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Abstract

We derive the long-time asymptotics for solutions of the discrete 2D Schrodinger and Klein—Gordon
equations.
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1. Introduction

In this paper we establish the long-time behavior of solutions to the discrete two-dimensional
Schrédinger and Klein—Gordon equations. We extend a general strategy introduced by Vain-
berg [14], Jensen, Kato [6], Murata [10] concerning the wave, Klein—Gordon and Schrédinger
equations, to the discrete case. Namely, we establish the smoothness of the resolvent of a sta-
tionary problem at the nonsingular points of continuous spectrum, and a generalised ‘Puiseux
expansion’ at the singular points which are critical values of the symbol. Then, the long-time
asymptotics can be obtained by means of the (inverse) Fourier—Laplace transform.
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We restrict ourselves to the “nonsingular case,” in the sense of [10], where the truncated re-
solvent is bounded at the singular points of the continuous spectrum, i.e. there are no resonances
or eigenvalues. This holds generically and allows us to get decay of order ~ ! (logr) =2 which
is desirable for applications to scattering problems.

First, we consider discrete version of the 2D Schrodinger equation

r¢@4>=kuJ>=(—A+V@DW@J%‘ xeZ? teR. (1.1)
Y li=0 = Yo, ’

Here A stands for the difference Laplacian in Z? defined by

AY() = Y YO —4px), xeZ’ (12)

lx—y|=1
for functions vy : Z?> — C.

Definition 1.1. Denote by V the set of real-valued functions f on the lattice Z> with finite
support.

Assume that V € V. If we apply the Fourier—Laplace transform

o0

&(x,w)z/eiwfzp(x,z)dt, Imw > 0, (1.3)

0
to (1.1), then we obtain the stationary equation
(H — )Y (») = —iy, Imw>0. (1.4)
Note that the integral (1.3) converges, since ||/ (-, #)||,2 = const by charge conservation. Hence
U, ) =—iR()Yo, Imw>0, (1.5)
where R(w) = (H — w)~! is the resolvent of the Schrodinger operator H.

We are going to use functional spaces which are discrete versions of the Agmon spaces [1].
These spaces are the weighted Hilbert spaces lg_ = lg (Z?) with the norm

ety = [ (1457 ulp. o eR
Let us denote by
B(o,0"y=L(12,12), B(o,o)=L2®2, 12 ®I%)
the spaces of bounded linear operators from lg to lg/ and from lg @ lg to lg/ &) lg/, respectively.
Note that the continuous spectrum of the operator H coincides with the interval [0, 8], and

the kernel of the resolvent has singularities of the logarithmic type at points w; =0, wy = 4,
and w3 = 8. The points are critical values of the symbol 4(sin? %‘ + sin® %2), (0162) € T? of the
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difference Laplace operator (1.2), where T2 is the torus R? /21 7?. The values w; = 0 and w3 = 8
correspond to elliptic critical points of the symbol, and w, = 4 corresponds to hyperbolic points
on the torus (see [3]).

Our main results are as follows. First, we prove the limiting absorption principle

Rw+ie) 2277 R(w+i0) ase — 0+ forw e (0,4) U (4, 8). (1.6)

for V € V and o > 1/2. Further, we establish asymptotic expansions of the resolvent near the
critical points wy for potentials V (x) from a generic set W in the space of all compactly supported
potentials (see Definition 3.4). For example, in the elliptic case, k = 1 and k = 3, the expansion
reads

1

R
R(a)k—l—w):Rg—l—m—FO(wlogzw), lw| = 0, (1.7)

in the norm of B(o, —o) with o > 3. Similar expansion is valid in neighborhoods of hyperbolic
points. These expansions immediately imply

1

R(wx +w) =R+ Rilog”'w+ O(log?w), |w| — 0. (1.8)

Finally, we take the inverse Fourier—Laplace transform of (1.5), applying the asymptotics (1.6)
and (1.8). Then we obtain long-time asymptotics

n
o itH _ Ze—ifl;‘ P; = O(t_l 1og_2 t), r — 00, (1.9)
j=1

B(o,—0)

which is our main result. Here P; are the orthogonal projections in / 2 onto the eigenspaces of H,
corresponding to the discrete eigenvalues A ; € R.

For the proof, we first construct the asymptotic expansion near the critical points for the free
resolvent. Then we prove (1.7) for V € W, by arguments similar to [6,10,14]. The proof of the
decay (1.9) follows by arguments similar to [14, Lemmas 9, 10] and [6, Lemma 10.2].

Remark 1.2.

(1) In Appendix C, we give an alternative approach to derivation of expansion (1.8) in the case
when the truncated resolvent is bounded near the critical points. The derivation relies on our
results for the free resolvent and methods [3].

(i1)) The obtained asymptotics (1.8) imply the boundedness of the truncated resolvent (which
is equivalent to the absence of the eigenvalues and resonances, see [10,15]). Hence the
boundedness holds for generic potentials.

(iii) Although the expansion (1.8) implies (1.9), a more accurate expansion (1.7) can be useful
in other application.

We also obtain similar results for the discrete Klein—-Gordon equation

{‘p(’“”):(A._mz_v(x))w(x’t)’ xeZ2 teR. (1.10)
¥ li=0 = Yo, ¥li=0 =m0, ’
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SetW(t) = (Y(,1), 1}(-, 1)), ¥o= (Yo, mo). Then (1.10) takes the form
V() =HW¥ (1), teR; v (0) =V, (1.11)

where

0 i
HZ(i(A—mZ—V) 0)'

The resolvent R(w) = (H — @)~ ! of the operator H can be expressed in terms of the resolvent
R(w), and this expression yields the corresponding properties of R(w). In particular, we derive
an asymptotic expansion of type (1.7) for R(w), and also long-time asymptotics of type (1.9) for
the solution of (1.11).

Let us comment on previous results in this direction. Eskina [2], and Shaban and Vainberg [12]
considered the difference Schrodinger equation in dimension n > 1. They proved the limiting ab-
sorption principle for matrix elements of the resolvent and applied it to the Sommerfeld radiation
condition. However, [2,12] do not concern the asymptotic expansion of R(w) and the long-time
asymptotics of type (1.9) in the operator norms.

The asymptotic expansion of the matrix element of the resolvent R(w) at the singular
points wi was obtained by Islami, Vainberg [3]. They used this expansion for obtaining the long-
time asymptotics for the solutions of the Cauchy problem for the difference wave equation. The
main feature of this paper which differs from [3] in that here, all asymptotic expansions hold in
the weighted functional spaces, and not on compacts as in [3]. In fact, the asymptotic expansion
of the resolvent (1.7) in the space B(o, —o) was the main technical challenge in this paper. An
additional difference is that here we obtain the long-time asymptotics for the Schrodinger and
Klein—Gordon equations, as opposed to the wave equation in [3].

For hyperbolic PDEs in R” (continuous case), the asymptotic expansion of the resolvent and
the long-time asymptotics (1.9) were obtained earlier in [9,13—15], and for the Schrodinger equa-
tion in [4-7,10]; see also [11] for an up-to-date review and many references concerning dispersive
properties of solutions to the continuous Schrodinger equation in various norms. For the dis-
crete equations, the asymptotic expansion of the resolvent and the long-time asymptotics in the
weighted spaces /2, are obtained for the first time at present paper.

The results of this paper extend the results of [8] from 1D difference equations to 2D differ-
ence equations. An exact formula for the resolvent of the stationary equation is used in [8]. An
exact formula is missing for 2D problems, and this provides the main difficulty of investigation.
Our approach is based on calculation of the asymptotics of oscillatory integrals representing the
resolvent.

The paper is organized as follows. In Section 2 we derive the asymptotic expansion of the
free resolvent. The limiting absorption principle and the expansion of the perturbed resolvent
is proved in Section 3. In Section 4 we prove the long-time asymptotics (1.9). In Section 5 we
extend the results to the discrete Klein—Gordon equation.

2. The free resolvent

We start with an investigation of the unperturbed problem for Eq. (1.1) with V (x) = 0. The
discrete Fourier transform of u : Z?> — C is defined by the formula

Q)= uxe”, 0eT?:=R*/2x7>.

xeZ?
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After taking the Fourier transform, the operator Hy = — A becomes the operator of multiplication
by ¢(0) :=4 — 2cos ) — 2cos 6 = 4sin? & + 4sin® Z:

—Au(®) = ¢ ©)i(®). 2.1)

Thus, the operator Hy is selfadjoint and its spectrum coincides with the range of the function ¢,
that is Spec Hy = X := [0, 8]. Denote by Ry(w) = (Hy — a))_l the resolvent of the difference
Laplacian. Then the kernel of the resolvent Ry(w) reads as

| [ emif—»
472 | ¢0) —w
T2

Ro(w,x —y) = do, weC\X. (2.2)

Lemma 2.1. The free resolvent Ry(w) is an analytic function of w € C\ X with values in B(o, o)
forany o,0’ € R.

Proof. For a fixed w € C\ ¥, we have ¢ (9) —w # 0 for & € T?. Therefore, also ¢ (0 +i&) —w #
0 for 6 € T?, £ e R? if £ # 0 is sufficiently small. Hence, the function 1/(¢ () — w) admits
an analytic continuation into a complex neighborhood of the torus of type {6 + i&: 6 € T2,
£ e R?, |£| < 8(w)} with an §(w) > 0. Therefore, the Paley—Wiener arguments imply that

Ro(w,x —y) < C(8)e !
for any § < §(w). Hence, Ry(w) is a Hilbert-Schmidt operator in the space B(c,c’). O
2.1. Limiting absorption principle

We are going the traces of the resolvent Ry(w) on the continuous spectrum, Ry(w £ i0) with
w € X . We can write

. _ 1
Ro(a)ize,x—y):Fe_l)x_y¢(9)_w$i8, e>0. (2.3)

Note that the limiting distribution m is well defined if w is not a critical value of the
function ¢ (0), i.e. the level line ¢ (6) = w does not contain the critical points with V¢ (6) = 0.
The critical points 6 = (61, 62) can be easily calculated: 6; =0, %+, .... Therefore, the critical
values are 0, 4 and 8. Hence, the limits Ro(w £i0, x — y) exist, as the distributions of x — y, if
o # 0,4, 8. More precisely, the following limiting absorption principle holds in the noncritical
part X' \ {0, 4, 8} of the continuous spectrum.

Proposition 2.2. For o > 1/2 the following limits exist as ¢ — 0+:
. | B(o,—0) .
Ro(w £ie) ——— Rp(w £i0), we X\ {0,4,8]}. (2.4)

Proof. We shall consider the case w € (0,4) and identify the torus 72 in (2.2) with the square
[—7, 7]?. Forw € (4, 8), the proof follows similarly if T2 is identified with the square [0, 2712,
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Let I"(v) be the curve {# € T?: ¢(0) = v} for v € R. Denote
d =d(v) = min{dist(I"(v), 0), dist(I"(w), " (4))},

and represent Ro(w +i¢, z) as the sum

. 1 (1 — x(©))e % 1 x(0)eib=
RO(w+l€’Z)_4n2/ 5@ —o—ic T ] 50 —w_ic
T2 T2

=P(w+ie, )+ P(w+icg, 2),
where x is a smooth function on 72 such that

[0, 160 —wl>d)2,
X(Q)‘{l, 16(0) — ol <d/a.

Obviously,

P(w+ie, z) > P)(w+1i0,z), &—0;
C(w, N)

Pw+ie, )| < ——,
P2 | (2N + 1)

<e<1. (2.5)

Let us prove that

Pi(w+ig,z) > Pi(w+i0,z2), &—0;
C(w)
1+ Tz

for sufficiently small § > 0. We represent Pj in the form

|P1(+ie,2)| < 0<e<s, (2.6)

—ifz
f,z)dv Flo2)— / x(©)e dS’ .7

1

Pi(wtie, z)=—= ,

Hwxie =0 f V—w+is Vo
lv—w|<d/2 row)

where ds is the length on I"(v). The critical points of the phase function @(0) = 6z on I'(v)
are the points where V¢ (6) is proportional to o = z/|z| if z # 0. Denote the critical points by
0; =0;(v,a), j =1,2. Hence, the stationary phase method applied to the integral over I"(v)
leads to the following result (see [15, Chapter 1, Theorem 9]):

2
F0.0 =Y [e 7 ajv. a)e i O 4w, 2). (2.8)
j=1

Here a;, u; are smooth functions which are analytic in v in a neighborhood of the point v = w,
pj=1(0;,a), and

rw, )| <C/IzZP? a2 <C/lzV 2l > L.
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Let us note that

dypj(v, ) = (0,0, ) #0 (2.9)

(one can also find this relation in [15, Chapter VII]). In fact, ¢ (6;) = v. After differentiation in v
we get (Vg (6;), 0,0;) = 1 which implies (2.9), since the vector V¢ (6,) is parallel to c.

Now we split P; in three terms P; = Pj1 + P12 + P13 which appear after the function f
in (2.7) is replaced by the main terms and the remainder in (2.8). Obviously, (2.6) holds for P;3.
Let us show that it also holds for P;; and Pj>. The proofs in both cases are similar. So we shall
consider the estimates of Pj1. Assume that 9,41 > 0. Consider a small § > 0 and denote by y»s
contour in the complex v-plane which consists of two segments 2§ < |[v — w| < d/2,v € R, and
the half circle |v| =24, Imv > 0. Then by the Cauchy theorem

alelmlzl dv alelmlzl dv
f V—w-+tie /v—a)—l—zs

[v—w|<d/2 V28

<C, 0<e<38, (2.10)

since Reip (v, ) <0 forv e yys if § > 0 is small enough. The latter follows from the Lagrange
formula applied to Reiu ;.

The estimate (2.10) implies (2.6) for P;; when 90,41 > 0. For 9,41 < 0, we apply the same
arguments with y»5 replaced by the complex conjugate contour and with an extra term in the
middle part of the relations (2.10). This term is the residue at point v = w — ie. Hence, (2.6) is
proved for Pp1, and therefore it holds for P;.

The limits and uniform bounds (2.5) and (2.6) imply similar features for the matrix elements
Ro(w, z) of the resolvent:

Ro(w tie, z2) > Ro(w£1i0,z2), &— 0+;
C(w)

Ro(w tig, )| < ——, O<e<e(w 2.11
| Ro( )| T 7 (®). (2.11)

Finally, (2.11) implies that

> (1 +1x?) 7 |Ro@Eie,x —y) — Ro@=i0,x — ) (1+[y?) ™ =0, &0+,
x,yeZ?

by the Lebesgue dominated convergence theorem. Hence, the Hilbert—Schmidt norm of the dif-
ference Ro(w £ ie) — Ro(w % i0) converges to zero that implies (2.4) for w € (0,4). O

Remark 2.3. Differentiating (2.2) in @, we obtain similarly that Bclf)Ro (w £1i0) € B(o, —o) with
o>1/2+kforkeNand we (0,4) U (4, 8).

Further, we need more information on the behavior of Ry(w) near the points wy. We consider
separately the “elliptic” singular points w; = 0, w3 = 8 and the “hyperbolic” singular points
wy =4.
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2.2. Asymptotic expansion near elliptic points

Here we construct the expansion of the free resolvent Ry(w) near the elliptic singular points
w1 =0 and w3 = 8. First we consider w; = 0 and expand Ry(w) for small complex w for which
0<argw < 2m.

Proposition 2.4. For any N > 0 the following expansion holds:

N N
Ro(w) = Z Araok logw + Z Bro* + O(wNH loga)),
k=0 k=0
lw| = 0, argw € (0, 27) (2.12)

in the norm of B(o, —o) with o > 2N + 3. Here Ay, By € B(o, —0) with o > 2k + 1 are the
operators with kernels Ay (x —y), Br(x —y), respectively, and

1
AO(X—)’)=—E, x,yeZZ. (2.13)

Proof. The resolvent Ry (w) is represented by the integral (2.2). Let us fix 0 < § < 1 and consider
0 < |o| < §/2. We identify T2 with the square [—, JT]2, and split Ry(w, z), z =x — y, into the
sum

—i0z

Ro(w, 2) = L do +r(w, z2), (2.14)

472 ?(0) — w
16(0)] <8

where r(w, z) is the integral over {|¢(6)| > §}. The remainder r(w, z) is analytic in w for
lw| < 8/2, and

107 (0, 2)| < Cj,  |w| <8/2, z€Z? (2.15)

Now we change the variables:
. Oi 0; :
ai=2s1n5, dai:cosEin, i=1,2.

Let us note that the transform (61, 6»2) — (a1, @2) is a diffeomorphism of D = {|¢(0)| < 4} since
cos% # 0 for (01,6,) € D. Using the symmetry of the domain D in 6;, i = 1,2, we obtain
from (2.14)

472 J(a7)J (03) dey doy + 1 (, 2).

|a%+a’§—a)|<5/2

1 cos(z1g(a1)) cos(z2g(2))
Ro(w,z) = — — :
o +a5 —wFie
(2.16)

1

—

1S a smooth even

Here g(o) = 2arcsinw/2 is a smooth, odd function, and J («?) = oy

function.
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Now we change variables further, «y = ,/p cos ¥, ap = ,/p sin{, where p = oz% —|—oz§ =¢(0),
and denote the integral with respect to ¢ by f:

27
1
flo.2)= o / cos(z18(y/pcos ) cos(z2g (/P sinyr))J (o cos® yr) J (psin® y) dyp.
0
2.17)
Then (2.16) becomes
p d
Rwa)=/lﬁﬁfiiﬁ+mwxy (2.18)
p—w
0

It remains to prove asymptotics of type (2.12) for the integral in (2.18). It is easy to show that
85 f(p, )| < Ce(1+12%), k=0,1,2,..., 0<p <6 (2.19)

For any N > 0 let us expand f (p, z) in finite Taylor series in p:

fp, )= fo@+ fip+---+ fn@p" + Fn(p, 20", fol) = ﬁ, (2.20)
where fj(z) are polynomial in z of order 2k, and
[Fn(o, D <ClzZPY,  |9,Fn(p,2)| < CIzPM2, for0<p<s. (221
Substituting (2.20) into (2.18), we obtain for the terms containing f;(z), k=0,1,..., N,

k
M_f()f(“ "2+~-+wk‘1+w—>dp

0 —w
0

k—1
= fk(Z)(Zajwj + of (log(8 — w) — log(—a)))>

Jj=0

N

_fk(z)(Za o —w log( w) +ay(w)w ), 0<|wl <d/2, (2.22)
j=0

where |an (w)| < C. Further, similar to (2.22) we have

1)
F Nd N
/ N(f) Z)Z P /FN(,O z)( LpwpN 24 gVl 2 )d,o

N-1
=Y byl 4ot [ DD (2.23)

p—w
J=0 0



2236 A.L Komech et al. / Journal of Functional Analysis 254 (2008) 2227-2254

where by j(z) < C |z|*"Y . We estimate the last integral using the following lemma.

Lemma 2.5. For 0 < |w| < §/2, argw € (0, 21) the following bound holds:

8

/FN(p,z)dp

< Clz)*N (Inz] + |In o
p—w

).zl > L (2.24)

0

We prove this lemma in Appendix A. Therefore (2.15)—(2.24) imply

N N
Ry(@.2) =Y Ar@)eflog(—w) + Y B’ + oV Ay(0.2), ol — 0,
k=0 k=0

where |Ay (@, 2)| < Clz/?V (In|z] + | In |ol]), and Ax(z) = O(|z|*), while By(z) = O(|z|*V) for
0 <k < N. Hence, Br(z) = O(|z|*) since By (z) does not dependon N. O

Finally, in the case of w3 = 8 we obtain similarly, the expansion of Ry(8 — w) for small
(_1)21-0—22
4

lw| >0, argw € (—m, ), with Ag(z) =
2.3. Asymptotic expansion near hyperbolic points

Here we study the asymptotics at the hyperbolic singular point w, = 4. The main contribution
to the integral (2.2) is given by the corresponding critical points (0, ) and (77, 0) of hyperbolic
type.

Proposition 2.6. For any N > 0 the following expansion holds

N N
Ro(4 4+ w) = Z Dy logw + Z Ero + (9((01\”rl loga)),
k=0 k=0
lw| = 0, Imw > 0, (2.25)

in the norm of B(o, —0o) with o > 2N + 3. Here Dy, Ex € B(o, —0), with o > 2k + 1, are
operators with kernels Dy (x —y), Ex(x — y), respectively, and Do(z) = 7= ((—=1)*! + (=1)%?).
For Imw < 0 a similar expansion holds.

Proof. For w = wy = 4 the denominator of the integral (2.2) vanishes along the curve ¢ (0) = 4.
We will study the main contribution of points (0, ) and (ir, 0) of the curve which are critical
points of ¢ (6). The contribution of other points on the curve is contained in second sum in the
right-hand side of (2.25) and can be proved by methods of Section 2.1. For example, consider the
integral over a neighborhood of the point (i, 0). Let us introduce a smooth cutoff function ¢ (6),
which will be specified below, such that £(f) = 1 in a neighborhood of the point (i, 0), and
define



A.L Komech et al. / Journal of Functional Analysis 254 (2008) 2227-2254 2237

O(.2) — 1 fe—i(z191+zz62);(9) do, d6,

$) —4—ow
| _i(zlél—i—zz@z)é—(g) de; do,
_4n2f 4sin? % —4cos? % — o

Imw > 0,

/ )

R / e_i(119{+Z29z)§1 G dH/ do,
_ 2 0]
4sin> % —4sin” 4 — o

472

where 6] =6 —m, 8" = (61, 62), and £1 (") = £ (#). We can assume that £1(#’) is symmetric in
61 and 6>. Then, the exponent e~ 1@01+2202) can be substituted by its even part as above, so that

Oi1(w,z). (2.20)

w,
Qw,z) = ' 2o =

— 4sin? 7 —w

— ]o]ocos(ZIG )008(1292)4“1(9)619’6192 e—iam
50 4 sin

It remains to prove the expansion of type (2.25) for Q. First we change the variables s; = 2 sin %2

and s> = 2sin %1. Now we specified the cutoff function such that ¢ (8") = & (|s 1), where ¢ is a
smooth function. Then

2
O1(@.2) = // F(z, Sps )§2§|S| )dS1dS2’ 2.27)
1

— 55 —w
where
F(z, 57, s2) = cos(z18(s1)) Cos(z2g(s2))J(s%)J(s§).
Further, we introduce hyperbolic coordinates by
p1 =57 — 55 = R*cos 2, 02 =2s152 = R?sin 2y, (2.28)
where R and v are polar coordinates of (s, s2). Then | o|? = ,o1 + ,02 R*, s0 |p| = R?, and

) lpl+pi sz_lpl—

s = B 5= 7 (2.29)
Further, dp dpy = 4|p| dsy ds, hence (2.27) becomes
o0
0i.2)= [ ( Mdm) dp2, (230
(p1 — w)|p]

0 'R

where hi(|pl, p1, z) = F (22, 2L 121200y, (1 p)) /4. Now, we can further select the cutoff func-
tion in such a way that we can choose it so that

suppa(lpl) N {p € R?: po >0} € 1T = {(pr1. p2): =8 < p1 <8, 0< p2 <8}
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with some fixed 0 < § < 1. We will consider |w| < §/2. Denote r =r(p) :=

|p|. Expanding the
function h(r, p1, z) in a finite Taylor series in p; we obtain

h(r, p1,z) =ho(r,z) + h1(r,2)p1 4 -+ hy(r, 2)pY + Hy(r, p1, 2) 0,
(1019 IOZ) € [_875] X [O’ 8]’ r = |p|’

(2.31)
where Ay (r, z) are polynomials in z of order 2k, and
[Hy(r. o1, 2| < ClzPPY, (85 Hu (o p1, )| < ClzPV 2,
(p1, p2) € [=6,68] x [0, 8], r =|pl. (2.32)

Step (i). Let us consider the contribution to integral (2.30) from the terms containing h (7, z)
k=0,1,...,N:

hy(r, 2) pX dpy d hi(r, z - o
f k Py dp1dp2 f Kk ( )( Lpoph 24 4 of 4 )dpldpz
(p1 —w)r @
o o
k—

; hi(r, z
= Zak,j(z)a)f + of —k( ) dp1dpa

s J (p1 —w)r
. d
= E ai, j (D)w’ +wkfhk(r, z)drf 71#, (2.33)
s ) ) rcosy —w

where ay j(z) are polynomial in z of order 2k. We change the variable T = tan(1//2) to obtain

3 o0
dyr dt i
S S = , Imw>0. (2.34)
Fcosy — —r4+ o)+ —w) 2 — 2
0 0
Therefore, (2.33) implies
/hk(r,Z)Pfd,Oldpz kii (Do + i k/ahk(r z)dr (2.35)
=) ai@@o’ +7iw :
(o1 — w)r = S T —e?

Further, let us expand £y (7, z) in finite Taylor series in r:

hi(r,z) =hio(2) + hi 1@ + -+ oy x@QrY * + Hy v (o rV R, (2.36)
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where ho 0(z) = 1, hi j(z) are polynomial in z of order 2(k + j), and |Hg y (1, 2)| < C|z|2N
0 < r < 4. Substituting (2.36) into (2.35), we obtain for the terms containing hy ;(z), with
j=0,1,....,N —k

[ s dr T = S S
Of T i@ sjwflogw+l§ﬁlw + By—k (@)™ 7K, (2.37)

where |,BN ()| < By—k, 0 < || <§/2.
It remains to estimate the contribution to the integral in (2.35) from the remainders
Hy i (r, 2)rN=F for 0 < |w| < 8/2:

8 2|w| 8

Hi v 3 N_kd
ke, N—k(T, 2)r r_ / +/ =1+ D. (2.38)

2 _ o2
0 0 2l

In the first summand in (2.38) we change the variable r = |w|7 to obtain

2
Hi n— (0T, 2) N FrV*dr

< Clz/*N oV . (2.39)
2 — 0/ |o]?

|| =

0

It remains to consider the second summand in (2.38). For odd values of N — k we obtain:

0)2 a)N—k—l wN—k-i—l
D = H, (I"Z)I"N_k_l 1+dr— +---+d —_|_dA (a)/r) dr
2 k,N—k\T, 21”2 N—k—1 N—k—1 N—k+1 rN——k—}—l
2|w|

= f Hen—i(r, ) (rN 7 4+ dp?r V53 b dy 10V Y dr iy i (0, 2)
2|w|

He vk () (Y dao®r VR b dy 0V T dr iy (o, 2)

= O\oq
>~

-1

()’ +iy_i(o,2), (2.40)

~
Il
=]

where |u(2)] < Clz|*N|; lin— (@, 2)|, lin—k(®,z)| < Clz|*N |w|¥ 7. Similarly, for even val-
ues of N — k we obtain

N—k-2
Y 0@ +in i (@,2), || <ClPY, |Iv i@, 9] < ClzY oV Hlogwl.
j=0
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Step (ii). Let us consider the contribution to integral (2.30) from the remainder Hy (7, p1, 2) pfv :

/ Hy(r, p1.2)p) dp1dp)

(o1 —@)r
ol
HN(r,,Ol,Z) N—1 N-2 N—1 N
:/7 P + wp +--- 4o +—— |dpi1dp:
r Pl —w
n
= Hy(r, p1,2)dp1 dp
=Y wi@’ +oV | PR (2.41)
— (p1 —@)r

where |w;(z)| < C |z|*"V. The integral in the right-hand side of (2.41) is estimated by the follow-
ing lemma.

Lemma 2.7. For 0 < |w| < §/2, Imw > 0 the following bound holds:

' Hy (r, p1,2)dp1dp2

ey | SCRPY (I jzl + [inel]), 2l > 1. (242)

We prove this lemma in Appendix B.

Step (iii). Finally, we have proved the expansion
N N
Q1(w,2) = Z Di(2)o* logw + Z Er(2)o* + Ey(@,2), |w| >0,
k=0 k=0

where |Ey(w,2)| < Clz/*M (n?|z] + |In|o|])|w|V, and Di(z) = O(|z|*), while Ex(z) =
O(|z|*N) for 0 < k < N. Hence, Ei(z) = O(|z]?*) since Ex(z) does not depend on N. [

Remark 2.8. Expansions (2.12) and (2.25) can be differentiated 2N + 2 times in w. For example,
N N
BZZRO(w) = af) ( Z Arat logw + Z Bka)k> + O(a)NH_k log w),
k=0 k=0
lw| = 0, argw € (0,2m), 1 <k<2N +2,
in the norm of B(o, —o) witho > 2N + 3.
3. Perturbed resolvent

3.1. The limiting absorbtion principle

Let n < oo be the number of points in the support of V. Then the rank of the operator of
multiplication by V equals n. Therefore we have the following result.
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Lemma 3.1.

(1) Spec. H =[O0, 8].
(i) The spectrum of H, outside the interval [0, 8], contains at most n eigenvalues on (—o0, 0),
and at most n eigenvalues on (8, 00).

In the next lemma we develop the results of [2,12] for the 2D case and prove the limiting ab-

sorption principle in the sense of operator convergence. It will be needed for the proof of the
long-time asymptotics (1.9).

Lemma 3.2. Let V € V and o > 1/2. Then the following limit exists as ¢ — 0+:

R*ie) 2277 R +i0), we(0,4)U®,8). (3.1)
Proof. Fix w € (0,4) U (4,8) and 0 > 1/2. Then Lemma 2.2 yields

I+ VRy(w+ic) 22 I + VRy(w+i0), &— 0+

for this, recall that the potential V is assumed to be compactly supported in Z>. Therefore the
convergence Ro(w £ie) - Ro(w £i0) in B(o, —o) implies the convergence in B(o, o) after
multiplication by V. W. Shaban and B. Vainberg proved in [12] that for w € (0,4) U (4, 8),
the operator I + V Ro(w % i0) has only a trivial kernel. Hence, being Fredholm of index zero,
I + V Ro(w £ i0) is invertible, and moreover

(I + VRy(w=ie)) " 2% (1 + VRy(w+i0))™", & 0+.

Then the representation R = Ro(/ + VR())_1 implies (3.1). O

Remark 3.3. For w € (0,4) U (0, 8) and for any k € N we have aclf)R(a) +i0) € B(o, —o) with
o>1/2+k.

3.2. Asymptotic expansion near elliptic points

Here we obtain an asymptotic expansion for the perturbed resolvent R(w) near the elliptic
singular points w; = 0 and w3 = 8. Fix a finite subset M C Z? containing | M| points, and denote
by Vs the set of all real-valued potentials supported by M.

Definition 3.4.

(1) A subset W C V), is called generic if its complement is contained in an algebraic submani-
fold in RIMI,

(2) We say that a property holds for generic potentials V € V), if it holds for all V from a
generic subset W C Sy,.
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Theorem 3.5. Fix a o > 3 and a finite subset M C 7.%. Then, for generic potentials V € Vy the
resolvent R(w) has the expansion

1

R
R@)=R)+ —L1— + O(wlog’w), |o|— 0, argw € (0, 27), (3.2)
a+logw

in the norm of B(o, —o). Here RY, Rl1 are operators with kernels R?(x, y) and R% (x,y), respec-
tively.

Proof. The resolvent R(w) can be written in the form
R(w) = Ro(a))T_1 (w), where T(w):=1+ VRy(w). (3.3)
Due to (2.12) we have
T(w)=1+4+VAplogw+ VBy+ O(wlogw), |w|— 0, argw € (0, 27). 3.4)
Lemma 3.6. The operator Ty :== 1 + V By :lg — l(% is invertible for generic potentials V € V.
Proof. Denote by H (M) the space of functions on Z? supported by M. The operator V By is
compact since its range is finite-dimensional. Hence, one needs to check only that the kernel
of T is zero. Assume that Tou =0, i.e. u + V Bou = 0. Then u € H (M), so we have to study the
restriction To(M) of the operator 7o on H(M). Hence, u = 0 if det To(M) # 0. Obviously, this
determinant is a polynomial of the values of V. This polynomial is not equal to zero identically
since it does not vanish at V = 0. This completes the proof of the lemma. O
Denote So = A()TO_1 € B(o, —o0). Then (3.3), (3.4) imply, by Lemma 3.6, that
R(w) = Ro(a))TO_l(I + VSologw + O(a)loga)))_1
= (Sologw + BQTO_1 + O(wlogw))(I + V Splogw + O(wlog a)))_l. (3.5)
Let us construct the operator (1 + V Sglogw + O (wlog w))~ L. Denote by Ker Sp C lg the kernel
of operator Sy. The operator Sy is one-dimensional, and Sy # 0 by (2.13). Hence, Ker Sy is the
subspace of [2 of codimension one.
Lemma 3.7. For generic potentials V € V), we have V ¢ Ker Sy.
Proof. Inclusion V € Ker Sy means that

Ao(I + VBy)~ v =o0. (3.6)

For f =+ VBy)~'V wehave V = f + V By f,hence f € H(M). Therefore, (3.6) becomes

Y (@+VB) V) =) (I+VBp) 'V)(») =0

yeZ? yeM
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by (2.13), and the latter equation is a rational equation for values of V. The rational function
is not equal to zero identically, which follows from an analytic expansion of (I + V Bg)~!V at
V=0. O

Now for generic potentials V' we have lg =V @ Ker Sy, where V is one-dimensional space
of functions proportional to V. We represent any function f € lg as a vector with components
f1 €V, f» € KerSp, and write the operator I 4+ V Splog w in the corresponding matrix form. We
have SoV =« #0, and

I+ VSylogw= (1—|—ozloga) 0).

0 X (3.7)

Hence, for small |w| > 0

1

_ —— 0
(I +VSologw + O(wlogw)) b ( 1+"‘(1)°g“’ 1) + O(wlogw).

Therefore, in the matrix form, (3.5) becomes

1
—F— 0
R(w) = [(gi 8) logw + (g; g;i) + O(a)loga))] [( 1+°‘(;°g‘“ 1) + O(a)loga)):|,

where S;; and B;; are the matrix elements of operators Sy and By TO_I, respectively. Then (3.2)
follows. This completes the proof of Theorem 3.5. O

Remark 3.8. Expansion of type (3.2) also holds for R(8 + w) as |w| — 0, argw € (—m, 7).
3.3. Asymptotic expansion near hyperbolic points

Now we obtain an asymptotic expansion for the perturbed resolvent R(w) near hyperbolic
singular point w = 4.

Theorem 3.9. Fix a o > 3 and a finite subset M C Z>. Then for generic potentials V € Vy the
following expansion holds:

Réloga)-i-R%
log>w + blogw + ¢

R4 +w) =R+ +O(wlog’w), |o|—0, Imo>0, (3.8

in the norm of B(o, —0), R’z‘ are some operators with kernels R’z‘ (x, y).
Proof. Similar to (3.3), (3.4), we obtain

R4+ w) = Ry(4 + )T~} 4+w), whereT(4+4+w):=1+VRo(4+ w). 3.9)
Due to (2.25) we have

TA+w)=1+VDylogw+ VEy+ O(wlogw), |w|— 0, Imw > 0. (3.10)
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Everywhere below we assume that operator Ko := I + V Eg € B(o, —0) is invertible since this
is true for generic potentials V. The proof is similar to Lemma 3.6. Denote Hy = DoK, Le
B(o, —o). Then (3.9), (3.10) imply that

R(4+w) = Ry(4+ w)Ky (I + VHylogw + O(wlogw)) ™'
= (Hologw + DoK' + O(wlogw))(I + V Hylogw + O(wloga)))_l. (3.11)
Since Do(x — y) = —#[(—1)(’”_”) + (—=1)®27¥2)] (see Proposition 2.6), we have
Hy=Do(1+VEy) ™' =(—1)"H| + (—1)2 H>, (3.12)

where Hj are operators which map any f to a constant

i _
Hif ==5— ) (=D*(U+VE) ™ ).
yeZ?
Denote Vi(y) = (—1)"'V(y) and V2(y) = (—1)"2V (y).

Step (i). First we consider the case when Vi and V5 are linearly dependent. Denote

Zfzzven = {()’1, »2) € z*: yi+y2is even}, ngd = {(yl, ) € A yi+y2is odd}.

cven

Note that supp(! + VE())_1 V1 € M, therefore H, V) = £=H; V. Using the same argument as
in Lemma 3.7 one can easily show that V| ¢ Ker H; for generic potentials V € V), i.e. a; =
H1 Vi # 0. Decomposition (3.12) implies that

Then either supp V C Z2,,,, or suppV C ngd, and V1 = £V,, respectively.

VHy=V I H  + V,H, =V (H| £ Hy),

and then V HyV]; = 2Vja;. Hence, V Hy is a one-dimensional operator with range V| = span{V1}.
Therefore, for generic potentials V we have lcz, =V @ Ker(V Hp), and in the same way as in
Section 3.2, we obtain

+ + +
R(4+ w) = Hy 0 log w + B i + O(wlogw)
“\u=x o) °® + &

+
21 E21 E22

1
— 0
« [( 1+2a(1)10gw 1) + O(a)logw)},

where Hii. and Eli are matrix elements of operators Hy and EoK l respectively. This implies
the statement of the theorem in the case of linearly dependent Vi, V5.

Step (ii). Now we consider the case when V; and V; are not proportional. In this case the image
of V Hy belongs to V1, = span{Vy, V,}.

Lemma 3.10. For generic potentials V € Vyy, the operator V Hy is two-dimensional with the
range V12.
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Proof. The operator V Hy: V12 — Vi3 is degenerate if and only if
H\V,-HV,— HV,-H,V, =0

or, in other notation

D =D+ VE) T VI)0) D (=D (U + VE) ™ Va) ()

YEM yeM

= > =D (U +VE) V) () D (=17 (U + VE) ™ 'Wi)(y) =0,

yeM yeM

and the latter equation is a rational equation for values of V. The rational function is not equal to
zero identically. Indeed, let us consider an analytic expansion of the rational function at V = 0.
The expansion begins from the second order term which is

(V)= (Z V(y) - Z(—l)ylﬂzvm) ( v+ Z(—l)ylﬂzvm).

yeM yeM yeM yeM

Since M does not belong to ngen or ngd entirely, then (V) £ 0 on V). Hence, for generic

potential V € V), the rational function not equal zero. O

Now for generic potentials V we have 13 = V12 ® Ker(V Hy). Denote H;V; = ay;. Then, the
operator I + V Hylogw = I + V1 Hy logw + V2 H> log o in the corresponding matrix form reads:

14+ ajlogw applogw 0
I—l—VHologw:( az1 logw 1+ axlogw 0).
0 0 1

Hence, for small |w| > 0

1+ax logw —applogw 0
1 A A
(I + VHplogw + O(wlogw)) = _“21A1°g‘” 1+“121°g‘” 0|+ O(wlogw),
0 0 1

where A = 1 + (ajjaxn — anax)log?w + (a1 + ax)logw, and ajjaxn — appax # 0 by
Lemma 3.10. Hence,

Hyy Hip O Ein Ein Ers
RA+w)=|| Hu Hx O0])logo+ | Exn Ex Exs |+ O(wlogw)

H3; Hszp O E31 E3zx  Es3
14ay; logw —aplogw 0
A A
—ap1 logw 1+aj;logw
X ZIA “A 0|+ O(wlogw)
0 0 1

where H;; and E;; are matrix elements of operators Hp and Eo K, L respectively. This completes
the proof of Theorem 3.9. O
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Remark 3.11. Expansions (3.2), (3.8) imply that the resolvent R(w) is bounded in a neighbor-
hood of the points wy for generic potentials V, though the expansions of unperturbed resol-
vent (2.12), (2.25) contain the terms ~ logw growing as w — 0. Moreover, (3.2), (3.8) imply
that

R(wp +®) =R + R} log™!

w+O(log 2 w), |w|— 0, (3.13)
in the space B(o, —o) with o > 3.
Remark 3.12. The expansions (3.13) in B(o, —o) with o0 > 3 can be differentiated two times
in w. More precisely, BC%R(a)k + w) is equal to second derivative of the expansion up to an error
O(w~ 'ogw).
Proof. The latter is seen from the formula
—1

R(@)= (I + Ro(@)V)  Ro(w),

in which Ry(w) admits a differentiable asymptotic expansion by Remark 2.8. O

4. Long-time asymptotics

Theorem 4.1. Let 0 > 3. Then for generic potentials V €V the asymptotics (1.9) hold, i.e.,

n
He—itH _ Ze—ituj Pj — O(t_l log_2 t), ! — 00. 4.1)
j=1

B(o,—0)

Here P; denote the projections on the eigenspaces corresponding to the eigenvalues j1; € R\
[0,8], j=1,...,n.

Proof.

Step (i). The estimate (4.1) is based on the formula

. 1 .
e_”H:_T 7§ e "“R(w)dw, C>max{8;|u;l,j=1,...,n}. 4.2)
Tl
|lw|=C

The integral above is equal to the sum of residues at poles of R(w) and the integral over the
contour around the segment [0, 8], i.e.

n

_ . 1 :
et Y emitnip; = = e~ "°(R(w+i0) — R(w — i0)) dw.
Jj=1 [0,8]

To prove the desired decay for large ¢, it is convenient to represent the indicator-function y of
interval [0, 8] as

X () =¢1(w) + H2(w) + 53(w),
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where ¢; () € C*([0, 8]), supp &1 C [0,4 — 8], supp 2 C [4 — 28,44 26], supp g3 C [4+6, 8],
where § > 0 is sufficiently small. Then

n
eyt = [ Trgeredes [ e h@P@ds
J=1 [0,4—5] [4—28,4+28]

+ / e i (@) P(w)do =1+ I, + I, 4.3)
[4+6,8]

where P(0) = 5 (R(w +i0) — R(w — i0)).

Step (ii). Let us consider the first summand in the right-hand side of (4.3). The asymptotic ex-
pansion for P(w) at w = 0 can be deduced from (3.13):

2miR]
Inw(Inw + 27i)

P(w) = —|—(9(1n_2w):O(ln_2a)), w—0, w>0.

By Lemma 4.2 below we have

/ e 1 (W) P(w) dow = (’)(t_l log_2 t), t — 00,
[0,4—6]

in the norm B(o, —o) with o > 3, and we obtain the desired decay for the first summand in the
right-hand side of (4.3). The same arguments can be used for the third summand in the right-hand
side of (4.3).

Step (iii). Let us consider the second summand in the right-hand side of (4.3):

25
—4it
L) =S fe—”wgz(4+w) ImR(4 + o +i0)dw, (4.4)
Tl
28
where, by (3.13)
R@A+w+i0)=R)+ Rylog” (@ +i0) + O(In"2 w). (4.5)

The contribution of the first summand in (4.5) to I»(7) is O(+~2). It can be proved with help
of integration by parts 2 times. The contribution of the second term and the remainder are
O~ '1In~2¢). For the second term this follows directly from Lemma 4.3 below. To estimate
the contribution of the remainder we apply Lemma 4.2 below with B= B(o, —0),0 >3. O

Finally, we prepare two lemmas concerning the Fourier transform. The first lemma is an ex-
tension of [6, Lemma 10.2] (see also [14, Lemma 10]), and the second one is a corollary of
Lemma 9 in [14].
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Lemma 4.2. Assume B be a Banach space, d > 0, and F € C(0, d; B) satisfies F(0) =0 and
F(w)=0forw>d=>0, F' € L'(8,d;B) for any § > 0. Moreover, F'(w) = O(w~ ' In? w) as
well as F" (w) = O(w % log™3 w) as w — +0. Then

o0
/e‘m"F(a))da)z(’)(t_lln_2t), t — o0.
0

Proof. Extending F by F(w) =0 for @ < 0, we obtain a function F on (—o0, 0c0) with F’ €
L'(—00, 00; B). For t > 0 we have

o0

s 1 r T _
fF’(w)e ”‘“da):—i/(F’(w—l—?)—F’(a)))e "o de. (4.6)

—00
Finally,

T/t 00 2w/t

/HF@+§>—F%@H@:/...+ <2/HF/(a))Ha’a)
0

—00 —00 w/t
o0 w+m/t
+/dw / IF" ()| dp
w/t w

=O(In"%1) + ; f |F"o) | d=0(In"%1). (4.7

T/t

Therefore, (4.6) implies that the Fourier transform of F’ is O(In~?1), and hence the Fourier
transform of F is O 'In"%¢) ast — co. O

Lemma 4.3. (See [13, Lemma 9].) For any ¢ (w) € Cy°(R) with support in (-1, 1), the following
bound holds:

fe_i‘”t{(w) log (@ +i0)dw=0(""In"?1), t— 0. (4.8)

Remark 4.4. Let us stress that the proofs in this section demonstrate that the expansions (3.13)
with k =1, 2, 3, provide the long-time asymptotics (4.1).

5. The Klein—-Gordon equation
Now we extend the results of Sections 3—4 to the case of the Klein—Gordon equations (1.10),

(1.11). Applying the Fourier—Laplace transform

o0
-i(x,w):/e"w’-p(x,z)dz, Imew > a; >0,
0
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we get the stationary equation
H— o)W () =—i¥), Imow>a.
Let us first consider the resolvent R(w) = (H — w)~! of the operator H.

Lemma 5.1. If o> — m? € C\ [0, 8], then the resolvent R(w) can be expressed in terms of the
resolvent R(w) from (1.5) as

wR(w? — m?) iR(w?* — m?) ) 5.1)

—i(1+ &?*R(@* —m?) wR(@*—m?)

R(w) = (

Proof. The expression for the resolvent Ry(w) = (Hy — w) 1 of the free equation with V. =0 in

the case where w? —m? € C \ [0, 8] can be obtained by the inverse Fourier transform F9__1> Xey of
the matrix
1 w i
PO) — (@2 —m2) \—i(p®)+m*) o)’

Using that by (2.2)

F; ! : =R0(a)2—m2 X y)

9—>x—y ¢(9) _ (a)z _ m2) ’ ’ b
we get
Ro(w) = a)Ro(a)2 — mz) iRo(a)2 — mz)

P T i+ 0?Ro@? —m?) @Ry —m?) )

Put

-(92)

R(w) = (I— iRop(@)V) ' Ro(w)

Then the formula

yields (5.1). O
The representation (5.1) implies the following properties of the operator H.
(1) By Lemma 3.1 we have that

SpecH = [—\/m2 + ,—m] U [m, vm? + 8].

The discrete spectrum of H is ijF = +,/m? + uj, where u; are the eigenvalues of the oper-
ator H.
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(2) Leto > 1/2. By Lemma 3.2, the following limits exist as ¢ — 04.

R(w+ i) 2277 R(w +i0),

forw € (—vm? +8, —m)U (m, vm? + 8) \ {£vm? +4}.
(3) Let o > 3. For generic potentials V the resolvent R has an asymptotic expansion at the
singular points ;= £/m?2 + wy, k = 1,2, 3, similar to (3.13):

R(u+ o) =R(u) +R'(w)log™' o + O(log ), || >0

in B(o, —0).
(4) Let o > 3. Similar to Theorem 4.1, for generic potentials V' the following asymptotics hold:

n
. P =
e_ltH _2 :2 :e—ztvj P;}:

+ j=I

= (’)(t_l lnt_z), t — 00
B(o,—0)

in B(o, —0). Here P]j.E are the projections onto the eigenspaces corresponding to the eigen-
values vj:, j=1,...,n.

Appendix A

Here we prove Lemma 2.5. Let us split the integral as

)
/FN(,O ,2)dp /(FN(IO ,2) — FN(IwI 2))dp +/ Fn(lwl,z)dp
p—w

=J1+ ).
0 0

First we estimate J>. By (2.21)

|2l < |Fa(lwl, z < Clz*N|inw]).

e

Further we split J; = Ji1 4+ Ji2, where J; is integral over I; = (0, 8) N {|p — ||| < 1/|z|*}, and
J is integral over I = (0, 8) \ I1. By (2.21)

—|wl||d 2
|hn<a#M”/M?%%ﬁ<cmw“Eﬁ<aﬁN

since |[p — | > |p — |||, and || < 2/|z|?. Finally,

d
|hﬂ<aﬁN/——&—<cm”muL
lp — |l|
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Appendix B

Here we prove Lemma 2.7. We estimate the integral only over 7T, = {0 < pj, p2 < 6}. The
integral over IT \ 1, can been estimated similarly. Let us split the integral over I1; as

Hy (r, p1,2)dp1dp> _/ (Hy(r, p1,2) — Hy(r, |wl], 2)) dp1 dp2
I,

(o1 —w)r (p1 —w)r
1Ty
Hy (r, ,z2)dp1 d
N (1, o], z)dp1 dp2 L+
(p1 —w)r
4
Similar to (2.34) we obtain
\ [ dy F Hy (ol 2)d
N, W), Z2)dr N

D = Hpy(r, ,z)d —_— | = <C 1 .
| /2] f N(r o], 2) rfrcosw_w T f Ny 2|7 |In |o]|

0 0 0

Further, we split J; as
J1=Jun + Ji2 + Ji3,

where Jq is the integral over ITy = {(p1, p2) € I1+: |r| < 1/|z|2}, J12 1s the integral over Il =
{(p1,02) € [1: \ I11: |p1 — |o]| < 1/|z|4}, and Ji3 is the integral over I13 = I1; \ ({11 U 1)
(see Fig. 1). By (2.32) we obtain

p2
h)
I I1,
1
|Z|2>
I >
0 |o 1 1 )
) [0 s 2 P

Fig. 1. The case |w| — 1/|z|* <O0.



2252 A.L Komech et al. / Journal of Functional Analysis 254 (2008) 2227-2254

w 1/1z|?
o1 — |wl|| dp1 dp2
|hn<cuW“{/ P <P [ay [ ar<cizpt,
—
I 0 0

since |p1 — w| = |p1 — |o||. Next,

Mﬂgaﬁmﬂfm wlldordpr oy pre2p 0 ¢ cppy,
o1 — wlr |z
I

since r > 1/|z|?, and |IT>| < 28/|z|*. Finally, by (2.32) we have

doid
um<cm”/' pLem < ClzN 2|z,
i, 1o =l pf + 93

since for any vertical interval I € I3 (see Fig. 1)

dp
/— =In(pz +/p? +p3) < Clnlz].
AR 10124‘/)%

Appendix C

Here we derive the asymptotics (3.13) under the condition of boundedness of the matrix ele-
ments of the resolvent R(w, x, y) near the singular points w = 0, 4, 8. We shall apply methods [3]
relying on the asymptotic expansions of the free resolvent obtained in Section 2. For example,
we consider the case w = 0. Let us recall that V € V.

Theorem C.1. Let the matrix elements R(w, x, y) of the resolvent R(w) be bounded near w = 0,
ie.

|R(w,x,y)| <C(x,y), |o|<e 0<argw <27 (C.1)
Then the following expansion holds in the space B(o, —o) with o > 3:
R(@)=R"+R'log ' w+O(log?w), |w|—0, 0<argw <27 (C.2)
Proof. The resolvent R(w) can be written in the form
R(w) = Ro(@)T ' (w), where T(w):=1+ VRy(w). (C.3)

Let M be a finite subset of Z? with |M| points which contains the support of the potential V.
Denote by 112\/1 the space of elements from [?(Z?) supported on M. Let Ty (w) :l%,l — 112\4 be the
restriction of the operator 7 (w) onto l%,l. Using the Kramer rule, as in the proof of [3, Theorem 8],
we obtain the asymptotic expansion

1

TAZI(a)) = w* log” a)[To + T log ™' w+ Thlog > w + 0(log_3 a))], w— 0,
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with some matrices Ty, 11, 17 : 112\/1 — ljzw, where Ty # 0, and integers « and B. Taking into ac-
count (2.12) and

@) =1-T""(@)VRy(@) =1—Ty' @)V Ro(w),
we get the following expansion in B(o, o)
T (w) =w*log” o[To+ Tilog ' w+ Trlog 2w+ O(log w)], w—0, (C4)

with some fk € B(o, 0) instead of T} and fo # 0. Substituting (2.12) and (C.4) into (C.3), we
obtain the following expansion

R(@) = w*log" ™ w[AoTy + (AoTi + BoTp)log ™' w+ O(log? )], @ —0, (C.5)

in the space B(a o) Wlth o > 3. Here A0T1 fisa constant function, and BoTo f satlsﬁes the
equatlon HoBoTof Tof since HyBg = 1. Hence Hou = Tof for u = (A0T1 + BoTo)f Since
To # 0, there exists f € lg for which the second term in the right-hand side of (C.5) does not
vanish. Hence, the expansion (C.5) has the form

R(®) = 0" log" w[R* + R'log7 ' w+ O(log % w)], |w|— 0, (C.6)

where RO£0and v =y + 1 if AoTo #0,orv=yif AoTo = 0. Now from the boundedness of
the resolvent it follows that |w* log"” w| < C, w — 0. On the other hand, w* log” @ cannot vanish
atw =0, since HR(0) f = f. Thus, « =v =0, and (C.6) coincides with (C.2). O
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