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Conformal holonomy

For a conformal semi-Riemannian manifold (M, [g]) of signature
(p, q), we have the canonical Cartan geometry (G — M, w) of type
(G,P), where G =O(p+1,g+1) and P = CO(p, q) x (RP9)* is
the stabilizer in G of an isotropic ray R, v ¢ RPTLA+L,

~

To (G,w) one can associate (G,), a O(p+ 1, g + 1)-bundle with
principal connection. The conformal holonomy Hol(M, [g]) (either
up to conjugation or with respect to base-points) is usually defined
as the holonomy of (G, ).

In particular, we have Hol(M, [g]) C O(p+ 1,9 + 1).
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Decomposable conformal holonomy

Theorem (Leitner, Armstrong) If (M, [g]) has decomposable
holonomy, i.e. if there is a non-trivial decomposition

RPHL.a+L — /@ W into Hol(M, [g])-invariant, non-degenerate
subspaces (of dimensions r + 1, resp. s+ 1), then, on an open
dense subset of M, there exists a metric go € [g] which is locally
isometric to a product of Einstein metrics of dimensions r, resp. s.

Remark The “singular set” in the above result (where go is not
defined) is a basic feature of holonomy reduction for Cartan
connections, as explained in recent work of Cap/Gover/Hammerl.

Remark A global classification of decomposable conformal
holonomy in Riemannian signature (classifying the possible singular
sets) has also been obtained recently by Leitner/Armstrong.
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Restrictions on irreducible conformal holonomy

Theorem (Di Scala/Olmos) The only irreducible connected
subgroup of O(n+1,1) is SOp(n+ 1,1). (Note: “irreducible
subgroup” := irreducibly acting under the standard rep'n.)

Corollary: In Riemannian signature the only irreducible conformal
holonomy is generic.

Theorem (Di Scala/Leistner) The only connected irreducible
subgroups of O(n,?2) are:

S0o(n,2) for all n;

S1.S0(m,1), U(m,1) and SU(m, 1) for even n = 2m;
500(2, 1),‘ C 50(3, 2) for n = 3.

Corollary A: The only connected, irreducible conformal holonomy
groups possible in Lorentzian signature are: SOp(n,?2), SU(m, 1)
and 500(2, 1),‘.
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Restrictions on irreducible conformal holonomy

Theorem (JA)If HC O(p+ 1,9+ 1) is a semi-simple,
connected, irreducible subgroup which acts transitively on the
Mobius sphere SP+9 (or its double cover SP x S9), then H is one of
the following:

(i) SOo(p+1,q+1) for all p,q;

(i) SU(r+1,s+ 1) for p=2r+1,g=2s+1,

(iii) Sp(r+1,s+ 1) for p=4r+3,g=4s+3;

(iv) Sp(1) - Sp(r+ 1,s+ 1) for p=4r+3,g=4s+3;

(v) Sping(1,8) C SO(8,8) for p=q=T;

(vi) Sping(3,4) C SO(4,4) for p=q=3;

(vii) Gop C SO(4,3) for p=3,q=2.

Corollary B: These are the only possible connected, irreducible
conformal holonomy groups which act transitively on SP9.
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Remarks on these results

Corollaries A and B follow by using:

Lemma: If a connected conformal holonomy group

Hol(M, [g]) € O(p+ 1,q + 1) acts irreducibly on RPt1:4+1 then
it is semi-simple.

This Lemma is a consequence of the fact (proven by Leitner) that
Hol(M, [g]) C U((p+1)/2,(g + 1)/2) implies

Holo(M, [g]) € SU((p+1)/2,(q +1)/2).

Ignoring the group Sp(1) - Sp(r + 1,s + 1), they give two new
candidates for irreducible conformal holonomy groups which
haven't been studied yet:

(A) S0y(2,1); for conformal Lorentz 3-manifolds;

(B) Sping(1,8) for conformal manifolds of signature (7,7).

(Note that in case B the group acts transitively on S”7; in case A
the action on S%1 isn't transitive, only locally transitive.)
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Statement of the (negative) results

Theorem A (J. A., Di Scala, Leistner) If a conformal Lorentz
3-manifold has Hol(M, [g]) C SOy(2,1);, then it is conformally
flat. In particular, Hol(M, [g]) is discrete, so SOp(2,1); can’t occur
as a conformal holonomy group.

Theorem B (J. A., Leitner) The inclusion Sping(1,8) < SOq(8, 8)
induces a Fefferman-type construction mapping conformal
Riemannian spin manifolds of dimension 7 to conformal
pseudo-Riemannian manifolds of signature (7,7) (on an S’ fiber
bundle). The Cartan connection given by this construction is never
normal unless the Riemannian spin 7-manifold is conformally flat.
In particular, the irreducible conformal holonomy

Sping(1,8) C SOy(8,8) can't be realized by such a construction.
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SO0p(2,1)

The inclusion SO(2,1); — SO(3,2)

Let R%! be R3 with the quadratic form x? + x3 — x3.

Let Sy denote the trace-free, self-adjoint endomorphisms of R?1.
S50(2,1) acts faithfully and irreducibly on Sy by conjugation, and
the action preserves the coefficients of characteristic polynomials.
In particular, the coefficient g of the linear term (up to a constant
the quadratic trace form), which gives a metric of signature (3,2)
on Sp, and we identify R3? = (Sp, q).

This gives the inclusion SO(2,1); C SO(3,2) of SO(2,1) as an
irreducibly acting subgroup.
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Orbits in §%!

Let N := {s € Sy : q(s) = 0} be the null-cone and 7 : R®> — PR®
the standard projection. The Mdbius sphere is $>! = 7(A\) and
SO(2,1) acts on points [s] = 7(s) € S>! by conjugation:

A([s]) = [AsA™1].

This action is not transitive:

Since SO(2,1); and S?! are both 3-dimensional, the stabilizer in
SO(2,1); of all [s] € S%! would have to be 0-dimensional. But one
can easily write down s € A/ for which this isn't true.

The orbit structure and stabilizers, under the action of SOy(2,1);,
are described by the following Proposition.
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Orbits in §%!

Proposition: Let 0 # s € A and [s] € S>1.

L. If det(s) # 0, then the orbit of [s] is open in $*! and its
stabilizer is the identity.

2. If det(s) = 0, then: (a) If the O-eigenspace of s is
one-dimensional (i.e. s is 2-step nilpotent), the orbit of [s] in S*
is 2-dimensional and the stabilizer is given by a one-parameter
subgroup of “Lorentz boosts”; (b) If the 0-eigenspace of s is
two-dimensional (s is 1-step nilpotent), the orbit of [s] in S%1 is
1-dimensional and the stabilizer is given by the stabilizer of a null
line in R>1,

Moreover, $?1 has precisely one SOg(2, 1)-orbit of each of these
types. The 2- and 1-dimensional orbits are closed, and the open
orbit is dense.

Proof: Uses Jordan normal form of s to analyze stabilizer and
conjugacy class.
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The tensor T

An alternative description of the orbits is given by identifying
S50(2,1); as the stabilizer in O(3,2) of a (trace-free) symmetric
trilinear form T € @8(85‘): T(s1,52,53) := Tr(s15283).

The stabilizer of T is SO(2,1); (compare similar result for
SO(3); € O(5) by Bobienski/Nurowski).

Now [s] — T(s, s, s) defines a conformal 3-density o on S%1 (i.e.
with respect to a metric g in the conformal class of S%! we have a
smooth function [o], which rescales by a factor of 3 under
conformal change of g). On the zero-set of o, we can similarly
define a one-form 7 on $?! (up to conformal scaling) by

u+Rs — T(s,s,u) for u € st, since T;5>! = s+ /Rs.

The vanishing of o distinguishes between cases (1) and (2) in the
Proposition. In case (2), vanishing of 7 distinguishes between (a)
and (b).
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SO0p(2,1)

Application to Hol(M, [g]) C SOy(2,1);

The main tool needed now to prove Theorem A is the notion of
holonomy reduction for Cartan geometries via “curved orbit
decomposition” introduced recently by (V:ap/Gover/HammerI:

Let W be a (finite-dimensional) G-module and H C G the
stabilizer of some o € W, H = Stabg(«). Then we have

O = G(«) = G/H as homogeneous G-spaces.

For any other closed subgroup P C G we have a decomposition of

O into P-orbits:
o= || P@)
GEP\O
Each @ € P\O corresponds to an H-orbit in G/P.
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SO0p(2,1)

Application to Hol(M, [g]) C SOy(2,1);

For (G — M,w) be a Cartan geometry of type (G, P) we have the
associated (tractor) bundle W := G xp W with covariant
derivative V"V induced by w. There is a V"V-parallel section

s € (W) of type « if and only if Hol(w) C H.

Theorem (Cap/Gover/Hammerl) There is an induced

decomposition
M = |_| M-
aeP\O

into initial submanifolds Mg whose local structure is determined by
the H-orbit in G/P corresponding to @. Moreover, each
non-empty Mg C M carries a natural Cartan geometry of type

(H, HN P) which reduces (G,w). In particular, the curvature is
given by restricting the curvature of w to a sub-bundle and it is
torsion-free whenever w is.
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SO0p(2,1)

Application to Hol(M, [g]) C SOy(2,1);

Proof of Theorem A: The Theorem of Cap/Gover/Hammerl,
together with the Proposition describing the orbits in S, imply
that if Hol(M, [g]) € SOo(2,1); for a conformal Lorentzian
3-manifold (M, [g]) we have:

On an open dense subset My C M there is a Cartan geometry

(H — My, n) of type (500(2,1),1) which reduces the canonical
conformal Cartan geometry (G, w) of (M, [g]). In particular, since
w is torsion-free, so is 1. But since 7 is of type (50p(2,1),1), this
means it has no curvature. It follows, using equivariance, that the
curvature of w vanishes over My, and hence everywhere by
continuity, so (M, [g]) is conformally flat. By the Ambrose-Singer
Theorem, Hol(M, [g]) is discrete.
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Sping(1, 8)

The inclusion Sping(1,8) — SOy(8, 8)

Follows Bryant's “Remarks on Spinors in Low Dimensions”.
Let O be the octonions, <, > and |.| the standard inner-product,
resp. norm on Q. For (r,x) € R @ O, define

r/3 CRX

— 2
M x)y =1 |:—CLX —r18:| € Endc(C ® 07).

Then (m(,x))? = —(r? — |x[?) h6, and it follows that this induces a
realization of Cliffi g. The connected component Sping(1,8) is
generated by products m, xym(sy) with r? — |x|? = s? — |y|?> = £1.
It follows that Sping(1,8) C Endg(Q?) and a computation shows
that the generators preserve the quadratic form Q on Q?:

Qz,w) := |z — |w]?.

This realizes Sping(1,8) C SO(8,8) as an irreducibly acting
subgroup.
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Sping(1, 8)

Transitive action on S”7

The induced action of Sping(1,8) on S” x S” (and on its quotient
S77) is transitive:
Calculation shows that Sping(1,8) contains the elements

LiL, 0 s o
{[” ]:\x|=|y|=1}.
0 ReR,

These generate the (maximal compact) subgroup

Spin(8) C Sping(1,8), cf. Bryant's “Remarks ..."”. From Bryant's
discussion of Spin(8), we see that this maximal compact subgroup
acts transitively on

S"xS"={(z,w) €0?: |z]* = |w]*> = 1}.

(Uses triality for Spin(8) and the transitive action of
Spin(7) C Spin(8) on S”.) Thus we have transitivity of
Sping(1,8) C SO(8,8) on S” x S” and S”7.
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Sping(1, 8)

The homogeneous Fefferman construction

Denote G := Sping(1,8) C G := O(8,8) and P C G the parabolic
subgroup stabilizing a null ray R, .(z,w) C ©? under the standard
action. By transitivity, we have

G/(GNP)=G/P~S" xS

Let P C G be the stabilizer of a null ray R,..v C R under the
action given by A\1g: G — SOp(1,8).
Then we verify that G NP C P. In fact, we have

GNP (Ry x G)x (RY8)*: P2 (Ry x Spin(7)) x (RL8)*.

Thus we have projections G — G /(G N P) = 57 x S7 and
G/(GNP)— G/P=S".
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Sping(1, 8)

Normality: |. Definition

For P C G a parabolic subgroup of a semi-simple Lie group,
canonical Cartan geometries of type (G, P) are distinguished by a
normality condition defined via Lie algebra cohomology:

At Lie algebra level p C g gives a |k|-grading g=g_x D ... D g1«
withp=go®... Dgik, P+ =9+1D ... D g4k and

(g-)" = (a/p)" = p+.

The curvature of a parabolic geometry (G,w) of type (G, P) can
be considered as a P-equivariant C* function x : G — A%p, ® g.
Def.: (G,w) is normal iff Im(x) C Ker(9*), where the Kostant
codifferential 0* : N>p, ® g — p, ® g is given by

8*(21 NZo® W)

= (L1 @[, W] -2 [Z,W]) —[4,5]eW
= 0{(ZL N Zy® W) — (L N2 W)
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Sping(1, 8)

Normality: Il. Some relevant properties

Remarks:
0" :N°p, ®g — py ® g is P-equivariant.

If the grading of g is a |1|-grading (like for conformal geometry),
then 0* = 07.

By a result of A. Cap, if a normal parabolic geometry which is
torsion-free (i.e. Im(k) C A’py ®p), then 0f ok = 05 0k = 0.

Conformal geometry is one parabolic geometry where the normal
Cartan connection is always torsion-free.
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Sping(1, 8)

Normality: Ill. Technical Lemma for Fefferman
constructions

Let ¢ : g — @ be an inclusion between semi-simple Lie algebras,
and p C g, p C g two parabolic subalgebras. At the Lie algebra
level, the conditions for a Fefferman construction are:
d=(g)+pand p(g) NP C ¢(p). Then an element Kk € A°p, ® g
defines & € A%p, @ § by letting &(p(X), o(Y)) = ¢(k(X, Y)) for
any X, Y € g.

Lemma: Suppose, in addition, that we have: ¢(p) C p and
¢(g-) C §- ® do; B(X,Y) = B(p(X),»(Y)); and

B(X,e) = cB(p(X),&) for B, B (multiples of) the Killing forms,

0 # c € R and ¢, € the grading elements. Then:

Projye © 01 (%) o v = w0 8i(x) (- 9/p — #(g)).
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Sping(1, 8)

Application to Sping(1,8) C O(8, 8)

Now consider again G := Sping(1,8) C G:=0(8,8), PC G and
P C G as before.

Corollary: If (QN,&) is a Cartan geometry of type (E, ﬁ) induced
by a Fefferman construction from a Cartan geometry (G,w) of type
(G, P), then @ is normal only if w is.

Proof: Basic computations verify that all the conditions of the
previous Lemma are satisfied. With a Fefferman construction, the
curvature & of the induced connection & is related to the curvature
K oﬂw by # = k on the sub-bundle G C é and this determines &
by P-equivariance. Applying the Lemma, we get

projjoé*o%zyo&

since g and § are both |1|-graded. The LHS vanishes by normality
of &, which shows 0* o kK =0, i.e. w is normal.
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Sping(1, 8)

Proof of Theorem B

It remains to show that, for (G,w) of type (G, P) normal, the
Fefferman space (G,w) of type (G, P) is only normal when (G, w)
is flat (i.e. K =0). _

As noted above, because (G, w) is of conformal type, normal
implies torsion-free. So a necessary condition is that

Im(%) C A°p, ®p. Since & = k on G C G, this means we must
have k(u)(g,8) C (gNp) C p for all u € G. Looking at the lowest
non-vanishing homogeneity component kg (which is given by the
Weyl tensor), we have ko(u)(g,8) C 50(7) C go = R & s0(7).
Since s0(7) is irreducible under the action of Spin(7) C P, this
means unless kg vanishes identically, we have ko(G)(g,g) = s0(7).
Since 50(7) € (go N P) = R @ Gy, this means that & is not normal
unless kg = 0, which in turn implies xk = 0.
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Conclusion: We get an exclusion of the conformal holonomy
500(2,1); € SOy(3,2) and a partial exclusion of the conformal
holonomy Sping(1,8) C SOy(8,8) (it can't occur via a parabolic
Fefferman-type construction).

Question: Can we completely exclude Sping(1,8) C SO(8,8) as a
conformal holonomy? Is there some other construction for non-flat
(M, [g]) with Hol(M, [g]) € Spino(1,8)?
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Question: In case A, the reduced Cartan geometries corresponding
to the 3 orbit types of SO(2,1); acting on S?! give distinguished
geometric structures on the open dense subset My C M and on the
submanifolds of dimensions 1 and 2. These structures are all flat
when Hol(w) € S00(2,1); for w torsion-free (in particular, for w
the normal conformal Cartan connection). Is there a class of

(M, [g]) non-flat, with distinguished (non-normal) conformal
Cartan connection w and Hol(w) C SOy(2,1);7?

Question: In case B, the Cartan connection induced by the
Fefferman-type construction is not normal, but what is the relation
between it and the normal conformal Cartan connection of the
conformal structure of signature (7,7) which it induces? What
geometric properties do these conformal structures of signature
(7,7) have? Can they be characterized a la Sparling’s criteria for
(classical) Fefferman metrics?
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Question: Suitable conformal analogue of “nearly-integrable
special geometries” (a.k.a. weak holonomy, etc.)?

Question: What other irreducible subgroups H C SO(p+1,q+1)
exhibit similar phenomena as SOy(2,1); C SO(3,2)?

Question: If an irreducible subgroup H C SO(p + 1,q + 1) has no
open orbits in 5P9 can it be excluded as a conformal holonomy
group (or its geometry otherwise classified)?
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Outlook
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