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SCATTERING MATRIX FOR A PERTURBATIONOF A PERIODIC SCHR�ODINGEROPERATOR BY A DECAYING POTENTIALM. Sh. Birman (St.Petersburg University),D. R. Yafaev* (Rennes University)International Erwin Schr�odinger Institute for Mathematical PhysicsJune 1, 1994Abstract. We consider a perturbation H = H0 + V of a periodic Schr�odinger (ormore general) operatorH0 by a short-rangepotentialV . A strong form of the limitingabsorption principle for the operator H is established. The stationary scatteringtheory for the pair H0; H is developed. The results obtained allow us to give arepresentation for the scattering matrix in terms of the spectral representation of H0and of the resolvent of H. The asymptotics of the spectrum of the scattering matrixis calculated for asymptotically homogeneous V .IntroductionWe discuss the stationary approach to the scattering problem for a pair H0;H,where H0 is an elliptic periodic operator of second order in L2(Rd), H = H0 + V ,V = V (x) = O(jxj��), jxj ! 1, � > 1. In particular, H0 may be a periodicSchr�odinger operator. We justify the limiting absorption principle in its strongform. Then we obtain an \explicit" stationary representation for the scatteringmatrix. This representation (see formula (5.5) below) is well known in scatteringtheory, but every time its concrete interpretation requires some e�orts. The rep-resentation obtained forms the basis for calculation of asympotics of phases (i.e.of spectrum) of S-matrix under the assumption that asymptotically V is a homo-geneous function of order ��, � > 1. This calculation was done by the authorsearlier (see [BY1], and also [BY2] and [BY3]) for the operator H0 with a constantsymbol. In this case the smooth version of the stationary scattering theory is wellelaborated which facilitates a study of the asymptotics of phases.A construction of advanced scattering theory for the case of the periodic operatorH0 meets with some di�culties if d > 1. Restrictive assumptions on eigenvaluesand eigenfunctions of quasiperiodic problems on a basic cell are required. TheseSupported by the Federal Ministry of Science and Research, Austria. The authors would liketo thank T. Ho�mann{Ostenhof for his hospitality during their stay at the Erwin schr�odingerInstitute, Vienna, where part of this paper was written*On leave from the Institute of Mathematics, University of St. Petersburg, St. Petersburg, RussiaTypeset by AMS-TEX1



2 M. SH. BIRMAN, D. R. YAFAEVassumptions are local in energy. Therefore we construct local wave operators whichare su�cient for a de�nition of the scattering matrix in the corresponding energyinterval. Similar additional assumptions were imposed in the papers [Be], [Si] whereH0 is a periodic Schr�odinger operator. Note, however that a proof of the absolutecontinuity of H0 (which demands a study of some boundary values of the resolvent)was given in [Th] without any super
uous assumptions. In [Be] the stationaryapproach (for d = 3, � > 2) was used but for a construction of S-matrix it was notdeveloped far enough. The paper [Si], where � > 1, relies on the time-dependentconstruction of wave operators which is not particularly adapted for a study ofS-matrix.Relying on the limiting absorption principle, we develop consecutively the sta-tionary scattering theory in its smooth version (x3{5). In particular, we obtainan Agmon{type [A] result that a point, where the resolvent of H does not have alimit, is its eigenvalue. Moreover, eigenvalues of H do not have interior accumula-tion points. We simplify considerably the original Agmon approach worked out byhim for the case H0 = ��.A representation for S-matrix obtained in x5 allows us to apply the scheme of[BY1] for calculation of phase asymtotics. The problem reduces to a study of theasymptotics of spectrum of some integral operator on a surface of constant energy.This operator is treated as a pseudodi�erential operator of negative order, but itsamplitude contains an additional (compared to [BY1]) periodic factor. A similarfactor impedes also a justi�cation of the limiting absorption principle. In bothcases these di�culties are overcome with the help of the theory of multiplicators forintegral kernels. Necessary information and references on their behalf are given inx1. In the long run we show that the periodic factor does not intervene into a for-mula for asymptotic coe�cients. They depend only on eigenvalues of quasiperiodicproblems (dispersive functions) but not on their eigenfunctions. The asymtoticsof phases is calculated in x6. It remains to say that spectral decomposition ofthe operator H0 is discussed in x2. In particular, we formulate there additionalassumptions mentioned above.By necessity, our presentation is not homogeneous. We give only indicationsand references when following some samples. On the contrary, complete proofs areexposed when new features arise.Double numeration is used for references to paragraphs (for example, p. 3.2means p. 2 of x3). The following agreements are adopted. For a compact self-adjointoperator T we denote by v+k (T ) (by �v�k (T )) its consecutive positive (negative)eigenvalues. An integral without speci�cation of integration domain is taken overa whole space; C and c are di�erent constants in estimates; Sobolev spaces aredenoted by Hs, s > 0; Qd is the unit cube in Rd. Further, 
� := [��; �]d and 
 isobtained from 
� if its opposite sides are identi�ed. If not speci�ed otherwise, thetorus �d = Rd=(2�Z)d is standardly realized as 
1. An auxiliary information. Multiplicators1. Classes of compact operators. For separable Hilbert spaces H1;H2 we de-note by R = R(H1;H2) the Banach space of bounded linear operators mapping H1into H2; S1 � R is the subspace of all compact operators. Every operator T 2 S1



SCATTERING MATRIX 3admits a canonical decomposition(1.1) T =Xk sk(�; �k)�k;where f�kg and f�kg are orthonormal sequences in H1 and H2, respectively. Thenumbers sk = sk(T ) > 0 (singular numbers) do not increase and tend to zero ask!1. They equal positive eigenvalues of the operator (T �T )1=2.A class Sr , 0 < r <1, consists of all T 2 S1 such that the functional(1.2) jjT jjr := (Xk srk(T ))1=ris �nite. The space Sr is complete and separable with respect to the norm (quasi-norm, for r < 1) (1.2). The triangle inequality(1.3) jjT1 + T2jj�r � jjT1jj�r + jjT2jj�r ; � = minfr; 1g;holds. In particular, H2 is the Hilbert-Schmidt class and H1 is the trace class.We also use classes �r, 0 < r <1, of compact operators T with �nite quasinorm(1.4) jjjT jjjr := supk (k1=rsk(T )):The classes �r are complete but not separable spaces with respect to the quasinorm(1.4). Let us formulate an analog of the inequality (1.3). If T =Pn Tn, then(1.5) jjjT jjj�r � cXn jjjTnjjj�r :Here � = 1, c = c(r) for r > 1; � = r, c = c(r) for r < 1; 8� < 1, c = c(�) forr = 1. Denote by �0r the separable subspace of �r obtained as the closure in �r ofall operators of �nite rank. This subspace can be de�ned directly:�0r = fT 2 S1 : sk(T ) = o(k�1=r)g:2. Multiplicators in classes of kernels of integral operators. Considerabletechnical simpli�cation in the main part of the paper are due to a concept of amultiplicator. Some necessary information about it is collected here. A much moredetailed presentation (in a more general situation) of properties of multiplicators isgiven in [BS1], [BS2].Let X;Y be two seperable spaces with (�-�nite) measures dx, dy, respectively,and let H1 = L2(Y ), H2 = L2(X). Operators T of the class S2 are integraloperators, (Tu)(x) = ZY t(x; y)u(y)dy;with square integrable kernels andjjT jj22 = ZX�Y jt(x; y)j2dxdy:



4 M. SH. BIRMAN, D. R. YAFAEVLet now b 2 L1(X � Y ) and let T (b) be the operator with kernel b(x; y)t(x; y).The linear mapping (transformation)(1.6) M(b) : T 7! T (b)is continuous in S2 and its norm equals the norm of b in L1:jjM(b)jjS2 = v: sup jb(x; y)j:Suppose now that a function b (a multiplicator) is such that the transformation(1.6) is a continuous mapping of S1 into S1. By duality (the de�nition ofM(b) onR relies already on the duality between R and S1), this is equivalent to continuityof M(b) as a mapping of R into R and of S1 into S1. In this case(1.7) jjM(b)jjS1 = jjM(b)jjS1 = jjM(b)jjR:The set of multiplicators b for which (1.6) is a linear mapping of S1 into itself isdenoted byM.Remark 1.1. Suppose that b 2M and let S be any class Sr ,Pr orP0r for r > 1.Then the transformation (1.6) is continuous in S andjjbjjL1 � jjM(b)jjS � jjM(b)jjR:3. Let us now give a su�cient condition (see [BS1]) for b 2M.Theorem 1.2. Let T be a separable space with (�-�nite) measure d� . Assume that(1.8) b(x; y) = ZT f(x; � )g(y; � )d�for almost every (a.e.) x 2 X, y 2 Y and< f >2 := v: supx ZT jf(x; � )j2d� <1;< g >2 := v: supy ZT jg(y; � )j2d� <1:Then b 2M and(1.9) jjM(b)jjR � < f >< g > :For the reader's convenience, we give here a proof of this theorem. By virtueof (1.7), it su�ces to estimate the norm of M(b) in S1. Suppose �rst that T is anormalized rank-one operator, i.e. t(x; y) = �(x)�(y) andjj�jjL2(X) = jj�jjL2(Y ) = 1:According to (1.8), the operator T (b) is a product of two operators of the class S2with kernels �(x)f(x; � ) and g(y; � )�(y). Therefore(1.10) jjT (b)jj2S1 � ZX�T j�f j2dxd� ZY�T j�gj2dyd� � < f >2< g >2 :For an arbitrary T 2 S1 use the representation (1.1). Taking into account (1.10),we obtain the bound jjT (b)jjS1 � < f >< g >Xk sk(T );which is equivalent to (1.9). �



SCATTERING MATRIX 5Remark 1.3. Denote by g� (f� ) multiplication by g(y; � ) (f(x; � )) in H1 (H2).Under the assumptions of Theorem 1.2, for every T 2 R the operator T (b) admitsthe representation(1.11) T (b) = ZT f�Tg�d�;where the integral is strongly convergent. The bound (1.9) can be deduced from(1.11) directly, avoiding the duality between S1 and R.4. Let us formulate now a concrete condition of continuity of M(b) in classes Sror �r. Suppose that for a domain X � Rd, d � 1, and some s > 0(1.12) b(�; y) 2 Hs(X); a:e: y 2 Y;(1.13) jjbjj(s) := v: supy jjb(�; y)jjHs(X) <1:Theorem 1.4. Assume that X is a bounded domain with a Lipschitz boundary andlet the conditions (1.12), (1.13) be ful�lled for 2s > d if r � 1 and for s > (r�1 �1=2)d if r < 1. Denote by S(r) any class Sr ; �r or �0r . Then the transformation(1.6) is continuous in S(r) and(1.14) jjM(b)jjS(r) � C(X; r)jjbjj(s):A proof for the classes Sr is given in [BS2], Theorem 9.2. By means of the realinterpolation it can easily be extended to the classes �r and �0r .Remark 1.5. The conclusion of Theorem 1.4 holds true if the roles of variables xand y are interchanged in its conditions. For the proof it su�ces to consider adjointoperators.Remark 1.6. Theorem 1.4 remains to be valid ifX admits a decomposition into a�nite union of Lipschitz domains X1; : : : ; XN and the conditions (1.12), (1.13) areful�lled for each of them. In this case the right hand side of (1.14) is a sum of thecorresponding functionals (1.13).5. Here we formulate a simple assertion not related to multiplicators. Let G �Rd; d > 1, be a compact smooth manifold (perhaps, with a boundary) of codimen-sion 1 and let dG be Euclidean measure on G (induced by that on Rd). Denote by!r the Fourier transform of the function (1 + jxj2)�r; r > 0, in Rd. We considerintegral operators(1.15) (Amv)(�) = (2�)�d=2 ZG !r(� � ~� � 2�m)v(~�)dG(~�); m 2Zd;in the space L2(G).



6 M. SH. BIRMAN, D. R. YAFAEVLemma 1.7. Let 2r > 1. Then the operators Am are compact and(1.16) jjAmjj � C(N )(1 + jmj)�N ; 8N > 0:Proof. Clearly, !r 2 C1(Rdn0), D�!r(�) = O(j�j�N), 8�; 8N , as j�j ! 1 and!r(�) = O(j�j2r�d) as j�j ! 0. The last condition implies that A0 has only aweek singularity if 2r > 1 so that A0 2 S1. Moreover, operators Am are compactfor m 6= 0. For su�ciently large m the bound (1.16) holds true even in the classS2. �Remark 1.8. Lemma 1.7 remains true if !r in (1.15) is replaced by the Fouriertransform of any function which belongs to C1(Rd) and is homogeneous of order�2r < �1 outside of some ball. Furthermore, the kernel is small with its derivativesup to any �xed order if jmj is large enough. Therefore, for large jmj, jjAmjj canbe replaced in (1.16) by jjAmjjt, i.e. by the quasinorm in the class �t for arbitraryt > 0. 2. Spectral properties of a periodic operator H01. A periodic operator of the second order. Let us consider a self-adjointoperator of the second order(2.1) H0u = �div(a(x)gradu) + i(q(x)r+rq(x))u+ p(x)uin the space L2(Rd); d > 1. Here a matrix a, a vector q and a function p areperiodic:(2.2) a(x+ n) = a(x); q(x+ n) = q(x); p(x+ n) = p(x); n 2Zd:Moreover, we assume that a > 0, p = �p.(2.3) a+ a�1 2 L1(Rd); q 2 L1(Rd); p 2 L1(Rd):Under such assumptions a precise de�nition of the operator H0 can be given interms of the corresponding quadratic form de�ned on the class H1(Rd):(2.4) h0[u] = Z (aruru+ 2Rei(qru)�u+ pjuj2)dx; u 2 H1(Rd):Operators (2.1) are invariant with respect to linear transformations in Rd, i.e. aftersuch a transformation we obtain again an operator of the type (2.1). Therefore,the assumption that the lattice of periods is cubic, does not diminish a generality.We call H0 the Schr�odinger operator if the matrix a is constant and q = 0.Let us introduce a subspace Ĥ1(Qd) � H1(Qd) of periodic functions. We considera family of quadratic forms h(�); � 2 Rd,(2.5) h(�)[u] = ZQd(aruru+ 2Rei(qru)�u+ pjuj2)dx;



SCATTERING MATRIX 7(2.6) e�i�xu(x) 2 Ĥ1(Qd);in the space L2(Qd). Denote by H(�) the self-adjoint operator in L2(Qd) generatedby the form (2.5), (2.6). We emphasize that the boundary condition (2.6) is notchanged if � is replaced by � + 2�n, n 2 Zd. Therefore one may assume that thequasimomentum � 2Td.The operator H(�) has a semibounded from below discrete spectrum(2.7) E1(�) � E2(�) � � � � � El(�) � El+1(�) � : : : :Functions El(�) are continuous in � 2Td. Every El(�) is an analytic function of �in a neighbourhood of any point �0 2Td such that El(�0) is a simple eigenvalue ofH(�0).The spectrum of the operator H0 corresponding to the form (2.4) consists ofclosed intervals (bands) �l which are images of functions El, l = 1; 2 : : : . Bandsmay overlap and gaps may be absent in the spectrum.The spectrum of the Schr�odinger operator is absolutely continuous [Th]. It isknown [Sk1], [Sk2] that for d = 2; 3 every su�ciently large E belongs to the imageof more than one function (2.7) (presumably, this is also true for d > 3).Suppose that q = 0 in (2.1). Then E1(0) = minE1(�) < minE2(�), E1(�) >E1(0) if � 6= 0 and � = 0 is a non-degenerate minimum of E1. It follows that forsu�ciently small positive values of � � E1(0) the surface f� : E1(�) = �g is ananalytic surface without critical points and the set f� : E2(�) = �g is empty.Let  l(�; x) be eigenfunctions corresponding to eigenvalues (2.7). We assumethat functions  l are normalized:(2.8) ZQd j l(�; x)j2dx = 1:If El(�0) is a simple eigenvalue of H(�0), then the function  l(�; x), can be chosenanalytic in � in a neighbourhood of �0 2 Td. By virtue of (2.6),  l admits arepresentation(2.9)  l(�; x) = ei�x'l(�; x); � 2 
�;where the function 'l is periodic in x. In contrast to  l the function 'l is notperiodic in �. The condition � 2 
� (in place of � 2 Td) determines a choice of'l. Sometimes, however, we use the relation (2.9) for � from some neighbourhood
� � Rd (see p. 3.2 and below).Remark 2.1. According to known results [LU] on elliptic operators of second orderwith bounded (see (2.3)) coe�cients, the functions  l; 'l satisfy in x the H�oldercondition with some positive exponent.2. The expansion theorem for the operator H0. (see e.g. [RS], [Sk1]) Kernels l give rise to integral transformations similar to the Fourier transform. Set(2.10) (	lu)(�) = (2�)�d=2 Z  l(�; x)u(x)dx; � 2 Td:



8 M. SH. BIRMAN, D. R. YAFAEVThe operator (2.10) is de�ned �rst on the Schwartz class S(Rd) and then it isextended by continuity to the whole space L2(Rd). The operator 	l is partiallyisometric on L2(Rd) and its image equals L2(Td). The projectors(2.11) Pl := 	�l 	lsatisfy the conditions of orthogonality and completeness(2.12) PkPl = �klPl; Xl Pl = I:The intertwining property holds:(2.13) 	lH0 = [El]	l; l = 1; 2 : : : ;where [El] is the multiplication by the function El in the space L2(Td). Thus thefunctions  l form a complete set of eigenfunctions of the continuous spectrum ofthe operator H0.Let � � R now be a bounded interval, let E0(�) be the spectral measure of H0and set ~fl = 	lf . The equalities (2.11){(2.13) ensure that(2.14) (E0(�)f; g) =Xl Z�:El(�)2� ~fl(�)~gl(�)d�:The sum in (2.14) contains, of course, only a �nite number of terms.3. The main assumption. A direct integral. Below we always �x a number� which is an interior point of some band �l and acceptAssumption 2.2. a) A number � 2 �l does not belong to �k if k 6= l. b) Thesurface G(�) := f� 2Td : El(�) = �gdoes not have critical points, i.e. (rEl(�)) 6= 0 for � 2 G(�).This assumption is rather restrictive. It does not hold for � large enough. On theother hand, it is ful�lled for � close to E1(0). A possibility to relax the conditionsof Assumption 2.2 is discussed in p. 6.5.Note that the surface G(�) is not supposed to be connected. Below we omitthe index l, that is we write E; ; '; ~f = 	f in place of El;  l; 'l; ~fl = 	lf and soforth. Under Assumption 2.2 E(�) is a real analytic function in a neighbourhood ofthe (analytic) surface G(�). Clearly, Assumption 2.2 is automatically ful�lled forpoints � 2 [� � "; � + "] =: �(�; ") if " is small enough. We �x an interval �(�; ")but it can be diminished if necessary. There is a canonic di�eomorphism betweensurfaces G(�); � 2 �, and G(�) = G�(�) : G! G(�)generated by the �eld of normals. Observe that we omit � in the notation G(�) if� = �; the same is true with respect to di�erent objects de�ned on G(�) whenever



SCATTERING MATRIX 9� = �. We de�ne the measure dG� on the surface G(�) induced by the (Euclidean)measure on Rd and set d��(�) = jrE(�)j�1dG�(�),(2.15) e(�; �) = d��(�(�)�)d�(�) ; � 2 G:Furthermore, we de�ne a mapping(2.16) (J(�)v)(�) = �(�(�)�)pe(�; �); � 2 G:Let < �; � > be the scalar product in N := L2(G; d�). It follows from (2.14){(2.16)that(2.17) d(E0(�)f; g)d� =< J(�) ~f ; J(�)~g >; � 2 �:Set H = L2(Rd). By (2.17), the spectrum of H0 in E0(�)H is absolutely contin-uous. Moreover, (2.17) allows us to decompose E0(�)H in a direct integral suchthat H0 reduces to multiplication by independent variable � 2 �. Indeed, putH = L2(�;N) and consider an operator U mapping a function f 2 E0(�)H to thevector-function J(�) ~f with values in N. Then U is a unitary mapping of E0(�)Honto H and the operator UH0U� is multiplication by independent variable in H.4. Let us discuss some technicalities which we use in x3. Set� = �(�; �) = �(�)�; � 2 G:Then(2.18) j�(�; �)� �j � Cj�� �j; � 2 G;(2.19) je(�; �)� 1j � Cj�� �j; � 2 G:Let us add a lower index to objects arising naturally when Td is replaced by 
�.For example, G�(�) is a surface which one obtains from G(�) � Td (realized as 
)if the identi�cation of opposite sides of 
 is removed. Sometimes, however, we needmore complicated agreements due to the fact that surfaces G� and G�(�) can losetheir closeness in Rd. Actually, for points � 2 G� we de�ne the �eld of normals toG� in Rd. A shift in the direction of this �eld leads to points �(�; �) 2 G(�) � Tdnot belonging, in general, to 
�. We denote corresponding points of Rd by ��(�; �).Then (2.18) should be replaced by the inequality(2.20) j��(�; �)� �j � Cj�� �j; � 2 G�



10 M. SH. BIRMAN, D. R. YAFAEV5. Let us now discuss a dependence of an eigenfunction  (�; x) on � in a neigh-bourhood of G. Let fGjg be a �nite covering of the surface G by open connectedsets and let fGjg be a decomposition of G into domains with piece-wise smoothboundary such that closGj � Gj. SetĜj = [�2� �(�)Gj ; Ĝj = [�2� �(�)Gj:If the covering fGjg is su�ciently \�ne", then  (�; �) can be chosen as a real analyticvector-function (with values in L2(Qd)) for � 2 Ĝj. We choose  (�; �) as a piece-wiseanalytic function, de�ning it on Ĝj as a restriction of the function analytic in Ĝj.The values of  on @Gj (and on d@Gj) are irrelevant. The bound (2.18) ensuresthat for such choice of  (2.21) ZQd j (�; x)�  (�; x)j2dx � Cj�� �j2; � 2 G:We emphasize that there are, possibly, topological obstructions to a constructionof a function  analytic in a full neighbourhood of the surface G.3. Estimates on the derivative of thespectral measure of the operator H0We will show here that the spectral measure E0 is di�erentiable in a suitablesense for � 2 � and its derivative satis�es a H�older condition. The boundary pointsof � need not be excluded since Assumption 2.2 holds for a somewhat extendedinterval. Estimates obtained (Theorems 3.1, 3.2) are crucial for construction of ascattering theory for the pairH0;H = H0+V . Everywhere belowXr is the operatorof multiplication by the function (1 + jxj2)�r=2, r 2 R, x 2 Rd.1. We start withTheorem 3.1. Let 2r > 1. For every � 2 � there exists the weak derivative(3.1) Fr(�) := dd� (XrE0(�)Xr) 2 S1;(3.2) jjFr(�)jj � C; � 2 �:Proof. Denote by I(�) the operator of restriction on the surface G(�) and let< �; � >� be the scalar product in L2(G(�); d��). It is convenient to rewrite (2.17)as(3.3) d(E0(�)f:g)d� =< I(�) ~f ; I(�)~g >�; � 2 �:The relations (3.1), (3.2) are equivalent to compactness of the operatorB = I(�)	Xr : L2(Rd)! L2(G(�); d��)



SCATTERING MATRIX 11and to a bound for its norm. This operator can be replaced by the operator BB�with kernel(3.4) (2�)�d ZRd ei(~���)x'(�; x)'(~�; x)(1 + jxj2)�rdx:We suppose that �; ~� 2 G�(�) and consider the operator with kernel (3.4) in thespace L2(G�(�)).Let us decompose a periodic in x function into the Fourier series(3.5) '(�; x)'(~�; x) =Xm bm(�; ~�) exp(2�imx):Then the kernel (3.4) equals the sum(3.6) (2�)�d=2 Xm2Zd bm(�; ~�)!r(� � ~� � 2�m);where !r is the Fourier transform of (1 + jxj2)�r=2 and(3.7) bm(�; ~�) = ZQd'(�; x)'(~�; x) exp(�2�imx)dx:The last equality is exactly a representation (1.8). According to Theorem 1.2 andthe normalization (2.8), the multiplicator norm in L2(G�(�)) of each kernel bm isbounded by 1. Lemma 1.7 can be applied to operators with kernels !r(�� ~��2�m).The estimate (1.16) ensures that the series of operators corresponding to (3.6)converges in the sense of the norm. This convergence is, obviously, uniform in� 2 �. �2. Now we will prove the H�older continuity of the operator-function (3.1).Theorem 3.2. Under the assumptions of Theorem 3.1(3.8) jjFr(�) �F�(�0)jj � C(�)j� � �0j�; �; �0 2 �; 8� < minf1; r� 1=2g:The proof of this theorem is comparatively cumbersome, although, basically itrelies on the same ideas as that of Theorem 3.1. To simplify the notation, we set�0 = � in (3.8). Since all points of � are, in reality, equivalent, this assumptiondoes not reduce a generality. The operatorL(�) := Fr(�) �Fr(�)is self-adjoint. Hence it su�ces to estimate its quadratic form.We de�ne now '(�; x) using the notation of p. 2.4:(3.9) '(��; x) =  (�; x) exp(�i��x); � = �(�; �); �� = ��(�; �); � 2 G�:



12 M. SH. BIRMAN, D. R. YAFAEVBy virtue of (3.9), a function ' is a piece-wise analytic in a neighbourhood of G�(when G is replaced by G� new jumps due to the phase factor can appear). Theinequality(3.10) ZQd j'(��; x)� '(�; x)j2dx � Cj�� �j2; � 2 G�;follows from (2.20),(2.21).Set v = 	Xrf . According to (2.17),(L(�)f; f) =< J(�)v; J(�)v > � < Jv; Jv >(3.11) = ZG(jv(�)j2e(�; �) � jv(�)j2)d�(�):By (2.19), (3.3) and (3.2),j ZG jv(�)j2(e(�; �) � 1)d�(�)j � Cj�� �j ZG jv(�)j2d�(�)(3.12) � C1j�� �j ZG jv(�)j2d��(�) = C1j�� �j(Fr(�)f; f)� C2j�� �j jjf jj2:Thus we can replace e by 1 in (3.11). So we need to estimatej ZG(jv(�)j2 � jv(�)j2)d�(�)j � (ZG jv(�) � v(�)j2d�(�))1=2(3.13) � (2 ZG(jv(�)j2 + jv(�)j2)d�(�))1=2:Since the last factor is bounded by C jjf jj, it su�ces to estimate the norm inL2(G; �) of the di�erencev(�) � v(�) = (2�)�d=2 Z (e�ix��'(��; x)(3.14) � e�ix�'(�; x))(1 + jxj2)�r=2f(x)dx = (2�)�d=2(z +w);where z = Z e�ix�� ('(��; x)� '(�; x))(1 + jxj2)�r=2f(x)dx; � 2 G�;w = Z (e�ix�� � e�ix�)'(�; x)(1 + jxj2)�r=2f(x)dx; � 2 G�:The operator B0 : f 7! z has the same structure as the operator B of p. 1 but therole of kernel '(�; x) is played by the kernel '(��; x)�'(�; x). Repeating argumentsof p. 1 and taking into account (3.10), we arrive at the estimate(3.15) ZG� jz(�)j2d�(�) � Cj�� �j2 jjf jj2:



SCATTERING MATRIX 133. It remains to estimate the norm of the function w. Let us introduce an operatorKr(�) : L2(Rd)! L2(G�), 2r > 1,(Kr(�)f)(�) = Z e�i��x(1 + jxj2)�r=2f(x)dx; � 2 G�:Set # = r � 1=2 if 2r < 3; # < 1 if 2r = 3; # = 1 if 2r > 3. The estimate(3.16) jjKr(�) �Kr(�jj � Cj�� �j#is equivalent to a standard Sobolev theorem about traces in L2(G�(�)) of functionsbelonging to Hr(Rd).The expression for w can be rewritten asw = (Qr(�)� Qr(�))f; Qr : L2(Rd)! L2(G�);(Qr(�)f)(�) = Z e�i��x'(�; x)(1 + jxj2)�r=2f(x)dx; � 2 G�:So we need to estimate the norm of the operator P(�) := Qr(�)�Qr(�) or, whichis more convenient, the norm of the operator P(�)P�(�). Its kernel equalsZ (e�i��x � e�i�x)'(�; x)'(~�; x)(1 + jxj2)�r(ei~��x � ei~�x)dx(3.17) = Xm2Zd bm(�; ~�)
m(�; ~�); ~�� = ��(~�; �);where bm are de�ned (see(3.5)) by formulas (3.7), and
m(�; ~�) = Z (e�i��x � e�i�x)e2�imx(1 + jxj2)�r(ei~��x � ei~�x)dx:An operator �m in L2(G�) with kernel 
m equals�m = (Kr(�) �Kr(�))[e2�imx](Kr(�)�Kr(�))�;where [�] is the operator of multiplication by �. We have seen already that themultiplicator norm of each kernel �m is bounded by 1. Thus an estimate for theoperator P(�)P�(�) reduces to that for norms of the operators �m. Fix � > 0. Ifjmj � �, then, by (3.16),(3.19) jj�mjj � Cj�� �j2#; jmj � �:An estimate is di�erent for jmj > �. Actually, the kernel of the operator (3.18) is alinear combination of kernels !r(��� ~���2�m), !r(��� ~��2�m), !r(�� ~���2�m)and !r(�� ~��2�m). Operators with such kernels are of the type (1.15) and satisfythe bound (1.16). Therefore(3.20) jj�mjj � C(N )(1 + jmj)�N ; jmj > �:



14 M. SH. BIRMAN, D. R. YAFAEVIt follows from (3.17), (3.19), (3.20) that(3.21) jjP(�)jj2 = jjP(�)P�(�)jj � C(N )�d(j�� �j2# + ��N):Choosing � as ��N = j�� �j2�, we obtain from (3.21) that(3.22) jjP(�)jj � C(N )j�� �j�; � = #(N � d)=N:The last inequality implies that(3.23) ZG� jw(�)j2d�(�) � C(N )j�� �j2� jjf jj2:Now to arrive at (3.8) it remains to put together (3.11)-(3.15), (3.23) and to takeinto account that N is arbitrary large. This concludes the proof of the Theorem3.2.Remark 3.3. The results mentioned in Remark 2.1 ensure that the kernel '(�; x)is a multiplicator of the classM. Together with (3.16), this implies (3.22) for � = #.We preferred, however, a proof which does not rely on a \di�cult" result of theelliptic theory.4. It is usefull to supplement the estimate (3.8) by the followingTheorem 3.4. Let assumptions of Theorem 3.1 hold and let � be the same as in(3.8). If(3.24) (Fr(�0)f; f) = 0;then uniformly in �; �0 2 �(3.25) (Fr(�)f; f) � C(�)j�� �0j2� jjf jj2:Proof. Let again �0 = �. Recall that(Fr(�)f; f) = ZG jv(�)j2e(�; �)d�(�) � C ZG jv(�)j2d�(�):The condition (3.24) for �0 = � means that v(�) = 0. ThereforeZG jv(�)j2d�(�) = ZG jv(�) � v(�)j2d�(�)and it remains to take (3.14), (3.15), (3.23) into account. �



SCATTERING MATRIX 154. The limiting absorption principle1. In this section we consider, together with the \free" operator H0, a \perturbed"operator H = H0 + V (x), where(4.1) jV (x)j � C(1 + jxj)��; � > 1:In view of applications to the scattering theory for the pair H0;H we discuss hereproperties of the resolventsR0(z) = (H0 � zI)�1; R(z) = (H � zI)�1:Set H = L2(Rd), H(s) := XsH, jjf jjs = jjX�sf jj. An interval � = �(�; ") is the sameas in x2,3.The limiting absorption principle for the operators H0;H and the interval � isformulated in the following way.Theorem 4.1. If 2r > 1, then the operator{function XrR0(z)Xr with values inS1(H) is continuous in z for Rez 2 �, �Imz � 0. Under the assumption (4.1) thesame is true with respect to XrR(z)Xr if Rez 2 �nN , �Imz � 0, where N is someclosed set of Lebesgue measure zero.Let us give only some hints on a proof of this assertion. Details can be founde.g. in [K], [Ya1]. By the spectral theorem and properties of Cauchy{type integrals,the result on R0(z) is a consequence of Theorems 3.1 and 3.2. When consideringthe \full" resolvent R(z) we use a factorization(4.2) V = XsVXr ; 1 < 2r < 2�� 1; s = � � r > 1=2;where V is multiplication by a bounded function. Resolvents are connected by theidentity(4.3) XrR(z)Xr = (I +XrR0(z)XsV)�1XrR0(z)Xr ; Imz 6= 0:The operator XrR0(z) is compact (for any z > 0). Therefore, by a study of conti-nuity as z ! �� i0 of the �rst factor in the right{hand side of (4.3), one can applythe analytic Fredholm alternative. Thus (4.3) implies that an \exceptional' set Nconsists of those and only those points �0 where at least one of two equations(4.4) f +XrR0(�0 � i0)XsVf = 0; �0 2 �;has a non{trivial solution. Note that equations (4.4) corresponding to di�erentadmissible factorizations have non{trivial solutions simultaneously.2. Theorem 4.1 ensures that the spectrum of the operatorH is absolutely continuouson the set �nN . The remaining part of this section is mainly devoted to a proof ofthe following



16 M. SH. BIRMAN, D. R. YAFAEVTheorem 4.2. Under the assumptions of Theorem 4.1 the set N consists of eigen-values of the operator H. In particular, the operator H does not have the singularcontinuous spectrum on the interval �.We start a proof with the following remarks. In terms of g = XsVf (4.4) can beequivalently rewritten as(4.5) g + V R0(�0 � i0)g = 0; g 2 H(s):For any h 2 H we set(4.6) �(h;�) = d(E0(�)h; h)=d�; � 2 �:The function (4.6) is integrable. If g 2 H(s), 2s > 1, then, by (3.8), �(g;�) is H�oldercontinuous. If g satis�es (4.5), then(4.7) �(g;�0) = 0:(One arrives at (4.7) taking the imaginary part of the scalar product of (4.5) withR0(�0� i0)g.) In particular, (4.7) implies that equations (4.5) and hence (4.4) havethe same solutions for the signs \+" and \�".If g is a solution of (4.5), then the element ! = R0(�0 � i0)g satis�es formallythe equation H! = �0!. Thus for the proof that �0 is an eigenvalue of the operatorH it su�ces to check that(4.8) R0(�0 � i0)g 2 H:We start with the case s > 1 which, by (4.2), settles the problem for � > 3=2.Let us prove the followingProposition 4.3. Let g satisfy the equation (4.5) for s > 1. Then (4.8) is ful�lled.Proof. According to (4.7) and (3.25),(4.9) �(g;�) � Cj�� �0j2� jjgjj2s; � 2 �; � < minf1; s� 1=2g;where C = C(�) does not depend on �0 2 �. The spectral theorem and (4.9) ensurethat(4.10) jjE0(�)R0(�0 � i0)gjj2 � Cjjgjj2s Z� j�� �0j2��2d�:One can suppose that 2� > 1 in (4.9) if s > 1. Then the integral in (4.10) convergeswhich yields (4.8). �3. A veri�cation of the inclusion (4.8) under the assumption (4.1), for arbitrary� > 1, is not so simple. The corresponding result for the case H0 = �� is due toS. Agmon [A]. Probably, our arguments simplify considerably his approach.The heart of the matter is a consecutive improvement of estimates on solutionsof the equation (4.5). Finally, we will prove



SCATTERING MATRIX 17Proposition 4.4. Let (4.1) hold. If g satis�es (4.5) for 2s > 1, then g 2 H(�s) forsome �s > 1.Combined with Proposition 4.3, this implies (4.8) and hence �0 is an eigenvalueof the operator H. Thus a proof of Theorem 4.2 reduces to that of Proposition 4.4.4. We start with some preliminary technical considerations. In complement to(4.6) we de�ne(4.11) �(h1; h2;�) = d(E0(�)h1; h2)=d�; h1; h2 2 H; � 2 �:Clearly,(4.12) j�(h1; h2;�)j2 � �(h1;�)�(h2;�)(4.13) Z� j�(h1; h2;�)jd� � jjh1jj jjh2jj:Let now h1; h2 2 H(s). Then (3.1), (3.2) ensure that(4.14) sup�2� j�(h1; h2;�)j � Cjjh1jjs jjh2jjs; 2s > 1:The formula (4.11) de�nes a (continuous) bilinear mapping � of a pair fh1; h2ginto �(h1; h2;�) such that(4.15) � : H� H! L1(�); � : H(s) �H(s) ! L1(�); 2s > 1:The mapping � satis�es the conditions of a complex bilinear interpolation theoremof Calderon (see [C], [Tr]). Therefore (4.15) ensures that� : H(�) � H(�) ! L� (�); � = (1� �)s; �� = 1;for any � 2 (0; 1]. Furthermore,(4.16) jj�(h1; h2; �)jjL� � C(�)jjh1jj� jjh2jj�:In particular, for h1 = h2 = h this yieldsLemma 4.5. Let h 2 H(�), 0 < � � 1=2. Then(4.17) Z� j�(h;�)j�d� � C(�; � ) jjhjj2�� ; 8� < (1� 2�)�1:We need also



18 M. SH. BIRMAN, D. R. YAFAEVLemma 4.6. Let g 2 H(s), s 2 (1=2; 1] and let (4.7) be satis�ed. Then(4.18) ! := R0(�0 � i0)g 2 H(��)for any � 2 (1=2; 1] such that � + s > 1.Proof. It su�ces to check that(4.19) j(E0(�)R0(�0 � i0)g; h)j � Cjjgjjs jjhjj�for any function h 2 S(Rd). By the spectral theorem and (4.12), the left-hand sideof (4.19) is bounded byZ� j�� �0j�1�(g;�)1=2�(h;�)1=2d�:According to (4.9), the last integral does not exceed(4.20) C(�) jjgjjs Z� j�� �0j��1�(h;�)1=2d�; 8� < s� 1=2:The integral in (4.20) can be estimated by(4.21) (Z� j�� �0j�p(1��)d�)1=p (Z� �(h;�)q=2d�)1=q; p�1 + q�1 = 1:The condition p(1� �) < 1 of convergence of the �rst integral in (4.21) implies that(4.22) q�1 < � < s � 1=2:By virtue of (4.17), the second factor in (4.21) is bounded by Cjjhjj� wheneverq=2 < (1�2�)�1, i.e. q�1 > 1=2��. The last inequality and (4.22) are compatibleif � + s > 1. �Now we can �nish the proof of Proposition 4.4. Let (4.5) hold for s 2 (1=2; 1].Then (4.17) and, by Lemma 4.6, (4.18) are ful�lled. According to (4.5), g = �V ! 2H(s1), where s1 = � � �, � 2 (0; 1=2], � > 1 � s, and hence s1 < s + � � 1. Bya choice of � we can make s1 arbitrary close to s + � � 1. If s + � � 1 > 1, thens1 > 1, and we can set �s = s1. Otherwise, we repeat this argument, replacing theoriginal s by s1 > s. Let k be the smallest integer such that s+k(��1) > 1. Thenafter k steps, we obtain that g 2 H(�s) where �s = sk > 1. �5. Theorem 4.2 can be complemented by some useful additional information. Note,�rst, that it is reversible: every eigenvalue �0 2 � of the operator H belongs to the\exceptional" set N . Indeed, if H! = �0!, then g = �V ! 2 H(�) satis�es theequation (4.5) and the condition (4.7).Let us show now that the operator H may have only a �nite number of eigenval-ues of �nite multiplicity. Suppose to the contrary. Then there exists an orthonor-malized in H sequence f!kg such that H!k = �k!k, �k 2 � and �k ! �0 2 �(�k = �0; 8k, is not excluded). Set gk = �V !k. Then gk 2 H(�), jjgkjj� � C and(4.23) gk + V R0(�k � i0)gk = 0;



SCATTERING MATRIX 19(4.24) �(gk;�k) = 0:According to (4.24) and (3.25),(4.25) j�(gk;�)j � C(�)j�� �kj2�; � 2 �; � < minf1; �� 1=2g:Theorem 4.1 implies that the operatorV R0(�k � i0) : H(r) ! Hr; 2r = �;is compact and depends continuously on � 2 �. Therefore equation (4.23) showsthat the sequence fgkg is compact in H(r) and consequently, in H.Let us show now that the set of elements !k = R0(�k � i0)gk is compact in Hwhich leads to contradiction. Set �� = [�0 � �; �0 + �] \ �, �0� = Rn��, where� > 0. Compactness of fE0(�0�)!kg is a consequence of compactness of fgkg. Itremains to check that E(��)!k get small as � ! 0 uniformly in k. By virtue of(4.25),(4.26) jjE0(��)!kjj2 = Z�� j�� �kj2�(gk;�)d� � C(�) Z�� j�� �kj�2+2�d�:This gives the required smallness, since � can be chosen is such a way that 2��2 >�1.Let us now reformulate Theorem 4.2 together with supplements obtained.Theorem 4.7. Let assumption (4.1) hold. Then there is only a �nite numberof eigenvalues of the operator H on the interval �. These eigenvalues have �nitemultiplicities. The set of eigenvalues coincides with the set N intervening in theformulation of Theorem 4.1. The operator H does not have the singular continuousspectrum on �. The whole interval � is covered by the absolutely continuous spectrumof the operator H.5. The wave operators. The scattering matrix1. Results of x4 allow us to develop the scattering theory for the pair H0;H on theinterval � following a standard scheme. In our presentation, proofs are essentiallyreduced to the appropriate references.Denote by E(�) the spectral measure and by Pa the projector on the absolutelycontinuous subspace of the operator H. Existence and completeness of wave oper-ators are consequences of the limiting absorption principle (Theorem 4.1).Theorem 5.1. Suppose that Assumption 2.2 and the condition (4.1) are ful�lled.Let � = �(�; ") be the interval de�ned in p. 2.3. Then the wave operators(5.1) W�(�) = W�(H;H0; �) = s � limt!�1 exp(iHt) exp(�iH0t)E0(�)exist and are complete.Recall that RanW�(�) = E(�)PaH if the limits (5.1) exist. Completeness of theoperators (5.1) mean that(5.2) RanW�(�) = E(�)PaH:Theorem 5.1 can be deduced from Theorem 4.1 with a help of general tools ofmathematical scattering theory (see e.g. [Ya1]). No speci�c features of periodicoperators are used here.



20 M. SH. BIRMAN, D. R. YAFAEV2. The scattering operator S for the pair H0;H and the interval � is de�ned by theequality(5.3) S = S(�) = W �+(�)W�(�):According to (5.2), the operator (5.3) is unitary on the subspace E0(�)H. The oper-ator S commutes with H0 and hence it is diagonal in the direct integral constructedin p. 2.3. More precisely, the operator USU� acts in L2(�;N) as multiplication bya unitary operator{valued function(5.4) S(�) : N! N; a:e: � 2 �:The operator{function (5.4) is called a scattering matrix for the pair H0;H on theinterval �.These results rely on the existence of limits (5.1) and the relation (5.2) only. Anadditional information about resolvents R0(z), R0(z) contained in Theorems 4.1and 4.7 allows us to give an \explicit" expression for S{matrix (5.4). Recall thatoperators J(�) and 	 are de�ned by (2.16) and (2.10), respectively.Theorem 5.2. Under the assumptions of Theorem 5.1 the representation(5.5) �(�) := (2�i)�1(S(�)�IN) = �J(�)	(V �V R(�+i0)V )	�J(�)�; � 2 �nN ;holds for all � 2 �nN (for all � 2 � which are not eigenvalues of H). The operator{function (5.5) is H�older continuous outside of any neighbourhood of the set N .Remark 5.3. The expression in the right{hand side of (5.5) needs to be correctlyde�ned. This will be clari�ed in the next part on the basis of a suitable factorizationof each term. We emphasize that representations of the type (5.5) are quite generaland, on a formal level, were known long ago. They were �rst given a precise sensein [F] (in the framework of the Friedrichs{Faddeev model) and in [BE1,2] (in theframework of the trace class scattering theory). Similar problems were considered in[K] for the perturbation of elliptic operators with constant symbols. A modern stateof theory is exposed in [Ya1]. Results presented there give automatically Theorem5.2 once Theorems 4.1, 4.7 are proven and a direct integral (which determines themapping (5.4) uniquely) is constructed.3. Our next goal is to study spectral properties of the operator S(�), � 2 �nN .For simplicity of notation we set � = �. (Then, for example, the operator J(�)becomes the restriction I on the surface G). Thus we accept:Assumption 5.4. The point � is not an eigenvalue of the operator H,i.e.� =2 N .This assumption does not reduce a generality since the role of � can be playedby any point � 2 �nN .Let us now formulate estimates which, in particular, allow us to give a precisesense to the representation (5.5). Set(5.6) � := (d� 1)=(�� 1):In p. 6.4 we shall establish



SCATTERING MATRIX 21Lemma 5.5. There is an inclusion(5.7) I	Xr 2 �2�(H;N); 2r = � > 1:Let us factorize V as V = XrV0Xr where V0 2 L1 and 2r = �. By virtue of(5.7), the operator(5.8) Z = I	V (I	)�satis�es(5.9) Z = (I	Xr)V0(I	Xr)� 2 ��(N):Then the equality (5.5) can be written as(5.10) �(�) + Z = (I	Xr)V0(XrR(�+ i0)Xr)V0(I	Xr)�:According to Theorem 4.1 the operator XrR(� + i0)Xr is compact. Thus thefollowing statement is true.Lemma 5.6. Let Assumptions 2.2, 5.4 and the condition (4.1) hold. Then theoperator �(�) = (2�i)�1(S(�) � IN)admits a representation de�ned by formulas (5.8), (5.10). Furthermore, inclusions(5.9) and(5.11) �(�) + Z 2 �0�(N)hold.Relations (5.9), (5.11) imply that the operator (�Z) is a \principal part" of theoperator �(�).6. The asymptotics of phases of the scattering matrix1. According to (5.9), (5.11) the operator �(�) is compact. Therefore the spectrumof S(�) (it lies on the unit circle T= fz 2 C : jzj = 1g) is discrete and has the onlyaccumulation point z = 1. Let exp(�2i'�k ) be eigenvalues of the operator S(�)belonging to lower and upper semicircles, respectively. Suppose '�k 2 (0; �=2],'�k+1 � '�k ; multiplicity of eigenvalues is taken into account.Our main goal is to �nd the asymptotics of phases '�k as k ! 1. We replacenow the condition (4.1) by a stronger one:(6.1)V 2 L1(Rd); V (x) = jxj��F (x=jxj)+ o(jxj��); jxj ! 1; � > 1; F 2 C1(Sd�1):The asymptotics of phases was studied by the authors in [BY1]. It was assumedthat H0 is a pseudodi�erential operator with a constant symbol (in particular,H0 = ��). Now H0 is the operator (2.1), and the Fourier transform � shouldbe replaced in computations by the transformation (2.10). It turns out, however,that the kernel  (�; x) = exp(�i�x)'(�; x) of the operator 	 does not interveneexplicitly in the asymptotics of phases. It is exactly to this phenomenon that wepay the main attention below. On the contrary, we give only references to [BY1]whenever methods used there can be carried over to the case studied here withoutsigni�cant change.



22 M. SH. BIRMAN, D. R. YAFAEV2. Let us discuss, �rst of all, the asymptotics of the spectrum of the operator Z.It is (see (5.8)) a selfadjoint compact operator in the space N = L2(G; d�). Let usreplace temporarily (6.1) by a stronger condition:(6.2) V 2 C1(Rd); V (x) = jxj��F (x=jxj) for jxj � 1:Obviously, the kernel of the operator Z equals (cf. (3.4))(6.3) (2�)�d ZRd e(~���)x'(�; x)'(~�; x)V (x)dx; ~�; � 2 G:According to (3.5), (3.7), the kernel (6.3) is the sum(6.4) (2�)�d=2 Xm2Zd bm(�; ~�)V̂ (� � ~� � 2�m); V̂ = �V:Denote by Ym the operator with kernel V̂ (� � ~� � 2�m). Let Zm be operatorscorresponding to di�erent terms in the sum (6.4) so that(6.5) Z =Xm Zm:Under the condition (6.2) Remark 1.8 is applicable to the function V . ThereforeYm 2 �t for jmj = jm1j+ � � �+ jmdj > d and every t > 0 and(6.6) jjjYmjjjt � C(N; t)(1 + jmj)�N ; jmj > d; 8N > 0; 8t > 0:It was already noted (see p. 3.2) that the function '(�; x) is piece-wise smoothin the variable � 2 G�. According to (3.7) the same is true (in � and ~�) for kernelsbm. Furthermore, Theorem 1.4 and Remark 1.6 allow us to estimate multiplicatorquasi-norms of kernels bm in classes Pt uniformly in m. Thus the estimate (6.6)extends to the operators Zm. Finally, the sum of operators Zm; jmj > d, can beestimated in the class �t with the help of (1.5). This yieldsProposition 6.1. Under the assumption (6.2)(6.7) Xjmj>dZm 2 �t; 8t > 0:Let us now consider the operator Y0 with kernel (2�)�d=2V̂ (� � ~�). It is apseudodi�erential operator of negative order 1� � on the smooth surface G�. Theasymptotics of eigenvalues of exactly such operators was investigated in p. 3.2, 3.3of the paper [BY1]. Thus we can use directly a corresponding result of [BY1].Let us introduce a necessary notation. For � 2 G denote by n(�) = jrE(�)j�1rE(�) the unit normal to G; the set L� = f� 2 Rd : n(�)� = 0g is the tangentspace to G at a point �. We put(6.8) 2��(�; �) = jrE(�)j�1 Z �0 F (n(�) cos! + � sin!) sin��2 !d!for � 2 G, � 2 L� \Sd�1 and introduce constants(6.9) g� = �(2�)1��(d� 1)�
 [ZG dG(�) ZL�\Sd�1 �(�; �)��d�]
; 
� = 1:Recall that � is de�ned by (5.6) and dG is the Euclidean measure on G.



SCATTERING MATRIX 23Proposition 6.2. Under the assumption (6.1) the asymptotics holds:(6.10) limk!1k
��k (Y0) = ��1g�; 
� = 1:Remark 6.3. In [BY1] the asymptotics (6.8){(6.10) was, �rst, veri�ed under thecondition (6.2). To extend it to the case (6.1) one needs to estimate (with anarbitrary small asymptotic coe�cient) the contribution of the term o(jxj��). Thisis done again with the help of the result obtained for the case (6.2). A similar\self-improvement " of a result we use below for the operator Z.Remark 6.4. Constants (6.9) are de�ned invariantly on G. Their calculation doesnot require that G be replaced by G�. These constants are constructed in terms ofthe function E(�) only. They do not depend on the corresponding eigenfunction  .3. The next step is to obtain the asymptotics of the spectrum of the operator Z0.It is convenient to accept �rst the condition (6.2).Let us describe brie
y a scheme of calculation in [BY1] of spectral asymptoticsfor operators Y0:1. A surface G is split up into su�ciently small piece-wise smooth parts Gjadmitting a one-to-one orthogonal projection on a domain of Rd�1. ThusY0 =Xi;j Y i;j0 ;where Y i;j0 : L2(Gi; d�)! L2(Gj; d�).2. The operator Y i;i0 reduces to a pseudodi�erential operator de�ned by somesmooth amplitude Aj(�x; �; ~�) where �x 2 Rd�1. The leading term of smoothnessexpansion of this pseudodi�erential operator is determined by the principal symbolAj(�x; �; �); the leading term of the spectral asymptotics depends on it only. Theasymptotics of spectrum is calculated in terms of the principal symbol accordingto the main result of [BS3].3. It is veri�ed that(6.11) Y 00 :=Xi6=j Y i;j0 2 �0�:Therefore Y 00 does not contribute to the leading term of the spectral asymtotics.4. Asymptotics of distribution functions (of numbers ��k ) of operators Y j;j0 aresummed up over all j. This yields the asymptotics (6.10).Let us apply the described scheme to the operator Z0. Its kernel di�ers from thatof Y0 by a factor b0(�; ~�). Since b0 is a multiplicator, the relation (6.11) remainstrue for Z0: Z 00 :=Xi;j Zi;j0 2 �0�:The amplitude of the operator Zj;j0 equals b0(�; ~�)Aj(�x; �; ~�). Taking into accountthat, according to (3.7), (2.8), (2.9), b0(�; �) = 1, we �nd that its principal symbolis Aj(�x; �; �). Thus the asymptotics (6.10) can be extended to Z0.



24 M. SH. BIRMAN, D. R. YAFAEVProposition 6.5. Under the assumption (6.2) the asymptotics (6.10) holds, whereY0 is replaced by Z0.It remains to estimate the operators Zm for 0 < jmj � d. The correspondingoperators Ym satisfy Ym 2 P0�. This can be obtained similarly to the inclusionY i;j0 2 �0� for \neighbouring" Gi; Gj (see p. 3.3 of [BY1] for more details). Takinginto account that bm are multiplicators in �0�, we obtainProposition 6.6. Under the assumption (6.2)(6.12) Zm 2 �0�; 0 < jmj � d:4. In the case (6.2) the inclusion Z �Z0 2 �0� follows from (6.5), (6.7) and (6.12).Therefore, by Proposition 6.5, the asymptotics (6.10) is ful�lled for Z. Finally, theasymptotics obtained can be extended (see Remark 6.3 and p. 3.3 of [BY1]) to thegeneral case (6.1). Thus we arrive atTheorem 6.7. Under the assumption (6.1)(6.13) limk!1 k
��k (Z) = ��1g�; 
� = 1;where numbers g� are de�ned by (6.8), (6.9).In particular, the asymptotics (6.13) implies that Z 2 ��. This is equivalent to(5.7) if V (x) = (1 + jxj2)��=2. So Lemma 5.5 is proven.It remains to add the following simple assertion of general nature.Lemma 6.8. Let S be a unitary operator, � = (2�i)�1(S � I), Z = Z� and�+ Z 2 �0�. Suppose that the operator Z satis�es the asymptotics (6.13) for some
 > 0. Then the phases '�k of the operator S have the asymptotics(6.14) limk!1 k
'�k = g�; 
� = 1:This assertion is practically the same as Lemma 1 in [BY1]. Quite an elementarydevice for proofs of results of this type is given in [Ya2].Let us now combine Theorem 6.7 with Lemma 6.8 and the estimate (5.11). Thisleads to our main result.Theorem 6.9. Let Assumptions 2.2, 5.4 and the condition (6.1) be ful�lled. LetS(�) be the scattering matrix for the pair H0;H. Then the scattering phases '�k ofthe operator S(�) have the asymptotics (6.14) where � and g� are de�ned by (5.6),(6.8), (6.9).5. In conclusion we discuss how Assumption 2.2 can be relaxed. Let us consider� 2 Rwhich is an interior point of several bands �j ; j = l; : : : ; l+s; and is separatedfrom all other bands. Suppose that corresponding surfaces(6.15) Gj = f� 2Td : Ej(�) = �g; j = l; : : : ; l + s;do not have critical points. If these surfaces do not interset with each other, thenthe above scheme remains true and only some minor modi�cations in formulas are
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