ON DISPERSION DECAY FOR DISCRETE WAVE EQUATIONS

ELENA KOPYLOVA

ABSTRACT. We derive dispersion estimates for solutions of the one-dimensional
discrete wave equations. In particular, we weaken the conditions on the po-
tentials of previous works.

1. INTRODUCTION
We are concerned with the one-dimensional discrete wave equation
i(t)=—Hu, H:=-Ap+q, teR (1.1)
with a real potential q. Here Ay is the discrete Laplacian given by
(Apu)p = Uny1 — 2up + Up—1, nEZ.
In matrix form (L)) reads
ia(t) = Hu(t), teR, (1.2)
where 0 .
() = (unt),in (1)), H= (_iH g)
We suppose that the potential ¢ satisfies
lgnl S CA+n) P, nez (13)
with some 8 > 3. We will use the weighted spaces 2 = [2(Z) with the norm
lullz = 11+ ) 7ulle, o€ R.

Denote
B(o, o'y =L(2,12), B(o, o)=L @% 1% 0l2)

the spaces of bounded linear operators from [2 to (2, and from 12 & 2 to [2, &2,
respectively. We restrict ourselves to the non-singular case, when the boundary
points A = 0,4 of the spectrum are not resonances for the operator H = —Ap + q.

Our main results are as follows. In the non-singular case the following asymp-
totics hold

eT™Mp, —0@1t™%?), t— (1.4)

in B(o,—0) with 0 > 5/2. Here P. is the Riesz projection in (? & [ onto the
(absolutely) continuous spectrum of H.

In this respect we recall that under the condition (L3) it is well-known that
the spectrum of H consists of a purely absolutely continuous part covering [0, 4]
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plus a finite number of eigenvalues located in R\ [0, 4]. In addition, there could be
resonances at the boundary of the continuous spectrum.

The dispersion decay of type (L4)) has been obtained for the first time in [6] for
discrete Schrédinger, wave and Klein—Gordon equations with compactly supported
potentials (the discrete Klein—-Gordon equation corresponds to H= —Ap +m? + ¢
with m > 0 in (). The result has been generalized in [§] to discrete Schrédinger
equation with non-compactly supported potentials under the decay condition (L3))
with 8 > 5. Recently in [2] the dispersion decay was obtained under condition
> Inl?|gn| < oo for discrete Schrodinger and Klein-Gordon equations and under

condition
S Inllgnl < o0 (15)
ne
for discrete wave equation. The result of [2] is based on generalization of the van
der Corput lemma together with the novel fact that the scattering data associated
with H are in the Wiener algebra.

Here we improve the result [2] for the wave equation by reducing the decay rate
(T3 to (T3) with 8 = 3. We adapt to the discrete casethe approach of [7], which
relies on the Puiseux expansions of the resolvent at the edge points of the continuous
spectrum.

2. FREE EQUATION

Here we consider the free equation ([.2]) with ¢ = 0:
iu(t) = Hou(t), teR, (2.1)

where

0 i
H, = (—iHO 0) s Hy = —AL.

It is well-known that Hy is self-adjoint and the discrete Fourier transform
W(0) = une™, 0eT:=R/2rL.
ne

maps Hy to the operator of multiplication by ¢(6) = 2 — 2 cos8:
~Apu(0) = ¢(0)u(h).

In particular, the spectrum Spec(Hg) = [0, 4] is purely absolutely continuous.
We will use the notation [K],,  for the kernel of an operator K, that is,

(Ku), = Z[K]n,kuk, n € Z,
kEZ
The kernel of the resolvent Rg(w) = (Hg — w)~! is given by

1 e—i@(n—k) e—iG(w)\n—lﬂ

[RO(WHn,k:%T ¢(9)_wd9: RTIOR weZ:=C\[0,4], (2.2

n,k € Z. Here 0(w) is the unique solution of the equation
2—2cosf=w, e :={-nm<Ref<m Iméb <0}/2rZ. (2.3)

Observe that  +— w = 2 — 2 cosw is a biholomorphic map from ¥ — =.
Next we collect some properties obtained in [6].
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Lemma 2.1. For Ro(w) the following properties hold:
P1 The resolvent Ro(w) is an analytic function with values in B(0,0) for w € E.

P2 For w € (0,4) the limiting absorption principle holds, which is the convergence
Ro(w +ie) = Ro(w £10), & — 0+ (2.4)
in B(o,—0) with o > 1/2.
P3 At the edge points p— =0 and p4 = 4 the following asymptotics hold
Ro(w) = Ax(w —ps) V2 + BL + O(jw — px|Y?), w—ps, weZ  (25)

in B(o, —o) with 0 > 5/2. Here Ay, By are the operators associated with the
kernels

i _ 1 ne
[Aslue = 3G [Balus = —g - HEDHL (26)
respectively.

P4 The asymptotics ([2.H) can be differentiated twice with respect to w:
Ry(w) = =344 (w — p) 32 + O(|w — x| 717?),
R{(w) = 344 (0 — pa) ™2 + O(|w — p|73/2),

in B(o, —o) with 0 > 5/2.

w—pur, wex  (2.7)

Now we turn to the free wave equation. The resolvent Ro(\) = (Hg — A)~! can
be expressed in terms of Ry (see [@]):

_ ARo(\?) iRo(A?)
RO()‘) - (_1(1 + /\QRO(/\Q)) )\RO(/\Q) ’ A€ (C\ [_27 2] (28)
Then properties P1-P4 imply the corresponding properties of Rg. In particular,
Ro]"?(\) =iA_ X' +iB_+0\), X—=0, AeC\[-2,2]. (2.9)

where []¥ denotes the ij entry of the corresponding matrix operator.

The continuous spectrum of Hy coincides with [—2,2]. For the kernel of the free
propagator the following spectral representation holds

e ] = o / e Ro(A+10) — Ro(A — i0)]pp d. (2.10)
™
(—2,0)u(0,2)

Due to @) [Ro]*?(\ +1i0) — [Ro]*?(XA —i0) ~ A~! and then the first component
un(t) of the solution of the free wave equation ([2]) does not decay as t — +oo.

Remark 2.2. (see [2]). Note that the first component of the solution is given by

Un(t) = Cnm(t)tim(0) + S (£)1m (0), (2.11)
meZ
where
en(t) = 2i/ cos(V1 — cos 0v/2t)e?"df = Ty, (2t), (2.12)
™) -7
T L1 — . t
Sn(t) = —— / SV €05 OVE) om gy _ / cn(s)ds
2 |, /1—cosf 0
2+ 2n|+1 2n|+3
= ; 2 1); —t*). 2.1
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Here J,(z), pFy(u; v; x) denote the Bessel and generalized hypergeometric functions,
respectively. In particular, while c,(t) = O(t=/?) for fived n, we have s,(t) =
1+ 0(t=Y?) for fized n.

3. LIMITING ABSORPTION PRINCIPLE

First we recall a few facts from scattering theory. Under the assumption ¢ € £}
there exists Jost solutions f*(6) to

Hf =wf, wez
normalized as
fEO) ~ T n — +oo,

where § = (w) € ¥ is the solution to 2 — 2 cosf = w. For ¢ € ¢! the Jost solutions
exist outside of the edges of continuous spectrum. In this case one can show as in
[ that

[fa(0)] < CO)e=™O" 0 eT\{0;+7}, neZ, (3.1)
where C(6) can be chosen uniformly in compact subsets of 3 avoiding the band
edges. If additionally ¢ € /1 then

|£E(0)| < Cmax(1, Fn)et™mOn g3, (3.2)
Denote by W (6) the Wronskian of Jost solutions:
W(0) == W(fH(0),f(0) = fo (0)fr (6) = 7 (0) f (0) (3.3)

Then the kernel of the resolvent R(w) = (H — w) ™! : £2 — 2 reads (cf. [9, (1.99)])
1 [ 0Ww)fy; (0(w)) for n >k,
W(Ow) | £ OwW)fr (Bw)) for n <k

The representation (3.4)), the fact that W () does not vanish for w € (0,4), and
the bound (BI) imply the limiting absorption principle for the perturbed one-
dimensional Schrodinger equation.

R(w)]nk = w € E. (3.4)

Lemma 3.1. (see [2, Lemma 3.3]). Let g € {*. Then the convergence
R(w£ie) - R(w+i0), &—0+, we(0,4) (3.5)
holds in B(o,—0) with o > 1/2.
Proof. For any w € (0,4) and any n, k € Z, there exist the pointwise limit
[R(w xig)]nk = [R(w £i0)]pk, € —0.

Moreover, the bound (B.1)) implies that |[R(w+i€)], x| < C(w). Hence, the Hilbert—
Schmidt norm of the difference R(w +ie) — R(w £1i0) converges to zero in B(o, —0c)
with o > 1/2 by the Lebesgue dominated convergence theorem. O

Corollary 3.2. For any w € (0,4) and any fized o > 1/2, the operators R*(w) :=
R(w £140) : £2 — % have integral kernels given by

1 [i01) f (0+) for n>k
[RE ()] = W) (3.6)
* fE(0L) f(05) for n<k
where 04 (w), and 0_(w) = —04(w) are the solution to 2 —2cosd = w from [—m, 0]

and [0, ], respectively.
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The resolvent R(w) = (H—w) ™! can be expressed in terms of R(w) = (H—w) ™!

(see [0]):
_ wR(w?) iR(w?)
R(w) = <_1(1 + W*R(w?) wR(w2)> : (8:7)

Representation (3.7]) and Lemma[3.1]imply the limiting absorption principle for the

perturbed resolvent:

Lemma 3.3. Suppose q € £*. Then for A € (—=2,0) U (0,2) the convergence
R(Atie) = R(A+i0), e — 0+,

holds in B(o,—0) with o > 1/2.

4. RUISEUX EXPANSION OF RESOLVENT
Now we consider R(w) near the edge points u— =0 and puq =4

Definition 4.1. Any nonzero function u € £>°(Z) satisfying the equation orHu =
p—u (Hu = pyu) is called a resonance function, and in this case the point p_ (or
1+ ) is called a resonance.

Lemma 4.2. (see |2, Lemma 3.6]) Let ¢ € (1. Then pu— = 0 (or uy = 4) is a
resonance if and only if W(0) =0 (or W(m) =0).

Below we assume that
Spectral condition: The points pu+ are no resonances. (4.1)

The condition is equivalent to the boundedness of the resolvent R(w) at the edge
points of the continuous spectrum (see Corollary 4] below). This boundedness
provides the asymptotics ([4]).

Lemma 4.3. Let ¢ € (] and 0 > 3. If u_ = 0 is no resonance then R(w)
is continuous in B(c,—o) for w in a meighborhood of [0,4] away from py = 4
with R(0) # 0. If u_ = 0 is a resonance then R(w) = wR(w) is continuous in
B(o,—0) for w in a neighborhood of [0,4] away from ., with R(0) # 0. Similarly
near iy = 4.

Proof. By B4), if W(0) # 0 the claim follows directly from the estimate (3.2)) since
the kernel (14|n|) =7 [R(w)]n,x(1+|k])~¢ is continuous in the Hilbert—-Schmidt norm
by dominated convergence. Otherwise we use additionally that W (6) = Wy6 + o(6)
with Wy # 0 and the claim again follows. O

Corollary 4.4. Let q € 1. Then condition (&) is equivalent to the boundedness
of the families

{R(w), |w—ps| <e, weE} (4.2)
in B(o,—0) with 0 > 3/2 for sufficiently small € > 0.

The Born decomposition formulas
R(w) = (14 Ro(w)g) "Ro(w), R(w) = Ro(w)(1 + gRo(w)) " (4.3)
imply
(1+Ro(w)g) ' =1-Rw)g,  (1+qRo(w)) " =1-¢R(w).  (44)

Hence, since ¢ € B(o,0 + ), we obtain from the previous lemma that for any
o € (3/2,3 —3/2) the operators (1 + Ro(w)g)~! and (1 + qRo(w)) ™! are bounded
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in B(—o,—0) and B(o,0), respectively. In particular, using the following formulas
for the derivatives of R (cf. [4] [5]):

R’ = (1+Roq) 'Ry(1+qRo) ", R” = [(14+Roq) "R —2R'qRp| (1+qRy) . (4.5)
for 8 > 3 we obtain
R'(w+ie) = R(w=+i0), R’(w+ie) = R"(w=*i0), &—0+, we(0,4), (4.6)

in B(o, —0) with o > % Our next task will be to obtain asymptotics of the resolvent
R(w) at the edge points py. We start with the following lemma:

Lemma 4.5. Assume (@Il), suppose ([L3) holds for some > 3, and let o €
(3/2,8—3/2). Then

11+ Ro(w)a)'a* |z, = Olw — s [?), w = pg, w € E, (4.7)

and

Y a1+ qRow) " flo = Olw = ps'/?), w = e, w € E, (4.8)

n

for any f € (2, where aif = (F1)".

o’
In particular,

(1+Ro(w)q) ' Ax(1+ qRo(w) ™' = O(lw — pitl), w = pa, wE€E,  (4.9)
in B(o,—0), where Ay is given in (2.86]).
Proof. The asymptotics (28] imply
R(w) = (1 + Ro(w)) 'Ro(w) = (1 + Ro(w)q) "' [Ax(w — px) ™% + O(1)],

R(w) = Ro(@)(1 + qRo(w)) ™" = [Ax(w — px)7? + O(1)](1 + qRo(w)) .

and the claim follows from the continuity of R(w), (1 + Ro(w)g)™!, and (1 +
qRo(w))™! in B(—0,—0) and B(o,0), respectively. The last claim follows since
Aq = %ai ® ot. O

Lemma 4.6. Suppose [L3) holds for some B > 3 and (@I holds. Then we have
the following asymptotics in B(o, —0c) with o > 5/2
R(w) = Ry + O(|w — px]'/?),
R/(w) = O(|lw — p+|~?), W= py, weEEZ. (4.10)
R (o) = Ol — | )
Proof. Asymptotics (2.8, (@1)—(9), and formulas (@3] imply
R (w) = O(lw—p+|"Y?), R'(w)=0(lw—px|™?), w—ps, welZ (4.11)

in B(o,—0) with o > 5/2. The asymptotics [£I1]) coincide with the asymptotics
(@I0) for the derivatives. Asymptotics [@I0) for R(w) can be obtained by integra-
tion of asymptotics ([@I0) for the first derivative. O

Then representation (3.17) and Lemma [4.6] imply
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Corollary 4.7. Let conditions (L3) and [@I)) hold. Then the following asymptotics
R - RerOE),
R'(\) = O(|]A F2|71/2), A—+£2, AeC\[-2,2] (4.12)
R/(\) = O(A 52 -972)
in B(o, —o) with o > 5/2.
Corollary 4.8. The resolvent R(w) is analytic function of w in {|w| < §, xImw >
0} for some small § > 0.

5. DISPERSION DECAY

Theorem 5.1. Let conditions (L3) with § > 3 and (&I) hold. Then asymptotics

@T@) hold, i.e.
e P —0t3/?), t— oo (5.1)

in B(o,—0) with o > 5/2.

Proof. For the dynamical group associated with the perturbed wave equation (2)
the spectral representation holds (cf. [6]):

2mi
[-2,2] [-2,2]

e Hp — i / e TNR(N 4 10) — R(A —i0)) dX\ = / e AE(N)dN,  (5.2)

1

where F(A\) = — ImR(\ +1i0). The asymptotic expansion of F'(A\) at the points +2
i

can be deduced from (£I2). Thus we obtain

F(\) =0(AF2'?),
F'N) =0(AF2171?), N—=42, Ae(-2,2).
FY(3) = O(A 7 2/-9/2),
Hence the desired decay for large ¢ follows from Lemma below. O
The following lemma is a special case of [4] Lemma 10.2].

Lemma 5.2 ([4]). Assume B is a Banach space, a > 0, and F € C(0,a; B) satisfies
F(0)=F(a) =0, F" € L}, .(0,a; B), as well as F""(\) = O(A\"%/2) and F"(a—\) =

loc

O\ 3/2) as A — 0+. Then

/e_it’\F()\)dA =0@t™3?), t— .
0
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