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SSS-matrix for sss-wave gravitational s
atteringP. Fis
her, D. Grumiller, W. KummerInstitut f�ur Theoretis
he Physik, TU Wien, Wiedner Hauptstr. 8{10, A-1040 Wien, AustriaD.V. Vassilevi
hInstitut f�ur Theoretis
he Physik, Universit�at Leipzig, Augustusplatz 10, D-04109 Leipzig, Germany(May 15, 2001)In the s-wave approximation the 4D Einstein gravity with (s
alar) matter �elds 
an be redu
ed toan e�e
tive 2D dilaton gravity 
oupled nonminimally to the matter �elds. We study the leadingorder (tree level) verti
es. The 4-parti
le matrix element is 
al
ulated expli
itly. It is interpretedas s
attering with formation of a virtual bla
k hole state. As one novel feature we predi
t thegravitational de
ay of s-waves.PACS numbers: 04.60.Kz; 04.60.Gw; 11.10.Lm; 11.80.Eta. Introdu
tion Einstein gravity with a masslessKlein-Gordon �eld already at the 
lassi
al level for spher-i
al symmetry exhibits many interesting properties whi
hare by far more a

essible than the general d = 4 
ase,be
ause 
orresponding pro
esses are des
ribed by an ef-fe
tive two dimensional theory.When the line element (x := (x0; x1))(ds)2(4) = g��(x)dx�dx� �X(x)d
2S2 (1)only depends on the metri
 on the unit 2-sphere, d
2S2 ,the \dilaton �eld" X and a two dimensional metri
 g��with signature (+;�), the Hilbert-Einstein a
tion, sup-plemented by an a
tion in whi
h the s
alar �eld S is 
ou-pled minimally (in d = 4) to gravity, be
omes equivalentto a two dimensional dilaton theory [1℄Ldil = 4�� Z d2xp�g "XR + (rX)22X � 2 + �X (rS)2# :(2)R denotes the 2d 
urvature, (rX)2 = g����X��X, and� = 8�GN .The a
tion (2) is lo
ally and globally equivalent to a�rst order one [2℄ depending on Cartan 1-forms e� (wedenote light-
one indi
es with �) and ! (the abeliangauge stru
ture of the two dimensional spin 
onne
tion!a b = "a b! is used expli
itly), the dilaton �eld X, theauxiliary �elds X� and the s-wave Klein-Gordon �eld S:LFO = �8�� Z �X+(d� !) ^ e� +X�(d+ !) ^ e+ ++Xd ^ ! � e� ^ e+V � �2XdS ^ �dS�: (3)A
tually, this equivalen
e holds for general dilaton theo-ries. In the present spheri
ally redu
ed 
ase the \poten-tial" in (3) be
omes V = �2 � X+X�2X . In the followingwe shall take � = 1 and drop the overall fa
tor. Only inthe �nal result the full �-dependen
e will be restored.

b. Path integral quantization of geometry Althoughin the present paper we 
onsider only 
lassi
al (tree level)pro
esses, the path integral seems to be the most ade-quate language to derive the s
attering amplitudes. Asin other well-known examples (e.g. the Klein-Nishina for-mula for relativisti
 Compton s
attering [3℄) this formal-ism is mu
h superior to a purely 
lassi
al 
omputation,be
ause it dire
tly fo
uses on the physi
al observable, theS-matrix element, whi
h leads to an immediate interpre-tation. In a series of papers [4{6℄ it has been shown thatthe path integral quantization, developed from the a
tion(3), allows the exa
t treatment of the geometri
 part forthe 
hoi
e of a temporal gauge of the Cartan variables!0 = 0; e�0 = 1; e+0 = 0: (4)Previous work was restri
ted to minimally 
oupleds
alars in (3), i.e. the dilaton fa
tor X in front of thematter a
tion was omitted.The Hamiltonian analysis in terms of the remaining�eld variables and asso
iated 
onjugate momentaqi = �!1; e�1 ; e+1 � ; pi = �X;X+; X�� ; (5)together with the introdu
tion of the path integral inphase spa
e, suitably extended by ghosts works here asin [4{6℄. Though, as a 
onsequen
e of the dilaton fa
torX in (3), the stru
ture fun
tions of the 
onstraint al-gebra a
quire additional terms, but the nilpotent BRST
harge also here resembles the one in Yang-Mills theories.For details of the Hamiltonian analysis and path inte-gral quantization we refer to [7℄. Having integrated ghost�elds and other 
anoni
al variables, the e�e
tive a
tionin
luding sour
es for qi; pi and S di�ers only slightly fromthe one in [5,6℄:L = Z h� _piqi + q1p2 � q3V + p12 ��1S�0S � q2(�0S)2�+jiqi + Jipi +QSi: (6)The generating fun
tional for the Green fun
tions readsZ [j; J;Q℄ = Z (Dq) (Dp) (DS) exp (iL): (7)1



After the (exa
t) q- and p-integrals only the integra-tion of s
alars remains. Thus, the usual perturbationtheory is restri
ted to the in
orporation of matter �elds.Separating terms of O �S2n�, n > 2, the Gaussian pathintegral of the terms up to O �S2� yields a typi
al prop-agator 
ontribution, apart from terms of O (~), like ageneralized Polyakov a
tion and a 
ontribution from themeasure. As in ref. [5℄ we 
on
entrate on the (highlynontrivial) vertex O �S4� in the perturbation expansion.It allows the 
al
ulation of s
attering of s-wave s
alars.This vertex 
an be extra
ted formally from the �nal ef-fe
tive a
tion. However, it 
ontains 
ompli
ated multipleintegrals. Hen
e, we use again the simple short 
ut in-trodu
ed in [5℄, the idea of whi
h we will outline brie
y:It is suÆ
ient to assume the se
ond order 
ombinationsof the s
alar �eld to be lo
alized at a single point�S0 := 12 (�0S)2 = 
0Æ(x� y); (8)S1 := 12 (�0S) (�1S) = 
1Æ(x� y); (9)and to solve the 
lassi
al equations of motion (EOM) fol-lowing from the gauge �xed a
tion (6) up to linear orderin the \sour
es" 
0 or 
1. Then the solutions have to besubstituted ba
k into the intera
tion terms in (6). Higherorders in 
0; 
1 would yield either loop 
ontributions orverti
es with at least 6 outer legs. We emphasize againthat we are using perturbative methods in the matterse
tor only. Thus no a priori split into ba
kground- and
u
tuation-metri
 o

urs in our approa
h.
. Classi
al EOM The solution of the 
lassi
al EOMin the presen
e of matter from (6) with vanishing sour
es�0p1 = p2;�0p2 = p1S0;�0p3 = 2+ p2p32p1 ; �0q1 = q3p2p32p21 + S1 � q2S0;�0q2 = �q1 � q3p32p1 ;�0q3 = �q3p22p1 ; (10)to linear order in 
0 and 
1 is found easily:p1(x) = x0 + (x0 � y0)
0y0h(x; y); (11)p2(x) = 1 + 
0y0h(x; y); (12)q2(x) = 4pp1 + �2
0y3=20 � 
1y0+(
1 � 6
0y1=20 )p1�h(x; y); (13)q3(x) = 1pp1 : (14)�A
tually, the sour
es should be lo
alized at di�erent points,but for the lowest order tree graphs { whi
h are our main goal{ this makes no di�eren
e.

Here h(x; y) := �(y0 � x0)Æ(x1 � y1), 
orresponds to oneof the pres
riptions introdu
ed in [6℄ for the boundaryvalues at x0 ! 1. It turns out that the verti
es be-low are independent of any su
h 
hoi
e. The mat
hing
onditions at x0 = y0 follow from 
ontinuity proper-ties: p1; q2 and q3 are C0 and �0q2(y0 + 0) � �0q2(y0 �0) = (
1 � q2(y0)
0) Æ(x1 � y1). Integration 
onstantswhi
h would produ
e an asymptoti
 (i.e. for x0 ! 1)S
hwarzs
hild term and a Rindler term have been �xedto zero. Thus, a bla
k hole may appear only at an inter-mediate stage (the \virtual bla
k hole", see below), butshould not a
t asymptoti
ally. Due to the in�nite rangeof gravity this is ne
essary for a proper S-matrix element,if we want to use as asymptoti
 states spheri
al waves forthe in
oming and outgoing s
alar parti
les.d. Line element The matter dependent solutions inour gauge (4) from (5), (13) and (14) de�ne an e�e
tiveline element (ds)2 = 2drdu+K(r; u)(du)2; (15)if we identifyy u = 2p2x1 and r = pp1(x0)=2. It thenappears in outgoing Sa
hs-Bondi form. The Killing normK(r; u)jx0<y0 = �1� 2mr � ar� (1 +O(
0)) ; (16)with m = Æ(x1 � y1)(�
1y0 � 2
0y3=20 )=27=2 and a =Æ(x1 � y1)(
1 � 6
0y1=20 )=25=2, has two zeros lo
ated ap-proximately at r = 2m and r = 1=a 
orresponding forpositivem and a to a S
hwarzs
hild horizon and a Rindlertype one. In the asymptoti
 region the Killing norm is
onstant by �xing K(r; u)jx0>y0 = 1.e. Virtual bla
k hole (VBH) As in [6℄ we turn nextto the 
onserved quantity, whi
h exists in all two dimen-sional generalized dilaton theories [8℄, even in the pres-en
e of matter [9℄. For SRG its geometri
 part readsC(g) = p2p3pp1 � 4pp1 (17)and by assumption it vanishes in the asymptoti
 regionx0 > y0. A simple argument shows that C(g) is dis
ontin-uous: p1 and p3 are 
ontinuous, but p2 jumps at x0 = y0.This phenomenon has been 
alled \virtual bla
k hole"(VBH) in [6℄. It is generi
 rather than an artifa
t of ourspe
ial 
hoi
e of asymptoti
 
onditions.The solutions (11) and (12) establishC(g)���x0<y0 = 4
0y3=20 / �mV BH : (18)yNote the somewhat unusual rôle of the indi
es 0 and 1: x0is asymptoti
ally proportional to r2, thus our Hamiltonianevolution is with respe
t to a \radius" as \time"-parameter.2



Thus, 
1 only enters the Rindler term in the Killing norm,but not the VBH mass (18).f. The S4 vertex All integration 
onstants have been�xed by the arguments in the pre
eding paragraphs. Thefourth order vertex of quantum �eld theory is extra
tedby 
olle
ting the terms quadrati
 in 
0 and 
1 repla
ingea
h by S0 and S1, respe
tively.
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kFIG. 1. Total V (4)-vertex with outer legsThe tree graphs we obtain in that way (
f. �g. 1) 
ontainthe nonlo
al verti
esV (4)a = Zx Zy S0(x)S0(y) �dq2d
0 p1 + q2dp1d
0�����
i=0= Zx Zy S0(x)S0(y) jpy0 �px0jpx0y0(3x0 + 3y0 + 2px0y0) Æ(x1 � y1); (19)andV (4)b = Zx Zy �S0(y)S1(x)dp1d
0 � S0(x)S1(y)dq2d
1 p1�����
i=0= Zx Zy S0(x)S1(y) jx0 � y0jx0Æ(x1 � y1); (20)with Rx := 1R0 dx0 1R�1 dx1.g. Asymptoti
s With t := r + u the s
alar �eld sat-is�es asymptoti
ally the spheri
al wave equation. Forproper s-waves only the spheri
al Bessel fun
tionRk0(r) = sin(kr)kr (21)survives in the mode de
omposition (Dk := 4�k2dk):S(r; t) = 1(2�)3=2 1Z0 Dkp2kRk0 �a+k eikt + a�k e�ikt� : (22)With a� obeying the 
ommutation relation [a�k ; a+k0℄ =Æ(k � k0)=(4�k2), they will be used to de�ne asymptoti
states and to build the Fo
k spa
e. The normalizationfa
tor is 
hosen su
h that the Hamiltonian readsH = 12 1Z0 Dr �(�tS)2 + (�rS)2� = 1Z0 Dka+k a�k k: (23)

h. S
attering amplitude In [6℄ we had arrived at atrivial result in the massless 
ase for (in d = 2) minimally
oupled s
alars: Either the S-matrix was divergent or { ifthe VBH was \plugged" by suitable boundary 
onditionson S at r = 0 { it vanished. Only for massive s
alars wefound some �nite nonvanishing s
attering amplitude.In the present physi
al 
ase of s-waves from d = 4 Gen-eral Relativity at a �rst glan
e it may be surprising thatthe simple additional fa
tor X in front of the matter La-grangian indu
es fundamental 
hanges in the qualitativebehavior. In fa
t, it 
auses the partial di�erential equa-tions (10) to be
ome 
oupled, giving rise to an additionalvertex (V (4)b ).After a long and tedious 
al
ulation (for details see[7,10℄) for the S-matrix element with ingoing modes q; q0and outgoing ones k; k0T (q; q0; k; k0) = 12 D0 ���a�k a�k0 �V (4)a + V (4)b � a+q a+q0 ��� 0E(24)having restored the full �-dependen
e we arrive atT (q; q0; k; k0) = � i�Æ (k + k0 � q � q0)2(4�)4jkk0qq0j3=2 E3 ~T (25)with E = q + q0,~T (q; q0; k; k0) := 1E3"� ln �2E6 + 1� Xp2fk;k0;q;q0g p2 ln p2E2� 3kk0qq0 � 12Xr 6=p Xs6=r;p �r2s2�!#; (26)and � = (k+k0)(k�q)(k0�q). The interesting part of thes
attering amplitude is en
oded in the s
ale independentfa
tor ~T .i. Dis
ussion The simpli
ity of (26) is quite surpris-ing, in view of the fa
t that the two individual 
ontri-butions (
f. �gure 1) are not only vastly more 
ompli-
ated, but also divergent. This pre
ise 
an
ellation ur-gently asks for some deeper explanation. The fa
t that aparti
ular subset of graphs to a given order in perturba-tion theory may be gauge dependent and even divergent,while the sum over all su
h subsets should yield some�nite, gauge-independent S-matrix is well known fromgauge theory in parti
le physi
s (
f. e.g. [11℄). However,it seems that only in the temporal gauge (4) one is able tointegrate out the geometri
 degrees of freedom su

ess-fully. Also that gauge is free from 
oordinate singulari-ties whi
h we believe to be a prerequisite for a dynami
alstudy extending a
ross the horizonz.zOther gauges of this 
lass, e.g. the Painlev�e-Gullstrandgauge [12℄ seem to be too 
ompli
ated to allow an appli
ationof our present approa
h.3



The only possible singularities o

ur if an outgoing mo-mentum equals an ingoing one (forward s
attering). Nearsu
h a pole we obtain with k = q + " and q 6= q0:~T (q; q0; ") = 2(qq0)2" ln� qq0�+ O(1): (27)The nonlo
ality of the vertex prevents the 
al
ulationof the usual s-wave 
ross se
tion. However, an analogousquantity 
an be de�ned by squaring (25) and dividing bythe spa
etime integral over the produ
t of the densitiesof the in
oming waves �� = (2�)�3 sin2(qr)=(qr)2�: I =R Drdt�(q)�(q0), � = I�1 R10 DkDk0jT j2. Together withthe introdu
tion of dimensionless kinemati
 variables k =E�; k0 = E(1 � �); q = E�; q0 = E(1 � �); �; � 2 [0; 1℄this yieldsd�d� = 14(4�)3 �2E2j ~T (�; �)j2(1� j2� � 1j)(1� �)(1� �)�� : (28)Our result also allows the de�nition of a de
ay rated3�=(DqDkDk0) of an s-wave with ingoing momentumq de
aying (!) into three outgoing ones with momentak; k0;�q0. Clearly, lifetimes 
al
ulated in this mannerwill 
ru
ially depend on assumed distributions for themomenta.Finally, we stress that in the more general four dimen-sional setup of gravitational parti
le s
attering 
ombi-nations of non-spheri
al modes 
ould 
ontribute to thes-wave matrix element. Hen
e, our result (25) does notin
lude the full (4d) 
lassi
al information. Nonetheless,as the previous dis
ussion shows, its physi
al 
ontent ishighly nontrivial. We emphasize espe
ially the de
ay ofs-waves, whi
h is a new phenomenon. Note that it 
an-not be triggered by graviton intera
tion, sin
e there areno spheri
ally symmetri
 gravitons. Still, it is 
aused bygravity, i.e. by gravitational self intera
tion en
oded inour non lo
al verti
es.Our methods are useful also for other appli
ations,su
h as spheri
ally symmetri
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