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1 Introduction

We establish a dispersive long time decay for solutions to 3D magnetic Klein-Gordon equation

Ga,t) = (V = iA(2)) 0 (x, ) — m*P(x, t) — V(@) (z,t), m>0. (1.1)

For s,0 € R, denote by H = H:(R3) the weighted Sobolev spaces introduced by Agmon, [1],
with the finite norms

[l = 1) (V)Y llesy < 00, (&) = (14 |2]*)/2, (1.2)

We assume that V(z) € C*(R?), A; € C*(R?) are real functions, and for some 3 > 3 the bounds
hold

V(@) + |VV(@)+ Y > [D"Aj(x)] < Cla) ™", e R (1.3)

jf<4 j=1

We restrict ourselves to the “regular case” in the terminology of [10] where the truncated
resolvent of the corresponding magnetic Schrodinger operator

H=@GV+A) +V=-A+2A-V+iV- A+ A2V

is bounded at the edge point 0 of the continuous spectrum. In other words, the point 0 is
neither an eigenvalue nor a resonance for the operator H; this holds for generic potentials.

In vector form, equation (1.1) reads
iU (t) = KU(t), (1.4)

where

o= ( Zg ) S ( ¢(<V—z‘A<x>>2O— V(@) o ) |

Denote F, = H: @ H2, and let U(t) : Fo — Fo be the dynamical group of equation (1.4).
Our main result is the following long time decay: in the regular case for any o > 5/2

IU@)eO)llr, <CA+1)2L(O)]x, t>0 (1.5)

for solutions to (1.4) with initial data ¥(0) from the space of continuous spectrum of K.

Let us comment on previous results in this direction. The decay of type (1.5) in weighted
norms has been established first by Jensen and Kato [10] for 3D Schrodinger equation with
scalar potential. The result has been extended to more general PDEs of the Schrodinger type
by Murata [14]. The survey of the results can be found in [16]. For the Klein-Gordon and wave
equations with scalar potential, the weighed energy decay has been established in [11] and [13],
and for the Dirac equation in [3]. The Strichartz estimates for magnetic Schrodinger, wave,
Klein-Gordon and Dirac equations with smallness conditions on the potentials were obtained
in [5, 6, 7] and for magnetic Schrodinger equations with large potentials in [4].

The decay in weighted norms for magnetic Schrodinger equation has been established in
[12]. For the Klein-Gordon equations with magnetic potential, the decay ~ ¢t=3/2 was obtained
by Vainberg [22, 23] in local energy norms for initial data with a compact support. However,
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the decay in weighed energy norms for magnetic Klein-Gordon equation was not obtain up to
Now.

Let us comment on our approach. We extend the method of Jensen and Kato [10] to the
Klein-Gordon equation with magnetic potential. The main problem consists in the presence of
the first order derivatives in the perturbation. These derivatives cannot be handled with the
perturbation theory like [11] since the corresponding terms do not decay in suitable norms.

Our main novelties are Propositions 3.2 and 3.3 on decay of propagators far from thresholds.
First, we prove the decay for magnetic Klein-Gordon equation with V' = 0. The proof rely on
the Mourre estimates for the operator B4 = ((iV+A)2+m2)1/ 2 and the minimal escape velocity
estimates of Hunziker, Sigal and Soffer [9] and their development by Boussaid [3]. Finally, we
obtain the decay for the Klein-Gordon equation with V' # 0 using the Born perturbation series
and our recent results on the decay of the magnetic Schrédinger resolvent [12].

2 Spectral properties

Denote L? = L*(R?). Similarly to [10, p. 589], [14, formula (3.1)] and [12, §3.2], let us introduce
a generalized eigenspace M for the Schrodinger operator H:

M = {’QZ) S H91/2—0 : (1 + AQW)’(/J = 0},

where Ay is the operator with the integral kernel 1/4rw|z —y| and W = 2iA-V +iV-A+ A%+ V.
Functions 1 € M N L? are the zero eigenfunctions of H and functions ¢» € M\ L? are the zero
resonances of H.

Our key assumption is the following spectral condition (cf. Condition (i) in [14, Theorem
7.2]):

M=0 (2.1)

In other words, the point zero is neither an eigenvalue nor a resonance for the operator H.

Condition (2.1) holds for a generic W. Denote by L(Bj, By) the Banach space of bounded

linear operators from a Banach space B to a Banach space By. Denote by R(w) = (H — w)™*

the resolvent of the operator H. Let us collect the properties of R(w) obtained in [12] under
conditions (1.3) and (2.1):

Lemma 2.1. Let condition (1.3) holds. Then
i) For w > 0, the limiting absorption principle holds

R(w £ ie) - R(w £10), & — 0+ (2.2)

in L(HY, H? ) with o > 1/2.
it) Fork=0,1,2, 0 > 1/2+k, and s = 0, 1, the asymptotics hold

1-I+k

2 ), Jw| =00, weC\]0,00). (2.3)

IR ()| 345 30041y = O]~
where | = 0,1 for s =0, and l =0, —1 for s =1.

Note that asymptotics (2.3) have been proved in [12] for s = 0 only. In the case s = 1 the
proof is given in Appendix.
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Lemma 2.2. Let conditions (1.3) and (2.1) hold. Then
i) For o > 1 the asymptotics hold
[R(w) = R(O)|lzug 22 ) = 0, w—0, weC\[0,00) (2.4)

where R(0) : HY — H? _, is a continuous operator.

it) For k =1,2 and o > 1/2 4+ k the asymptotics hold
IB® @)l ey 2,y = O(w[V*7¥), w0, we C\[0,00). (2.5)

Denote T := (—o0, —m)U(m, 00) and let R(w) = (K —w)~! be the resolvent of the operator
IC. The resolvent R can be expressed in terms of the resolvent R:

B wR(w? —m?) iR(w? —m?)
R(w) = ( —i(1+ WQR(WQ _ m2)) wR(w2 _ m2> (2.6)
Hence, the properties of R imply the corresponding properties of R:
Lemma 2.3. Let conditions (1.3) and (2.1) hold. Then
i) The limiting absorption principle holds:
R(wtic) > Rwxi0), wel e—0+ (2.7)
in L(Fy, F_y) with o > 1/2.
ii) For w € C\T the asymptotics hold
IR zr 7y = O1), wEtm—=0, o>1 (2.8)

IR emr ) = O(wtm[Y* %), wtm—0, o>1/24+k k=1,2,.. (29)
iii) For k =0,1,2,... and 0 > 1/2 + k the asymptotics hold
IR® (W)l err.) =01) w—o00, weC\T (2.10)
Under conditions (1.3) and (2.1) the representation holds

U (1) P(K)T(0) = — / e R (w 1 10) — R(w — i0)]U(0) dw, tER  (2.11)

C2mi

for initial state ¥(0) € F, with o > 1. Here

is the projector associated with the continuous spectrum of K. The representation (2.11) follows
from the Cauchy residue theorem, and Lemma 2.3 (cf. [11, §2.2]).
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3 Time decay

We are now able to state our main result

Theorem 3.1. (Weighed energy decay) Let assumptions (1.3) and (2.1) hold. Then for o >
5/2 the time decay holds

U@ PR ez, 70y < C) 722, tER. (3.1)

We prove the decay separately for the components of the solution near thresholds and far
from thresholds. More precisely, we choose a function x,,, € C§°(R) supported in a sufficiently
small neighborhood of [—m, m|. Then

1T Pe(K) 27 7y < NU @)X () Pe(E) || 27, 7o) + 1T = Xon) K| 270 70y (3:2)

The decay of the first low energy component can be treated by the method of Jensen and Kato
[10]. Namely, using the spectral representation (cf. (2.11))

U(t)xm(K)P.(K)¥(0) = % /F e (W) [R(w +0) — R(w — i0)]¥(0) dw, tE€R, (3.3)
and asymptotics (2.8) - (2.9), we obtain for o > 5/2
U @)X (K)Pe(K) |27y 7o) < Clo) (1) %2, tER (3.4)

by [10, Lemma 10.2]. To treat the decay of the second high energy component we cannot use the
spectral representation since the resolvent R(w) does not decay in L(F,, F_,) as w — oo (see
(2.10)). We obtain the required decay in the following way. First, we consider the Klein-Gordon
equation without a scalar potential, i.e with V' = 0:

W) = KU, Ky—= ( (v Z.A(Ox))z ) : ) . (3.5)

Denote Uy(t) : Fo — Fo the dynamical group of equation (3.5). Applying the minimal escape
velocity estimates of Hunziker, Sigal and Soffer [9, Theorem 1.1.] and their modification [3,
Proposition 2.2] we will prove

Proposition 3.2. (The case V.= 0) Let assumption (1.3) hold. Then for any bounded x €
C>*(R) supported in T', any 0 > 2 and any € > 0 the decay holds

10X (Ko)lle(r, 70y < C)(t) %, tER. (3.6)

Finally, we will prove the decay for the Klein-Gordon equation with V' # 0 using the Born
perturbation series (5.3).

Proposition 3.3. (The case V # 0) Let assumption (1.3) hold. Then for any bounded x €
C*®(R) supported in T, any o > 5/2 and any € > 0 the decay holds

ITUOXE)| ez 70y < Clo,e)(t)7245, teR, (3.7)

Theorem 3.1 follows from (3.2), (3.4), and Propositions 3.2 and 3.3. We prove Propositions
3.2 and 3.3 in the remaining part of the paper.
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4 The case V =10

First, we prove Proposition 3.2. Denote

1/2

B = [(ZV — A(x))2 + m2]

which is positive and self-adjoint in L?. Then

cos Bt B~ lsin Bt
Uo(t) = ) (4.1)
—Bsin Bt cos Bt

Hence, for the proof of (3.6) it suffices to check that
le™ "X (B) | cqug o,y < C) ()7, teR (4.2)

for o > 2, ¢ > 0, and any bounded y € C°°(R) with support in (m,o00). We will deduce
(4.2) from the minimal escape velocity estimates [9] which rely on the Mourre estimates for the
operator B.

4.1 Mourre estimates

Denote

P= %(x-VJrV-x), Py=PB' +B7'P. (4.3)
and let I, be the characteristic function of a set M.

Lemma 4.1. Suppose that assumption (1.3) holds. Then
i) For any 0 € (0, 1) there exists v > 0 such that

I‘B‘Zm—f—l/i[Ba PB] I‘B‘Zm'f'l/ Z QI‘B‘ZH’H—V' (44)
i1) For any A € I' and any § > 0, there exists > 0 such that

, A2 —m?
Lp_\<uiB, PplIip_x<u > (7

- 6) L su (4.5)

Proof. Step i) Let us obtain a suitable formula for commutator [B, Pg|. First,
[BapB] = [va]B_l +B_1[B,P]

Further, we express [B, P] via [B?, P| following [20]. Namely, using the Kato square root
formula [15, page 317], we obtain for any v € L?

1 oo

By = —/ w 2B*(B? 4 w) N dw. (4.6)
T Jo

Hence, one has

B, P =1 /w W V2[B2(B? 4 W), P dw, (4.7)

™
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Further,
(B* +w)[B*(B* +w) ', P|(B* +w) = B*P(B* + w) — (B* + w)PB* = w[B?, P).

Then (4.6) becomes

[B,P] = 1 /OO w3(B? +w) Y[B?, P|(B* 4+ w) ' dw. (4.8)

™

It is easy to calculate
i[B%, P] = B> —m?* + Q, (4.9)

where
Q=-A+2i(V-A) =z (VA) +2ix - (V(V-A) +i Y 2;(V;A4) V.
jk
Substituting into (4.8), we get

1 o
i[B,P]B~! == / w'(B? —m*) B YB* +w) % dw
0

™

1 oo
+— / W(B*+ w)'QBYB? +w) tdw = J, + J,

™ Jo

(4.10)

iB7'B,P] =~ / wY?(B? —m*)B™Y(B? + w) 2 dw
0

1 oo
+-— / Ww(B* 4+ w) BB+ w) tdw = J, + Js
0
Applying the integration by parts, we rewrite J; as

1 o
J = ——/ wl/gi(BQer)_l(BQ—mQ)B_ldw
0

T dw
(4.11)

1 [~ 1
= 5/ w (B2 4+ w) Y (B? —m?)B tdw = 5(32 —m*) B2,
0

which follows from (4.6) and the bound
I(B? +w) ™"l 2 < (m* + w) 7 [l . (4.12)

Finally,

BQ _ 2
727” +J, J=Jy+ Js. (4'1?))

i|B, Pg| = I
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Step ii) Let us prove that J = Jo + J3 : L?* — L? is a compact operator. First, bounds (1.3)
and (4.12) imply forany 0 <o < fand 0 < a < 1

[(B? +w) QB (B” +w) g < C(1+w) 2012,

[(B* +w) "B 'Q(B* + w) "l < C(14w) > |||

by the technique of [17] and the standard technique of PDOs [2, 19, 21]. Second, for any
0<a<1and ¢ € H? the bound holds

1(B* +w)™¢lsze < Cll¢llag.- (4.14)
Indeed, using the technique [17], we get
I(B* +w) " *¢llaze < ClIB*(B* +w) @l < Cillgllang
since B is a positive elliptic first order PDO. Finally, choosing 0 < o < 1/2, we obtain
[ T2l 3ze + [ J5tllpze < Cle0] 2. (4.15)

Thetefore, Jo, J3 : L? — L? are compact operators since the embedding H2* C L? is compact
by Sobolev’s Embedding Theorem.

Step i) In the case A = 0 (and then J = 0) bounds (4.4) and (4.5) follow from (4.13). For
A # 0 and any s > 0 we split the compact operator J as

N
J =T+ |l
1

where || || < 5, and f;,g; € L*. Then
I Lp-xi<ul £i)(95 Lp-x<ull e < N Lp-x<ufillez - [ Lip-n<ubillz = 0, p—0

due to absolute continuity of spectral representatives fj, g; € L*([0,00), X) of f;, g; in the
spectral resolution of B, where X is an appropriate Hilbert space. Hence, for sufficiently
small s and p bound (4.5) follows. Similarly, bound (4.4) follows for sufficiently small 3¢ and
sufficiently large v. O

4.2 Minimal escape velocity

Here we adapt the methods of [9, Theorem 1.1] to our case (see also [3, Theorem 2.1])

Lemma 4.2. Let assumption (1.3) hold. Then for any bounded x € C* with support in T,
there exists @ > 0 such that for any v € (0,0), any a € R, and any € > 0 the bound holds

HIPBSaJrUW eiitBX<B)IPBzaH < C<U7 8)<t>72+€7 te Rv (4'16>

where C' does not depend on a and t.
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Proof. According to [9, Theorem 1.1] and [3, Theorem 2.1] bound (4.16) follows from the Mourre
estimates (4.4) - (4.5) and the boundedness of commutators ad}, (B) : L* — L* for 1 < k < 3,

where
adp,(B) = [B, Pg], and ad}, (B) = [ad’;;(B), Pg).

The boundedness of adp, (B) = [B, Pg| follows from (4.13) and (4.15).
For k = 2,3 we have

adp, (B) = —ifady ' (201) + ady ' (J2) + ady ' (J5)]

by (4.13). The boundedness of ad}; '(J2) and ad}, '(J3) is obvious due to (1.3) and definition
(4.10) of Jy and J3. Hence, it remains to prove that [Pg,2J;] and [Pg, [Pg,2.J1]] are bounded
in L?. The boundedness of [B, Pg] imply the boundedness of

[Pg,B™'| = B7'[B, Pg|B~".
Then by (4.11) the operator
[Pg,2J1] = [Pg, (B* — m*)B™?] = —m?*[Pg, B~*| = —m* ([P, B~"|B~' + B™'[Pg, B™"))
is also bounded in L?. Further, (4.3) and (4.9) imply
[Pg,2Ji] = m?B %Py, B*B%*=m?B3[P,B*B %+ m?B?P,B*B*
- m2¢(2(32 —m?)B~ + BQB? + B‘QQB‘?’).

Hence, the boundedness of [Pg,[Pg,2Ji]] in L? follows from (1.3) and the boundedness of
[Pg, B7!] for any [ € N. O

Proof of Proposition 3.2 For any ¢ > 0 and any o > 0 one has
(Pp)~7 = (Pp) "Lipg<ey + O(t]7), [t| >1
in £(L?, L?). Hence,

(Pg) e Px(B)(Pg)7 = (Pg) “Ipy<o-mt2€ P x(B)pys_au2(Ps) " + O(|t| %), ~ <.

_ o
2

J

Choosing a = and v = — 7 in Lemma 4.2, we obtain for 0 = 2 and € > 0

(Pp) = ()7 (x) 7" Px(B)(x) " (2)"(Pp) "llcza,rey < Cle){t) ™2, tER.

Now (4.2) follows since (Pg)~7(z)? and (x)?(Pg)~7 are bounded in £(L? L?). This follows
by the arguments from the proof of Proposition 2.2 in [3] (page 770), relying on the multi-
commutator expansion [8, Identity (B.24)] and the identity [18, (1.2)].
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5 The case V # 0

Here we prove Proposition 3.3. Denote

X(t):=U(t)x(K)¥(0) = QLm /X(w)e_m [R(w +1i0) — R(w — 20)] Uy dw. (5.1)

Our final goal is the bound

IX(®)ll7_, < Clo,e)[Toll7, (t) ™", teR, o>5/2. (5.2)
Let us apply the Born perturbation series

R(w) = Ro(w) — Ro(w)VRo(w) + Ro(w)VRo(w)VR(w), (5.3)

which follows by iteration of R(w) = Ro(w) — Ro(w)VR(w). Here Ro(w) = (Ko — w)! is the
resolvent of the operator Ky and
0 0
SRR o

Substituting (5.3) into (5.1) we obtain

1 o
X(t) = 5= [ x(@e ™| Ro(w +i0) = Ro(w - 2'0)} Uy dw
r
e [ X [Rolw + VR (w + i0) ~ Ro(w — 10)VRa(ew — 10)] Wo do
/ _
+ % x(w)e ™ | ReVRVR(w + i0) — RoVRoVR(w — ZO)} Uy dw (5.5)
T

= Xi(t) + Xa(t) + X3(t), teR

We analyze each term X} separately.

Step 1) For X1 (t) = Up(t)x (ko)W (0) Proposition 3.2 implies that for any o > 2 and any € > 0
X0l 7, < CE)Tollz, (t) 5, teR. (5.6)

Step i) Consider the second term Xs(¢). We can choose the function x(w) such that y(w) =
X3(w). Denote

Yi(t) = % / xa(w)e [Ro(w +i0) — Ro(w — 2'0)] Uy dw

It is obvious that for Y;(¢) the inequality (5.6) also holds. Namely,
M@l < CEITollr ()2, teR, 022, >0 (5.7

Now the second term X3(t) can be rewritten as a convolution.
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Lemma 5.1. The convolution representation holds

Xo(t) = i / Ut — )VYi(r) dr, teR (5.8)

0

where the integral converges in F_, with o > 2.

Proof. We have

1 )
Xo(t) = 5 e 1 (w)*Ro(w + i0) VR (w + i0) Vg dw (5.9)
R
1 )
- % €7MtX1 (M)QRQ(M — ZO)V’R,()(W — ZO)] \I’O dw = X;(t) —+ X; (t)
R

Denote Y, (t) := 6(t)Yy(t). Then x;(w)Ro(w + i0)¥y = 7Y} (w) and we obtain that

XFt) = e (W) Ro(w + i0)VYH(w) dw

ey (W) Ro(w + ’iO)V[/ eiWT}/l+(T)dT} dw

R

ot s eiWT}/l+(T)dT} dw.

1 efiwt
R
The last double integral converges in F_, with ¢ > 2 by (5.7) with 0 < ¢ < 1, Lemma 2.3 i),
and (2.10) with & = 0. Hence, we can change the order of integration by the Fubini theorem
and we obtain that

t
x| 1] vt =rratayie o0 510,
0 , t<0
since
Lo [ Rt i0) do = —= [ e () Ro(w + i0) d
2m'lt ) (w+i)2X1w olw+10) dw = s e X1(w)Ro(w + 10) dw
R R

= 0(t —7)Us(t — 7)x1(Ko)
Similarly, we obtain
0 , t>0

X, (1) = i/t Up(t — 7)x1(Ko)VYi(T)dT , t<0

(5.11)

Now (5.8) follows since X5 () is the sum of two expressions (5.10) and (5.11). O
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Now we choose an arbitrary o > 2, 0 < ¢ < 1 and oy € [2, min{o, 3/2}). Applying
Proposition 3.2 with x; instead y to the integrand in (5.8), we obtain that

Clvyi(7) 7,
(14|t —7|)%*=

10o(t = 7)x1 (Ko)VYa ()| 7, < [|Un(t = 7)xa (Ko)VYi(7T)[ 7, <

CIMillr., _ ClYoll 7, < Cl Yol 7,
IS Sl eV € ol 1 Dl €O o ) S O S o e Dt O Bl D
Integrating, we obtain by (5.8) that

1X:(0)]5, < CE)Talls, ()72, teR, o>2. (5.12)

Step ii1) Finally, we rewrite the last term in (5.5) as

1

X3(t) = 3 /ei”tx(w)N(w)\Ilo dw, (5.13)

where N(w) := M(w + i0) — M(w — i0) and
M(w) == Ro(w)VRo(w)VR(w) = RoL(w)R(w).
First, we obtain the asymptotics of L(w) := VRy(w)V for large w.

Lemma 5.2. Let 0 > 0, k = 0,1,2, and V satisfy (1.3) with 8 > 1/2+ k + 0. Then the
asymptotics hold

ILO @)ooy = Ol ), o] =00, weC\T. (514

Proof. Denote Ry(w) = (Hy—w) ™!, where Hy corresponds to H with V' = 0, i.e., Hy = (iV+A)%.
Bounds (5.14) follow from the algebraic structure of the matrix

0 0
L@ =VRE@Y = (gt o) (5.15)
0

For o > 1/2 + k asymptotics (2.3) with s = 1 and | = —1 implies that
(k) ¢, 2 2 _ -2 _
1Ry (w” = m ) me,) = O(w ), |w[ =00, weC\I, k=0,1,2
Therefore, for 1/2 + k <  — o the asymptotics hold

VRS (@ = m*)V fllug < CIRY (@ = m*)V fllaw_, = Ol ™)V flls

B—o

= O(|w] ) If [l
O

Further, we obtain the asymptotics of M(w) and its derivatives for large w.



Weighted energy decay for magnetic Klein-Gordon equation 12

Lemma 5.3. Let V satisfy (1.3) with 8 > 3. Then for k =0,1,2, the asymptotics hold
||M(k;)(W)||£(]:U7]:70_) =0(|w|™), |w| =00, weC\I, o>1/2+k. (5.16)

Proof. The asymptotics (5.16) follow from asymptotics (2.10) for Rék) and R%® | and asymp-
totics (5.14) for L), For example, consider the case k = 2. We have

M" = RILR + RoL'R + RoLR" + 2R\ L'R + 2R, LR + 2RoL'R’. (5.17)

For a fixed 0 > 5/2, let us choose ¢’ € (5/2, min{o, 8 —1/2}). Then for the first term in (5.17)
we obtain by (2.10) and (5.14)

HR"( )L(w) R )f”f < [[Rg(w)L ( JRw)fll7_, < [[Lw)R(w)fllz,
”R< )f”]'—_gl = ‘ |2Hf”-7:/ = | ‘QHfH»FO'7 w—00, W E(C\F

= [P
Other terms can be estimated similarly choosing an appropriate values of o”. O
Now we prove the decay of X3(¢). By Lemma 5.3
(xN)" € LT L(Fo, F-o))
with o > 5/2. Hence, two times partial integration in (5.13) implies that
X0, < Co)[Toll7 (t) teR

Together with (5.6) and (5.12) this completes the proof of Proposition 3.3.

A Decay of magnetic Schrodinger resolvent
Here we prove Lemma 2.1 ii) for s = 1. First, we consider the case V' = 0. Recall that
= (iV+A)?, and Ry(w)= (Hy—w) "
Lemma A.1. Let A(z) € C*(R®) be a real function, and for some 3 > 2 the bound holds
|A(2)| + |[VA(z)| + [VVA(z)] < Cla)™". (A1)
Then forl = —1,0,1 and o > 1/2, the asymptotics hold
I Ro( sty = Ol ), fol > 00, w e C\[0,00) (A2)

Proof. Step i) Consider [ = 0. Applying the technique of PDO [19, 21] we obtain for large
we C\I0,00)

[Ro(@)¥llr < [[VRo(w)llggo | + [[Ro(w) ]l < Cllv Ho + LRo(w)d |30,
= O Ro(w)vV/Ho+ 19l < Colw| ™2V Ho + 1¢[lng

< Cslwl 2|19l
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by (2.3) with k=s=1=0and V =0.
Step i) Similarly, (2.3) with k£ = s = 0 and [ = 1, implies for large w € C\ [0, 00)

IRo(@)llzz, = [(Ho+1)Ro(w)¥ll30 . < ClI(V=A+T1v/Ho+ 1 Ro(w)l0
= ClV-A+1Ro(w)VHo+ 1y < Cil[Ro(w)v Ho+ 13
< Gol|[VHo+ 19|y < Ol

Then (A.2) with [ = 1 follows.
Step 1iii) It remains to consider the case | = —1. We have by (A.2) with [ =1

[Ro(@)tbllae, = llw™ (=1 + HoRo(w))¥llye , < CIM\“[IWHHQ(, + [ Bo(w)tllse,
< Cilw| Yl
U
Now we consider V' # 0.
Lemma A.2. Let for some 3 > 3
V(@)] + |A@)] + [VA(z)] + [VVA(2)] < )"
Then fork =0,1,2, 0 > 1/2+k, and l = —1,0, the asymptotics hold
| RS @)l gy = Ollwl™7), |w| = 00, weC\[0,00). (A3)

Proof. For k = 0 asymptotics (2.3) follow from the Born splitting
R(w) = Ro(w)[1 + VRo(w)]™"

and (A.2), since the norm of the operator [1 + VRy(w)]™! : H. — H] is bounded for large
weC\[0,00) and o € (1/2,5/2].
For k =1 and k = 2 we use the identities

R =(1— RW)R\(1-WR) =R\ — RWR\ — R\WR + RWR,\WR. (A.4)

R" = (1— RW)R\(1—WR)—2R'WRL(1— WR) (A.5)
RA — RWRA — RAWR+ RWRAWR —2R'WR, + 2R'WR,\WR.
and well-known asymptotics for Ra(w) = (—A —w)™! (see [10, 11]):

1-I+k

IR @)l gaag 2ty = O]~ 27), w =00, weC\[0,00) (A.6)

forse R, [ =-1,0,1, k=0,1,2,... and 0 > k + 1/2. Identities (A.4)-(A.5) and asymptotics
(A.6) imply (A.3) (cf. [12, Theorem 3.8]). O
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