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1 Introduction

In this paper, we establish a dispersive long time decay for the solutions to 1D wave equation
. 2
la,t) = —Hb(e,t) = (o +V(@))le,t), zeR (1.1)

dx?

in weighted energy norms. In vectorial form, equation (1.1) reads
iU (t) = HU(2), (1.2)
where

() _ Voo
Mt)‘(z&(t))’ H= i(%jLV) 0] (1.3)

For s,0 € R, let us denote by H: = H?(R?) the weighted Sobolev spaces introduced by Agmon,
[1], with the finite norms

4]

d
gy = [+ )72 (14 [ =)l 12 < o0,
x
We assume that V' (z) is a real function, and
V(@) + V(@) <C(L+]z[)7", zeR (1.4)

for some 3 > 4. Then the multiplication by V/(z) is bounded operator H} — H_ ; for any
seR.

We restrict ourselves to the following “regular case” in the terminology of [10] (or “nonsin-
gular case” in [13])

The point X = 0 is neither eigenvalue nor resonance for the operator H (1.5)

d2
Then the truncated resolvent of the Schrodinger operator H = i V' (x) is bounded at the
x

end point A = 0 of the continuous spectrum. It is known that the spectral condition holds for
generic potentials [10], [13].

Definition 1.1. i) F is the complex Hilbert space H' @ L? of vector-functions ¥ = (¢, 1) with
the norm
[ Wllz = [[Vle + (7|2 < oo

ii) F, is the complex Hilbert space H: & H? of vector-functions W = (¢, 7) with the norm
1)z = ¥l + lI7l[me < oco.
Definition 1.2. For real o > 1 denote by («) the number from N such that

() < a <1+ (a)
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Our main result is the following long time decay of the solutions to (1.2): in the “regular
case” for initial data ¥y = ¥(0) € F, with o > 2 we have

[PY @), = O(t7), v =min{({oc —1/2),0 —1,(8/2-1/2),5/2—1}, t— oo (1.6)

Here P. is a Riesz projector onto the continuous spectrum of the operator H. The decay is
desirable for the study of asymptotic stability and scattering for the solutions to nonlinear
hyperbolic equations.

Let us comment on previous results in this direction. Local energy decay has been es-
tablished first in the scattering theory for linear Schrédinger equation developed since 50” by
Birman, Kato, Simon, and others. For wave equations with compactly supported potentials,
and similar hyperbolic PDEs; Vainberg [21] established the decay in local energy norms for
solutions with compactly supported initial data.

However, applications to asymptotic stability of solutions to the nonlinear equations also
require an exact characterization of the decay for the corresponding linearized equations in
weighted norms (see e.g. [3, 4, 5, 19]).

The decay of type (1.6) in weighted norms has been established first by Jensen and Kato
[10] for the Schrédinger equation in the dimension n = 3. The result has been extended to all
other dimensions by Jensen and Nenciu [8, 9, 11], and to more general PDEs of the Schrodinger
type by Murata [13]. The survey of the results can be found in [16].

For the “free” wave equations with V' (z) = 0 some estimates in weighted LP-norms have
been established in [2, 6].

In [12] the decay of type (1.6) in the weighted energy norms has been proved for the wave
equation in the dimension n = 3. The approach develops the Jensen-Kato techniques to make
it applicable to the reativistic equations. Namely, the decay of the low energy component of the
solution follows by the Jensen-Kato techniques while the decay for the high energy component
requires novel robust ideas. This problem has been resolved with a modified approach based
on the Born series and convolution. Let us note that the decay rate in (1.6) corresponds to
the spatial decay of the initial function W(0) and potential V' (x) in contrast to the Schrodinger
case [10], where the decay rate is ¢t~3/2. This difference is related to the presence of the lacuna
for the free 3D wave equation.

Here we extend our approach [12] to the dimension n = 1. The extension is not straightfor-
ward since the decay (1.6) violates for the free 1D wave equation corresponding to V(z) = 0
when the solutions does not decay. Hence, the decay (1.6) cannot be deduced by pertrubation
arguments from the corresponding estimate for the free equation. This difficulty is well known,
and it is caused by the “zero resonance function” v (z) = const corresponding to the end point
A = 0 of the continuous spectrum of the free 1D Schrodinger operator —d? /da?.

Main idea of our approach to n = 1 is a spectral analysis of the “bad” term, without
decay. Namely, we show that the bad term does not contribute to the high energy component.
Therefore, the decay ~ ¢~ for the high energy component follows. On the other hand, for the
low energy component, the decay ~ ¢~ holds for the “generic” potentials by methods [10, 13].
This decay implies the asymptotic completeness since v > 1.

Our paper is organized as follows. In Section 2 we obtain the time decay for the solution to
the free wave equation and state the spectral properties of the free resolvent. In Section 3 we
obtain spectral properties of the perturbed resolvent and prove the decay (1.6).
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2 Free wave equation
First, we consider the free wave equation:
O(x,t) =" (x,t), zeR, teR (2.1)

In vectorial form equation (2.1) reads

iW(t) = HoW(t), (2.2)

Zgg) Hoz(i}% é) (23)

where

2.1 Spectral properties

We state spectral properties of the free wave dynamical group G(t). For ¢t > 0 and Wq = ¥(0) €
F, there exist a unique solution ¥(t) € Cy(R, F) to the free wave equation (2.2). Hence, ¥(¢)
admits the spectral Fourier-Laplace representation
1 .
O(t)U(t) = — / e TR (W + ie) Uy dw, tER (2.4)

271
R

with any € > 0 where 6(t) is the Heavyside function, Ry(w) = (Hp—w) ! forw € CT := {Imw >
0} is the resolvent of the operator Hy. The representation follows from the stationary equation

WUt (w) = HoWt(w) + ¥, for the Fourier-Laplace transform ¥ (w) := /H(t)ew‘lf(t)dt, w €

C*. The solution ¥(t) is continuous bounded function of ¢ € R with the]R values in F by the
energy conservation for the free wave equation (2.2). Hence, Ut (w) = —iRo(w)¥, is analytic
function of w € C* with the values in F, and bounded for w € R + ic. Therefore, the integral
(2.4) converges in the sense of distributions of t € R with the values in F. Similarly to (2.4),

1 ) )
O(—1)¥(t) = —5— e TN R N (w — i)Wy dw, tER (2.5)
R

For the resolvent Ry(w) the following matrix representation holds

B wRy(w?) iRy (w?)
Ro(w) = ( “i(1+ W Ro(w?) wRo(w?) ) (2.6)

where Ry(() stands for the free Schrodinger resolvent

Ro(C,x —y) = (—d— — )7t = _eXP(i;/f\Lﬂé— y|)7

dx?
Definition 2.1. Denote by L(By, By) the Banach space of bounded linear operators from a
Banach space By to a Banach space Bs.

CeCt, Im¢?>0  (2.7)
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The explicit formula (2.7) implies the properties of Ry(¢) which are obtained in [1, 13]:

i) Ro(C) is strongly analytic function of ¢ € C \ [0, 00) with the values in £(H,', H});

ii) For ¢ > 0, the convergence holds Ry(¢ + i) — Ro(¢ £1i0) as e — 0+ in L(H, ', H!,) with
o > 1/2, uniformly in ¢ > r for any r > 0.

iii) For any M > 0 the following asymptotic expansion holds

M
Ro(Q) = Y Ax¢H?+O(CMHI2), ¢ =0, ¢eC\[0,00) (2.8)

k=-1

in the norm of L(H'; H' ) with 0 > 3/2+ M + 1. Here

AL =0p[L]. Av=0p[~ ey, (29

and A, € L(H;'; H! ) with o > 3/2+ k for k= —1,0,1, ...
iv) The asymptotics (2.8) can be differentiated M + 2 times: for 1 <r < M + 2,

M
O Ro(C) = ag( 3 Akgkﬂ) Lo ), (=0, (€C\0,00) (2.10)

k=—1
in the norm of L(H!; H' ) with o > 3/2+ M + 1.

Let A_; be the operator with the integral kernel

A_l(x—y):(_z.(s(;)_y) 8)+(8 _B/Q). (2.11)

Then the properties i) — iv) and (2.6) imply the following lemma.

Lemma 2.2. i) The resolvent Ro(w) is strongly analytic function of w € C\ R with the values
in,C(]%,]%).

ii) For w # 0, the convergence holds Ro(w % ic) — Ro(w £10) as € — 0+ in L(F,, F_,) with
o > 1/2, uniformly in |w| > r for any r > 0.

i11) For any M >0, the following asymptotics hold

M
Ro(w) = > wf A+ O(lw[™), w—0 (2.12)

k=-1

in the norm of L(Fys; F_o) with o > 3/24+ M + 1. Here A, € L(Fy; F_,) for k= —1,0,1,...
and o > 3/2+k;
iv) The asymptotics (2.12) can be differentiated M + 1 times: for 1 <r < M +1,

M
9 Ro(w) = a;;( 3 kak) +O(lwHT), w0 (2.13)

k=-1

in the norm of L(Fy, F_,) with o > 3/2+ M + 1.
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Finally, we state the asymptotics of Ry(w) for large w which follow from known Agmon-
Jensen-Kato decay [1, (A.2")] and [10, Theorem 8.1] of the resolvent Ry
Proposition 2.3. For any r > 0 the following bounds hold for m =0,1 and |l = —1,0, 1,

1-I+k

IR (Ol g gy < CRCITEE, CeC\(0,00),  [(]=r  (214)

with o > 1/2+k for any k=0,1,2,....
Then for Ry(w) we obtain

Corollary 2.4. For any r > 0 the bounds hold
IR (W)l e r 0y < C(rk) <oo,  weC\R, |w|>r (2.15)
with o > 1/2+k for k=0,1,2, ....

Proof. The bounds follow from representation (2.6) for Rg(w) and asymptotics (2.14) for Ry(()
with ¢ = w?. O

Corollary 2.5. Fort € R and ¥y € F, with 0 > 1/2, the group G(t) admits the integral

representation

()W, — % e [Ro(w +0) ~ Ro(w — i0)]| ¥y do (2.16)
T

where the integral converges in the sense of distributions of t € R with the values in F_,.

Proof. Summing up the representations (2.4) and (2.5), and sending £ — 0+, we obtain (2.16)
by the Cauchy theorem, Lemma 2.2 and Corollary 2.4. O

2.2 Time decay

The estimates (2.15) do not allow obtain the decay of G(t) by partial integration in (2.16). We
deduce the decay from explicit formulas. The matrix kernel of the dynamical group G(t) can
be written as G(t, z — y), where

g@@:<g%2 322),zeR (2.17)
and .
G(t,2) = 50(t — 2] (2.18)

Let us represent G(t, z) as G(t,z) = Gy + G,(t, z), where

%:%<gé> (2.19)

Evidently, the free wave group G(t) does not decays which not correspond to (1.6). On the
other hand, G, is only nondecreasing term. More exactly, in the next section we will prove the
following basic proposition
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Proposition 2.6. For the operator G,(t) with the kernel G.(t,x —y), the following asymptotics
holds
G.(t) = O(t™*), t—o0 (2.20)

in the norm of L(Fy; F_) with o > 1.

The following key observation is that the “bad term” G, does not contribute to the high
energy component of the total group G(¢) since (2.19) contains just one zero frequency This
suggests that the high energy component of the group G(t) decays like ¢t =71,

More precisely, let us introduce the following low energy and high energy components of

G(t):

Gi(t) = % / et (w) [Ro(w +i0) — Rolw — iO)} dw (2.21)
Gu(t) = % / e~ (w) [Ro(w +i0) — Ro(w — z’O)} dw (2.22)

where [(w) € C§°(R) is an even function, supp | € [—2,2], [(w) = 1 if |w| < 1, and h(w) =

1—1l(w).

Theorem 2.7. Let 0 > 1. Then the following asymptotics hold
Gn(t) =0@t™"h), t— o0 (2.23)
in the norm of L(Fy; F_o).

Proof. We deduce asymptotics (2.23) from Proposition 2.6.
Step i) Let U(0) € F,. Denote

() = 0(1)G()W(0), T (t) = 0()Go(t) P (0), Wy (t) = 6(t)Gn(t)¥(0), W (t) = 0(t)Gr(1)¥(0)

1

Ur(t) = 5 e ' h(w)Ro(w +i0)¥(0)dw
R
= L —iwt \/a — L —iwt T+ I+
= 5 /¢ h(w)¥ T (w)dw = 57 | ¢ h(w) [\Ifo (w) + ¥, (w)] dw
R R
_ L —iwt _ L —iwt T+
= Uit)+ 5 /e h(w)¥q (w)dw 5 | ¢ (W)U (w)dw (2.24)
R R

where the first term W (¢) decays like (2.23) by (2.20).

Step i) Let us consider the second summand in the RHS of (2.24). By (2.19) the matrix
function W (w) is a smooth function for |w| > 1, and 0¥V (w) = OwW™%), k = 0,1,2...,
w — 00. Hence partial integration implies that

H / B ], — O ™), YN €N 225
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Step i11) Finally, let us consider the third summand in the RHS of (2.24).
1

5 e (W) T (w)dw = [Lx U] (t) = O™, L=I (2.26)
i

R
in the norm of F,, since L(t) = O(t™), t — oo for any N € N, and ||V,.(t)||z_, = Ot
by (2.20). Finally, (2.24)- (2.26) imply (2.23). O

2.3 Proof of Proposition 2.6

Proof. We consider an arbitrary ¢ > 1. Let us split the initial function ¥y in two terms,
Wy = Ug, + Vg, such that

o, (z) =0 for |z| >1/2, and g, (z) =0 for |z <t/3 (2.27)

and
1967 + 190z < Oz, t>1 (2.28)

We estimate G, (t)¥q, and G,.(t)¥j, separately.

Step i) Let us consider G, (t)Vg , = G(t)¥g ,—Go Vg ,. First we estimate G(t)¥q, = (g1(-,1), 92(+,1))-
Using energy conservation for the wave equation and properties (2.27) and (2.28) we obtain

g1 (o O)llmo, + g2, ), < GG, llx = [19G,]l7 < C7NYG |7 < C7Woll7,, t=1
(2.29)
Further, the Hélder inequality, energy conservation and properties (2.28)-(2.27) imply

t

IOl = [ +a?)egode = [+ ( [ ot s)ds = p(2,0)) da

0
t

§Q/G+w%”ﬁ@ﬂmm+2{/ﬂ+x%”</ﬁ%u$%)m (2.30)

0

= 2l + 21 / (G el ds < O (1 (W g +1 / 1G(5) 5, |

< Ot woll3, +¢ / [95,03ds) < C (711l + 22 1Woll3, ) < CE2 w3,

Hence, (2.29) and (2.30) imply
IG)T5 7, < C7H[Tol|z,, t>1 (2.31)
Second we estimate GoWg,. By Cauchy inequality

Go’mol = ‘%/ﬂbt d:v‘<C’ /|7T 1+9:)°dx>1/2<7)(1f%)0>1/2

t/3
< OtV g < CETH W 5,
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where g, is the second component of Wg ;. Therefore,
190l = G o, < CETH2 D7, ¢ 1 (2:32)
Finally, (2.31)- (2.32) imply that
1G: ()W |, < CTH Wl ,, ¢ 21 (2.33)

Step i) Now we consider G,.(t)¥ , = G(t)Vg, —Go V(. Formulas (2.17)-(2.19), and (2.27) imply
that
[Gr ()5, )(x) =0, [z <t/2.

Denote by x(z) the characteristic function of the domain |z| > ¢/2. Then

16 OFllr. = IXE@GWHTg, — Go®Tg )5 < 19O l5 . + [Ix(@)Go() Tl .
< O (IGOTgllr + GO T il) + @G OTg -, (234)

By energy conservation and (2.28), we obtain
1G(&) Vo llr = [Woullr < oz < CllYollr, t=1 (2.35)

Further, similarly (2.30), using energy conservation we obtain

GOT) 2 < 20T )2 + 2t / (G s < € (I, +1 / [ )
< (||\Ifouﬁ+t2||%,t||f)sctzu%naa (2.36)

Finaly, we estimate the last summand in the RHS of (2.34). Denote 7, the second component
of ¥ ,. By Cauchy inequality

970 = |3 [ moula)da] < Climiyllug < CU
since o0 > 1. Hence

Ix(2)Go () ol 7, = / (1+2) 771Gy my [P de < CL27H [ ||,
|z|>t/2

Finally, the last estimate and (2.34)-(2.36)

1G: ()Wl < CTH TG llr,, t>1

3 Perturbed wave equation

To prove the long time decay for the perturbed wave equation, we first establish the spectral
properties of the generator.
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3.1 Spectral properties

Let us collect the properties of the perturbed Schrodinger resolvent R(() = (H —¢)~! obtained
in [1, 10, 13] under conditions (1.4) and (1.5). Note, that in [10] is considered 3D case, but
corresponding properties can be proved in 1D case similarly.

R1. R(() is strongly meromorphic function of ¢ € C \ [0,00) with the values in L(H; "', H});
the poles of R(() are located at a finite set of eigenvalues (; < 0, j = 1,..., N, of the operator
H with the corresponding eigenfunctions ¢;(z) € H2 with any s € R.

R2. For ¢ > 0, the convergence holds R(¢ i) — R(¢ £1i0) as e — 0+ in L(H; ', H' ) with
o > 1/2, uniformly in ¢ > r for any r > 0.

R3. Assume g >34 2M, M =0,1,2.... The expansion holds:

M
R(C) =) _Bi¢/?+0(M™2) ¢ —0, ¢eC\(0,00) (3.1)

J=0

in the norm of £(H; ', H! ) with 0 > 3/2 + M. The expansion (3.1) can be differentiated
M + 1 times.

R4. Assume 8 > k+ 1, £k =0,1,2,.... For any r,6 > 0, the bounds hold for m = 0,1 and
l=-1,0,1

HR(k)<C)||E(H317HT;l) < C(Tv 57 k)‘g|_(1_l+k)/27 C < (C\(Ov OO), |C‘ >, | al"g<| <m—0 (32)

with o > 1/2 + k. The resolvent R(w) = (H — w)™! can be expressed similarly to (2.6):

R oy ).

Rw) = ( ~i(1+ WPR(W?) wR(W?) (3:3)

Hence, the properties R1 — R4 imply the corresponding properties of R(w):

Lemma 3.1. Let the potential V' satisfy conditions (1.4) and (1.5). Then
i) R(w) is strongly meromorphic function of w € C\ R with the values in L(Fy, Fo);
i1) The poles of R(w) are located at a finite set of imaginary aze

S={wr=%(, j=1,..,N}

;() ) .
wii(x) )’

i11) For w € R, the convergence holds R(w + ic) — R(w £1i0) as ¢ — 0+ in L(F,, F_,) with
o> 3/2;

iv) Assume > 142k, k=1,2,..., and r < dist(%,0).

Then the bounds hold

of eigenvalues of the operator H with the corresponding eigenfunctions (

IROW)llee, 70y < Clrk) < oo, 0<[Imw| <7, [Rew| <2 (3.4)

with o > 1/2+ k;
v) Assume >k +1, k=0,1,2,... Then the bounds hold

IR® (W)lleer, 7. < O(k) < 00, [Rew| > 1 (3.5)
with o > 1/2+ k.
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Finally, let us denote by V the matrix

vz<z.ov 8) (3.6)

Then the vectorial equation (1.2) reads
iW(t) = (Ho+ V)U(2)
The resolvents R(w) and Ry(w) are related by the Born perturbation series
R(w) = Ro(w) = Ro(w)VRo(w) + Ro(w)VRo(w)VR(w), weC\[RUX]  (3.7)

which follows by iteration of R(w) = Ro(w) — Ro(w)VR(w). An important role in (3.7) plays
the product W(w) := VRo(w)V. We obtain the asymptotics of W(w) for large w.

Lemma 3.2. Let the potential V' satisfy (1.4) with 6 > 1/2+ k + o for k = 0,1,2,..., with
some o > 0. Then bounds hold

WO @)ller 7 < ORIl w€C\R,  |w]>1 (3.8)

Proof. Bounds (3.8) follow from the algebraic structure of the matrix

(k) _ (k) _ 0 0
W) = VRO = (oo o ), (39)
since (2.14) implies that for w € C\ R, |w| > 1

VR @)V fllmg < CIRE (W) fllmo_, < COw| 2V Fllmy_ < C)w| 2| fllmr,  (3.10)

with 1/24+ k< f—0ofor k=0,1,2,.... O]

3.2 Time decay

In this section we combine the spectral properties of the perturbed resolvent and time decay
for the unperturbed dynamics using the (finite) Born perturbation series. Our main result is
the following.

Theorem 3.3. Let conditions (1.4) and (1.5) hold. Then for o > 2

&7 = 3 e Py = O,y = min{(o — 1/2),0 — 1,(3/2 = 1/2),8/2— 1)

wyEY
(3.11)
ast — xoo. Here P; are the Riesz projectors onto the corresponding eigenspaces.
Proof. Lemma 3.1 and bounds (3.5) with & = 0 imply similarly to (2.16), that
1
DI A TR e [R(w +i0) — Rlw — m)] Uy dw = Uy(t) + Up(t) (3.12)

w; €Y
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where P; stands for the corresponding Riesz projector

PV = —— Uod
0 i Jo 672(@0) odw
with a small 6 > 0, and
1 —zwt .
=5 /l R(w +1i0) — R(w — ZO)] Uy dw (3.13)
R
1
=5 / h(w _Mt R(w +1i0) — R(w — ZO)] Uy dw (3.14)
R

where [(w) and h(w) are defined in Section 2.2. Further we analyze ¥,(¢) and W, (t) separately.

3.2.1 Time decay of V()

Let 0 > 3/2 and § > 3. By Lemma 3.1 iv)-v) we apply integration by parts 7 times, with
v =min{(c — 1/2),(3/2 — 1/2)} and obtain

@)z, < CA+ ) Woll7,, teR. (3.15)

3.2.2 Time decay of ¥,

Let us substitute the series (3.7) into the spectral representation (3.14) for W, (¢):

1 | :
\Ifh(t) = % €_Wth(W) RQ(W + ’LO) — RQ(W — ’LO) \Ifo dw (316)
/ _
+ 2L €_iwth(UJ) RO (w + ZO)VR()(W + ZO) - Ro(w - ZO)VRQ (w — ZO):| \I/() dw
T L
R
1 | :
+ 5= [ (W) [ReVRVR(w +i0) — RoVRoVR(w - zO)] Wy dw
R

= Wy (t) + Upa(t) + Ups(t), teR

Further we analyze each term Wy, k = 1,2, 3 separately.
Step 1) The first term Wy, (t) = G (t) Uy by (2.22). Hence, Theorem 2.7 implies that

1Um @)z, < COA+ )" Tlr, teR (3.17)

Step i) Now we consider the second term Wo(t). Denote hi(w) = \/h(w) and let

(bhl 21 e_i“thl (w) [RQ (w + ZO) - RO (w — ZO):| \I/() dw
T
R

It is obvious that for @5, the inequality (3.17) also holds. Namely,
[@r ()7, < CA+[) Tz, teR (3.18)

Now the second term W(t) can be rewritten as a convolution.
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Lemma 3.4. The convolution representation holds
t
Upa(t) = i/ghl(t — 1)V (1) dr, teER (3.19)
0

where the integral converges in F_, with o > 2.

Proof. Then the term W;5(t) can be rewritten as

1 )
\Ifhg(t) = % /6_2wth%(UJ) [Ro(w + ZO)VR()(W + ZO) — Ro(w — ZO)VRQ(UJ — ZO) \I/() dw (320)
R

Let us integrate the first term in the right hand side of (3.20), denoting
Gr(t) == 0(£t)G(t), @ (1) :==0(£t)Ppi(t), teR

We know that hy(w)Ro(w +i0)¥, = i®}, (w), hence integrating the first term in the right hand
side of (3.20), we obtain that

1 | L
Uh(t) = gy e “'hy(w)Ro(w + i0) VP, (w) dw
R

_ ]‘ —iwt .
- /e hl(w)Ro(w+zO)V[/]R
R

— i(iﬁt—l—z’)z/(e_i%z hl(w)Ro(w+i0)V[/6WT(I>;1(7')d7' dw  (3.21)

T (T)dT] dw

2 w + 1) R

The last double integral converges in F_, with o > 2 by (3.18), Lemma 2.2 ii), and (2.15) with
k = 0. Hence, we can change the order of integration by the Fubini theorem. Then we obtain
that

t
R 0 , <0
since
1 .
Gu(t—71) = 57 / e h (W) Ro(w + i0) dw
R
1 9 e—iw(t—r) .
= %(Zat + Z) /m hl(w)Ro(w + ZO) dw
R
by (2.4). Similarly, integrating the second term in the right hand side of (3.20), we obtain
0 , t>0
_ . _ . _ _ t
i(t) = i /R Gt — YV, (r)dr = / PN C 8
0

Now (3.19) follows since W»(t) is the sum of two expressions (3.22) and (3.23). O
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Lemma 3.5.

Wha (D)7, < CA+[t) " [Woll7,, ~=min{o -1, g -1}, tek (3.24)

Proof. We apply Theorem 2.7 with h; instead h to the integrand in (3.19). For 2 < o < [3/2
we obtain

Clvom @z . Clemlz, _ Cllol|,
A+ft=7ht = A+t =77t = A+ [t =)o A+ [}

1Gn1(t = T)V (7|7, <

and for o > (3/2

OV (7)1, .
1Gn1 (¢ = IV (|7 < Gt = T)VO (D)7, < L

(14t —7])2
Ol e Clle, Clwlr,
O e L O e ) O ) e O s L O e
Hence (3.19) implies (3.24). O
Step iii) Finally, let us rewrite the last term W3 as
Up3(t) = QL /e_wh(w)./\/'(w)\lfo dw, (3.25)
i
R
where N (w) := M(w +i0) — M(w — i0) for w € R, and
Mw) = Ro(w)VRp(w)VR(w) = Ro(wV(w)R(w), we C\R. (3.26)

Now we obtain the asymptotics of N and its derivatives for large w.

Lemma 3.6. For 0 < k < min{§ — 3/2,0 — 1/2} the bounds hold

IN® )o@ 70) ORI weR, |w>1 (3.27)
Proof. We have
k!
(k) — _ M pk)ya(k2) 1o (ks)
MP =3 k1!k2!k3!730 Wk R (ks (3.28)
ki1+ko+kas=k

Lemma 3.2 and bounds (2.15), (3.5) imply
IRFIWEIRE) (W) f 7, < [REVWEIRED (W) |7, < Clh)[WEIRE) (W) f 7,
C(kh k2) C(Tv kh k27 k3) C(Tv kh k27 k3)

jwl? jwl? jwl?

IRE (@) fllz_,,, <

1Fll7,, < Ifllz, w1

under the conditions
o>o0y>1/2+max{ky,ks}, O>1/2+ k401, [>1+ks
All these inequalities hold if 0 > 1/2 4+ k, § > 1+ k, and
1/2 + max{ky, k3} < oy <minf{o, f —1/2 — ko }
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Now we prove the desired decay of W;3(¢) from (3.25).

Lemma 3.7.

Whs(Ollr_, < CA+ ) Woll7,, v =min{(oc —1/2),0—-1,(5/2-1/2),5/2 -1}, 15(6 ]R)-
3.29

Proof. First, in the case 2 < 0 < (3/2 there exists k > 1 such that 1/2+k < o < 3/2+k. Then
8 >1+2k>1+k, and by Lemma 3.6

N® (W) € LY([1, o0]; L(Fo, Foo))- (3.30)
Then we can apply k times integration by parts in (3.25) to obtain
1ns()]l 7, < COA+ ) F[Wollz, = CO+ )TV Wyl 5, teR.

Since k = (o — 1/2) by definition 1.2.

Second, in the case 4 < # < 20 there exists k > 1 such that k +1/2 < /2 < k + 3/2. Then
oc>1/2+kand > 2k+1> 1+ k. Hence (3.30) holds by Lemma 3.6 and using k times
integration by parts we obtain

[3(t)ll 7, < CO+ )22 |||, ¢ ER.
This completes the proof of the lemma and Theorem 3.3. O

Corollary 3.8. The asymptotics (3.11) imply (1.6) with the projector

P.=1-Y P (3.31)

ijE
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