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Spheres and Hemispheres as Quantum State SpacesArmin Uhlmann1The Erwin Schr�odinger International Institute for Mathematical PhysicsMay 15, 1994ABSTRACT. Spheres and hemispheres allow for their interpretation asquantum states spaces quite similar as it is known about projective spaces.Spheres describe systems with two levels of equal degeneracy. The geometric keyis in the relation between transition probability and geodesics.There are isometric embeddings as geodesic submanifolds into the space ofdensity operators assuming the latter is equipped with the Bures metric. Thenparallel transporting is considered. Managable expressions for the paralleltransport along geodesic arcs and polygons can be given.1. IntroductionOne of my aims is to show the existence of a consistent interpretation of then-sphere, Sn, as the space of (pure) states of certain quantum systems within thecontext of "orthodox" quantum theory. It is shown that n-spheres and (n + 1)hemispheres represent states, pure and mixed respectively, of two level systems withequally degenerated levels. The basic concept is that of transition probability and itsrelation to the geodesics.The observables can be shown to form a Jordan spin factor of type I2 [26].Representing it as a Jordan subalgebra of a matrix algebra, the spheres andhemispheres in question can be identi�ed with submanifolds of density operators. Bythe introduction of the Bures metric [18] this identi�cation becomes an isometricembedding onto geodesic submanifolds of the space of density operators.This enables an unambigious way to introduce the parallel transport a la Berry [15]in its extension to density operators [37]. Explicit expressions for the paralleltransport along geodesic arcs and polygons are derived, and possible implications fordescribing experiments are mentioned.The remainder of this section is devoted to review and to arrange some facts inorder to prepare the treatment of the spheres.Let H denote a Hilbert space of complex dimension m+ 1, and let us recall that,allowing all hermitian operators to be observables, two of its vectors describe thesame state i� they are linearly dependent. To get rid of this ambiguity the complexprojective space P(H) = CPm of all complex 1-dimensional subspaces of H can beintroduced [30] the points of which correspond one-to-one to the pure states. Clearly,1On leave of absence from University of Leipzig1



the possibility to handle all physical relevant questions of the theory within CPm isprincipally known since long. The renewed interest raised from insights in thegeometric nature of the Berry phase [15], [35], [44], [37], [38], and from theinteresting role of the Study Fubini metric [2], [8] [31].Let 
 = 
(H) denote the convex (a�ne) set of all density operators. Let us identifyevery density operator ! with the state it de�nes, i. e. A! !(A) = tr(A!). A pointof 
 is called pure i� it is an extremal point of the state space 
 viewed as a convexset. The submanifold of extremal points of 
 is identi�ed with CPm by identifyingevery one-dimensional subspace (or every ray) of H with the projection operatorprojecting H onto it.Assume now the complex Hilbert space H is equipped with an antiunitary timereversal operator �, [43]. Let a hermitian operator be called observable i� itcommutes with �. With this restriction on the observables the states can beuniquely represented by the density operators commuting with �. Let 
� denote thenew state space. The extremal points of 
� are by de�nition the pure states of thequantum system fH;�g. They can be described more directly. To do so we have todistinguish between the Bose case �2 = 1 and the Fermi case �2 = �1.In the Bose case the vectors  of H satisfying � =  constitute a real Hilbertspace of real dimension m+ 1, the real one-dimensional subspaces of which can beidenti�ed with the extremal points of 
�, and hence with the space of pure states.Thus the space of pure states in the Bose case is a real projective space RPm.In the Fermi case there are no �-invariant non-zero vectors contained in H. Insteadone has to consider its �-invariant projection operators of rank two, which, up to anormalizing factor 12 , are the extremal points of 
�. This re
ects the well knownKramer degeneracy [29] which will not be destroyed by �-invariant interactions andobservations.Now � anticommutes with the imaginary unit i. Thus by adjoining � to thecomplex numbers one get the quaternions, and H, equipped with these multipliers,becomes a quaternionic Hilbert space [25]. Two vectors di�ering by a quaternionicmultiplier cannot be distinguished one from another by �-invariant observables.Therefore the space of pure states carries the structure of a quaternionic projectivespace HPk with 2k + 1 = m, while m+1 is the complex dimension of H. See [13] formore details.At this stage one may ask the following question: Let M be one of the Riemannianmanifolds RPn, CPn, or HPn, coming from Hopf bifurcating the real, complex, orquaternionic Hilbert space and being equipped with the canonical Study Fubinimetric. What geometric properties ensure the reconstruction of the observables andof the state spaces 
, 
�, �2 = �1 ? A key statement to this question reads:Every geodesic of M closes with length �, i. e. M is a C�-manifold [16].Let x; y 2M be two points and Dist(x; y) their distance. If M is suitably embeddedin an Euclidean space a given closed geodesic of M may be viewed as a circle ofdiameter one. The arc length between x and y then equals Dist(x; y).The transition probability, p(x; y), between the states represented by x and y in the2



cases mentioned above is given byp(x; y) = cos2(Dist(x; y)) (1)If 0 < p(x; y) < 1 or, equivalently, 0 < Dist(x; y) < �2 , there is exactly one curvejoining x and y with length Dist(x; y), the geodesic arc joining them. If, however,the distance is maximal, namely �2 , then p(x; y) = 0, the states are orthogonal, and yis a focal point of x.For the usual pure states of quantum theory, parameterized by the projectivemanifolds, this and relation (1) is an observation [16], [20], [31], [2], [8]. It may serveas a de�nition for other C�-manifolds, in particular for the spheres.As seen above, the metrical distance allows to de�ne the transition probability. Thetransition probabilities allow to characterize the observables. An observable is a realfunction on M the value of which at point x is its expectation value if the system isin the state represented by x. The set of observables is given byO = OM := fA : x! A(x) =X�j p(x; yj) g (2)where �k denote real numbers and y1; y2; : : : a �nite set of arbitrary points of M .The real linear space O is �nite dimensional. An observable is a positive one i� it isnon-negative as a function on M . The cone of positive observable is called O+. Itcontains the function 1M which is constant and equal to one on M . Thus Mtogether with its metric determine the system of observablesfO;O+; 1M g; 1M 2 O+ � O (3)In the projective spaces every observable A allows for a decomposition (2) where allthe points y1; y2; : : : are mutually orthogonal (spectral decomposition).States and observables are dual objects: De�ning one of these concepts, thede�nition of the other should follow unambiguously. In the treatment above at �rstthe manifold M with its geometry has been de�ned to be the space of pure states,followed by the de�nition of observables. Hence the return to the states isprogrammed.A general state, !, with respect of a system (3) is a real linear form on O takingonly non-negative values on O+, and which is normed by !(1M ) = 1. Let us call theset of all these states 
M . It is a convex subset of the linear space of all real linearforms on O. Physically, as is well known, the convex structure re
ects the possibilityof performing Gibbsian mixtures.In this context a state is called pure if and only if it is a point of the extremeboundary of the convex set of all states. In fact, for the real, complex, and projectivespaces one knows 
pureM := extreme boundary of 
M 'M (4)topologically and as Riemannian manifolds.3



Of course, all these statements apply to the n-spheres with n equal 1; 2; 4, i. e. to thereal, complex, and quaternionic projective lines (see [42], [13] and, as will be shown,for the n-spheres.2. The n-Sphere as a Space of Pure StatesLet Sn be a n-sphere embedded in Rn+1 with radius 12 such thatx21 + : : :+ x2n+1 = 14 ; ds2 = (dx1)2 + : : :+ (dxn+1)2 (5)Consider two states, x; y 2 Sn, seen under the angle � from the center. Theirdistance, Dist(x; y), on the sphere, i. e. the minimal length of a curve on the spherejoining them, equals �=2. According to (1) their transition probability is necessarilyde�ned by p(x; y) := cos2(�2 ) = 12(1 + cos�) = 12(1 + 4xy) (6)where x abbreviates fx1; x2; : : : ; xn+1g. The antipode of x is denoted by x?, i. e. it isx? = �x. There is no other point than the antipode with distance �2 from x, andthere is no other state than x? which is orthogonal to x.If y denotes a further point then p(x; y) + p(x?; y) = 1. Indeed, x; y; x? form arectangular triangle in Rn+1 with base length one, and the squares of the Euclideandistances of x?; y and of y; x coincides with the transition probabilities p(x; y) andp(x?; y) as seen from (6) and the Pythagorean theorem.Consequently, an observable, if not trivial, is necessarily an alternative, and then-sphere behaves like a 2-level system: An observable, A = Ax;�;�, is given by a pairof orthogonal states, x and x? = �x, and by the values, �; �, which are attained byindividual measurements according to whether x or x? is found. These data �x theexpectation value of the observable at an arbitrary state y as followingy 7! Ax;�;�(y) := �p(y; x) + �p(y; x?) = � + �2 + 2(� � �)xy (7)Thus the observables form a (n+ 2)-dimensional real linear space O = On = O(Sn).The same set of observables will be obtained by inserting into (2) the expression (6)for the transition probability.In O there is a unit element, 1n, satisfying 1n(y) = 1 for all states y.If all the expectation values of an observable are non-negative, the observable iscalled positive. For the observable (7) this just means � � 0; � � O.The positive observables form a cone O+ containing 1n. Hence we meet exactly thesituation (3), and we have to consider the positive normed linear functionals to getall states, pure and mixed ones.Denoting the convex set of general states by
n = 
(Sn) = f! 2 O� : !(A) � 0 for allA 2 O+; !(1n) = 1g (8)it is to show that 
n can be identi�ed with the convex hull of the n-sphere. Thisimplies the validity of (4) because the boundary of the n-ball coincides with the4



extreme boundary, and this is the n-sphere. Indeed, let us see that the general statesare parameterized by the points of the ball
n ' fEn : y21 + : : :+ y2n+1 � 14g (9)in the following manner: To every state ! there is one and only one point y of theball (9) such that for all observables! = !y; !y(Ax;�;�) = � + �2 + 2(� � �)xy (10)In fact, with no restriction on y the right hand side can represent every real andnormed linear form on O. But such a form is non-negative for all positiveobservables if and only if y is a point of the ball with diameter one.Remark: The symmetry group is the orthogonal group O(n + 1). If n > 2 itsgenerators cannot be identi�ed with observables, a fact shared by the real andquaternionic projective spaces. A generator X de�nes a Killing vector �eld of theball (9). Hence _x = Xx can be regarded as an evolution equation. If n = 2 this is arewriting of a von Neumann equation, see [2], [31], [17] for more details. Convertingthe equation to the observables one obtains a Heisenberg like equation!(dAdt ) := d!dt (A); hence dAx;�;�dt (y) = 2(� � �) _x y (11)There is yet another important parameterization of the state space in the case athand: By introducing a new variable, ~y, the inequality (9) can be made an equality.The states can be described by the points
n ' fSn+1+ : y21 + : : :+ y2n+1 + ~y2 = 14 ; ~y � 0g (12)which is a deformation of the ball (9) to a hemisphere of dimension n+ 1. In theinterior of the ball the metric has been changed. The new metric re
ects partly thesuperposition principle. Below we shall see its close relation to the Bures distance[18].The metric (12) indicates an extension of the notation of transition probability asintroduced by (6),p(x; y) = p(!x; !y) := 12(1 + 4xy + 4 ~x~y); x; y 2 En; (13)so that the mixed states appear embedded within the pure states of a(n+ 1)-sphere: They are puri�ed.The puri�cation can be achieved by allowing the points yj in (2) to be chosen fromthe hemisphere (12), and by using (13) to de�ne the transition probability. Thisenlarges the set of observables On of (7), and one gets On+1.5



As a �rst indication that things go together with the de�nition (13) we compare itwith the transition probability in the state space of unital �-algebras, [19], [36]. (Therather di�erent de�nitions in these references turned out to coincide for unitalC�-algebras, [33], [11].) For two states, %1; %2 of a unital C�-algebra A one knows [3]p(!1; !2) = inf !1(A)!2(A�1); A > 0 A;A�1 2 A (14)A similar relation is true with (13). At �rst, a power A(k) of an observableA = Ax;�;� is de�ned by the substitutions x 7! x, � 7! (�)k, and � 7! (�)k. Here k isa natural number and, if � and � both are di�erent from zero, k may be an arbitraryinteger. We call A(k) the k-th Jordan power, and we write A(k) to distinguish it fromthe k-power of A as a function on the sphere. An observable A is positive, A 2 O+,i� it is a Jordan square, A = B(2).Now for x; y within the unit ball it is(12 + 2xy + 2 ~x~y) = inf !x(A)!y(A(�1)); A > 0 (15)That the assertion is true can be shown either by explicit computation or, as seenbelow, by embedding arguments.3. The Jordan StructureThe powers A(k) introduced above serve to de�ne the Jordan productA �B := 14(A+B)(2) � 14(A�B)(2) (16)By this de�nition O becomes a real Jordan algebra. It is a Jordan spin factor (oftype I2) [26].A straightforward calculation yieldsAx;1;�1 �Ay;1;�1 = cos� 1n = 4xy 1n (17)where cos� is given by (6), and, for arbitrary A and B, it is, abbreviatingA := Ax;a;c = a+ c2 1n + a� c2 Ax;1�1 and B := Ay;b;d; (18)A �B = b+ d2 A+ a+ c2 B � 12f(ab+ cd) sin2(�2 ) + (ad+ cb) cos2(�2 )g1n (19)thus obtaining the multiplication law of a Jordan spin factor.On the other hand, O admits a distinguished linear form, called trace :TrAx;�;� := � + � (20)The Jordan product enables one to de�ne a positive de�nite scalar product on O(A;B) := TrA �B (21)6



which is uniquely associated to the Jordan structure.Every real linear form ! on O allows for a unique representation by!(A) = TrA �D (22)D is positive i� ! is positive. Namely, with respect of the scalar product (21) thecone O+ becomes self dual. Clearly D has trace one i� !(1n) = 1.A (general) state of O appeared now as a positive and normed real linear form onthe Jordan algebra O. Then D of (22) is called its density operator.It is a know fact that n-balls (respectively) n-spheres are the (pure) state spaces ofJordan spin factors. [6]4. Isometric Embedding of 
(Sn) into 
(H)Let H be a complex Hilbert space of even complex dimension m with m � n. Aunital Jordan isomorphism of the Jordan algebra O(Sn) to a Jordan subalgebra ofB(H) can be constructed.H carries a Cli�ord base E1; : : : ; En+1 of operators ful�llingEjEk + EkEj = 2�jkI; Ej = E�j = E�1j ; (23)I = Im denotes the identity operator. The real linear and unital map� : Ax;�;� 7! � + �2 I + (�� �)X xjEj; 1n 7! I (24)is a Jordan isomorphism into the hermitian operators.To see it it su�ces to look at the anticommutator12f�(Ax;1;�1); �(Ay;1;�1)g = 2X xkyjfEk; Ejg = 4xy I (25)which is �(Ax;1;�1 �Ay;1;�1) according to (17).Remark that � and � are the eigenvalues of �(Ax;�;�). Their degeneracy is m2 .Now On can be identi�ed with the real unital Jordan subalgebra of B(H) generatedby E1; : : : ; En+1 and the identity operator I.Being a positive and unital mapping its dual, ��, maps 
(H) onto 
(Sn). There is amap � from 
(Sn) into 
(H) such that � = �� � is the identity map of 
(Sn).To construct � one associates to every point y = fy1; : : : ; yn+1g of the ball (9) thedensity operator y 7! Dy := 1mI + 2m n+1X1 yjEj (26)Then �(!y) = !y; !y(B) := tr (BDy); B 2 B(H) (27)where "tr" is the trace on H. This is justi�ed by!y(Ax;�;�) = Ax;�;�(y) = tr (�(Ax;�;�)Dy) = !y(�(Ax;�;�) (28)7



We now identify 
(Sn) with �(
(Sn)).Then the map � can be expressed by� (!) = !y; yj = 2!(Ej); j = 1; 2; : : : ; n+ 1 (29)and becomes an a�ne map from 
(H) onto its �xpoint set, the �x point set beingthe embedded state space of the embedded Jordan algebra.The next aim is to compare and to compute some transition probabilities. Let ! and% be two states of 
 := 
(H). Their transition probability can expressed by theirdensity operators, D! and D%, [10], [36],p(!; %)1=2 = trq(D1=2! D%D1=2! ) (30)A nice way to describe this is by the help of an operator version of thenon-commutative geometrical mean [32]S#R := R1=2(R�1=2 S R�1=2)1=2R1=2; R > 0; S > 0 (31)Then, assuming % and ! faithful, consider the operatorsA := D%#D�1! ; A�1 = D!#D�1% (32)They have the propertyp(!!; !%)1=2 = !(D%#D�1! ) = %(D!#D�1% ) (33)so that with this choice of A the in�mum of (14) will be attained.Now let us return to the embedded states of the sphere, i. e. to density operators ofthe form (26). For them(Dy)2 � 2m Dy + 4m2 ~y2 I = 0; m = dimH (34)is valid. This enables a direct calculation of the operators (32). One obtainsDx#(Dy)�1 = m Dx + ~x~y (Dy)�1q12 + 2xy + 2~x~y (35)or, what is the same,Dx#(Dy)�1 = 12(~x+ ~y)I +P(~yxj � ~xyj)Ej~yq12 + 2xy + 2~x~y (36)Inserting this into (33) yieldsp(!x; !y)1=2 = !y(Dx#(Dy)�1) = s12 + 2Xxj yj + 2 ~x ~y (37)8



which again justi�es the setting (13), see also [27], [40].This short discussion of transition probabilities will be �nished by the followinggeneral remark. The de�nition given in [36] can be converted in one which uses onlythe Jordan product A �B = 12(AB +BA) in B(H): Consider all hermitianfunctionals � satisfying for all hermitian operators of the algebraj�(A �B)j2 � !(A2) %(B2) (38)Then one gets p(!; %) = sup j�(I)j2 (39)Let us now relate the discussion above to the Bures distance [18] and to theRiemann metric associated to it. The distance of Bures between two states readsdistB(!; %) = r2 � 2qp(!; %) = infq(� � �; � � �) (40)where �; � run through all the possibilities to represent the given statessimultaneously as vector states.Restricting to states the vectors � and � are points of the unit sphere in therepresentation space. The length of a geodesic arc between them equalsarccos j < �1; �2 > j. Thus it seems more appropriate to use this length than theHilbert distance as in (40). It is therefor natural to de�ne, literally as in (1),cos2DistB(!1; !2) = p(!1; !2); 0 � DistB � �2 (41)This arc length can be restricted to �2 because � and �� yield the same state.Comparing the metric on the semisphere (12) with DistB using (37) it follows:Statement 1:The (n+ 1)-semisphere (12), 
(Sn), is isometrically embedded by � within 
(H) ifthe latter is equipped with the (modi�ed) distance of Bures, DistB, of (41).Statement 2 :
(Sn) is a geodesic subset (a geodesic submanifold with boundary) of 
(H).Statement 3:� is a DistB-contraction of 
(H) onto 
(Sn). Being the �xpoints of � , the set 
(Sn)is a retract of 
(H)The �rst statement is already proved. The third one follows from the fact [4] thattransition probabilities never decrease under the action of a�ne maps of 
(H) intoitself. Hence DistB (as well as distB) never increase and those mappings aremetrically contracting. This applies in particular to � , and proves statement 3. Butnow statement 2 is almost evident. A metrical contraction maps geodesics ontocurves (or onto a points) with smaller length. If, therefore, two points of the geodesicdo not change the arc connecting them remains a geodesic after a metricalcontraction. Considering � , the mapped geodesic belongs to the retract 
(Sn).9



There is a remarkable Riemann metric dsB on the state space 
(H), [38], inducedby either the Bures distance distB or DistB. Both distances give the same Riemannline element [40], [41]. With the solution, G, of [21]ddt D! = GD! +D! G (42)one gets along a curve with parameter tdsB = qtr(G2D!) dt = str(12 G _D!) dt = q!(G2) dt = s12 _!(G) dt (43)In quite another context the Riemannian metric belonging to the Bures distance hasbeen considered in [45].On 
(Sn) a managable solution of (42) can be gained:G = g (12 �X yj Ej) + ddtX yj Ej (44)where g = ddt ln ~y if ~y 6= 0 (45)while g remains undetermined if ~y = 0. Inserting into (43) results always in(dsB)2 = d~y2 +X dy2j (46)5. Geometric PhasesHaving transition amplitudes to our disposal one may ask for transition amplitudes(transition amplitude) � qtransition probability � (relative phase) (47)For a state ! 2 
(H) we start with an ansatz! ! D! = W W �; W = qD! V (48)and call W an amplitude and V a phase of !. The phases commute with theobservables so that only relative phases can become physically relevant.At this point we do not �x the support of V V � to be that of D! but require onlythat V is an isometry. Within this restriction the phases posed by (48) should bearbitrary.For faithful states in �nite dimensions the ambiguity of W (and of V ) is a gaugetransformation by unitaries W 7! W U; U 2 U(H) (49)10



so that for a given curve, 
, of states there a many lifts to curves of amplitudesWt = qD!t Ut; if 
 : t 7! !t; 0 � t � 1 (50)Following [37] one can �x the amplitude along a smooth curve 
 with smoothlychanging supports by the parallelity conditiondW �dt W =W � dWdt (51)up to a global, t-independent gauge. (For the existence and properties of parallelityin the state space of W�- and C�-algebras see [5].) For a parallel curve of amplitudesthe operator W1W �0 = qD1 U1 U�0 qD0; V
 := U1 U�0 (52)is a gauge invariant quantity. The same is true with that part of the relative phaseV
 which is �xed by the supports of the initial and �nal density operators involvedin (52). The relative phase should be called geometric as it depends only on thecurve 
. On the observables one may introduce the linear functional�
(A) := tr(AW1W �0 ) = tr(qD0AqD1 V
) (53)measuring the interference of !0 and !1 if !0 is parallel transported along 
 to !1.In the following we are mainly concerned with parallel transport along geodesics.But it had to be remarked that the transport along circles on the 3-hemisphere [22]and most of the calculations [23], [24], of the associated gauge potential [39] can beextended to the n-(hemi)spheres.One observes that the parallelity condition (51) impliesdBs = str dW �dt dWdt dt along 
 (54)and, indeed, the necessary integrations to compute �
 can be carried out if 
 is ageodesic arc connecting !0 with !1.LemmaLet W0 and W1 be amplitudes of the states !0 and !1, andW �0 W1 � 0 (55)Then there is in the state space one and only one oriented smooth geodesic arc, 
,starting at !0 and terminating at !1, such thatno proper subarc of the considered arc already connects !0 with !1 andW1 is the result of transporting W0 along a parallel lift of 
. �Corollaries
 is of constant support at its inner points.11



The Bures length of 
 does not exceed �2 .If 
 is part of a closed geodesic, its complement transports W0 to �W1. �Abbreviating � := DistB(!0; !1); 0 < � � �2 (56)let us construct 
. Because of (55) every curve contained in the real linear space Xspanned by W0 and W1 ful�lls the parallelity condition (51). Now(W;W 0) = trW �W 0 (57)is a real scalar product on X, and there is exactly one W?0 in X with(W?0 ;W?0 ) = 1; (W0;W?0 ) = 0; (W1;W?0 ) > 0 (58)namely W?0 = W1 � cos�W0sin� (59)(It is sin� > 0 and cos� � 0 for 0 < � � �2 ). NowW (�) :=W0 cos�+W?0 sin� (60)is a parallel curve of amplitudes where � measures it Bures lengthtr dW �d� dWd� = 1; dBs = d� (61)Inserting (59) into (60) showsW (0) =W0; W (�) = W1; Z �0 dB s = DistB(!0; !1) (62)and � �! W (�)W (�)�; 0 � � � � (63)is an oriented curve which connects !0 with !1. It is of the shortest possible length:On the unit sphere of the W -space the length of parallel curves coincides with theirHilbert length, and a geodesic arc has to be a part of a large circle. The latter isde�ned by the unique real plane X containing W0 and W1. (In W -space W0 and W1cannot be real-linearly dependent if !0 6= !1.) Remark that the complement partgoes from � = 0 to � = �2 � � and transports the amplitude to �W1 according to(55). One observes furtherW (�)�W (�0) � 0 if 0 � �; �0 � � (64)Hence the support of W (�)�W (�0) cannot change on the interior of the allowedparameter interval. Otherwise there would be a change on the sign of at least oneeigenvalue on the left hand side of (64) contradicting its semi-positiveness.12



The lemma and the corollaries are now established.Next we try to calculate (52) and (53) for geodesic arcs. According to (55)W �0W1 = q(W �0W1)(W �1W0) = U�0 (D1=20 D1D1=20 )1=2U0 (65)The support of this expression is contained in the left support of W0. Restrictingoperational on this support we are allowed to writeP0W1W �0 = (W �0 )�1W �0W1(W �0 ); P0 = U0 U�0 (66)so that we obtain P0W1W �0 = D�1=20 P0 (D1=20 D1D1=20 )1=2D1=20 (67)and we obviously need the conditionsupp (!0) � supp (!1); or, equivalently, supp (D0) � supp (D1) (68)to get the invariant (52) and the linear form �
. With this support property we areallowed to abondom the projection P0. Recalling (31) and (33) one can state:If (68) is ful�lled thenW1W �0 = D�1=20 (D1=20 D1D1=20 )1=2D1=20 = (D1#D�10 )D0 (69)�
(A) = !0(A (D1#D�10 )) (70)We need the even stronger assumption of equal supports of D0 and D1 to rewrite(52) by inserting (69):V
 = U1 U�0 = D�1=21 D�1=20 (D1=20 D1D1=20 )1=2 (71)Denoting by P the assumed common support of the density operators involved, andtaking care of the operational de�nitions, one observesV
 V �
 = V �
 V
 = P (72)The equal support condition is ful�lled for two parameter values in the interior theof the geodesic arc 
. So we can try to de�ne in the general caseV
 := lim V�; � 7! 
; � � interior(
) (73)so that in concrete cases one has to examine whether the lim is unique or not, and,in the bad case, whether the arbitrariness cancels in certain expressions. If P is theprojection onto the support on the inner part of the geodesic, P0 and P1 theprojectors belonging to the starting and of the terminating point of the arc, thenP0 � P and P1 � P . The rank of the density operators can possibly decrease at the13



end points of the arc. They can then cut some part of the relative geometric phase.An example is the transportW0 = D1=20 U0 �! W1 = D1=21 V
 U0 (74)Let us return to the hemisphere 
(Sn) embedded within 
(H), and let us set!1 = !x with density matrix Dx, and !0 = !y with density matrix Dy . Equation(36) then shows that Dx#(Dy)�1 is continuous with respect to x, so that (74) existswith respect to the end point of the geodesic arc. The arbitrariness is hence at mostin the starting point of the arc.Using W0 = (Dy)1=2 as starting amplitude, one gets from (35)W1 = m Dx(Dy)1=2 + ~x~y(Dy)�1=2q12 + 2xy + 2~x~y (75)as the transported amplitude. With the projection operator P y onto the support ofDy one gets from the characteristic equation~y (Dy)�1=2 = 1m(tr (Dy)1=2)P y � (Dy)1=2 (76)Therefore W1 depends smoothly also on the starting point of the geodesic.Hence the transport of the amplitude along a geodesic arc within 
(Sn) dependssmoothly on the geodesic arc, even if the supports at its starting and (or)terminating point do not coincide with the support of its inner points.Similar is the situation with respect to the relative geometric phase. A shortcalculation, again based on (35) or (36) yieldsV
 = p(!x; !y)�1=2 ((Dx)1=2 (Dy)1=2 + ~x ~y (Dx)�1=2 (Dy)�1=2) (77)if 
 is the geodesic arc transporting !y to !x. It can be seen that (76) guarantees:The relative geometric phase depends continuously on the starting and on theterminating state for all short geodesic arcs on the hemisphere.Whether this behavior can be proved for 
(H) remains to be seen. The problem isthe uniqueness of the limit in coming from the interior to the boundary. Due to thecomplicated boundary of 
(H) (see [1] for n = 4) this is not evident.6. Comment on Cyclic processesFor the spheres and hemispheres we are now in a position to calculate holonomyinvariants of closed curves which consists of short geodesic arcs. This seems to besu�cient to discuss the outcome of some (possible or gedanken-) experiments withmirrors as described in [28] or by the help of �lters [7], [34], and [14], see also [9]:Whether the pure state is rapidly changed by devices like mirrors or by �lteringmeasurements, the phase change resulting from such "quantum jumps" can be14



described by parallel transporting the wave function along the shortest pathconnecting the corresponding points in the projective Hilbert space.In these experiments an isoenergetic (monochromatic) beam of particles (photons)goes in a cyclic process through some devices and the outcome is superposed with asplit part of the original beam. (Or, more generally, every part of a split beamundergoes a cyclic evolution.) By varying the devices the dynamical phase will(ideally) not alter, and the change in the interference pattern shows the appearanceof the geometrical phase.However, there is no reason within Quantum Theory that prevents the scheme towork also with beams starting with a de�nite degree of polarization (mixedness) and(or) with devices altering the mixedness. In mirror-like devices the intensity of thebeam will be unchanged. In a �lter-like device that converts a state ! into a state %the intensity loss is at least by a factor p(!; %) according to (30) and (13)Intensityout � p(!; %) Intensityin (78)Equality in good approximation would indicate an ideal �ltering device. Whetherthis can be reached if both states are mixed ones has to be seen.Let us assume !1 7! !2 7! : : : 7! !k 7! !k+1 = !1 (79)is a cyclic process as described above where no pair of consecutive states isorthogonal. Then there is a unique shortest geodesic arc, 
j;j+1 connecting !j with!j+1, and these arcs closes to a geodesic polygon. We have to adjust for every j anamplitude Wj of !j in such a way that Wj+1 is the result of the parallel transportalong 
j;j+1 with initial amplitude Wj.W1 7! W2 7! : : : ; 7!Wk+1 = W1 Vcycl (80)Where Vcycl is the geometric phase that accompanies the cyclic process.In superposing the cyclic transported and the original initial state !1 one has torespect a possible dynamical phase, �, which, for isoenergetic processes, is a complexnumber of modulus one depending on the geometry of the experimental equipmentand (almost) not on the action of the devices which change the state. The reason isthat in going from one device to another one, the particle remains in one and thesame eigenstate of the Hamiltonian. It "rests a while at a corner of the geodesicpolygon in state space", getting there a dynamical phase factor. The dynamicalphase factors emerging from all the corners (i. e. from the path between the devicesin real space) will be multiplied to �cycl and compared with that one, �0, comingfrom the other, unchanged part of the split beam. This gives the relative dynamicalphase � = ��0 �cycl which contributes to the observable relative phase.Hence the �nal amplitude and intensity of the cyclic transported beam will beproportional toWsuperposed = W1 +W1 Vcycl �; and 1 + 12 trD1(� Vcycl + V �cycl ��) (81)15



where D1 is the density operator of !1.Substitute in (77) !j for !y and !j+1 for !x and call the resulting phase Vj+1;j .Repeated application of (74) results inWj = D1=2j Vj;j�1 Vj�1;j�2 � � � V2;1 U1; W1 = D1=21 U1 (82)The cyclic geometric phase and the holonomy invariant (52) can be written asVcycl = V1;k Vk�1;k�2 � � � V2;1; (83)Wk+1W �1 = D1=21 VcyclD1=21 (84)If the supports are changing in the course of the cyclic process we nevertheless stayslightly inside the hemisphere, performing only at the last moment the limit to theboundary.In the interesting case where we stay always in the interior of the state space, nottouching its boundary, the general recipe (79) showsWk+1 = (D1#D�1k ) (Dk#D�1k�1) � � � (D2#D�11 )W1 (85)where one may insert the expressions (35) or (36).This can be further simpli�ed if the degree of polarization (the degree of mixedness)is not changed during the cyclic process. Because thenDj+1#D�1j = I +m(Dj+1 �Dj)2qp(Dj ;Dj+1) (86)which is easier to handle. It allows for a reformulation in terms of suitably weightedparallel transports of the eigenstates of the density operators along all closed andoriented subpolygons of the given one. A more detailed explanation is in preparation.It is a pleasure to thank Heide Narnhofer and Walter Thirring and their colleaguesfor their kind hospitality at the Erwin Schr�odinger International Institute forMathematical Physics. I like to thank Deutsche Forschungsgemeinschaft for supportunder contract Al 374 /1-3.References[1] M. Adelman, J. V. Corbett and C. A. Hurst, The Geometry of State Space, Found. Phys. 23(1993) 211[2] Y. Aharonow and J. Anandan, Geometry of Quantum Evolution, Phys. Rev. Lett. 65 (1990)1697 16
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