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On global well-posedness for Klein-Gordon equation with
concentrated nonlinearity

ELENA KOPYLOVA ∗

Faculty of Mathematics of Vienna University and IITP RAS

Abstract

We prove global well-posedness for the 3D Klein-Gordon equation with a concentrated nonlinearity.

1 Introduction

The paper concerns a nonlinear interaction of the Klein-Gordon field with point oscillators. The system is governed by
the following equations















ψ̈(x, t) = (∆−m2)ψ(x, t)+ ∑
1≤ j≤n

ζ j(t)δ (x− y j)

lim
x→yj

(ψ(x, t)− ζ j(t)g j(x)) = Fj(ζ (t)), 1≤ j ≤ n

∣

∣

∣

∣

∣

∣

∣

∣

y j ∈ R
3, x∈R

3, t ∈R, (1.1)

with m> 0 andζ (t) = (ζ1(t), ...,ζn(t)) ∈ Cn. Hereg j(x) = g(x− y j), andg(x) is the Green’s function of the operator
−∆+m2 in R

3, i.e.,

g(x) =
e−m|x|

4π |x| . (1.2)

The nonlinearityF(ζ ) = (F1(ζ ), ...,Fn(ζ )) admits a real-valued potential:

F(ζ ) = ∂ζU(ζ ), U ∈C2(Cn), (1.3)

where∂ζ j
:= 1

2(
∂U

∂ζ j1
+ i ∂U

∂ζ j2
) with ζ j1 := Reζ j andζ j2 := Imζ j . Let G= {g jk} be a matrix with the entries

g jk :=











e−m|yj−yk|

4π |yj−yk| , if j 6= k

0, if j = k

(1.4)

and letG (ζ ) = (Gζ ,ζ ) = ∑
1≤k, j≤n

g jkζ jζ k. We assume thatU(ζ ) is such that

U(ζ )−G (ζ )≥ b|ζ |2−a, for ζ ∈ C
n, whereb> 0 and a∈ R. (1.5)

Our main result is the following. For the initial data of type

ψ(x,0) = ψ0(x)+ ∑
1≤ j≤n

ζ0 jg j(x), ψ̇(x,0) = ψ̇0(x)+ ∑
1≤ j≤n

ζ̇0 jg j(x), (1.6)

whereψ0 ∈ H2(R3) andψ̇0 ∈ H1(R3), we prove a global well-posedness of the Cauchy problem for (1.1) (see Theorem
2.2 below).

In the context of the 3D Schrödinger and wave equations the point interaction of type (1.1) was introduced in [1] -[3],
[9]-[11], where the well-posedness, blow-up and asymptotic stability of solutions was studied. The first justificationof
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the model with a nonlinear point interaction was given in theNLS case in the recent paper [5]. The nonlinear Schrödinger
dynamics with a nonlinearity concentrated at a point is obtained in [5] as a scaling limit of a regularized nonlinear
Schrödinger dynamics.

However, for the 3D Klein-Gordon equation with a point interaction the global well-posedness and a justification of
the model has not been obtained. In present paper we concentrate on the first problem only. We suppose that a justification
can be done by suitable modification of methods [5], but it still remains an open question.

Let us comment on our approach. We develop for the Klein-Gordon equation the approach suggested in [10] for wave
equation. First we consider the linear system (1.1) withn= 1 andF1(ζ1) = ζ1. In this case the solutionψ can be represent
as a sum:

ψ(x, t) = ψ f (x, t)+ϕ(x, t),

whereψ f (x, t) is a solution to the Cauchy problem for the free Klein-Gordonequation with the initial data (1.6), and
ϕ(x, t) is a solution to the coupled system of i) the Klein-Gordon equation with delta-like source and with zero initial
data, and of ii) the first-order linear integro-differential equation which control the dynamics of the coefficientsζ1(t). As
a consequence, we derive an important regularity property of ψ f (y1, t) (see Proposition 4.2, cf. also [10, Lemma 3.4]).

We use this regularity property for proving the existence ofa local solution to (1.1) in the case of nonlinear function
F(ζ ). Then we obtain the energy conservation for the dynamics (1.1). Finally, we use the energy conservation to obtain
a global existence theorem.

The Klein-Gordon equation differs from the wave equation, considered in [9]–[11], by the absence of strong Huygens
principle. This result in additional integral terms (convolutions with Bessel functions) in many calculations.

We expect that the result and methods of present paper will beuseful for the theory of attractors for U(1)-invariant
Hamiltonian system (1.1) (cf. [2], [4], [7], [8]).

Our paper is organized as follows. In Section 2 we formulate the main theorem. In Section 3 we study the structure of
solutions to the Klein-Gordon equation with linear one point interaction. In Section 4 we prove the key regularity property
of solutions to the free Klein-Gordon equation with initialdata (1.6). In section 5 we derive some preliminary formulas.
In Section 6 we consider the nonlinear equation and prove themain theorem.

2 Main result

We fix a nonlinear functionF : Cn → Cn and define the domain

DF = {ψ ∈ L2(R3) : ψ(x) = ψreg(x)+ ∑
1≤ j≤n

ζ jg j(x), ψreg ∈ H2(R3), ζ j ∈C, lim
x→yj

(ψ(x)− ζ jg j(x)) = Fj(ζ )}, (2.1)

which generally is not a linear space. Note that the last condition in (2.1) is equivalent to

ψreg(y j)+ ∑
1≤k≤n

gk jζk = Fj(ζ ). (2.2)

Let HF be a nonlinear operator on the domainDF defined by

HF ψ = (∆−m2)ψreg, ψ ∈ DF . (2.3)

The system (1.1) forψ(t) ∈ DF reads

ψ̈(x, t) = HF ψ(x, t), x∈ R
3, t ∈ R. (2.4)

Let us introduce a phase space for equation (2.3). Denote

Ḋ = {π ∈ L2(R3) : π(x) = πreg(x)+ ∑
1≤ j≤n

η jg j(x), πreg ∈ H1(R3), η j ∈ C}.

Obviously,DF ⊂ Ḋ.

Definition 2.1. (i) DF is the Hilbert space of statesΨ = (ψ(x),π(x)) ∈ DF ⊕ Ḋ equipped with the finite norm

‖Ψ‖2
DF

:= ‖ψreg‖2
H2(R3)+ ‖πreg‖2

H1(R3)+ ∑
1≤ j≤n

|ζ j |2+ ∑
1≤ j≤n

|η j |2. (2.5)
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(ii ) X is the Hilbert space of the statesΨ = (ψ(x),π(x)) ∈ H2(R3)⊕H1(R3) equipped with the finite norm

‖Ψ‖2
X := ‖ψ‖2

H2(R3)+ ‖π‖2
H1(R3). (2.6)

Denote‖ · ‖= ‖ · ‖L2(R3). Our main result is the following.

Theorem 2.2. Let conditions (1.3) and (1.5) hold. Then

(i) For every initial dataΨ0 = (ψ0,π0) ∈ DF the equation (2.3) has a unique solutionψ(t) such that

Ψ(t) = (ψ(t), ψ̇(t)) ∈C(R,DF ).

(ii ) The map W(t) : Ψ0 7→ Ψ(t) is continuous inDF for each t∈ R.

(iii ) The energy is conserved, i.e.,

HF(Ψ(t)) := ‖ψ̇(t)‖2+ ‖∇ψreg(t)‖2+m2‖ψreg(t)‖2+U(ζ (t))−G (ζ (t)) = const, t ∈ R. (2.7)

(iv) The following a priori bound holds
|ζ (t)| ≤C(Ψ0), t ∈R. (2.8)

Obviously, it suffices to prove Theorem 2.2 fort ≥ 0.

3 Linear equation: structure of solution

Here we consider the Klein-Gordon equation with a linear onepoint interaction, i.e.n= 1. More precisely, denote

Dy = {ψ ∈ L2(R3) : ψ = ψreg+ ξ g(x− y), ψreg ∈ H2(R3), ψreg(y) = ξ ∈ C},

Ḋy = {π ∈ L2(R3) : π(x) = πreg(x)+ χg(x− y), πreg ∈ H1(R3), χ ∈ C},
and consider the operator

Hyψ := (∆−m2)ψreg, ψ ∈ Dy. (3.1)

Proposition 3.1. Let ψ0 = ψ0,reg+ ξ0g(x− y) ∈ Dy andπ0 = π0,reg+ ξ̇0g(x− y) ∈ Ḋy. Then the Cauchy problem

ψ̈(x, t) = Hyψ(x, t), ψ(x,0) = ψ0(x), ψ̇(x,0) = π0(x), (3.2)

has a unique strong solutionψ(t) ∈C(R,Dy)∩C1(R, Ḋy)∩C2(R,L2(R3)).

Proof. The operatorHy is a symmetric operator, since

〈Hyψ ,ϕ〉= 〈(∆−m2)ψreg,ϕreg+ ξϕg(·− y)〉= 〈ψreg,(∆−m2)ϕreg〉− ξψξ ϕ = 〈ψ ,Hyϕ〉.

Moreover,
〈−Hyψ ,ψ〉= ‖∇ψreg‖2+m2‖ψreg‖2+ ξψξ ψ ≥ 0.

Hence,Hy admits a unique selfajoint extension, and the corresponding Cauchy problem has a unique strong solution in
C(R,Dy)∩C1(R, Ḋy)∩C2(R,L2(R3)) by the theory of abstract wave equations in Hilbert spaces (see e.g. [6, Chapter 2,
Section 7]).

Proposition 3.1 implies that the strong solutionψ(x, t) of (3.2) satisfies

ψ(x, t) = ψreg(x, t)+ ξ (t)g(x− y), ψreg(y, t) = ξ (t) (3.3)

with ψreg(t) ∈ C(R,H2(R3)) and ξ ∈ C1(R). Now we obtain an integral representation forψ(x, t) via a solution to
integro-differential equation.

3



Lemma 3.2. (cf. [9, Theorem 3]). The strong solutionψ(x, t) ∈ C(R,Dy)∩C1(R, Ḋy)∩C2(R,L2(R3)) of the Cauchy
problem (3.2) for t≥ 0 is given by

ψ(x, t) = ψ f (x, t)+
θ (t −|x− y|)

4π |x− y| ξ (t −|x− y|)− m
4π

∫ t

0

θ (s−|x− y|)J1(m
√

s2−|x− y|2)
√

s2−|x− y|2
ξ (t − s)ds. (3.4)

Hereψ f (x, t) ∈C([0,∞),L2(R3)) is the unique solution to the Cauchy problem for the free Klein-Gordon equation

ψ̈ f (x, t) = (∆−m2)ψ f (x, t), ψ f (x,0) = ψ0(x), ψ̇ f (x,0) = π0(x), (3.5)

andξ (t) ∈C1([0,∞)) is the unique solution to the Cauchy problem for the following first-order linear integro-differential
equation with delay

1
4π

(ξ̇ (t)−mξ (t))+ ξ (t)−λ (t)+
m
4π

∫ t

0

J1(m(t − s))
t − s

ξ (s)ds= 0, ξ (0) = ξ0, t ≥ 0, (3.6)

whereλ (t) ∈C([0,∞)), andλ (t) := lim
x→y

ψ f (x, t) for t > 0.

Proof. In notation (3.4) define the function

ϕ(x, t) :=
θ (t −|x− y|)

4π |x− y| ξ (t −|x− y|)− m
4π

∫ t

0

θ (s−|x− y|)J1(m
√

s2−|x− y|2)
√

s2−|x− y|2
ξ (t − s)ds. (3.7)

It is easy to verify thatϕ(t) ∈C([0,∞),L2(R3)) and satisfy the equation

ϕ̈(x, t) = (∆−m2)ϕ(x, t)+ ξ (t)δ (x− y), ϕ(x,0) = 0, ϕ̇(x,0) = 0. (3.8)

Hence, forψ f = ψ −ϕ ∈C([0,∞),L2(R3)), we obtain

ψ̈ f (x, t) = ψ̈(x, t)− ϕ̈(x, t) = (∆−m2)ψreg(x, t)−
(

(∆−m2)ϕ(x, t)+ ξ (t)δ (x− y)
)

= (∆−m2)
(

ψ(x, t)− ξ (t)g(x− y)
)

−
(

(∆−m2)ϕ(x, t + ξ (t)δ (x)
)

= (∆−m2)
(

ψ(x, t)−ϕ(x, t)
)

= (∆−m2)ψ f (x, t),

and thusψ f is the solution to the Cauchy problem (3.5).

Let us prove the existence and continuity ofλ (t) = lim
x→y

ψ f (x, t). We can splitψ f (x, t) as

ψ f (x, t) = ψ f ,reg(x, t)+ψ f ,y(x, t),

whereψ f ,reg is the solution to the free Klein-Gordon equation with regular initial dataψ0,reg, π0,reg, andψ f ,y are the solu-
tions to the free Klein-Gordon equation with initial dataξ0g(x−y), ξ̇0g(x−y). Evidently,ψ f ,reg(x, t) ∈C([0,∞),H2(R3))
and there exists

λreg(t) := lim
x→y

ψ f ,reg(x, t) = ψ f ,reg(y, t) ∈C([0,∞)). (3.9)

Now considerψ f ,y(x, t). Note that the function

ηy(x, t) := ψ f ,y(x, t)− (ξ0+ tξ̇0)g(x− y)

satisfies
η̈y(x, t) = (∆−m2)ηy(x, t)− (ξ0+ tξ̇0)δ (x− y)

with zero initial data. Therefore, one obtains

ηy(x, t) = −
∫ t

0

(δ (t − s−|x− y|)
4π(t− s)

− m
4π

θ (t − s−|x− y|)J1(m
√

(t − s)2−|x− y|2)
√

(t − s)2−|x− y|2
)

(ξ0+ sξ̇0)ds

= −θ (t −|x− y|)(ξ0k+(t −|x− y|)ξ̇0)

4π |x− y|

+
m
4π

∫ t

0

θ (t − s−|x− y|)J1(m
√

(t − s)2−|x− y|2)
√

(t − s)2−|x− y|2
(ξ0+ sξ̇0)ds.
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Hence,

ψ f ,y(x, t) = −θ (t−|x− y|)(ξ0+(t −|x− y|)ξ̇0)

4π |x− y| +
(ξ0+ tξ̇0)e−m|x−y|

4π |x− y|

+
m
4π

∫ t

0

θ (t − s−|x− y|)J1(m
√

(t − s)2−|x− y|2)
√

(t − s)2−|x− y|2
(ξ0+ sξ̇0)ds, t ≥ 0. (3.10)

Therefore, for anyt > 0 there exists

λy(t) = lim
x→y

ψ f ,y(x, t) =−m(ξ0+ tξ̇0)− ξ̇0

4π
+

m
4π

∫ t

0

J1(m(t − s))
(t − s)

(ξ0+ sξ̇0)ds, (3.11)

and we set

λy(0) = lim
t→0

λy(t) =−mξ0− ξ̇0

4π
. (3.12)

Thus, (3.9)–(3.12) imply that
λ (t) = λreg(t)+λy(t) ∈C([0,∞)).

It remains to prove thatξ (t) is a solution to the Cauchy problem (3.6). Writing the secondequation of (3.3) in terms of
the decomposition (3.4), we obtain

ξ (t) = lim
x→y

(ψ(t,x)− ξ (t)g(x− y)) = lim
x→y

(

ψ f (t,x)+ϕ(x, t)− ξ (t)g(x− y)
)

= λ (t)+ lim
x→y

(θ (t −|x− y|)ξ (t−|x− y|)
4π |x− y| − ξ (t)e−m|x−y|

4π |x− y|
)

− lim
x→y

m
4π

∫ t

0

θ (t − s−|x− y|)J1(m
√

(t − s)2−|x− y|2)
√

(t − s)2−|x− y|2
ξ (s)ds

)

= λ (t)− 1
4π

(ξ̇ (t)−mξ (t))− m
4π

∫ t

0

J1(m(t − s)
t − s

ξ (s)ds, t ≥ 0. (3.13)

Henceξ (t) satisfies (3.6).

4 Regularity property

Here we establish the key regularity property of solutionψ f (x, t) to the free Klein-Gordon equation with initial data from
X . First we prove an auxiliary lemma.

Lemma 4.1. (cf. [10, Lemma 3.2]). Let0< T < ∞, y∈ R3, f(t) ∈C([0,T]), and h(t) = ḟ (t) in the sense of distribution.
Let u(x, t) ∈C([0,T],L2(R3)) be the solution to the Cauchy problem

ü(x, t) = (∆−m2)u(x, t)+h(t)g(x− y), u(x,0) = u0(x), u̇(x,0) = u̇0(x) (4.1)

with initial data (u0, u̇0) ∈ X . Then h∈ L2([0,T]) if and only if(u(t), u̇(t) ∈C([0,T],X ).

Proof. It suffices to considery= 0.

i). Suppose thath∈ L2([0,T]). We representu(x, t) as the sumu(x, t) = u1(x, t)+u2(x, t), whereu1(x, t) is a solution to the
free Klein-Gordon equation with the initial datau0, u̇0, andu2(x, t) is a solution to (4.1) with zero initial data. Evidently,
(u1(t), u̇1(t)) ∈C([0,∞),X ). Let us prove that

(u2(t), u̇2(t)) ∈C([0,T],X ). (4.2)

Applying the Fourier transform, we obtain

(|k|2+m2) ũ2(k, t) =
∫ t

0

sin((t − s)
√

|k|2+m2)
√

|k|2+m2
h(s)ds,

√

|k|2+m2 ˜̇u2(k, t) =
∫ t

0

cos((t − s)
√

|k|2+m2)
√

|k|2+m2
h(s)ds.
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Hence, for (4.2) it suffices to verify that for anyt ∈ [0,T],

∥

∥

∫ t

0

sin((t − s)
√

|k|2+m2)
√

|k|2+m2
h(s)ds

∥

∥ ≤ C1(t)‖h‖L2([0,t]),

∥

∥

∫ t

0

cos((t − s)
√

|k|2+m2)
√

|k|2+m2
h(s)ds

∥

∥ ≤ C2(t)‖h‖L2([0,t]). (4.3)

The both integrals are estimated in the same way, and we consider the first integral only. We have

∥

∥

∫ t

0

sin((t − s)
√

|k|2+m2)
√

|k|2+m2
h(s)ds

∥

∥

2

= 4π lim
R↑∞

∫ t

0

∫ t

0
dsds′ h̄(s)h(s′)

∫ R

0
dr

r2sin((t − s)
√

r2+m2) sin((t − s′)
√

r2+m2)

r2+m2

= 4π lim
R↑∞

∫ t

0

∫ t

0
dsds′ h̄(s)h(s′)

∫ R

0
dr sin((t − s)

√

r2+m2) sin((t − s′)
√

r2+m2)

− 4πm2
∫ t

0

∫ t

0
dsds′ h̄(s)h(s′)

∫ ∞

0
dr

sin((t − s)
√

r2+m2) sin((t − s′)
√

r2+m2)

r2+m2 = I1(t)+ I2(t) (4.4)

It is easy to prove that
|I2(t)| ≤Ct‖h‖2

L2([0,t]), t ∈ [0,T]. (4.5)

It remains to estimate the termI1. We have

I1(t) = π lim
R↑∞

∫ t

0

∫ t

0
dsds′ h̄(s)h(s′)

∫ R

−R
dr
(

ei(s−s′)
√

r2+m2
+ei(2t−s−s′)

√
r2+m2

)

(4.6)

= π
√

2π
∫ t

0
ds|h(s)|2+π

∫ t

0

∫ t

0
dsds′ h̄(s)h(s′)

(

F(s− s′)+F(2t − s− s′)
)

,

where
F(z) =

∫ ∞

−∞
dr(eiz

√
r2+m2 −eizr).

Note that

eiz
√

r2+m2 −eizr = eizr
(

eizr(
√

1+(m
r )

2−1)−1
)

= eizr
( izm2

2r
+R(r,z)

)

, |r| ≥ 2m2+1,

where|R(r,z)| ≤ 1
4(1+ |z|)2m4/r2. Hence,

|F(z)| ≤ |
∫

|r|≤2m2+1

...|+ |
∫

|r|≥2m2+1

...| ≤C(m)(1+ |z|)2+ |
∫

|r|≥2m2+1

m2

2r
deizr| ≤C1(m)(1+ |z|)2. (4.7)

From (4.6) and (4.7) it follows that

|I1(t)| ≤C(m)(1+ t3)‖h‖2
L2([0,t]), t ∈ [0,T]. (4.8)

Finally, (4.4), (4.5) and (4.8) imply (4.3), and then (4.2).

ii) Suppose now that(u(t), u̇(t))∈C([0,T],X ) and prove thath∈ L2([0,T]). As the first step, we will estimate‖h‖L2([0,T])
via

MT := max
t∈[0,T]

‖(u(t), u̇(t))‖X ,

assuming thatξ ∈C1([0,T]). For any fixedτ ∈ [0,T) andt ∈ [τ,T ], we splitu(x, t) asu(x.t) = u1,τ(x.t)+u2,τ(x.t), where
u1,τ(x, t) is the solution to the free Klein-Gordon equation with initial datau(x,τ), u̇(x,τ), andu2,τ(x, t) is the solution to
(4.1) with zero initial data att = τ. By the energy conservation for the free Klein-Gordon equation

‖(u1,τ(t), u̇1,τ(t))‖X ≤C‖(u(τ), u̇(τ))‖X ≤CMT , t ∈ [τ,T].

Therefore,
‖(u2,τ(t), u̇2,τ(t))‖X ≤CMT , t ∈ [τ,T]. (4.9)
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Sinceg(x) = (−∆+m2)−1δ (x), we have(−∆+m2)u2,τ(x, t) = vτ(x, t), wherevτ(t) ∈ C([τ,T],L2(R3)) is the unique
solution to

v̈(x, t) = (∆−m2)v(x, t)+h(t)δ (x)
with zero initial data att = τ. Estimate (4.9) implies

‖vτ(t)‖ ≤CMT , t ∈ [τ,T]. (4.10)

Similarly to (3.7)–(3.8), we obtain

vτ(x, t) =
θ (t − τ −|x|)

4π |x| h(t −|x|)− m
4π

pτ(|x|, t), t ≥ τ, (4.11)

where

pτ(r, t) =
∫ t

τ

θ (t − s− r)J1(m
√

(t − s)2− r2)
√

(t − s)2− r2
h(s)ds, r ≥ 0. (4.12)

We have

‖vτ(t)‖2 =
1

4π

∫ t−τ

0
|h(t − r)|2dr+

m2

4π

∫ t−τ

0
r2|pτ(r, t)|2dr+

m
2π

∫ t−τ

0
h(t − r)pτ(r, t)rdr, t ∈ [τ,T].

Therefore,

‖h‖2
L2([τ,t])+2m

∫ t−τ

0
h(t− r)pτ(r, t)rdr ≤ 4π‖vτ(t)‖2 ≤C1MT , t ∈ [τ,T]. (4.13)

due to (4.10), whereC1 does not depend onτ andt. Applying the Cauchy-Schwarz inequality to (4.12), we obtain

|pτ(r, t)| ≤C‖h‖L2([τ,t])

(

∫ ∞

r

J2
1(m

√
s2− r2)√

s2− r2
ds
)1/2

.

The properties of Bessel functionJ1 (see [12]) imply the uniform estimates

∫ ∞

r

J2
1(m

√
s2− r2)√

s2− r2
ds≤C, 0≤ r.

Hence,
|pτ(r, t)| ≤C‖h‖L2([τ,t]), 0≤ r, t ∈ [τ,T],

and the Cauchy-Schwarz inequality imply

2m
∫ t−τ

0
|h(t− r)pτ(r, t)|rdr ≤C0(t − τ)3/2‖h‖2

L2([τ,t]),

whereC0 does not depend onτ andt. Substituting the last inequality into (4.13), we obtain

(1−C0(t − τ)3/2)‖h‖2
L2([τ,t]) ≤C1MT , t ∈ [τ,T].

Therefore,h∈ L2([τ,τ + t0]), wheret0 = min{T − τ,(2C0)
−2/3}. Since 0≤ τ < T is arbitrary, we can split the interval

[0,T] as
[0,T] = [0, t0]∪ [t0,2t0]∪ ...∪ [nt0,T]

and obtain that
‖h‖L2([0,T]) ≤C max

t∈[0,T]
‖(u(t), u̇(t))‖X . (4.14)

Finally, we should consider general caseξ ∈C([0,T]). In this case we define smooths approximationsξε (t):

ξε(t) = ξ ∗ρε(t) =
∫ T

0
ρε(s)ξ (t − s)ds∈C∞([0,T]),

whereρε(s) = 1
ε ρ( s

ε ), andρ(s) is a smooth function with support in[−1,0] such that
∫

ρ(s)ds= 1. Let uε(x, t) be a
solution to (4.1) withhε(t) instead ofh(t). Then we have

‖hε‖L2([0,T]) ≤C max
t∈[0,T ]

‖(uε(t), u̇ε(t))‖X .

Taking the limit asε → 0, we obtain (4.14) in general case.
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Proposition 4.2. Let ψ f (x, t) ∈C([0,∞),L2(R3)) be the unique solution to (3.5) with initial dataψ0 ∈ Dy andπ0 ∈ Ḋy,
and letλ (t) = lim

x→y
ψ f (x, t). Thenλ̇ ∈ L2

loc([0,∞)).

Proof. Substituting (3.3) into (3.2), we obtain

ψ̈reg(x, t) = (∆−m2)ψreg(x, t)− ξ̈ (t)g(x− y),

ψreg(x,0) = ψ0,reg, ψ̇reg(x,0) = π0,reg.

Note thatξ ∈ C1(R) since‖ψ̇(t)|2
Ḋy

:= ‖ψ̇reg(t)‖2
H1(R3)

+ |ξ̇ (t)|2. Lemma 4.1 implies thaẗξ ∈ L2
loc([0,∞)). Thenλ̇ ∈

L2
loc([0,∞)) by (3.6).

Corollary 4.3. (cf. [10, Lemma 3.4]). Let u(x, t) be the solution to the free Klein-Gordon equation with regular initial
data(u0, u̇0) ∈ X . Then for all y∈R3

u̇(y, t) ∈ L2
loc([0,∞)). (4.15)

Proof. Consider the Cauchy problem (3.2) with initial dataψ0(x) = u0(x)+ξ0g(x−y), π0(x) = u̇0(x)+ ξ̇0g(x−y), where
ξ0 = u0(y) and ξ̇0 is arbitrary. Then in notation of Lemma 3.2 we haveu(x, t) = ψ f ,reg(x, t) and u(y, t) = λreg(t) =
λ (t)−λy(t), whereλy(t) is defined by (3.11). Evidently,̇λy(t) ∈ L2

loc([0,∞)). Then Proposition 4.2 implies (4.15).

5 Free Klein-Gordon equation

Here we introduce some notations and obtain some formulas which we will use below. We consider the free Klein-Gordon
equation

ψ̈ f (x, t) = (∆−m2)ψ f (x, t)

with initial data
ψ0 = ψ0,reg+ ∑

1≤k≤n

ζ0kgk, π0 = π0,reg+ ∑
1≤k≤n

ζ̇0kgk.

We splitψ f (x, t) as
ψ f (x, t) = ψ f ,reg(x, t)+ ∑

1≤k≤n

ψ f ,k(x, t),

whereψ f ,reg is the solution to the free Klein-Gordon equation with regular initial dataψ0,reg, π0,reg, andψ f ,k are the
solutions to the free Klein-Gordon equation with initial dataζ0kgk, ζ̇0kgk. Denote

λ j ,reg := ψ f ,reg(y j , t) ∈C([0,∞)), λ j ,k(t) = lim
x→yj

ψ f ,k(x, t) (5.1)

Due to Corollary 4.3
λ̇ j ,reg(t) ∈ L2

loc([0,∞)). (5.2)

Further, we get similarly to (3.10)

ψ f ,k(x, t) = −θ (t −|x− yk|)(ζ0k+(t−|x− yk|)ζ̇0k)

4π |x− yk|
+

(ζ0k+ tζ̇0k)e−m|x−yk|

4π |x− yk|

+
m
4π

∫ t

0

θ (t − s−|x− yk|)J1(m
√

(t − s)2−|x− yk|2)
√

(t − s)2−|x− yk|2
(ζ0k+ sζ̇0k)ds, t ≥ 0.

Therefore, forj 6= k there exist

λ j ,k(t) = lim
x→yj

ψ f ,k(x, t) = ψ f ,k(y j , t) =−θ (t −|y j − yk|)(ζ0k+(t−|y j − yk|)ζ̇0k)

4π |y j − yk|
+(ζ0k+ tζ̇0k)g jk

+
m
4π

∫ t

0

θ (t − s−|y j − yk|)J1(m
√

(t − s)2−|y j − yk|2)
√

(t − s)2−|y j − yk|2
(ζ0k+ sζ̇0k)ds∈C([0,∞)). (5.3)

Moreover, for anyt > 0 there exist (cf. (3.11))

λ j , j(t) = lim
x→yj

ψ f , j(x, t) =−m(ζ0 j + tζ̇0 j)− ζ̇0

4π
+

m
4π

∫ t

0

J1(m(t − s))
(t − s)

(ζ0 j + sζ̇0 j)ds. (5.4)
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We set

λ j , j(0) = lim
t→0

λ j , j(t) =−mζ0 j − ζ̇0 j

4π
. (5.5)

Thus, (3.9)–(5.5) imply that

λ j(t) := lim
x→yj

ψ f (x, t) = λ j ,reg(t)+ ∑
1≤k≤n

λk, j(t) ∈C([0,∞)). (5.6)

Remark 5.1. Evidently,
λ̇ j , j(t) ∈ L2

loc([0,∞)). (5.7)

Nevertheless,̇λk, j(t) 6∈ L2
loc([0,∞)) for k 6= j, becausėλk, j(t) contains the term

− θ̇ (t −|y j − yk|)(ζ0k+(t−|y j − yk|)ζ̇0k)

4π |y j − yk|
=−δ (t −|y j − yk|)ζ0k

4πt
. (5.8)

6 Nonlinear point interaction

First we adjust the nonlinearityF so that it becomes Lipschitz continuous. Define

Λ(Ψ0) =
√

(HF(Ψ0)+a)/b, (6.1)

whereΨ0 ∈ DF is the initial data from Theorem 2.2 anda, b are constants from (1.5). Then we may pick a modified
potential functionŨ(ζ ) ∈C2(C,R), so that
i) the identity holds

Ũ(ζ ) =U(ζ ), |ζ | ≤ Λ(Ψ0), (6.2)

ii) Ũ(ζ ) satisfies (1.5) with the same constanta, b asU(ζ ) does:

Ũ(ζ )−G (ζ ) ≥ b|ζ |2−a, ζ ∈C, (6.3)

iii) the functionF̃ = ∂ζŨ(ζ ) is Lipschitz continuous:

|F̃(ζ1)− F̃(ζ2)| ≤C|ζ1− ζ2|, ζ1,ζ2 ∈ C. (6.4)

We suppose thatΨ0 =(ψ0,π0)∈DF̃ =DF̃ ⊕Ḋ, and consider the Cauchy problem for (2.4)) with the modifiednonlinearity
F̃ . As before we denote byψ f (x, t) ∈C([0,∞),L2(R3) the unique solution to (3.5), andλ j(t), t ≥ 0 is defined by (5.6).
The following lemma is proved by standard argument from the contraction mapping principle.

Lemma 6.1. Let conditions (6.2)-(6.4) be satisfies. Then there existsτ > 0 such that the Cauchy problem

1
4π

ζ̇ j(t) =
m
4π

ζ j(t)+ ∑
k6= j

θ (t −|y j − yk|)ζk(t −|y j − yk|)
4π |y j − yk|

+λ j(t)

− ∑
1≤k≤n

m
4π

∫ t

0

θ (t − s−|y j − yk|)J1(m
√

(t − s)2−|y j − yk|2)
√

(t − s)2−|y j − yk|2
ζk(s)ds− F̃j(ζ (t)), ζ j(0) = ζ0 j (6.5)

has a unique solutionζ ∈C([0,τ]).

Denote

ψ j(t,x) :=
θ (t −|x− y j |)

4π |x− y j|
ζ j(t −|x− y j |)−

m
4π

∫ t

0

θ (t − s−|x− y j|)J1(m
√

(t − s)2−|x− y j |2)
√

(t − s)2−|x− y j |2
ζ j(s)ds, t ∈ [0,τ],

with ζ j from Lemma 6.1. Now we establish the local well-posedeness for (1.1).
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Proposition 6.2. (Local well-posedeness). Let the conditions (6.2)–(6.4) hold. Then the function

ψ(x, t) := ψ f (x, t)+ ∑
1≤ j≤n

ψ j(x, t) ∈ DF̃ , t ∈ [0,τ]

is a unique strong solution to the Cauchy problem

ψ̈(t) = (∆−m2)ψ(t)+ ∑
1≤ j≤n

ζ j(t)g j , ψ(0) = ψ0, ψ̇(0) = π0, (6.6)

lim
x→yj

(ψ(x, t)− ζ j(t)g j) = F̃j(ζ (t)), (6.7)

and
ψ̇(t) ∈ Ḋ, t ∈ [0,τ].

Proof. Sinceζ j(t) solves (6.5) one has similarly to (3.13)

lim
x→yj

(ψ(t,x)−ζ j(t)g j(x)) = λ j(t)+ lim
x→yj

(

∑
1≤k≤n

θ (t −|x− yk|)ζk(t −|x− yk|)
4π |x− yk|

− ζ j(t)e−m|x−yj |

4π |x− y j |
)

− lim
x→yj

∑
1≤k≤n

m
4π

∫ t

0

θ (t − s−|x− yk|)J1(m
√

(t − s)2−|x− yk|2)
√

(t − s)2−|x− yk|2
ζk(s)ds

)

= λ j(t)−
1

4π
(ζ̇ j(t)−mζ j(t))+ ∑

k6= j

θ (t −|y j − yk|)ζk(t −|y j − yk|)
4π |y j − yk|

− ∑
1≤k≤n

m
4π

∫ t

0

θ (t − s−|y j − yk|)J1(m
√

(t − s)2−|y j − yk|2)
√

(t − s)2−|y j − yk|2
ζk(s)ds= F̃j(ζ (t)) (6.8)

and hence (6.7) are satisfied. Further,

ψ̈ = ψ̈ f + ∑
1≤ j≤n

ψ̈ j = (∆−m2)ψ f + ∑
1≤ j≤n

(∆−m2)ψ j + ∑
1≤ j≤n

ζ jδ (·− y j) = (∆−m2)ψ + ∑
1≤ j≤n

ζ jδ (·− y j)

andψ solves (6.6) then. Finally, let us prove that

(ψreg(t), ψ̇reg(t)) ∈ X , t ∈ [0,τ]. (6.9)

The functionψreg(x, t) = ψ(x, t)− ∑
1≤ j≤n

ζ j(t)g j(x) is a solution to

ψ̈reg(x, t) = (∆−m2)ψreg(x, t)− ∑
1≤ j≤n

ζ̈ j(t)g j(x)

with regular initial data(ψ0,reg,π0,reg) ∈ X . Due to (5.2), (5.6), and (5.7) the derivative with respect to t of the RHS of
(6.5) belong toL2([0,τ]), since the terms withδ -functions cancel each other. Hence,ζ̈ j ∈ L2([0,τ]), and (6.9) holds by
Lemma 4.1.

Suppose now that̃ψ = ψ̃reg+ ∑
1≤ j≤n

ζ̃ jg j is another strong solution of (6.6). Then, by reversing the above argument,

the boundary conditions (6.7) imply thatζ̃ j solves the Cauchy problem (6.5). The uniqueness of the solution of (6.5)
implies thatζ̃ j = ζ j . Then, defining

ψ j(t,x) :=
θ (t −|x− y j |)

4π |x− y j|
ζ j(t −|x− y j |)−

m
4π

∫ t

0

θ (t − s−|x− y j|)J1(m
√

(t − s)2−|x− y j |2)
√

(t − s)2−|x− y j |2
ζ j(s)ds, t ∈ [0,τ],

for ψ̃ f = ψ̃ − ∑
1≤ j≤n

ψ j(t,x) one obtains

¨̃ψ f = (∆−m2)ψ̃reg− ∑
1≤ j≤n

((∆−m2)ψ j + ζ jδ (·− y j)) = (∆−m2)(ψ̃reg− ∑
1≤ j≤n

(ψ j − ζ jg j)) = (∆−m2)ψ̃ f ,

i.e ψ̃ f solves the Cauchy problem (3.5). Thus, by the uniqueness of the solution (3.5),̃ψ f = ψ f and thenψ̃ = ψ .
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Lemma 6.3. Let conditions (6.2)-(6.4) hold, and letΨ(t) = (ψ(t), ψ̇(t)) ∈ DF̃ , t ∈ [0,τ], be a solution to (6.6)-(6.7).
Then

HF̃ (Ψ(t)) = ‖ψ̇(t)‖2+ ‖∇ψreg(t)‖2+m2‖ψreg(t)‖2+Ũ(ζ (t))−G (ζ (t)) = const, t ∈ [0,τ]. (6.10)

Proof. Definition (2.3) of operatorHF̃ implies

d
dt
‖ψ̇‖2 = 〈HF̃ ψ , ψ̇〉+ 〈ψ̇,HF̃ ψ〉= 〈(∆−m2)ψreg, ψ̇reg+ ∑

1≤ j≤n

ζ̇ jg j〉+ 〈ψ̇reg+ ∑
1≤ j≤n

ζ̇ jg j ,(∆−m2)ψreg〉

= 〈(∆−m2)ψreg, ψ̇reg〉+ 〈ψ̇reg,(∆−m2)ψreg〉− ∑
1≤ j≤n

ζ̇ jψreg(y j)− ∑
1≤ j≤n

ζ̇ jψreg(y j)

=
d
dt

(

−‖∇ψreg‖2−m2‖ψreg‖2
)

− ∑
1≤ j≤n

ζ̇ j F̃j(ζ )− ∑
1≤ j≤n

ζ̇ j F̃ j(ζ )+ ∑
j 6=k

gk j(ζ̇ jζk+ ζ̇ jζ k)

=
d
dt

(

−‖∇ψreg‖2−m2‖ψreg‖2−Ũ(ζ )+G (ζ )
)

.

Then (6.10) follows.

Corollary 6.4. The following identity holds

Ũ(ζ (t)) =U(ζ (t)), t ∈ [0,τ]. (6.11)

Proof. First note that
HF(Ψ0)≥U(ζ0)−G (ζ0)≥ b|ζ0|2−a.

Therefore,|ζ0| ≤ Λ(Ψ0) and thenŨ(ζ0) =U(ζ0), HF̃(Ψ0) = HF(Ψ0). Further,

HF̃(Ψ(t))≥ Ũ(ζ (t))−G (ζ (t)) ≥ b|ζ (t)|2−a, t ∈ [0,τ].

Hence (6.10) implies that

|ζ (t)| ≤
√

(HF̃ (Ψ(t))+a)/b=
√

(HF̃(Ψ0)+a)/b=
√

(HF (Ψ0)+a)/b= Λ(Ψ0), t ∈ [0,τ]. (6.12)

From the identity (6.11) it follows that we can replaceF̃ by F in Proposition 6.2 and in Lemma 6.3.
Proof of Theorem 2.2. The solutionΨ(t) = (ψ(t), ψ̇(t)) ∈ DF constructed in Proposition 6.2 exists for 0≤ t ≤ τ,

where the time spanτ in Lemma 6.1 depends only onΛ(Ψ0). Hence, the bound (6.12) att = τ allows us to extend the
solutionΨ to the time interval[τ,2τ]. We proceed by induction to obtain the solution for allt ≥ 0.

References

[1] R. Adami, G. Dell’Antonio, R. Figari, A. Teta, The Cauchyproblem for the Schrödinger equation in dimension three
with concentrated nonlinearity,Ann. Inst. Henri Poincare20 (2003) 477-500.

[2] R. Adami1, D. Noja, C. Ortoleva, Orbital and asymptotic stability for standing waves of a nonlinear Schrödinger
equation with concentrated nonlinearity in dimension three,J. Math. Phys.54 (2013), no. 1, 013501, 33 pp.

[3] S. Albeverio, F. Gesztesy, R. Hogh-Krohn, and H. Holden,Solvable Models in Quantum Mechanics. American Math-
ematical Society, Providence, 2005.

[4] V. Buslaev, A. Komech, E. Kopylova, D. Stuart. On asymptotic stability of solitary waves in nonlinear Schrödinger
equation,Comm. Partial Diff. Eqns.33 (2008), no. 4, 669-705.

[5] C. Cacciapuoti, D. Finco, D. Noja, A. Teta, The point-like limit for a NLS equation with concentrated nonlinearity in
dimension three, arXiv: 1511.06731v1.

[6] J.A. Goldstein, Semigroups of Linear Operators and Applications. Oxford Univ. Press, 1985.

11



[7] A.I. Komech, A.A. Komech, Global attractor for a nonlinear oscillator coupled to the Klein-Gordon field,Arch. Rat.
Mech. Anal.185(2007), 105–142.

[8] A.I. Komech, A.A. Komech, Global attraction to solitarywaves for Klein–Gordon equation with mean field interac-
tion, Annales de l’IHP-ANL26 (2009), no. 3, 855–868.

[9] P. Kurasov, A. Posilicano, Finite speed of propagation and local boundary conditions for wave equations with point
interactions,Proc. Amer. Math. Soc.133(2005), no. 10, 30713078

[10] D. Noja, A. Posilicano, Wave equations with concentrated nonlinearities.J. Phys. A38 (2005), no. 22, 50115022.

[11] D. Noja, A. Posilicano, The wave equation with one pointinteraction and the (linearized) classical electrodynamics
of a point particle,Ann. Inst. H. Poincar Phys. Thor.68 (1998), no. 3, 351377.

[12] F. W. J. Olver et al.,NIST Handbook of Mathematical Functions, Cambridge University Press, Cambridge, 2010.

12


	1 Introduction
	2 Main result
	3 Linear equation: structure of solution
	4 Regularity property
	5 Free Klein-Gordon equation
	6 Nonlinear point interaction

