂i +

∑
`>k

h`i∂`,

for certain smooth functions h`i on Ũ .
We claim that the sections ηi of E satisfy [ηi, ηj] = 0 for all i, j. Since the distribution

E is involutive, we know that [ηi, ηj] is a section of E, so there must be smooth functions
c`ij such that [ηi, ηj] =

∑
` c
`
ijη`. Applying equation (∗) to the right hand side, we see

that [ηi, ηj] is the sum of
∑k

`=1 c
`
ij∂` and some linear combination of the ∂` for ` > k.

On the other hand, inserting (∗) for ηi and ηj, we see that that [ηi, ηj] must be a linear
combination of the ∂` for ` > k only. This is only possible if all c`ij vanish identically.

The vectors Txũ ·η1(x), . . . , Txũ ·ηk(x) generate a k–dimensional subspace in Rn and
changing ũ by some linear isomorphism, we may assume that this is Rk ⊂ Rn. Now we
can find open neighborhoods V in Rk and W ∈ Rn−k of zero such that

ϕ(t1, . . . , tk, a) := (Flη1t1 ◦ . . . ◦ Flηk
tk

)(ũ−1(a))

makes sense for all t = (t1, . . . , tk) ∈ V and all a ∈ W . Since the vector fields ηi have
pairwise vanishing Lie bracket, their flows commute, so it makes no difference in which
order we apply the flows. For sufficiently small s, we can use Flηi

ti+s
= Flηis ◦Flηi

ti
and

this commuting property to write

ϕ(t1, . . . , ti + s, . . . , tk, a) = Flηis (ϕ(t1, . . . , ti, . . . , tk, a))

for i = 1, . . . , k and differentiating this with respect to s at s = 0, we conclude that
∂ϕ
∂ti

(t, a) = ηi(ϕ(t, a)) for i = 1, . . . , k. On the other hand, ϕ(0, a) = ũ−1(a), which
by construction easily implies that T(0,0)ϕ is invertible. Possibly shrinking V and W ,
we may assume that ϕ is a diffeomorphism onto an open neighborhood U of x in M .
But then we have already seen above that ϕ−1(V × {a}) is an integral submanifold, so
putting u := ϕ−1 we obtain a chart with the required properties. �

Symplectic geometry

1.5. Skew symmetric bilinear forms. After this detour on integrability of distri-
butions, let us take up the questions on distinguished one–forms form 1.2. As indicated
there, the first step is to understand skew symmetric bilinear maps on real vector spaces
in a basis–independent way.

Let b : V × V → R be a bilinear form on a finite dimensional real vector space V
such that b(w, v) = −b(v, w). Let us first define the nullspace of b by N (b) := {v ∈
V : b(v, w) = 0 ∀w ∈ V }. This is evidently a linear subspace of V , and the number
dim(V ) − dim(N (b)) is called the rank of b. The form b is called non–degenerate if
N (b) = {0}.

More generally, given a linear subspace W ⊂ V , we define W ◦ ⊂ V by W ◦ := {v ∈
V : b(v, w) = 0 ∀w ∈ W}, so N (b) = V ◦. Notice that the bilinear form b can be
evidently restricted to any linear subspace W ⊂ V .

Lemma 1.5. Let b : V × V → R be a non–degenerate skew symmetric bilinear form on
a finite dimensional real vector space. Then for a linear subspace W ⊂ V the following
are equivalent:

(1) The restriction of b to W is non–degenerate.
(2) The restriction of b to W ◦ is non–degenerate.
(3) W ∩W ◦ = {0}
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(4) V = W ⊕W ◦

Proof. The bilinear form b gives rise to a linear map V → V ∗, which sends v ∈ V
to the linear map v# : V → R defined by v#(w) := b(v, w). The fact that b is non–
degenerate is equivalent to the fact that this map is injective, and thus a linear isomor-
phism since V is finite dimensional. Now by definition, W ◦ ⊂ V is the annihilator of
the image of W in V ∗. Consequently, dim(W ◦) = dim(V ) − dim(W ), which immedi-
ately implies that (3) and (4) are equivalent. Now the nullspace of b|W by definition is
W ∩W ◦. This immediately implies that (1) and (3) are equivalent. Finally, the above
observation on dimensions shows that dim(W ) = dim((W ◦)◦). Since we evidently have
W ⊂ (W ◦)◦ the two spaces have to coincide. Together with the above, this implies the
equivalence of (2) and (3). �

Proposition 1.5. Let V be an n–dimensional real vector space and b : V × V → R a
skew–symmetric bilinear form. Then the rank of b is an even number. If this rank is 2k,
then there is a basis {v1, . . . , vk, w1, . . . , wk, u1, . . . , un−2k} for V such that b(vi, wi) =
−b(wi, vi) = 1 for i = 1, . . . , k while b evaluates to zero on all other combination of basis
elements.

Proof. Let us first proof the result in the case the b is non–degenerate. Choose
a non–zero vector v1 ∈ V . By non–degeneracy, there is a vector w1 ∈ V such that
b(v1, w1) 6= 0 and replacing w1 by a multiple, we can assume that b(v1, w1) = 1. Let W ⊂
V be the linear subspace spanned by v1 and w1. Since b(v1, v1) = 0 by skew symmetry,
we conclude that b(v1, w1) = 1 implies that v1 and w1 are linearly independent, so W has
dimension 2. Any vector w ∈ W can be written as λv1 + µw1 for λ, µ ∈ R, and clearly
b(w, v1) = −µ and b(w,w1) = λ. For non–zero w, one of these numbers is nonzero, so
b|W is non–degenerate. Thus V = W ⊕W ◦ and b|W ◦ is non–degenerate by the lemma.

Now we can apply the same construction to W ◦ to find elements v2 and w2 such that
b(v2, w2) = 1, and continue this recursively. If dim(V ) is even, then we end up with a
basis {v1, . . . , vk, w1, . . . wk} with the required properties. If dim(V ) is odd, we end up
with a one–dimensional space endowed with a non–degenerate skew symmetric bilinear
form. This is a contradiction, since by skew symmetry any such form has to be zero.
This completes the proof in the non–degenerate case.

In the general case, consider the quotient space V := V/N (b). A moment of thought
shows that b induces a skew symmetric bilinear form b on V , defined by

b(v +N (b), w +N (b)) := b(v, w).

By definition, v + N (b) lies in the nullspace of b if and only if v ∈ N (b), so b is non–
degenerate. From above, we conclude that dim(V ) (which equals the rank of b) is
even, say equal to 2k, and there is a basis {v1, . . . , vk, w1, . . . , wk} such that b(vi, wi) =
−b(wi, vi) = 1 for i = 1, . . . , k while all other combinations evaluate to zero under b.
Now choose preimages vi, wi ∈ V of these basis elements and a basis {u1, . . . , un−2k} for
N (b). Then by construction, these elements have the required behavior with respect to
b, and it is an easy exercise to verify that they form a basis for V . �

In particular, we see that non–degenerate skew symmetric bilinear forms exist only
on vector spaces of even dimension, but in these dimension they are uniquely determined
up to isomorphism. A vector space V endowed with a non–degenerate skew symmetric
bilinear form b : V × V → R is called a symplectic vector space. For a subspace W ⊂ V
we have the annihilator or symplectic orthogonal space W 0 from above and by non–
degeneracy dim(W 0) = dim(V ) − dim(W ). Now a subspace W ⊂ V is called isotropic
if W ⊂ W 0, coisotropic if W 0 ⊂ W and Lagrangean if W 0 = W . From this definition, it
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follows immediately that if dim(V ) = 2n, then dim(W ) has to be ≤ n if W is isotropic,
≥ n isW is coisotropic and = n ifW is Lagrangean. In particular, Lagrangean subspaces
are maximal isotropic subspaces and minimal coisotropic subspaces.

As an application of our results, we can now give a nice characterization of non–
degeneracy of a skew symmetric bilinear form. In the first part of the course, we have
met the wedge–product of differential forms, which was constructed in a point wise
manner. Thus it makes sense for skew symmetric multilinear maps defined on a vector
space. If ϕ : V k → R and ψ : V ` → R are alternating maps, which are k–linear
respectively `–linear, then one defines ϕ ∧ ψ : V k+` → R by

(ϕ ∧ ψ)(v1, . . . , vk+`) :=
1

k!`!

∑
σ∈Sn

sgn(σ)ϕ(vσ1 , . . . , vσk)ψ(vσk+1
, . . . , vσk+`

).

This is (k + `)–linear and alternating. Moreover, the wedge product is associative and
graded commutative, i.e. ψ ∧ ϕ = (−1)k`ϕ ∧ ψ. In particular, this shows that wedging
a linear functional (or a one–form) with itself, one always gets zero. But in the case of
even degree, the wedge–product with itself can be non–zero. Hence one can form the
square and also higher powers of a map with respect to the wedge product. Indeed, we
get

Corollary 1.5. Let V be a real vector space of dimension 2n. Then a skew symmetric
bilinear map b : V × V → R is non–degenerate if and only if bn = b∧ · · · ∧ b (n factors)
is non–zero and hence a volume–form on V .

Proof. It follows from linear algebra that there is just one 2n–linear, alternating
map V 2n → R up to multiples. Identifying V with R2n by choosing a basis, the map bn

must thus correspond to some multiple of the usual determinant.
If 0 = b(v, w) for some fixed 0 6= v ∈ V and all w ∈ W , then it follows immediately

from the definition that bn(v, w1, . . . , w2n−1) = 0 for all wi ∈ V . In particular, we can
choose the wi in such a way that {v, w1, . . . , w2n−1} is a basis of V . Using this basis to
identify V with R2n we conclude that bn = 0 if b is degenerate.

Assuming conversely that b is non–degenerate, we take a basis {v1, . . . , vn, w1, . . . , wn}
for V as in Proposition 1.5. Denoting the dual basis by {v1, . . . , vn, w1, . . . , wn}, we can
clearly write b =

∑n
i=1 v

i ∧ wi. Associativity of the wedge product then implies that
b2 = −2

∑
i1<i2

vi1 ∧ vi2 ∧ wi1 ∧ wi2 . Continuing inductively, one easily sees that bn is a

non–zero multiple of v1 ∧ · · · ∧ vn ∧ w1 ∧ · · · ∧ wn. �

1.6. Symplectic forms. Let us return to the question of distinguished one–forms
from 1.2 and hence look at a manifold M of dimension n and α ∈ Ω1(M). Then the basic
observation in 1.2 was that for x ∈M we not only have to consider the linear functional
α(x) : TxM → R but also the skew symmetric bilinear map dα(x) : TxM × TxM → R.
From Proposition 1.5 we know that the basic invariant of dα(x) is its rank, which has
to be an even number. In studying distinguished one–forms it is natural to assume that
this rank is the same in all points of M . In 1.2 we have sorted out the case that the
rank is zero, so now we want to look at cases in which the rank is as large as possible.
There are two basic possible situations, according to whether dim(M) is even or odd.
We’ll start with the even dimensional case here, and take up the case of odd dimensions
in 1.10 below.

If dim(M) is even, say dim(M) = 2n, then we can simply require that dα(x) is non–
degenerate for all x ∈M . As discussed in 1.5 we can form (dα)h = dα∧ · · · ∧ dα ∈ Ω2n,
and in view of Corollary 1.5 the non–degeneracy condition is equivalent to requiring
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that (dα)n is nowhere vanishing and thus a volume form on M . In particular, we see
that α gives rise to an orientation on M so in particular M must be orientable for such
a form to exist.

We can easily deduce a more severe restriction from this, which is the reason, why
one usually uses a slightly more general concept. Namely, we can also consider the
form β := α ∧ (dα)n−1 ∈ Ω2n−1(M). Now from the basic properties of the exterior
derivative, we immediately conclude that 0 = d(dα) and hence 0 = d((dα)n−1) and
hence (dα)n = dβ. Thus the volume form (dα)n is always exact. But on a compact
manifold, the integral of a volume form must be non–zero while the integral over an
exact form must be zero by Stokes’ theorem. We can bypass this problem by considering
general closed two–forms instead of only the exact forms dα. This leads to

Definition 1.6. Let M be a smooth manifold of even dimension 2n. A symplectic form
on M is a two–form ω ∈ Ω2(M) such that dω = 0 and ω(x) : TxM × TxM → R is
non–degenerate for any x ∈M . The pair (M,ω) is then called a symplectic manifold.

If (M,ω) and (M̃, ω̃) are symplectic manifolds, then a symplectomorphism between
M and M̃ is a diffeomorphism f : M → M̃ such that f ∗ω̃ = ω.

As above, the non–degeneracy condition is equivalent to requiring that ωn is a vol-
ume form on M . Moreover, compatibility of the pullback with the wedge product im-
mediately implies that any symplectomorphism is a volume preserving diffeomorphism,
i.e. compatible with the volume forms.

1.7. A fundamental example. The fundamental example of a symplectic form
actually is exact. To construct it, we have to recall the definition of the cotangent
bundle. So let N be an arbitrary smooth manifold of dimension n. Recall that for x ∈ N
the cotangent space of N at x is the space (TxN)∗ of all linear functionals TxN → R.
The cotangent bundle of N is the union of all cotangent spaces T ∗N := ∪x∈N(TxN)∗.
There is an obvious projection p : T ∗N → N which sends (TxN)∗ to x. It is easy to
see that there is a unique topology on T ∗N which makes this projection continuous
and induces the standard vector spaces topology on each of the spaces (TxN)∗. Then
T ∗N can be made into a smooth manifold of dimension 2n such that the projection
p : T ∗N → N is smooth.

Indeed, let (U, u) be a chart on N . Then we consider the open subset T ∗U :=
p−1(U) ⊂ T ∗N and the map T ∗U → u(U) × Rn∗ mapping ϕ ∈ (TxN)∗ to (u(x), ψ ◦
(Txu)−1). One immediately verifies that this gives rise to an atlas on T ∗N with smooth
chart changes.

The crucial point for our purposes is that there is a tautological one–form on M :=
T ∗N . A point ϕ ∈ M is a linear functional ϕ : TxN → R, where x = p(ϕ) ∈ N .
Having given a tangent vector ξ ∈ TϕM , we can form Tϕp · ξ ∈ Tp(ϕ)N and then define
α(ξ) := ϕ(Tp · ξ). Otherwise put, we have α(ϕ) = ϕ ◦Tϕp, and this evidently is a linear
map TϕM → R.

The natural construction already suggests that α should be smooth. We can easily
verify this directly in local coordinates, and we use the classical notion common in
physics at this point. Let us start with a chart (U, q) for N , so we have local coordinates
q1, . . . , qn : U → R on the open subset U ⊂ N . Then the induced chart on T ∗U has
values in u(U)×Rn∗ and we denote the coordinates corresponding to the second factor
by p1, . . . , pn. (In physics terminology, N is the configuration space, T ∗N the phase
space, and the cotangent vectors are interpreted as momenta.)

Now the coordinate forms dq1, . . . dqn form a basis for each cotangent space of
N . We have defined the induced chart on T ∗N in such a way that the coordinates
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p1(ϕ), . . . , pn(ϕ) of ϕ : TxN → R are exactly the coefficients one obtains when expand-
ing ϕ in the basis {dq1(x), . . . , dqn(x)}. On the other hand, in our coordinates the
projection p : T ∗N → N is simply given by (q1, . . . , qn, p1, . . . , pn) 7→ (q1, . . . , qn). Now
having given ξ ∈ TϕM , we can expand it as

ξ1 ∂
∂q1

+ · · ·+ ξn ∂
∂qn

+ ξn+1 ∂
∂p1

+ ξ2n ∂
∂pn

and then Tϕp · ξ = ξ1 ∂
∂q1

+ · · ·+ ξn ∂
∂qn

and α(ξ) = p1(ϕ)ξ1 + · · ·+ pn(ϕ)ξn.

This shows that α =
∑n

i=1 pidq
i is smooth locally and hence defines a one–form

on M = T ∗N . We can also immediately read off its exterior derivative, namely dα =∑n
i=1 dpi ∧ dqi. This shows that dα is a symplectic form on M = T ∗N but it is more

common to use the negative and put ω := −dα. Moreover, over any subset of the
form p−1(U) for some chart (U, q) of N with corresponding coordinates (qi, pi), the
corresponding coordinate vector fields form in each point a basis of the form described
in Proposition 1.5. This proves the first part of

Proposition 1.7. Let N be any smooth n–dimensional manifold, put M := T ∗N , let
α ∈ Ω1(N) be the tautological one–form and ω = −dα. Then

(1) ω is a symplectic form on M .
(2) For any point x ∈ N , the cotangent space (TxN)∗ = p−1(x) ⊂ M is a smooth

submanifold of M whose tangent space in in each point is a Lagrangean subspace.
(3) Let ψ ∈ Ω1(N) be a one–form and view ψ as a smooth function N → T ∗N .

Then ψ(N) ⊂ T ∗N is a smooth submanifold and if ψ is closed, then each tangent space
to ψ(N) is a Lagrangean subspace.

(4) For any diffeomorphism f : N → N the induced diffeomorphism T ∗f : T ∗N →
T ∗N , which maps ϕ ∈ (TxN)∗ to ϕ ◦ (Txf)−1 ∈ (Tf(x)N)∗ is a symplectomorphism.

Proof. We have already seen (1). For (2) we take a chart (U, q) for N with x ∈ U
and the corresponding chart for M . Then (TxN)∗ corresponds to the subspace {q(x)}×
Rn∗, so this is a global submanifold chart. Moreover, the tangent space to (TxN)∗

in a point ϕ ∈ (TxN)∗ is evidently spanned by the tangent vectors ∂
∂pi

(ϕ) and thus
Lagrangean.

(3) Choosing a local chart (U, q) of N and considering the induced chart of M ,
the map ψ|U : U → p−1(U) corresponds to a map u(U) → u(U) × Rn∗ whose first
component is the identity. But then ψ(N) simply corresponds to the graph of the
second component function. This graph is a smooth submanifold in u(U) × Rn∗, and
composing a submanifold chart for this with the diffeomorphism p−1(U)→ u(U)×Rn∗

provided by the induced chart, we obtain a submanifold chart for ψ(N).
Having observed that ψ(N) ⊂ T ∗N is a submanifold, it is clear that ψ : N → ψ(N)

is a diffeomorphism, since the restriction p|ψ(N) : ψ(N)→ N provides a smooth inverse.
The tangent spaces of ψ(N) are Lagrangean if and only if ω|ψ(N) = 0, which is equivalent
to 0 = ψ∗ω ∈ Ω1(N). Since ω = −dα, we get ψ∗ω = −dψ∗α. Now we claim that
ψ∗α = ψ ∈ Ω1(M) which shows that ψ∗ω = −dψ, which vanishes if ψ is closed.

To see this, observe that ψ∗α(x)(ξ) = α(ψ(x))(Txψ · ξ). Now p ◦ ψ = idN , whence
Tψ(x)p · Txψ · ξ = ξ which implies that ψ∗α(x)(ξ) = ψ(x)(ξ) and hence the claim.

(4) We have actually almost proved this already. Namely, let (U, q) be any chart for
N and put Ũ := f−1(U), q̃ := q ◦ f . Then (Ũ , ũ) is also a chart for N . If we denote the
induced charts for M by (p−1(U),Φ) and (p−1(Ũ), Φ̃), then it immediately follows from
our constructions that Φ̃ = Φ ◦ (T ∗f |p−1(Ũ)). This means that in our chosen charts, T ∗f

simply maps (q̃1, . . . , q̃n, p̃1, . . . , p̃n) to (q1, . . . , qn, p1, . . . , pn) and thus clearly pulls back
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i dq

i ∧ dpi to
∑
dq̃i ∧ dp̃i. But these are exactly the coordinate expressions of ω with

respect to the two charts. �

Submanifolds of a symplectic manifold, whose tangent space in each point is a La-
grangean subspace are called Lagrangean submanifolds. Thus our proposition in partic-
ular implies that the symplectic manifold T ∗N has many Lagrangean submanifolds and
many symplectomorphisms.

1.8. The Darboux theorem. Looking at 1.7, one might expect that cotangent
bundles form very special examples of symplectic manifolds. Initially, one could not
expect that the nice choice of basis of a tangent space from Proposition 1.5 can be locally
realized by coordinate vector fields. (Indeed, if one has a hypersurface in Euclidean
space and one can choose local coordinates such that the coordinate vector fields are
orthonormal in each point, then this chart defines an isometry to Euclidean space. In
particular, for surfaces in R3 this implies vanishing of the Gauss curvature.) It turns out
however, that locally any symplectic manifold looks like a cotangent bundle, and this
is the content of the Darboux theorem. In particular this implies that there is no local
symplectic geometry and that locally any symplectic manifold admits many Lagrangean
submanifolds and many symplectomorphisms.

Before we can prove the Darboux theorem, we need some background on time–
dependent vector fields and the associated evolution operators, which are the analogs
of flows for ordinary vector fields.

Definition 1.8. (1) A time–dependent vector field on a smooth manifold M is a smooth
map ξ : J ×M → TM , where J ⊂ R is an open interval, such that p ◦ ξ = pr2, where
p : TM → M is the canonical projection and pr2 : J ×M → M is the projection onto
the second factor. For t ∈ J and x ∈M we will often write ξt(x) for ξ(t, x) and denote
the time dependent vector field by (ξt)t∈J .

(2) An integral curve for a time–dependent vector field (ξt)t∈J is a smooth curve
c : I →M defined on a sub–interval I ⊂ J such that c′(t) = ξ(t, c(t)) for all t ∈ I.

The study of time–dependent vector fields can be easily reduced to the study of
ordinary vector fields. To do this, one associates to a time dependent vector field
(ξt)t∈J a vector field ξ̃ ∈ X(J ×M) as follows. Recall that T (J ×M) can be naturally
identified with TJ × TM via the tangent maps of the two projections. Moreover, on
J there is a canonical vector field ∂

∂s
, since J ⊂ R is an open interval. So it is clear

that ξ̃(t, x) := ( ∂
∂s

(t), ξt(x)) defines a smooth vector field on J ×M , and it is easy to

relate integral curves of ξ to integral curves of ξ̃. The standard theory of flows gives
us a an open neighborhood D(ξ̃) of {0} × J ×M in R × J ×M and a smooth map

Flξ̃ : D(ξ̃)→ J ×M such that s 7→ Flξ̃s(t, x) is the maximal integral curve of ξ̃ starting
at (t, x).

Now we define D(ξ) := {(s, t, x) ∈ J×J×M : (s− t, t, x) ∈ D(ξ̃)} and the evolution

operator Φξ : D(ξ) → M by Φξ(s, t, x) = pr2(Flξ̃s−t(t, x)). Clearly, D(ξ) is an open
neighborhood of ∆J ×M ⊂ J×J×M , where ∆J := {(t, t) : t ∈ J} is the diagonal, and

Φξ is a smooth map. Moreover, it follows immediately that s 7→ Φξ
s,t := Φξ(s, t, x) is a

maximal integral curve for the time–dependent vector field mapping t to (t, x). From

the flow property one immediately deduces that Φξ
s,t = Φξ

s,r ◦ Φξ
r,t whenever both sides

are defined. Similarly to the case of flows one can also deduce existence of one side from
existence of the other under some conditions.

Using this, we now prove:
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Theorem 1.8 (Darboux). Let (M,ω) be a symplectic manifold. Then for any point
x ∈ M there is a local chart (U, u) around x with corresponding local coordinates
{q1, . . . , qn, p1, . . . , pn} such that ω|U =

∑n
i=1 dq

i ∧ dpi. In particular, one can view
the chart map u : U → u(U) as a symplectomorphism to an open subset of T ∗Rn.

Sketch of proof. We prove the statement by the so called Moser trick, making
use (without proof) of the fact the some identities for vector fields and differential forms
carry over to the time–dependent case, see [Mi, section 31.11] for proofs. First choose
any chart (Ũ , ũ) with x ∈ Ũ , ũ(x) = 0 and ũ(Ũ) = R2n. Pulling back ω to R2n via ũ−1

we obtain a symplectic form on R2n. The value of this at 0 is a non–degenerate bilinear
form on T ∗0 R2n = R2n. If necessary doing a linear coordinate change, we may assume
by Proposition 1.5 that denoting the coordinates on R2n by q1, . . . , qn, p1, . . . , pn, this
bilinear form is given by

∑n
i=1 dq

i(0) ∧ dpi(0).
Now we denote the pullback of ω by ω0 and put ω1 :=

∑n
i=1 dq

i ∧ dpi. So ω0 and
ω1 are symplectic forms on R2n which agree in 0 ∈ Rn, and to complete the proof it
suffices to show that these two forms are locally symplectomorphic. Now we define
ωt := ω0 + t(ω1 − ω0) for t ∈ J := (−ε, 1 + ε) for some small ε > 0. We can view ωi(y)
as a linear isomorphism R2n → R2n∗ for all y ∈ R2n for i = 1, 2. Locally around 0, the
linear maps ω1(y) − ω0(y) have small norm, so ωt(y) is a linear isomorphism for all t.
Restricting to an appropriate open neighborhood V of 0, we may thus assume that ωt
is a symplectic form on V for all t ∈ J . Of course, we have d(ω1 − ω0) = 0. By the
Poincaré Lemma 1.2, we can choose V in such a way that this implies ω1−ω0 = dψ for
some ψ ∈ Ω1(V ) and subtracting an appropriate constant (in the coordinates on V ),
we may assume that ψ(0) = 0.

Now Moser’s trick is to construct a time–dependent vector field ηt whose evolution
operator induces a family ft of diffeomorphisms fixing 0 such that f0 = id and (ft)

∗ωt =
ω0 for all t. Having found this, f1 will solve our problem.

Now for y ∈ V , one has ψ(y) ∈ T ∗y V and, for each t, the non–degenerate bilinear
form ωt(y) on TyV . Hence there exists a unique element ηt(y) ∈ TyV such that −ψ(y) =
ωt(y)(ηt(y), ). Clearly, this defines a smooth time dependent vector field (ηt)t∈J on V ,
and by definition (with an obvious meaning for insertion operators), we have iηtωt =
−ψ for all t. Now from the properties of the flow it follows that we can shrink V
further in such a way that the evolution operator Φη

t is defined and ft(x) := Φη
t,0(x)

is a diffeomorphism for all t ∈ [0, 1]. Further Φη
t+s,0 = Φη

t+s,t ◦ Φη
t,0 which implies that

(ft+s)
∗ωt+s = (ft)

∗(Φη
t+s,t)

∗ωt+s. Differentiating this with respect to s at s = 0, we
obtain

∂
∂t

(ft)
∗ωt = (ft)

∗(Lηtωt + ∂
∂t
ωt),

where L denotes the Lie derivative. Expanding this as diηtωt + iηtdωt = −dψ + 0 and
using ∂

∂t
ωt = ω1 − ω0 = dψ, we see that ∂

∂t
(ft)

∗ωt = 0, so this is constant and equal to
(f0)∗ω0 = ω0. �

1.9. Hamiltonian vector fields and classical mechanics. Let (M,ω) be a sym-
plectic manifold. Then for each point x ∈ M , the value ω(x) : TxM × TxM → R is a
non–degenerate skew symmetric bilinear form. In particular, it induces a linear isomor-
phism TxM → T ∗xM given by mapping ξx ∈ TxM to ω(x)(ξx, ) : TxM → R. Likewise,
for a vector field ξ ∈ X(M), one can form iξω ∈ Ω1(M) and it follows easily that this
induces a linear isomorphism X(M) → Ω1(M). (The only non–trivial part is to verify
surjectivity. This amounts to showing that given a one–form α ∈ Ω1(M) the uniquely
determined tangent vectors ξx such that ω(x)(ξx, ) = α(x) depend smoothly on x which
is easy.)
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In particular, given a smooth function f : M → R, there is a unique vector field
Hf ∈ X(M) such that iHf

ω = df . This is called the Hamiltonian vector field generated
by f or the symplectic gradient of f . Starting from the function f , one can then look
at integral curves for Hf so this gives rise to a dynamical system on M . The first
nice observation is that diHf

ω = ddf = 0 which together with dω = 0 implies that

LHf
ω = 0. Since d

dt
(Fl

Hf

t )∗ω = (Fl
Hf

t )∗LHf
ω, this shows that (Fl

Hf

t )∗ω = ω. So the flow
of any Hamiltonian vector field consists of symplectomorphisms.

There is another structure which can be immediately obtained from this construc-
tion. Given f, g ∈ C∞(M,R) one can define a third smooth function {f, g} : M → R
by {f, g} := −ω(Hf , Hg), i.e. by inserting the Hamiltonian vector fields into the sym-
plectic form. This is called the Poisson bracket of f and g. From the definition, it
follows immediately that {f, g} = dg(Hf ) = −df(Hg) = −{g, f}. We can also write
{f, g} = iHf

dg = LHf
g since iHf

g = 0. Using the calculus on differential forms from
[DG1, 4.9] we can further compute

d{f, g} = dLHf
g = LHf

dg = LHf
iHgω = (LHf

iHg − iHgLHf
)ω = i[Hf ,Hg ]ω.

This means that H{f,g} = [Hf , Hg]. In particular, this shows that the Poisson bracket
satisfies the Jacobi identity {f, {g, h}} = {{f, g}, h} + {g, {f, h}} and thus makes
C∞(M,R) into a Lie algebra. Moreover, the map f 7→ Hf defines a homomorphism of
Lie algebras from (C∞(M,R), { , }) to the Lie algebra of vector fields on M .

The importance of all that comes from classical mechanics. Suppose that we look
at an open subset U ⊂ Rn and let us write the coordinates as q1, . . . , qn. Suppose
further that we have a force field on this open subset which (in physics terminology)
can be described by a potential. This just means that we have a smooth function
V : U → R such that the force acting on a particle in position q is given by the negative
of the gradient of V in q, so it equals (− ∂V

∂q1
(q), . . . ,− ∂V

∂qn
(q)). Now one passes to the

phase space T ∗U which is an open subset in T ∗Rn. Now suppose we want to study the
movement of a point particle of mass m in the force field under consideration. This
is governed by Newton’s law, i.e. force equals acceleration times mass. Given a curve
q(t) = (q1(t), . . . , qn(t)) in U , we can define a natural lift to a curve in T ∗U , by requiring
that the component in T ∗q(t)U is the momentum of the particle in the point q(t). This

means that pi(t) = mq′i(t). The components of the acceleration are then q′′i (t) =
p′i(t)

m
.

Thus Newton’s law simply says that p′i(t) = − ∂V
∂qn

(q(t)). Thus the curve of our particle

in phase space should be a solution of the system of first order ordinary differential
equations given by

q′i(t) = pi(t)
m

p′i(t) = − ∂V
∂qn

(q(t)).

Now there is a natural energy function in this situation, namely E(qi, pi) :=
∑ p2i

2m
+V (q)

(kinetic energy plus potential energy). Now we immediately get

dE =
∑n

i=1
pi
m
dpi +

∑n
i=1

∂V
∂qi
dqi.

Since the canonical symplectic form on T ∗U is given by
∑

i dq
i ∧ dpi, we conclude that

HE =
∑n

i=1
pi
m

∂
∂qi
−
∑n

i=1
∂V
∂qi

∂
∂pi
.

Thus the equations of motion deduced above are exactly the equations describing the
flow lines of the Hamiltonian vector field generated by the energy function.

In view of this, it has become common to view the study of flows of Hamiltonian
vector fields on symplectic manifolds as the basis of classical mechanics. Some of the
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things we have done so far have an immediate relevance for this study. For example,
suppose that f : M → R is a smooth function which Poisson–commutes with E, i.e. has
the property that {E, f} = 0. Then we see from above that 0 = df(HE) = HE ·f , which
implies that f is constant along the flow lines of HE, and thus defines a constant of
motion of the mechanical system determined by E. This restricts the motion of the
systems to the level sets of f which are smooth hypersurfaces in M locally around
points in which df 6= 0. In particular, this applies to the function E itself.

Of particular interest is the situation that for a system on a manifold M of dimension
2n one finds n constants of motion E = f1, f2, . . . , fn such that {fi, fj} = 0 for all i, j
and such that the open subset of M on which df1, . . . , dfn are linearly independent is
dense. In this case, the system is called integrable and it turns out that the structure
of such systems can be analyzed quite nicely, see [Mi, section 32].

Contact geometry

1.10. Contact forms and contact structures. As promised in 1.6 we now move
to the study of one–forms α with dα as non–degenerate as possible in the case of
odd dimensions. So lets assume that M is a smooth manifold of odd dimension, say
dim(M) = 2n + 1. Having given a nowhere vanishing one–form α ∈ Ω1(M) we have,
at each point x ∈ M the subspace ker(α(x)) ⊂ TxM which has dimension 2n. Hence
the natural assumption of non–degeneracy we can use is that the restriction of the skew
symmetric bilinear form dα(x) to this subspace is non-degenerate. Similarly as in the
case of symplectic forms, this is equivalent to the fact that the wedge product of n
copies of dα(x) is non–zero on ker(α(x)). From this, it is easy to see that our original
condition on α is equivalent to the fact that α∧(dα)n ∈ Ω2n+1(M) is nowhere vanishing.
This motivates the first part of the following definition:

Definition 1.10. Let M be a smooth manifold of odd dimension 2n+ 1.
(1) A contact form on M is a one–form α ∈ Ω1(M) such that α∧ (dα)n ∈ Ω2n+1(M)

is nowhere vanishing.
(2) A contact structure on M is a smooth distribution H ⊂ TM of rank 2n such

that for any point x ∈M there exists an open neighborhood U of x in M and a contact
form α ∈ Ω1(U) such that Hy = ker(α(y)) for all y ∈ U .

Remark 1.10. (1) A manifold must be orientable in order to admit a contact form.
(2) If α ∈ Ω1(M) is a contact form on M , then of course Hx := ker(α(x)) is a

contact structure on M . Passing from a contact form to a contact structure does not
only mean giving up the requirement of global existence of a contact form (and it turns
out that contact structures can exist on non–orientable manifolds). The additional
thing is that one can evidently rescale contact forms. If α ∈ Ω1(M) is a contact form
and f : M → R is a nowhere vanishing smooth function, then for the form β := fα
we have ker(β(x)) = ker(α(x)) and dβ(x) = f(x)dα(x) + df(x) ∧ α(x) and the second
summand vanishes on ker(β(x)) = ker(α(x)). Consequently, β is a contact form, too,
which induces the same contact structure. Conversely, a contact structure locally defines
a contact form up to multiplication by a nowhere vanishing function.

1.11. Jets. Similarly to the canonical symplectic structure on a cotangent bundle,
there are also several constructions of manifolds with canonical contact forms and con-
tact structures starting from an arbitrary smooth manifold. A particularly interesting
version of this is the space of one–jets of real valued functions. This actually is a very
special case of a general concept that we will develop (at least roughly) next. The aim
of the concept of jets is to provide an abstract (i.e. coordinate–free) version of Taylor
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developments to a certain order for smooth functions between manifolds. This also
leads to a geometric approach to the study of differential equations. We will only use
1–jets explicitly in the sequel, but higher jets are an important concept in differential
geometry. Thus we will formulate results in general but sometimes only prove them for
1–jets in detail and sketch how to extend to higher jets.

To formulate the basic equivalence relation, observe first that for an open interval
I ⊂ R and a smooth curve c : I → M in some manifold, one may view the derivative
as a smooth curve c′ : I → TM . This allows to form c′′ : I → TTM and iteratively
c(k) : I → T kM = T . . . TM . In particular, for any t ∈ I, c(k)(t) has a well defined
meaning independent of any choices. For convenience, we put c(0)(t) = c(t).

Definition 1.11. (1) Let I ⊂ R be an open interval, t0 ∈ I a point and M a smooth
manifold. Two smooth curves c1, c2 : I →M have kth order contact in t0 if and only if

c
(i)
1 (t0) = c

(i)
2 (t0) for i = 0, . . . , k.

(2) Let M and N be smooth manifolds x ∈ M a point, and f, g two N–valued
smooth functions defined on some open neighborhoods of x in M . One says that f and
g have the same k–jet in x if and only if for any open interval I ⊂ R containing 0 and
any smooth curve c : I → M with c(0) = x, the curves f ◦ c and g ◦ c have kth order
contact in 0. One writes jkxf = jkxg in this case.

Both relations we have defined here visibly are equivalence relations and they are
manifestly independent of coordinates or any other choices. One may view jkxf as
representing the equivalence class of f . The set of all such equivalence classes is then
denoted by Jk(M,N) and called the set of all k–jets of smooth maps from M to N . The
chain rule immediately implies that two curves c1, c2 : I → M have kth order contact
in t0 if and only if they have the same k–jet in t0 when viewed as smooth maps I →M .
What one should actually keep in mind about is the following

Lemma 1.11. Two smooth maps f, g : M → N have the same k–jet in x ∈ M if and
only if f(x) = g(x) and for some (or equivalently any) charts (U, u) for M with x ∈ U
and (V, v) for N with f(x) = g(x) ∈ V , the local coordinate representations v ◦ f ◦ u−1

and v ◦ g ◦ u−1 have the same derivatives in u(x) up to order k.

Sketch of proof. First we observe that two curves c1, c2 : I →M have kth order
contact in t0 ∈ I if and only if c1(t0) = c2(t0) and for a chart (U, u) containing this point,
one has (u ◦ c1)(i)(t0) = (u ◦ c2)(i)(t0) for 1 ≤ i ≤ k. For k = 1, this is obvious since
(u ◦ c1)′(t) = Tc1(t0)u · Tt0c1 · 1. The general result then follows inductively by viewing
the derivatives as curves in iterated tangent bundles. It then follows from the chain
rule, that the derivatives will be the same in any chart containing c1(t0) = c2(t0).

Now let us prove the general result for k = 1. If I contains zero and c : I → M
is a smooth curve with c(0) = x, then locally around zero, we can write f ◦ c as
(f ◦ u−1) ◦ (u ◦ c). Now the chain rule implies that

(v ◦ f ◦ c)′(0) = D(v ◦ f ◦ u−1)(u(x))((u ◦ c)′(0)).

If v ◦ f ◦ u−1 and v ◦ g ◦ u−1 have the same derivative in u(x), this clearly implies that
(v ◦ f ◦ c)′(0) = (v ◦ g ◦ c)′(0) for any curve c with c(0) = x. Since f(x) = g(x) our
observations on curves above imply that j1

xf = j1
xg.

Conversely, if j1
xf = j1

xg we can read the argument backwards to conclude that
D(v ◦ f ◦ u−1)(u(x)) and D(v ◦ g ◦ u−1)(u(x)) agree on all tangent vectors of the form
(u ◦ c)′(0) = Txu · c′(0) for curves c as above. But since u is a diffeomorphism Txu is
a linear isomorphism, so any tangent vector can be written in this form. Finally, the
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chain rule again implies that if the derivatives agree in one chart, then they agree in
any chart.

To prove the result for higher k, one has to argue inductively and use that chain
rule for (v ◦ f ◦ c)(k)(t0). This shows that one can write (v ◦ f ◦ c)(k)(0) as a sum of
D(k)f(u(x))((u ◦ c)′(0), . . . , (u ◦ c)′(0)) and of terms involving only lower derivatives of
f . Assuming inductively that the derivatives in u(x) of f and g up to order k−1 agree,
one concludes that (v ◦ f ◦ c)(k)(t0) = (v ◦ g ◦ c)(k)(t0) for all c is equivalent to the fact
that D(k)f(u(x)) and D(k)g(u(x)) agree provided that one inserts k copies of the same
tangent vector. But by symmetry of the kth derivative (i.e. by polarization), this is
equivalent to D(k)f(u(x)) = D(k)g(u(x)). The rest then follows by the chain rule as
before. �

This result immediately allows us to obtain an explicit description of Jk(U, V ) where
U ⊂ Rn and V ⊂ Rm are open subsets. For r ≥ 1 let us denote by Lrs(Rn,Rm) the
vector space of r–linear symmetric maps Rn × . . . × Rn → Rm (with r factors Rn).
Note that for r = 1, we simply obtain the space of linear maps from Rn to Rm. An
element ϕ ∈ Lrs(Rn,Rm) also defines a smooth map Rn → Rm by mapping x ∈ Rn to
ϕ(x, . . . , x), so this is a homogeneous polynomial of degree r. Now we can define a map

Jk(U, V )→ U × V ×⊕kr=1L
r
s(Rn,Rm)

by sending jkuf to (u, f(u), Df(u), . . . , D(k)f(u)). By the lemma above, this map is
injective. To see that it is also surjective, given an element (u, v, ϕ1, . . . , ϕk) in the right
hand side, define f : Rn → Rm by f(x) := v + ϕ1(x − u) + · · · + ϕk(x − u, . . . , x − u).
Then this maps u to v satisfies D(i)f(u) = ϕi for i = 1, . . . , k. Hence it will map a
neighborhood of x to V , and using a partition of unity one can change it in such a way
that it maps all of U (and even all of Rn) to V without changing the local behavior
around x. The k–jet of the resulting map in u is then mapped to (u, v, ϕ1, . . . , ϕk).
Hence we have obtained an identification of Jk(U, V ) with an open subset in a finite
dimensional vector space.

Now we can easily use this, to make Jk(M,N) into a manifold. There is an evident
projection π = (πM , πN) : Jk(M,N)→M×N defined by π(jkxf) = (x, f(x)). Now take
charts (U, u) for M and (V, v) for N and consider Jk(U, V ) = π−1(U × V ) ⊂ Jk(M,N).
Then for jkxf ∈ Jk(U, V ), we have x ∈ U and f(x) ∈ V , and thus we can consider
jku(x)(v ◦ f ◦ u−1) ∈ Jk(u(U), v(V )). Lemma 1.11 shows that this defines a bijection

Jk(U, V )→ Jk(u(U), v(V )), which as we know from above is an open subset in a finite
dimensional vector space. Now one can put a topology on the set Jk(M,N) by defining
a subset to be open if for any two charts as above its intersection with Jk(U, V ) has open
image in Jk(u(U), v(V )). One then shows that this topology is separable and metrizable.
Then the bijections Jk(U, V )→ Jk(u(U), v(V )) defined above are homeomorphisms so
we may use them as charts. Finally, one easily verifies that the chart changes for these
charts are made up form chart changes on M and N and their derivatives up to order k
and thus are smooth. Hence Jk(M,N) becomes a smooth manifold and the projection
π : Jk(M,N)→M ×N is a smooth map.

There is a simple generalization of the map π. For ` < k, there is an obvious
projection πk` : Jk(M,N)→ J `(M,N) defined by πk` (jkxf) := j`xf . In appropriate charts,
this map is given by forgetting some components and keeping the others unchanged, so
it is smooth, too.

Finally, observe that for an open subset U ⊂ M and a smooth function f : U → N
we obtain a natural function jkf : U → Jk(M,N), defined by jkf(x) := jkxf for



18 1. SYMPLECTIC GEOMETRY AND CONTACT GEOMETRY

all x ∈ u. In the charts constructed above, this function is just given by the local
coordinate representation of f and its derivatives up to order k, so jkf is smooth. By
construction, we get πM ◦jkf = idU (so jkf is a smooth section of πM : Jk(M,N)→M)
as well as πN ◦ jkf = f .

1.12. Jets and partial differential equations. We now specialize our consid-
erations to the case k = 1 and N = R, so we look at the space J1(M,R) of 1–jets of
real valued functions on a smooth manifold M . In this case, we can simply take the
identity map as a chart on R. Hence we start with a chart (U, u) for M and consider
the induced chart

J1(M,R) ⊃ J1(U,R)→ J1(u(U),R) ∼= u(U)× R× L(Rn,R)

where n = dim(M) which maps j1
xf to (u(x), f(x), D(f ◦u−1)(u(x))). This immediately

gives rise to local coordinates on J1(M,R). We have u(x) = (u1(x), . . . , un(x)) and
we denote the standard coordinate on R by v. On L(Rn,R) we use coordinates pi
with respect to the standard basis, so (p1, . . . , pn) denotes the functional (a1, . . . , an) 7→∑
aipi. Thus we obtain local coordinates of the form (u1, . . . , un, v, p1, . . . , pn). For

a smooth map f : U → R we see immediately what the map j1f : U → J1(M.R)
looks like in these local coordinates. The local coordinate representation maps u(U) to
u(U)× R× Rn and it evidently has the form

y 7→ (y, (f ◦ u−1)(y), ∂f
∂u1

(u−1(y)), . . . , ∂f
∂un

(u−1(y))).

So in general, can think about the coordinates pi representing formal partial derivatives.
This immediately gives a connection to partial differential equations. A partial

differential equation of order k on real valued functions on a manifold M is defined as
an equation on a function f ∈ C∞(M,R) which can be written as a PDE of order k in
local coordinates. (The chain rule implies that while these PDE may look completely
different for different sets of coordinated, the fact that the equation can be written as
a PDE of order k is independent of the choice of coordinates.)

Suppose we have given a PDE of order 1. The we take a chart (U, u) for M and write
out the equation as a first order PDE in the local coordinate expression of a function
f , say

F (y, (f ◦ u−1)(y), ∂(f◦u−1)
∂y1

(y), . . . , ∂(f◦u−1)
∂yn

(y)) = 0.

Making the (harmless) assumption that F is smooth and regular (i.e. dF is nowhere
vanishing), F (u1, . . . , un, v, p1, . . . , pn) = 0 defines a smooth hypersurface in J1(U,R).
The tangent spaces of this hypersurface are the kernels of dF . Now in order to really
define have an equation, F should not only depend on the variables ui, so one usually
assumes that in each point β ∈ J1(U,R), at least on of the partial derivatives ∂F

∂v
(β)

and ∂F
∂pi

(β) is non–zero. Otherwise put, not all the vectors ∂
∂v

(β) and ∂
∂pi

(β) should lie

in ker(dF (β)).
This admits a nice coordinate independent formulation: Recall that we have a canon-

ical projection πM : J1(M,R) → M , so we can consider its tangent mappings TβπM
which evidently is surjective in each point, so πM is a submersion. The kernel of TβπM
thus is an n+ 1–dimensional subspace of TβJ

1(M,R), which in coordinates (ui, v, pi) as
above, is evidently spanned by the vectors ∂

∂pi
(β) and ∂

∂v
(β). Hence the assumption on F

from above can be phrased as the fact that ker(dF (β)) never contains ker(TβπM). From
dimensional considerations it then follows that ker(dF (β)) ∩ ker(TβπM) has dimension
n and TβJ

1(M,R) is spanned by ker(dF (β)) and ker(TβπM).
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To have a globally defined PDE on all of M , one has to assume that the local hyper-
surfaces constructed in different coordinate charts fit together to define a hypersurface
in J1(M,R). But then one can turn things around and simply define a first order
PDE on a smooth manifold M as a smooth hypersurface Σ ⊂ J1(M,R). As above,
one assumes that for each β ∈ Σ, the tangent space TβΣ does not contain ker(TβπM).
By dimensional considerations this implies that the restriction of Tβπ to TβΣ is still
surjective, so πM restricts to a submersion on Σ. To have the PDE defined on all of M ,
one in addition assumes that πM : Σ→M is surjective. From the above description, it
is also clear what solutions of the equation are in this picture, so we define:

Definition 1.12. (1) A first order PDE on real valued functions on a smooth manifold
M is a smooth hypersurface Σ ⊂ J1(M,R) such that the canonical projection πM :
J1(M,R)→M restricts to a surjective submersion πM : Σ→M .

(2) A (local) solution of the PDE defined by a hypersurface Σ ⊂ J1(M,R) is a
smooth function f : M → R (respectively defined on a open subset U ⊂ M) such that
the corresponding section j1f satisfies j1f(M) ⊂ Σ (respectively j1f(U) ⊂ Σ).

The advantage of this approach is of course that one obtains a picture of a PDE
which is independent of a choice of coordinates. We shall soon see that we can also
dispense with smooth functions and view solutions of a PDE as special submanifolds of
Σ, which further eliminates the role of coordinates. Of course, one can similarly discuss
higher order PDEs by looking at higher jets, other targets than R, and at systems of
PDE by looking at submanifold of higher codimension rather than hypersurfaces. This
is the basis for the geometric theory of PDEs.

1.13. The canonical contact form on one–jets. Now we can mimic the con-
struction of the canonical one–form on a cotangent bundle to obtain a canonical one form
on the manifold J1(M,R). Let β = j1

xf ∈ J1(M,R) be a point and let ξ ∈ TβJ1(M,R)
be a tangent vector. Via the two natural projections, we can form TβπM · ξ ∈ TxM and
TβπR · ξ ∈ Tf(x)R = R. On the other hand, we have noted that Txf depends only on
j1
xf , and in this case, the tangent map is just df(x). Thus we define the canonical one

form on N by

α(j1
xf)(ξ) := TβπR · ξ − df(x)(TβπM · ξ) ∈ R.

Choosing a chart (U, u) for M and the induced coordinates (ui, v, pi) on J1(U,R) ⊂
J1(M,R), we can immediately write out this form explicitly in terms of the resulting
coordinate vector fields. Evidently, TπM maps the coordinate fields ∂

∂ui
to their coun-

terparts on M and annihilates the other coordinate fields. Likewise TπR annihilates all
coordinate fields except ∂

∂v
, which is mapped to the canonical field ∂

∂s
on R. Finally,

the coordinates of df(x) with respect to the standard basis are simply the pi. This
immediately implies that

α|J1(U,R) = dv −
∑n

i=1 pidu
i.

This shows that ker(α(j1
xf)) is spanned by the values of the vector fields ∂

∂pi
for i =

1, . . . , n and ∂
∂ui

+pi
∂
∂v

for i = 1, . . . , n. Since these fields are evidently linearly indepen-
dent in each point, we have constructed a frame for ker(α) over J1(U,R). On the other
hand, from the above formula we see that the restriction of dα to J1(U,R) is given by∑n

i=1 du
i ∧ dpi. This immediately shows that the restriction of dα to ker(α) is always

non–degenerate (and the elements of our frame restrict to a basis in standard form on
each of these spaces). In particular, α is a contact form on J1(M,R).
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To formulate an analog of Proposition 1.7 in the contact case, we need one more
notion connected to integral submanifolds. Suppose the M is a smooth manifold of
dimension 2n+ 1 endowed with a contact form α ∈ Ω1(M). Recall from Definition 1.2
that an integral submanifold for α is a smooth submanifold N ⊂M such that α restricts
to zero on N . Equivalently, this means that TxN ⊂ ker(α(x)) ⊂ TxM for all x ∈ N .
But if α|N = 0, then dα|N = 0, so we conclude that each TxN must be an isotropic
subspace for the non–degenerate bilinear form dα(x) on ker(α(x)). This immediately
implies that dim(N) ≤ n.

Definition 1.13. Let M be a smooth manifold endowed with a contact form α ∈
Ω1(M). A Legendrean submanifold for (M,α) is an n–dimensional integral submanifold
for α.

It is easy to see that this condition makes also sense if M is just endowed with
a contact structure. Indeed, if N ⊂ M is Legendrean with respect to a chosen local
contact form inducing the contact structure, then the same is true for any such contact
form.

Proposition 1.13. Let M be any smooth manifold, and consider J1(M,R) endowed
with its canonical contact form α. Let π : J1(M,R)→M×R be the canonical projection.

(1) For any point (x, t) ∈M×R, the preimage π−1(x, t) ⊂ J1(M,R) is a Legendrean
submanifold.

(2) For an open subset V ⊂ M and a smooth function f : U → R, the image
N := j1f(V ) ⊂ J1(M,R) is a smooth Legendrean submanifold. Moreover, for each
β ∈ N we have TβN ∩ ker(TβπM) = {0}.

(3) Suppose that N ⊂ J1(M,R) is a Legendrean submanifold and that β ∈ N is
a point such that TβN ∩ ker(TβπM) = {0}. Then there is an open neighborhood V of
x := πM(β) and a smooth function f : V → R such that j1f(V ) coincides with an open
neighborhood of β in N .

(4) Let ϕ : M → M be a diffeomorphism, and define Φ : J1(M,R) → J1(M,R) be
defined by Φ(j1

xf) = j1
ϕ(x)(f ◦ ϕ−1). Then Φ is a diffeomorphism with Φ∗α = α.

Proof. Most of the proof is parallel to the proof of Proposition 1.7, so we are rather
brief here.

(1) Take a chart (U, u) for M with x ∈ U . Then in the induced chart for J1(M,R)
the subset π−1(x, t) just corresponds to {x} × {t} × Rn∗, so it is a submanifold. Its
tangent spaces are spanned by the coordinate fields ∂

∂pi
which obviously insert trivially

into α.
(2) Take a chart (U, u) for M with U ⊂ V . Then in the induced chart for J1(M,R),

the subset j1f(V )∩J1(U,R) = j1f(U) corresponds to {(ui, (f ◦u−1)(ui), ∂f
∂ui

(u−1(ui)))}.
This is the graph of a smooth function and thus a smooth submanifold, so j1f(U) is a
submanifold in J1(M,R).

Knowing that j1f(V ) ⊂ J1(M,R) is a submanifold, it is clear that j1f : V →
j1f(V ) is a diffeomorphism, since p|j1f(V ) is a smooth inverse. To prove that j1f(V ) is
Legendrean i.e. that α|j1f(V ) = 0, it thus suffices to show that 0 = (j1f)∗α ∈ Ω1(V ).
Now by definition

(j1f)∗α(x)(ξ) = α(j1
xf)(Txj

1f · ξ) = Tj1xfπR · Txj
1f · ξ − df(x)(Tj1xfπM · Txj

1f · ξ).
But we know that πR ◦ j1f = f and πM ◦ j1f = idM . Thus Tj1xfπR · Txj

1f · ξ = Txf · ξ
and Tj1xfπM · Txj

1f · ξ = ξ, and the result follows.
(3) The projection πM restricts to a smooth map ψ : N → M . Now by assumption

TβπM : TβN → TxM has trivial kernel, so it must be a linear isomorphism since both
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spaces have the same dimension. Thus there are open neighborhoodsW of β in J1(M,R)
and V of x in M such that πM |W : W → V is a diffeomorphism. Now define f : V → R
as f := πR ◦ (πM |W )−1. Clearly, this is a smooth map, and to complete the proof, it
suffices to see that (πM |W )−1 : V → J1(M,R) coincides with j1f . We can do this in a
local chart (U, u) with U ⊂ V . But there, we already know that (πM |W )−1 must have
the form

u = (u1, . . . , un) 7→ (u1, . . . , un, (f ◦ u−1)(u), p1(u), . . . , pn(u)),

for some functions pi, so in particular v = (f ◦u−1)(u). Differentiating this, we see that

on N , we have dv =
∑ ∂(f◦u−1)

∂ui
dui. On the other hand, since N is Legendrean, we have

α|N = 0 and hence dv =
∑
pidu

i holds on N . But the fact that πM restricts to a local
diffeomorphism on N also implies that the forms du1(x), . . . , dun(x) restrict to a basis
of L(TxN,R) for each x ∈ N . Thus the two formulae express the vector dv(x) in this

basis, so they imply that pi = ∂(f◦u−1)
∂ui

for i = 1, . . . , n, and thus (πM |W )−1 = j1f |V .
(4) This follows similarly as in the proof of Proposition 1.7 from the fact that the

canonical contact form has the same expression with respect to all charts induced from
local charts on M . �

Remark 1.13. (1) With part (3) of the proposition we have completed the setup for
a geometric approach to partial differential equations of first order. We already know
from 1.12 that we can describe a first order PDE on a manifold M as a hypersurface
Σ ⊂ J1(M,R). Now we also know how to interpret solutions in a geometric way.
We just have to look for Legendrean submanifolds of J1(M,R) which are contained
in the hypersurface Σ (or equivalently for n–dimensional integral manifolds for α|Σ),
whose tangent spaces have zero intersection with ker(TπM). This can also be generalize
to higher order equations and to systems of equations, by looking at analogs of the
canonical contact form on spaces of higher order jets. It should also be remarked that
the point of view of solutions as submanifolds has some immediate advantages. For
example, some types of singularities in solutions of PDEs can be described in such
a way that one obtains a nice smooth Legendrean submanifold in J1(M,R), but the
condition on the intersection with ker(TπM) is not satisfied everywhere.

(2) There is an analog of the Darboux theorem (Theorem 1.8) in the contact case,
often referred to as the Pfaff theorem. This is best phrased by saying that given a
contact structure H ⊂ TM on a smooth manifold M of dimension 2n + 1, one can
always find local coordinates (u1, . . . , un, v, p1, . . . , pn) such that H can be written as
the kernel of the form dv −

∑
pidu

i, see Theorem 1.9.17 of [IL]. Of course, this means
that the contact structure is locally isomorphic to J1(Rn,R) with its canonical contact
structure. In particular, Proposition 1.13 then implies that any contact manifold locally
admits many Legendrean submanifolds and many contact–diffeomorphisms.

1.14. Application: The method of characteristics. As an application of the
geometric approach to first order PDEs, we describe a classical method for solving
first order PDEs, the method of characteristics. For simplicity, we restrict to the
case M = Rn, so we have global coordinates u1, . . . , un, v, p1, . . . , pn on J1(Rn,R) for
which the canonical contact form is given by dv −

∑
pidu

i. In view of the discus-
sion in 1.12, we initially write the hypersurface Σ describing our equation in the form
F (u1, . . . , un, v, p1, . . . , pn) = 0 for a smooth function F . Assuming that F really de-
scribes a first order equation (and not an equation of order zero), we assume that in
each point at least one of the derivatives ∂F

∂pi
is non–zero (which also implies that our
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equation defines a smooth hypersurface in J1(Rn,R)). By the implicit function theo-
rem, we can then locally solve for pi and restricting to an open subset and renumbering
coordinates if necessary, we assume that our hypersurface is given in the form

(∗) pn = f(u1, . . . , un, v, p1, . . . , pn−1)

for some smooth function f .
Now let α be the canonical contact form on J1(Rn,R) and consider the restriction

of α to Σ. Further, in view of the defining equation (∗), the vector field ∂
∂pn

never lies in

TzΣ ⊂ TzJ
1(Rn,R). This vector field is always contained in the contact subspace Hz,

so we see that TzΣ can never contain Hz. Consequently, the intersection TzΣ∩Hz must
have dimension 2n− 1 for each point z ∈ Σ. Now consider the skew symmetric bilinear
form dα(z) on this space. It must be degenerate since the space is odd dimensional, but
on the other hand the rank must be at least n − 1, since dα(z) is non–degenerate on
Hz. Hence the Nullspace of dα(z) is one–dimensional and clearly, it depends smoothly
on z. This is called the characteristics of the equations.

Hence we can locally choose a nowhere vanishing vector field ξ ∈ X(Σ) which inserts
trivially in the restriction of dα to TΣ. (This vector field is uniquely determined up
to multiplication with a nowhere vanishing function.) Now choose an arbitrary smooth
function ϕ : Rn−1 → R and consider the (n−1)–dimensional submanifold L ⊂ J1(Rn,R)
defined by un = C for some C ∈ R, v = ϕ(u1, . . . , un−1), pi = ∂ϕ

∂ui
for i = 1, . . . , n − 1

and then pn via (∗).
Then on L, we have dv =

∑n−1
i=1

∂ϕ
∂ui
dui =

∑n−1
i=1 pidu

i and dun = 0, so L ⊂ Σ is an

integral submanifold for α (of dimension n−1). Further, we know that ∂
∂pn

and TΣ∩H
spans all of H, so non–degeneracy of dα on H implies that dα( ∂

∂pn
, ξ) = dun(ξ) 6= 0.

But this implies that ξ is never tangent to the hypersurfaces given by un = C for
C ∈ R. Hence we can flow away from the submanifold along ξ to obtain locally an
n–dimensional submanifold N ⊂ Σ ⊂ J1(Rn,R). (For sufficiently small open subsets

U ⊂ L and intervals I containing zero, the map (x, t) 7→ Flξt (x) is a diffeomorphism

onto such a submanifold.) Moreover, the tangent space TyN in the point y := Flξt (x) is

spanned by ξ(y) and Tx Flξt ·η for η ∈ TxL. Now by construction α(ξ) = 0 while

α(y)(Tx Flξt ·η) = ((Flξt )
∗(α|Σ))(η).

Now for t = 0, we know that α(η) = 0 and d
dt

(Flξt )
∗(α|Σ)(η) = (Flξt )

∗(Lξ(α))(η). Finally
Lξα = iξdα+ d(iξα), and since we work on Σ, both these terms vanish. Thus N indeed
is an integral submanifold for α and hence a Legendrean submanifold. It is also easy
to see that locally around x ∈ L, the projection πM restricts to a submersion on N , so
this gives a solution of the PDE.



CHAPTER 2

Riemannian metrics and the Levi-Civita connection

In this chapter we start the discussion of Riemannian geometry. We will follow
a modern version of the approach of E. Cartan, which emphasizes the point of view
that Riemannian manifolds are “curved analogs” of Euclidean space. The advantage
of this approach is that on the one hand it leads to a very conceptual description with
nice formal properties. At the same time, one can easily convert this picture into very
explicit form using orthonormal frames and coframes. Thus this approach is also known
under the name “moving frames” which has to be handled with care, however, since it
is also used for several other related techniques. We will start with some elementary
considerations.

2.1. Riemannian metrics. The concept of a Riemannian metric is already known
from the discussion of hypersurfaces in the first course on differential geometry.

Definition 2.1. (1) Let M be a smooth manifold. A Riemannian metric on M is a
smooth (0, 2)–tensor field g on M such that for each x ∈M the value gx : TxM×TxM →
R is a positive definite inner product.

(2) A Riemannian manifold (M, g) is a smooth manifold M together with a Rie-
mannian metric g on M .

(3) Let (M, gM) and (N, gN) be Riemannian manifolds. An isometry f : M → N
is a smooth map f such that f ∗gN = gM . Otherwise put, for any point x ∈ M , the
tangent map Txf : TxM → Tf(x)N is orthogonal with respect to the inner products gMx
and gNf(x).

From the definition, we see immediately what Riemannian metrics look like in local
coordinates. Given a chart (U, u) on M , we can write g|U as

∑
i,j gijdu

i ⊗ duj, where

gij = g( ∂
∂ui
, ∂
∂uj

) is a smooth function for each i, j = 1, . . . , n. Of course, we have
gji = gij for all i and j by definition. For a point x ∈ U , we can consider the matrix
(gij(x)) and this is exactly the matrix associated to the inner product gx on the vector
space TxM with respect to the basis { ∂

∂ui
(x)} as usual in linear algebra. In particular,

the matrix (gij(x)) is symmetric and positive definite. So we can alternatively view
the collection gij of smooth functions on U as a function from U to the set of positive
definite matrices of size n.

The symmetric n × n–matrices form a vector space of dimension n(n + 1)/2. It is
well known from linear algebra, that positive matrices can be characterized as those
symmetric matrices for which the determinants of all principal minors are positive.
This implies that positive definite symmetric matrices form an open subset S+(n) in
the space of all symmetric matrices. Consequently, there are many smooth functions
g : Rn → S+(n). Any such function clearly defines a Riemannian metric on Rn (and
hence on any open subset of Rn) by simply endowing the tangent space TxRn = Rn

with the inner product defined by the matrix g(x) for each x ∈ Rn.
Given a smooth manifold M of dimension n and a chart (U, u) for M , there exists

a Riemannian metric on the open subset u(U) ⊂ Rn. Via the chart map u, we can

23
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pull this back to a tensor field gU defined on the open subset U ⊂ M . Doing this for
the elements Ui of an atlas for M and choosing a partition of unity fi subordinate to
this atlas, we can then form g :=

∑
i fig

Ui and this clearly is a smooth (0, 2)–tensor
field defined on all of M . Since each gUi is symmetric, g is obviously symmetric, too.
Finally, given x ∈ M and 0 6= ξ ∈ TxM we have gx(ξ, ξ) =

∑
i fi(x)gUi

x (ξ, ξ). Now by
construction, fi(x) ≥ 0 and at least one fi(x) must be positive. On the other hand, if
fi(x) > 0, then gUi

x (ξ, ξ) > 0, so we see that gx(ξ, ξ) > 0. Thus g defines a Riemannian
metric on M , and we see that any smooth manifold admits (many) Riemannian metrics.

If f : M → N is an isometry between Riemannian manifolds, then by definition
gNf(x)(Txf · ξ, Txf · ξ) = gMx (ξ, ξ) so this has to be positive if ξ is non–zero. In particular,
any tangent map Txf must be injective, so f is an immersion. If M and N have the
same dimension (which is the case of main interest) then f automatically is a local
diffeomorphism.

Having given a Riemannian metric g on a manifold M , one can immediately carry
over the standard definition for the arc length of a smooth curve in Rn. For an
interval I ⊂ R, a smooth curve c : I → M and a, b ∈ I, one defines Lba(c) :=∫ b
a

√
gc(t)(c′(t), c′(t))dt. This is evidently positive, unless c is constant. Further, it

is invariant under reparametrizations of c and Lba(c) = Lb
′
a (c) +Lbb′(c) for a < b′ < b ∈ I.

The concept of arc length clearly extends to piece–wise smooth curves.
This can then be used to define a distance function on M by defining d(x, y) for

x, y ∈ M to be the infimum of the length of all piece–wise smooth curves starting at
x and ending in y. Of course, d(x, y) ≥ 0 and since we can run through curves in the
opposite direction, we get d(y, x) = d(x, y). Finally, since a piece–wise smooth curve
from y to z can be joined to a piece–wise smooth curve from x to y to obtain a piece–
wise smooth curve from x to z, we conclude that d(x, z) ≤ d(x, y) + d(y, z). A bit of
thought is needed to see that d(x, y) = 0 is only possible for x = y and hence (M,d) is
a metric space in the sense of topology. Since we will prove stronger results implying
this in the sequel, we only sketch the argument and leave the details as an exercise.

Fix a point x ∈ M and choose a chart (U, u) for M such that x ∈ U , u(x) = 0 and
u(U) contains the closed unit ball of Rn. Let B and S be the preimages of this unit ball
respectively the unit sphere under u. First one observes that if y /∈ B, then there is a
point z ∈ S such that d(x, y) ≥ d(x, z), since any curve emanating from x which leaves
B has to pass through S. So it suffices to show that for y ∈ B, d(x, y) = 0 implies y = x,
and this can be done in the chart. Let g : u(U) → S+(n) be the function describing
the metric. The the function (y,X) 7→ g(y)(X,X) is continuous on u(U) × Rn and
hence attains a maximum and a minimum on the compact set B̄1(0) × Sn−1, and the
minimum has to be positive. Hence there are positive constants A,B ∈ R such that
A2‖X‖2 ≤ g(y)(X,X) ≤ B2‖X‖2 holds for all y ∈ B̄1(0) and all X ∈ Rn. But this
shows that for a smooth curve c : [a, b]→ B̄1(0) which has length ` with respect to the
standard inner product on Rn, we have A` ≤ Lba(u◦c) ≤ B`, and this implies the result.

The homogeneous model

2.2. We start the systematic study of Riemannian manifolds by looking at the
simplest example, namely Euclidean space Rn with the Riemannian metric induced by
the standard inner product on TxRn = Rn for each x ∈ Rn. Note that using the identity
map as a chart, this metric is described by the constant function mapping Rn to the
identity matrix in S+(n). For this reason, we will denote this metric by δ, since in local
coordinates it corresponds to the Kronecker delta δij.
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Now recall that a Euclidean motion of Rn is a map of the form f(x) = Ax + b,
where A ∈ O(n) is an orthogonal matrix and b ∈ Rn is a fixed vector. For this map,
we evidently have Df(x) = A for all x, so f is an isometry of the Riemannian manifold
(Rn, δ). Conversely, we can show

Proposition 2.2. Let U, V ⊂ Rn be connected open subsets and suppose that f : U → V
is an isometry between the Riemannian manifolds (U, δ) and (V, δ). Then f is the
restriction to U of a Euclidean motion.

Proof. By assumption, we have 〈Df(x)(X), Df(x)(Y )〉 = 〈X, Y 〉 for all x ∈ U and
X, Y ∈ Rn. Now we have d

dt
|t=0Df(x + tZ)(X) = D2f(x)(Z,X) and this is symmetric

in Z and X. On the other hand we know that 〈Df(x + tZ)(X), Df(x + tZ)(Y )〉 is
constant and differentiating this at t = 0, we obtain

0 = 〈D2f(x)(Z,X), Df(x)(Y )〉+ 〈Df(x)(X), D2f(x)(Z, Y )〉

Otherwise put, the map (Z,X, Y ) 7→ 〈D2f(x)(Z,X), Df(x)(Y )〉 is symmetric in the
first two arguments and skew symmetric in the last two arguments.
Claim: If t : Rn × Rn × Rn → R is trilinear, symmetric in the first two and skew
symmetric in the last two arguments, then t = 0.
Proof : For X, Y, Z ∈ Rn we compute:

t(X, Y, Z) = −t(X,Z, Y ) =− t(Z,X, Y ) = t(Z, Y,X)

=t(Y, Z,X) = −t(Y,X,Z) = −t(X, Y, Z).

Now this shows that 〈D2f(x)(Z,X), Df(x)(Y )〉 = 0 for all Z, X, and Y , and since
Df(x) is a linear isomorphism, D2f(x)(Z,X) = 0 for all Z and X. Thus Df(x) = A for
some fixed map A, which must be orthogonal by assumption. But then for any smooth
curve c : [0, 1]→ U , we can compute

f(c(1)) =f(c(0)) +

∫ 1

0

(f ◦ c)′(t)dt = f(c(0)) +

∫ 1

0

(Ac′(t))dt

=f(c(0)) + A(

∫ 1

0

c′(t)dt) = f(c(0)) + A((c(1)− c(0)) = Ac(1) + b,

where b = f(c(0)) − Ac(0). Since U is connected, we can fix c(0) = u0 in U and then
write any x ∈ U as c(1) for some c with c(0) = u0, which completes the proof. �

Now we can get a nicer picture of Euclidean motions by realizing them as a matrix
group. The idea here is rather easy. Consider Rn as the affine hyperplane xn+1 = 1 in
Rn+1. The action of an invertible matrix in GL(n+ 1,R) will preserve this hyperplane

if and only if it has block form

(
A b
0 1

)
for A ∈ GL(n,R) and b ∈ Rn. Moreover,

this matrix will map the point
(
x
1

)
to
(
Ax+b

1

)
. Thus we can view the group Euc(n) of

Euclidean motions of Rn as the subgroup of all matrices in GL(n+1,R) which have the

form

(
A b
0 1

)
withA ∈ O(n) and b ∈ Rn. We will also write (A, b) as a shorthand for this

matrix. In this notation, the multiplication reads as (A1, b1)(A2, b2) = (A1A2, b1 +A1b2).
Hence we see that we may identify Euc(n) (as a space) with the product O(n)× Rn.

Lemma 2.2. (1) The group O(n) is a smooth submanifold of dimension n(n−1)
2

of the
vector space Mn(R) of real n× n–matrices.
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(2) For A ∈ O(n) the tangent space TAO(n) is given by {X ∈ Mn(R) : AX tA =
−X}. In particular, the tangent space at the unit matrix I is the space o(n) of skew
symmetric matrices.

(3) For any X ∈ o(n) the map LX(A) := AX defines a vector field LX ∈ X(O(n)).
For each point A ∈ O(n) the map X 7→ LX(A) defines a linear isomorphism o(n) →
TAO(n).

(4) Putting [X, Y ] := XY − Y X for X, Y ∈ o(n), the vector fields from (3) satisfy
[Lx, LY ] = L[X,Y ].

Proof. The space S(n) of symmetric matrices of size n×n is a real vector space of

dimension n(n+1)
2

. Clearly, f(A) := AtA − I defines a smooth function Mn(R) → S(n)
such that O(n) = f−1({0}). To see that this function is regular, observe that

Df(A)(B) = d
ds
|s=0f(A+ sB) = BtA+ AtB.

Now if A ∈ O(n) and C ∈ S(n) is arbitrary, then putting B = 1
2
AC, we get Df(A)(B) =

1
2
(Ct + C) = C. This proves (1) and since Df(A)(B) = 0 is visibly equivalent to
ABtA = −B for A ∈ O(n) we obtain (2).

(3) Evidently, for fixed X ∈ o(n), A 7→ AX defines a smooth map Mn(R) →
Mn(R), so this restricts to a smooth map on the submanifold O(n). For A ∈ O(n) one
immediately verifies that AX ∈ TAO(n), so LX indeed is a vector field. Moreover, for
fixed A ∈ O(n), X 7→ AX is a linear map o(n) → TA(O(n)) with inverse Y 7→ A−1Y ,
so we get the second claim.

(4) From the first course on differential geometry, we know that we can compute
[LX , LY ] as LX · LY − LY · LX , where we view the vector field being differentiated as a
function with values in Mn(R). Then LX · LY (A) can be computed as

d
ds
|s=0(A+ sAX)Y = AXY,

which immediately implies the result. �

Now we have an obvious projection p : Euc(n) → Rn defined by f 7→ f(0), so
explicitly this is given by (A, b) 7→ b. Since Euc(n) acts transitively on Rn and the
stabilizer of 0 is the subgroup O(n) ⊂ Euc(n), this map induces a bijection between
the set Euc(n)/O(n) of left cosets and Rn. Identifying Euc(n) with O(n) × Rn as a
space, p is just the second projection and hence is smooth. Moreover T(A,b) Euc(n)
can be naturally identified with TAO(n) × TbRn = TAO(n) × Rn. In particular, the
subspace V(A,b) Euc(n) ⊂ T(A,b) Euc(n) defined as V(A,b) Euc(n) := ker(T(A,b)p) is simply
TAO(n) = TAO(n)× {0} ⊂ TAO(n)× Rn.

Next, for i = 1, . . . , n we define θi ∈ Ω1(Euc(n)) by letting θi((A, b))(X, v) be the
ith component of A−1v. Likewise, for i, j = 1, . . . , n, we define γji ∈ Ω1(Euc(n)) by
letting γij(A, b)(X, v) be the component in the ith row and jth column of the matrix

A−1X. From the proof of Lemma 2.2 above, we know that A−1X ∈ o(n) so γji = −γij
(and in particular γii = 0). Note that we can also view the vector θ = (θ1, . . . , θn) of
1–forms as a 1–form with values in Rn and the matrix γ = (γij) of 1–forms as a 1–form
with values in o(n). In this language, we can identify V(A,b) Euc(n) with ker(θ(A, b)) and
observe that θ(A, b) descends to a linear isomorphism TbRn → Rn. Now these forms
satisfy natural differential equations:

Theorem 2.2. (1) For each i = 1, . . . , n we have dθi = −
∑

j γ
i
j ∧ θj.

(2) For all i, j = 1, . . . , n we have dγij = −
∑

k γ
i
k ∧ γkj .
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Proof. For (X, v) ∈ o(n) × Rn and (A, b) ∈ Euc(n), we define L(X,v)(A, b) :=
(AX,Av) ∈ T(A,b) Euc(n). Clearly, this defines a smooth vector field on Euc(n) and by
definition θ(L(X,v)) = v and γ(L(X,v)) = X. In particular, (X, v) 7→ L(X,v)(A, b) defines
a linear isomorphism o(n)× Rn → T(A,b) Euc(n). Consequently, it suffices to verify the
claimed equations on two vector fields of this type. Moreover, using part (4) of Lemma
2.2 for the first component and a similar argument as in the proof of this part for the
second component, one sees that [L(X1,v1), L(X2,v2)] = L(X1X2−X2X1,X1v2−X2v1).

(1) We use the formula dθi(ξ, η) = ξ · θi(η)− η · θi(ξ)− θi([ξ, η]). Since θ(L(X,v)) is
constant, this is true for each θi. Thus we see that

dθi(L(X1,v1), L(X2,v2)) = −θi([L(X1,v1), L(X2,v2)]),

so this is just the ith component of X1v2 −X2v1. But since the ith component of Xv
is
∑

j X
i
jv
j, this can be written as∑

j

(
γij(L(X1,v1))θ

j(L(X2,v2))− γij(L(X2,v2))θ
j(L(X1,v1))

)
,

which completes the proof of (1), and (2) is done in the same way. �

Remark 2.2. What we have done here has a strong (Lie–) group theoretic background.
The vector fields LX in Lemma 2.2 and L(X,v) in Theorem 2.2 are left–invariant vector
fields on the Lie groups O(n) and Euc(n). The forms θ and γ are the components of the
left Maurer Cartan form for the group Euc(n) and Theorem 2.2 is just the component–
wise interpretation of the the Maurer–Cartan equation.

The orthonormal frame bundle

2.3. For an n–dimensional Riemannian manifold (M, g) we next want to obtain a
description which formally looks very similar to the description of Rn as a homogeneous
space of Euc(n) from 2.2. As a motivation, consider the Rn–valued form θ from 2.2. We
have observed that for (A, b) ∈ Euc(n) the value θ(A, b) induces a linear isomorphism
TbRn → Rn. One easily verifies that fixing b these linear isomorphisms exactly exhaust
all orthogonal linear isomorphisms between TbRn and a fixed copy of Rn.

For (M, g) as above and x ∈ M , we therefore let PxM be the set of all linear
isomorphisms ϕ : Rn → TxM which are orthogonal with respect to the standard inner
product on Rn and the inner product gx on TxM . Then we let PM be the disjoint
union of the spaces PxM and we denote by p : PM → M the map sending PxM to x.
Before we can prove that PM is a smooth manifold, we need one more notion.

Definition 2.3. Let (M, g) be an n–dimensional Riemannian manifold and let U ⊂M
be an open subset.

(1) A local orthonormal frame for M over U is a family {ξ1, . . . , ξn} of vector fields
ξi ∈ X(U) such that for each x ∈ U the tangent vectors ξ1(x), . . . , ξn(x) form an
orthonormal basis for the inner product space (TxM, gx).

(2) A local orthonormal coframe for M over U is a family {σ1, . . . , σn} of one–
forms σi ∈ Ω1(U) such that for each x ∈ M and tangent vectors ξ, η ∈ TxM we get
gx(ξ, η) =

∑n
i=1 σ

i
x(ξ)σ

i
x(η).

The motivation for these notions is that one cannot hope to obtain coordinates
adapted to a general Riemannian metric. Indeed, if one has a chart (U, u) such that the
coordinate vector fields ∂

∂ui
are orthonormal in each point, then the chart map defines

an isometry from (U, g|U) to u(U) endowed with the Riemannian metric inherited from
Rn. From the first course on differential geometry, we know that in the case of surfaces
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in R3, existence of such an isometry implies vanishing of the Gauss–curvature. So in
particular, coordinates like that cannot exist on the unit sphere S2 ⊂ R3. However, we
shall see soon that local orthonormal frames always exist. Orthonormal coframes are
just the dual version of orthonormal frames, so they always exist, too.

Proposition 2.3. Let (M, g) be an n–dimensional Riemannian manifold and consider
p : PM →M as defined above.

(1) If (U, u) is a chart on M , then there is a local orthonormal frame for M over U .
(2) If U ⊂ M is open, then a local orthonormal frame for M over U induces a

bijection Φ : PM ⊃ p−1(U) → U × O(n) such that pr1 ◦ Φ = p. Taking U to be a
chart in M and combining with charts on O(n), these bijections give rise to charts for
PM . These make PM into a smooth manifold such that p : PM → M is smooth and
a surjective submersion.

(3) Composing elements of PM with elements from O(n) defines a smooth map
r : PM × O(n)→ PM . Putting rA(ϕ) := r(ϕ,A), one has rI = id and rAB = rB ◦ rA,
so this is a right action of O(n) on PM . The orbits of this action are the fibers of
p : PM →M .

Proof. (1) We just have to observe that the Gram–Schmidt orthonormalization
procedure can be carried out in a smooth way. So we let ∂i := ∂

∂ui
for i = 1, . . . , n be

the coordinate vector fields determined by (U, u). Then g(∂1, ∂1) is a positive smooth
function on U , and so ξ1 := 1

g(∂1,∂1)
∂1 defines a smooth vector field on U such that

g(ξ1, ξ1) = 1. Then g(ξ1, ∂2) : U → R is smooth, so ξ̃2 := ∂2 − g(ξ1, ∂2)ξ1 is a smooth
vector field on U such that g(ξ1, ξ2) = 0. Since pointwise, this is just standard Gram–

Schmidt, we see that ξ̃2 is nowhere vanishing on U , so ξ2 := 1
g(ξ̃2,ξ̃2)

ξ̃2 is well defined.

Then one continues inductively as in the standard Gram–Schmidt procedure to obtain
the result.

(2) Let {ξ1, . . . , ξn} be a local orthonormal frame on U . For x ∈ U define σ(x) :
Rn → TxM by σ(x)(v1, . . . , vn) :=

∑n
i=1 v

iξi(x). This sends the standard basis of Rn

to the orthonormal basis {ξi(x)} of TxM and hence is an orthogonal mapping. For
x ∈ U and ϕx ∈ PxM , the map σ(x)−1 ◦ ϕx : Rn → Rn is an orthogonal linear map
and hence an element of O(n). So we can define Φ(ϕx) := (x, σ(x)−1 ◦ ϕx) to obtain
a map Φ : p−1(U) → U × O(n) such that p ◦ Φ = pr1. Conversely, for A ∈ O(n) the
map σ(x) ◦ A : Rn → TxM is orthogonal so we can define Ψ : U × O(n) → p−1(U) by
Ψ(x,A) := σ(x) ◦ A. One immediately verifies that this is inverse to Φ, whence Φ is
bijective.

If {ηi} is a different orthonormal frame for M over U , then aji := g(ηi, ξj) defines

a smooth function U → R for i, j = 1, . . . , n. Moreover, ηi =
∑n

j=1 a
j
iξj for all i and

since both the bases {ηi(x)} and {ξj(x)} are orthonormal with respect to gx, the matrix

A(x) := (aji (x)) is orthogonal for all x ∈ U . If σ : U → p−1(U) is associated to {ξj} as
above and τ : U → p−1(U) is the corresponding map for η, then for v = (v1, . . . , vn) ∈
Rn, we get

τ(x)(v) =
∑

i v
iηi(x) =

∑
i,j v

iaji (x)ξj(x) = σ(x)(A(x)v),

where the upper index of aji determines the row and the lower one determines the
column. But this means that the bijections Φ and Ψ associated to the two frames are
related as Ψ(ϕx) = (id×`(A(x))−1)(Φ(ϕx)), where for B ∈ O(n) the map `B : O(n) →
O(n) is given by `B(C) = BC. Since `B is the restriction of a linear map Mn(R) →
Mn(R) it is smooth, so Ψ is obtained by composing a diffeomorphism with Φ.
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In particular, for any subset W ⊂ PM , the image Φ(W ∩p−1(U)) ⊂ U×O(n) will be
open if and only if the same is true for Ψ(W ∩p−1(U)). Now we declare a subset of PM
to be open if for any chart U ∈M and any local orthonormal frame with corresponding
bijection Φ, the image Φ(W ∩ p−1(U)) is open. It is easy to see that it suffices to verify
this for the elements of an atlas, and restricting to a countable atlas, one concludes that
this topology is separable and metrisable.

Finally, let (U, u) and Φ be as above and take a chart (V, v) for O(n). Then W :=
Φ−1(U × V ) ⊂ PM is open and we can use w := (u × v) ◦ Φ : W → u(U) × v(V ) ⊂
Rn(n+1)/2 as a chart for PM . From what we have done so far, one easily concludes that
the chart changes between two such charts are smooth, so we can use them to make
PM into a manifold. In the chart (U, u) for M and the chart (W,w) for PM , the map
p simply corresponds to the first projection u(U)× v(V )→ u(U), so it is smooth.

(3) Since for an orthogonal map ϕx : Rn → TxM we have Φ(ϕx) = (x, σ(x)−1 ◦ ϕx),
the orthogonal map ϕx ◦A for A ∈ O(n) is mapped to (x, σ(x)−1 ◦ϕx ◦A). Hence under
Φ the map r simply corresponds to id×µ : U × O(n) × O(n) → O(n) where µ is the
matrix multiplication. Since µ is the restriction of a bilinear map to a submanifold, it
is smooth. Hence also r : PM ×O(n)→ PM is smooth. The two claimed properties of
r just express the facts that CI = C and C(AB) = (CA)B for all C ∈ O(n). Finally if
ϕx, ψx : Rn → TxM are orthogonal, then also (ϕx)

−1 ◦ ψx : Rn → Rn is orthogonal and
thus defines an element A ∈ O(n) such that ψx = ϕx ◦ A. From this we immediately
conclude that for any fixed ϕx, the map A 7→ ϕx ◦ A defines a bijection between O(n)
and PxM = p−1(x). �

2.4. The soldering form. Similarly to the case of the cotangent bundle discussed
in 1.7 and of the bundle of one–jets discussed in 1.13, the orthonormal frame bundle
carries a tautological one–form. This can be either viewed as a form with values in Rn

or as an n–tuple of ordinary one–forms.
A point ϕ ∈ PM by definition is a linear isomorphism Rn → Tp(ϕ)M which is

orthogonal for the standard inner product on Rn and the inner product gx on TxM .
Given a tangent vector ξ ∈ TϕPM , we can first form Tϕp · ξ ∈ Tp(ϕ)M and then apply
ϕ−1 to obtain an element in Rn.

Definition 2.4. For i = 1, . . . , n, ϕ ∈ PM and ξ ∈ TϕPM , we define θi(ϕ)(ξ) as the
ith component of ϕ−1(Tϕp · ξ).

We will soon show that the θi are one–forms, and we will also view θ := (θ1, . . . , θn)
as a one–form on PM with values in Rn. This is called the soldering form on PM . The
main properties of this form are the following:

Proposition 2.4. (1) Each θi is a smooth one–form on PM . For each ϕ ∈ PM , the
joint kernel {ξ ∈ TϕPM : θi(ϕ)(ξ) = 0, i = 1, . . . , n} coincides with ker(Tϕp).

(2) For A = (aij) ∈ O(n) let (bij) be the inverse matrix A−1. Then (rA)∗θi =
∑

j b
i
jθ
j.

(3) Let U ⊂ M be an open subset. Then the following three sets are in bijective
correspondence:

(a) The set of smooth maps σ : U → PM such that p ◦ σ = idU .
(b) The set of all local orthonormal frames for M defined over U .
(c) The set of all local orthonormal coframes for M defined over U .

Here the bijection between (a) and (c) is implemented by mapping σ to (σ∗θ1, . . . , σ∗θn)
while the bijection between (b) and (c) is given by pointwise passage to the dual basis.
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Proof. By definition, θi(ϕ)(ξ) vanishes for all i if and only if ϕ−1(Tϕp · ξ) = 0.
Since ϕ is a linear isomorphism, this is equivalent to vanishing of Tϕp · ξ, which proves
the second part of (1).

Next, we evidently have p◦rA = p for any A ∈ O(n), and thus TrA(ϕ)p·TrA ·ξ = Tϕp·ξ
for all ξ ∈ TϕPM . Since rA(ϕ) = ϕ ◦A, we conclude that θi(rA(ϕ))(Tϕr

A · ξ) is the ith
component of A−1 ◦ϕ−1(Tϕp · ξ). Since the components of ϕ−1(Tϕp · ξ) are just θj(ϕ)(ξ),
(2) follows.

Next, recall from Proposition 2.3 that for an open subset U ⊂M , a local orthonormal
frame {ξi} defined on U gives rise to a smooth map σ : U → PM such that p ◦σ = idU .
This has to property that σ(x) : Rn → TxM maps the standard basis vector ei to ξi(x)
for i = 1, . . . , n. Moreover, for any ξ ∈ TxM we get Tσ(u)p ·Txσ · ξ = ξ from p ◦ σ = idU .
This implies that θi(σ(x))(Txσ · ξ) is the ith component of σ(x)−1(ξ), so in particular,
this maps ξj(x) to 1 for j = i and to 0 for j 6= i. This implies that the elements σ∗θi(x)
form a basis for (TxM)∗, which is dual to the basis {ξi(x)} for TxM . Since this basis is
orthonormal, we compute for ξ =

∑
i a

iξi(x) and η =
∑

j b
jξj(x)

gx(ξ, η) =
∑

i a
ibi =

∑
i σ
∗θi(x)(ξ)σ∗θi(x)(η).

From Proposition 2.3 we further know that the frame {ξi} gives rise to a diffeo-
morphism Ψ : U × O(n) → p−1(U). To prove smoothness of the forms θi it thus
suffices to prove that Ψ∗θi is smooth for each i. Now we can identify T (U ×O(n)) with
TU × TO(n), and since p ◦Ψ = pr1, Tp ◦ TΨ · (ξ, η) = ξ. In particular, the local frame
ξi over U can be completed by a local frame for O(n) to a local frame for U × O(n).
Since the frame elements from O(n) are killed by Tp ◦ TΨ, it suffices to prove that
(Ψ∗θi)(ξj, 0) is a smooth function for all i and j. But by definition (Ψ∗θi)(x,A)(ξj, 0) is
the ith component of Ψ(x,A)−1(ξj) = A−1 ◦ σ(x)−1(ξj(x)). From above, we know that
σ(x)−1(ξj(x)) = ej. Applying A−1 to this, we get the jth column of A−1, so the ith
entry of this is just one of the matrix entries of A−1. Expressing this entry as a quotient
of determinants using Cramer’s rule, we conclude that it depends smoothly on A, which
completes the proof of (1).

Knowing that the θi are smooth one–forms on PM , the above computations show
that for the map σ constructed from the frame {ξi} the forms σi := σ∗θi ∈ Ω1(U) form
an orthonormal coframe over U , which is dual to {ξj}. Conversely, having given a local
coframe σi over U , we can pointwise form the dual basis, which fits together to define
smooth vector fields ξj over U , which by construction constitute a local orthonormal
frame. Then the above computations show that the the resulting smooth map σ : U →
PM with p ◦ σ = idU has the property that σ∗θi = σi for all i. This establishes the
bijections claimed in (3). �

The Levi–Civita connection

2.5. Connection forms. Having found an analog of the forms θj on the orthonor-
mal frame bundle of a general Riemannian manifold, it is natural to ask whether also
the forms γij from 2.2 have a natural analog in this general setting. It turns out that this
is the case, but maybe in a slightly unexpected way, namely via the differential equation
from part (1) of Theorem 2.2. Before we can show this, we need a bit of preparation.

Let (M, g) be a Riemannian manifold of dimension n and let PM be its orthonormal
frame bundle. For a point x ∈ M and a point ϕ ∈ PM lying over x, we know that
the joint kernel of the values θi(x) is the so–called vertical subspace ker(Tϕp) ⊂ TϕPM .
On the other hand, we can look at the smooth map rϕ : O(n) → PM defined by
rϕ(A) := r(ϕ,A) = ϕ ◦A. Via the natural charts from 2.3 with values in U ×O(n), the
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map rϕ corresponds to the map A 7→ (x,BA) for some fixed B, while p corresponds to
the projection on the first factor. Thus we see that rϕ is a diffeomorphism from O(n)
onto the fiber p−1(x). Consequently, TIrϕ : o(n) → TϕPM is an injective linear map
which by construction has values in ker(Tϕp). By dimensional considerations rϕ must
be a linear isomorphism, and for X ∈ o(n), we put ζX(ϕ) := TIrϕ ·X.

Definition 2.5. A connection form on PM is a family γij ∈ Ω1(PM) of one–forms such

that γji = −γij and

(i) For A = (aij) ∈ O(n) with A−1 = (bij) we have (rA)∗γij =
∑

k,` b
i
ka

`
jγ

k
` .

(ii) For any ϕ ∈ PM and any X ∈ o(n), γij(ζX(ϕ)) is the component xij of the
matrix X.

The conditions in the definition are most naturally expressed via viewing γ = (γij)

as a matrix valued one–form rather than a matrix of one–forms. Then γji = −γij says
that the values are in o(n) ⊂Mn(R). The condition (ii) then says that the restriction of
γ(ϕ) to ker(Tϕp) ⊂ TϕPM should be the inverse of the canonical isomorphism TIrϕ. To
interpret (i), we observe that for A ∈ O(n) and X ∈ o(n), we have AXA−1 = AXAt ∈
o(n). Using this, condition (i) just says that (rA)∗γ = A−1γA.

Lemma 2.5. Let (M, g) be a Riemannian manifold with orthonormal frame bundle
PM .

(1) There exists a connection form γij on PM .

(2) Let γij be a fixed connection form on PM and suppose that for i, j, k = 1, . . . , n

we take smooth functions Ψk
i
j : PM → R such that Ψk

j
i = −Ψk

i
j and such that for each

matrix A = (asr) ∈ O(n) with inverse A−1 = (bsr) we have Ψk
i
j ◦ rA =

∑
q,r,s b

i
qa
r
ja
s
kΨs

q
r.

Then γ̂ij = γij +
∑

k Ψk
i
jθ
k is also a connection form on PM and all connection forms

are obtained in this way.

Proof. (1) Let U ⊂ M be open, suppose that {ξ1, . . . , ξn} is a local orthonormal
frame forM defined on U , and let Φ : p−1(U)→ U×O(n) be the induced diffeomorphism
from Proposition 2.3. Then T(x,A)(U × O(n)) = TxU × TAO(n) and from part (2) of
Lemma 2.2, we know that TAO(n) = {Y ∈ MnR : AY tA = −Y }. Now we define
γ̃ij(x,A)(ξ, Y ) = cij, where (cij) = A−1Y . This is evidently a smooth one–form on

U ×O(n) so γij := Φ∗γ̃ij ∈ Ω1(p−1(U)). From 2.2 we know that A−1Y is skew symmetric

for any Y ∈ TAO(n), so γji = −γij.
The smooth map (x,B) 7→ (x,BA) for fixed A ∈ O(n) evidently has derivative

(ξ, Y ) 7→ (ξ, Y A), since multiplication from the right by A is the restriction of a linear
map. Now by definition γ̃ij(x,BA)(ξ, Y A) is the component cij of the matrix (cij) =

(BA)−1Y A = A−1(B−1Y )A. This immediately implies that the γ̃ij satisfy condition (i).
On the other hand, fix (x,B) and consider the map A 7→ (x,BA). Since multiplication
from the left by B is the restriction of a linear map, the derivative in I of this map is
given by X 7→ (0, BX) for X ∈ o(n). But this shows that the γij also satisfy condition

(i), and hence define a connection form on p−1(U) = PU .
Now we can consider a covering of M by open subsets Uα over which there are local

orthonormal frames, and hence local connection forms. Then one takes a partition of
unity subordinate to this covering and uses this to glue together these local connection
forms to a globally defined one–forms. A moment of thought shows that the defining
properties of connection forms are preserved in this process.

(2) From the definition of γ̂ij it is evident that γ̂ji = −γ̂ij and since θk(ζX) = 0 for

all X ∈ o(n) and all k, we see that γ̂ij(ζX) = γij(ζX), so γ̂ij satisfies property (ii) from
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Definition 2.5. Finally, (rA)∗γ̂ij = (rA)∗γij +
∑

k(Ψk
i
j ◦ rA)(rA)∗θk. By our assumption

on the functions Ψk
i
j and part (2) of Proposition 2.4, the last term is given by∑

k,q,r,s,t b
i
qa
r
ja
s
kb
k
tΨs

q
rθ
t =

∑
q,r,s b

i
qa
r
jΨs

q
rθ
s,

which shows that property (i) is satisfied, too.
It remains to show that any connection form on PM can be obtained in this way

starting from a fixed connection form γij. So let us assume that γ̂ij is any connection

form, and consider the difference Φi
j := γ̂ij − γij ∈ Ω1(PM). Of course we have Φj

i =

−Φi
j, and since both summands have property (i) from Definition 2.5, we see that for

A = (ars) ∈ O(n) with A−1 = (brs) we get (rA)∗Φi
j =

∑
r,s b

i
ra
s
jΦ

r
s.

The fact that both γ and γ̂ have property (ii) from definition 2.5 implies that
Φi
j(ζX) = 0 for all i, j = 1, . . . , n and all X ∈ o(n). This implies that for each

ϕ ∈ PM the linear map Φi
j(ϕ) : TϕPM → R vanishes on the subspace ker(Tϕp).

But by part (1) of Proposition 2.4, θ(ϕ) = (θ1(ϕ), . . . , θn(ϕ)) induces a linear isomor-
phism TϕPM/ ker(Tϕp) → Rn. But this shows that for fixed i and j, there are n
uniquely determined real numbers, which we denote by Ψ1

i
j(ϕ), . . . ,Ψn

i
j(ϕ) such that

Φi
j(ϕ) =

∑
k Ψk

i
j(ϕ)θk(ϕ).

This then defines functions Ψk
i
j : PM → R, and a moment of thought shows that

these functions are smooth. From the construction it is evident that Ψk
j
i = −Ψk

i
j for all

i, j, and k, so to complete the proof, it suffices to compute Ψk
i
j ◦rA. But by construction

we have ∑
q,r b

i
qa
r
jΦ

q
r = (rA)∗Φi

j =
∑

k(Ψk
i
j ◦ rA)(rA)∗θk =

∑
k,s(Ψk

i
j ◦ rA)bksθ

s,

and the left hand side can be expanded as
∑

q,r,s b
i
qa
r
jΨs

q
rθ
s. Evaluating in a point,

the θs become linearly independent linear functionals on a finite dimensional space
while all other objects on each side just represent a real factor, so we conclude that∑

q,r b
i
qa
r
jΨs

q
r =

∑
k(Ψk

i
j ◦ rA)bks . Multiplying both sides by ast and summing over s, we

obtain the claimed expression for Ψk
i
j ◦ rA. �

From the proof we conclude that for X ∈ o(n) the tangent vector ζX(ϕ) corresponds
to (0, BX) ∈ T(x,B)U × O(n) in a natural chart. This immediately implies that ϕ 7→
ζX(ϕ) is a smooth mapping and thus defines a vector field ζX ∈ X(PM). This is called
the fundamental vector field generated by X ∈ o(n). The defining property (ii) of a
connection form γ = (γij) can be nicely phrased as γ(ζX) = X.

Given X ∈ o(n), one can form the matrix exponential exp(tX) =
∑∞

k=0
tk

k!
Xk for

each t ∈ R. One can verify directly that exp(tX) ∈ O(n) for all t and that exp((t +
s)X) = exp(tX) exp(sX) for all t, s ∈ R. The latter equation easily implies that for any
B ∈ O(n), the curve c(t) := B exp tX is the unique solution of the differential equation
c′(t) = c(t)X with initial condition c(0) = B. This in turn shows that the flow of the

fundamental vector field ζX is given by FlζXt = rexp(tX).
Now consider the soldering form θ = (θj). From part (2) of Proposition 2.4 we then

see that

(FlζXt )∗θi =
∑

j a
i
j(−t)θj,

where (aij(t)) := exp(tX). Differentiating this with respect to t at t = 0, we get

LζXθi = −
∑

j(a
i
j)
′(0)θj, and of course ((aij)

′(0)) = X. Now we can expand the left

hand side of this equation as iζXdθ
i + iζXθ

i and the since θi(ζX) = 0, the second term
vanishes.
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Now suppose that γij is an arbitrary connection form on PM . Then for each i, we

can consider dθi +
∑

j γ
i
j ∧ θj ∈ Ω2(PM). Inserting the vector field ζX into this two–

form, and using that θj(ζX) = 0 for all j, we get iζXdθ
i +
∑

j γ̃
i
j(ζX)θj. Since γij(ζX)

equals the appropriate entry of X,we see from above that this vanishes.
Now fix a point ϕ ∈ PM . Then the tangent vectors ζX(ϕ) for X ∈ o(n) form the

vertical subspace ker(Tϕp) ⊂ TϕPM . Hence the bilinear map

dθi(ϕ) +
∑

j γ
i
j(ϕ) ∧ θj(ϕ) : TϕPM × TϕPM → R

vanishes if one of its entries is from ker(Tϕp). As in the proof of Proposition 2.5, this
implies that there are uniquely determined real numbers T ijk(ϕ) such that T ikj(ϕ) =

−T ijk(ϕ) and such that

dθi(ϕ) +
∑

j γ
i
j(ϕ) ∧ θj(ϕ) =

∑
jk T

i
jk(ϕ)θj(ϕ) ∧ θk(ϕ).

These numbers fit together to define smooth functions T ijk : PM → R such that

(1) dθi +
∑

j γ
i
j ∧ θj =

∑
j,k T

i
jkθ

j ∧ θk.

The functions T ijk are called the torsion–coefficients of the connection form γij.

It is also easy to compute T ijk ◦ rA for a matrix A = (ars) ∈ O(n) with inverse

A−1 = (brs): Pulling back the right hand side of (1) along rA, we obtain∑
j,k

(T ijk ◦ rA)(rA)∗θj ∧ (rA)∗θk =
∑
j,k,q,r

(T ijk ◦ rA)bjqb
k
rθ
q ∧ θr.

For the first term in the left hand side, we compute

(rA)∗dθi = d(rA)∗θi = d(
∑

s b
i
sθ
s) =

∑
q b

i
qdθ

q,

while for the other term the analogous behavior follows from property (i) in Defini-
tion 2.5 and part (2) of Proposition 2.4. Expanding the result via (1), we obtain∑

q,r,s b
i
sT

s
qrθ

q ∧ θr. Now taking into account that both
∑

s b
i
sT

s
qr and

∑
j,k(T

i
jk ◦ rA)bjqb

k
r

are skew symmetric, we can evaluate in a point. There the elements θq(ϕ) ∧ θr(ϕ) for
q < r are all linearly independent, and as in the proof of Proposition 2.5, we conclude
that

T ijk ◦ rA =
∑
q,r,s

biqa
r
ja
s
kT

q
rs.

2.6. The Levi–Civita connection form. We are now ready to prove the exis-
tence of a canonical connection form on PM . The key to this is computing the effect
of a change of connection on the torsion coefficients. To get a clearer picture of what
is going on, we briefly discuss the meaning of the functions Ψk

i
j from Lemma 2.5 and

of the torsion coefficients T ijk before proceeding. We have already observed that it is

most natural to view the soldering form θ = (θ1, . . . , θn) as a one–form with values in
Rn and a connection form γ = (γij) as a one–form with values in o(n). Thus it is clear

that for each ϕ ∈ PM the values Ψk
i
j(ϕ) are most naturally viewed as describing a

linear function Rn → o(n) with the indices i and j denoting the matrix entries in o(n).
Likewise, the values T ijk(ϕ) describe a skew symmetric bilinear map Rn × Rn → Rn.

Notice that both on the space L(Rn, o(n)) of linear maps and on the space L2
alt(Rn,Rn)

of skew symmetric bilinear maps, there is a natural action of the group O(n). For
A ∈ O(n) and Ψ : Rn → o(n), and T : Rn × Rn → Rn these are given by (A · Ψ)(v) :=
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AΨ(A−1v)A−1 and (A · T )(v, w) := A(T (A−1v,A−1w))), respectively. In this lan-
guage, the formulae in Lemma 2.5 respectively in the end of section 2.5 simply read
as Ψ ◦ rA = A−1 ·Ψ and T ◦ rA = A−1 · T .

Lemma 2.6. Let (M, g) be a Riemannian manifold with orthonormal frame bundle
PM .

(1) Let γij be a connection form on PM , take functions Ψk
i
j : PM → R as in Lemma

2.5 and consider the connection form γ̂ij = γij +
∑

k Ψk
i
jθ
k. Then the torsion coefficients

of the two connections are related as T̂ ijk = T ijk + 1
2
(Ψj

i
k −Ψk

i
j).

(2) The map ∂ : L(Rn, o(n))→ L2
alt(Rn,Rn) defined by ∂(Ψ)(v, w) = Ψ(v)w−Ψ(w)v

is a linear isomorphism and ∂(A ·Ψ) = A · (∂(Ψ)) for all A ∈ O(n).

Proof. (1) By definition, we have dθi +
∑

j γ̂
i
j ∧ θj =

∑
k,` T̂

i
k`θ

k ∧ θ`, and inserting

for γ̂ij in the left hand side, we obtain

dθi +
∑

j γ
i
j ∧ θj +

∑
j,k Ψk

i
jθ
k ∧ θj =

∑
j,k(T

i
jk −Ψk

i
j)θ

j ∧ θk.

Taking into account that T̂ ijk must be skew symmetric in the two lower indices, we
conclude that

T̂ ijk = 1
2

(
T ijk −Ψk

i
j − T ikj + Ψj

i
k

)
,

and since the T ikj = −T ijk, the result follows.

(2) We know that dim(o(n)) = n(n−1)
2

, so the space L(Rn, o(n)) has dimension
n2(n−1)

2
. Likewise, to specify a skew symmetric bilinear map Rn × Rn → R, one has to

specify the n(n−1)
2

values it takes on (ei, ej) for i < j. Thus also the space L2
alt(Rn,Rn)

has dimension n2(n−1)
2

. Moreover,

∂(A ·Ψ)(v, w) = (A ·Ψ)(v)(w)− (A ·Ψ)(w)(v)

= AΨ(A−1v)A−1w − AΨ(A−1w)A−1v = A(∂(Ψ)(A−1v,A−1w)),

so the last statement follows. To complete the proof, it therefore suffices to show that
∂ is injective. But if Ψ : Rn → o(n) is a linear map such that ∂(Ψ) = 0 then we have
Ψ(v)w = Ψ(w)v for all v, w ∈ Rn. But then consider the map t : Rn × Rn × Rn → R
defined by t(u, v, w) := 〈Ψ(u)v, w〉. Then by assumption t(u, v, w) = t(v, u, w) and since
Ψ(u) ∈ o(n) we get t(u,w, v) = 〈Ψ(u)w, v〉 = −〈w,Ψ(u)v〉 = −t(u, v, w). But from the
proof of Proposition 2.2 we know that t = 0, which immediately implies Ψ = 0. �

Theorem 2.6. Let (M, g) be a Riemannian manifold. Then there exists a unique con-
nection form γij on the orthonormal frame bundle PM whose connection coefficient

vanish identically, i.e. such that dθi +
∑

j γ
i
j ∧ θj = 0. This is called the Levi–Civita

connection form of M .

Proof. By Proposition 2.5 there exists connection forms on PM , we let γ̂ij be any

such form and take T̂ ijk be its connection coefficients. View T̂ ijk as defining a smooth

function PM → L2
alt(Rn,Rn) and compose (∂)−1 : L2

alt(Rn,Rn) → L(Rn, o(n)) with

(−2T̂ ijk) to obtain a collection of smooth functions Ψk
i
j on PM such that 1

2
(Ψj

i
k−Ψk

i
j) =

−T̂ ijk.
Since ∂(A−1 ·Ψ) = A−1 ·∂(Ψ) and T ◦rA = A−1 ·T we conclude that Ψ◦rA = A−1 ·Ψ.

Thus Proposition 2.5 shows that γij = γ̂ij+
∑

k Ψk
i
jθ
k is a connection form on PM , which

by part (1) of Lemma 2.5 has vanishing torsion coefficients, so existence is proved.
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For uniqueness we just have to observe that by Proposition 2.5, any other connection
form γ̃ij can be written as γij +

∑
k Ψ̃k

i
jθ
k. But by part (1) of Lemma 2.6, the torsion

coefficients of this connection form are given by T̃ ijk = 1
2
(Ψ̃j

i
k − Ψ̃k

i
j), which by part (2)

of that Lemma vanishes only if all Ψ̃k
i
j vanish. �

We will discuss in detail in the next chapter how this canonical connection form can
be used. Before we do that, we discuss how these fairly abstract considerations can be
made explicit.

2.7. The Levi–Civita connection in a frame. The basic strategy to convert
considerations on the orthonormal frame bundle into explicit formulae follows easily
from Proposition 2.4. This says that a local orthonormal frame respective a local or-
thonormal coframe is equivalent to a local section of the orthonormal frame bundle PM .
We also know already that we can effectively construct local orthonormal frames and
coframes using the Gram–Schmidt procedure. Now having given a local section of PM ,
we can pull back functions and differential forms on PM to locally defined objects of
the same type on M . In particular, the components γii of the Levi–Civita connection
form can be pulled back to one–forms on the domain of our local section, and we can
derive a nice characterization for these forms.

Proposition 2.7. Let (M, g) be a Riemannian manifold of dimension n and let U ⊂M
be open subset. Suppose that there is a local orthonormal coframe {σ1, . . . , σn} defined
on U and let σ : U → PM be the corresponding smooth section.

Then the pullback ωij := σ∗γij ∈ Ω1(U) of the Levi–Civita connection form is uniquely

characterized by the facts that ωji = −ωij for all i, j and that

0 = dσi +
∑

j ω
i
j ∧ σj.

Proof. From Proposition 2.4, we know that the section σ : U → PM is charac-
terized by σ∗θi = σi for i = 1, . . . , n. Putting ωij := σ∗γij for all i, j, we clearly have

ωji = −ωij. Moreover, on PM we have 0 = dθi +
∑

j γ
i
j ∧ θj and applying σ∗ to this

equation we conclude that 0 = dσi +
∑

j ω
i
j ∧ σj.

So it remains to see that the ωij are uniquely determined by these properties. Since

the forms σk form a local coframe, there are unique smooth functions ψk
i
j such that

ωij =
∑

k ψk
i
jσ

k. Using this, we see that
∑

j ω
i
j ∧ σj =

∑
j,k ψk

i
jσ

k ∧ σj, which by skew

symmetry of the wedge product can be written as
∑

j,k
1
2
(ψj

i
k−ψkij)σj ∧σk. Hence part

(2) of Lemma 2.6 implies that the map (ωij(x)) 7→
∑

j(ω
i
j(x) ∧ σj(x)) is injective on

elements satisfying ωji (x) = −ωij(x). �

Examples: (1) Flat space: In flat Euclidean space Rn the standard coordinate
vector fields ∂i form a global orthonormal frame. The dual coframe is simply given by
σi = dxi for i = 1, . . . , n. Since dσi = 0 for all i, we conclude that the connection forms
ωij vanish identically in this frame.

(2) The sphere: Let us consider the unit sphere Sn := {x ∈ Rn+1 : 〈x, x〉 = 1} with
the induced Riemannian metric. To get simple formulae, we use a particularly nice
chart, the stereographic projection. Let N = en+1 be the north pole, put U := Sn \ {N}
and define u : U → Rn by

u(x) = u(x1, . . . , xn+1) = 1
1−xn+1 (x1, . . . , xn)
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(To interpret this geometrically, one views Rn as the affine hyperplane through −N
which is orthogonal to N and one maps each point x ∈ Sn to the intersection of the ray
from N through x with that affine hyperplane.) One immediately verifies that the map

(y1, . . . , yn) 7→ 1
〈y,y〉+1

(2y1, . . . , 2yn, 〈y, y〉 − 1)

is inverse to U . The ith partial derivative of this mapping is given by

−2yi

(1+〈y,y〉)2 (2y, 〈y, y〉 − 1) + 1
1+〈y,y〉(2ei, 2y

i),

which shows that
∂
∂ui

= 1
(1+〈y,y〉)2

(∑n
j=1−4yiyj ∂

∂xj
+ 2(1 + 〈y, y〉) ∂

∂xi
+ 4yi ∂

∂xn+1

)
.

Using that the vectors ∂
∂xj

are orthonormal, one immediately verifies that ∂
∂ui

is orthog-

onal to ∂
∂uk

for i 6= k. Moreover, g( ∂
∂ui
, ∂
∂ui

) is given by 4
(1+〈y,y〉)2 . This implies that an

orthonormal frame is given by ξi := f(u) ∂
∂ui

, where f(u) = f(u1, . . . , un) = 1+
∑

(uj)2

2
. Of

course, the corresponding coframe is given by σi = 1
f
dui. Consequently, dσi = − 1

f2
df ∧

dui and since df =
∑

j u
jduj this can be written as

∑
j
uj

f2
dui∧duj =

∑
j u

jσi∧σj. This

can be written as −
∑

j ω
i
j ∧ σj for ωij = uiσj − ujσi = ui

f
duj − uj

f
dui, which evidently

satisfies ωji = −ωij and thus gives the Levi–Civita connection in our frame.



CHAPTER 3

Basic Riemannian geometry

In this chapter we show how the Levi–Civita connection forms on the orthonormal
frame bundle can be used to define various operations on the underlying manifold M .
By construction, these operations are intrinsically associated to the Riemannian metric
and can be used to construct invariants. The fundamental operation of this type is
the covariant derivative on tensor fields. The covariant derivative can then be used to
define geodesics and the exponential mapping. It can also be used to define the Riemann
curvature tensor, which is the fundamental invariant of a Riemannian manifold.

The covariant derivative

3.1. The horizontal lift. Using the Levi–Civita connection form, we can canoni-
cally lift tangent vectors and vector fields from M to PM . In general, a lift of a tangent
vector ξ ∈ TxM to a point ϕ ∈ p−1(x) ⊂ PM is a tangent vector ξ̃ ∈ TϕPM such that

Tϕp · ξ̃ = ξ. A lift of a vector field ξ ∈ X(M) is a vector field ξ̃ ∈ X(PM) such that

Tp ◦ ξ̃ = ξ ◦ p. A vector field ξ̃ ∈ X(PM) is called projectable if it is the lift of some

vector field ξ ∈ X(M) (which then is uniquely determined by ξ̃).

Proposition 3.1. Let (M, g) be a Riemannian manifold with frame bundle PM and
let (γij) be the Levi–Civita connection form on PM .

(1) For a point x ∈ M and a tangent vector ξ ∈ TxM and ϕ ∈ PM with p(ϕ) = x,
there is a unique lift ξh ∈ Tϕ(PM) of ξ such that γij(ξ

h) = 0 for all i, j.
(2) If ξ ∈ X(U) is a local vector field on M , then the horizontal lifts in points in

p−1(U) fit together to define a smooth vector field ξh ∈ X(U). For any A ∈ O(n), we
have (rA)∗ξh = ξh.

Proof. (1) Since Tϕp : TϕPM → TxM is surjective, we can find an element ξ̃ ∈
TϕPM such that Tϕp · ξ̃ = ξ. Taking (γij(ϕ)(ξ̃)) =: X ∈ o(n) then ξh := ξ̃ − ζX(ϕ) has
the two required properties.

On the other hand, if Tϕp · ξ̂ = ξ, then ξh− ξ̂ ∈ ker(Tϕp) and hence ξh− ξ̂ = ζY (ϕ),

where Y = (γij(ϕ)(ξh − ξ̂)) = (−γij(ϕ)(ξ̂)). If γij(ξ̂) = 0, then this shows that ξ̂ = ξh.

(2) Since this is a local question, we may assume that M admits a local orthonormal
frame defined on U . Then we consider the induced diffeomorphism Φ : p−1(U) →
U × O(n) as in Proposition 2.4. Since T (U × O(n)) = TU × TO(n) we can start
from ξ ∈ X(U), form (x,A) 7→ (ξ(x), 0) ∈ X(U × O(n)) and pull this back by Φ to

obtain a vector field ξ̃ ∈ X(p−1(U)). Evidently, this satisfies Tϕp · ξ̃(ϕ) = ξ(p(ϕ))
for all ϕ ∈ p−1(U), so it is a lift of ξ. On the other hand, we know from 2.5 that
(TΦ · ζX)(x,A) = (0, AX) holds for each X ∈ o(n). So applying the construction of (1)

in each point, we see that TΦ · ξh is given by (x,A) 7→ (ξ(x),−A(γij(ξ̃)(Φ
−1(x,A)))), so

this is smooth, too.
For A ∈ O(n) we have p ◦ rA = p so Tp ◦ TrA = Tp. This means that Tϕr

A ·
ξh(ϕ) ∈ TrA(ϕ)PM is a lift of ξ(p(ϕ)). Moreover, condition (i) in the definition of a

37
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connection form immediately implies that γij(Tϕr
A · ξh(ϕ)) = 0 for all i and j. Thus

Tϕr
A · ξh(ϕ) = ξh(rA(ϕ)) which exactly means that (rA)∗ξh = ξh. �

3.2. The covariant derivative of vector fields. Via the horizontal lift, we can
differentiate smooth function on PM (which may have values in some finite dimensional
vector space) in a direction determined by a vector field on M . To get geometric
operations out of this idea, we have to interpret geometric objects on M in terms of
(vector valued) functions on PM . The crucial step is doing this for vector fields.

Theorem 3.2. Let (M, g) be a Riemannian manifold of dimension n with orthonormal
frame bundle PM , and let θ = (θ1, . . . , θn) be the soldering form on PM .

(1) The space X(M) of vector fields on M is in bijective correspondence with the
space

C∞(PM,Rn)O(n) := {F : PM → Rn : F (rA(ϕ)) = A−1F (ϕ) ∀A ∈ O(n)}

of O(n)–equivariant smooth functions PM → Rn. Explicitly, a vector field ξ ∈ X(M)

corresponds to the function θ(ξ̃), where ξ̃ ∈ X(PM) is any lift of ξ.
(2) Let ξ ∈ X(M) be a vector field with horizontal lift ξh ∈ X(PM), and let F ∈

C∞(PM,Rn)O(n) be an equivariant smooth function. Then the smooth function ξh · F :
PM → Rn is equivariant, too.

Proof. (1) Since a point ϕ ∈ PM is an orthogonal linear isomorphism Rn → TxM ,
where x = p(ϕ), an element F (ϕ) ∈ Rn gives rise to the tangent vector ϕ(F (ϕ)) ∈ TxM .
Any other point ϕ̂ with p(ϕ̂) = x is of the form ϕ̂ = rA(ϕ) = ϕ ◦A for some A ∈ O(n).
This determines the same tangent vector if and only if AF (rA(ϕ)) = F (ϕ) i.e. iff
F (rA(ϕ)) = A−1F (ϕ). Hence we see that an equivariant function F gives rise to a
unique tangent vector at each point of M .

If we conversely have given a tangent vector ξ(x) ∈ TxM for each x ∈ M , we can
associate to it the function F (ϕ) := ϕ−1(ξ(p(ϕ))) ∈ Rn, which is evidently equivari-
ant. Hence it suffices to prove that smoothness of the map x 7→ ξ(x) is equivalent to
smoothness of the function F : PM → Rn.

Starting with a smooth vector field ξ ∈ X(M), we know from Proposition 3.1 that the
horizontal lift ξh is a smooth vector field, too. But by definition of the soldering form,
the function F : PM → R associated to ξ can be written as θ(ξh) = (θ1(ξh), . . . , θn(ξh))
and thus is smooth. The same clearly applies to any smooth lift of ξ.

Conversely, let F : PM → Rn be smooth and equivariant. We can show that the
corresponding map x 7→ ξ(x) is smooth locally, so let us restrict to an open subset
U ⊂ M , for which there is an orthonormal frame {ξ1, . . . , ξn} defined on U . Denoting
by σ : U → PM the corresponding local section from 2.4, we have σ(x)(ei) = ξi(x)
for i = 1, . . . , n. But this implies that ξ(x) can be written as σ(x)(F (σ(x))) for all
x ∈M . Writing F ◦σ = (f 1, . . . , fn), we conclude that ξ(x) =

∑
i f

i(x)ξi(x). But since
F ◦ σ : U → Rn is smooth, this shows that ξ|U =

∑
i f

iξi is smooth, which completes
the proof of (1).

(2) From the definition of the pullback of vector fields, we see that (ξh · F ) ◦ rA =
(rA)∗ξh · (F ◦ rA). But (rA)∗ξh = ξh and writing F = (F 1, . . . , F n), equivariancy
reads as F i ◦ rA =

∑
j b

i
jF

j, where A−1 = (bij). Differentiating in direction ξh, we get

ξh · (F i ◦ rA) =
∑

j b
i
j(ξ

h · F j), which implies the result. �

Definition 3.2. Let (M, g) be a Riemannian manifold with orthonormal frame bundle
PM , let ξ, η ∈ X(M) be vector fields and let F : PM → Rn be the equivariant smooth
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function corresponding to η. Then the vector field corresponding to ξh · F : PM → Rn

is called the covariant derivative of η in direction ξ and is denoted by ∇ξη.

Now we can easily clarify the basic properties of this operation:

Corollary 3.2. Let (M, g) be a Riemannian manifold and let ∇ : X(M) × X(M) →
X(M) be the covariant derivative. Then for ξ, η, ζ ∈ X(M) and f ∈ C∞(M,R) we get:

(1) ∇ is bilinear over R.
(2) ∇fξη = f∇ξη and ∇ξfη = f∇ξη + (ξ · f)η.
(3) ξ · g(η, ζ) = g(∇ξη, ζ) + g(η,∇ξζ).
(4) ∇ξη −∇ηξ = [ξ, η].

(5) Let (M̃, g̃) be another Riemannian manifold with dim(M̃) = dim(M) and with
covariant derivative ∇̃. Then for an isometry I : M̃ →M we have I∗(∇ξη) = ∇̃I∗ξI

∗η.

Proof. The vector field ξh+ηh evidently lifts ξ+η and satisfies γij(ξ
h+ηh) = 0 for

all i, j, so ξh + ηh = (ξ+ η)h. Likewise, one verifies that (f ◦ p)ξh = (fξ)h. On the other
hand, the bijection X(M)→ C∞(PM,R)O(n) is evidently linear and if η corresponds to
F , then fη corresponds to (f ◦ p)F . From this, (1) follows immediately, and the first
part of (2) is clear since ((f ◦p)ξh)·F = (f ◦p)(ξh ·F ). For the second part of (2), we have
ξh ·((f ◦p)F ) = (ξh ·(f ◦p))F+(f ◦p)ξh ·F . But ξh ·(f ◦p)(ϕ) = (Tϕp·ξh)·f = ξ(p(ϕ))·f ,
and hence the first summand corresponds to (ξ · f)η, which completes the proof of (2).

(3) Suppose that η and ζ correspond to F,G : PM → Rn and let F i and Gi be
the components of these functions. Then F (ϕ) = ϕ−1(η(p(ϕ))) and likewise for G,
and since ϕ is orthogonal we conclude that

∑
i F

i(ϕ)Gi(ϕ) = g(η, ζ)(p(ϕ)). Hence
g(η, ζ) ◦ p =

∑
i F

iGi and thus

(ξ · g(η, ζ)) ◦ p = ξh ·
∑

i F
iGi =

∑
i(ξ

h · F i)Gi +
∑

i F
i(ξh ·Gi).

As above, we see that the last two terms are given by g(∇ξη, ζ) ◦ p and g(η,∇ξζ) ◦ p,
respectively. Since p is surjective, we get (3).

(4) The defining property of the Levi–Civita connection form reads as 0 = dθi +∑
j γ

i
j ∧ θj. The horizontal lifts ξh and ηh of ξ and η by definition insert both trivially

into each γij, so we conclude that dθi(ξh, ηh) = 0 for all i. Inserting the definition of the
exterior derivative, we obtain

θi([ξh, ηh]) = ξh · θi(ηh)− ηh · θi(ξh).

Since [ξh, ηh] is a lift of [ξ, η], the left hand side describes the ith component of the equi-
variant function PM → Rn corresponding to [ξ, η]. But the right hand side evidently
is the ith component of the function corresponding to ∇ξη − ∇ηξ, which implies the
result.

(5) This simply expresses the fact that the operation has been constructed in a nat-
ural way and although the proof may look a bit technical, it is actually straightforward.
First, we can extend an isometry I : M̃ → M to a smooth map PI : PM̃ → PM .
Indeed, a point ϕ̃ ∈ PM̃ is an orthogonal linear isomorphism Rn → Tx̃M̃ , where
x̃ = p̃(ϕ̃). Likewise, Tx̃I : Tx̃M̃ → TI(x̃)M is an orthogonal linear isomorphism, and we
define PI(ϕ̃) := Tx̃I ◦ ϕ̃ ∈ PM . This immediately implies that p ◦ PI = I ◦ p̃.

To see that PI is smooth, let U ⊂ M be an open subset such that there is a
local orthonormal frame {ξ1, . . . , ξn} for M defined on U . Consider Ũ := I−1(U) ⊂ M̃
and I∗ξi ∈ X(Ũ). One immediately verifies that these vector fields constitute a local



40 3. BASIC RIEMANNIAN GEOMETRY

orthonormal frame for M̃ . Moreover for the corresponding isomorphisms Φ : p−1(U)→
U ×O(n) and Φ̃ : p̃−1(Ũ)→ Ũ ×O(n) as in 2.4, one easily verifies that

PI = Φ−1 ◦ (I × idO(n)) ◦ Φ̃,

which implies smoothness of PI. From the definition, it also follows immediately that
PI ◦ rA = rA ◦ PI for all A ∈ O(n).

For the soldering forms θi on PM and θ̃i on PM̃ , consider (PI)∗θi. This maps
ξ ∈ Tϕ̃PM̃ to

θi(PI(ϕ̃))(Tϕ̃PI · ξ) = (PI(ϕ̃))−1(Tp · TPI · ξ).
Since P(ϕ̃) = Tx̃I ◦ ϕ̃ and Tp ◦ TPI = TI ◦ T p̃, we conclude that this equals the ith

component of ϕ̃−1(Tϕ̃p̃ · ξ) and hence θ̃i(ϕ̃)(ξ). Thus we see that (PI)∗θi = θ̃i for all i.
Next, let (γij) be the Levi–Civita connection form on PM and consider the one–forms

(PI)∗γij on PM̃ . One easily verifies that they define a connection form. Moreover,

dθ̃i +
∑

j((PI)∗γij) ∧ θ̃j = (PI)∗
(
dθi +

∑
j γ

i
j ∧ θj

)
= 0.

By Theorem 2.7, this implies that (PI)∗γij = γ̃ij, so PI is compatible with the Levi–

Civita connection forms. For ξ ∈ X(M), this easily implies that (PI)∗ξh = (I∗ξ)h and
for η ∈ X(M) corresponding to F : PM → Rn, the pullback (I∗η) corresponds to the
function F ◦PI. Now the result follows directly from the fact that ((PI)∗ξh)·(F ◦PI) =
(ξh · F ) ◦ PI. �

Remark 3.2. The proofs of parts (1)–(3) of this Corollary are different from the proofs
of part (4) and (5) and this is for good reason. In fact, given any connection form
(γ̂ij) on the orthonormal frame bundle PM of a Riemannian manifold (M, g), one can
define an analog of the horizontal lift operation (where now “horizontal” is interpreted

with respect to γ̂). This in turn can be used to define an operation ∇̂ on vector fields.
(Notice that the isomorphism in part (1) of Theorem 3.2 depends only on the soldering
form θ and not on γ.) Then one can argue as in the proof of Corollary 3.2 to show that

∇̂ has properties (1)–(3). This is usually expressed by saying that γ̂ (respectively ∇̂) is
a metric connection.

Property (4) is actually an equivalent version of the defining property of the Levi–
Civita connection from Theorem 2.6, and it is this property which makes the Levi–Civita
connection unique. This in turn is the reason why property (5) holds.

3.3. Interpreting tensor fields on the frame bundle. To extend the covariant
derivative to arbitrary tensor fields, we can proceed similarly as in 3.2, provided that
we find an interpretation of tensor fields as certain vector valued functions on PM . For
technical reasons, we discuss the case of one–forms separately.

Consider the space Rn∗ = L(Rn,R), the dual space to Rn. There is a natural
action of GL(n,R) on this space defined by (A · λ)(X) = λ(A−1X) for λ ∈ Rn∗ and
X ∈ Rn. The motivation for the inverse is on the one hand that it makes sure that
(A · λ)(A · X) = λ(X). On the other hand, to get AB · λ = A · (B · λ), the inverse is
necessary, too. Of course, we can restrict this to an action of the subgroup O(n).

Lemma 3.3. Let (M, g) be a Riemannian manifold with orthonormal frame bundle
PM . Then there is a bijective correspondence between the space Ω1(M) of one–forms
on M and the space

C∞(PM,Rn∗)O(n) = {F ∈ C∞(PM,Rn∗) : F (rA(ϕ)) = A−1 · F (ϕ) ∀A ∈ O(n)}.
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Viewing vector fields as equivariant Rn–valued smooth functions on PM , inserting a
vector field into a one–form corresponds to the point–wise application of linear func-
tionals to vectors.

Proof. Let α ∈ Ω1(M) be a one–form. Given ϕ ∈ PxM , which is an orthogonal
linear isomorphism ϕ : Rn → TxM , where x = p(ϕ), we put F (ϕ) := αx ◦ ϕ : Rn → R.
Since rA(ϕ) = ϕ◦A it follows from the definition that F (rA(ϕ)) = F (ϕ)◦A = A−1·F (ϕ).
To see that F is smooth, consider an open subset U ⊂M such that there exists a local
orthonormal frame {ξi} for M defined on U , and let σ : U → PM be the corresponding
smooth section. Then by definition σ(x) ∈ PxM maps ei ∈ Rn to ξi(x) for all i. Looking
at F ◦ σ : U → Rn∗ we conclude that F (σ(x))(ei) = α(ξi)(x), which shows that F ◦ σ
is smooth. Using that (x,A) 7→ σ(x) ◦A defines a diffeomorphism U ×O(n)→ p−1(U)
and that F (σ(x) ◦ A) = F (σ(x)) ◦ A, we conclude that F is smooth on p−1(U) ⊂ PM .

Conversely, given ϕ and F (ϕ) ∈ Rn∗, we can define a linear map αx : Tp(ϕ)M → R
as F (ϕ) ◦ ϕ−1. Any other point lying over x is of the form rA(ϕ) = ϕ ◦ A for A ∈
O(n), and by definition (rA(ϕ), F (rA(ϕ))) leads to the same functional if and only if
F (rA(ϕ))) = A◦F (ϕ) = A−1·F (ϕ). Hence an equivariant function induces a well defined
linear functional on each tangent space. Now a vector field ξ ∈ X(M) corresponds
by Theorem 3.2 to a smooth equivariant function G : PM → Rn characterized by
G(ϕ) = ϕ−1(ξ(p(ϕ))). But this means that αx(ξ(x)) = F (ϕ)(G(ϕ)) for all ϕ ∈ PxM .
This shows that x 7→ αx is a one–form on M as well as the last claim in the lemma. �

Having this at hand, it is rather easy to pass to tensor fields. Consider the space
L`k(Rn,R) of all k + `–linear maps (Rn)k × (Rn∗)` → R. Then this carries a natural
action of GL(n,R) defined by

(A · t)(X1, . . . , Xk, λ1, . . . , λ`) = t(A−1X1, . . . , A
−1Xk, λ1 ◦ A, . . . , λ` ◦ A).

As before, the inverses are chosen in such a way that AB · t = A · (B · t). Using this, we
can now formulate

Proposition 3.3. Let (M, g) be a Riemannian manifold with orthonormal frame bundle
PM . Then there is a bijective correspondence between the space T `k (M) of

(
`
k

)
–tensor

fields on M and the space C∞(PM,L`k(Rn,R))O(n) of all smooth functions F : PM →
L`k(Rn,R) such that F (rA(ϕ)) = A−1 · F (ϕ) for all A ∈ O(n).

Viewing vector fields and one–forms as equivariant smooth functions on PM with
values in Rn and Rn∗, respectively, inserting vector fields and one–forms into a tensor
field corresponds to the point–wise insertion of elements of Rn and Rn∗ into multilinear
maps.

Proof. This is very similar to the proof of part (1) of Theorem 3.2 and of Lemma
3.3. Given a tensor field t ∈ T `k (M), one defines F (ϕ) ∈ L`k(Rn,R) by

F (ϕ)(X1, . . . , Xk, λ1, . . . , λ`) := tx(ϕ(X1), . . . , ϕ(Xk), λ1 ◦ ϕ−1, . . . , λ` ◦ ϕ−1),

and verifies directly that this is equivariant. To prove smoothness, one restricts to an
open subset U for which there is an orthonormal frame defined on U . Denoting by
σ : U → PM the corresponding smooth section, the component functions F ◦ σ are
obtained by plugging elements of the frame and of the dual coframe into t, from which
one deduces that F is smooth.

Conversely, ϕ ∈ PxM and F (ϕ) ∈ L`k(Rn,R) give rise to a multilinear map tx and
F (rA(ϕ)) = A−1 · F (ϕ) makes sure that all points in PxM lead to the same map tx.
From the definition, it follows easily that inserting values of vector fields and one–forms
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into tx corresponds to inserting the values of the corresponding functions into F (ϕ),
which shows that smoothness of F implies smoothness of t. �

Remark 3.3. (1) The different interpretations of
(
`
k

)
–tensor fields mentioned in section

4.3 of [DG1] have an obvious analog here. For example, the isomorphism T 1
0 (M) ∼=

X(M) simply corresponds to the canonical isomorphism L(Rn∗,R) ∼= Rn which is com-
patible with the actions of O(n) on the two spaces.

One can identify the space of bilinear maps Rn×Rn → Rn with L1
2(Rn,R) by sending

b : Rn × Rn → Rn to the trilinear map (X, Y, λ) 7→ λ(b(X, Y )). This corresponds to
viewing the values of a

(
1
2

)
–tensor field as bilinear maps TxM × TxM → TxM rather

than as trilinear maps TxM × TxM × T ∗xM → R. This extends to other types of tensor
fields.

(2) Similar to the coordinate representation of a smooth tensor field, one can expand
it locally in terms of an orthonormal frame and the associated coframe. Take a local
orthonormal frame {ξ1, . . . , ξn} defined on U , the associated coframe {σ1, . . . , σn}, and a
tensor field t ∈ T `k (M). Then for any choice i1, . . . , i`, j1, . . . , jk ∈ {1, . . . , n} of indices,
we get a

(
`
k

)
–tensor field σj1 ⊗ · · · ⊗ σjk ⊗ ξi1 ⊗ · · · ⊗ ξi` and a smooth function

ti1,...,i`j1,...,jk
:= t(ξj1 , . . . , ξjk , σ

i1 , . . . , σi`)

defined on U such that

t|U =
∑
i1,...,j`

ti1,...,i`j1,...,jk
σj1 ⊗ · · · ⊗ σjk ⊗ ξi1 ⊗ · · · ⊗ ξi` .

From the definitions we easily conclude that in terms of the section σ : U → PM
associated to the frame and the equivariant function F : PM → L`k(Rn,R) the functions

ti1,...,i`j1,...,jk
are simply the component functions of F ◦ σ.

Example 3.3. (1) The Riemannian metric g is a
(

0
2

)
–tensor field. For any orthonormal

frame {ξi}, we of course have g(ξi, ξj) = δij, which implies that g corresponds to the
constant function 〈 , 〉 ∈ L0

2(Rn,R).

(2) Take functions Ψk
i
j as in Lemma 2.5, and use them to define a smooth map

Ψ : PM → L1
2(Rn,R) by Ψ(ϕ)(X, Y, λ) :=

∑
i,j,k Ψk

i
jX

kY jλi. Then the compatibility

condition of Φ with rA from Lemma 2.5 exactly says that Ψ(rA(ϕ)) = A−1·Ψ(ϕ), whence
Ψ determines a

(
1
2

)
–tensor field on M . The skew symmetry condition from Lemma 2.5

can be best expressed by considering Ψ(ξ, ) for ξ ∈ X(M) as associating to each x ∈M
an endomorphism of TxM . Then the statement just says that this endomorphism is
skew symmetric with respect to gx.

To understand this geometrically, recall that the functions Ψk
i
j describe the difference

between two sets of connections forms. As we have noted in 3.2, any connection form
gives rise to an operator which has properties (1)–(3) of Corollary 3.2. One can verify
directly, that the functions Ψk

i
j describe the difference between the two operators coming

from the connection forms. It is not surprising that this difference is a tensor field. Let
us denote the operators by∇ and ∇̂ and consider Ψ : X(M)×X(M)→ X(M) defined by

Ψ(ξ, η) := ∇̂ξη−∇ξη. Since both operators have properties (1) and (2) from Corollary
3.2, this is linear over smooth functions in both variables and thus defines a tensor field
Ψ ∈ T 1

2 (M). If one in addition assumes that both operations also satisfy property (3)
from Corollary 3.2, then this implies 0 = g(Ψ(ξ, η), ζ) + g(η,Ψ(ξ, ζ)), which explains
the skew symmetry condition on Ψ.
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(3) Consider the functions T ijk associated to a choice of connection form (γij) on PM
in 2.5. We can use them to define a smooth map T from PM to the space of bilinear
maps Rn × Rn → Rn by T (ϕ)(X, Y ) :=

∑
i,j,k T

i
jkX

jY kei, where {ei} is the standard

basis of Rn. Then the compatibility condition with rA verified in the end of 2.5 reads as
T (rA(ϕ))(X, Y ) = A−1T (ϕ)(AX,AY ), i.e. T (rA(ϕ)) = A−1 · T (ϕ). Hence T defines a(

1
2

)
–tensor field on M , called the torsion of the connection form (γij), and a connection

with vanishing torsion is called torsion–free. In this language, Theorem 2.6 says that
there is a unique torsion–free metric connection on PM and this is the Levi–Civita
connection.

Again, this can be nicely interpreted in terms of the associated operation on vector
fields. Indeed, if ∇ : X(M) × X(M) → X(M) is an operator which has properties (1)
and (2) of Corollary 3.2, then one defines T : X(M) × X(M) → X(M) by T (ξ, η) :=
∇ξη − ∇ηξ − [ξ, η]. By definition, this is skew symmetric and from the compatibility
of the Lie bracket with multiplication of a vector field by a smooth function, it follows
immediately that T is bilinear over smooth functions. Thus it defines a tensor field, and
one can verify directly that this corresponds to the functions T ijk considered above.

3.4. The covariant derivative of tensor fields. Extending the covariant de-
rivative to tensor fields is now straightforward. To efficiently compute with covariant
derivatives, the main information we need is compatibility with natural operations.

Lemma 3.4. If F : PM → L`k(Rn,R) is an O(n)–equivariant smooth function, then
for any vector field ξ ∈ X(M) with horizontal lift ξh ∈ X(PM), the function ξh · F :
PM → L`k(Rn,R) is O(n)–equivariant, too.

Proof. We can split F into components via

F (ϕ)(X1, . . . , Xk, λ1, . . . , λ`) =
∑

i1,...,ik,j1,...,j`

F j1,...,j`
i1,...,ik

(ϕ)(X1)i1 . . . (Xk)
ikλ1(ej1) . . . λ`(ej`)

thus defining smooth functions F j1,...,j`
i1,...,ik

: PM → R which are given by

F j1,...,j`
i1,...,ik

(ϕ) = F (ϕ)(ei1 , . . . , eik , e
j1 , . . . , ejk),

where {e1, . . . , en} is the standard basis of Rn and {e1, . . . , en} is the dual basis of Rn∗.
In this language the equivariancy condition reads as

F j1,...,j`
i1,...,ik

◦ rA =
∑

r1,...,rk,s1,...,s`

ar1i1 . . . a
rk
ik
bj1s1 . . . b

j`
s`
F s1,...,s`
r1,...,rk

where A = (aij) ∈ O(n) with inverse A−1 = (bij). Having this at hand, the proof can be
completed in exactly the same way as for part (1) of Theorem 3.2. �

Definition 3.4. Let (M, g) be a Riemannian manifold with orthonormal frame bundle
PM , let ξ ∈ X(M) be a vector field and t ∈ T `k (M) a tensor field on M and let
F : PM → L`k(Rn,R) be the equivariant smooth function corresponding to t. Then the(
`
k

)
–tensor field field corresponding to ξh · F : PM → L`k(Rn,R) is called the covariant

derivative of t in direction ξ and is denoted by ∇ξt.

To efficiently compute with the covariant derivative, we have to prove compatibil-
ity with certain natural operations. On the one hand, recall that there is the ten-
sor product of tensor fields, which is defined point–wise. Given t1 ∈ T `1k1 (M) and

t2 ∈ T `2k2 (M) we have t1 ⊗ t2 ∈ T `1+`2
k1+k2

(M). Likewise, we can define a tensor product

ψ1 ⊗ ψ2 ∈ L`1+`2
k1+k2

(Rn,R) for ψi ∈ L`iki(R
n,R) by distributing the arguments to the two
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mappings and then multiplying their values. It is evident, the in the picture of equivari-
ant functions the tensor product of tensor fields corresponds to the point–wise tensor
production of the associated equivariant functions.

For the second operation, suppose that we have a linear map Φ : L`k(Rn,R) →
L`
′

k′(Rn,R) which is O(n)–equivariant in the sense that Φ(A · ψ) = A · Φ(ψ). Given a
tensor field t ∈ T `k (M) we can take the corresponding equivariant function F : PM →
L`k(Rn,R). Then it is clear that also Φ ◦F : PM → L`

′

k′(Rn,R) is O(n)–equivariant and
hence corresponds to a tensor field Φ(t) ∈ T `′k′ (M).

Proposition 3.4. Let (M, g) be a Riemannian manifold with orthonormal frame bundle
PM . Then we have

(1) For tensor fields t1 and t2 on M and any ξ ∈ X(M), we have

∇ξ(t1 ⊗ t2) = (∇ξt1)⊗ t2 + t1 ⊗ (∇ξt2).

(2) If Φ is the operator on tensor fields induced by some O(n)–equivariant map
(denoted by the same symbol), then for any ξ ∈ X(M) we have Φ(∇ξt) = ∇ξ(Φ(t)).

Proof. (1) If ti corresponds to Fi : PM → L`iki(R
n,R) for i = 1, 2, then we have

noted already that t1 ⊗ t2 corresponds to the point–wise tensor product, i.e. to the
function F (ϕ) = F1(ϕ)⊗F2(ϕ). Since the tensor product on spaces of multilinear maps
is bilinear, we see that (ξh · F )(ϕ) = (ξh · F1)(ϕ)⊗ F2(ϕ) + F1(ϕ)⊗ (ξh · F2)(ϕ), which
implies the result.

(2) Since Φ is just a linear map between finite dimensional vector spaces, we get
ξh · (Φ ◦ F ) = Φ ◦ (ξh · F ), which implies the result. �

Example 3.4. (1) Let us first consider the covariant derivative on T 0
0 (M) = C∞(M,R).

We just have to observe that for a smooth map F : PM → R, being O(n)–equivariant
simply means that F ◦ rA = F for all A ∈ O(n). But this means that F is constant
along the fibers of p : PM → M , so F = f ◦ p for a smooth function f : M → R. But
then ξh · F = ξh · (f ◦ p) = (Tp · ξh · f) ◦ p = (ξ · f) ◦ p. This shows that ∇ξf = ξ · f for
f ∈ C∞(M,R).

(2) Consider the trace map tr : L(Rn,Rn) → R. We can identify L(Rn,Rn) with
L1

1(Rn,R). This associates to f : Rn → Rn the bilinear map (v, λ) 7→ λ(f(v)). Under
this identification, the natural action on L1

1(Rn,R) corresponds to the obvious action
A ·f = A◦f ◦A−1. Since tr(A◦f ◦A−1) = tr(f), we can view tr as an O(n)–equivariant
linear map L1

1(Rn,R) → R, where O(n) acts trivially on R, i.e. each A ∈ O(n) acts as
the identity. Now given a tensor field t ∈ T 1

1 (M), we can view t as a associating to
each x ∈M a linear map from TxM to itself. Forming the trace in each point, we get a
smooth function tr(t) : M → R and from part (2) of Proposition 3.4 and Example (1)
we see that tr(∇ξt) = ξ · tr(t) for any ξ ∈ X(M).

A more interesting application of this is the following: Take a vector field η ∈ X(M)
and a one–form α ∈ Ω1(M) and form η ⊗ α ∈ T 1

1 (M). Now as an endomorphism this
acts via ζ 7→ α(ζ)η which implies that tr(η ⊗ α) = α(η) ∈ C∞(M,R). From above, we
see that tr(∇ξ(η⊗α)) = ξ · (α(η)) for all ξ ∈ X(M). But by part (1) of the proposition,
we get

∇ξ(η ⊗ α) = (∇ξη)⊗ α + η ⊗ (∇ξα),

and taking the trace, we get α(∇ξη) + (∇ξα)(η). Putting this together, we obtain the
formula

(∇ξα)(η) = ξ · (α(η))− α(∇ξη),



THE COVARIANT DERIVATIVE 45

which completely describes the covariant derivative of one–forms in terms of the covari-
ant derivative of vector fields.

(3) We can describe the covariant derivative of general
(

0
k

)
–tensor fields in a very

similar way. There is an obvious evaluation map ev : L0
k(Rn,R) × Rn × · · · × Rn → R

(with k copies of Rn) defined by ev(ψ,X1, . . . , Xk) = ψ(X1, . . . , Xk) and this is (k+ 1)–
linear. One easily verifies that this is equivariant for the component–wise action of O(n)
on the left hand side and the trivial action on the right hand side.

For a tensor field t ∈ T 0
k (M) and η1, . . . , ηk ∈ X(M) applying this map pointwise to

the corresponding equivariant functions corresponds to

(t, η1, . . . , ηk) 7→ t(η1, . . . , ηk) ∈ C∞(M,R).

Proceeding as in (2) we conclude that for any ξ ∈ X(M) we get

(∇ξt)(η1, . . . , ηk) = ξ · (t(η1, . . . , ηk))−
∑n

i=1 t(η1, . . . ,∇ξηi, . . . , ηk).

Applying this to the Riemannian metric g ∈ T 0
2 (M) we conclude that the fact that

∇g = 0 (which is obvious, since g corresponds to a constant function PM → L0
2(Rn,R))

can be equivalently phrased as condition (3) from Corollary 3.2.

(4) What we have done so far did not really depend on the fact that we consider
matrices A ∈ O(n) only, since both tr and ev are actually compatible with the natural
actions of GL(n,R). To get something specific to the orthogonal group, consider the
map Φ : Rn → Rn∗ which maps v ∈ Rn to the linear functional w 7→ 〈 , v〉. For A ∈ O(n)
also the matrix A−1 is orthogonal, so 〈w,Av〉 = 〈A−1w, v〉, so Φ(Av) = A−1◦Φ(v) which
exactly says that Φ is O(n)–equivariant.

Passing to tensor fields, we see that for each η ∈ X(M) we have Φ(η) ∈ Ω1(M), which
is explicitly given by Φ(η)(ζ) = g(ζ, η). Since Φ : Rn → Rn∗ is a linear isomorphism,
also Φ : X(M) → Ω1(M) is a linear isomorphism. By part (2) of Proposition 3.4 this
isomorphism is compatible with the covariant derivative.

Similarly, we can find O(n)–equivariant linear isomorphisms between L`k(Rn,R) and
L`
′

k′(Rn,R) provided that k + ` = k′ + `′. The induced isomorphisms between spaces of
tensor fields are again compatible with the covariant derivative.

(5) The observation on the metric in the end of (3) can be easily generalized. Suppose
that we have an O(n)–equivariant function F : PM → L`k(Rn,R) which happens to be
constant or locally constant. Then of course ξh · F = 0 for any ξ ∈ X(M) so the tensor
field t ∈ T `k (M) corresponding to F is parallel, i.e. it satisfies ∇ξt = 0 for any ξ.

Now of course if F : PM → L`k(Rn,R) is locally constant and c : [0, 1]→ O(n) is a
smooth curve with c(0) = I, then for any ϕ ∈ PM we must have F (rc(t)ϕ) = F (ϕ) for
all t, so in particular c(1)−1 · F (ϕ) = F (ϕ) for any such curve. Now it turns out that
one can reach any point in SO(n) = {A ∈ O(n) : det(A) = 1} by such a curve. Hence
in order for a locally constant function to be O(n)–equivariant, its values must at least
be SO(n)–invariant, i.e. fixed by the action of any element of SO(n).

In particular, let us assume that ψ ∈ L`k(Rn,R) is O(n)–invariant, i.e. A · ψ = ψ
for any A ∈ O(n). Then for any Riemannian manifold M , the constant map ψ is
O(n)–equivariant on PM and thus defines a canonical parallel tensor field on M .

There is a very interesting example for which we only have SO(n)–invariance.
Consider the determinant mapping det ∈ L0

n(Rn,R). By linear algebra, we have
det(Av1, . . . , Avn) = det(A) det(v1, . . . , vn) which means that A · det = det(A−1) det
for any A ∈ GL(n,R), so det is indeed SO(n)–invariant. Now suppose that (M, g) is a
Riemannian manifold, which is orientable. Choosing an orientation of M , any element
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ϕ ∈ PM is either orientation preserving or orientation reversing when viewed as a linear
isomorphism Rn → TxM . Now define F : PM → L0

n(Rn,R) by putting F (ϕ) = det if ϕ
is orientation preserving and F (ϕ) = − det if ϕ is orientation reversing. It is easy to see
that F is smooth, thus defining a parallel n–form vol(g) ∈ Ωn(M), called the volume
form of the metric g. Explicitly, vol(g) is characterized by the fact that a positively
oriented orthonormal basis has unit volume.

3.5. The covariant derivative as an operator. In the proof of Corollary 3.2,
we have seen that for ξ ∈ X(M) and f ∈ C∞(M,R), we have (fξ)h = (f ◦ p)ξh.
As there we conclude that this implies that (fξ)h · F = (f ◦ p)ξh · F holds for any
equivariant function F : PM → L`k(Rn,R), whence ∇fξt = f∇ξt for any t ∈ T `k (M).
Since we already know that ∇ξt ∈ T `k (M) we see that the (k + ` + 1)–linear map
∇t : (X(M))k+1 × (Ω1(M))` → C∞(M,R) defined by

∇t(η0, . . . , ηk, α1, . . . , α`) := (∇η0t)(η1, . . . , ηk, α1, . . . , α`)

is linear over C∞(M,R) in each argument and thus defines a tensor field ∇t ∈ T `k+1(M).
Now one can take the covariant derivative of this tensor field and form ∇2t = ∇(∇t) ∈
T `k+2(M) and inductively ∇rt ∈ T `k+r(M) for all r ∈ N.

In terms of this operator, we can now nicely describe how to compute the covariant
derivative in terms of an orthonormal (co–)frame:

Proposition 3.5. Let (M, g) be a Riemannian manifold of dimension n and let U ⊂
M be open subset. Suppose that there is a local orthonormal frame {ξ1, . . . , ξn} with
corresponding coframe {σ1, . . . , σn} defined on U , and let ωij ∈ Ω1(U) be the unique

forms such that ωji = −ωij and 0 = dσi +
∑

j ω
i
j ∧ σj (compare with Proposition 2.7).

Then we have
(1) ∇ξi =

∑
j ω

j
i⊗ξj ∈ T 1

1 (M) and ∇σi = −
∑

j ω
i
j⊗σj ∈ T 0

2 (M) for all i = 1, . . . , n.

(2) If η ∈ X(M) is any vector field, and f 1, . . . , fn : U → R are the unique smooth
functions such that η|U =

∑n
i=1 f

iξi, then

∇η =
∑n

i=1((df i +
∑n

j=1 f
jωij)⊗ ξi).

Proof. The orthonormal frame {ξi} defined on U gives rise to a smooth section
σ : U → PM of PM over U . This is characterized by the fact that σ∗θi = σi or
equivalently by the fact that the equivariant function PM → Rn corresponding to ξi
is constantly equal ei along the image of σ. Given a vector field ξ ∈ X(M), we can
form Txσ · ξ(x) ∈ Tσ(x)PM for each x ∈ U . Take the Levi–Civita connection forms
γij ∈ Ω1(PM), put X := (γij(Txσ · ξ(x))) ∈ o(n) and consider Txσ · ξ(x) − ζX(σ(x)).

Since ζX(σ(x)) is vertical, this is a lift of ξ(x) and since (γij) is a connection form, we

have (γij(−ζX)) = −X. This shows that ξh(σ(x)) = Txσ · ξ(x)− ζX(σ(x)).

Given a smooth function F = (F 1, . . . , F n) : PM → Rn, we can use this to compute
ξh(σ(x)) · F . First, we have (Txσ · ξ(x)) · F = ξ(x) · (F ◦ σ). On the other hand,
if we assume that F is O(n)–equivariant, we compute ζX · F using ideas from 2.5.

There we saw that FlζXt = rexp(tX), which shows that (FlζXt )∗F i =
∑

j a
i
j(−t)F j, where

(aij(t)) = exp(tX). Differentiating with respect to t at t = 0 gives −
∑

j X
i
jF

j. But

from Proposition 2.7 we know that X i
j = γij(Txσ · ξ(x)) = ωij(ξ(x)).

Taking η as in (2) and the corresponding function F , we know that F i ◦ σ = f i for
all i = 1, . . . , n so we conclude that the ith component of the function corresponding to
∇ξη is given by ξ(x) ·f i+

∑
j ω

i
j(ξ(x))f j(x). Since this is the values of df i+

∑
j f

jωij on

ξ(x) this proves (2). For η = ξi, the function f i is identically one while f j is identically
zero for j 6= i, which implies the formula for ∇ξi in (1).
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Finally, we have ∇ξσ
i =

∑
j(∇ξσ

i)(ξj)σ
j. Since σi(ξj) is always constant, we con-

clude (∇ξσ
i)(ξj) = −σi(∇ξξj) = −ωij(ξ) from above. This produces the formula for

∇σi in (1). �

Before we carry this out explicitly, let us combine viewing the covariant derivative as
an operator with the considerations in 3.4, which will lead to more interesting examples.
Take a vector field η ∈ X(M) and consider the covariant derivative ∇η ∈ T 1

1 (M). As
discussed in 3.4 we can then form tr(∇η) =: div(η) ∈ C∞(M,R), which is called the
divergence of the vector field η.

Alternatively, we can interpret ∇η as a
(

0
2

)
–tensor field characterized by ∇η(ξ, ζ) =

g(∇ξη, ζ). Now it is an obvious idea to alternate respectively symmetrize this bilinear
mapping. The alternation Alt(∇η) is given by

(ξ, ζ) 7→ g(∇ξη, ζ)− g(∇ζη, ξ) = ξ · g(η, ζ)− ζ · g(η, ξ)− g(η,∇ξζ −∇ζξ),

where we have used ∇g = 0. Applying part (4) of Corollary 3.2 to the last term,
we see that Alt(∇η) = dα, where α ∈ Ω1(M) is the one–form corresponding to η,
i.e. α(ξ) = g(η, ξ). So this just reproduces the exterior derivative.

The symmetrization Symm(∇η) is given by

(ξ, ζ) 7→ g(∇ξη, ζ) + g(∇ζη, ξ).

Using part (4) of Corollary 3.2, we can rewrite ∇ξη as ∇ηξ− [η, ξ], and likewise for ∇ζη.
Using ∇g = 0, we can then write Symm(∇η)(ξ, ζ) as

η · g(ξ, ζ)− g([η, ξ], ζ)− g(ξ, [η, ζ])

and it turns out that this equals (Lηg)(ξ, ζ), so Symm(∇η) is the Lie derivative of g
along η. The resulting differential operator is called the Killing operator and vector
fields η such that Symm(∇η) = 0 are called Killing vector fields. The importance of
this concept comes from the fact that Lηg = 0 is equivalent to the fact that the flow of
η is a local isometry where it is defined.

We can also use this to discuss an important example of an iterated covariant deriv-
ative. Let us start with a smooth function f : M → R. Then we know from Example
(1) of 3.4 that ∇ξf = ξ · f , which means that ∇f = df ∈ Ω1(M). From Example (4) of
3.4 we know, that we can also interpret this as a vector field. This vector field is usually
called the gradient of f and denoted by grad(f). By definition, this is characterized by
g(grad(f), ξ) = ξ · f for all ξ ∈ X(M). Following what we did before, we can now form
∇2f = ∇(∇f) ∈ T 0

2 (M) and ∇ grad(f) ∈ T 1
1 (M), respectively. Forming the trace, we

obtain div(grad(f)) =: ∆(f) ∈ C∞(M,R). This defines the Laplace operator ∆ which
is one of the crucial ingredients in Riemannian geometry.

Example 3.5. (1) On flat space as discussed in Example (1) of 2.7 the situation is
very simple. Here the forms ωij vanish identically, so each of the coordinate vector fields

∂i is parallel. For a general vector field
∑

i f
i∂i, the covariant derivative is given by∑

i df
i⊗∂i =

∑
i,j

∂f i

∂xj
dxj⊗∂i, so this is simply the derivative of the Rn–valued function

f = (f 1, . . . , fn). Hence the parallel vector fields are exactly the linear combinations of
the ∂i with constant coefficients. The Killing equation boils down to the fact that the

matrix Df(x) is skew symmetric for each x, i.e. that ∂f i

∂xj
= −∂fj

∂xi
. From this one easily

concludes that D2f(x) = 0 for any x, so Df(x) equals some fixed skew symmetric
matrix X ∈ o(n) for all x ∈ Rn. This easily implies that our field has the form∑

i(a
i +
∑

j X
i
jx
j)∂i for constants ai and X i

j with Xj
i = −X i

j. Since one easily verifies
that any such vector field is a Killing vector field, this gives a complete description.
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(2) Let us take the chart (U, u) on Sn defined by stereographic projection as in

Example (2) of 2.7. As there, we put f(u) := 1+
∑

(uj)2

2
, and have an orthonormal frame

defined by ξi = f∂i with corresponding coframe given by σi = 1
f
dui with connection

forms ωij = uiσj − ujσi. Using that df =
∑

j u
jduj, we see from Proposition 3.5 that

∇ξi =
∑

j(u
jσi − uiσj)⊗ ξj = σi ⊗ (

∑
j u

jξj)− ui
∑

j(σ
j ⊗ ξj).

Viewing ∇ξi as a
(

0
2

)
–tensor, we just have to replace each ξj in the last formula by σj,

and then the result can be written as 1
f
σi⊗ df − uig. Since σi = g( , ξi), this also is the

formula for ∇σi.
From this, one can verify directly that there are no non–zero parallel vector fields

or one–forms on U . We don’t do this explicitly here since it will follow from general
arguments later on. Rather than that, we will describe some Killing vector fields on
Sn. First ∂i = 1

f
ξi shows that ∇∂i = − df

f2
⊗ ξi + 1

f
∇ξi, which, as a

(
0
2

)
–tensor, equals

1
f2

(−fuig − df ⊗ σi + σi ⊗ df), so Symm(∇∂i) = −ui
f
g. (This says that ∂i is a so–called

conformal Killing vector field, which has the property that the Lie derivative of g is a
multiple of g.)

Now for j 6= i we see that ∇uj∂i = duj ⊗ ∂i + uj∇∂i. Viewed as a
(

0
2

)
–tensor, this

is the sum of a multiple of duj ⊗ dui, ujui

f
g and something skew symmetric. But this

immediately implies that ∇(uj∂i − ui∂j) viewed as a
(

0
2

)
–tensor is skew symmetric, so

uj∂i − ui∂j ∈ X(U) is a Killing vector field.

Remark 3.5. We have noted above that for α ∈ Ω1(M), the covariant derivative
∇α ∈ T 0

2 (M) has the property that Alt(∇α) = dα ∈ Ω2(M). An analog of this holds
for differential forms of higher degree: For τ ∈ Ωk(M) ⊂ T 0

k (M) and η0, . . . , ηk ∈ X(M)
we see from example 3.4 (3) that

∇τ(η0, . . . , ηk) = η0 · τ(η1, . . . , ηk)−
k∑
j=1

τ(η1, . . . ,∇η0ηj, . . . , ηk).

From this it follows immediately that this expression is already alternating in η1, . . . , ηk.
This implies that we can compute 1

k!
Alt(∇τ)(η0, . . . , ηk) as

k∑
i=0

(−1)i∇τ(ηi, η0, . . . , ηi−1, ηi+1, . . . , ηk).

The second term in the above formula (including the minus sign) can be rewritten as

k∑
j=1

(−1)jτ(∇η0ηj, η1, . . . , η̂j, . . . , ηk).

Performing the alternation as indicated above, the term ∇ηiηj occurs exactly once for
each i 6= j and the sign is (−1)i+j for i < j and (−1)i+j+1 for i > j. Hence using
∇ηiηj −∇ηjηi = [ηi, ηj] we arrive at 1

k!
Alt(∇τ) = dτ .

Parallel transport and geodesics

3.6. Parallel transport. We now discuss how the Levi–Civita connection can be
used to relate the tangent spaces of M along a curve. Let c : I → M be a smooth
curve and let ξ ∈ X(M) be a vector field. Then we say that ξ is parallel along c if
0 = ∇c′(t)ξ ∈ Tc(t)M holds for all t ∈ I. Our first task is to show that this actually
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depends only on the restriction of ξ to the subset c(I) ⊂ M . In fact, the right concept
is the following:

Definition 3.6. For a smooth curve c : I →M in a smooth manifold M , a vector field
along c is a smooth map ξ : I → TM such that p ◦ ξ = c, i.e. such that ξ(t) ∈ Tc(t)M
for all t ∈ I.

Observe in particular that c′ is a vector field along c in this sense. Now one can
show that for a vector field ξ along c, one obtains a well defined vector field ∇c′ξ along
c. One way to prove this is to choose vector fields ξ̃, η̃ ∈ X(M) such that ξ̃(c(t)) = ξ(t)

and η̃(c(t)) = c′(t) holds for all t ∈ I and then show that ∇η̃ ξ̃(c(t)) is independent of
the choices for all t. We will follow a different, more conceptual approach based on lifts
of curves. A lift of c to PM is a smooth curve c̃ : I → PM such that p ◦ c̃ = c. Such a
lift is called horizontal if and only if γij(c̃

′(t)) = 0 holds for all t ∈ I and all i, j.

Proposition 3.6. Let (M, g) be a Riemannian manifold with orthonormal frame bundle
PM , let c : I →M be a smooth curve defined on I = [a, b] ⊂ R.

For any ϕ0 ∈ p−1(c(a)) ⊂ PM there exists a unique horizontal lift chϕ0
: I → M

which maps a to ϕ0. For A ∈ O(n) we have chrA(ϕ0) = rA ◦ chϕ0
.

Proof. Let U ⊂M be an open subset such that there is a local orthonormal frame
for M defined on U and let Φ : p−1(U) → U × O(n) be the induced diffeomorphism
as in Proposition 2.3. If c(I) ⊂ U , then c̃ : I → p−1(U) is a lift of c if and only if
Φ(c̃(t)) = (c(t), A(t)) for some smooth curve A : I → O(n). In particular, this shows
that lifts exist in this situation. Moreover, if c̃1, c̃2 are two such lifts, then there is a
smooth curve B : I → O(n) such that c̃2(t) = rB(t)(c̃1(t)). (This curve is given by
B(t) = A1(t)−1A2(t).) Conversely, given c̃1 and B, we can use this to define a lift c̃2.

Differentiating the curve t 7→ A1(t)B(t) in O(n), we get A′1(t)B(t) + A1(t)B′(t).
Moreover B′(t) ∈ TB(t)O(n) and thus B(t)−1B′(t) =: X(t) ∈ o(n) and this defines
a smooth curve X : I → o(n). In terms of this, our derivative can be written as
A′1(t)B(t) + A1(t)B(t)X(t). Carrying this back via Φ, we conclude that

c̃′2(t) = TrB(t) · c̃′1(t) + ζX(t)(c̃1(t)).

Next let us suppose that c̃1 is horizontal. Then γij(c̃
′
1(t)) = 0 for all t, and since the

γij define a connection form, we also get γij(TrB(t) · c̃′1(t)) = 0 for all i and j. Hence

we conclude that γij(c̃
′
2(t)) coincides with the i, j–component of X(t), so c̃′2 is also

horizontal if and only if X(t) = 0 for all t. This is equivalent to B′(t) = 0, i.e. to B(t)
being constant. Hence (still assuming that c(I) ⊂ U), there is at most one horizontal
lift with a chosen initial value and then all horizontal lifts are obtained by applying rB

for fixed B ∈ O(n).
Starting from an arbitrary lift c̃1, we can view the γij(c̃

′
1(t)) as defining a smooth curve

Y (t) in o(n). Making the ansatz c̃2(t) = rB(t)(c̃1(t)), we conclude from the above formula
for c̃′2(t) that the curve in o(n) corresponding to γij(c̃

′
2(t)) is given by B(t)−1Y (t)B(t) +

B(t)−1B′(t). Thus we conclude that in order to find a horizontal lift, we have to solve
the differential equation B′(t) = Y (t)B(t) on curves in O(n) with the curve Y in o(n)
being given.

Now for Y ∈ o(n) and A ∈ O(n), one immediately sees that Y A ∈ TAO(n). Hence
we conclude that E(t,A) := R · (1, Y (t)A) ⊂ R × TAO(n) ∼= T(t,A)(I × O(n)) defines a
smooth one–dimensional distribution on I×O(n). By the Frobenius Theorem, there are
local integral submanifolds of this distribution, and if N is an integral manifold, then
by definition the tangent map of the first projection restricts to a linear isomorphism on
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each tangent space of M , so this is a local diffeomorphisms around each point. Inverting
this, and composing with the second projection, we can interpret N as the graph of a
smooth function, and by construction this solves the equation. Hence we get local
unique solutions with given initial values. By compactness of [a, b] these can be pieced
together to a global solution. This completes the proof in the case that c(I) ⊂ U .

In general, compactness of [a, b] implies that we can find finitely many subsets
U1, . . . , Un as above and points a = a1 < a2 < b1 < · · · < an < bn = b such that
c([ai, bi]) ⊂ Ui. Fixing ϕ0 ∈ Pc(a)M we can construct a horizontal lift of c̃1 : [a1, b1] →
PM of c|[a1,b1] with c̃1(a1) = ϕ0. Next take c̃1(a2) ∈ Pc(a2)M and construct a horizontal
lift c̃2 : [a2, b2] → PM of c|[a2,b2] with this initial value. Then by construction c̃1|[a2,b1]

and c̃2|[a2,b1] are horizontal lifts of c|[a2,b1], which have the same value in a2 and thus
have to agree. So these curves piece together to a smooth curve on [a1, b2]. Iterating
this procedure, we get a horizontal lift of c with initial value ϕ0. �

Now suppose that c : [a, b] → M is a smooth curve and ξ : I → TM is a vector
field along c. Take a horizontal lift c̃ : I → PM of c, and define F : I → Rn by
F (t) := (c̃(t))−1(ξ(t)), where keep in mind that c̃(t) ∈ Pc(t)M is an orthogonal linear
isomorphism Rn → Tc(t)M . Now take the derivative F ′(t) and consider the tangent
vector η(t) := (c(t))(F ′(t)) ∈ Tc(t)M , where we interpret c(t) as a linear isomorphism as
above.

If ĉ : I → PM is another horizontal lift of c, then there is a unique element A =
(aij) ∈ O(n) such that ĉ(a) = rA(c̃(a)). By Proposition 3.6 we have ĉ = rA ◦ c̃, i.e. ĉ(t) =
c̃(t)◦A as a linear isomorphism. Starting from the horizontal lift ĉ instead of c̃, we thus
get the function A−1 ◦ F instead of F . Since A is linear, we get (A−1 ◦ F )′ = A−1 ◦ F ′
and hence (ĉ(t))((A−1 ◦F )′(t)) = (c̃(t))(F ′(t)) so the tangent vector η(t) is independent
of the choice of the horizontal lift. Hence we can use this to get a well defined vector
field ∇c′ξ along c.

Let us finally fix a horizontal lift c̃ of c and choose vector fields ξ̃, η̃ ∈ X(M) such

that ξ̃(c(t)) = ξ(t) and η̃(c(t)) = c′(t). Then the smooth equivariant function F̃ :

PM → Rn corresponding to ξ̃ by definition satisfies F̃ (c̃(t)) = F (t). Moreover, since
c̃ is horizontal, c̃′(t) is the horizontal lift of Tc̃(t)p · c̃′(t) = (p ◦ c̃)′(t) = c′(t) = η̃(c(t)).

Since c̃′(t) · F̃ = (F ◦ c̃)′(t) = F ′(t) this shows that ∇c′(t)ξ(t) = ∇η̃ ξ̃(c(t)). This proves
the first part of

Theorem 3.6. Let (M, g) be a Riemannian manifold and c : [a, b] → M a smooth
curve.

(1) For any vector field ξ : I → TM along c, there is a well defined vector field ∇c′ξ

along c such that for vector fields ξ̃, η̃ ∈ X(M) with ξ̃(c(t)) = ξ(t) and η̃(c(t)) = c′(t) we

have ∇η̃ ξ̃(c(t)) = ∇c′ξ(t).
(2) For any tangent vector ξ0 ∈ Tc(a)M , there is a unique vector field Ptξ0c : I → TM

along c such that Ptξ0(a) = ξ0 and ∇c′ Ptξ0 = 0.
(3) Mapping ξ0 to Ptξ0(b) defines an orthogonal linear isomorphism Ptc : Tc(a)M →

Tc(b)M .
(4) The parallel transport is invariant under orientation preserving reparametriza-

tions, i.e. if ψ : [a′, b′]→ [a, b] is an orientation preserving diffeomorphism then Ptc◦ψ =
Ptc.

Proof. We have proved (1) already. To prove (2), choose a horizontal lift c̃ of c
and put X := (c̃(a))−1(ξ0) ∈ Rn, where we view c̃(a) ∈ PaM as a linear isomorphism
Tc(a)M → Rn. Then we define Ptξ0c (t) := (c̃(t))(X) ∈ Tc(t)M . Of course, this defines a
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vector field along c such that Ptξ0c (a) = ξ0. Moreover, by construction Ptξ0c corresponds
to the constant function X via c̃, so ∇c′ Ptξ0c = 0. Conversely, if we have a vector field
ξ : I → TM along c such that ∇c′ξ = 0, then the function F (t) = (c̃(t))−1(ξ(t)) must
be constant and if ξ(a) = ξ0 then F (a) = X, which proves uniqueness.

(3) From the proof of part (2) we see that we can write Ptc as c̃(b) ◦ (c̃(a))−1 for any
horizontal lift c̃ of c.

(4) If c̃ is a horizontal lift of c, then evidently c̃ ◦ ψ is a lift of c ◦ ψ and since
(c̃ ◦ ψ)′(t) = c̃′(ψ(t))ψ′(t), this lift is horizontal. Now the result immediately follows
from (3). �

Remark 3.6. (1) The concepts related to parallel transport generalize without essential
changes to tensor fields. One defines tensor fields along a smooth curve c similarly to
vector fields along c and shows that for a tensor field t along c, one has a well defined
tensor field ∇c′t along c, which can also be computed using extensions. Prescribing the
value in the initial point of c, one can then uniquely construct a parallel tensor field
along c, and use this to define parallel transport between tensor spaces.

(2) The parallel transport is the crucial ingredient for the concept of holonomy, which
is one of the cornerstones of Riemannian geometry. Starting from a point x0 ∈M , one
considers piecewise smooth closed curves starting and ending in x0. For each such
curve, one obtains an orthogonal map Ptc : Tx0M → Tx0M and this maps constitute a
subgroup of the orthogonal group O(Tx0M). Choosing an orthogonal identification with
Rn, this gives a subgroup Holx0(M) ⊂ O(n) which is well defined up to conjugation.
One easily shows that, provided that M is connected, different choices of x0 lead to
conjugate subgroups in O(n), so one usually talks about the holonomy group of M as a
subgroup of O(n) which is well defined up to conjugation.

The importance of the concept of holonomy comes from the fact that by works of
G. deRham and M. Berger one can describe all possible holonomy groups.

3.7. Geodesics. From the theory developed so far, we now get a class of distin-
guished curves in any Riemannian manifold in a very simple way. Recall from 3.6 that
for a smooth curve c : I → M , the derivative c′ : I → TM defines a vector field along
c. Hence we can simply require that c′ is parallel along c.

Definition 3.7. A smooth curve c : I → M in a Riemannian manifold is called a
geodesic in M if ∇c′c

′ = 0 along c.

With the tools developed so far, we can easily prove existence of geodesics. We first
observe that the soldering forms θi together with the Levi–Civita connection forms γij
induces a trivialization of the tangent bundle TPM of the orthonormal frame bundle.
More precisely, consider the map TPM → PM × (Rn ⊕ o(n)) defined by mapping
ξ ∈ TϕPM to (ϕ, (θi(ξ)), (γij(ξ))). This is evidently smooth and it maps onto the first

factor. Moreover, from Proposition 2.4 we know that the joint kernel of the forms θi

on a tangent space of TϕPM coincides with the vertical subspace ker(Tpϕ). From the
definition of a connection form it follows that (γij(ϕ)) is injective on this subspace. This
easily implies that our mapping as well as its derivative in a point is bijective. As a
bijective local diffeomorphism it has to be a diffeomorphism.

This in turn induces a bijection between the space X(PM) of vector fields and the
space C∞(PM,Rn ⊕ o(n)). In particular, we can consider the constant vector fields on
PM , which correspond to constant functions. The constant vector field corresponding
to X ∈ o(n) ⊂ Rn ⊕ o(n) is simply the fundamental vector field ζX by definition of a
connection form, so nothing new is obtained there. Hence the main new ingredient is
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formed by the constant vector fields ṽ ∈ X(PM) corresponding to elements v ∈ Rn.
Observe that the definition of the soldering form immediately implies that for a point
ϕ ∈ PM , the orthogonal isomorphism ϕ : Rn → Tp(ϕ)M is characterized by ϕ(v) =
Tϕp · ṽ(ϕ).

For later use, we also observe that the subspace HϕPM ⊂ TϕPM formed by the
vectors ṽ(ϕ) always has dimension n. Since they coincide with the joint kernel of the
forms γij in the point ϕ, we conclude from Proposition 1.3 that these spaces fit together
to define a smooth distribution HPM ⊂ TPM of rank n. This is called the horizontal
distribution of the Levi–Civita connection.

Lemma 3.7. Let (M, g) be a Riemannian manifold, x ∈ M a point and ξ ∈ TxM a
tangent vector. Then there exists a unique maximal open interval Ix ⊂ R containing 0
and a unique maximal geodesic c : Ix →M such that c(0) = x and c′(0) = ξ.

Proof. We first prove local existence and uniqueness. Let p : PM → M be the
orthonormal frame bundle of M , choose a point ϕ ∈ p−1(x) and consider the horizontal
lift ξh ∈ TϕPM of ξ (see Proposition 3.1). Put v := (θ1(ξh), . . . , θn(ξh)) ∈ Rn and
consider the associated constant vector field ṽ ∈ X(M).

Suppose that c̃ : I → PM is an integral curve of ṽ defined on an interval I containing
0 such that c̃(0) = ϕ and consider the smooth curve c = p ◦ c̃ : I → M . Of course we
have c(0) = x and c′(0) = Tp· c̃′(0) = Tp·ξh = ξ. Moreover, by definition c̃′(t) = ṽ(c̃(t)),
so γij(c̃

′(t)) = 0 for all i and j. This means that c̃ is the horizontal lift of c with initial
value ϕ. Hence we can compute ∇c′c

′ using this horizontal lift. But by construction,
the vector field c′ along c corresponds via the horizontal lift c̃ to the constant function
v. Thus ∇c′c

′ = 0 along c, so c is a geodesic.
Any other choice for the initial point in p−1(x) is of the form rA(ϕ) for some A ∈

O(n). Now consider the curve ĉ := rA ◦ c̃ : I → PM . Of course ĉ(0) = rA(ϕ) and
ĉ′(t) = Tc̃(t)r

A · c̃′(t). Hence θi(ĉ′(t)) = (rA)∗θi(c̃′(t)) which is constant by equivariancy
of the soldering form. Likewise, γij(ĉ

′(t)) = (rA)∗γij(c̃
′(t)) which vanishes by equivariancy

of the connection forms. Thus ĉ is again an integral curve of a constant vector field, and
since Tp · ĉ′(0) = Tp ◦ TrA · c̃′(0) = ξ, this is the integral curve one gets when starting
the above construction from rA(ϕ) instead of ϕ. But since p ◦ ĉ = p ◦ rA ◦ c̃ = p ◦ c̃ = c,
a different initial point leads to the same curve c.

Conversely, given a geodesic c : I → M with c(0) = x and c′(0) = ξ, consider a
horizontal lift c̃ of c. Then by definition γij(c̃

′(t)) = 0, whence the function I → Rn

corresponding to the vector field c′ along c can be written as (θi(c̃′(t))). Since ∇c′c
′ = 0,

this must be constant, so c̃ is an integral curve of a constant vector field ṽ with v ∈ Rn.
Since p ◦ c̃ = c, we must have Tp · c̃′(0) = ξ so c̃′(0) coincides with the horizontal lift of
ξ to the point c̃(0).

Having established the correspondence with integral curves of constant vector fields,
we conclude that locally there is a unique geodesic with given initial point and initial
direction. Then one can piece together local geodesics to obtain a unique maximal
geodesic with the given initial data. �

From the construction of geodesics, we can easily deduce that they are preserved
under isometries. This will lead to surprising restrictions on how many isometries may
exist.

Proposition 3.7. Let M and M̃ be two Riemannian manifolds of the same dimension
and Φ : M → M̃ an isometry. Then for any geodesic c : I → M in M , the image
Φ ◦ c : I → M̃ is a geodesic, too.
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Proof. In the proof of Corollary 3.2, we have seen that Φ uniquely lifts to a local
diffeomorphism PΦ : PM → PM̃ such that p̃ ◦ PΦ = Φ ◦ p, PΦ is equivariant for the
principal right actions, (PΦ)∗θ̃i = θi and (PΦ)∗γ̃ij = γij. This in particular implies that

PΦ pulls back constant vector fields on PM to constant vector fields on PM̃ with the
same generator in Rn.

Now given c, take t ∈ I, put x = c(t) and ξ := c′(t), choose ϕ ∈ PxM and consider
PΦ(ϕ) ∈ PΦ(x)M̃ . Then from the proof of Corollary 3.2 we know that PΦ(ϕ)(TxΦ ·ξ) =

ϕ(ξ) =: v ∈ Rn. Now let η ∈ X(PM) and η̃ ∈ X(PM̃) be the constant vector fields
corresponding to v. Then form above we know that (PΦ)∗η̃ = η.

From Lemma 3.7, we know that c can be locally around x written as the projection
of the integral curve ĉ of η through ϕ. From the construction, we conclude that PΦ ◦ ĉ
is an integral curve of η̃ through PΦ(ϕ). But this shows that p̃◦PΦ◦ ĉ = Φ◦p◦ ĉ = Φ◦c
is a geodesic in M̃ . �

To proceed towards an elementary characterization of geodesics, we give a descrip-
tion of the covariant derivative in local coordinates. Suppose that (M, g) is a Rie-
mannian manifold and (U, u) is a chart of M . Then consider the associated coordinate
vector fields ∂i := ∂

∂ui
. Then for i, j, k = 1, . . . , n, we define the Christoffel–Symbols

Γkij : U → R by ∇∂i∂j =
∑

k Γkij∂k. Observe that since [∂i, ∂j] = 0, the Christoffel

symbols are symmetric in the lower indices, i.e. Γkji = Γkij for all i, j, k. Now we extend
the Christoffel symbols in each point to a bilinear map TxM ×TxM → TxM by putting

Γ(
∑

i ξ
i∂i(x),

∑
j η

j∂j(x)) :=
∑

i,j,k ξ
iηjΓkij∂k(x).

One has to be careful at this stage that the Christoffel symbols have a complicated
behavior under a change of coordinates. In particular, these bilinear maps do not fit
together to define a tensor field. We will not need the explicit transformation law,
although computing it is a nice exercise.

From the definition of the covariant derivative, it follows immediately how to express
a general covariant derivative in terms of the Christoffel symbols. Indeed, for ξ =

∑
i ξ
i∂i

and η =
∑

j η
j∂j we get

∇ξη =
∑

i,j ξ
i∇∂i(η

j∂j) =
∑

i,j ξ
i ∂ηj

∂ui
∂j + Γ(ξ, η),

so the Christoffel symbols in general measure the difference between the covariant de-
rivative and the component–wise directional derivative of η in direction ξ.

In these terms, we can immediately express the differential equation characterizing
geodesics in local coordinates. For a smooth curve c : I → U we can expand the
derivative as c′(t) =

∑
i ξ
i∂i(c(t)), and then extend the ξi in some way to locally defined

smooth functions. Then the components of c′′(t) are of course given by

d
dt
ξi(c(t)) = Dξi(c(t))(c′(t)) =

∑
j ξ

j(c(t)) ∂ξ
i

∂uj
.

This shows that c is a geodesic if and only if c′′(t) + Γ(c′(t), c′(t)) = 0 for all t. Hence in
local coordinates geodesics are the solutions of a system of second order ODEs, which
explains Lemma 3.7 and provides an alternative proof of this result.

Example 3.7. (1) On the flat space Rn, the Christoffel symbols vanish identically by
definition. Thus the geodesic equation reduces to c′′(t) = 0 and geodesics are the linearly
parametrized straight lines.

(2) Let us consider the chart on Sn defined by stereographic projection as in Exam-

ples 2.7 and 3.5. So on Rn we consider the vector fields ξi = f∂i, where f(u) = 1+
∑

(uj)2

2
.
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From Example 3.5 we get ∇ξiξ
i =

∑
j 6=i u

jξj. Now the curve c(t) = tan(t/2)ei evidently

satisfies c′(t) = 1
2
(tan2(t/2))ei = f(c(t))∂i, so c(t) is an integral curve for ξi. From

above, we thus get ∇c′c
′(t) = 0, so c is a geodesic. Under the chart defined by stereo-

graphic projection (see 2.7) this corresponds to the curve xi = sin(t), xn+1 = cos(t), so
this is simply a great circle in its natural parametrization. One can verify in a similar
way that c(t) = tan(t/2)v defines a geodesic for any unit vector v, and this gives all
great circles through the south pole. Note however, that straight lines which do not go
through zero do not correspond to geodesics on Sn (with any parametrization).

3.8. The variational characterization of geodesics. While this aspect of geo-
desics is rather an aside in our approach it is the basis for the “elementary” development
of Riemannian geometry and it gives intuitive insight. The basic idea is that apart from
the arc length as discussed in 2.1, there is also a natural notion of energy that one can
associate to a curve in a Riemannian manifold: Given a smooth curve c : [a, b] → M ,
one defines the energy of c as

Eb
a(c) := 1

2

∫ b

a

g(c(t))(c′(t), c′(t))dt.

From a physics point of view, this is the amount of work needed to move a particle
of unit mass along the curve c. Now there is a natural concept of smooth families of
curves, namely a smooth map [a, b]× (−ε, ε)→ M . What we want to show is that the
geodesics in M are exactly the curves which are critical points for the energy functional,
assuming that the endpoints are fixed. The first step towards this is to derive a formula
for the covariant derivative which is very helpful in other situations, too. This can be
used to give a formula for the Christoffel symbols on the domain of a chart in terms of
the functions gij describing the metric in this chart.

Proposition 3.8. Let (M, g) be a Riemannian manifold, and let ∇ be the covariant
derivative.

(1) (“Koszul formula”) For vector fields ξ, η, ζ ∈ X(M) we have

2g(∇ξη, ζ) = ξ · g(η, ζ)− ζ · g(ξ, η) + η · g(ζ, ξ)

+ g([ξ, η], ζ) + g([ζ, ξ], η)− g([η, ζ], ξ).

(2) Let (U, u) be a chart on M with coordinate vector fields ∂i, let gij be the functions
describing the metric in this chart and let gij be the components of the pointwise inverse
matrix. Then the Christoffel symbols in our chart are given by

Γkij =
∑

` g
k` 1

2

(
∂g`j
∂ui

+ ∂gi`
∂uj
− ∂gij

∂u`

)
Proof. (1) We write out the fact that ∇ is metric from part (3) of Corollary 3.2

three times with cyclically permuted arguments and multiply the middle line by −1 to
get

ξ · g(η, ζ) = g(∇ξη, ζ) + g(η,∇ξζ)

−ζ · g(ξ, η) = −g(∇ζξ, η)− g(ξ,∇ζη)

η · g(ζ, ξ) = g(∇ηζ, ξ) + g(ζ,∇ηξ)

Now we add up these three lines, use ∇ξζ − ∇ζξ = [ξ, ζ] and likewise for η and ζ.
Finally, we can replace ∇ξη +∇ηξ by 2∇ξη − [ξ, η] to obtain the result.
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(2) Observe first that since the ∂i form a basis for each tangent space, a tangent
vector ξ ∈ TxM is uniquely determined by the numbers b` := gx(ξ, ∂`(x)) for ` =
1, . . . , n. If ξ =

∑
ak∂k(x) for real numbers ak, then b` =

∑
k a

kgk` and hence ak =∑
` g

k`b`. Now by definition ∇∂i∂j =
∑

k Γkij∂k, so we see that

Γkij(x) =
∑
`

gk`gx(∇∂i∂j, ∂`).

computing the left hand side using the Koszul formula, all terms involving Lie brackets

vanish, while ∂i · g(∂j, ∂k) =
∂gjk
∂ui

and similarly for the other summands. �

Remark 3.8. Note that in the proof of the Koszul formula we have not really used
how the covariant derivative is defined, but only properties (3) and (4) from Corollary
3.2. So the proof actually shows that the covariant derivative is uniquely determined
by these properties. The second part of the proposition then computes the covariant
derivative of coordinate vector fields in terms of the functions gij. In an “elementary”
approach to Riemannian geometry, one may take the observations on critical points for
the energy that we are going to make next as a motivation, then use the formula in (2)
to define the covariant derivative for coordinate vector fields and extend this to general
vector fields via requiring properties (1) and (2) of Corollary 3.2.

To discuss critical points for the energy functional, we work in a chart. So we have
given a family cs(t) := c(t, s) for a smooth map c from [a, b] × (−ε, ε) to some open
subset V of Rn. This set is endowed with a metric given by functions gij, and we want
to compute ∂

∂s
|s=0E

b
a(cs). Since everything depends smoothly on s, we can exchange

integration with the partial derivative, so we first have to compute

∂
∂s
g(c(s, t))(c′(s, t), c′(s, t)),

where c′(s, t) = ∂
∂t
c(s, t). Recall that positive definite matrices form an open subset

S+(n) in the vector space of symmetric matrices. Viewing g = (gij) as a smooth
function V → S+(n), our expression becomes 〈g(c(s, t))c′(s, t), c′(s, t)〉 so this comes
from a trilinear map. Let us write r(s, t) := ∂

∂s
c(s, t) so this is the variation of c. Using

this, the derivative is given by

∂
∂s
〈(g ◦ c)c′, c′〉 = 〈D(g ◦ c)(r)c′, c′〉+ 2〈(g ◦ c)r′, c′〉,

where we have used the fact that partial derivatives commute as well as symmetry of
the matrix. Now if we integrate this with respect to dt, we can partially integrate in
the second summand in order to get rid of the derivative of r. This leads to the first
variational formula

∂
∂s
Eb
a(cs) =g(cs(b))(c

′
s(b), rs(b))− g(cs(a))(c′s(a), rs(a))

+

∫ b

a

(
1
2
〈D(g ◦ c)(r)c′, c′〉 − 〈D(g ◦ c)(c′)r, c′〉 − 〈(g ◦ c)r, c′′〉

)
dt

The nice feature of this is that the value for fixed s, only depends on r( , s) and not on
its derivatives. Moreover, if we want to consider variations with fixed end points, then
rs(a) = rs(b) = 0, so we do not have to consider the boundary terms. But writing out
the first two terms in the integral in coordinates and using symmetry for the second
one, we get ∑

ijk
1
2
(c′)i(c′)jrk

(
∂gij
∂uk
− ∂gik

∂uj
− ∂gjk

∂ui

)
= −g(Γ(c′, c′), r),
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where we have used part (2) of Proposition 3.8 in the last step. This implies that the
whole integrand in the first variational formula can be written as

−g(c′′s(t) + Γ(c′s(t), c
′
s(t)), r(t))dt.

Evidently, this vanishes at s = 0 for any choice of r if and only if c′′0(t)+Γ(c′0(t), c′0(t)) = 0
for all t, i.e. if and only if c0 is a geodesic. So we conclude that the geodesics are exactly
critical points of the energy functional for the variations fixing the end points.

3.9. The exponential mapping. We can next use geodesics to construct canoni-
cal charts on a Riemannian manifold. There are two slightly different ways to formulate
this, for either of which one has to fix a point x ∈M . Then one can either get a canon-
ical chart with center x that has values in the tangent space TxM . The other option
is to get a family of charts centered at x with values in Rn, which is parametrized by
the fiber PxM and hence essentially by O(n). We start the discussion with the first
possibility, for which one usually considers the local parametrization inverse to the chart
map as the main object.

Let (M, g) be a Riemannian manifold, x ∈ M a point and ξ ∈ TxM be a tangent
vector at the point x. Then by Lemma 3.7 there is a maximal geodesic c : I → M
emanating from x in direction ξ, and if 1 ∈ I, then we define expx(ξ) := c(1) ∈ M .
Thus we obtain a map expx from some subset of TxM to M , called the exponential
mapping.

Proposition 3.9. Let (M, g) be a Riemannian manifold and x ∈M a point.
(1) There is an open neighborhood U of zero in TxM such that expx defines a smooth

map U → M . This can be chosen in such a way that for ξ ∈ U and r ∈ [0, 1] we also
have rξ ∈ U . Moreover, T0 expx = idTxM so expx is a diffeomorphisms locally around
zero.

(2) For any ξ ∈ TxM , the geodesic emanating from x in direction ξ is locally given
as t 7→ expx(tξ), so straight lines through 0 in TxM are mapped to geodesics in M .

(3) Take ε > 0 such that expx restricts to a diffeomorphism on the ball of radius ε
around 0 in TxM . Then for 0 < ρ < ε the geodesic sphere

Sρ(x) := expx({ξ ∈ TxM : gx(ξ, ξ) = ρ2})
is a smooth submanifold in M which intersects any geodesic through x orthogonally.

(4) Let M̃ be another Riemannian manifold of the same dimension as M with ex-
ponential maps ẽxp and let Φ : M → M̃ be an isometry. Then for any point x ∈ M ,
there is an open neighborhood U of zero in TxM such that Φ ◦ expx = ẽxpΦ(x) ◦ TxΦ.

If M is connected and Φ1,Φ2 : M → M̃ are isometries such that Φ1(x0) = Φ2(x0)
and Tx0Φ1 = Tx0Φ2 holds for one point x0 ∈M , then Φ1 = Φ2.

Proof. Consider the product PM ×Rn. Using T (PM ×Rn) = TPM ×Rn we can
define a vector field Ξ on this manifold by Ξ(ϕ, v) := (ṽ(ϕ), 0). Clearly, the flow of this
vector field through (ϕ, v) up to time t is given by (Flṽt (ϕ), v). Now choose an element
ϕ0 ∈ PxM , i.e. an orthogonal linear isomorphism Rn → TxM . By the general theory
of flows, it follows that there is a number ε > 0 and and open neighborhood of (ϕ0, 0)
in PM × Rn on which the flow of ξ is defined for all t with |t| ≤ ε. Intersecting this
neighborhood with {ϕ0} ×Rn we obtain an open neighborhood Ṽ of 0 in Rn such that
for v ∈ Ṽ the flow Flṽt (ϕ0) is defined provided that |t| ≤ ε. Now observe that for λ ∈ R
and v ∈ Rn, we have λ̃v = λṽ and Flλṽt = Flṽλt wherever defined.

From the proof of Lemma 3.7, we know that for ξ ∈ TxM , the geodesic emanating
from x in direction ξ can be written as p ◦ Flṽt (ϕ0), where v = (ϕ0)−1(ξ) ∈ Rn. This
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implies that putting U := {ξ ∈ TxM : 1
ε
ϕ0(ξ) ∈ Ṽ } the map expx is defined and smooth

on U , which implies the first two claims in (1). For ξ ∈ TxM , we of course have tξ ∈ U
for |t| sufficiently small, and putting v = (ϕ0)−1(ξ) we get expx(tξ) = Fltṽ1 (ϕ0) = Flṽt (ϕ0),
which implies (2). This in turn shows that d

dt
|0 expx(tξ) = ξ, which completes the proof

of (1).

(3) Any sphere is a smooth submanifold in TxM and since Sρ(x) is the image of
an appropriate sphere under a diffeomorphism, it is a submanifold, too. To prove that
geodesics through x intersect the sphere orthogonally, fix ρ, consider a smooth curve
v(s) in TxM such that ‖v(s)‖ = ρ for all s, and define c(s, t) = cs(t) := expx(tv(s)).
This is a smooth family of curves and by construction each cs is a geodesic. Moreover,
c′s(0) = v(s) and hence g(c′s(0), c′s(0)) = ρ2 for all s. Since each cs is a geodesic, the
function t 7→ g(c′s(t), c

′
s(t)) is constant. This is clear either form the fact that c′s(t) lifts

to a constant vector field on PM or one observes that
d
dt
g(c′s(t), c

′
s(t)) = c′s(t) · g(c′s(t), c

′
s(t)) = 2g(∇c′sc

′
s(t), c

′
s(t)) = 0.

Hence we see that E1
0(cs) = ρ2 for all s and hence ∂

∂s
|0E1

0(cs) = 0. Computing this
derivative via the first variational formula from 3.8 the integral vanishes since c0 is a
geodesic, so only the boundary terms remain. But the variation of the family is given by
r(s, t) = ∂

∂s
c(s, t) = T expx ·tv′(s), so r(0, 0) = 0 for all s, while r(0, 1) = T expx ·v′(0),

so we obtain 0 = gc0(1)((c0)′(1), T expx ·v′(0)) for any choice of v. Of course any vector
tangent to Sρ(x) can be written as T expx ·v′(0), which completes the proof.

(4) For ξ ∈ TxM consider the geodesic c(t) = exp(tξ) in M . Of course, (Φ ◦ c)′(0) =
TxΦ · ξ ∈ TΦ(x)M̃ . But from Proposition 3.7 we know that Φ ◦ c is a geodesic in M̃ , so
(Φ ◦ c)(t) = ẽxpΦ(x)(tTxΦ · ξ), which implies the first claim.

For the second claim, consider A := {x ∈ M : Φ1(x) = Φ2(x), TxΦ1 = TxΦ2} ⊂ M .
This is evidently closed and by assumption it is nonempty, since x0 ∈ A. But from
what we have just proved it follows that for x ∈ A, the maps Φ1 and Φ2 coincide on
an open neighborhood of x and then also their tangent maps have to coincide in each
point of this neighborhood. But this shows that A is open and since M is connected,
this implies A = M . �

Using this result we can now prove one of the fundamental results on geodesics,
namely that two points which are close enough can be joined by a geodesic which is a
shortest curve connecting the two points. Basically this is done by writing curves in
polar coordinates in the parametrization given by the exponential mapping. This also
proves that the distance function d from 2.1 indeed makes M into a metric space.

Corollary 3.9. Let (M, g) a Riemannian manifold, x ∈M a point and ε > 0 a number
such that expx restricts to a diffeomorphism from Bε(0) := {ξ ∈ TxM : gx(ξ, ξ) < ε2}
onto an open neighborhood U of x in M .

(1) Let u : [a, b] → [0, ε) and v : [a, b] → TxM be smooth functions such that
gx(v(t), v(t)) = 1 for all t and put c(t) := expx(u(t)v(t)). Then the arc length of c
satisfies Lba(c) ≥ |u(b) − u(a)| and equality holds if and only if u is monotonous and v
is constant.

(2) For y = expx(ξ) ∈ U , the geodesic t 7→ expx(tξ) is a length–minimizing curve
joining x to y, and up to reparametrizations it is the unique such curve.

Proof. (1) By definition c′(t) = T expx ·(u′(t)v(t) + u(t)v′(t)) and by part (3) of
Proposition 3.9 the two vectors T expx ·(u′(t)v(t)) and T expx ·(u(t)v′(t)) are perpendic-
ular. Along the line spanned by v(t), the vector T expx ·v(t) is the speed vector of a
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geodesic, whence we conclude that g(T expx ·(u′(t)v(t)), T expx ·(u′(t)v(t))) = |u′(t)|2.
By Pythagoras, g(c′(t), c′(t)) ≥ |u′(t)|2 with equality only for v′(t) = 0. Hence we ob-

tain Lba(c) ≥
∫ b
a
|u′(t)|dt ≤ |

∫ b
a
u′(t)dt| = |u(b) − u(a)| as claimed. The first inequality

becomes an equality if and only if v′(t) = 0 for all t i.e. iff v is constant, while the
second one becomes an equality if and only if u′(t) has constant sign and hence u is
monotonous.

(2) For y ∈ Sρ(x), we of course have d(x, y) ≤ ρ, since the geodesic joining x to y has
length ρ. From (1) we see that any curve joining x to y which stays in Sρ∪ expx(Bρ(0))
has length at least ρ, since any such curve can be written in the form used in (1). But
any curve leaving this set has to have larger length, since the part to the first intersection
with Sρ(x) already has length ρ. This shows that the geodesic is a length minimizing
curve. Conversely, a minimizing curve must stay in Sρ ∪ expx(Bρ(0)), and then the
equality part of (1) says that a minimizing curve must be of the form expx(u(t)v) for a
monotonous function u, and hence a reparametrization of the geodesic expx(tv). �

Remark 3.9. There are lots of further interesting facts about the exponential mapping.
On the one hand, one can define exp as a map on an open subset of TM by exp |TxM =
expx. Denoting by q : TM → M the canonical projection, one can the prove that
(q, exp) defines a diffeomorphism from an open neighborhood of the zero section in TM
(i.e. the set of the zero vectors of all tangent spaces) onto an open neighborhood of the
diagonal in M ×M .

Second there is the concept of completeness, which is crucial in Riemannian geom-
etry. A Riemannian metric is called complete if any geodesic is defined on all of R. If
M is compact, then one easily shows that PM is compact (since O(n) is closed and
bounded in Mn(R) and hence compact). Thus any vector field on PM is complete,
whence any Riemannian metric on M is complete.

For non–compact manifolds, the so–called Hopf–Rinov theorem characterizes com-
plete Riemannian metrics as those for which the metric space (M,d) is complete in the
topological sense, or equivalently by closed bounded sets in (M,d) being compact. On
a complete Riemannian manifold, any two points can be joined by a geodesic which is
a length minimizing curve.

3.10. Normal coordinates. The second way to construct canonical charts from
geodesics is usually referred to as Riemannian normal coordinates centered at x ∈ M .
In addition to the center x ∈ M , one has to choose an element ϕ0 ∈ PxM , i.e. an
orthogonal linear isomorphism Rn → TxM . Then expx ◦ϕ0 defines a diffeomorphism
from an open neighborhood V of 0 in Rn to an open neighborhood U of x in M , whose
inverse defines a chart u : U → V . The main properties of normal coordinates follow
easily from the properties of the exponential map we have verified in 3.9.

Theorem 3.10. Let (M, g) be a Riemannian manifold, x ∈ M , let (U, u) be a normal
coordinate chart centered at x and put V = u(U) ⊂ Rn. Then we have:

(1) The straight lines t 7→ tv (defined for sufficiently small t) are geodesics through
x = u−1(0). The geodesic spheres Sρ(x) around x which are contained in U are mapped
diffeomorphically onto spheres around 0 in Rn of the same radius.

(2) The functions gij : V → R describing the metric have the property that gij(0) =
δij and their partial derivatives vanish in zero.

Proof. (1) follows directly from the results proved in 3.9. By construction T0u
−1 =

T0 expx ◦ϕ0 = ϕ0, so this is orthogonal, whence gij(0) = δij. The fact that the straight
lines through zero are geodesics implies that ∇∂i∂i vanishes along the line tei locally
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around 0, so in particular ∇∂i∂i(0) = 0. Likewise 0 = ∇∂i+∂j(∂i + ∂j)(0) and expanding
this, we conclude that 2∇∂i∂j(0) = 0 for all i, j. But then we can compute ∂i · gjk as

∂i · g(∂j, ∂k) = g(∇∂i∂j, ∂k) + g(∂j,∇∂i∂k),

so this also vanishes in 0. �

Viewing a normal coordinate chart as approximating a general Riemannian metric
by the flat metric on Rn it tells us that such an approximation is possible to first order
in a point (i.e. the value and the first partial derivatives are the same). This may look
weak at the first glance, but we shall see that one cannot do any better than that. This
is due to the fact that the second partial derivatives of the functions gij in 0 are related
to the Riemannian curvature at x which is an invariant of the metric g. Of course one
also has additional properties like the lines through 0 being orthogonal to the spheres
around zero, but they are not sufficient to deduce a higher order approximation in the
center.

The Riemann curvature

3.11. The Riemann curvature is the basic invariant of a Riemannian manifold.
The motivation for its definition comes from the differential equations we deduced for
the homogeneous model in Theorem 2.2. Having at hand the tautological soldering form
θ = (θi) we have used the first of these equations to define the Levi–Civita connection
forms, i.e. we have found a unique connection form γ = (γij) such that dθi+

∑
j γ

i
j∧θj =

0. Now we can look at the second equation and thus consider dγij +
∑

k γ
i
k ∧ γkj . We

proceed similarly as in 2.5 and first show that this expression vanishes if one inserts one
fundamental vector field.

We know form 2.5 that for X = (X i
j) ∈ o(n), the flow of the fundamental vector

field ζX is given by FlζXt = rexp(tX). Since iζXγ
i
j = X i

j is constant, diζXγ
i
j = 0, so we can

compute

iζXdγ
i
j = LζXγij = d

dt
|t=0(FlζXt )∗γij.

By definition of a connection form, we have (rexp(tX))∗γij = bik(t)γ
k
` a

`
j(t), where exp(tX) =

(aij(t)) and (bij(t)) = exp(−tX). Differentiating at t = 0, we obtain

γij(ζX , η) =
∑

k(−X i
kγ

k
j (η) + γik(η)Xk

j ) = −
∑

k((γ
i
k ∧ γkj )(ζX , η)),

which proves our claim. Still as in 2.5, we thus conclude that there are uniquely deter-
mined smooth functions Rk`

i
j with R`k

i
j = −Rk`

i
j such that

dγij +
∑

k γ
i
k ∧ γkj =

∑
k,`Rk`

i
jθ
k ∧ θ`.

Theorem 3.11. (1) The functions Rk`
i
j define a

(
1
3

)
–tensor field R on M , which,

viewed as a map X(M)× X(M)× X(M)→ X(M), is given by

R(ξ1, ξ2)(η) = ∇ξ1∇ξ2η −∇ξ2∇ξ1η −∇[ξ1,ξ2]η.

This tensor field satisfies R(ξ2, ξ1) = −R(ξ1, ξ2) and that each of the maps R(ξ1, ξ2) is
skew symmetric, i.e. g(R(ξ1, ξ2)(η1), η2) = −g(R(ξ1, ξ2)(η2), η1).

(2) If M and M̃ are Riemannian manifolds of the same dimension and Φ : M̃ →M
is an isometry then the curvatures R and R̃ are related by R̃ = Φ∗R.

(3) For a Riemannian manifold (M.g) the following are equivalent:

(a) The tensor field R vanishes identically.
(b) For vector fields ξ, η ∈ X(M) with horizontal lifts ξh, ηh ∈ X(PM) we have

[ξh, ηh] = [ξ, η]h.
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(c) The horizontal distribution defined by the Levi–Civita connection (see 3.7) is
involutive.

(d) Each point x ∈ M has an open neighborhood which is isometric to an open
subset of Rn. (“(M, g) is locally flat”)

Proof. (1) It is clear from the construction that the function Rk`
i
j are most nat-

urally viewed as describing a skew symmetric map from Rn × Rn (corresponding to k
and `) to so(n). Since so(n) consists of linear maps Rn → Rn, this means that they are
actually trilinear maps Rn×Rn×Rn → Rn. In view of Proposition 3.3, we only have to
prove O(n)–equivariancy to show that the functions describe a tensor field. So we take
A = (aij) ∈ O(n) and let (bij) be the inverse matrix and we have to compute Rk`

i
j ◦ rA.

Again, this is closely parallel to what we have done in 2.5.
By definition of a connection form, we have (rA)∗γij =

∑
k,` b

i
ka

`
jγ

k
` . Applying the ex-

terior derivative, we get the same behavior for dγij. Likewise, compatibility of pullbacks
with the wedge product implies that

(rA)∗(
∑

t γ
i
t ∧ γtj) =

∑
t,k,`,r,s b

i
ka

`
tb
t
ra
s
j(γ

k
` ∧ γrs) =

∑
k,`,t b

i
ka

`
j(
∑

r γ
k
t ∧ γt`).

This describes the complete behavior of the left hand side of the defining equation for
the functions Rij

k
`. This shows that the pullback of the left hand side is given by∑

k,`,r,s b
i
ka

`
jRrs

k
`θ
r ∧ θs.

For the right hand side we get∑
k,`(Rij

k
` ◦ rA)(rA)∗θk ∧ (rA)∗θ` =

∑
k,`,r,s(Rij

k
` ◦ rA)bkrb

`
sθ
r ∧ θs.

Since the θr ∧ θs form a basis for the space of skew symmetric bilinear maps on each
tangent space, we conclude that for each r and s we have∑

k,`(Rij
k
` ◦ rA)bkrb

`
s =

∑
k,` b

i
ka

`
jRrs

k
`,

and bringing the two b′s to the right hand side, we get the desired equivariancy property.
Thus the functions define a

(
1
3

)
–tensor field R as claimed. The first skew symmetry

property of R follows from the fact that Rji
k
` = −Rij

k
` while the second follows from

the fact that for all fixed i, j the matrix (Rij
k
`) lies in so(n).

To prove the interpretation in terms of covariant derivatives, take ξ1, ξ2, η ∈ X(M)
and consider the horizontal lifts ξh1 and ξh2 ∈ X(PM) and the equivariant function F :
PM → Rn corresponding to η. Then the equivariant function representing ∇ξ1∇ξ2η −
∇ξ2∇ξ1η −∇[ξ1,ξ2]η is given by

(∗) ξh1 · ξh2 · F − ξh2 · ξh1 · F − [ξ1, ξ2]h · F = ([ξh1 , ξ
h
2 ]− [ξ1, ξ2]h) · F.

Moreover, since [ξh1 , ξ
h
2 ] is a lift of [ξ1, ξ2] we conclude [ξh1 , ξ

h
2 ] − [ξ1, ξ2]h = ζγ([ξh1 ,ξ

h
2 ]).

Denoting the components of F by F i, we thus conclude that the ith component of (∗)
is given by

∑
j γ

i
j([ξ

h
1 , ξ

h
2 ])F j.

On the other hand, since horizontal lifts insert trivially into each γij, we see that

0 = γik ∧ γkj (ξh1 , ξ
h
2 ). Moreover, inserting the definition of the exterior derivative, we also

see that dγij(ξ
h
1 , ξ

h
2 ) = −γij([ξh1 , ξh2 ]), and this completes the proof of (1).

(2) From Corollary 3.2 we know that for vector fields ξ, η ∈ X(M), we have Φ∗(∇ξη) =

∇̃Φ∗ξΦ
∗η. In view of the formula for R from (1), this immediately implies that

Φ∗(R(ξ1, ξ2)(η)) = R̃(Φ∗ξ1,Φ
∗ξ2)(Φ∗η),

which implies the claim.
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(3) (a) ⇒ (b): From the proof of part (1) we see that vanishing of the tensor field
R implies that γij([ξ

h, ηh]) = 0 for all i and j. Since [ξh, ηh] is a lift of [ξ, η] this implies
(b).

(b)⇒ (c): Starting from a local frame ξi for TM , the horizontal lifts ξhi form a local
frame for the horizontal distribution. By (b), the Lie brackets of these sections are again
sections of the horizontal distribution, which by Proposition 1.3 implies involutivity.

(c) ⇒ (d): Given x, choose a point ϕ ∈ PxM . By condition (c) and the Frobenius
theorem, there is a smooth submanifold N ⊂ PM containing ϕ whose tangent spaces
coincide with the subspaces defining the horizontal distribution. We can restrict the
projection p : PM →M to obtain p|N : N →M , and by construction the tangent maps
of p|N are linear isomorphisms. Hence we may assume that p|N is a diffeomorphism
from N onto an open neighborhood U of x in M , so its inverse defines a smooth section
σ : U → PM .

This section defines a local orthonormal frame {ξ1, . . . , ξn} for M on U , see Propo-
sition 2.4. By construction, the tangent maps of σ have values in the horizontal distri-
bution, so σ∗γij = 0 for all i and j. Using Propositions 2.7 and 3.5 we conclude that
∇ξi = 0 for all i. This also shows that [ξi, ξj] = ∇ξiξj − ∇ξjξi = 0. This allows us to
proceed as in the proof of the Frobenius theorem (see 1.4): Putting

ψ(t1, . . . , tn) := Flξ1t1 ◦ . . . ◦ Flξntn (x)

defines a smooth map from some open neighborhood of 0 in Rn to an open neighbor-
hood of x contained in U . Using that the flows commute, one verifies that the partial
derivatives of ψ are given by the vector fields ξi. This also shows that ψ−1 is a chart with
coordinate vector fields ∂i = ξi. Hence the tangent maps of this chart are orthogonal,
so it is not only a diffeomorphism but also an isometry onto its image.

(d) ⇒ (a) immediately follows from part (2). �

This result has several immediate consequences. First of all, part (2) shows that the
Riemann curvature is an invariant of Riemannian manifolds, and part (3) shows that it
is a complete obstruction to local isometry with the homogeneous model.

Second, the description in terms of the covariant derivative in part (1) immediately
implies that the curvature provides obstructions to the existence of parallel vector fields.
Namely, suppose that η ∈ X(M) is parallel, i.e. such that ∇ξη = 0 for all ξ ∈ X(M).
Then the formula from part (1) shows that R(ξ1, ξ2)(η) = 0 for all ξ1, ξ2 ∈ X(M).

This easily generalizes to tensor fields using the description of the covariant deriv-
ative of tensor fields in terms of the covariant derivative of vector fields. For example,
for α ∈ Ω1(M), ∇ξα = 0 for all ξ is equivalent to ξ ·α(η) = α(∇ξη) for all ξ, η ∈ X(M),
see Example (2) of 3.4. Given arbitrary vector fields ξ1, ξ2 ∈ X(M), the definition of
the Lie bracket and the formula from part (1) then imply that then

0 = ξ1 · ξ2 · α(η)− ξ2 · ξ1 · α(η)− [ξ1, ξ2] · α(η) = α(R(ξ1, ξ2)(η)).

Hence we see that ∇α = 0 implies α ◦R(ξ1, ξ2) = 0 for all ξ1, ξ2 ∈ X(M).

3.12. Computing the curvature. It is now relatively straightforward to compute
the Riemann curvature in a frame. So assume that (M, g) is a Riemannian manifold and
U ⊂ M is an open subset such that there is a local orthonormal frame {ξ1, . . . , ξn} for
M defined on U . Then from 2.4 we know that this frame gives rise to a smooth section
σ : U → PM and from Proposition 2.7 we know how to determine the connection forms
ωij = σ∗γij associated to the frame.
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Proposition 3.12. Let ωij be the connections forms associated to a local orthonormal

frame as in Proposition 2.7 and define Ωi
j := dωij +

∑
k ω

i
k ∧ ωkj ∈ Ω2(M). Then the

Riemann curvature is given by R(η1, η2)(ξi) =
∑

j Ωj
i (η1, η2)ξj.

Proof. Using the fact that pullbacks commute with the exterior derivative as well
as with the wedge product, we conclude that

Ωi
j = σ∗(dγij +

∑
k γ

i
k ∧ γkj ) = σ∗(

∑
k,`Rk`

i
jθ
k ∧ θ`) =

∑
k,`(Rk`

i
j ◦ σ)σk ∧ σ`.

Here σ1, . . . , σn is the local orthonormal coframe dual to the frame ξ1, . . . , ξn and we
have used that σ∗θi = σi for each i. From 3.3 we know that the functions Rk`

i
j ◦ σ

just describe the components of the tensor field R with respect to the local orthonormal
frame defined by σ. Otherwise put, R(ξa, ξb)(ξc) =

∑
dRab

d
cξ
d. Now for any vector

field η ∈ X(M), we have η|U =
∑

k σ
k(η)ξk, and inserting this, the claimed formula

follows. �

Example 3.12. Let us compute the curvature in the chart for Sn given by stereographic
projection, see Examples 2.7, 3.5, and 3.7. From 2.7, we know that ωij = ui

f
duj − uj

f
dui,

where f(u) = 1+
∑

(uj)2

2
and thus df =

∑
ukduk. Now we immediately compute that

dωij = − ui

f2
df ∧ duj + uj

f2
df ∧ dui + 2

f
dui ∧ duj.

On the other hand, we get∑
k(
ui

f
duk − uk

f
dui) ∧ (u

k

f
duj − uj

f
duk) = ui

f2
df ∧ duj − uj

f2
df ∧ dui −

∑
(uk)2

f2
dui ∧ duj.

Adding these two expressions up, we conclude that Ωi
j = 1

f2
dui ∧ duj. Since ξi = f∂i

we see that Ωi
j(ξa, ξb) equals 1 for a = i, b = j and −1 for a = j and b = i and 0 for all

other values of a and b. This shows that

R(ξa, ξb)(ξc) =
∑

i Ω
i
c(ξa, ξb) = δcaξb − δcbξa.

Another simple way to compute the curvature is using the formula for the covariant
derivative in local coordinates. By definition, for the coordinate vector fields ∂i, we have
∇∂j∂k =

∑
` Γ`jk∂`, where the Γijk are the Christoffel symbols, so these are just smooth

functions. Applying ∇∂i to this, we obtain∑
`

∂Γ`
jk

∂ui
∂` +

∑
` Γ`jk∇∂i∂`.

Expanding the last term and alternating in i and j, we conclude that R(∂i, ∂j)(∂k) is
given by ∑

`

(
∂Γ`

jk

∂ui
− ∂Γ`

ik

∂uj
+
∑

r(Γ
r
jkΓ

`
ri − ΓrikΓ

`
rj)
)
∂`.

Using the formula for the Christoffel symbols Γijk from Proposition 3.8, on can convert
this into a formula in terms of the first and second partial derivatives of the functions gij
which describe the metric in the given coordinates. This becomes particularly simple in
the origin of a normal coordinate system. Recall from 3.10 that in normal coordinates,
the first partial derivatives of the functions gij vanish. In view of Proposition 3.8 this
implies that the Christoffel symbols vanish at the origin. There are further simplifica-
tions because of special symmetries for the second partials of the functions gij in normal
coordinates. In the end one finds that

R(∂i, ∂j)(∂k)(0) =
∑

`

(
∂2gj`
∂ui∂uk

− ∂2gi`
∂uj∂uk

)
∂`(0).
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3.13. Extracting parts of the curvature. While it is a tensor field, the Riemann
curvature is not really easy to handle in general. Basically, we can view R as a 4–linear
operator on tangent spaces, i.e. look at g(R(ξ1, ξ2)η1, η2) (in a point). Then we know
that this expression is skew symmetric in the ξ′s and in the η’s. There is a further
fundamental symmetry of the curvature tensor called the Bianchi identity. We can
easily prove this as follows:

Take the defining equation for the Levi–Civita connection forms, 0 = dθi+
∑

j γ
i
j∧θj,

and apply the exterior derivative to get

0 =
∑

j(dγ
i
j ∧ θj − γij ∧ dθj) =

∑
j(dγ

i
j +
∑

k γ
i
k ∧ γkj ) ∧ θj =

∑
j,k,`Rk`

i
jθ
k ∧ θ` ∧ θj.

Since the values of the forms θk ∧ θ` ∧ θj in each point form a basis for the space of
trilinear alternating forms on TxM , this implies that alternating Rk`

i
j over j, k, and `

gives zero. Since the expression is already alternating in k and `, this can be equivalently
phrased as

0 = R(ξ, η)(ζ) +R(ζ, ξ)(η) +R(η, ζ)(ξ)

for all ξ, η, ζ ∈ X(M). From the identities verified so far, one can further deduce that
g(R(ξ1, ξ2)(η1), η2) = g(R(η1, η2)(ξ1), ξ2). These identities together imply that there is
no way to get from the curvature tensor to a simpler object by forming symmetric
or alternating parts in any sense. (More precisely, any kind of symmetrizations or
alternations either leads to zero or to a non–zero multiple of the curvature tensor itself.)

There are non–trivial traces of the curvature tensor one can form however. They
can be most easily defined locally using a local orthonormal frame {ξ1, . . . , ξn}. It is
then easy to verify directly that the quantities defined do not depend on the choice
of this frame. One defines the Ricci curvature Ric ∈ T 0

2 (M) and the scalar curvature
R ∈ C∞(M,R) by

Ric(η1, η2) :=
∑

i g(R(η1, ξi)(η2), ξi)

and then R :=
∑

i Ric(ξi, ξi). From this definition it is clear that Ric is symmetric,
i.e. Ric(ξ, η) = Ric(η, ξ) for all ξ, η ∈ X(M). In each point the Ricci curvature thus
defines a symmetric bilinear form on TxM , so it makes sense to study eigenvalues and
ask whether this bilinear form is positive or negative definite, and so on.

An important special case of a curvature condition is the following. A Riemann
metric is called an Einstein metric if its Ricci curvature is proportional to the metric
in each point, which then implies that Ric(ξ, η) = 1

n
Rg(ξ, η). It turns out that in this

case the scalar curvature R must be constant, so the Ricci tensor is actually a constant
multiple of the metric.

Another important method of extracting parts of the curvature is inspired by the
Gauss curvature of surfaces in R3, see [DG1, 3.7]. Take a Riemannian manifold (M, g),
a point x ∈ M , and a plane (i.e. a two–dimensional linear subspace) E ⊂ TxM . Then
choose an orthonormal basis {ξ, η} of E and consider gx(Rx(ξ, η)(ξ), η)). One easily
verifies directly that this number independent of the choice of the orthonormal basis,
so it defines a number Kx(E), called the sectional curvature of E. The simples possible
Riemannian manifolds are the ones with constant sectional curvature, where this is the
same for all points and all planes. More generally, one can look at Riemann manifolds
for which all sectional curvatures have the same sign (e.g. “positive sectional curvature”)
or allow some bounds on the values of the sectional curvature.

Example 3.13. Let us compute the curvatures of the sphere using the chart given by
stereographic projection. From 3.12 we know that for the orthonormal frame {ξ1, . . . , ξn}
we have always considered in this example, we have R(η1, η2)(ξi) =

∑
j Ωj

i (η1, η2)ξj,
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where Ωi
j = 1

f2
dui ∧ duj = σi ∧ σj. Here the σi are the elements of the coframe dual to

the frame {ξi} Now observe that for each vector field ζ, we have ζ =
∑

i σ
i(ζ)ξi. This

implies that

(∗) R(η1, η2)(ζ) =
∑

i,j σ
i(ζ)Ωj

i (η1, η2)ξj

and inserting this into g( , ξk) we get∑
i

σi(ζ)Ωk
i (η1, η2) =

∑
i

σi(ζ)(σk(η1)σi(η2)− σi(η1)σk(η2)).

Putting η2 = ξk, we just get
∑

i 6=k σ
i(ζ)σi(η1), and summing over all k, we conclude that

Ric(η1, ζ) = (n − 1)
∑

i σ
i(ζ)σi(η1) = (n − 1)g(η1, ζ) by definition of an orthonormal

coframe. Thus the sphere is an Einstein manifold with scalar curvature n(n− 1) > 0.
Likewise, formula (∗) shows that

R(η1, η2)(η1) =
∑

i,j σ
i(η1)Ωj

i (η1, η2)ξj,

and this inner product of this with η2 is given by∑
i,j σ

i(η1)σj(η2)Ωj
i (η1, η2) =

∑
i,j σ

i(η1)σj(η2)(σi(η1)σj(η2)− σj(η1)σi(η2))

If η1 and η2 are orthonormal, then
∑

i(σ
i(η1))2 = 1 and likewise for η2, while for mixed

terms
∑

i σ
i(η1)σi(η2) = 0. This easily implies that the sphere has constant sectional

curvature one.
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