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CHAPTER 1

Symplectic geometry and contact geometry

In this section, we want to build the bridge between analysis on manifolds and differ-
ential geometry. It is also intended to complement our later discussion of Riemannian
geometry. Riemannian metrics are the simplest example of a geometric structure of
finite type. They have local invariants (e.g. curvature) and the group of automorphisms
of such a structure is small. These facts are (at least vaguely) familiar from the case of
hypersurfaces in Euclidean spaces discussed in the first course on differential geometry.
The structures we consider in this chapter are the simplest examples of the opposite
end of the spectrum. They do not admit local invariants, so any two structures are
locally isomorphic, and there are many diffeomorphisms preserving the structure. Still
they are very interesting in view of their close connections to classical mechanics and
the geometric theory of partial differential equations.

Initial considerations — distributions and integrability

A simple idea how to define a geometric structure on a manifold M would be to
choose some distinguished object, e.g. a vector field or a differential form.

1.1. Distinguished vector fields. We first want to show that there is not much
about single vector fields, unless they have a zero. Locally around a point in which they
are non—zero, all vector fields look the same up to diffeomorphism:

Proposition 1.1. Let M be a smooth manifold and let & € X(M) be a vector field. If
x € M is a point such that £(x) # 0, then there is a chart (U,u) for M with x € U such
that &y = 52

PROOF. This is an easy consequence of the existence of the flow. First we take
a chart (U,a) with x € U, u(x) = 0 and @(U) = R". Composing @ with a linear
isomorphism, we may in addition assume that T,@ - &(z) = e;. Thus it suffices to prove
the result in the case M =R", z =0 and £(0) = 52(0).

Now recall that the flow of £ is defined on an open neighborhood D(&) of R"™ x {0}
in R" x R. Hence the set W := {(y',...,y") € R" : (0,42, ...,y"y") € D(€) is open
and we can define a smooth map ¢ : W — R" by

@(ylv s Jyn) = Flil (07 Y2, - .- 7y'fl)
For any y € W we have

() Typ-er= Eh=o FL (@ (0,4, yn)) = %li=0 FLi (0(y)) = £((y))-

On the other hand, the definition immediately implies that ¢(0) = 0 and Ty e; = ¢; for
all i« > 1, so Top = id. Hence shrinking W, we may assume that ¢ is a diffeomorphism
from W onto an open neighborhood U of 0 in R™. Putting u = ¢~!, we get a chart
(U, u) for R™ around 0 and (x) exactly means that &|; = -2 O]

W.
If one studies vector fields, one thus only has to look at neighborhoods of a zero. Of
course &(x) = 0 is equivalent to FI$(z) = x for all ¢, so this study is the study of fixed
points of dynamical systems, and ideas from dynamics play an important role in this.

1
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1.2. Distinguished 1-forms. Let us next consider the case of a distinguished
one form a € QY(M), which is already considerably more varied than the case of a
vector field. This becomes easily visible if one reinterprets the result for vector fields in
Proposition slightly: Recalling that a chart map is just a diffeomorphism onto an
open subset of R", we can simply say that for x € M such that {(z) # 0, there is a
diffeomorphism f from an open neighborhood U of x in M onto an open subset of R",
such that &|y = f*%. Applying this twice we can immediately conclude that for two
manifolds M, N of the same dimension, two vector fields £ € X(M) and n € X(N) and
points z € M such that &£(x) # 0 and y € N with n(y) # 0, there is a diffecomorphism
from an open neighborhood U of z in M onto an open neighborhood of y in N such
that {|y = f*n. So locally around a point in which they are non—zero, any two vector
fields look the same up to diffeomorphism.

The situation can not be as simple for one—forms due to the existence of the exterior
derivative. Recall that for a one-form a € Q'(M), the exterior derivative da € Q?(M)
is characterized by

da(&,n) =& a(n) —n-a(§) —a(§,n])

for £,m € X(M). Naturality of the exterior derivative says that f*(da) = d(f*«).
Having given two one—forms a € QY(M) and 8 € Q'(N) on manifolds of the same
dimension and points € M and y € N such that both a(x) and S(y) are nonzero, we
not only have to take into account the linear maps a(x) : T,M — R and S(y) : T,N —
R (which of course look the same up to linear isomorphism). For a locally defined
diffeomorphism f with f*8 = o and f(z) = y to exist, also the skew symmetric bilinear
maps do(z) : T,M x T, M — R and df(y) : T,N x T,N — R must be compatible via
the linear isomorphism 7, f : T, M — T, M.

Before we study skew symmetric bilinear maps in more detail, let us turn to the
simplest possible case. An analog of Proposition |1.1]in the realm of one—forms should
say when a one—form locally looks like dz! € Q'(R") up to diffeomorphism. Since
d(dz') = 0, this can be possible only for closed one—forms, i.e. for a € Q'(M) such that
da = 0. For closed forms, the analog of Proposition [1.1] actually is true. Before we show
this, we prove one of the fundamental results on the exterior derivative, the Lemma of
Poincaré:

Lemma 1.2 (Lemma of Poincaré). Any closed differential form on a smooth manifold
M s locally exact. More precisely, if w € Q¥(M) a smooth k—form such that dw = 0,
then for each point x € M, there is an open subset U C M withx € U and a (k—1)—form
0 € QFYU) such that w|y = dp.

Proor. It suffices to deal with the case M = R", since locally around any point we
can find a chart which is a diffeomorphism onto R".

Consider the multiplication map a : R x R" — R™ defined by «(t, x) =: ay(z) = tx.
Clearly a; =1id, so (a1)*w = w and (ap)*w = 0, and we can write w as

1
w=()'w—(ap)'w= / %(&t)*wdt,
0

where we integrate a smooth curve in the vector space QF(R™). For the Euler vector
field E € X(R") defined by E(z) = z, the flow is evidently given by F17(x) = a(e!, z),
so we have oy = Flﬁgt. Using this, we compute

Lojw = 4(F1,,)"w = H(FI7

* _ 1 %
logt) Lpw = ;afLpw,
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where L is the Lie derivative along E. Now Lpw = digw + igdw for the insertion
operator ig, and by assumption dw = 0. Since pullbacks commute with the exterior
derivative, we end up with %a;‘w = d%a;‘iEw.

Next, we observe that T,a; = tid, so

rajipw(z)(Xa, ..., Xp) = tw(tz)(tz, tXo, ... tXy) = w(tz)(z, tXs, ..., tXy),

so this is defined for all ¢ and we can view it as a smooth curve of (k — 1)—forms. But
since d defines a continuous linear operator Q*~1(R") — QF(R"), it commutes with the

integral of a smooth curve. Thus, defining ¢ := fol %oz,’fi pwdt, we obtain

1 1
dgpz/ d%afz’Ewdt:/ Lojw = w.
0 0
0J

Proposition 1.2. Let M be a smooth manifold and let o € Q(M) be a closed one-
form. If x € M is a point such that a(x) # 0, then there is a chart (U,u) for M with
x € U such that o|y = du'.

PROOF. We may start with an arbitrary chart (U, @) such that @(U) is a ball in R,
By the lemma of Poincaré, da = 0 implies that there is a smooth function f: U — R
such that a|; = df. Since a(x) # 0, we can renumber the coordinates in R” in such
a way that df (z)(5%) # 0. Considering the smooth map ¢ : a(U) — R™ defined by

oyt y") = ((foaN(y), % ..., y") we see that det(T,p) = %(y) # 0. Hence ¢
is a diffeomorphism locally around @(x) and u := ¢ o @ is a chart map with f =u!. O

For later use, we discuss a reinterpretation of this result, using the concept of integral
submanifolds.

Definition 1.2. (1) Let M be a smooth manifold of dimension n. A k-dimensional
submanifold is a subset N C M such that for each € N there is a chart (U, u) for M
with z € U such that w(N NU) = u(U) NR*,

(2) Let T C Q*(M) be a family of differential forms on a smooth manifold M. An
integral element for I at a point x € M is a linear subspace L C T,M such that
a(x)|p =0 for all « € 7.

(3) For Z as in (2), an integral submanifold for Z is a submanifold N C M such
that oy = 0 for all @ € Z. Otherwise put, for each y € N, T, N has to be an integral
element for 7.

Remark 1.2. (1) In the special case M = R™, the first part of this definition is exactly
the notion of a local trivialization which is used as one of the equivalent definitions of
submanifolds of R™.

(2) If Z consists of a single differential form «, then we talk about integral elements
and integral submanifolds for a.

(3) Finding the integral elements of a family Z is usually a question of linear algebra,
since one has just to find the common kernel of a family of multilinear maps. The
question whether a given integral element comes from an integral submanifold is much
more subtle and interesting.

Let us return to the case of a single one-form a € Q'(M). If a(x) # 0, then the
integral elements at = are exactly the linear subspaces of the hyperplane Ker(a(x)) C
T, M, so in particular this hyperplane itself is the unique integral element of dimension
n — 1. Now we can rephrase Proposition in terms of integral submanifolds:
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Corollary 1.2. Let M be a smooth manifold of dimension n and let o € QY (M) be a
closed one—form. Suppose that x € M is a point such that a(z) # 0. Then there is a
chart (U,u) in M such that w(U) = (—¢,€) x V' for some € > 0 and some open subset
V C R™ such that for each t € (—¢,¢€) the subset u'({t} x V) C M is an integral
submanifold for a of dimension n — 1.

Notice that integral elements and submanifolds do not really depend on « but only
on the kernels of the maps a(z). The one—forms /3 for which these kernels are the same
as for a are exactly the forms fa for non—vanishing smooth functions f. Notice that
d(fa) =df Na+ fda, so if a is closed we get dff = %df/\ﬁ. Conversely, if df = %df/\ﬂ,
then one immediately verifies that %6 is closed. Hence Corollary extends to forms
with this property.

1.3. Distributions and Involutivity. The considerations in have an obvious
analog in higher codimension: for a smooth, nowhere—vanishing one—form o € Q(M),
we can consider the family F, := Ker(a(z)) C T,M as a smooth family of hyperplanes
(i.e. linear subspaces of codimension one) in the tangent spaces of M. The corresponding
notion for higher codimension is (maybe up to the notion of smoothness) easy to guess,
for completeness, we also introduce the notion of involutivity and integrability:

Definition 1.3. (1) For a smooth manifold M of dimension n, a distribution E of rank
k on M is given by a k—dimensional subspace E, C T, M for each z € M. (This should
not be confused with distributions in the sense of generalized functions.)

(2) A (smooth) section of distribution ¥ C T'M is a vector field & € X(M) such that
&(x) € E, for all x € M. A local section of E on an open subset U is a local vector field
¢ € X(U) such that £(z) € E, for all z € U.

(3) A local frame for the distribution E is a family {&;,...,&} of local smooth
sections of E (defined on the same open subset U C M) such that for each x € U the
vectors & (), ..., & () are a basis for the linear subspace E, C T, M.

(4) The distribution E C T'M is called smooth if it for each point € M there is
a local frame for E defined on an open neighborhood of x € M. Smooth distributions
are also called vector subbundles of T'M.

(5) A distribution £ C T'M is called involutive if for any two local sections ¢ and 7
of E also the Lie bracket [, 7] is a section of E.

(6) The distribution £ C T'M is called integrable if for each x € M there is a
smooth submanifold N C M which contains x such that for each y € N we have
T,N = E, C T,M. Such a submanifold is called an integral submanifold for E.

Concerning smoothness and involutivity, there are nice alternative characterizations:

Proposition 1.3. Let M be a smooth manifold of dimension n and E C TM a distri-
bution of rank k.
(1) For the distribution E the following conditions are equivalent:

(a) E is smooth
(b) For any point x € M there is an open neighborhood U of v € M and there are
one—forms ay, ..., an_p € QY (U) such that

E,={¢e€TyM:a;(§) =0 Vi=1,....,n—k}.
(¢) There is a family T C QY (M) of smooth one—forms such that
E,={{e€T,M:a)=0 VaecTI}.

(2) If E is smooth, then following conditions are equivalent:
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(a) E is involutive

(b) For any point x € M there is an open neighborhood U of x € M and a local
frame {&,...,&} for E defined on U such that for each i,j = 1,... k the
vector field [§;,&;] is a section of E.

(¢) For any point x € M there is an open neighborhood U of x in M and there are
forms aq, ..., an_x € QYUU) as in part (b) of (1) such that the restriction of
da; to E vanishes for alli=1,...,n— k.

(d) For any differential form o € Q*(M) whose restriction to E vanishes, also the
restriction of da to E vanishes.

PROOF. (1): (a) = (b): For x € M, condition (a) implies the existence of an open
neighborhood U of x € M and of local sections &, ..., &, of E defined on U which form
a local frame for E. Possibly shrinking U, we may assume that it is the domain of a
chart (U,u) for M, and we denote by 0; := a?ﬁ' the corresponding coordinate vector
fields. Renumbering the coordinates if necessary, we may assume that putting &; := 0;
fori =k +1,...,n, the vectors & (z),...,&,(x) form a basis for T, M. Then the fields
&1, ..., &, must be linearly independent locally around z, so possibly shrinking U once
more, we may assume that &;(y),...,&,(y) is a basis of T, M for all y € U.

Now for each y € U and each ¢ = 1,...,n, we can define a linear map «;(y) :
T,U — R by putting a;(y)(&(y)) = 1 and o;(y)(&(y)) = 0 for j # i. Given a smooth
vector field £ € X(U), there are uniquely determined smooth functions fi, ..., f, such
that & = > | fi&, which implies that a;(§) = fi, so oy € QYU) for all i = 1,...,n.
Evidently, the n — k one—forms a1, ..., a, satisfy the conditions in (b).

(b) = (a): This is proved very similarly: Having given ay,...,a,_, € QY (U) one
may assume that U is the domain of a chart (U, u) whose coordinates are numbered in
such a way that a;(y), ..., an_x(y), du"**1(y),...,du"(y) form a basis for (T,M)* for
cach y € U. The elements of the dual basis of T, M fit together to define vector fields
&1,...,&, on U, and the last k of these form a local frame for E defined on U.

(b) = (¢): Let T := {a € QY(M) : a(z)|g, =0 Vz € M}, and for z € M put
F, ={{eT,M:ax)f) =0 Vae I} Then F, is the intersection of the kernels
of the linear maps «a(x) : T,M — R for o € Z and thus a linear subspace of T, M. By
construction E, C F, and it suffices to prove the converse inclusion for each z.

Given z, there is an open neighborhood U of x in M and there are oy, ..., q,_§ €
Q' (U) satisfying the conditions of (b). Choose an open neighborhood V' of z in M such
that V C U and a smooth function f : M — [0,1] which has support contained in U
and is identically one on V. For each i, we can extend fa; by zero to a globally defined
one—form &; € Q'(M) and by construction &; € Z for i = 1,..., k. But then for £ € F},

we have @;(2)(€) = a;(z)(§) = 0 and hence £ € E,.

(¢) = (b): We have given T C Q'(M) and by assumption £, = {£ € T,M :
a(xz)(§) =0 Va € T} has dimension k for all z € M. Let us now fix a point x € M.
Then we can find forms aq,...,a,_ € Z such that E, = {£{ € T, M : a;(x)(§) =
0 Vi=1,...,n—k}. (If £ <n there must be a form «; such that a;(x) # 0. Then
one inductively finds further forms, since until n— k& forms are found, E, must be strictly
smaller than the intersection of the kernels in x of the forms found so far, so there must
be a form in Z whose value in x is non—zero on this intersection.)

Since E, has dimension k, the functionals oy (z),. .., a,_x(z) are linearly indepen-
dent. This implies that a;(y),...,a,—x(y) are linearly independent for all y in some
open neighborhood U of . Thus {{ € T,M : o(y)(§) =0 Vi=1,...,n—k}isa
linear subspace of T}, M which has dimension k and contains £, by construction, so it
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must coincide with E,. Hence the restrictions of the o; to U satisfy the conditions of
(b)-

In part (2), the inclusions (a) = (b) and (d) = (c) are obvious. To prove (b) = (d),
we assume that a € Q°(M) is a differential form such that ay(n,...,n,) vanishes for
any y € M provided that all 7; lie in B, C T,M. Fixing a point € M, we can
take a local frame &, ..., & of E defined on an open neighborhood U of x in M which
satisfies the conditions of (b). Then a vector n; € E, C T,,M can be written as a linear
combination of the &;(z). It thus suffices to show that da(&;,,. .., &;,) vanishes for any
choice of 1 < iy < iy < -+ < iy < k. But this follows immediately from the formula
for the exterior derivative and the fact that the bracket of any two of the £ is again a
section of E.

(¢) = (a): Let & and n be two smooth sections of E and consider their Lie
bracket [, n]. For a point © € M take an open neighborhood U of x in M and forms
aty .., € QYU) as in (¢). Then by assumption a;(€) = a;(n) = 0 so the formula
for the exterior derivative implies that 0 = do; (€, 1) = —a;([€,n]). Since this holds for
alli=1,...,n—k, we conclude that [¢,n](x) € E, C T, M. O

1.4. The Frobenius theorem. If o € Q'(M) is nowhere vanishing then by part
(1) of Proposition [1.3| E, := Ker(a(z)) C T, M defines a smooth distribution E of rank
n—1. In we assumed that do = 0, which by part (2) of that Proposition implies
that the distribution E is involutive. Then Corollary shows that the distribution F
is actually integrable.

Indeed, integrable distributions always have to be involutive. Suppose that E is an
distribution, N is an integral manifold for £, o € Q*(M) is a form whose restriction
to E vanishes. Denoting by ¢ : N — M the inclusion, we get *a = 0 and hence
i*dao = di*a = 0. For x € N this means that do(z) vanishes when evaluated on
elements of T, N = E,, so the claim follows. Generalizing Corollary the Frobenius
theorem states that involutivity implies integrability:

Theorem 1.4 (Frobenius). Let M be a smooth manifold of dimension n and let E C
TM be a smooth involutive distribution of rank k. Then for each x € M, there exists
a local chart (U,u) for M with x € U such that u(U) =V x W C R"™ for open subsets
V CR¥ and W C R"* and for each a € W the subset u='(V x {a}) C M is an integral
manifold for the distribution E. In particular, any involutive distribution is integrable.

PROOF. By Proposition |1.2], we can choose a local frame &1, ..., &, for E defined on
an open neighborhood U of z in M, and possibly shrinking U we may assume that it is
the domain of a chart (U , ) for M. Putting 0; := %, we consider the local coordinate
expressions for the vector fields §;. This defines smooth functions f; . U — R for
i=1,...,nand j=1,... ksuch that & = >~ f;0;. Consider the n x k-matrix (f;(y))
for y € U. Since the vectors &(x) are linearly independent, the matrix ( fi(z)) has rank
k and hence has k-linearly independent rows. Renumbering the coordinates, we may
assume that the first & rows are linearly independent. Then the top k£ X k—submatrix
has nonzero determinant in . By continuity, this is true locally around x, and possibly
shrinking U, we may assume that it holds on all of U.

For y € U let (g%(y)) the k x k-matrix which is inverse to the first & rows of (fi(y)).
Since the inversion in GL(k,R) is smooth, each of the g¢ defines a smooth function on
V. For ¢ =1,...,k we now put n; := Zj gfﬁj. These are local smooth sections of £

and since the matrix (g%(y)) is always invertible, their values span E, for each y € U.
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Expanding n; in the basis 0, we obtain

(%) mi=Y g => g fj0=0+) ho,
j it

1>k

for certain smooth functions h¢ on U.

We claim that the sections n; of E satisty [n;,n;] = 0 for all 4, j. Since the distribution
E is involutive, we know that [7;,7;] is a section of E, so there must be smooth functions
cfj such that [n;,n;] = >, cfjm. Applying equation (%) to the right hand side, we see
that [1;,7;] is the sum of S5, ¢;;0; and some linear combination of the 9y for £ > k.
On the other hand, inserting (x) for n; and 7;, we see that that [r;,n;] must be a linear
combination of the 9, for £ > k only. This is only possible if all cfj vanish identically.

The vectors T,w-m(z), ..., Tyt n(x) generate a k—dimensional subspace in R"™ and
changing % by some linear isomorphism, we may assume that this is R* ¢ R". Now we
can find open neighborhoods V' in R* and W € R"* of zero such that

ot ..., 1" a) == (FI} o... o FI¥)(a '(a))

makes sense for all t = (¢1,...,t*) € V and all @ € W. Since the vector fields 7; have
pairwise vanishing Lie bracket, their flows commute, so it makes no difference in which
order we apply the flows. For sufficiently small s, we can use FI! L, = FI¥ oFI and
this commuting property to write

o(th, ..t s, .t a) = Fl%(th, ..t ... 7 a))

for + = 1,...,k and differentiating this with respect to s at s = 0, we conclude that
%@(t,a} = ni(p(t,a)) for i = 1,....k. On the other hand, ©(0,a) = @ '(a), which
by construction easily implies that T(g )@ is invertible. Possibly shrinking V' and W,
we may assume that ¢ is a diffeomorphism onto an open neighborhood U of x in M.
But then we have already seen above that ¢~'(V x {a}) is an integral submanifold, so

putting u := ¢~ we obtain a chart with the required properties. O

Symplectic geometry

1.5. Skew symmetric bilinear forms. After this detour on integrability of distri-
butions, let us take up the questions on distinguished one—forms form [I.2] As indicated
there, the first step is to understand skew symmetric bilinear maps on real vector spaces
in a basis-independent way.

Let b: V xV — R be a bilinear form on a finite dimensional real vector space V'
such that b(w,v) = —b(v,w). Let us first define the nullspace of b by N(b) := {v €
Vibv,w) =0 VYw € V}. This is evidently a linear subspace of V, and the number
dim(V) — dim(N(b)) is called the rank of b. The form b is called non—degenerate if
N(b) ={0}.

More generally, given a linear subspace W C V', we define W° C V by W° :={v €
V :iblv,w) =0 Yw e W}, so N(b) = V°. Notice that the bilinear form b can be
evidently restricted to any linear subspace W C V.

Lemma 1.5. Let b: V xV — R be a non—degenerate skew symmetric bilinear form on
a finite dimensional real vector space. Then for a linear subspace W C V' the following
are equivalent:

(1) The restriction of b to W is non-degenerate.

(2) The restriction of b to W° is non—degenerate.
(3) Wnwe={0}
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4)V=WaWwe

PROOF. The bilinear form b gives rise to a linear map V' — V*, which sends v € V'
to the linear map v# : V — R defined by v#(w) := b(v,w). The fact that b is non—
degenerate is equivalent to the fact that this map is injective, and thus a linear isomor-
phism since V' is finite dimensional. Now by definition, W° C V is the annihilator of
the image of W in V*. Consequently, dim(W°) = dim(V') — dim(W), which immedi-
ately implies that (3) and (4) are equivalent. Now the nullspace of b|y by definition is
W N We. This immediately implies that (1) and (3) are equivalent. Finally, the above
observation on dimensions shows that dim(WW) = dim((1#/°)°). Since we evidently have
W C (W°)° the two spaces have to coincide. Together with the above, this implies the
equivalence of (2) and (3). O

Proposition 1.5. Let V' be an n—dimensional real vector space and b :V xV — R a
skew—symmetric bilinear form. Then the rank of b is an even number. If this rank is 2k,

then there is a basis {vy,..., Vg, W1, ..., We, U1, ..., Uy 2k} for V such that b(v;, w;) =
—b(w;,v;) =1 fori=1,... k while b evaluates to zero on all other combination of basis
elements.

PROOF. Let us first proof the result in the case the b is non—degenerate. Choose
a non-zero vector v; € V. By non-degeneracy, there is a vector w; € V such that
b(vi,wq) # 0 and replacing w; by a multiple, we can assume that b(vy,w;) = 1. Let W C
V' be the linear subspace spanned by v; and w;. Since b(vqy,v1) = 0 by skew symmetry,
we conclude that b(vy, w;) = 1 implies that v; and w; are linearly independent, so W has
dimension 2. Any vector w € W can be written as Av; + pw; for A\, u € R, and clearly
b(w,v;) = —p and b(w,w;) = A. For non—zero w, one of these numbers is nonzero, so
blw is non-degenerate. Thus V =W @& W° and b|y- is non-degenerate by the lemma.

Now we can apply the same construction to W° to find elements vy and ws such that
b(vg,we) = 1, and continue this recursively. If dim(V") is even, then we end up with a
basis {vy, ..., v, w1, ... wg} with the required properties. If dim(V) is odd, we end up
with a one-dimensional space endowed with a non—degenerate skew symmetric bilinear
form. This is a contradiction, since by skew symmetry any such form has to be zero.
This completes the proof in the non—degenerate case.

In the general case, consider the quotient space V := V/N(b). A moment of thought
shows that b induces a skew symmetric bilinear form b on V, defined by

b(v +N(b), w+ N (b)) := b(v, w).

By definition, v + N () lies in the nullspace of b if and only if v € N(b), so b is non—
degenerate. From above, we conclude that dim(V) (which equals the rank of b) is
even, say equal to 2k, and there is a basis {v,,..., v, wy,...,w,} such that b(v,, w,) =
—b(w;,v;) = 1 for i = 1,...,k while all other combinations evaluate to zero under b.
Now choose preimages v;, w; € V of these basis elements and a basis {uy, ..., u, g} for
N (b). Then by construction, these elements have the required behavior with respect to

b, and it is an easy exercise to verify that they form a basis for V. OJ

In particular, we see that non—degenerate skew symmetric bilinear forms exist only
on vector spaces of even dimension, but in these dimension they are uniquely determined
up to isomorphism. A vector space V endowed with a non—degenerate skew symmetric
bilinear form b : V x V' — R is called a symplectic vector space. For a subspace W C V
we have the annihilator or symplectic orthogonal space W° from above and by non-
degeneracy dim(W?) = dim(V) — dim(W). Now a subspace W C V is called isotropic
if W c WO, coisotropic if W° C W and Lagrangean if W° = W. From this definition, it
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follows immediately that if dim(V') = 2n, then dim(W) has to be < n if W is isotropic,
> nis W is coisotropic and = n if W is Lagrangean. In particular, Lagrangean subspaces
are maximal isotropic subspaces and minimal coisotropic subspaces.

As an application of our results, we can now give a nice characterization of non—
degeneracy of a skew symmetric bilinear form. In the first part of the course, we have
met the wedge—product of differential forms, which was constructed in a point wise
manner. Thus it makes sense for skew symmetric multilinear maps defined on a vector
space. If ¢ : V¥ — R and ¥ : V! — R are alternating maps, which are k-linear
respectively /-linear, then one defines o A ¢ : VFT4 — R by

1
(e AY)(v1, ...y V) i= T Z SEN(0)P(Vays -+ Vo )V (Vo1 - - s Vg

O'EGTL

This is (k + ¢)-linear and alternating. Moreover, the wedge product is associative and
graded commutative, i.e. v A o = (—1)¥p A 1. In particular, this shows that wedging
a linear functional (or a one—form) with itself, one always gets zero. But in the case of
even degree, the wedge—product with itself can be non—zero. Hence one can form the
square and also higher powers of a map with respect to the wedge product. Indeed, we
get

Corollary 1.5. Let V' be a real vector space of dimension 2n. Then a skew symmetric
bilinear map b: V x V — R is non—degenerate if and only if b =bA---ANb (n factors)
is non—zero and hence a volume—form on V.

Proor. It follows from linear algebra that there is just one 2n-linear, alternating
map V2" — R up to multiples. Identifying V with R?" by choosing a basis, the map b"
must thus correspond to some multiple of the usual determinant.

If 0 = b(v, w) for some fixed 0 # v € V and all w € W, then it follows immediately
from the definition that 0™ (v, ws, ..., wa,—1) = 0 for all w; € V. In particular, we can
choose the w; in such a way that {v, wy, ..., wa, 1} is a basis of V. Using this basis to
identify V with R?*" we conclude that b" = 0 if b is degenerate.

Assuming conversely that b is non—degenerate, we take a basis {vy, ..., v,, w1, ..., wy,}
for V as in Proposition . Denoting the dual basis by {v!,...,v" w! ... w"}, we can
clearly write b = """, v" A w'. Associativity of the wedge product then implies that
b =23, _, v Av Aw™ Aw™. Continuing inductively, one easily sees that 0" is a
non-zero multiple of v A -~ Av* Awt A - Aw™, O

1.6. Symplectic forms. Let us return to the question of distinguished one—forms
from and hence look at a manifold M of dimension n and o € Q*(M). Then the basic
observation in[1.2| was that for x € M we not only have to consider the linear functional
a(x) : T,M — R but also the skew symmetric bilinear map da(x) : T,M x T, M — R.
From Proposition we know that the basic invariant of da(x) is its rank, which has
to be an even number. In studying distinguished one—forms it is natural to assume that
this rank is the same in all points of M. In [1.2] we have sorted out the case that the
rank is zero, so now we want to look at cases in which the rank is as large as possible.
There are two basic possible situations, according to whether dim(M) is even or odd.
We'll start with the even dimensional case here, and take up the case of odd dimensions
in [L10 below.

If dim(M) is even, say dim(M) = 2n, then we can simply require that da(z) is non—
degenerate for all z € M. As discussed in [L.5 we can form (da)" = da A --- Ada € Q7
and in view of Corollary the non—degeneracy condition is equivalent to requiring
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that (da)™ is nowhere vanishing and thus a volume form on M. In particular, we see
that « gives rise to an orientation on M so in particular M must be orientable for such
a form to exist.

We can easily deduce a more severe restriction from this, which is the reason, why
one usually uses a slightly more general concept. Namely, we can also consider the
form 8 := a A (da)"' € Q> 1(M). Now from the basic properties of the exterior
derivative, we immediately conclude that 0 = d(da) and hence 0 = d((da)*™!) and
hence (da)™ = df. Thus the volume form (da)™ is always exact. But on a compact
manifold, the integral of a volume form must be non—zero while the integral over an
exact form must be zero by Stokes’ theorem. We can bypass this problem by considering
general closed two—forms instead of only the exact forms da. This leads to

Definition 1.6. Let M be a smooth manifold of even dimension 2n. A symplectic form
on M is a two—form w € Q*(M) such that dw = 0 and w(x) : T,M x T,M — R is
non—degenerate for any x € M. The pair (M,w) is then called a symplectic manifold.

If (M,w) and (]\Z/ ,@) are symplectic manifolds, then a symplectomorphism between
M and M is a diffeomorphism f : M — M such that f*@ = w.

As above, the non—degeneracy condition is equivalent to requiring that w" is a vol-
ume form on M. Moreover, compatibility of the pullback with the wedge product im-
mediately implies that any symplectomorphism is a volume preserving diffeomorphism,
i.e. compatible with the volume forms.

1.7. A fundamental example. The fundamental example of a symplectic form
actually is exact. To construct it, we have to recall the definition of the cotangent
bundle. Solet N be an arbitrary smooth manifold of dimension n. Recall that for z € N
the cotangent space of N at x is the space (T, N)* of all linear functionals T, N — R.
The cotangent bundle of N is the union of all cotangent spaces T*N = U,en (T N)*.
There is an obvious projection p : T*N — N which sends (T, N)* to x. It is easy to
see that there is a unique topology on T*N which makes this projection continuous
and induces the standard vector spaces topology on each of the spaces (T,/N)*. Then
T*N can be made into a smooth manifold of dimension 2n such that the projection
p:T*N — N is smooth.

Indeed, let (U,u) be a chart on N. Then we consider the open subset T*U :=
p~ Y (U) C T*N and the map T*U — w(U) x R™ mapping ¢ € (T,N)* to (u(x),v o
(T,u)~'). One immediately verifies that this gives rise to an atlas on T*N with smooth
chart changes.

The crucial point for our purposes is that there is a tautological one—form on M =
T*N. A point ¢ € M is a linear functional ¢ : T,N — R, where z = p(¢) € N.
Having given a tangent vector § € T, M, we can form T,,p - { € T),,) N and then define
a(§) == p(Tp-&). Otherwise put, we have a(p) = ¢ oT,p, and this evidently is a linear
map T, M — R.

The natural construction already suggests that a should be smooth. We can easily
verify this directly in local coordinates, and we use the classical notion common in
physics at this point. Let us start with a chart (U, ¢) for N, so we have local coordinates
q',...,¢" : U — R on the open subset U C N. Then the induced chart on T*U has
values in u(U) x R™ and we denote the coordinates corresponding to the second factor
by p1,...,pn. (In physics terminology, N is the configuration space, T*N the phase
space, and the cotangent vectors are interpreted as momenta.)

Now the coordinate forms dq',...dq" form a basis for each cotangent space of
N. We have defined the induced chart on T*N in such a way that the coordinates
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p1(9), ... o) of ¢ : T,N — R are exactly the coefficients one obtains when expand-
ing ¢ in the basis {dg'(x),...,dq"(x)}. On the other hand, in our coordinates the
projection p : T*N — N is simply given by (¢',...,¢", p1,...,pn) = (¢',...,q"). Now
having given § € T,,M, we can expand it as

10 n_0 n+1l 9 2n
ga_ql—i_.—i_é' aq7z+§ 8p1+§ ap

and then Ti,p - § = 518%1 R 5”— and (&) = pr(p)E" + - + pa(p)E™.

This shows that a = lel pldq is smooth locally and hence defines a one—form
on M = T*N. We can also immediately read off its exterior derivative, namely da =
Sor dpi A dg'. This shows that da is a symplectic form on M = T*N but it is more
common to use the negative and put w := —da. Moreover, over any subset of the
form p~!(U) for some chart (U, q) of N with corresponding coordinates (q*,p;), the
corresponding coordinate vector fields form in each point a basis of the form described
in Proposition [1.5] This proves the first part of

Proposition 1.7. Let N be any smooth n—dimensional manifold, put M = T*N, let
a € QYN) be the tautological one—form and w = —da. Then

(1) w is a symplectic form on M.

(2) For any point x € N, the cotangent space (T,N)* = p~'(x) C M is a smooth
submanifold of M whose tangent space in in each point is a Lagrangean subspace.

(3) Let v € QY(N) be a one—form and view ¢ as a smooth function N — T*N.
Then »(N) C T*N is a smooth submanifold and if ¢ is closed, then each tangent space
to ¥ (N) is a Lagrangean subspace.

(4) For any diffeomorphism f : N — N the induced diffeomorphism T*f : T*N —
T*N, which maps ¢ € (T,N)* to po (T, f)~" € (T N)* is a symplectomorphism.

PROOF. We have already seen (1). For (2) we take a chart (U, q) for N with € U
and the corresponding chart for M. Then (T,,N)* corresponds to the subspace {q(x)} x
R™, so this is a global submanifold chart. Moreover, the tangent space to (7T,N)*
in a point ¢ € (T,N)* is evidently spanned by the tangent vectors %(gp) and thus
Lagrangean.

(3) Choosing a local chart (U,q) of N and considering the induced chart of M,
the map ¢|y : U — p~}(U) corresponds to a map u(U) — u(U) x R™ whose first
component is the identity. But then t(N) simply corresponds to the graph of the
second component function. This graph is a smooth submanifold in u(U) x R™, and
composing a submanifold chart for this with the diffeomorphism p~!(U) — w(U) x R™
provided by the induced chart, we obtain a submanifold chart for ¢ (NV).

Having observed that )(N) C T*N is a submanifold, it is clear that ¢ : N — ¢(N)
is a diffeomorphism, since the restriction p|yn) : ¥(IN) — N provides a smooth inverse.
The tangent spaces of 1)(IV) are Lagrangean if and only if w|yn) = 0, which is equivalent
to 0 = Y*w € QYN). Since w = —da, we get Yv*w = —di*a. Now we claim that
P*a =1 € QY(M) which shows that 1*w = —di), which vanishes if 1 is closed.

To see this, observe that ¥*a(x)(§) = a(y(z)) (T - £). Now p ot = idy, whence
Ty@yp - Tt - € = § which implies that ¢¥*a(x)(§) = ¢ (2)(§) and hence the claim.

(4) We have actually almost proved this already. Namely, let (U, q) be any chart for
N and put U := f~'(U), §:= qo f. Then (U i) is also a chart for N. If we denote the
induced charts for M by (p~(U),®) and (p~(U), ®), then it immediately follows from
our constructions that ® = ® o (T*f|p_1(0)). This means that in our chosen charts, 7 f

simply maps (¢*,...,q", P1,---,Pn) to (¢*,...,q" D1, ..,pn) and thus clearly pulls back



12 1. SYMPLECTIC GEOMETRY AND CONTACT GEOMETRY

> dg' Adp; to > dg' A dp;. But these are exactly the coordinate expressions of w with
respect to the two charts. O

Submanifolds of a symplectic manifold, whose tangent space in each point is a La-
grangean subspace are called Lagrangean submanifolds. Thus our proposition in partic-
ular implies that the symplectic manifold 7% N has many Lagrangean submanifolds and
many symplectomorphisms.

1.8. The Darboux theorem. Looking at [I.7] one might expect that cotangent
bundles form very special examples of symplectic manifolds. Initially, one could not
expect that the nice choice of basis of a tangent space from Proposition [I.5{can be locally
realized by coordinate vector fields. (Indeed, if one has a hypersurface in Euclidean
space and one can choose local coordinates such that the coordinate vector fields are
orthonormal in each point, then this chart defines an isometry to Euclidean space. In
particular, for surfaces in R? this implies vanishing of the Gauss curvature.) It turns out
however, that locally any symplectic manifold looks like a cotangent bundle, and this
is the content of the Darboux theorem. In particular this implies that there is no local
symplectic geometry and that locally any symplectic manifold admits many Lagrangean
submanifolds and many symplectomorphisms.

Before we can prove the Darboux theorem, we need some background on time—
dependent vector fields and the associated evolution operators, which are the analogs
of flows for ordinary vector fields.

Definition 1.8. (1) A time-dependent vector field on a smooth manifold M is a smooth
map & : J x M — TM, where J C R is an open interval, such that p o ¢ = pr,, where
p:T'M — M is the canonical projection and pr, : J x M — M is the projection onto
the second factor. For ¢t € J and x € M we will often write & (z) for £(¢,z) and denote
the time dependent vector field by (&;)se .

(2) An integral curve for a time-dependent vector field (& );cs is a smooth curve
c: 1 — M defined on a sub-interval I C J such that ¢/(t) = £(¢, ¢(t)) for all ¢ € 1.

The study of time-dependent vector fields can be easily reduced to the study of
ordinary vector fields. To do this, one associates to a time dependent vector field
(&)ies a vector field € € X(J x M) as follows. Recall that T'(J x M) can be naturally
identified with T'J x T'M via the tangent maps of the two projections. Moreover, on
J there is a canonical vector field %, since J C R is an open interval. So it is clear
that £(t, ) := (£(t),&(x)) defines a smooth vector field on J x M, and it is easy to

relate integral curves of ¢ to integral curves of €. The standard theory of flows gives

us a an open neighborhood D(§) of {0} x J x M in R x J x M and a smooth map

FI¢ : D(€) — J x M such that s — FI5(t, z) is the maximal integral curve of £ starting
at (t,x).

Now we define D(€) := {(s,t,2) € Ix Jx M : (s—t,t,z) € D(€)} and the evolution
operator ®° : D(&) — M by ®(s,t,x) = prQ(Flg_t(t,x)). Clearly, D(£) is an open
neighborhood of Ay x M C Jx Jx M, where Aj := {(t,t) : t € J} is the diagonal, and
®¢ is a smooth map. Moreover, it follows immediately that s — <I>§7t = ®8(s,t,2) is a
maximal integral curve for the time-dependent vector field mapping ¢ to (¢,x). From
the flow property one immediately deduces that <I>§7t = <I>§7T o (I)fvt whenever both sides
are defined. Similarly to the case of flows one can also deduce existence of one side from
existence of the other under some conditions.

Using this, we now prove:
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Theorem 1.8 (Darboux). Let (M,w) be a symplectic manifold. Then for any point
x € M there is a local chart (U u) around x with corresponding local coordinates
{q", ..., 4", p1,...,pu} such that w|ly = >, dq" A dp;. In particular, one can view
the chart map u : U — w(U) as a symplectomorphism to an open subset of T*R™.

SKETCH OF PROOF. We prove the statement by the so called Moser trick, making
use (without proof) of the fact the some identities for vector fields and differential forms
carry over to the time—dependent case, see [Mi, section 31.11] for proofs. First choose
any chart (U, @) with = € U, @(z) = 0 and @(U) = R*". Pulling back w to R?" via @~!
we obtain a symplectic form on R**. The value of this at 0 is a non—degenerate bilinear
form on T3R?" = R*". If necessary doing a linear coordinate change, we may assume
by Proposition that denoting the coordinates on R?" by ¢',...,¢", p1,...,pn, this
bilinear form is given by """, dg*(0) A dp;(0).

Now we denote the pullback of w by wy and put wy := >, dg" A dp;. So wy and
w; are symplectic forms on R?*" which agree in 0 € R”, and to complete the proof it
suffices to show that these two forms are locally symplectomorphic. Now we define
wp = wo + t(w; —wp) for t € J := (—¢€, 1+ ¢€) for some small € > 0. We can view w;(y)
as a linear isomorphism R?" — R?"* for all y € R*" for i = 1,2. Locally around 0, the
linear maps w(y) — wo(y) have small norm, so w(y) is a linear isomorphism for all ¢.
Restricting to an appropriate open neighborhood V' of 0, we may thus assume that w;
is a symplectic form on V for all ¢ € J. Of course, we have d(w; — wy) = 0. By the
Poincaré Lemma [I.2] we can choose V' in such a way that this implies w; — wy = di for
some ¢ € QY(V) and subtracting an appropriate constant (in the coordinates on V),
we may assume that ¢ (0) = 0.

Now Moser’s trick is to construct a time-dependent vector field 7, whose evolution
operator induces a family f; of diffecomorphisms fixing 0 such that fo = id and (f;)*w; =
wy for all t. Having found this, f; will solve our problem.

Now for y € V, one has ¢(y) € T,V and, for each ¢, the non-degenerate bilinear
form w;(y) on T,,V. Hence there exists a unique element n,(y) € T,V such that —¢(y) =
wi(y)(ne(y), -). Clearly, this defines a smooth time dependent vector field (7;)ies on V,
and by definition (with an obvious meaning for insertion operators), we have i,,w; =
—1) for all t. Now from the properties of the flow it follows that we can shrink V'
further in such a way that the evolution operator ®; is defined and f;(z) := ®{,(x)
is a diffeomorphism for all ¢ € [0,1]. Further ®}, , = ®{ , o ], which implies that
(fers) wirs = (fe) (P}, 4 1) wiys. Differentiating this with respect to s at s = 0, we
obtain

%(ft)*wt = (fe)"(Lywr + %Wt>7
where £ denotes the Lie derivative. Expanding this as di,,w; + i,,dw; = —di) 4+ 0 and
using %wt = wy; — wp = dp, we see that %(ft)*wt = 0, so this is constant and equal to
(f 0)*0J0 = Wp- O

1.9. Hamiltonian vector fields and classical mechanics. Let (M,w) be a sym-
plectic manifold. Then for each point x € M, the value w(x) : T,M x T,M — R is a
non—degenerate skew symmetric bilinear form. In particular, it induces a linear isomor-
phism T, M — T} M given by mapping &, € T, M to w(z)(&, -) : T,M — R. Likewise,
for a vector field £ € X(M), one can form igw € QY(M) and it follows easily that this
induces a linear isomorphism X(M) — Q!(M). (The only non-trivial part is to verify
surjectivity. This amounts to showing that given a one-form a € Q'(M) the uniquely
determined tangent vectors &, such that w(z)(&,, -) = a(x) depend smoothly on x which
is easy.)
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In particular, given a smooth function f : M — R, there is a unique vector field
Hy € X(M) such that ig,w = df. This is called the Hamiltonian vector field generated
by f or the symplectic gradient of f. Starting from the function f, one can then look
at integral curves for Hy so this gives rise to a dynamical system on M. The first
nice observation is that diy,w = ddf = 0 which together with dw = 0 implies that
Lp,w = 0. Since %(Flflf)*w = (Flf{f)*Ewa, this shows that (F1]*)*w = w. So the flow
of any Hamiltonian vector field consists of symplectomorphisms.

There is another structure which can be immediately obtained from this construc-
tion. Given f,g € C*°(M,R) one can define a third smooth function {f,g} : M — R
by {f.g9} = —w(Hy, Hy), i.e. by inserting the Hamiltonian vector fields into the sym-
plectic form. This is called the Poisson bracket of f and g. From the definition, it
follows immediately that {f,g} = dg(Hy) = —df(H,) = —{g, f}. We can also write
{f,9} = iu,dg = Ly, g since iy, g = 0. Using the calculus on differential forms from
[DG1l 4.9] we can further compute

d{f, g} = dEHfg = EHfdg = ﬁHfngw = (EHfng - ngEHf)w = z'[HﬁHg]w.

This means that Hyy g = [Hy, Hy]. In particular, this shows that the Poisson bracket
satisfies the Jacobi identity {f,{g,h}} = {{f,g9},h} + {g9,{f,h}} and thus makes
C>(M,R) into a Lie algebra. Moreover, the map f +— H; defines a homomorphism of
Lie algebras from (C*(M,R),{ , }) to the Lie algebra of vector fields on M.

The importance of all that comes from classical mechanics. Suppose that we look
at an open subset U C R"™ and let us write the coordinates as ¢',...,q¢". Suppose
further that we have a force field on this open subset which (in physics terminology)
can be described by a potential. This just means that we have a smooth function
V' : U — R such that the force acting on a particle in position ¢ is given by the negative
of the gradient of V' in ¢, so it equals (—g—;/l(q), e —%(Q))- Now one passes to the
phase space T*U which is an open subset in T*R". Now suppose we want to study the
movement of a point particle of mass m in the force field under consideration. This
is governed by Newton’s law, i.e. force equals acceleration times mass. Given a curve
q(t) = (¢*(t),...,q"(t)) in U, we can define a natural lift to a curve in T*U, by requiring
that the component in T q*(t)U is the momentum of the particle in the point ¢(¢). This
means that p;(t) = mq.(t). The components of the acceleration are then ¢ (t) = I%.
Thus Newton’s law simply says that pi(¢) = —gT‘fL(q(t)). Thus the curve of our particle
in phase space should be a solution of the system of first order ordinary differential

equations given by
g(t) =29 pi(t) = — 2 (q(t)).

Now there is a natural energy function in this situation, namely E(q’, p;) := %Jﬂ/(q)
(kinetic energy plus potential energy). Now we immediately get

dE = Y1, Bdp; + Y1, Shdg'.
Since the canonical symplectic form on T*U is given by >, dg" A dp;, we conclude that
) oV
Hp = Z?:I %aqi - Z?:l dq® dp;

Thus the equations of motion deduced above are exactly the equations describing the
flow lines of the Hamiltonian vector field generated by the energy function.

In view of this, it has become common to view the study of flows of Hamiltonian
vector fields on symplectic manifolds as the basis of classical mechanics. Some of the
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things we have done so far have an immediate relevance for this study. For example,
suppose that f : M — R is a smooth function which Poisson—commutes with E, i.e. has
the property that {E, f} = 0. Then we see from above that 0 = df (Hg) = Hg- f, which
implies that f is constant along the flow lines of Hg, and thus defines a constant of
motion of the mechanical system determined by E. This restricts the motion of the
systems to the level sets of f which are smooth hypersurfaces in M locally around
points in which df # 0. In particular, this applies to the function £ itself.

Of particular interest is the situation that for a system on a manifold M of dimension
2n one finds n constants of motion E = fi, fo, ..., f,, such that {f;, f;} = 0 for all ¢, j
and such that the open subset of M on which dfy,...,df, are linearly independent is
dense. In this case, the system is called integrable and it turns out that the structure
of such systems can be analyzed quite nicely, see [Mil section 32].

Contact geometry

1.10. Contact forms and contact structures. As promised in[l.6|we now move
to the study of one—forms o with da as non—degenerate as possible in the case of
odd dimensions. So lets assume that M is a smooth manifold of odd dimension, say
dim(M) = 2n + 1. Having given a nowhere vanishing one—form o € Q'(M) we have,
at each point © € M the subspace ker(«a(z)) C T, M which has dimension 2n. Hence
the natural assumption of non—-degeneracy we can use is that the restriction of the skew
symmetric bilinear form da(x) to this subspace is non-degenerate. Similarly as in the
case of symplectic forms, this is equivalent to the fact that the wedge product of n
copies of da(x) is non—zero on ker(«(z)). From this, it is easy to see that our original
condition on « is equivalent to the fact that a A (da)™ € Q?" (M) is nowhere vanishing.
This motivates the first part of the following definition:

Definition 1.10. Let M be a smooth manifold of odd dimension 2n + 1.

(1) A contact form on M is a one-form a € Q'(M) such that a A (da)™ € Q*" (M)
is nowhere vanishing.

(2) A contact structure on M is a smooth distribution H C T'M of rank 2n such
that for any point x € M there exists an open neighborhood U of z in M and a contact
form a € QY(U) such that H, = ker(a(y)) for all y € U.

Remark 1.10. (1) A manifold must be orientable in order to admit a contact form.

(2) If & € QY (M) is a contact form on M, then of course H, := ker(a(z)) is a
contact structure on M. Passing from a contact form to a contact structure does not
only mean giving up the requirement of global existence of a contact form (and it turns
out that contact structures can exist on non-orientable manifolds). The additional
thing is that one can evidently rescale contact forms. If a € Q'(M) is a contact form
and f : M — R is a nowhere vanishing smooth function, then for the form § := fa
we have ker(f8(x)) = ker(a(x)) and df(z) = f(z)da(x) + df () A a(x) and the second
summand vanishes on ker(/3(z)) = ker(a(x)). Consequently, 5 is a contact form, too,
which induces the same contact structure. Conversely, a contact structure locally defines
a contact form up to multiplication by a nowhere vanishing function.

1.11. Jets. Similarly to the canonical symplectic structure on a cotangent bundle,
there are also several constructions of manifolds with canonical contact forms and con-
tact structures starting from an arbitrary smooth manifold. A particularly interesting
version of this is the space of one—jets of real valued functions. This actually is a very
special case of a general concept that we will develop (at least roughly) next. The aim
of the concept of jets is to provide an abstract (i.e. coordinate—free) version of Taylor
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developments to a certain order for smooth functions between manifolds. This also
leads to a geometric approach to the study of differential equations. We will only use
1-jets explicitly in the sequel, but higher jets are an important concept in differential
geometry. Thus we will formulate results in general but sometimes only prove them for
1-jets in detail and sketch how to extend to higher jets.

To formulate the basic equivalence relation, observe first that for an open interval
I C R and a smooth curve ¢ : I — M in some manifold, one may view the derivative
as a smooth curve ¢ : I — TM. This allows to form ¢’ : [ — TTM and iteratively
c® [ — TFM = T...TM. In particular, for any ¢ € I, ¢®)(¢) has a well defined
meaning independent of any choices. For convenience, we put ¢ (¢) = ¢(t).

Definition 1.11. (1) Let I C R be an open interval, ¢, € I a point and M a smooth
manifold. Two smooth curves ¢y, co : [ — M have kth order contact in tq if and only if
cgi) (to) = cgi) (to) fori=0,... k.

(2) Let M and N be smooth manifolds € M a point, and f,g two N—valued
smooth functions defined on some open neighborhoods of x in M. One says that f and
g have the same k—jet in x if and only if for any open interval I C R containing 0 and
any smooth curve ¢ : I — M with ¢(0) = z, the curves f oc and g o ¢ have kth order
contact in 0. One writes j*f = j¥¢g in this case.

Both relations we have defined here visibly are equivalence relations and they are
manifestly independent of coordinates or any other choices. One may view j*f as
representing the equivalence class of f. The set of all such equivalence classes is then
denoted by J*(M, N) and called the set of all k—jets of smooth maps from M to N. The
chain rule immediately implies that two curves ci,co : I — M have kth order contact
in ty if and only if they have the same k—jet in ¢ty when viewed as smooth maps I — M.
What one should actually keep in mind about is the following

Lemma 1.11. Two smooth maps f,g: M — N have the same k—jet in x € M if and
only if f(x) = g(z) and for some (or equivalently any) charts (U,u) for M with x € U
and (V,v) for N with f(x) = g(x) € V, the local coordinate representations vo fou™!
and v o gowu~t have the same derivatives in u(x) up to order k.

SKETCH OF PROOF. First we observe that two curves ¢q, ¢y : I — M have kth order
contact in tg € [ if and only if ¢;(tg) = c2(tp) and for a chart (U, u) containing this point,
one has (uoc)?(tg) = (uwocy)(ty) for 1 <4 < k. For k = 1, this is obvious since
(wocy)(t) =T, u)u - Tyycr - 1. The general result then follows inductively by viewing
the derivatives as curves in iterated tangent bundles. It then follows from the chain
rule, that the derivatives will be the same in any chart containing ¢ (¢y) = ca(to).

Now let us prove the general result for £k = 1. If I contains zero and ¢ : I — M
is a smooth curve with ¢(0) = z, then locally around zero, we can write f o ¢ as
(fou™) o (uoc). Now the chain rule implies that

(vofoc)(0)=D(vo fou")(u(x))((uoc)(0)).

If vo fou™ and vogou™! have the same derivative in u(z), this clearly implies that
(vo foce)(0) = (vogoe)(0) for any curve ¢ with ¢(0) = . Since f(z) = g(x) our
observations on curves above imply that jlf = jlg.

Conversely, if jlf = jlg we can read the argument backwards to conclude that
D(vo fou™)(u(z)) and D(vogou')(u(x)) agree on all tangent vectors of the form
(uoc)(0) = Tyu - d(0) for curves ¢ as above. But since u is a diffeomorphism T, u is

a linear isomorphism, so any tangent vector can be written in this form. Finally, the
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chain rule again implies that if the derivatives agree in one chart, then they agree in
any chart.

To prove the result for higher k£, one has to argue inductively and use that chain
rule for (v o f o c)®(ty). This shows that one can write (v o foc)®(0) as a sum of
D® f(u(z))((woc)(0),...,(uoc)(0)) and of terms involving only lower derivatives of
f. Assuming inductively that the derivatives in u(z) of f and g up to order k — 1 agree,
one concludes that (vo foc)®(ty) = (vogoc)®(ty) for all ¢ is equivalent to the fact
that D® f(u(z)) and D® g(u(x)) agree provided that one inserts k copies of the same
tangent vector. But by symmetry of the kth derivative (i.e. by polarization), this is
equivalent to D® f(u(x)) = D®g(u(x)). The rest then follows by the chain rule as
before. O

This result immediately allows us to obtain an explicit description of J*(U, V) where
U C R" and V C R™ are open subsets. For r > 1 let us denote by L’(R" ,R™) the
vector space of r—linear symmetric maps R” x ... x R® — R™ (with r factors R").
Note that for r = 1, we simply obtain the space of linear maps from R"™ to R™. An
element ¢ € LL(R" R™) also defines a smooth map R® — R™ by mapping = € R” to
o(z,...,x), so this is a homogeneous polynomial of degree r. Now we can define a map

JEU V) = U xV x @ L"(R",R™)

by sending j*f to (u, f(u), Df(u),...,D® f(u)). By the lemma above, this map is
injective. To see that it is also surjective, given an element (u, v, p1,. .., @) in the right
hand side, define f : R” — R™ by f(z) :=v+pi(x —u) + - + e —u,...,z —u).
Then this maps u to v satisfies D@ f(u) = o; for i = 1,...,k. Hence it will map a
neighborhood of x to V', and using a partition of unity one can change it in such a way
that it maps all of U (and even all of R") to V' without changing the local behavior
around x. The k—jet of the resulting map in w is then mapped to (u,v,p1,...,Qk).
Hence we have obtained an identification of J*(U,V) with an open subset in a finite
dimensional vector space.

Now we can easily use this, to make J*(M, N) into a manifold. There is an evident
projection m = (mys, 7n) @ JE(M, N) — M x N defined by 7(j*f) = (z, f(x)). Now take
charts (U, u) for M and (V,v) for N and consider J*(U,V) = x=(U x V) C J*(M, N).
Then for j*f € J¥U,V), we have z € U and f(x) € V, and thus we can consider
Jhw@o fou™) € JHu(U),v(V)). Lemma shows that this defines a bijection

JEU, V) — J*(u(U),v(V)), which as we know from above is an open subset in a finite
dimensional vector space. Now one can put a topology on the set J¥(M, N) by defining
a subset to be open if for any two charts as above its intersection with J*(U, V') has open
image in J*(u(U),v(V)). One then shows that this topology is separable and metrizable.
Then the bijections J*(U, V) — J*(u(U),v(V)) defined above are homeomorphisms so
we may use them as charts. Finally, one easily verifies that the chart changes for these
charts are made up form chart changes on M and N and their derivatives up to order k
and thus are smooth. Hence J*(M, N) becomes a smooth manifold and the projection
7 J8M,N)— M x N is a smooth map.

There is a simple generalization of the map m. For ¢ < k, there is an obvious
projection 7§ : J¥(M, N) — J*(M, N) defined by 7§ (¥ f) := j'f. In appropriate charts,
this map is given by forgetting some components and keeping the others unchanged, so
it is smooth, too.

Finally, observe that for an open subset U C M and a smooth function f: U — N
we obtain a natural function j¥f : U — J*¥(M,N), defined by j*f(x) := jkf for
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all x € u. In the charts constructed above, this function is just given by the local
coordinate representation of f and its derivatives up to order k, so j*f is smooth. By
construction, we get my; 0% f = idy (so j* f is a smooth section of wp : J¥(M, N) — M)
as well as Ty o j¥f = f.

1.12. Jets and partial differential equations. We now specialize our consid-
erations to the case k = 1 and N = R, so we look at the space J'(M,R) of 1-jets of
real valued functions on a smooth manifold M. In this case, we can simply take the
identity map as a chart on R. Hence we start with a chart (U, ) for M and consider
the induced chart

JHM,R) D JYU,R) — J'(u(U),R) = u(U) x R x L(R",R)
where n = dim(M) which maps j!f to (u(z), f(z), D(fou=")(u(z))). This immediately

gives rise to local coordinates on J'(M,R). We have u(z) = (u'(z),...,u"(x)) and
we denote the standard coordinate on R by v. On L(R" R) we use coordinates p;
with respect to the standard basis, so (py,. .., p,) denotes the functional (a', ..., a") —

S~ a'p;. Thus we obtain local coordinates of the form (u',... u",v,py,...,p,). For

a smooth map f : U — R we see immediately what the map j'f : U — J'(M.R)
looks like in these local coordinates. The local coordinate representation maps u(U) to
u(U) x R x R™ and it evidently has the form

y =y (fou™)(®), 25w (v), ... 2L (u ' (y))).

So in general, can think about the coordinates p; representing formal partial derivatives.

This immediately gives a connection to partial differential equations. A partial
differential equation of order k£ on real valued functions on a manifold M is defined as
an equation on a function f € C°°(M,R) which can be written as a PDE of order k in
local coordinates. (The chain rule implies that while these PDE may look completely
different for different sets of coordinated, the fact that the equation can be written as
a PDE of order k is independent of the choice of coordinates.)

Suppose we have given a PDE of order 1. The we take a chart (U, u) for M and write
out the equation as a first order PDE in the local coordinate expression of a function

f, say

ou~1 ou~1
F(y7 (f © 'Lb_l)<y), a(fa—yl)(y% R %(Zl)) =0.

Making the (harmless) assumption that F is smooth and regular (i.e. dF' is nowhere
vanishing), F(u!,...,u", v,p1,...,p,) = 0 defines a smooth hypersurface in J!'(U,R).
The tangent spaces of this hypersurface are the kernels of dF'. Now in order to really
define have an equation, I’ should not only depend on the variables u’, so one usually
assumes that in each point 8 € J'(U,R), at least on of the partial derivatives %—f(ﬁ)
and g—;(ﬁ) is non—zero. Otherwise put, not all the vectors =(3) and a%i(ﬁ) should lie
in ker(dF'(B)).

This admits a nice coordinate independent formulation: Recall that we have a canon-
ical projection mp @ JH(M,R) — M, so we can consider its tangent mappings Tpm
which evidently is surjective in each point, so mys is a submersion. The kernel of Ty,
thus is an n + 1-dimensional subspace of TsJ'(M,R), which in coordinates (u, v, p;) as
above, is evidently spanned by the vectors a%( B) and 8%( B). Hence the assumption on F
from above can be phrased as the fact that ker(dF(f)) never contains ker(Tmy,). From
dimensional considerations it then follows that ker(dF(5)) Nker(Tsmy) has dimension
n and TgJ' (M, R) is spanned by ker(dF(3)) and ker(Tsmyys).



CONTACT GEOMETRY 19

To have a globally defined PDE on all of M, one has to assume that the local hyper-
surfaces constructed in different coordinate charts fit together to define a hypersurface
in JY(M,R). But then one can turn things around and simply define a first order
PDE on a smooth manifold M as a smooth hypersurface ¥ C J'(M,R). As above,
one assumes that for each § € X, the tangent space T3 does not contain ker(Tjzma).
By dimensional considerations this implies that the restriction of Tsm to TsX is still
surjective, so s restricts to a submersion on . To have the PDE defined on all of M,
one in addition assumes that 7, : ¥ — M is surjective. From the above description, it
is also clear what solutions of the equation are in this picture, so we define:

Definition 1.12. (1) A first order PDE on real valued functions on a smooth manifold
M is a smooth hypersurface ¥ C J'(M,R) such that the canonical projection my; :
JY(M,R) — M restricts to a surjective submersion my : ¥ — M.

(2) A (local) solution of the PDE defined by a hypersurface ¥ C J'(M,R) is a
smooth function f : M — R (respectively defined on a open subset U C M) such that
the corresponding section j!f satisfies j1 f(M) C X (respectively j' f(U) C X).

The advantage of this approach is of course that one obtains a picture of a PDE
which is independent of a choice of coordinates. We shall soon see that we can also
dispense with smooth functions and view solutions of a PDE as special submanifolds of
), which further eliminates the role of coordinates. Of course, one can similarly discuss
higher order PDEs by looking at higher jets, other targets than R, and at systems of
PDE by looking at submanifold of higher codimension rather than hypersurfaces. This
is the basis for the geometric theory of PDEs.

1.13. The canonical contact form on one—jets. Now we can mimic the con-
struction of the canonical one—form on a cotangent bundle to obtain a canonical one form
on the manifold J'(M,R). Let 8 = j.f € J'(M,R) be a point and let £ € TpJ'(M,R)
be a tangent vector. Via the two natural projections, we can form Tgmy, -§ € T, M and
Tgrg - € € TR = R. On the other hand, we have noted that T, f depends only on
JLf, and in this case, the tangent map is just df (z). Thus we define the canonical one
form on N by

a(j f)(€) = Tpma - & — df (x) (T - €) € R.

Choosing a chart (U,u) for M and the induced coordinates (u’,v,p;) on J'(U,R) C
JY(M,R), we can immediately write out this form explicitly in terms of the resulting
coordinate vector fields. Evidently, T'w); maps the coordinate fields a?ﬂ to their coun-
terparts on M and annihilates the other coordinate fields. Likewise T'rg annihilates all
coordinate fields except %, which is mapped to the canonical field % on R. Finally,
the coordinates of df (z) with respect to the standard basis are simply the p;. This
immediately implies that

alpwr) =dv— 3" pidu’.
This shows that ker(a(jlf)) is spanned by the values of the vector fields a?ﬂ‘ for i =
1,...,nand % + pi% for i =1,...,n. Since these fields are evidently linearly indepen-
dent in each point, we have constructed a frame for ker(a) over J'(U,R). On the other
hand, from the above formula we see that the restriction of da to J (U, R) is given by
>, du’ A dp;. This immediately shows that the restriction of da to ker(«a) is always
non—degenerate (and the elements of our frame restrict to a basis in standard form on

each of these spaces). In particular, « is a contact form on J*(M,R).
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To formulate an analog of Proposition in the contact case, we need one more
notion connected to integral submanifolds. Suppose the M is a smooth manifold of
dimension 2n + 1 endowed with a contact form a € Q'(M). Recall from Definition
that an integral submanifold for « is a smooth submanifold N C M such that « restricts
to zero on N. Equivalently, this means that T, N C ker(a(z)) C T, M for all x € N.
But if a|y = 0, then da|y = 0, so we conclude that each T, N must be an isotropic
subspace for the non—degenerate bilinear form da(x) on ker(a(x)). This immediately
implies that dim(N) < n.

Definition 1.13. Let M be a smooth manifold endowed with a contact form a €
QYM). A Legendrean submanifold for (M, a) is an n—dimensional integral submanifold
for a.

It is easy to see that this condition makes also sense if M is just endowed with
a contact structure. Indeed, if N C M is Legendrean with respect to a chosen local
contact form inducing the contact structure, then the same is true for any such contact
form.

Proposition 1.13. Let M be any smooth manifold, and consider J'(M,R) endowed
with its canonical contact form «.. Let 7w : JY(M,R) — M xR be the canonical projection.

(1) For any point (z,t) € M X R, the preimage 7' (z,t) C J'(M,R) is a Legendrean
submanifold.

(2) For an open subset V. C M and a smooth function f : U — R, the image
N = j1f(V) c JY(M,R) is a smooth Legendrean submanifold. Moreover, for each
B € N we have TgN Nker(Tpmpr) = {0}.

(3) Suppose that N C J'(M,R) is a Legendrean submanifold and that 3 € N is
a point such that TN Nker(Tzmy) = {0}. Then there is an open neighborhood V' of
x = m(B) and a smooth function f:V — R such that j' f(V) coincides with an open
neighborhood of B in N.

(4) Let o : M — M be a diffeomorphism, and define ® : J'(M,R) — J'(M,R) be
defined by ®(jl1f) = j;(m)(f o). Then ® is a diffeomorphism with ®*a = a.

PROOF. Most of the proof is parallel to the proof of Proposition[I.7], so we are rather
brief here.

(1) Take a chart (U, u) for M with z € U. Then in the induced chart for J!'(M,R)
the subset 7=!(z,t) just corresponds to {z} x {t} x R™, so it is a submanifold. Its
tangent spaces are spanned by the coordinate fields Bii which obviously insert trivially
into a.

(2) Take a chart (U, u) for M with U C V. Then in the induced chart for J*(M,R),
the subset j!f(V)NJY(U,R) = j*f(U) corresponds to {(u’, (fou™)(u?), 2L (u~ (u')))}.
This is the graph of a smooth function and thus a smooth submanifold, so j'f(U) is a

submanifold in J'(M,R).

Knowing that j'f(V) c JY(M,R) is a submanifold, it is clear that j'f : V —
j'f(V) is a diffeomorphism, since p|;i 4y is a smooth inverse. To prove that j'f(V) is
Legendrean i.e. that a|; ) = 0, it thus suffices to show that 0 = (j'f)*a € Q'(V).
Now by definition

() a(@)() = aliz/ )N Teg f - &) = Tpyrr - Tog' f - & — df (@) (Tpgmar - Toj' f - €)-
But we know that mg o j'f = f and mp; 0 j' f =idp. Thus Tjymg - Toj' f - € =Tof - €
and Tjipmay - Tog' f - € = &, and the result follows.

(3) The projection my, restricts to a smooth map ¢ : N — M. Now by assumption
Tgmy « TgN — T, M has trivial kernel, so it must be a linear isomorphism since both
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spaces have the same dimension. Thus there are open neighborhoods W of 8 in J'(M, R)
and V of z in M such that my/|w : W — V is a diffeomorphism. Now define f : V — R
as f := mg o (ma|w) "t Clearly, this is a smooth map, and to complete the proof, it
suffices to see that (malw)™" : V — JY(M,R) coincides with j'f. We can do this in a
local chart (U,u) with U C V. But there, we already know that (my|y) ' must have

the form

w=(u',. .. u") = (ut . u (fout) (w), pi(u),. .., palu)),
for some functions p;, so in particular v = (f ou™')(u). Differentiating this, we see that

on N, we have dv =) ‘?(]cg—pdui. On the other hand, since N is Legendrean, we have
a|y = 0 and hence dv = Zpidui holds on N. But the fact that m;; restricts to a local
diffeomorphism on N also implies that the forms du'(z),. .., du™(x) restrict to a basis
of L(T,N,R) for each x € N. Thus the two formulae express the vector dv(z) in this
basis, so they imply that p; = a(f;—;‘i_l) for i =1,...,n, and thus (my|w)~t = 51 f|v.

(4) This follows similarly as in the proof of Proposition from the fact that the
canonical contact form has the same expression with respect to all charts induced from
local charts on M. |

Remark 1.13. (1) With part (3) of the proposition we have completed the setup for
a geometric approach to partial differential equations of first order. We already know
from that we can describe a first order PDE on a manifold M as a hypersurface
Y Cc JYM,R). Now we also know how to interpret solutions in a geometric way.
We just have to look for Legendrean submanifolds of J'(M,R) which are contained
in the hypersurface ¥ (or equivalently for n—dimensional integral manifolds for aly),
whose tangent spaces have zero intersection with ker(7T'my,). This can also be generalize
to higher order equations and to systems of equations, by looking at analogs of the
canonical contact form on spaces of higher order jets. It should also be remarked that
the point of view of solutions as submanifolds has some immediate advantages. For
example, some types of singularities in solutions of PDEs can be described in such
a way that one obtains a nice smooth Legendrean submanifold in J'(M,R), but the
condition on the intersection with ker(7'my,) is not satisfied everywhere.

(2) There is an analog of the Darboux theorem (Theorem in the contact case,
often referred to as the Pfaff theorem. This is best phrased by saying that given a
contact structure H C T'M on a smooth manifold M of dimension 2n + 1, one can
always find local coordinates (u',...,u™ v,pi,...,p,) such that H can be written as
the kernel of the form dv — " p;du’, see Theorem 1.9.17 of [IL]. Of course, this means
that the contact structure is locally isomorphic to J'(R", R) with its canonical contact
structure. In particular, Proposition [I.13|then implies that any contact manifold locally
admits many Legendrean submanifolds and many contact—diffeomorphisms.

1.14. Application: The method of characteristics. As an application of the
geometric approach to first order PDEs, we describe a classical method for solving
first order PDEs, the method of characteristics. For simplicity, we restrict to the
case M = R", so we have global coordinates u', ..., u™ v,py,...,p, on JH(R™ R) for
which the canonical contact form is given by dv — > p;du’. In view of the discus-
sion in [1.12] we initially write the hypersurface ¥ describing our equation in the form
F(ul,...,u",v,p1,...,p,) = 0 for a smooth function F. Assuming that F really de-
scribes a first order equation (and not an equation of order zero), we assume that in

OF

each point at least one of the derivatives F- is non-zero (which also implies that our
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equation defines a smooth hypersurface in J'(R™, R)). By the implicit function theo-
rem, we can then locally solve for p; and restricting to an open subset and renumbering
coordinates if necessary, we assume that our hypersurface is given in the form

(*) pn:f(ulv"'aun7vap17"'apn—1)
for some smooth function f.

Now let a be the canonical contact form on J*(R™ R) and consider the restriction
of a to X. Further, in view of the defining equation (x), the vector field % never lies in

T.> C T.J'(R",R). This vector field is always contained in the contact subspace H.,
so we see that T, can never contain H,. Consequently, the intersection 7.3 N H, must
have dimension 2n — 1 for each point z € 3. Now consider the skew symmetric bilinear
form da(z) on this space. It must be degenerate since the space is odd dimensional, but
on the other hand the rank must be at least n — 1, since da(z) is non—degenerate on
H,. Hence the Nullspace of da(z) is one-dimensional and clearly, it depends smoothly
on z. This is called the characteristics of the equations.

Hence we can locally choose a nowhere vanishing vector field ¢ € X(3) which inserts
trivially in the restriction of da to T'3. (This vector field is uniquely determined up
to multiplication with a nowhere vanishing function.) Now choose an arbitrary smooth
function ¢ : R"! — R and consider the (n—1)-dimensional submanifold L C J*(R™, R)
defined by u" = C for some C € R, v = p(ul,...,u" 1), p; = gﬂﬁ
and then p, via ().

Then on L, we have dv = Z?;ll %dui = Z?;ll pidut and du™ = 0, so L C X is an

fori=1,...,n—1

integral submanifold for « (of dimension n— 1). Further, we know that a%n and TXNH
spans all of H, so non—degeneracy of da on H implies that da(a%,f) = du™(&) # 0.

But this implies that ¢ is never tangent to the hypersurfaces given by u" = C for
C € R. Hence we can flow away from the submanifold along & to obtain locally an
n-dimensional submanifold N C ¥ C J'(R",R). (For sufficiently small open subsets
U C L and intervals I containing zero, the map (x,t) — FI5(z) is a diffeomorphism
onto such a submanifold.) Moreover, the tangent space 7, N in the point y := Flf(x) is
spanned by &(y) and T, F1 - for n € T, L. Now by construction a(&) = 0 while

a(y) (T, FI; -n) = ()" (als) (7).
Now for t = 0, we know that «(n) = 0 and %(Flf)*(ah)(n) = (FI5)*(L¢(a))(n). Finally
Lea = igda+ d(iga), and since we work on X, both these terms vanish. Thus N indeed
is an integral submanifold for o and hence a Legendrean submanifold. It is also easy
to see that locally around x € L, the projection ), restricts to a submersion on N, so
this gives a solution of the PDE.



CHAPTER 2

Riemannian metrics and the Levi-Civita connection

In this chapter we start the discussion of Riemannian geometry. We will follow
a modern version of the approach of E. Cartan, which emphasizes the point of view
that Riemannian manifolds are “curved analogs” of Euclidean space. The advantage
of this approach is that on the one hand it leads to a very conceptual description with
nice formal properties. At the same time, one can easily convert this picture into very
explicit form using orthonormal frames and coframes. Thus this approach is also known
under the name “moving frames” which has to be handled with care, however, since it
is also used for several other related techniques. We will start with some elementary
considerations.

2.1. Riemannian metrics. The concept of a Riemannian metric is already known
from the discussion of hypersurfaces in the first course on differential geometry.

Definition 2.1. (1) Let M be a smooth manifold. A Riemannian metric on M is a
smooth (0, 2)—tensor field g on M such that for each x € M the value g, : T, M xT, M —
R is a positive definite inner product.

(2) A Riemannian manifold (M,g) is a smooth manifold M together with a Rie-
mannian metric g on M.

(3) Let (M, g™) and (N, ¢g") be Riemannian manifolds. An isometry f : M — N
is a smooth map f such that f*¢"¥ = ¢g™. Otherwise put, for any point x € M, the
tangent map T, f : T, M — TN is orthogonal with respect to the inner products gM
and gﬁm).

From the definition, we see immediately what Riemannian metrics look like in local

coordinates. Given a chart (U,u) on M, we can write gl as ), ; gijdu’ ® du’, where

gij = g(aii,%) is a smooth function for each i,7 = 1,...,n. Of course, we have

gji = gij for all < and j by definition. For a point z € U, we can consider the matrix
(gij(x)) and this is exactly the matrix associated to the inner product g, on the vector
space T, M with respect to the basis {32 (z)} as usual in linear algebra. In particular,
the matrix (g;;(x)) is symmetric and positive definite. So we can alternatively view
the collection g;; of smooth functions on U as a function from U to the set of positive
definite matrices of size n.

The symmetric n x n—matrices form a vector space of dimension n(n + 1)/2. It is
well known from linear algebra, that positive matrices can be characterized as those
symmetric matrices for which the determinants of all principal minors are positive.
This implies that positive definite symmetric matrices form an open subset Sy (n) in
the space of all symmetric matrices. Consequently, there are many smooth functions
g : R" — S,(n). Any such function clearly defines a Riemannian metric on R™ (and
hence on any open subset of R™) by simply endowing the tangent space T,R" = R"
with the inner product defined by the matrix g(x) for each z € R".

Given a smooth manifold M of dimension n and a chart (U, u) for M, there exists
a Riemannian metric on the open subset u(U) C R™. Via the chart map u, we can

23
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pull this back to a tensor field gV defined on the open subset U C M. Doing this for
the elements U; of an atlas for M and choosing a partition of unity f; subordinate to
this atlas, we can then form ¢ := Y. fig¥" and this clearly is a smooth (0,2)-tensor
field defined on all of M. Since each ¢Yi is symmetric, g is obviously symmetric, too.
Finally, given x € M and 0 # £ € T, M we have g,(¢,&) = >, fi(z)g¥ (£,€). Now by
construction, f;(z) > 0 and at least one f;(x) must be positive. On the other hand, if
fi(z) > 0, then g¥i(£,€) > 0, so we see that g,(&,€) > 0. Thus g defines a Riemannian
metric on M, and we see that any smooth manifold admits (many) Riemannian metrics.

If f: M — N is an isometry between Riemannian manifolds, then by definition
gﬁx) (Tof &, Tof - &) = gM (&, €) so this has to be positive if £ is non—zero. In particular,
any tangent map 7, f must be injective, so f is an immersion. If M and N have the
same dimension (which is the case of main interest) then f automatically is a local
diffeomorphism.

Having given a Riemannian metric g on a manifold M, one can immediately carry
over the standard definition for the arc length of a smooth curve in R™. For an
interval I C R, a smooth curve ¢ : I — M and a,b € I, one defines L’(c) :=
fab Ve (¢(t),¢(t)dt. This is evidently positive, unless ¢ is constant. Further, it
is invariant under reparametrizations of ¢ and L?(c) = LY (¢)+ LY (c) fora < ¥ < b e I.
The concept of arc length clearly extends to piece—wise smooth curves.

This can then be used to define a distance function on M by defining d(x,y) for
x,y € M to be the infimum of the length of all piece-wise smooth curves starting at
x and ending in y. Of course, d(z,y) > 0 and since we can run through curves in the
opposite direction, we get d(y,z) = d(x,y). Finally, since a piece-wise smooth curve
from y to z can be joined to a piece—wise smooth curve from x to y to obtain a piece—
wise smooth curve from x to z, we conclude that d(z,z) < d(x,y) + d(y,z). A bit of
thought is needed to see that d(x,y) = 0 is only possible for z = y and hence (M, d) is
a metric space in the sense of topology. Since we will prove stronger results implying
this in the sequel, we only sketch the argument and leave the details as an exercise.

Fix a point x € M and choose a chart (U, u) for M such that x € U, u(xz) = 0 and
u(U) contains the closed unit ball of R". Let B and S be the preimages of this unit ball
respectively the unit sphere under u. First one observes that if y ¢ B, then there is a
point z € S such that d(z,y) > d(x, z), since any curve emanating from x which leaves
B has to pass through S. So it suffices to show that for y € B, d(z,y) = 0 implies y = z,
and this can be done in the chart. Let g : u(U) — Sy(n) be the function describing
the metric. The the function (y, X) — g¢(y)(X, X) is continuous on u(U) x R™ and
hence attains a maximum and a minimum on the compact set B;(0) x S"~!, and the
minimum has to be positive. Hence there are positive constants A, B € R such that
A?|| X2 < g(y)(X,X) < B?||X]|? holds for all y € B;(0) and all X € R™. But this
shows that for a smooth curve ¢ : [a,b] — B;(0) which has length ¢ with respect to the
standard inner product on R™, we have A¢ < L’(uoc) < Bf, and this implies the result.

The homogeneous model

2.2. We start the systematic study of Riemannian manifolds by looking at the
simplest example, namely Euclidean space R™ with the Riemannian metric induced by
the standard inner product on T, R™ = R" for each x € R"™. Note that using the identity
map as a chart, this metric is described by the constant function mapping R" to the
identity matrix in S, (n). For this reason, we will denote this metric by J, since in local
coordinates it corresponds to the Kronecker delta d;;.
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Now recall that a Euclidean motion of R™ is a map of the form f(x) = Az + b,
where A € O(n) is an orthogonal matrix and b € R" is a fixed vector. For this map,
we evidently have D f(z) = A for all z, so f is an isometry of the Riemannian manifold
(R™,6). Conversely, we can show

Proposition 2.2. Let U,V C R" be connected open subsets and suppose that f : U — V
is an isometry between the Riemannian manifolds (U,5) and (V,0). Then f is the
restriction to U of a Fuclidean motion.

PROOF. By assumption, we have (D f(x)(X), Df(x)(Y)) = (X,Y) forall z € U and
X,Y € R". Now we have 4|,_oDf(z +tZ)(X) = D*f(x)(Z, X) and this is symmetric
in Z and X. On the other hand we know that (Df(z + tZ)(X),Df(x + tZ)(Y)) is
constant and differentiating this at ¢ = 0, we obtain

0= (D*f(2)(2,X),Df(x)(Y)) + (Df()(X), D*f(x)(Z.Y))
Otherwise put, the map (Z, X,Y) — (D*f(x)(Z,X), Df(z)(Y)) is symmetric in the

first two arguments and skew symmetric in the last two arguments.

Claim: If ¢t : R® x R®” x R® — R is trilinear, symmetric in the first two and skew
symmetric in the last two arguments, then ¢t = 0.

Proof: For XY, 7 € R" we compute:

HX,Y,Z) = —t(X,2,Y) =—t(Z,X,Y)=t(Z,Y, X)
(Y, Z,X) = —t(Y,X,Z) = —t(X,Y, Z).

Now this shows that (D?f(z)(Z,X), Df(x)(Y)) =0 for all Z, X, and Y, and since
Df(z) is a linear isomorphism, D?f(z)(Z, X) = 0 for all Z and X. Thus Df(x) = A for
some fixed map A, which must be orthogonal by assumption. But then for any smooth
curve ¢ : [0,1] — U, we can compute

F(e(1)) =f(c(0)) + / (f o o) (t)dt = F(c(0)) + / (AC(t))dt
— F(e(0)) + A( / ¢(0)dt) = F(e(0)) + A((e(1) — e(0)) = Ac(1) +b,

where b = f(c(0)) — Ac(0). Since U is connected, we can fix ¢(0) = ug in U and then
write any x € U as ¢(1) for some ¢ with ¢(0) = ug, which completes the proof. O]

Now we can get a nicer picture of Euclidean motions by realizing them as a matrix
group. The idea here is rather easy. Consider R™ as the affine hyperplane x,.; = 1 in
R"™!. The action of an invertible matrix in GL(n + 1,R) will preserve this hyperplane

if and only if it has block form (61 ll)) for A € GL(n,R) and b € R™. Moreover,

this matrix will map the point (31”) to (Axfrb). Thus we can view the group Euc(n) of

Euclidean motions of R™ as the subgroup of all matrices in GL(n+ 1,R) which have the
form <61 [1)> with A € O(n) and b € R". We will also write (A, b) as a shorthand for this

matrix. In this notation, the multiplication reads as (A, by)(Asg, bs) = (A1 Az, by + A1bs).
Hence we see that we may identify Euc(n) (as a space) with the product O(n) x R".

Lemma 2.2. (1) The group O(n) is a smooth submanifold of dimension ”— of the
vector space M, (R) of real n x n—matrices.
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(2) For A € O(n) the tangent space T4O(n) is given by {X € M,(R) : AX'A =
—X}. In particular, the tangent space at the unit matriz 1 is the space o(n) of skew
symmetric matrices.

(3) For any X € o(n) the map Lx(A) := AX defines a vector field Lx € X(O(n)).
For each point A € O(n) the map X — Lx(A) defines a linear isomorphism o(n) —

(4) Putting [X,Y] = XY =YX for X, Y € o(n), the vector fields from (3) satisfy
(L, Ly] = Lixy)-

PROOF. The space S(n) of symmetric matrices of size n X n is a real vector space of
dimension w Clearly, f(A) := A'A — 1 defines a smooth function M, (R) — S(n)
such that O(n) = f~1({0}). To see that this function is regular, observe that

Df(A)(B) = 4|,_of(A+sB) = B'A+ A'B.

Now if A € O(n) and C' € S(n) is arbitrary, then putting B = £AC, we get D f(A)(B) =
1(C' + C) = C. This proves (1) and since Df(A)(B) = 0 is visibly equivalent to
AB'A = —B for A € O(n) we obtain (2).

(3) Evidently, for fixed X € o(n), A — AX defines a smooth map M,(R) —
M, (R), so this restricts to a smooth map on the submanifold O(n). For A € O(n) one
immediately verifies that AX € T4O(n), so Lx indeed is a vector field. Moreover, for
fixed A € O(n), X — AX is a linear map o(n) — T4(O(n)) with inverse Y +— A1Y
so we get the second claim.

(4) From the first course on differential geometry, we know that we can compute
[Lx,Ly| as Lx - Ly — Ly - Lx, where we view the vector field being differentiated as a
function with values in M, (R). Then Lx - Ly (A) can be computed as

% s=0(A+ sAX)Y = AXY,
which immediately implies the result. U

Now we have an obvious projection p : Euc(n) — R™ defined by f — f(0), so
explicitly this is given by (A,b) — b. Since Euc(n) acts transitively on R™ and the
stabilizer of 0 is the subgroup O(n) C Euc(n), this map induces a bijection between
the set Euc(n)/O(n) of left cosets and R™. Identifying Euc(n) with O(n) x R" as a
space, p is just the second projection and hence is smooth. Moreover T4 Euc(n)
can be naturally identified with 740(n) x T,R" = T4O(n) x R™. In particular, the
subspace Vi) Euc(n) C T(ap) Euc(n) defined as V(4 Euc(n) := ker(T(4)p) is simply
TaO(n) = T4O(n) x {0} C T4O(n) x R™.

Next, for i = 1,...,n we define 6§ € Q'(Euc(n)) by letting 0°((A,b))(X,v) be the
ith component of A~'v. Likewise, for i,5 = 1,...,n, we define v/ € Q'(Euc(n)) by
letting 75(A,b)(X,v) be the component in the ith row and jth column of the matrix
A~'X. From the proof of Lemma 2.2 above, we know that A™'X € o(n) so v/ = -
(and in particular 4/ = 0). Note that we can also view the vector § = (6',... 6") of
1-forms as a 1-form with values in R" and the matrix v = (’y]’) of 1-forms as a 1-form
with values in o(n). In this language, we can identify V(4 ) Euc(n) with ker(6(A, b)) and
observe that 0(A,b) descends to a linear isomorphism T,R™ — R"™. Now these forms
satisfy natural differential equations:

Theorem 2.2. (1) For each i =1,...,n we have d0’ = — 37 v N,
(2) For alli,j=1,...,n we have dvyj = —Zkﬁ/\%’?.
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PrOOF. For (X,v) € o(n) x R" and (A,b) € Euc(n), we define L(x.)(A,b) :=
(AX, Av) € Tiap) Euc(n). Clearly, this defines a smooth vector field on Euc(n) and by
definition 0(L(x.)) = v and y(Lx,)) = X. In particular, (X,v) — Lx,)(A,b) defines
a linear isomorphism o(n) x R™ — T4 Euc(n). Consequently, it suffices to verify the
claimed equations on two vector fields of this type. Moreover, using part (4) of Lemma
for the first component and a similar argument as in the proof of this part for the
second component, one sees that [Lx, ), L(xsw)] = LX) Xa—Xa X1, X102~ Xav1)-

(1) We use the formula d0"(&§,n) = & - 0'(n) —n - 0°(€) — 0°([§, n]). Since O(L(x,v)) is
constant, this is true for each #°. Thus we see that

dei(L(Xl,Ul)7 L(XQ,vz)) = _ei([L(Xlﬂ)l)? L(X2,U2)])7

so this is just the ith component of X vy, — Xsv;. But since the ¢th component of Xv
is »_; Xjv’, this can be written as

Z (7;<L(X1,v1))6j(L(X2,”U2)) - ’Y;(L(Xz,m))ej(L(Xl,vl))) J
J
which completes the proof of (1), and (2) is done in the same way. O

Remark 2.2. What we have done here has a strong (Lie-) group theoretic background.
The vector fields Ly in Lemma and L(x,,) in Theorem are left-invariant vector
fields on the Lie groups O(n) and Euc(n). The forms 6 and ~ are the components of the
left Maurer Cartan form for the group Euc(n) and Theorem is just the component—
wise interpretation of the the Maurer—Cartan equation.

The orthonormal frame bundle

2.3. For an n—dimensional Riemannian manifold (M, g) we next want to obtain a
description which formally looks very similar to the description of R™ as a homogeneous
space of Euc(n) from [2.2] As a motivation, consider the R"—valued form 6§ from 2.2 We
have observed that for (A4,b) € Euc(n) the value 0(A,b) induces a linear isomorphism
T,R™ — R™. One easily verifies that fixing b these linear isomorphisms exactly exhaust
all orthogonal linear isomorphisms between T,R™ and a fixed copy of R™.

For (M,g) as above and x € M, we therefore let P, M be the set of all linear
isomorphisms ¢ : R®™ — T, M which are orthogonal with respect to the standard inner
product on R™ and the inner product g, on T, M. Then we let PM be the disjoint
union of the spaces P, M and we denote by p : PM — M the map sending P, M to x.
Before we can prove that PM is a smooth manifold, we need one more notion.

Definition 2.3. Let (M, g) be an n—dimensional Riemannian manifold and let U C M
be an open subset.

(1) A local orthonormal frame for M over U is a family {&;,...,&,} of vector fields
& € X(U) such that for each x € U the tangent vectors & (x),...,&,(z) form an
orthonormal basis for the inner product space (T, M, g.).

(2) A local orthonormal coframe for M over U is a family {o',... 0"} of one-
forms o € QY(U) such that for each x € M and tangent vectors &, € T, M we get

The motivation for these notions is that one cannot hope to obtain coordinates
adapted to a general Riemannian metric. Indeed, if one has a chart (U, u) such that the
coordinate vector fields aii are orthonormal in each point, then the chart map defines
an isometry from (U, g|¢) to w(U) endowed with the Riemannian metric inherited from

R". From the first course on differential geometry, we know that in the case of surfaces
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in R3, existence of such an isometry implies vanishing of the Gauss—curvature. So in
particular, coordinates like that cannot exist on the unit sphere S? C R®. However, we
shall see soon that local orthonormal frames always exist. Orthonormal coframes are
just the dual version of orthonormal frames, so they always exist, too.

Proposition 2.3. Let (M, g) be an n—dimensional Riemannian manifold and consider
p:PM — M as defined above.

(1) If (U, u) is a chart on M, then there is a local orthonormal frame for M over U.

(2) If U C M is open, then a local orthonormal frame for M over U induces a
bijection ® : PM D p~Y(U) — U x O(n) such that pry o ® = p. Taking U to be a
chart in M and combining with charts on O(n), these bijections give rise to charts for
PM. These make PM into a smooth manifold such that p : PM — M s smooth and
a surjective submersion.

(3) Composing elements of PM with elements from O(n) defines a smooth map
r:PM x O(n) — PM. Putting r(p) :=r(p, A), one has r' =id and r*P = rP o r4,
so this is a right action of O(n) on PM. The orbits of this action are the fibers of
p:PM — M.

PROOF. (1) We just have to observe that the Gram—Schmidt orthonormalization
procedure can be carried out in a smooth way. So we let 0; := % fori=1,...,n be
the coordinate vector fields determined by (U, u). Then ¢(0;,0:) is a positive smooth

function on U, and so & := m@l defines a smooth vector field on U such that

g(&,€) = 1. Then g(&,8) : U — R is smooth, so & = 8y — g(&, )& is a smooth
vector field on U such that g(&1,&) = 0. Since pointwise, this is just standard Gram-—
Schmidt, we see that & is nowhere vanishing on U, so & := m& is well defined.

Then one continues inductively as in the standard Gram—Schmidt procedure to obtain
the result.

(2) Let {&1,...,&,} be a local orthonormal frame on U. For z € U define o(z) :
R™ — T, M by o(z)(v',...,0v") = > "  v'&(x). This sends the standard basis of R”
to the orthonormal basis {&;(x)} of T,M and hence is an orthogonal mapping. For
r € U and ¢, € P, M, the map o(x)"! oy, : R — R" is an orthogonal linear map
and hence an element of O(n). So we can define ®(¢,) := (z,0(x)™! o ¢,) to obtain
amap ® : p(U) — U x O(n) such that po ® = pry. Conversely, for A € O(n) the
map o(x)o A : R" — T, M is orthogonal so we can define ¥ : U x O(n) — p~*(U) by
U(x,A) := o(z) o A. One immediately verifies that this is inverse to ®, whence & is
bijective. ‘

If {n;} is a different orthonormal frame for M over U, then a := g(n;,&;) defines
a smooth function U — R for 7,5 = 1,...,n. Moreover, n;, = Z?Zl affj for all ¢+ and
since both the bases {n;(z)} and {{;(z)} are orthonormal with respect to g,, the matrix
A(z) := (a(x)) is orthogonal for all z € U. If ¢ : U — p~}(U) is associated to {;} as
above and 7 : U — p~1(U) is the corresponding map for 7, then for v = (v!,... v") €
R"™ we get

7(2)(v) = Xy v'milx) = 3y v'al (2)€;(2) = o(2)(A(x)o),

where the upper index of az determines the row and the lower one determines the
column. But this means that the bijections ® and ¥ associated to the two frames are
related as W(p,) = (id X(a())-1)(®(¥s)), where for B € O(n) the map (5 : O(n) —
O(n) is given by ¢5(C) = BC. Since (g is the restriction of a linear map M, (R) —
M, (R) it is smooth, so ¥ is obtained by composing a diffeomorphism with .
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In particular, for any subset W C PM, the image ®(WNp~(U)) C U x O(n) will be
open if and only if the same is true for ¥(W Np~(U)). Now we declare a subset of PM
to be open if for any chart U € M and any local orthonormal frame with corresponding
bijection ®, the image ®(W Np~1(U)) is open. It is easy to see that it suffices to verify
this for the elements of an atlas, and restricting to a countable atlas, one concludes that
this topology is separable and metrisable.

Finally, let (U,u) and ® be as above and take a chart (V,v) for O(n). Then W :=
&~ 1(U x V) € PM is open and we can use w := (u x v) o ® : W — w(U) x v(V) C
R™"+1)/2 a5 a chart for PM. From what we have done so far, one easily concludes that
the chart changes between two such charts are smooth, so we can use them to make
PM into a manifold. In the chart (U, ) for M and the chart (W, w) for PM, the map
p simply corresponds to the first projection u(U) x v(V') = u(U), so it is smooth.

(3) Since for an orthogonal map ¢, : R® — T,, M we have ®(p,) = (z,0(x)™ 0 ¢,),
the orthogonal map ¢, o A for A € O(n) is mapped to (x,0(z) "t o, o0 A). Hence under
® the map r simply corresponds to id xu : U x O(n) x O(n) — O(n) where p is the
matrix multiplication. Since u is the restriction of a bilinear map to a submanifold, it
is smooth. Hence also r : PM x O(n) — PM is smooth. The two claimed properties of
r just express the facts that CI = C and C(AB) = (CA)B for all C € O(n). Finally if
©Ouy Yy : R" — T, M are orthogonal, then also (p,)! o, : R" — R" is orthogonal and
thus defines an element A € O(n) such that ¢, = ¢, o A. From this we immediately
conclude that for any fixed ., the map A — ¢, o A defines a bijection between O(n)
and P, M = p~!(z). O]

2.4. The soldering form. Similarly to the case of the cotangent bundle discussed
in and of the bundle of one—jets discussed in [I.13], the orthonormal frame bundle
carries a tautological one—form. This can be either viewed as a form with values in R”
or as an n—tuple of ordinary one—forms.

A point ¢ € PM by definition is a linear isomorphism R" — T),)M which is
orthogonal for the standard inner product on R™ and the inner product g, on T,M.
Given a tangent vector £ € T,PM, we can first form Ty p - € T,,yM and then apply
¢! to obtain an element in R™.

Definition 2.4. For i = 1,...,n, ¢ € PM and £ € T,PM, we define 0'(p)(£) as the
ith component of o™ (T,p - £).

We will soon show that the ¢° are one—forms, and we will also view 6 := (6,...,6")
as a one—form on PM with values in R". This is called the soldering form on PM. The
main properties of this form are the following:

Proposition 2.4. (1) Each 6" is a smooth one—form on PM. For each ¢ € PM, the
joint kernel {& € T,PM : 0(p)(§) =0,i=1,...,n} coincides with ker(T,p).
(2) For A = (at) € O(n) let (b}) be the inverse matriz A=, Then (r*)*0" = >, Ui
(3) Let U C M be an open subset. Then the following three sets are in bijective
correspondence:

(a) The set of smooth maps o : U — PM such that po o =idy.

(b) The set of all local orthonormal frames for M defined over U.

(¢) The set of all local orthonormal coframes for M defined over U.
Here the bijection between (a) and (c) is implemented by mapping o to (c*0*, ..., o*0")
while the bijection between (b) and (c) is given by pointwise passage to the dual basis.
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PROOF. By definition, 6*(¢)(£) vanishes for all ¢ if and only if o' (T,p-§) = 0.
Since ¢ is a linear isomorphism, this is equivalent to vanishing of T,,p - £, which proves
the second part of (1).

Next, we evidently have por# = p for any A € O(n), and thus Toayp-Tha-& =Typ-§
for all £ € T,PM. Since r(p) = ¢ o A, we conclude that 0°(r(p))(T,r* - €) is the ith
component of A~ op ! (T,p-£). Since the components of ¢~ *(T,p- &) are just 67 () (&),
(2) follows.

Next, recall from Proposition [2.3]that for an open subset U C M, alocal orthonormal
frame {;} defined on U gives rise to a smooth map o : U — PM such that poo = idy.
This has to property that o(x) : R™ — T, M maps the standard basis vector e; to & (z)
fori=1,...,n. Moreover, for any § € T, M we get T,,p-T,0-§ = § from poo = idy.
This implies that 6°(o(x))(T,o - £) is the ith component of o(z)~(£), so in particular,
this maps &;(z) to 1 for j =i and to 0 for j # ¢. This implies that the elements o*6(z)
form a basis for (T, M)*, which is dual to the basis {&;(x)} for T, M. Since this basis is
orthonormal, we compute for § = 37, a’é;(x) and n = 3, ¥¢;(x)

9:(&;m) = 220’ =32 070 (x)(§)o"0" () (n).

From Proposition we further know that the frame {&;} gives rise to a diffeo-
morphism ¥ : U x O(n) — p~}(U). To prove smoothness of the forms 6° it thus
suffices to prove that U*§" is smooth for each i. Now we can identify T(U x O(n)) with
TU x TO(n), and since po W = pry, Tpo TV - ({,n) = £. In particular, the local frame
& over U can be completed by a local frame for O(n) to a local frame for U x O(n).
Since the frame elements from O(n) are killed by Tp o TV, it suffices to prove that
(U*6)(&;,0) is a smooth function for all 7 and j. But by definition (¥*6*)(x, A)(&;,0) is
the ith component of U(z, A)~'(¢;) = A ' oo(x) 1 ((x)). From above, we know that
o(x) 1 (&(x)) = e;. Applying A~! to this, we get the jth column of A, so the ith
entry of this is just one of the matrix entries of A~!. Expressing this entry as a quotient
of determinants using Cramer’s rule, we conclude that it depends smoothly on A, which
completes the proof of (1).

Knowing that the #° are smooth one-forms on PM, the above computations show
that for the map o constructed from the frame {&;} the forms o' := %0 € Q'(U) form
an orthonormal coframe over U, which is dual to {{;}. Conversely, having given a local
coframe o* over U, we can pointwise form the dual basis, which fits together to define
smooth vector fields §; over U, which by construction constitute a local orthonormal
frame. Then the above computations show that the the resulting smooth map o : U —
PM with p oo = idy has the property that o*0° = ¢! for all i. This establishes the
bijections claimed in (3). O

The Levi—Civita connection

2.5. Connection forms. Having found an analog of the forms ¢’ on the orthonor-
mal frame bundle of a general Riemannian manifold, it is natural to ask whether also
the forms 7; from have a natural analog in this general setting. It turns out that this
is the case, but maybe in a slightly unexpected way, namely via the differential equation
from part (1) of Theorem Before we can show this, we need a bit of preparation.

Let (M, g) be a Riemannian manifold of dimension n and let P M be its orthonormal
frame bundle. For a point z € M and a point ¢ € PM lying over x, we know that
the joint kernel of the values 6"(z) is the so—called vertical subspace ker(T,p) C T,PM.
On the other hand, we can look at the smooth map r, : O(n) — PM defined by
ro(A) :==r(p, A) = ¢ o A. Via the natural charts from [2.3| with values in U x O(n), the
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map 7, corresponds to the map A — (z, BA) for some fixed B, while p corresponds to
the projection on the first factor. Thus we see that 7, is a diffeomorphism from O(n)
onto the fiber p~!(x). Consequently, Tir, : o(n) — T,PM is an injective linear map
which by construction has values in ker(7,p). By dimensional considerations r, must
be a linear isomorphism, and for X € o(n), we put (x(p) == Tir, - X.

Definition 2.5. A connection form on PM is a family ! € Q' (PM) of one-forms such
that yf = —7§ and
(i) For A= (a}) € O(n) with A~' = (b}) we have (r) s = Yo bhabg |
(ii) For any ¢ € PM and any X € o(n), 7;(Cx(y)) is the component z% of the
matrix X.

The conditions in the definition are most naturally expressed via viewing v = (7;)

as a matrix valued one—form rather than a matrix of one—forms. Then 7{ = —’yji- says
that the values are in o(n) C M, (R). The condition (ii) then says that the restriction of
() to ker(T,p) C T,,PM should be the inverse of the canonical isomorphism Tjr,. To
interpret (i), we observe that for A € O(n) and X € o(n), we have AXA™! = AXA' €
o(n). Using this, condition (i) just says that (r4)*y = A~1yA.

Lemma 2.5. Let (M,g) be a Riemannian manifold with orthonormal frame bundle
PM.

(1) There exists a connection form ~; on PM.

(2) Let 7;» be a fixed connection form on PM and suppose that fori,j,k=1,...,n
we take smooth functions ‘Isz : PM — R such that \Ifkf = —\Ilké and such that for each

matriz A = (af) € O(n) with inverse A~ = (b%) we have Wy} o r# = D grs Vhaiaz Wl
Then ’Ayé = fy;- + > \Ifkjﬂk s also a connection form on PM and all connection forms

are obtained in this way.

ProOF. (1) Let U C M be open, suppose that {{i,...,§,} is a local orthonormal
frame for M defined on U, and let ® : p~1(U) — UxO(n) be the induced diffeomorphism
from Proposition 2.3} Then Ty 4)(U x O(n)) = T,U x T4O(n) and from part (2) of
Lemma we know that T4O(n) = {Y € M,R : AY'A = —Y}. Now we define
Yi(x, A)(&,Y) = ¢, where (¢}) = A™'Y. This is evidently a smooth oneform on
U x O(n) so i == ®*3; € Q'(p~'(U)). From 2.2 we know that A~'Y" is skew symmetric
for any Y € T,O(n), so v/ = —75.

The smooth map (z, B) — (z, BA) for fixed A € O(n) evidently has derivative
(&,Y) — (£, Y A), since multiplication from the right by A is the restriction of a linear
map. Now by definition 4}(x, BA)(§,Y A) is the component ¢ of the matrix (c}) =
(BA)™'Y A= A1 (B7'Y)A. This immediately implies that the 4} satisfy condition (i).
On the other hand, fix (x, B) and consider the map A — (z, BA). Since multiplication
from the left by B is the restriction of a linear map, the derivative in I of this map is
given by X (0, BX) for X € o(n). But this shows that the 7} also satisfy condition
(i), and hence define a connection form on p~!(U) = PU.

Now we can consider a covering of M by open subsets U, over which there are local
orthonormal frames, and hence local connection forms. Then one takes a partition of
unity subordinate to this covering and uses this to glue together these local connection
forms to a globally defined one—forms. A moment of thought shows that the defining
properties of connection forms are preserved in this process.

(2) From the definition of 4 it is evident that 4] = —4 and since 0*((x) = 0 for
all X € o(n) and all k, we see that 4:(Cx) = 7;((x), so 4} satisfies property (ii) from
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Definition Finally, (r)*3i = (r*)*y} 4+ 30, (Wi o 74)(r4)*6*%. By our assumption
on the functions lIfk; and part (2) of Proposition the last term is given by

i T Shk qpt iaql qpns
Zk,q,r,s,t bqajakbt \IJSTH - qusbq ]\IJ 0

which shows that property (i) is satisfied, too.
It remains to show that any connection form on PM can be obtained in this way
starting from a fixed connection form 7. So let us assume that 4; is any connection

form, and consider the difference @ := 4% -~ € Q'(PM). Of course we have ) =
—®’, and since both summands have property (i ( ) from Definition we see that for
A= (a}) € O(n) with A~" = (b]) we get (r4)*®! =37 blas®r.

The fact that both ~ and 4 have property (ii) from definition implies that
Pi(Cx) = 0 for all 4,5 = 1,...,n and all X € o(n). This implies that for each
¢ € PM the linear map (¢ ) T, PM — R vanishes on the subspace ker(7,p).
But by part (1) of Proposition 2.4 8(¢) = (8(¢),...,0"(¢)) induces a linear isomor-
phism T,PM/ker(T,p) — R™. But thls shows that for fixed i and j, there are n
uniquely determined real numbers, which we denote by Wi(¢), ..., ¥,%(¢) such that
() = 224 Uij(9)0" (). |

This then defines functions Wy} : PM — R, and a moment of thought shows that
these functions are smooth. From the construction it is evident that \I/kz = —\I/k;'- for all

1, 7, and k, so to complete the proof, it suffices to compute \I/k; or?. But by construction
we have

Do U@ @ = () @) = 37, (W o r ) (r ) 0F = 370, (yf o r)bie”,
and the left hand side can be expanded as > b a7V 0. Evaluating in a point,

qr.s a%;
the 6° become linearly independent linear functionals on a finite dimensional space
while all other objects on each side just represent a real factor, so we conclude that

S biatWl = Zk(lllkj o r)bk. Multlplylng both sides by a] and summing over s, we

gr q%;
obtain the clalmed expression for W;! io rA. 0

From the proof we conclude that for X € o(n) the tangent vector (x(¢) corresponds
0 (0,BX) € T(;,pU x O(n) in a natural chart. This immediately implies that ¢ —
(x () is a smooth mapping and thus defines a vector field (x € X(PM). This is called
the fundamental vector field generated by X € o(n). The defining property (ii) of a
connection form v = (7) can be nicely phrased as v(Cx) = X.

Given X € o(n), one can form the matrix exponential exp(tX) = >, Z,X’“ for
each ¢ € R. One can verify directly that exp(tX) € O(n) for all ¢ and that exp((¢ +
s)X) = exp(tX)exp(sX) for all t, s € R. The latter equation easily implies that for any
B € O(n), the curve ¢(t) := BexptX is the unique solution of the differential equation
d(t) = ¢(t)X with initial condition ¢(0) = B. This in turn shows that the flow of the
fundamental vector field (x is given by Flgx = rexp(tX)

Now consider the soldering form § = (67). From part (2) of Proposition [2.4] we then

see that
(FIE¥)*0" = 37 al(—1)67,

where (a;(t)) := exp(tX). Differentiating this with respect to t at ¢ = 0, we get

L0 = —32:(ah)(0)67, and of course ((a})'(0)) = X. Now we can expand the left
hand side of this equation as i¢, d6" + i¢, 6" and the since 8°((x) = 0, the second term

vanishes.
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Now suppose that 'y;- is an arbitrary connection form on PM. Then for each 7, we
can consider df' + 7.7 A7 € Q*(PM). Inserting the vector field (x into this two-
form, and using that 67(Cx) = 0 for all j, we get ic, df" + >, ;((x)6”. Since 7j(Cx)
equals the appropriate entry of X ,we see from above that this vanishes.

Now fix a point ¢ € PM. Then the tangent vectors (x(¢) for X € o(n) form the
vertical subspace ker(T,p) C T,,;PM. Hence the bilinear map

' (p) + >, 7i(0) A0 () : T,PM x T,PM — R

vanishes if one of its entries is from ker(7,p). As in the proof of Proposition , this
implies that there are uniquely determined real numbers T7, () such that Tj(p) =
—T7,.() and such that

A (0) + 32 7i(0) A0 () = 3 T (0)07(0) A 0% ().
These numbers fit together to define smooth functions 77, : PM — R such that
(1) d9i+zj'y§/\«9j :Zj’kT;ij/\Qk.

The functions T}, are called the torsion—coefficients of the connection form 7.
It is also easy to compute T}, o7 for a matrix A = (a]) € O(n) with inverse

A~1 = (b"): Pulling back the right hand side of along 74, we obtain
S (T or™) () 67 A (rA) 6% = > (T or™)bibke A6

J:k Jsksq,r

For the first term in the left hand side, we compute
(r)*do' = d(r*) 0" = d(>, bL0°) = Zq bgd&q,

while for the other term the analogous behavior follows from property (i) in Defini-
tion and part (2) of Proposition Expanding the result via , ‘we obtain
> qrs 01507 A 07, Now taking into account that both > b7y and 3, (T}, o rA)bibk
are skew symmetric, we can evaluate in a point. There the elements 69(¢) A 6" (p) for
q < r are all linearly independent, and as in the proof of Proposition [2.5] we conclude
that
i A i T S
Tjor® = Z bya;ap T,

q7r75

2.6. The Levi—Civita connection form. We are now ready to prove the exis-
tence of a canonical connection form on PM. The key to this is computing the effect
of a change of connection on the torsion coefficients. To get a clearer picture of what
is going on, we briefly discuss the meaning of the functions \Ilk; from Lemma and
of the torsion coeflicients T;k before proceeding. We have already observed that it is
most natural to view the soldering form 6 = (0',...,0") as a one—form with values in
R"™ and a connection form v = (v}) as a one—form with values in o(n). Thus it is clear
that for each ¢ € PM the values \I/k;(gp) are most naturally viewed as describing a
linear function R™ — o(n) with the indices ¢ and j denoting the matrix entries in o(n).
Likewise, the values T;k(go) describe a skew symmetric bilinear map R x R" — R".

Notice that both on the space L(R™, 0(n)) of linear maps and on the space L2, (R™, R™)
of skew symmetric bilinear maps, there is a natural action of the group O(n). For
AeO(n)and ¥ :R" — o(n), and T : R" x R” — R" these are given by (A - ¥)(v) :=
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AU(A)A™ and (A - T)(v,w) = A(T(A ' v, A'w))), respectively. In this lan-
guage, the formulae in Lemma [2.5| respectively in the end of section [2.5| simply read
asWort=A"1.Vand Tort=A"1.T.

Lemma 2.6. Let (M,g) be a Riemannian manifold with orthonormal frame bundle
PM.
(1) Let 7;- be a connection form on PM, take functions \Ifk; :PM — R as in Lemma

and consider the connection form 7; = ’y;'- +> ‘1%9’“ Then the torsion coefficients

of the two connections are related as Tj, = T}, + (Wi — t).

(2) The map O : L(R™, 0(n)) — L%, (R™,R"™) defined by O(V) (v, w) = ¥(v)w—V(w)v
is a linear isomorphism and O(A - V) = A - (0(¥)) for all A € O(n).

PROOF. (1) By definition, we have df® + > N Y T,&@k A6, and inserting
for 4% in the left hand side, we obtain

0"+ 3295 MO+ 305 Uk50T A0 =37 (T, — W) 67 A 6"

Taking into account that Tj"k must be skew symmetric in the two lower indices, we
conclude that

T = 5 (Tj = Wi = Tiy + V5
and since the T}, = =T}, the result follows.

(2) We know that dim(o(n)) = @, so the space L(R™ 0(n)) has dimension
@' Likewise, to specify a skew symmetric bilinear map R™ x R™ — R, one has to
specify the @ values it takes on (e;,e;) for ¢ < j. Thus also the space L2, (R",R"™)

has dimension % Moreover,
(A - V) (v, w) = (A- V) (v)(w) = (A-T)(w)(v)
= AV (A ')A w — AV (A w) Ao = A(O(T)(A 1w, A ),

so the last statement follows. To complete the proof, it therefore suffices to show that
0 is injective. But if ¥ : R" — o(n) is a linear map such that 9(¥) = 0 then we have
U(v)w = ¥(w)v for all v,w € R™. But then consider the map ¢ : R” x R" x R — R
defined by t(u, v, w) := (V(u)v, w). Then by assumption ¢(u,v,w) = t(v, u, w) and since
U(u) € o(n) we get t(u, w,v) = (V(u)w,v) = —(w, ¥(u)v) = —t(u,v,w). But from the
proof of Proposition 2.2 we know that ¢t = 0, which immediately implies ¥ = 0. O

Theorem 2.6. Let (M, g) be a Riemannian manifold. Then there exists a unique con-
nection form 7§ on the orthonormal frame bundle PM whose connection coefficient
vanish identically, i.e. such that df® + Zj 'yj- A 607 = 0. This is called the Levi-Civita
connection form of M.

ProoOF. By Proposition there exists connection forms on PM, we let % be any
such form and take T;k be its connection coefficients. View T]’k as defining a smooth
function PM — L2, (R",R") and compose (9)~! : L?,(R",R") — L(R",0(n)) with
(—QTJ",{) to obtain a collection of smooth functions W, on PM such that (5 —U,%) =
~T17,.

Since (A1) = A71.9(¥) and Tor? = A~!.T we conclude that Wor? = A~1. .
Thus Proposition [2.5{shows that vi = 4/ 4%, W;i6% is a connection form on PM, which
by part (1) of Lemma has vanishing torsion coefficients, so existence is proved.
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For uniqueness we just have to observe that by Proposition 2.5, any other connection
form 47 can be written as 7} + >, W;’6". But by part (1) of Lemma ﬂ the torsion
. L(W;4 — Wyl), which by part (2)
of that Lemma vanishes only if all ¥’ vanish. O

coefficients of this connection form are given by T}, =

We will discuss in detail in the next chapter how this canonical connection form can
be used. Before we do that, we discuss how these fairly abstract considerations can be
made explicit.

2.7. The Levi—Civita connection in a frame. The basic strategy to convert
considerations on the orthonormal frame bundle into explicit formulae follows easily
from Proposition [2.4] This says that a local orthonormal frame respective a local or-
thonormal coframe is equivalent to a local section of the orthonormal frame bundle PM.
We also know already that we can effectively construct local orthonormal frames and
coframes using the Gram—Schmidt procedure. Now having given a local section of PM,
we can pull back functions and differential forms on PM to locally defined objects of
the same type on M. In particular, the components +! of the Levi-Civita connection
form can be pulled back to one—forms on the domain of our local section, and we can
derive a nice characterization for these forms.

Proposition 2.7. Let (M, g) be a Riemannian manifold of dimension n and let U C M
be open subset. Suppose that there is a local orthonormal coframe {o',... 0"} defined
on U and let o : U — PM be the corresponding smooth section.

Then the pullback W} := o*~} € QY (U) of the Levi-Civita connection form is uniquely
characterized by the facts that wzj = —wé for all 7,7 and that

0=do"+ 3w Ao,

PROOF. From Proposition [2.4, we know that the section o : U — PM is charac-

terized by 0*0" = o for i = 1,...,n. Putting w} := o™y} for all 4, j, we clearly have
wl = —wi. Moreover, on PM we have 0 = d6" + > i A ¢7 and applying o* to this

equation we conclude that 0 = do® + j w; Aol

So it remains to see that the wj are uniquely determined by these properties. Since
the forms o* form a local coframe, there are unique smooth functions ?/Jk} such that
wh = >, ¥kio®. Using this, we see that Yo jWiNagl =37 Yiio® A o, which by skew
symmetry of the wedge product can be written as Zj,k %(%Z — wké)aj Ac*. Hence part
(2) of Lemma [2.6] implies that the map (wi(z)) = > (wi(z) A /(z)) is injective on
elements satisfying w! () = —wi(x). O

Examples: (1) Flat space: In flat Euclidean space R™ the standard coordinate
vector fields 0; form a global orthonormal frame. The dual coframe is simply given by
o' =dz" fori=1,...,n. Since do' = 0 for all 7, we conclude that the connection forms
wj vanish identically in this frame.

(2) The sphere: Let us consider the unit sphere S™ := {x € R""! : (z,z) = 1} with
the induced Riemannian metric. To get simple formulae, we use a particularly nice
chart, the stereographic projection. Let N = e, 41 be the north pole, put U := S™\ {N}
and define u : U — R"™ by

n+1) _ 1

u(z) = u(xt,.. .o = — (2!, 2"
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(To interpret this geometrically, one views R"™ as the affine hyperplane through —N
which is orthogonal to N and one maps each point x € S™ to the intersection of the ray
from N through = with that affine hyperplane.) One immediately verifies that the map

(3/17 cee 7Z/n) = m(lea s 72yn7 <y7y> - 1)
is inverse to U. The ith partial derivative of this mapping is given by
Tl (29, (v, 9) = 1) + 1 (264, 241),
which shows that
o = —(1+(; e (ZL —dy'y? 2+ 2(1 4 (y, y>)azz + 4y’ 3xn+1> :

Using that the vectors 57>

2]

Z) auz

onal to ;2 for i # k. Moreover 9(2 ) is given by This 1mphes that an

1+<y Y2
orthonormal frame is given by & = f(u )8u“ where f(u) = flu',...,u") = —1+22(“]) COf

course, the corresponding coframe is given by o' = 1du Consequently, do® = —Ldf A
ud B o _

du' and since df = 3 u’dw’ this can be written as Z wdu' Ndu! = Z jw o' Ao’ This

can be written as — Zj wj A o’ for wj = ulo! — o' = ?duﬂ — %duz, which evidently

satisfies w] = —w? and thus gives the Levi-Civita connection in our frame.



CHAPTER 3

Basic Riemannian geometry

In this chapter we show how the Levi-Civita connection forms on the orthonormal
frame bundle can be used to define various operations on the underlying manifold M.
By construction, these operations are intrinsically associated to the Riemannian metric
and can be used to construct invariants. The fundamental operation of this type is
the covariant derivative on tensor fields. The covariant derivative can then be used to
define geodesics and the exponential mapping. It can also be used to define the Riemann
curvature tensor, which is the fundamental invariant of a Riemannian manifold.

The covariant derivative

3.1. The horizontal lift. Using the Levi-Civita connection form, we can canoni-
cally lift tangent vectors and vector fields from M to PM. In general, a [ift of a tangent
vector & € T,M to a point ¢ € p~(z) C PM is a tangent vector £ € T,PM such that
T,p- € =& Alift of a vector field € € X(M) is a vector field £ € X(PM) such that
Tpoé = Eop. A vector field € € X(PM) is called projectable if it is the lift of some
vector field € € X(M) (which then is uniquely determined by £).

Proposition 3.1. Let (M, g) be a Riemannian manifold with frame bundle PM and
let (}) be the Levi-Civita connection form on PM.

(1) For a point x € M and a tangent vector £ € T, M and ¢ € PM with p(¢) = x,
there is a unique lift £" € T,(PM) of & such that v;(£") = 0 for all i, j.

(2) If ¢ € X(U) is a local vector field on M, then the horizontal lifts in points in
p~Y(U) fit together to define a smooth vector field " € X(U). For any A € O(n), we
have (r#)*¢h = ¢,

ProoF. (1) Since T,p : T,PM — T,M is surjective, we can find an element £ e
T,PM such that T,p - € = €. Taking (yj(go)(é)) —: X € o(n) then &" := £ — Cx(¢) has
the two required properties.

On the other hand, if T,p E=¢ then ¢ — £ € ker(7,,p) and hence £" — £ =Crle),

where Y = (i() (6" = £)) = (—=7}(#)(€)). 1 4}(£) = 0, then this shows that & = ¢".

(2) Since this is a local question, we may assume that M admits a local orthonormal
frame defined on U. Then we consider the induced diffeomorphism @ : p~'(U) —
U x O(n) as in Proposition Since T(U x O(n)) = TU x TO(n) we can start
from & € X(U), form (z,A) — (£(2),0) € X(U x O(n)) and pull this back by ® to
obtain a vector field £ € X(p~'(U)). Evidently, this satisfies T,p - £(¢) = &(p())
for all o € p~'(U), so it is a lift of £&. On the other hand, we know from that
(T®-(x)(z,A) = (0, AX) holds for each X € o(n). So applying the construction of (1)
in each point, we see that T® - £" is given by (z, A) = (£(z), —A(7i(§) (27 (x, 4)))), so
this is smooth, too.

For A € O(n) we have por? = p so TpoTr* = Tp. This means that T,r* -
§"(p) € ToayPM is a lift of £(p(¢)). Moreover, condition (i) in the definition of a

37



38 3. BASIC RIEMANNIAN GEOMETRY

connection form immediately implies that vi(T,r* - £"(p)) = 0 for all 7 and j. Thus
T,r - €M) = £"(r*(¢)) which exactly means that (r#)*¢" = ¢h. O

3.2. The covariant derivative of vector fields. Via the horizontal lift, we can
differentiate smooth function on PM (which may have values in some finite dimensional
vector space) in a direction determined by a vector field on M. To get geometric
operations out of this idea, we have to interpret geometric objects on M in terms of
(vector valued) functions on PM. The crucial step is doing this for vector fields.

Theorem 3.2. Let (M, g) be a Riemannian manifold of dimension n with orthonormal
frame bundle PM, and let § = (6, ...,0™) be the soldering form on PM.

(1) The space X(M) of vector fields on M is in bijective correspondence with the
space

C®(PM,R"O™ .= {F: PM — R": F(r*(p)) = A™'F(¢) VYA€ O(n)}

of O(n)—equivariant smooth functions PM — R™. Explicitly, a vector field & € X(M)
corresponds to the function 0(€), where & € X(PM) is any lift of €.

(2) Let € € X(M) be a vector field with horizontal lift " € X(PM), and let F €
C®(PM,R™)°™ be an equivariant smooth function. Then the smooth function " - F
PM — R™ is equivariant, too.

PROOF. (1) Since a point ¢ € PM is an orthogonal linear isomorphism R™ — T, M,
where z = p(y), an element F(¢) € R™ gives rise to the tangent vector ¢(F(y)) € T, M.
Any other point ¢ with p() = x is of the form ¢ = r4(p) = p o A for some A € O(n).
This determines the same tangent vector if and only if AF(r(¢)) = F(p) i.e. iff
F(r4(¢)) = A7'F(p). Hence we see that an equivariant function F gives rise to a
unique tangent vector at each point of M.

If we conversely have given a tangent vector £(z) € T, M for each x € M, we can
associate to it the function F(p) := ¢~ 1(&(p(¢))) € R™, which is evidently equivari-
ant. Hence it suffices to prove that smoothness of the map = — £(z) is equivalent to
smoothness of the function F': PM — R™.

Starting with a smooth vector field ¢ € X (M), we know from Proposition [3.1]that the
horizontal lift £" is a smooth vector field, too. But by definition of the soldering form,
the function F : PM — R associated to £ can be written as 0(¢") = (61 (¢"),...,0™(&M))
and thus is smooth. The same clearly applies to any smooth lift of &.

Conversely, let F' : PM — R™ be smooth and equivariant. We can show that the
corresponding map x — £(z) is smooth locally, so let us restrict to an open subset
U C M, for which there is an orthonormal frame {&,...,&,} defined on U. Denoting
by o : U — PM the corresponding local section from [2.4] we have o(z)(e;) = & ()
for i = 1,...,n. But this implies that {(z) can be written as o(z)(F(o(z))) for all
x € M. Writing Foo = (f*,..., f™), we conclude that £(z) = >, f(z)& (). But since
Foo:U — R" is smooth, this shows that &)y = >, f’& is smooth, which completes
the proof of (1).

(2) From the definition of the pullback of vector fields, we see that (" - F) o rd =
(rYeh . (For?). But (r1)*¢" = ¢ and writing F = (F1,..., F"), equivariancy
reads as F' or® = 37 b F/, where A~" = (b}). Differentiating in direction £", we get
g (Fhord) =37 bi(¢" - F7), which implies the result. O

Definition 3.2. Let (M, g) be a Riemannian manifold with orthonormal frame bundle
PM, let £,n € X(M) be vector fields and let F': PM — R™ be the equivariant smooth
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function corresponding to 1. Then the vector field corresponding to ¢ - F': PM — R®
is called the covariant derivative of n in direction £ and is denoted by V¢n.

Now we can easily clarify the basic properties of this operation:

Corollary 3.2. Let (M,g) be a Riemannian manifold and let V : X(M) x X(M) —
X (M) be the covariant derivative. Then for £,n,( € X(M) and f € C*°(M,R) we get:

(1) V is bilinear over R.

(2) Vien = fVen and Vefn = fVen+ (€ f)n.

(3)€-9(n,¢) = 9(Ven, ¢) + 9(n, VeC).

(4) Ven — Vy& = [§,n]. i

(5) Let (M, g) be another Riemannian manifold with dim(M) = dim(M) and with
covariant derivative V. Then for an isometry I - M — M we have I*(Ven) = @]*gl*n.

PROOF. The vector field £" +n" evidently lifts £ +n and satisfies ’y]' (&"+nh) =0 for
all 4,7, so &" +nh = (€ +n)". Likewise, one verifies that (fop)¢" = (f€)". On the other
hand, the bijection X(M) — C®(PM,R)°™ is evidently linear and if 7 corresponds to
F, then fn corresponds to (f o p)F. From this, (1) follows immediately, and the first
part of (2) is clear since ((fop)&")-F = (fop)(£"-F). For the second part of (2), we have
" ((fop)F) = (6" (fop))F+(fop)€" - F. But &"-(fop)(p) = (Tp-€")-f = E(p())- f,
and hence the first summand corresponds to (§ - f)n, which completes the proof of (2).

(3) Suppose that n and ¢ correspond to F,G : PM — R"™ and let F" and G’ be
the components of these functions. Then F(p) = ¢ ' (n(p(p))) and likewise for G,
and since ¢ is orthogonal we conclude that Y. F'(¢)G'(¢) = g(n,{)(p(¢)). Hence
g(n,{)op =7, F'G" and thus

(€9, Q)op=¢" 30 F'G =30, (&" - F)G + 32, F'(§" - GY).

As above, we see that the last two terms are given by ¢(V¢n, () o p and g(n, V() o p,
respectively. Since p is surjective, we get (3).

(4) The defining property of the Levi-Civita connection form reads as 0 = df* +
> ; ’y; A 67. The horizontal lifts " and 1" of £ and n by definition insert both trivially
into each 'y;-, so we conclude that df*(¢", n") = 0 for all i. Inserting the definition of the
exterior derivative, we obtain

O (" ") = €0 (n") — " - 0 (€M),
Since [¢", n"] is a lift of [€, 7], the left hand side describes the ith component of the equi-
variant function PM — R™ corresponding to [£,n]. But the right hand side evidently

is the 7th component of the function corresponding to V¢en — V, £, which implies the
result.

(5) This simply expresses the fact that the operation has been constructed in a nat-
ural way and although the proof may look a bit technical, it is actually straightforward.
First, we can extend an isometry I : M — M to a smooth map PI : PM — PM.
Indeed a point ¢ € PM is an orthogonal linear isomorphism R" — T;M, where
i = p(@). Likewise, T5I : ToM — Ty M is an orthogonal linear isomorphism, and we
define PI(p) :=T;l op € PM. ThlS 1mmed1ately implies that po PI = [ o p.

To see that PI is smooth, let U C M be an open subset such that there is a
local orthonormal frame {&i,...,&,} for M defined on U. Consider U := I"'(U) ¢ M
and I*¢; € X(U). One immediately verifies that these vector fields constitute a local
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orthonormal fra}ne for ]~\~4 . Mqreover for the corresponding isomorphisms ® : p~}(U) —
UxO(n)and ®:p(U) = U x O(n) as in , one easily verifies that

PI=d"'o (I x ido(n)) o CI),

which implies smoothness of PI. From the definition, it also follows immediately that
Plor? =rAoPI for all A€ O(n).
For the soldering forms 6" on PM and 6" on PM, consider (PI)*¢". This maps
¢ € TsPM to
O'(PL(@)TEPI-€) = (P1(2))"(Tp-TPI - &).
Since P(p) = Tzl o ¢ and Tpo TPI = TI o Tp, we conclude that this equals the ith

component of ¢~ (Tp - €) and hence 67(¢)(€). Thus we see that (P1)*0" = 6 for all i.
Next, let (7;) be the Levi-Civita connection form on PM and consider the one—forms

(PI )*fy; on PM. One easily verifies that they define a connection form. Moreover,
o’ + > (PI)*5) A 0 = (PI)* (d@i +2 A 93') = 0.

By Theorem this implies that (PI)*y; = 7}, so PI is compatible with the Levi-
Civita connection forms. For & € X(M), this easily implies that (PI)*¢" = (I*¢)" and
for n € X(M) corresponding to F' : PM — R", the pullback (I*n) corresponds to the
function FoPI. Now the result follows directly from the fact that ((PI)*¢h)-(FoPI) =
(€' F)oPI. 0

Remark 3.2. The proofs of parts (1)—(3) of this Corollary are different from the proofs
of part (4) and (5) and this is for good reason. In fact, given any connection form
(%) on the orthonormal frame bundle PM of a Riemannian manifold (M, g), one can
define an analog of the horizontal lift operation (where now “horizontal” is interpreted
with respect to 4). This in turn can be used to define an operation V on vector fields.
(Notice that the isomorphism in part (1) of Theorem [3.2| depends only on the soldering
form 6 and not on 7.) Then one can argue as in the proof of Corollary to show that
V has properties (1)-(3). This is usually expressed by saying that 4 (respectively V) is
a metric connection.

Property (4) is actually an equivalent version of the defining property of the Levi-
Civita connection from Theorem [2.6] and it is this property which makes the Levi-Civita
connection unique. This in turn is the reason why property (5) holds.

3.3. Interpreting tensor fields on the frame bundle. To extend the covariant
derivative to arbitrary tensor fields, we can proceed similarly as in [3.2] provided that
we find an interpretation of tensor fields as certain vector valued functions on PM. For
technical reasons, we discuss the case of one—forms separately.

Consider the space R™ = L(R",R), the dual space to R™. There is a natural
action of GL(n,R) on this space defined by (A - \)(X) = A(A7'X) for A € R™ and
X € R". The motivation for the inverse is on the one hand that it makes sure that
(A-N)(A-X) = AX). On the other hand, to get AB- X = A-(B- ), the inverse is
necessary, too. Of course, we can restrict this to an action of the subgroup O(n).

Lemma 3.3. Let (M,g) be a Riemannian manifold with orthonormal frame bundle
PM. Then there is a bijective correspondence between the space Q' (M) of one—forms
on M and the space

C=®(PM,R™)°M = [F € C®°(PM,R™) : F(r*(¢)) = A™' - F(p) YA€ On)}.
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Viewing vector fields as equivariant R™—valued smooth functions on PM, inserting a
vector field into a one—form corresponds to the point—wise application of linear func-
tionals to vectors.

PROOF. Let a € Q'(M) be a oneform. Given ¢ € P,M, which is an orthogonal
linear isomorphism ¢ : R" — T, M, where z = p(p), we put F(¢) := azop: R" — R,
Since 74() = oA it follows from the definition that F(r“(p)) = F(p)oA = A~L-F(yp).
To see that F'is smooth, consider an open subset U C M such that there exists a local
orthonormal frame {¢;} for M defined on U, and let o : U — PM be the corresponding
smooth section. Then by definition o(z) € P, M maps e; € R" to &;(x) for all 7. Looking
at Foo:U — R™ we conclude that F(o(z))(e;) = a(&;)(x), which shows that F o o
is smooth. Using that (x, A) — o(z) o A defines a diffeomorphism U x O(n) — p~1(U)
and that F(o(x)o A) = F(o(x)) o A, we conclude that F' is smooth on p~}(U) C PM.

Conversely, given ¢ and F'(¢) € R™, we can define a linear map oy : T, )M — R
as F(p) o ¢~ Any other point lying over z is of the form r(¢) = po A for A €
O(n), and by definition (r4(y), F(r*(¢))) leads to the same functional if and only if
F(r4(p))) = AoF(p) = A™1-F(y). Hence an equivariant function induces a well defined
linear functional on each tangent space. Now a vector field & € X(M) corresponds
by Theorem to a smooth equivariant function G : PM — R" characterized by
G(p) = o 1 (&(p(yp))). But this means that a,(&(z)) = F(p)(G(p)) for all ¢ € P, M.
This shows that x — «, is a one—form on M as well as the last claim in the lemma. O

Having this at hand, it is rather easy to pass to tensor fields. Consider the space
LL(R™ R) of all k + ¢-linear maps (R")* x (R™)¢ — R. Then this carries a natural
action of GL(n,R) defined by

(A't)(Xl,...,Xk,)\l,...,)\g):t(A_le,...,A_le,)\lOA,...,)\KOA).

As before, the inverses are chosen in such a way that AB -t = A- (B -t). Using this, we
can now formulate

Proposition 3.3. Let (M, g) be a Riemannian manifold with orthonormal frame bundle
PM. Then there is a bijective correspondence between the space TE(M) of (f;) ~tensor
fields on M and the space C*°(PM, L (R™ R))°™ of all smooth functions F: PM —
LL(R™ R) such that F(r(¢)) = A™' - F(p) for all A € O(n).

Viewing vector fields and one—forms as equivariant smooth functions on PM with
values in R™ and R™, respectively, inserting vector fields and one—forms into a tensor
field corresponds to the point—wise insertion of elements of R™ and R™ into multilinear
maps.

PROOF. This is very similar to the proof of part (1) of Theorem and of Lemma
Given a tensor field t € T/(M), one defines F(p) € LL(R",R) by

F(QO)(Xl, e 7Xk,/\1, coey )\g) = tr(QO(X1>, coey QO(Xk>,)\1 o 90,1’ ey )\g o gpil)7

and verifies directly that this is equivariant. To prove smoothness, one restricts to an
open subset U for which there is an orthonormal frame defined on U. Denoting by
o : U — PM the corresponding smooth section, the component functions F' o o are
obtained by plugging elements of the frame and of the dual coframe into ¢, from which
one deduces that F' is smooth.

Conversely, ¢ € P,M and F(p) € LL(R",R) give rise to a multilinear map ¢, and
F(r4(p)) = A7l - F(p) makes sure that all points in P,M lead to the same map t,.
From the definition, it follows easily that inserting values of vector fields and one—forms
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into ¢, corresponds to inserting the values of the corresponding functions into F(y),
which shows that smoothness of F' implies smoothness of ¢. (]

Remark 3.3. (1) The different interpretations of (ﬁ) —tensor fields mentioned in section
4.3 of [DG1] have an obvious analog here. For example, the isomorphism 7' (M) =
X(M) simply corresponds to the canonical isomorphism L(R™, R) = R™ which is com-
patible with the actions of O(n) on the two spaces.

One can identify the space of bilinear maps R" x R" — R" with L}(R", R) by sending
b:R" x R" — R™ to the trilinear map (X,Y,A) — A(b(X,Y)). This corresponds to
viewing the values of a (;)—tensor field as bilinear maps T, M x T, M — T,M rather
than as trilinear maps 7, M x T, M x T:M — R. This extends to other types of tensor

fields.

(2) Similar to the coordinate representation of a smooth tensor field, one can expand
it locally in terms of an orthonormal frame and the associated coframe. Take a local
orthonormal frame {&;, ..., &,} defined on U, the associated coframe {c?,... ¢"}, and a
tensor field t € TX(M). Then for any choice iy, ..., j1, ..., jx € {1,...,n} of indices,
we get a (i)ftensor field 0" @ - ®@0* ®&, ®--- ®§, and a smooth function

t;?,lljl;c = t(gju ce >€jkv o', ’0-11!)

defined on U such that

UlyeeesJe

From the definitions we easily conclude that in terms of the section o : U — PM
associated to the frame and the equivariant function F' : PM — L% (R" R) the functions

ti % are simply the component functions of F' o o,

Example 3.3. (1) The Riemannian metric g is a (g) ~tensor field. For any orthonormal
frame {;}, we of course have g(§;,&;) = d;;, which implies that g corresponds to the
constant function ( ,) € LY(R", R).

(2) Take functions ¥,% as in Lemma , and use them to define a smooth map
U PM — Ly(R",R) by W(p)(X,Y, ) := >, Ui X*Y7);. Then the compatibility
condition of ® with 4 from Lemmal[2.5exactly says that ¥(r*(p)) = A1 ¥(p), whence
U determines a (;) ~tensor field on M. The skew symmetry condition from Lemma
can be best expressed by considering W(¢, ) for £ € X(M) as associating to each x € M
an endomorphism of 7, M. Then the statement just says that this endomorphism is
skew symmetric with respect to g,.

To understand this geometrically, recall that the functions ¥} describe the difference
between two sets of connections forms. As we have noted in , any connection form
gives rise to an operator which has properties (1)—(3) of Corollary One can verify
directly, that the functions \Ifk; describe the difference between the two operators coming
from the connection forms. It is not surprising that this difference is a tensor field. Let
us denote the operators by V and V and consider ¥ : X(M) x X(M) — X(M) defined by
W(&,n) := Ven — Ven. Since both operators have properties (1) and (2) from Corollary
this is linear over smooth functions in both variables and thus defines a tensor field
U € T,1(M). If one in addition assumes that both operations also satisfy property (3)
from Corollary [3.2] then this implies 0 = g(¥(&,7),¢) + g(n, ¥(&,¢)), which explains
the skew symmetry condition on W.
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(3) Consider the functions T}, associated to a choice of connection form (v}) on PM
in 2.5l We can use them to deﬁne a smooth map T from PM to the space of bilinear
maps R" x R" — R" by T(p)(X,Y) =32, T kX 'Yke;, where {e;} is the standard
basis of R". Then the compatlblhty condition with r# verified in the end of 2.5 reads as
T () (X,Y) = AIT(p)(AX, AY), i.e. T(r*(p)) = A1 - T(p). Hence T defines a
(;)ftensor field on M, called the torsion of the connection form (7]"-), and a connection
with vanishing torsion is called torsion—free. In this language, Theorem says that
there is a unique torsion—free metric connection on PM and this is the Levi-Civita
connection.

Again, this can be nicely interpreted in terms of the associated operation on vector
fields. Indeed, if V : X(M) x X(M) — X(M) is an operator which has properties (1)
and (2) of Corollary [3.2] then one defines T' : (M) x X(M) — X(M) by T(§,n) =
Ven — V€ — [€,m]. By definition, this is skew symmetric and from the compatibility
of the Lie bracket with multiplication of a vector field by a smooth function, it follows
immediately that T is bilinear over smooth functions. Thus it defines a tensor field, and
one can verify directly that this corresponds to the functions TJ’k considered above.

3.4. The covariant derivative of tensor fields. Extending the covariant de-
rivative to tensor fields is now straightforward. To efficiently compute with covariant
derivatives, the main information we need is compatibility with natural operations.

Lemma 3.4. If ' : PM — L{(R™ R) is an O(n)—equivariant smooth function, then
for any vector field ¢ € X(M) with horizontal lift &* € X(PM), the function " - F
PM — L (R™ R) is O(n)—equivariant, too.

ProoOF. We can split F' into components via
Fo)(Xn, o XA A) = Y FR() ()™ () *h(es,) - Ale)
TR TAC I 7
thus defining smooth functions Fi{f::;;f : PM — R which are given by
Ejll,7,;ié (90) = F(SO) (6117 cos Cigs €j17 T ejk)v

where {ey,...,e,} is the standard basis of R" and {e!,...,e"} is the dual basis of R™.
In this language the equivariancy condition reads as

AR A AR
Flitor DAl bR
T1yesTksS1500055¢
where A = (a’) € O(n) with inverse A~' = (b%). Having this at hand, the proof can be
completed in exactly the same way as for part (1) of Theorem [3.2] O

Definition 3.4. Let (M, g) be a Riemannian manifold with orthonormal frame bundle
PM, let £ € X(M) be a vector field and t € T*(M) a tensor field on M and let
F:PM — Lt (R" R) be the equivariant smooth function corresponding to . Then the
(f:)ftensor field field corresponding to " - F: PM — L{(R™ R) is called the covariant
derivative of t in direction { and is denoted by Vt.

To efficiently compute with the covariant derivative, we have to prove compatibil-
ity with certain natural operations. On the one hand, recall that there is the ten-
sor product of tensor fields, which is defined point-wise. Given ¢; € 77511(M ) and

€ Ti2(M) we have t; @ t, € T /72(M). Likewise, we can define a tensor product
1 @Yy € Lillﬁi (R™ R) for ¢; € Léi(R”, R) by distributing the arguments to the two
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mappings and then multiplying their values. It is evident, the in the picture of equivari-
ant functions the tensor product of tensor fields corresponds to the point—wise tensor
production of the associated equivariant functions.

For the second operation, suppose that we have a linear map ® : L{(R™ R) —
LY, (R™ R) which is O(n)-equivariant in the sense that ®(A-) = A - d(¢). Given a
tensor field ¢ € T,%(M) we can take the corresponding equivariant function F': PM —
L{(R™ R). Then it is clear that also ® o F : PM — Li,(R™ R) is O(n)-equivariant and
hence corresponds to a tensor field ®(t) € 7,5 (M).

Proposition 3.4. Let (M, g) be a Riemannian manifold with orthonormal frame bundle
PM. Then we have
(1) For tensor fields t; and to on M and any & € X(M), we have

(2) If ® is the operator on tensor fields induced by some O(n)-equivariant map
(denoted by the same symbol), then for any & € X(M) we have ®(Vet) = Ve(D(1)).

Proor. (1) If ¢; corresponds to F; : PM — Li, (R™,R) for ¢ = 1,2, then we have
noted already that ¢; ® t5 corresponds to the point—wise tensor product, i.e. to the
function F(y) = Fi(¢)® Fy(p). Since the tensor product on spaces of multilinear maps
is bilinear, we see that (" - F)(¢) = (" - F1)(p) @ Fa(¢) + Fi(¢) @ (€™ - Fy)(), which
implies the result.

(2) Since @ is just a linear map between finite dimensional vector spaces, we get
. (PoF)=®o (" F), which implies the result. O

Example 3.4. (1) Let us first consider the covariant derivative on 7>(M) = C*°(M, R).
We just have to observe that for a smooth map F': PM — R, being O(n)-equivariant
simply means that F or? = F for all A € O(n). But this means that F is constant
along the fibers of p: PM — M, so F = f o p for a smooth function f : M — R. But
then &" - F =¢"-(fop)=(Tp-&"- f)op= (£ f)op. This shows that Vef =& f for
feC>(M,R).

(2) Consider the trace map tr : L(R",R") — R. We can identify L(R™,R") with
Li(R™,R). This associates to f : R® — R™ the bilinear map (v, \) — A(f(v)). Under
this identification, the natural action on L}(R™, R) corresponds to the obvious action
A-f=AofoA™! Since tr(AofoA™!) = tr(f), we can view tr as an O(n)-equivariant
linear map L}(R",R) — R, where O(n) acts trivially on R, i.e. each A € O(n) acts as
the identity. Now given a tensor field ¢t € T;(M), we can view ¢ as a associating to
each x € M a linear map from T, M to itself. Forming the trace in each point, we get a
smooth function tr(¢) : M — R and from part (2) of Proposition and Example (1)
we see that tr(Vet) = € - tr(t) for any & € X(M).

A more interesting application of this is the following: Take a vector field n € X(M)
and a one—form a € Q'(M) and form n ® o € T;'(M). Now as an endomorphism this
acts via ¢ — «a(¢)n which implies that tr(n ® a) = a(n) € C*(M,R). From above, we
see that tr(Ve(n®a)) = &+ (a(n)) for all £ € X(M). But by part (1) of the proposition,
we get

Ve @a) = (Ven) @ a+n® (Vea),
and taking the trace, we get a(Ven) + (Vea)(n). Putting this together, we obtain the
formula

(Vea)(n) = € (a(n)) — a(Ven),
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which completely describes the covariant derivative of one—forms in terms of the covari-
ant derivative of vector fields.

(3) We can describe the covariant derivative of general (2)—tensor fields in a very
similar way. There is an obvious evaluation map ev : L(R", R) x R" x --- x R" — R
(with k copies of R") defined by ev(¢, X1, ..., Xi) = ¢¥(X1,..., Xg) and thisis (k+1)-
linear. One easily verifies that this is equivariant for the component—wise action of O(n)
on the left hand side and the trivial action on the right hand side.

For a tensor field ¢ € T,°(M) and ny, ..., n € X(M) applying this map pointwise to
the corresponding equivariant functions corresponds to

(t77717 s 777k) = t(TIl? s aT/k) S COO(M7]R)
Proceeding as in (2) we conclude that for any £ € X(M) we get

(Vat)(m, v k) =& (k) — Z?:J(Ulv oo Vel k)

Applying this to the Riemannian metric g € 7 (M) we conclude that the fact that
Vg = 0 (which is obvious, since g corresponds to a constant function PM — L(R",R))
can be equivalently phrased as condition (3) from Corollary [3.2]

(4) What we have done so far did not really depend on the fact that we consider
matrices A € O(n) only, since both tr and ev are actually compatible with the natural
actions of GL(n,R). To get something specific to the orthogonal group, consider the
map ® : R"” — R™ which maps v € R" to the linear functional w +— (,v). For A € O(n)
also the matrix A~! is orthogonal, so (w, Av) = (A~ w, v), so ®(Av) = A"t o®(v) which
exactly says that ® is O(n)—equivariant.

Passing to tensor fields, we see that for each € X(M) we have ®(n) € Q' (M), which
is explicitly given by ®(n)(¢) = ¢(¢,n). Since ® : R™ — R™ is a linear isomorphism,
also @ : X(M) — Q'(M) is a linear isomorphism. By part (2) of Proposition this
isomorphism is compatible with the covariant derivative.

Similarly, we can find O(n)—equivariant linear isomorphisms between L (R™ R) and
LY, (R™ R) provided that k + ¢ = k' + ¢'. The induced isomorphisms between spaces of
tensor fields are again compatible with the covariant derivative.

(5) The observation on the metric in the end of (3) can be easily generalized. Suppose
that we have an O(n)-equivariant function F': PM — Lt (R™ R) which happens to be
constant or locally constant. Then of course £ - F' = 0 for any £ € X(M) so the tensor
field t € T;*(M) corresponding to F is parallel, i.e. it satisfies V¢t = 0 for any £.

Now of course if F': PM — L{(R™, R) is locally constant and ¢ : [0,1] — O(n) is a
smooth curve with ¢(0) = I, then for any ¢ € PM we must have F(r‘®y) = F(y) for
all ¢, so in particular ¢(1)™! - F(¢) = F(p) for any such curve. Now it turns out that
one can reach any point in SO(n) = {A € O(n) : det(A) = 1} by such a curve. Hence
in order for a locally constant function to be O(n)—equivariant, its values must at least
be SO(n)-invariant, i.e. fixed by the action of any element of SO(n).

In particular, let us assume that ¢ € Lt (R" R) is O(n)-invariant, i.e. A -1 = 1
for any A € O(n). Then for any Riemannian manifold M, the constant map 1 is
O(n)—equivariant on PM and thus defines a canonical parallel tensor field on M.

There is a very interesting example for which we only have SO(n)-invariance.
Consider the determinant mapping det € LY(R™ R). By linear algebra, we have
det(Avy, ..., Av,) = det(A)det(vy,...,v,) which means that A - det = det(A™!)det
for any A € GL(n,R), so det is indeed SO(n)-invariant. Now suppose that (M, g) is a
Riemannian manifold, which is orientable. Choosing an orientation of M, any element
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@ € PM is either orientation preserving or orientation reversing when viewed as a linear
isomorphism R™ — T, M. Now define F : PM — L2(R",R) by putting F(p) = det if ¢
is orientation preserving and F'(¢) = — det if ¢ is orientation reversing. It is easy to see
that F' is smooth, thus defining a parallel n—form vol(g) € Q"(M), called the volume
form of the metric g. Explicitly, vol(g) is characterized by the fact that a positively
oriented orthonormal basis has unit volume.

3.5. The covariant derivative as an operator. In the proof of Corollary
we have seen that for ¢ € X(M) and f € C®(M,R), we have (f&)" = (f o p)éh.
As there we conclude that this implies that (f&)* - F = (f o p)&" - F holds for any
equivariant function F: PM — L{(R",R), whence Vet = fVt for any ¢t € T*(M).
Since we already know that V¢t € T/(M) we see that the (k + ¢ + 1)-linear map
Vit (X(M))FE x (QY(M))* — C°°(M,R) defined by

Vit(no, .- Mk, 0y ae) == (Vi) (s - oy My 4+ -, 0yp)
is linear over C*°(M, R) in each argument and thus defines a tensor field Vt € T2, (M).
Now one can take the covariant derivative of this tensor field and form V?*t = V(Vt) €

T o(M) and inductively V7t € T, (M) for all r € N.
In terms of this operator, we can now nicely describe how to compute the covariant
derivative in terms of an orthonormal (co—)frame:

Proposition 3.5. Let (M, g) be a Riemannian manifold of dimension n and let U C
M be open subset. Suppose that there is a local orthonormal frame {&,...,&,} with

corresponding coframe {o', ..., 0"} defined on U, and let wj- € QYU) be the unique

forms such that wf = —w§ and 0 = do* + Z]- w§ A o’ (compare with Proposition .
Then we have '

(1)V& =3, wlwg € TN (M) andVo' = =3 wi®o) € TP (M) foralli=1,...,n

(2) If n € X(M) is any vector field, and f',..., f*: U — R are the unique smooth
functions such that n|g =Y i, f'&, then

Vi =32 ((df + 200 fw)) @ &).

PRrOOF. The orthonormal frame {¢;} defined on U gives rise to a smooth section
o : U — PM of PM over U. This is characterized by the fact that o*0° = o' or
equivalently by the fact that the equivariant function PM — R"™ corresponding to &;
is constantly equal e; along the image of 0. Given a vector field £ € X(M), we can
form T,o - {(x) € T, PM for each v € U. Take the Levi-Civita connection forms
Vi€ QYPM), put X = (v}(Tpo - £(x))) € o(n) and consider Tyo - {(z) — Cx(o(z)).
Since (x(o(x)) is vertical, this is a lift of {(2) and since (7}) is a connection form, we
have (v}(—Cx)) = —X. This shows that £"(o(z)) = T, - £(x) — Cx(o(x)).

Given a smooth function F' = (F',... F"): PM — R", we can use this to compute
£"(o(x)) - F. First, we have (T,o - £(z)) - F = &(z) - (F o o). On the other hand,
if we assume that F' is O(n)—equivariant, we compute (x - F' using ideas from
There we saw that FIS¥ = 72X which shows that (FI$X)*Fi = >, ai(—t)F7, where

(ai(t)) = exp(tX). Differentlatlng with respect to t at ¢ = 0 gives — > XiF7. But
from Proposition [2.7 we know that X} = v4(T,0 - £(x)) = wi(&(x)).

Taking 1 as in (2) and the corresponding function F, we know that F oo = f’ for
alli=1,...,n so we conclude that the ith component of the function corresponding to
Ven is given by £(z) - f'+ 3, wi(§(x)) f/ (). Since this is the values of df* +3°, f/w? on
&(x) this proves (2). For n = &, the function f* is identically one while f7 is identically
zero for j # i, which implies the formula for V¢&; in (1).
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Finally, we have Vo' = 3 (Veo' )( ;)a?. Since o(;) is always constant, we con-
clude (Veo')(&) = —0'(Ve;) = —wj(§) from above. This produces the formula for
Vo' in (1). O

Before we carry this out explicitly, let us combine viewing the covariant derivative as
an operator with the considerations in (3.4 which will lead to more interesting examples.
Take a vector field n € X(M) and consider the covariant derivative Vi € T{1H(M). As
discussed in [3.4] we can then form tr(Vn) =: div(n) € C*°(M,R), which is called the
divergence of the vector field 7.

Alternatively, we can interpret Vi as a (g)ftensor field characterized by Vn(¢, () =
g(Ven, ). Now it is an obvious idea to alternate respectively symmetrize this bilinear
mapping. The alternation Alt(Vn) is given by

(€,¢Q) = 9(Ven, ¢) = g(Ven, &) =& -9, ¢) — C-9(n,§) — g(n, Ve¢ — V§),

where we have used Vg = 0. Applying part (4) of Corollary to the last term,
we see that Alt(Vn) = da, where a € QY(M) is the one—form corresponding to 7,
ie. a(§) = g(n,€). So this just reproduces the exterior derivative.

The symmetrization Symm(Vn) is given by

(€,0) = g(Ven, O) + g(Ven, €).

Using part (4) of Corollary 3.2 we can rewrite V¢n as V,£ — [0, €], and likewise for V.
Using Vg = 0, we can then write Symm(Vn)(&, () as

n-9(&¢) —ag([n,€,¢0) —g(& <)

and it turns out that this equals (£,9)(&, (), so Symm(Vn) is the Lie derivative of g
along n. The resulting differential operator is called the Killing operator and vector
fields i such that Symm(Vn) = 0 are called Killing vector fields. The importance of
this concept comes from the fact that £,g = 0 is equivalent to the fact that the flow of
7 is a local isometry where it is defined.
We can also use this to discuss an important example of an iterated covariant deriv-
ative. Let us start with a smooth function f : M — R. Then we know from Example
1) of B4l that Ve f = ¢ f, which means that V f = df € Q'(M). From Example (4) of
we know, that we can also interpret this as a vector field. This vector field is usually
called the gradient of f and denoted by grad(f). By definition, this is characterized by
g(grad(f),&) =& - f for all € € X(M). Following what we did before, we can now form
Vif =V (Vf) € TX(M) and V grad(f) € T} (M), respectively. Forming the trace, we
obtain div(grad(f)) =: A(f) € C*°(M,R). This defines the Laplace operator A which
is one of the crucial ingredients in Riemannian geometry.

Example 3.5. (1) On flat space as discussed in Example (1) of the situation is
very simple. Here the forms wj vanish identically, so each of the coordinate vector fields
0; is parallel. For a general vector field Y . f'9;, the covariant derivative is given by
S dff®d; =, y gic ~dz? ® 0", so this is simply the derivative of the R"-valued function
f=(f ..., f"). Hence the parallel vector fields are exactly the linear combinations of
the 0; with constant coefficients. The Killing equation boils down to the fact that the
matrix D f(z) is skew symmetric for each x, i.e. that gi] = a . From this one easily
concludes that D?f(x) = 0 for any z, so Df(x) equals some fixed skew symmetric
matrix X € o(n) for all x € R". This easily implies that our field has the form
> i@+ 37, Xja7)0; for constants a’ and X} with X/ = —X!. Since one easily verifies
that any such vector field is a Killing vector field, this gives a complete description.
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(2) Let us take the chart (U,u) on S™ defined by stereographic projection as in
Example (2) of . As there, we put f(u) := M, and have an orthonormal frame
defined by & = f0; with corresponding coframe given by o' = %dui with connection
forms w} = u'0? —w/o’. Using that df = 3 u/du’, we see from Proposition [3.5| that

V¢ = Zj(ujai —u'd) @ =0'® (Zj wE;) —u' Zj(aj ® &)
Viewing V¢; as a (0) —tensor, we just have to replace each §; in the last formula by o7,
and then the result can be written as +o' ® df — u'g. Since o' = g( ,&;), this also is the
formula for Vo'

From this, one can verify directly that there are no non-zero parallel vector fields
or one—forms on U. We don’t do this explicitly here since it will follow from general
arguments later on. Rather than that, we will describe some Killing vector fields on
S™. First 0; = %fi shows that V0, = —% ® &+ %Vfi, which, as a (g)ftensor, equals
#(—fuig —df @ ' + o' @df), so Symm(V;) = %g (This says that 0; is a so—called
conformal Killing vector field, which has the property that the Lie derivative of g is a

multiple of g.)
Now for j # i we see that Vu/0; = duw/ ® 9; + v/ V0;. Viewed as a (5)-tensor, this

u]u

is the sum of a multiple of du’ ® du’, g and something skew symmetric. But this

immediately implies that V(u’0; — u'0; ) viewed as a (2) ~tensor is skew symmetric, so
uw0; — u'd; € X(U) is a Killing vector field.

Remark 3.5. We have noted above that for a € QY(M
Va € TX(M) has the property that Alt(Va) = da € Q
for differential forms of higher degree: For 7 € Q*(M) C
we see from example [3.4] (3) that

(M), the covariant derivative
2(M). An analog of this holds
TOO) and ..., € X(M)

k
V1Mo, k) =00 T(Ms - Mk) 27'771,... Vol - -+ Mk)-
j=1
From this it follows immediately that this expression is already alternating in ny, ..., ng.

This implies that we can compute 3 Alt(V7)(no, ..., 7x) as

k
Z(_1)1V7<7]z7 Moy -5 Mi—15Ti+1,5 - - - 777k)

i=0
The second term in the above formula (including the minus sign) can be rewritten as
k

Z(_l)JT(vnonj)nla SR 77/]}7 B 777k>

j=1
Performing the alternation as indicated above, the term V,,7; occurs exactly once for
each i # j and the sign is (—1)""7 for + < j and (—1)""*! for + > j. Hence using
Vi — Vi, mi = [ni, ;] we arrive at 5 Alt(Vr) = dr.

Parallel transport and geodesics

3.6. Parallel transport. We now discuss how the Levi-Civita connection can be
used to relate the tangent spaces of M along a curve. Let ¢ : I — M be a smooth
curve and let £ € X(M) be a vector field. Then we say that £ is parallel along c if
0 = Vewé € TeyM holds for all ¢ € I. Our first task is to show that this actually
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depends only on the restriction of £ to the subset ¢(I) C M. In fact, the right concept
is the following:

Definition 3.6. For a smooth curve ¢: I — M in a smooth manifold M, a vector field
along ¢ is a smooth map & : I — T'M such that p o { = ¢, i.e. such that £(t) € Ty M
for all t € I.

Observe in particular that ¢ is a vector field along ¢ in this sense. Now one can
show that for a vector field § along ¢, one obtains a well defined vector field V¢ along
c. One way to prove this is to choose vector fields &, € X(M) such that £(c(t)) = £(t)
and 7j(c(t)) = ¢(t) holds for all t € I and then show that V;£(c(t)) is independent of
the choices for all t. We will follow a different, more conceptual approach based on lifts
of curves. A lift of ¢ to PM is a smooth curve ¢ : I — PM such that po ¢ = c. Such a
lift is called horizontal if and only if v}(&(t)) = 0 holds for all ¢ € I and all i, j.

Proposition 3.6. Let (M, g) be a Riemannian manifold with orthonormal frame bundle
PM, let ¢c: I — M be a smooth curve defined on I = [a,b] C R.

For any @y € p~'(c(a)) C PM there exists a unique horizontal lift i - I — M
which maps a to py. For A € O(n) we have C?A(%) =rtod .

PROOF. Let U C M be an open subset such that there is a local orthonormal frame
for M defined on U and let ® : p~'(U) — U x O(n) be the induced diffeomorphism
as in Proposition If ¢(I) C U, then ¢ : I — p~}(U) is a lift of ¢ if and only if
O(c(t)) = (e(t), A(t)) for some smooth curve A : I — O(n). In particular, this shows
that lifts exist in this situation. Moreover, if ¢;, ¢y are two such lifts, then there is a
smooth curve B : I — O(n) such that &(t) = r2®(¢,(¢)). (This curve is given by
B(t) = A(t)"'Ay(t).) Conversely, given ¢; and B, we can use this to define a lift é,.

Differentiating the curve t — A;(¢t)B(t) in O(n), we get A\ (t)B(t) + Ay (t)B'(t).
Moreover B'(t) € TpyO(n) and thus B(t)"'B'(t) =: X(t) € o(n) and this defines
a smooth curve X : I — o(n). In terms of this, our derivative can be written as
AL(t)B(t) + A1(t)B(t) X (t). Carrying this back via ®, we conclude that

&(t) = Trnw - & (1) + Cx o (@1 (1))-

Next let us suppose that ¢ is horizontal. Then ~}(¢(t)) = 0 for all ¢, and since the
vi define a connection form, we also get v(T,zw - ¢)(t)) = 0 for all 7 and j. Hence
we conclude that ~i(c(t)) coincides with the 4, j-component of X(t), so & is also
horizontal if and only if X (¢) = 0 for all ¢. This is equivalent to B'(t) = 0, i.e. to B(t)
being constant. Hence (still assuming that ¢(/) C U), there is at most one horizontal
lift with a chosen initial value and then all horizontal lifts are obtained by applying ¥
for fixed B € O(n).

Starting from an arbitrary lift &, we can view the v}(¢) (t)) as defining a smooth curve
Y (t) in o(n). Making the ansatz &(t) = r%®(¢,(t)), we conclude from the above formula
for &(t) that the curve in o(n) corresponding to 7(&(t)) is given by B(t)~'Y (t)B(t) +
B(t)"'B'(t). Thus we conclude that in order to find a horizontal lift, we have to solve
the differential equation B'(t) = Y (¢)B(t) on curves in O(n) with the curve Y in o(n)
being given.

Now for Y € o(n) and A € O(n), one immediately sees that YA € T4O(n). Hence
we conclude that E 4y := R - (1,Y(t)A) C R x T4O(n) = T4 4)(I x O(n)) defines a
smooth one-dimensional distribution on I x O(n). By the Frobenius Theorem, there are
local integral submanifolds of this distribution, and if N is an integral manifold, then
by definition the tangent map of the first projection restricts to a linear isomorphism on
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each tangent space of M, so this is a local diffeomorphisms around each point. Inverting
this, and composing with the second projection, we can interpret N as the graph of a
smooth function, and by construction this solves the equation. Hence we get local
unique solutions with given initial values. By compactness of [a, b] these can be pieced
together to a global solution. This completes the proof in the case that ¢(/) C U.

In general, compactness of [a,b] implies that we can find finitely many subsets
Uy,...,U, as above and points a = a1 < as < by < --- < a, < b, = b such that
c(las, b)) C U;. Fixing ¢g € Pea)M we can construct a horizontal lift of ¢, : [a, b] —
PM of |, p,] with ¢ (a1) = po. Next take ¢i(az) € Peap)M and construct a horizontal
lift & : [ag, by] — PM of c|ay,) With this initial value. Then by construction ¢ g,
and Cy|[4,p,) are horizontal lifts of c|(,s,), which have the same value in ay and thus
have to agree. So these curves piece together to a smooth curve on [aq, by]. Iterating
this procedure, we get a horizontal lift of ¢ with initial value . O

Now suppose that ¢ : [a,b] — M is a smooth curve and £ : I — TM is a vector
field along c¢. Take a horizontal lift ¢ : I — PM of ¢, and define F' : I — R" by
F(t) :== (c(t))"'(&(t)), where keep in mind that ¢é(t) € P,y M is an orthogonal linear
isomorphism R" — T, M. Now take the derivative F'(¢) and consider the tangent
vector n(t) := (c(t))(F'(t)) € T, M, where we interpret c(t) as a linear isomorphism as
above.

If ¢ : I — PM is another horizontal lift of ¢, then there is a unique element A =
(a}) € O(n) such that é(a) = r*(¢(a)). By Propositionwe have ¢ = 14 0¢, i.e. ¢(t) =
¢(t)o A as a linear isomorphism. Starting from the horizontal lift ¢ instead of ¢, we thus
get the function A~! o F' instead of F. Since A is linear, we get (Ao F) = A~ o F’
and hence (¢(t))((A™ o F)'(t)) = (¢(¢))(F"(t)) so the tangent vector n(t) is independent
of the choice of the horizontal lift. Hence we can use this to get a well defined vector
field V¢ along c. )

Let us finally fix a horizontal lift ¢ of ¢ and choose vector fields &, € X(M) such
that £(c(t)) = &(t) and 7(c(t)) = ¢/(t). Then the smooth equivariant function F :
PM — R" corresponding to & by definition satisfies F/(¢(t)) = F(t). Moreover, since
¢ is horizontal, &(t) is the horizontal lift of Tzpyp - &(t) = (po &) (t) = (t) = 7(c(t)).
Since &(t) - F' = (F 0 ¢&)'(t) = F'(t) this shows that Vuu&(t) = Vi(c(t)). This proves
the first part of

Theorem 3.6. Let (M, g) be a Riemannian manifold and c : [a,b] — M a smooth
curve.

(1) For any vector field & : I — T'M along c, there is a well defined vector field V &
along ¢ such that for vector fields €, 7 € X(M) with &(c(t)) = £(t) and 7(c(t)) = ¢ (t) we
have V€ (c(t)) = Vo&(t).

(2) For any tangent vector & € ToayM, there is a unique vector field Pt [ — TM
along ¢ such that Pt*(a) = & and V. Pt® = 0.

(3) Mapping & to Pt (b) defines an orthogonal linear isomorphism Pt,. : ToyM —
Tc(b)M-

(4) The parallel transport is invariant under orientation preserving reparametriza-
tions, i.e. if Y : [/, b'] — [a,b] is an orientation preserving diffeomorphism then Ptooy =
Pt..

PrROOF. We have proved (1) already. To prove (2), choose a horizontal lift ¢ of ¢
and put X := (¢(a))"1(&) € R", where we view ¢(a) € P,M as a linear isomorphism
TowM — R™. Then we define Pt2°(¢) := (&(t))(X) € TupyM. Of course, this defines a
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vector field along ¢ such that Pt$°(a) = &. Moreover, by construction Pt$ corresponds
to the constant function X via &, so Vo Pt = 0. Conversely, if we have a vector field
¢ : I — TM along c such that V& = 0, then the function F(t) = (¢(¢))"(£(t)) must
be constant and if £(a) = & then F'(a) = X, which proves uniqueness.

(3) From the proof of part (2) we see that we can write Pt, as ¢(b) o (¢(a))™! for any
horizontal lift ¢ of c.

(4) If ¢ is a horizontal lift of ¢, then evidently ¢ o ¢ is a lift of ¢ o ¢ and since
(o) (t) = &(¢(t))yY'(t), this lift is horizontal. Now the result immediately follows
from (3). O

Remark 3.6. (1) The concepts related to parallel transport generalize without essential
changes to tensor fields. One defines tensor fields along a smooth curve c¢ similarly to
vector fields along ¢ and shows that for a tensor field ¢ along ¢, one has a well defined
tensor field V.t along ¢, which can also be computed using extensions. Prescribing the
value in the initial point of ¢, one can then uniquely construct a parallel tensor field
along ¢, and use this to define parallel transport between tensor spaces.

(2) The parallel transport is the crucial ingredient for the concept of holonomy, which
is one of the cornerstones of Riemannian geometry. Starting from a point ¢y € M, one
considers piecewise smooth closed curves starting and ending in zy. For each such
curve, one obtains an orthogonal map Pt. : T, M — T, M and this maps constitute a
subgroup of the orthogonal group O(T,,M). Choosing an orthogonal identification with
R™, this gives a subgroup Hol,, (M) C O(n) which is well defined up to conjugation.
One easily shows that, provided that M is connected, different choices of xg lead to
conjugate subgroups in O(n), so one usually talks about the holonomy group of M as a
subgroup of O(n) which is well defined up to conjugation.

The importance of the concept of holonomy comes from the fact that by works of
G. deRham and M. Berger one can describe all possible holonomy groups.

3.7. Geodesics. From the theory developed so far, we now get a class of distin-
guished curves in any Riemannian manifold in a very simple way. Recall from that
for a smooth curve ¢ : I — M, the derivative ¢ : I — T'M defines a vector field along
c. Hence we can simply require that ¢ is parallel along c.

Definition 3.7. A smooth curve ¢ : I — M in a Riemannian manifold is called a
geodesic in M if V. = 0 along c.

With the tools developed so far, we can easily prove existence of geodesics. We first
observe that the soldering forms #° together with the Levi-Civita connection forms ”y}
induces a trivialization of the tangent bundle TP M of the orthonormal frame bundle.
More precisely, consider the map TPM — PM x (R™ & o(n)) defined by mapping
£ € T,PM to (¢, (6°(€)), (7(€))). This is evidently smooth and it maps onto the first
factor. Moreover, from Proposition we know that the joint kernel of the forms '
on a tangent space of T,,PM coincides with the vertical subspace ker(7,p). From the
definition of a connection form it follows that (vi(¢)) is injective on this subspace. This
easily implies that our mapping as well as its derivative in a point is bijective. As a
bijective local diffeomorphism it has to be a diffeomorphism.

This in turn induces a bijection between the space X(PM) of vector fields and the
space C*°(PM,R™ & o(n)). In particular, we can consider the constant vector fields on
P M, which correspond to constant functions. The constant vector field corresponding
to X € o(n) C R" @ o(n) is simply the fundamental vector field (x by definition of a
connection form, so nothing new is obtained there. Hence the main new ingredient is
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formed by the constant vector fields © € X(PM) corresponding to elements v € R™.
Observe that the definition of the soldering form immediately implies that for a point
¢ € PM, the orthogonal isomorphism ¢ : R™ — T,,)M is characterized by ¢p(v) =
Top - 0().

For later use, we also observe that the subspace H,PM C T,PM formed by the
vectors 0(y) always has dimension n. Since they coincide with the joint kernel of the
forms 7} in the point ¢, we conclude from Proposition that these spaces fit together
to define a smooth distribution HPM C T'PM of rank n. This is called the horizontal
distribution of the Levi-Civita connection.

Lemma 3.7. Let (M, g) be a Riemannian manifold, x € M a point and § € T, M a
tangent vector. Then there exists a unique maximal open interval I, C R containing 0
and a unique mazimal geodesic ¢ : I, — M such that ¢(0) = x and ¢/(0) = &.

ProoF. We first prove local existence and uniqueness. Let p : PM — M be the
orthonormal frame bundle of M, choose a point ¢ € p~!(x) and consider the horizontal
lift &" € T,PM of £ (see Proposition [3.1). Put v := (0'(¢"),...,0"(¢")) € R™ and
consider the associated constant vector field v € X(M).

Suppose that ¢ : I — PM is an integral curve of v defined on an interval I containing
0 such that ¢(0) = ¢ and consider the smooth curve ¢ =poé: I — M. Of course we
have ¢(0) = z and ¢/(0) = T'p-&(0) = T'p-&" = €. Moreover, by definition & (t) = 9(c(t)),
s0 7i(¢(t)) = 0 for all ¢ and j. This means that ¢ is the horizontal lift of ¢ with initial
value . Hence we can compute V¢ using this horizontal lift. But by construction,
the vector field ¢’ along ¢ corresponds via the horizontal lift ¢ to the constant function
v. Thus V¢ = 0 along ¢, so ¢ is a geodesic.

Any other choice for the initial point in p~!(x) is of the form r4(y) for some A €
O(n). Now consider the curve ¢ := r4oé: I — PM. Of course ¢(0) = 7(y) and
¢ (t) = Tryr? - &(t). Hence 0(¢'(t)) = (r*)*0'(¢(t)) which is constant by equivariancy
of the soldering form. Likewise, 4(&/(t)) = (r*)*74(& (t)) which vanishes by equivariancy
of the connection forms. Thus ¢ is again an integral curve of a constant vector field, and
since Tp - & (0) = Tpo Tr4 - &(0) = &, this is the integral curve one gets when starting
the above construction from (i) instead of . But since poé=pordocé=poc=c,
a different initial point leads to the same curve c.

Conversely, given a geodesic ¢ : I — M with ¢(0) = 2 and ¢(0) = &, consider a
horizontal lift ¢ of ¢. Then by definition 7(¢(t)) = 0, whence the function I — R”
corresponding to the vector field ¢ along ¢ can be written as (°(¢'(¢))). Since Vo =0,
this must be constant, so ¢ is an integral curve of a constant vector field v with v € R™.
Since p o ¢ = ¢, we must have T'p - &(0) = £ so & (0) coincides with the horizontal lift of
¢ to the point ¢(0).

Having established the correspondence with integral curves of constant vector fields,
we conclude that locally there is a unique geodesic with given initial point and initial
direction. Then one can piece together local geodesics to obtain a unique maximal
geodesic with the given initial data. |

From the construction of geodesics, we can easily deduce that they are preserved
under isometries. This will lead to surprising restrictions on how many isometries may
exist.

Proposition 3.7. Let M and M be two Riemannian manifolds of the same dimension
and ® : M — M an isometry. Then for any geodesic ¢ : I — M in M, the image
boc: I — M is a geodesic, too.
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PROOF. In the proof of Corollary [3.2] we have seen that ® uniquely lifts to a local
diffeomorphism P® : PM — PM such that po PP = & op, PP is equivariant for the
principal right actions, ('P@)*éi = 6" and (P@)*ﬁj’: = 7; This in particular implies that
P® pulls back constant vector fields on PM to constant vector fields on PM with the
same generator in R”.

Now given ¢, take t € I, put = = ¢(t) and £ := /(t), choose ¢ € P, M and consider
Po(p) € Pq,(x)]\;[. Then from the proof of Corollary [3.2{ we know that P®(¢)(T,P-£) =

p(€) =:v € R". Now let n € X(PM) and 1 € X(PM) be the constant vector fields
corresponding to v. Then form above we know that (P®)*n = n.

From Lemma 3.7, we know that ¢ can be locally around = written as the projection
of the integral curve ¢ of n through ¢. From the construction, we conclude that P® o ¢
is an integral curve of 77 through P®(y). But this shows that poPPoé = Popoé = Poc
is a geodesic in M. O

To proceed towards an elementary characterization of geodesics, we give a descrip-
tion of the covariant derivative in local coordinates. Suppose that (M, g) is a Rie-
mannian manifold and (U, ) is a chart of M. Then consider the associated coordinate
vector fields 0; = aii' Then for 4,5,k = 1,...,n, we define the Christoffel-Symbols
Iy : U = Rby Vyd; = >, Thok. Observe that since [0;,9;] = 0, the Christoffel
symbols are symmetric in the lower indices, i.e. F?Z- = Ffj for all 7, j, k. Now we extend
the Christoffel symbols in each point to a bilinear map T, M x T,,M — T, M by putting

P2 €0:(x), 32,1 05(w)) = 32, 1 €T 0k ().

One has to be careful at this stage that the Christoffel symbols have a complicated
behavior under a change of coordinates. In particular, these bilinear maps do not fit
together to define a tensor field. We will not need the explicit transformation law,
although computing it is a nice exercise.

From the definition of the covariant derivative, it follows immediately how to express
a general covariant derivative in terms of the Christoffel symbols. Indeed, for & = ", £'0;
and n = > . 170; we get

Ven = Zi,j §'Vo, (7 0;) = Zi,j é*zgzz 9; +T(&m),
so the Christoffel symbols in general measure the difference between the covariant de-
rivative and the component—wise directional derivative of 7 in direction &.

In these terms, we can immediately express the differential equation characterizing
geodesics in local coordinates. For a smooth curve ¢ : I — U we can expand the
derivative as ¢/ (t) = >, £0i(c(t)), and then extend the &' in some way to locally defined
smooth functions. Then the components of ¢”(t) are of course given by

€ (cl) = DE(c()( (1) = 32, € (c(t)) 5o
This shows that ¢ is a geodesic if and only if ¢’(t) + I'(¢/(t), d(t)) = 0 for all ¢. Hence in

local coordinates geodesics are the solutions of a system of second order ODEs, which
explains Lemma and provides an alternative proof of this result.

Example 3.7. (1) On the flat space R", the Christoffel symbols vanish identically by
definition. Thus the geodesic equation reduces to ¢’ (t) = 0 and geodesics are the linearly
parametrized straight lines.

2) Let us consider the chart on S™ defined by stereographic projection as in Exam-
ples and . So on R™ we consider the vector fields £ = f9%, where f(u) = L3 W)

2
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From Example We get Vel =3, w/&. Now the curve c(t) = tan(t/2)e; evidently
satisfies ¢/(t) = ;(tan?(t/2))e; = f(c(t))0;, so ¢(t) is an integral curve for &. From
above, we thus get V. c(t) = 0, so ¢ is a geodesic. Under the chart defined by stereo-
graphic projection (see this corresponds to the curve ' = sin(t), " = cos(t), so
this is simply a great circle in its natural parametrization. One can verify in a similar
way that c(t) = tan(t¢/2)v defines a geodesic for any unit vector v, and this gives all
great circles through the south pole. Note however, that straight lines which do not go
through zero do not correspond to geodesics on S™ (with any parametrization).

3.8. The variational characterization of geodesics. While this aspect of geo-
desics is rather an aside in our approach it is the basis for the “elementary” development
of Riemannian geometry and it gives intuitive insight. The basic idea is that apart from
the arc length as discussed in there is also a natural notion of energy that one can
associate to a curve in a Riemannian manifold: Given a smooth curve ¢ : [a,b] — M,
one defines the energy of ¢ as

EYe)i= 1 [ alel®)(t). (1)t

From a physics point of view, this is the amount of work needed to move a particle
of unit mass along the curve ¢. Now there is a natural concept of smooth families of
curves, namely a smooth map [a,b] X (—¢,¢) — M. What we want to show is that the
geodesics in M are exactly the curves which are critical points for the energy functional,
assuming that the endpoints are fixed. The first step towards this is to derive a formula
for the covariant derivative which is very helpful in other situations, too. This can be
used to give a formula for the Christoffel symbols on the domain of a chart in terms of
the functions g;; describing the metric in this chart.

Proposition 3.8. Let (M, g) be a Riemannian manifold, and let V be the covariant
derivative.
(1) (“Koszul formula”) For vector fields £,n,( € X(M) we have

29(Ven, ¢) =& -9(n,¢) —C-g(&n) +n-9(,8)
+ 9([& 1], ¢) + 9([¢, &, m) — g([n, ¢], &)

(2) Let (U, u) be a chart on M with coordinate vector fields 0;, let g;; be the functions
describing the metric in this chart and let g% be the components of the pointwise inverse
matriz. Then the Christoffel symbols in our chart are given by

kE _ kel [ 99¢ dgie _ 09ij
Fij _ ng 2 <8ui + oud Out

PROOF. (1) We write out the fact that V is metric from part (3) of Corollary
three times with cyclically permuted arguments and multiply the middle line by —1 to
get

§-9(n,¢) = 9(Ven, €) + g(n, Ve()
—C-9(&n) =—9(Ve§m) —g(&, Ven)
n-9(¢,8) = g(Viy(, ) + 9(¢, V&)

Now we add up these three lines, use V¢( — V& = [€,(] and likewise for n and (.
Finally, we can replace V¢en + V, € by 2Ven — [€, 1] to obtain the result.
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(2) Observe first that since the 0; form a basis for each tangent space, a tangent
vector §& € T,M is uniquely determined by the numbers by := g¢,(&, de(x)) for ¢ =
L...,n. If & =5 a*0(x) for real numbers a”, then b, = Y, a*gs, and hence a* =
>0 9" be. Now by definition V,0; = >, TF0k, so we see that

FZ("'U> = Z gkegr(vaiajﬁ ).
L

computing the left hand side using the Koszul formula, all terms involving Lie brackets

vanish, while 0; - g(9;, k) = aag;f and similarly for the other summands. O

Remark 3.8. Note that in the proof of the Koszul formula we have not really used
how the covariant derivative is defined, but only properties (3) and (4) from Corollary
So the proof actually shows that the covariant derivative is uniquely determined
by these properties. The second part of the proposition then computes the covariant
derivative of coordinate vector fields in terms of the functions g;;. In an “elementary”
approach to Riemannian geometry, one may take the observations on critical points for
the energy that we are going to make next as a motivation, then use the formula in (2)
to define the covariant derivative for coordinate vector fields and extend this to general
vector fields via requiring properties (1) and (2) of Corollary [3.2]

To discuss critical points for the energy functional, we work in a chart. So we have
given a family cs(t) := c(t,s) for a smooth map ¢ from [a,b] X (—¢,€) to some open
subset V' of R". This set is endowed with a metric given by functions g;;, and we want
to compute %|S:0Eg(cs). Since everything depends smoothly on s, we can exchange
integration with the partial derivative, so we first have to compute

5:9(c(s,1))(c' (s, 1), (s, 1)),

where /(s,t) = 2c(s,t). Recall that positive definite matrices form an open subset
Si(n) in the vector space of symmetric matrices. Viewing g = (g;;) as a smooth
function V' — S, (n), our expression becomes (g(c(s,t))c(s,t),c'(s,t)) so this comes
from a trilinear map. Let us write r(s,t) := 2c(s,t) so this is the variation of c. Using

this, the derivative is given by

sllgoc)d,d) =(D(goc)(r)c. ) +2((go o), c),

where we have used the fact that partial derivatives commute as well as symmetry of
the matrix. Now if we integrate this with respect to dt, we can partially integrate in
the second summand in order to get rid of the derivative of r. This leads to the first
variational formula

2Ee) =(es D)), 7. )) ~ gles(@)(€l(a), (@)
b
+ [ 4D o I ) ~ (Dlg o) — (tg o ) dt

The nice feature of this is that the value for fixed s, only depends on r(_, s) and not on
its derivatives. Moreover, if we want to consider variations with fixed end points, then
rs(a) = rs(b) = 0, so we do not have to consider the boundary terms. But writing out
the first two terms in the integral in coordinates and using symmetry for the second
one, we get
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where we have used part (2) of Proposition in the last step. This implies that the
whole integrand in the first variational formula can be written as

—g(c{(t) + D(c(t), ¢i(t)), r(t))dt.
Evidently, this vanishes at s = 0 for any choice of r if and only if ¢ (¢)+T'(cy(t), ¢ () =0
for all £, i.e. if and only if ¢ is a geodesic. So we conclude that the geodesics are exactly
critical points of the energy functional for the variations fixing the end points.

3.9. The exponential mapping. We can next use geodesics to construct canoni-
cal charts on a Riemannian manifold. There are two slightly different ways to formulate
this, for either of which one has to fix a point € M. Then one can either get a canon-
ical chart with center x that has values in the tangent space T,M. The other option
is to get a family of charts centered at x with values in R", which is parametrized by
the fiber P, M and hence essentially by O(n). We start the discussion with the first
possibility, for which one usually considers the local parametrization inverse to the chart
map as the main object.

Let (M, g) be a Riemannian manifold, z € M a point and £ € T, M be a tangent
vector at the point z. Then by Lemma there is a maximal geodesic ¢ : [ — M
emanating from z in direction &, and if 1 € I, then we define exp,(§) := ¢(1) € M.
Thus we obtain a map exp, from some subset of T, M to M, called the exponential

mapping.

Proposition 3.9. Let (M, g) be a Riemannian manifold and x € M a point.

(1) There is an open neighborhood U of zero in T, M such that exp, defines a smooth
map U — M. This can be chosen in such a way that for & € U and r € [0,1] we also
have v € U. Moreover, Ty exp, = idr, v so exp, is a diffeomorphisms locally around
zero.

(2) For any & € T, M, the geodesic emanating from x in direction £ is locally given
as t — exp,(t&), so straight lines through 0 in T, M are mapped to geodesics in M.

(8) Take € > 0 such that exp, restricts to a diffeomorphism on the ball of radius €
around 0 in T, M. Then for 0 < p < € the geodesic sphere

Sp(@) = exp,({§ € ToM : g:(€,€) = p*})
is a smooth submanifold in M which intersects any geodesic through x orthogonally.
(4) Let M be another Riemannian manifold of the same dimension as M with ex-

ponential maps exp and let ® : M — M be an wsometry. Then for any point x € M,
there is an open neighborhood U of zero in T, M such that ® o exp, = exXpgy,) © T ®.

If M is connected and Oy, Py : M — M are isometries such that ®1(xg) = o)
and T,, &1 = T,, Dy holds for one point xy € M, then &, = D,.

Proor. Consider the product PM x R". Using T(PM x R") = TPM x R" we can
define a vector field = on this manifold by Z(¢, v) := (0(p),0). Clearly, the flow of this
vector field through (i, v) up to time ¢ is given by (F17(),v). Now choose an element
wo € P, M, i.e. an orthogonal linear isomorphism R" — 7, M. By the general theory
of flows, it follows that there is a number € > 0 and and open neighborhood of (g, 0)
in PM x R"™ on which the flow of £ is defined for all ¢ with || < e. Intersecting this
neighborhood with {po} X R™ we obtain an open neighborhood V of 0 in R such that
for v € V the flow FI%(¢,) is defined provided that |t| < e. Now observe that for A € R

and v € R", we have Av = Ao and FI}* = F13, wherever defined.
From the proof of Lemma 3.7, we know that for £ € T, M, the geodesic emanating
from x in direction € can be written as p o FIY(¢g), where v = (p9)~1(¢) € R™. This
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implies that putting U := {¢ € T, M : L¢o(€) € V} the map exp, is defined and smooth
on U, which implies the first two claims in (1). For £ € T, M, we of course have t{ € U
for |¢| sufficiently small, and putting v = (o)~ (€) we get exp, (t£) = F1{ (o) = F1 (o),
which implies (2). This in turn shows that 2|y exp, (t£) = £, which completes the proof
of (1).

(3) Any sphere is a smooth submanifold in 7, M and since S,(x) is the image of
an appropriate sphere under a diffeomorphism, it is a submanifold, too. To prove that
geodesics through z intersect the sphere orthogonally, fix p, consider a smooth curve
v(s) in T, M such that ||v(s)|| = p for all s, and define ¢(s,t) = c,(t) := exp,(tv(s)).
This is a smooth family of curves and by construction each ¢, is a geodesic. Moreover,
,(0) = v(s) and hence g(c.(0),c,(0)) = p? for all s. Since each ¢, is a geodesic, the
function t — g(c.,(t), c,(t)) is constant. This is clear either form the fact that () lifts
to a constant vector field on PM or one observes that

H9(c (1), (1)) = (1) - g(c(t), € (1)) = 29(V ey &4(t), €,(1)) = 0.

Hence we see that Ej(c;) = p* for all s and hence £[oE}(c;) = 0. Computing this
derivative via the first variational formula from the integral vanishes since ¢q is a
geodesic, so only the boundary terms remain. But the variation of the family is given by
r(s,t) = Zc(s,t) = Texp, tv/(s), so 7(0,0) = 0 for all s, while r(0,1) = T exp, v'(0),
so we obtain 0 = g,1)((co)'(1), 7T exp, -v'(0)) for any choice of v. Of course any vector
tangent to S,(x) can be written as T exp, -v'(0), which completes the proof.

(4) For £ € T, M consider the geodesic c(t) = exp(t&) in M. Of course, (®oc)'(0) =
T.0-¢ € T¢(Z)M. But from Proposition we know that ® o ¢ is a geodesic in M, so
(P oc)(t) = expgy (tT,® - £), which implies the first claim.

For the second claim, consider A := {x € M : &y(x) = Oy(x), T, P, = T, P2} C M.
This is evidently closed and by assumption it is nonempty, since g € A. But from
what we have just proved it follows that for x € A, the maps ®; and $, coincide on
an open neighborhood of x and then also their tangent maps have to coincide in each

point of this neighborhood. But this shows that A is open and since M is connected,
this implies A = M. |

Using this result we can now prove one of the fundamental results on geodesics,
namely that two points which are close enough can be joined by a geodesic which is a
shortest curve connecting the two points. Basically this is done by writing curves in
polar coordinates in the parametrization given by the exponential mapping. This also
proves that the distance function d from indeed makes M into a metric space.

Corollary 3.9. Let (M, g) a Riemannian manifold, v € M a point and € > 0 a number
such that exp, restricts to a diffeomorphism from B.(0) := {& € T,M : g.(£,€) < €2}
onto an open neighborhood U of x in M.

(1) Let uw : [a,b] — [0,€) and v : [a,b] — T,M be smooth functions such that
gz(v(t),v(t)) = 1 for all t and put c(t) := exp,(u(t)v(t)). Then the arc length of c
satisfies L (c) > |u(b) — u(a)| and equality holds if and only if u is monotonous and v
15 constant.

(2) Fory = exp,(§) € U, the geodesic t — exp,(tf) is a length-minimizing curve
joining x to y, and up to reparametrizations it is the unique such curve.

PRrOOF. (1) By definition ¢(t) = T exp, -(v/(t)v(t) + u(t)v'(t)) and by part (3) of

Proposition [3.9| the two vectors T"exp,, -(u/(t)v(t)) and T exp,, -(u(t)v'(t)) are perpendic-
ular. Along the line spanned by v(t), the vector T exp, -v(t) is the speed vector of a
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geodesic, whence we conclude that g(T exp, -(u/'(t)v(t)), T exp, -(v/(t)v(t))) = |u'(t)|*.
By Pythagoras, g(c/(t),c(t)) > |u/(t)]* with equality only for v'(t) = 0. Hence we ob-
tain L2(c) > f; |/ (t)|dt < |f; o' (t)dt| = |u(b) — u(a)| as claimed. The first inequality
becomes an equality if and only if v/(t) = 0 for all ¢ i.e. iff v is constant, while the
second one becomes an equality if and only if «/(¢) has constant sign and hence u is
monotonous.

(2) For y € S,(x), we of course have d(z,y) < p, since the geodesic joining = to y has
length p. From (1) we see that any curve joining x to y which stays in S, Uexp,(B,(0))
has length at least p, since any such curve can be written in the form used in (1). But
any curve leaving this set has to have larger length, since the part to the first intersection
with S,(x) already has length p. This shows that the geodesic is a length minimizing
curve. Conversely, a minimizing curve must stay in S, U exp,(B,(0)), and then the
equality part of (1) says that a minimizing curve must be of the form exp_(u(t)v) for a
monotonous function u, and hence a reparametrization of the geodesic exp,(tv). 0J

Remark 3.9. There are lots of further interesting facts about the exponential mapping.
On the one hand, one can define exp as a map on an open subset of TM by exp |, =
exp,. Denoting by ¢ : TTM — M the canonical projection, one can the prove that
(q,exp) defines a diffeomorphism from an open neighborhood of the zero section in 7'M
(i.e. the set of the zero vectors of all tangent spaces) onto an open neighborhood of the
diagonal in M x M.

Second there is the concept of completeness, which is crucial in Riemannian geom-
etry. A Riemannian metric is called complete if any geodesic is defined on all of R. If
M is compact, then one easily shows that PM is compact (since O(n) is closed and
bounded in M, (R) and hence compact). Thus any vector field on PM is complete,
whence any Riemannian metric on M is complete.

For non—compact manifolds, the so—called Hopf-Rinov theorem characterizes com-
plete Riemannian metrics as those for which the metric space (M, d) is complete in the
topological sense, or equivalently by closed bounded sets in (M, d) being compact. On
a complete Riemannian manifold, any two points can be joined by a geodesic which is
a length minimizing curve.

3.10. Normal coordinates. The second way to construct canonical charts from
geodesics is usually referred to as Riemannian normal coordinates centered at x € M.
In addition to the center x € M, one has to choose an element pq € P,M, i.e. an
orthogonal linear isomorphism R™ — T, M. Then exp, oy, defines a diffeomorphism
from an open neighborhood V' of 0 in R™ to an open neighborhood U of x in M, whose
inverse defines a chart v : U — V. The main properties of normal coordinates follow
easily from the properties of the exponential map we have verified in [3.9]

Theorem 3.10. Let (M, g) be a Riemannian manifold, x € M, let (U,u) be a normal
coordinate chart centered at x and put V = w(U) C R". Then we have:

(1) The straight lines t — tv (defined for sufficiently small t) are geodesics through
x =u"1(0). The geodesic spheres S,(x) around x which are contained in U are mapped
diffeomorphically onto spheres around 0 in R™ of the same radius.

(2) The functions g;; : V- — R describing the metric have the property that ¢;;(0) =
0ij and their partial derivatives vanish in zero.

PROOF. (1) follows directly from the results proved in[3.9] By construction Tpu=! =
Ty exp, 0o = o, so this is orthogonal, whence g,;;(0) = 6;;. The fact that the straight
lines through zero are geodesics implies that Vy, 0; vanishes along the line te; locally
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around 0, so in particular Vy,0;(0) = 0. Likewise 0 = Vy,1,(9; + 0;)(0) and expanding
this, we conclude that 2V,0;(0) = 0 for all 4, j. But then we can compute 0; - gj as

az' : g<8j7 ak) = g(vaiaj7 ak) + g(aj7 vaiak)a
so this also vanishes in 0. O

Viewing a normal coordinate chart as approximating a general Riemannian metric
by the flat metric on R™ it tells us that such an approximation is possible to first order
in a point (i.e. the value and the first partial derivatives are the same). This may look
weak at the first glance, but we shall see that one cannot do any better than that. This
is due to the fact that the second partial derivatives of the functions g;; in 0 are related
to the Riemannian curvature at x which is an invariant of the metric g. Of course one
also has additional properties like the lines through 0 being orthogonal to the spheres
around zero, but they are not sufficient to deduce a higher order approximation in the
center.

The Riemann curvature

3.11. The Riemann curvature is the basic invariant of a Riemannian manifold.
The motivation for its definition comes from the differential equations we deduced for
the homogeneous model in Theorem [2.2] Having at hand the tautological soldering form
6 = (6") we have used the first of these equations to define the Levi-Civita connection
forms, i.e. we have found a unique connection form v = (7;) such that do —|—Z NG =
0. Now we can look at the second equation and thus consider dv! + >, vp A7F. We
proceed similarly as in and first show that this expression vanishes if one inserts one
fundamental vector field. A

We know form [2.5( that for X = (X7) € o(n), the flow of the fundamental vector
field Cx is given by FI;¥ = r®PX)_ Since i¢, 7} = X! is constant, dic,~: = 0, so we can
compute

Z.CXdV; = ECX’Y; - %|t 0(F1<X>* ;
By definition of a connection form, we have (rePUX) )yt = bi () yfal(t), where exp(tX) =
(a%(t)) and (b%(t)) = exp(—tX). Differentiating at t = O we obtain

% (Cxom) = 2o (= X5y () + () XF) = = 32 A7) (Cxm)),

which proves our claim. Still as in [2.5, we thus conclude that there are uniquely deter-
mined smooth functions ngij with ngij = —Rk/j such that

dYi+ 3 AV = Yoo Rid 0% A6

Theorem 3.11. (1) The functions Ry'; define a (é)—tensor field R on M, which,
viewed as a map X(M) x X(M) x X(M) — X(M), is given by

R(&1,8) () = Ve, Ven = Ve, Ve — Vig -

This tensor field satisfies R(&2,&1) = —R(&,@) and that each of the maps R(&1,&2) is
skew symmetric, i.e. g(R(§1,82)(m), n2) = —g(R(&, &) (n2),m).-

(2) If M and M are Riemannian manifolds of the same dimension and ® : M— M
is an isometry then the curvatures R and R are related by R = ®*R.

(3) For a Riemannian manifold (M.g) the following are equivalent:

(a) The tensor field R vanishes identically.

(b) For vector fields &,n € X(M) with horizontal lifts ", n" € X(PM) we have

(€ ") = [& )"
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(¢) The horizontal distribution defined by the Levi-Civita connection (see is
involutive.

(d) Each point x € M has an open neighborhood which is isometric to an open
subset of R™. (“(M,g) is locally flat”)

PROOF. (1) It is clear from the construction that the function Rj.’; are most nat-
urally viewed as describing a skew symmetric map from R™ x R"™ (corresponding to k
and /) to so(n). Since so(n) consists of linear maps R™ — R™, this means that they are
actually trilinear maps R" x R” x R” — R™. In view of Proposition [3.3] we only have to

prove O(n)—equivariancy to show that the functions describe a tensor field. So we take

A = (at) € O(n) and let (b}) be the inverse matrix and we have to compute Ry'; o 7.

Again, this is closely parallel to what we have done in [2.5]

By definition of a connection form, we have (r4)*yi = 37, , biaf~y. Applying the ex-
terior derivative, we get the same behavior for dvj-. Likewise, compatibility of pullbacks
with the wedge product implies that

(TA)*(Zt VA 75) = Zt,k,ﬂ,r,s b};afbf,aj(yf A7) = Zk,z,t biaﬁ(zr A YE).
This describes the complete behavior of the left hand side of the defining equation for
the functions R;;*,. This shows that the pullback of the left hand side is given by
Zk,ﬂ,r,s ZCL;RTSICEQT A
For the right hand side we get
S ee(Rigf e orM) () 08 A (rA) 0 = 37, J(Rig*e o m)bEbEO™ A 6°.

Since the 6" A 0° form a basis for the space of skew symmetric bilinear maps on each
tangent space, we conclude that for each r and s we have

Zk,z(Rijkf © TA)bfbﬁ = Zk,é ZagRrskb
and bringing the two 0's to the right hand side, we get the desired equivariancy property.
Thus the functions define a (é)ftensor field R as claimed. The first skew symmetry
property of R follows from the fact that Rjikg = —Rijk[ while the second follows from
the fact that for all fixed 4, j the matrix (R;;*,) lies in so(n).
To prove the interpretation in terms of covariant derivatives, take &1, &, n € X(M)
and consider the horizontal lifts &' and & € X(PM) and the equivariant function F' :

PM — R" corresponding to 7. Then the equivariant function representing V¢ V¢, n —
v§2V€177 - v[£1,§2]77 is given by

(+) & F-& & F-[6,6" F=(8]-16&" F

Moreover, since [£F,£0] is a lift of [¢1,&] we conclude [¢R, €8] — (&, &) = Cy(leh b+
Denoting the components of F' by F* we thus conclude that the ith component of (*)
is given by 37 v;([&1, &) FV. |

On the other hand, since horizontal lifts insert trivially into each 7}, we see that
0=79iA fy]’?(ﬂ‘, ). Moreover, inserting the definition of the exterior derivative, we also
see that dvyi(&),€)) = —~i([€], €5]), and this completes the proof of (1).

(2) From Corollary|3.2|we know that for vector fields £, € X(M ), we have ®*(V¢n) =
Vo e®*n. In view of the formula for R from (1), this immediately implies that

O*(R(&1,&)(n) = R(P*E, D*&) (™),

which implies the claim.
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(3) (a) = (b): From the proof of part (1) we see that vanishing of the tensor field
R implies that vi([¢",n"]) = 0 for all i and j. Since [£",7"] is a lift of [, 7] this implies
(b).

(b) = (c): Starting from a local frame &; for T M, the horizontal lifts £ form a local
frame for the horizontal distribution. By (b), the Lie brackets of these sections are again
sections of the horizontal distribution, which by Proposition [1.3| implies involutivity.

(¢) = (d): Given z, choose a point ¢ € P, M. By condition (c) and the Frobenius
theorem, there is a smooth submanifold N C PM containing ¢ whose tangent spaces
coincide with the subspaces defining the horizontal distribution. We can restrict the
projection p : PM — M to obtain p|y : N — M, and by construction the tangent maps
of p|y are linear isomorphisms. Hence we may assume that p|y is a diffeomorphism
from N onto an open neighborhood U of x in M, so its inverse defines a smooth section
oc:U—PM.

This section defines a local orthonormal frame {¢i,...,&,} for M on U, see Propo-
sition 2.4} By construction, the tangent maps of o have values in the horizontal distri-
bution, so 0*7;1 = 0 for all 7+ and j. Using Propositions and we conclude that
V¢ = 0 for all i. This also shows that [§;,{;] = V& — Ve, & = 0. This allows us to
proceed as in the proof of the Frobenius theorem (see [1.4): Putting

bt . ") =FL o, o FIi" (2)

defines a smooth map from some open neighborhood of 0 in R™ to an open neighbor-
hood of x contained in U. Using that the flows commute, one verifies that the partial
derivatives of 1) are given by the vector fields &;. This also shows that 1)~! is a chart with
coordinate vector fields 0; = ;. Hence the tangent maps of this chart are orthogonal,
so it is not only a diffeomorphism but also an isometry onto its image.

(d) = (a) immediately follows from part (2). O

This result has several immediate consequences. First of all, part (2) shows that the
Riemann curvature is an invariant of Riemannian manifolds, and part (3) shows that it
is a complete obstruction to local isometry with the homogeneous model.

Second, the description in terms of the covariant derivative in part (1) immediately
implies that the curvature provides obstructions to the existence of parallel vector fields.
Namely, suppose that n € X(M) is parallel, i.e. such that Ven = 0 for all £ € X(M).
Then the formula from part (1) shows that R(&;,&)(n) = 0 for all &,& € X(M).

This easily generalizes to tensor fields using the description of the covariant deriv-
ative of tensor fields in terms of the covariant derivative of vector fields. For example,
for a € QY(M), Vea = 0 for all € is equivalent to & - a(n) = a(Ven) for all £,n € X(M),
see Example (2) of Given arbitrary vector fields &;,& € X(M), the definition of
the Lie bracket and the formula from part (1) then imply that then

0=& & an) —&-&-aln) = [&.&] - aln) = a(R(&, &) (1))
Hence we see that Va = 0 implies avo R(&;,&) = 0 for all §,& € X(M).

3.12. Computing the curvature. It is now relatively straightforward to compute
the Riemann curvature in a frame. So assume that (M, g) is a Riemannian manifold and
U C M is an open subset such that there is a local orthonormal frame {i,...,&,} for
M defined on U. Then from we know that this frame gives rise to a smooth section
o : U — PM and from Proposition [2.7| we know how to determine the connection forms
wj = 07} associated to the frame.
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Proposition 3.12. Let w! be the connections forms associated to a local orthonormal
frame as in Proposition and define Q) = dw! + 3, wj Awh € Q*(M). Then the
Riemann curvature is given by R(n,n2)(&) = >, 4 (m, m2)&;-

PRrOOF. Using the fact that pullbacks commute with the exterior derivative as well
as with the wedge product, we conclude that

Q= o (dyE + 2 AYS) = 0 (D B 507 A 0°) = DB’ 0 0)* A o’.

Here o',...,0" is the local orthonormal coframe dual to the frame &, ...,&, and we
have used that o*0° = ¢ for each i. From we know that the functions Ry’ o o
just describe the components of the tensor field R with respect to the local orthonormal
frame defined by o. Otherwise put, R(&,,&)(E) = Doy Rap’E?. Now for any vector
field n € X(M), we have n|ly = Y., 0"(n)&, and inserting this, the claimed formula
follows. O

Example 3.12. Let us compute the curvature in the chart for S™ glven by stereographlc
projection, see Examples i E and H From . we know that w; = u duf du
where f(u) = HZ W) and thus df = S uFdu®. Now we immediately compute that

dwj df/\duJ —|— df/\du + 2du A du?.

On the other hand, we get
S (B duf — S du') A (Sdud — S dut) = Gdf Adud — Sdf A dut — 20l A dud,

Adding these two expressions up, we conclude that Q) = #dui Adu’. Since & = f0;

we see that Q(&,, &) equals 1 for a =4, b= j and —1 for a = j and b = i and 0 for all
other values of @ and b. This shows that

R(faa &7)(50) = Zl Qi(gaa gb) = 5ca£b - (Scbga-

Another simple way to compute the curvature is using the formula for the covariant
derivative in local coordinates. By definition, for the coordinate vector fields 0;, we have
Vo, 0k = >_, T8¢, where the T, are the Christoffel symbols, so these are just smooth
functions. Applying Vy, to this, we obtain

Zz Bu aé’ + 32, T5Vo,0

Expanding the last term and alternating in ¢ and j, we conclude that R(09;,0;)(0) is
given by

81—‘2 T T
S (Gt = G+ ST — TRIY) ) 0

Using the formula for the Christoffel symbols F;k from Proposition , on can convert
this into a formula in terms of the first and second partial derivatives of the functions g;;
which describe the metric in the given coordinates. This becomes particularly simple in
the origin of a normal coordinate system. Recall from that in normal coordinates,
the first partial derivatives of the functions g;; vanish. In view of Proposition this
implies that the Christoffel symbols vanish at the origin. There are further simplifica-
tions because of special symmetries for the second partials of the functions g;; in normal
coordinates. In the end one finds that

R(0:,0,)(00)(0) = 5, (e — 324 ) 0u(0).
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3.13. Extracting parts of the curvature. While it is a tensor field, the Riemann
curvature is not really easy to handle in general. Basically, we can view R as a 4-linear
operator on tangent spaces, i.e. look at g(R(&1,&2)n1,m2) (in a point). Then we know
that this expression is skew symmetric in the £'s and in the n’s. There is a further
fundamental symmetry of the curvature tensor called the Bianchi identity. We can
easily prove this as follows:

Take the defining equation for the Levi-Civita connection forms, 0 = df*+>" y 'y;- NG,
and apply the exterior derivative to get

0=32,(dv; NG =i AdBT) =30 (dy + S Y AV AT =30 Bia' 08 N OC NG

Since the values of the forms 6% A 8° A 67 in each point form a basis for the space of
trilinear alternating forms on 7, M, this implies that alternating Ry,’; over j, k, and ¢
gives zero. Since the expression is already alternating in k£ and ¢, this can be equivalently
phrased as

0= R(&n)(C) + R(C,€)(n) + R(n, C)(&)
for all £,n,¢ € X(M). From the identities verified so far, one can further deduce that
g(R(&1,&)(m), m2) = g(R(m,m2)(&1), &2). These identities together imply that there is
no way to get from the curvature tensor to a simpler object by forming symmetric
or alternating parts in any sense. (More precisely, any kind of symmetrizations or
alternations either leads to zero or to a non—zero multiple of the curvature tensor itself.)

There are non—trivial traces of the curvature tensor one can form however. They
can be most easily defined locally using a local orthonormal frame {&,...,&,}. It is
then easy to verify directly that the quantities defined do not depend on the choice
of this frame. One defines the Ricci curvature Ric € T?(M) and the scalar curvature
R € C*(M,R) by

Ric(ny,m2) = >2; 9(R(n, &) (n2), &)
and then R := ) Ric(;, ). From this definition it is clear that Ric is symmetric,
i.e. Ric(&,n) = Ric(n, &) for all £,n € X(M). In each point the Ricci curvature thus
defines a symmetric bilinear form on 7T, M, so it makes sense to study eigenvalues and
ask whether this bilinear form is positive or negative definite, and so on.

An important special case of a curvature condition is the following. A Riemann
metric is called an Finstein metric if its Ricci curvature is proportional to the metric
in each point, which then implies that Ric(&,n) = 2Rg(&, 7). It turns out that in this
case the scalar curvature R must be constant, so the Ricci tensor is actually a constant
multiple of the metric.

Another important method of extracting parts of the curvature is inspired by the
Gauss curvature of surfaces in R3, see [DG1], 3.7]. Take a Riemannian manifold (M, g),
a point x € M, and a plane (i.e. a two—dimensional linear subspace) £ C T, M. Then
choose an orthonormal basis {,n} of F and consider g,(R.(£,1)(£),n)). One easily
verifies directly that this number independent of the choice of the orthonormal basis,
so it defines a number K, (F), called the sectional curvature of E. The simples possible
Riemannian manifolds are the ones with constant sectional curvature, where this is the
same for all points and all planes. More generally, one can look at Riemann manifolds
for which all sectional curvatures have the same sign (e.g. “positive sectional curvature”)
or allow some bounds on the values of the sectional curvature.

Example 3.13. Let us compute the curvatures of the sphere using the chart given by
stereographic projection. From we know that for the orthonormal frame {§1, &)
we have always considered in this example, we have R(n,1m2)(&) = > i QL m2)&5,
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where QE = #dui A du? = o' A o?. Here the o' are the elements of the coframe dual to
the frame {&;} Now observe that for each vector field ¢, we have ¢ = >, 0*(¢)&. This
implies that

(%) R(11,m2)(¢) = 205 0 (O (m, 12)§;
and inserting this into g( , &) we get

D (O, m2) = Do (O (m)o () = o' (m)o* (1))

Putting ny = &, we just get E#k o'(¢)o'(n1), and summing over all k, we conclude that

Ric(m,¢) = (n— 1), 0%(¢) o’ (m) = (n — 1)g(m,¢) by definition of an orthonormal
coframe. Thus the sphere is an Einstein manifold with scalar curvature n(n — 1) > 0.
Likewise, formula (x) shows that

R(m,mo)(m) = 32,5 0" () (m1,m2)&;,
and this inner product of this with 7y is given by
Zi,j Ui(nl)Uj(U2)Qg(U17U2) = Zi,j a'(m)a’ (n2) (o' (m)o? (12) — o7 (1) (1))
If 71 and 79 are orthonormal, then Y, (o%(m1))? = 1 and likewise for 7, while for mixed

terms >, 0'(n)o*(n2) = 0. This easily implies that the sphere has constant sectional
curvature one.
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