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On the total magneti
 moment of large atomsin strong magneti
 �eldsS. Fournais�ESIBoltzmanngasse 9A-1090 WienAustriaAugust 22, 2001Abstra
tWe look at the magnetisation of neutral atoms in large magneti
�elds. Asymptoti
 formulas for the energy exist with high pre
isionin di�erent regions depending on how large the nu
lear 
harge Z is
ompared to the magneti
 �eld strength B. All these formulas takethe splitting of the kineti
 energy into Landau levels as the prin
ipalfeature and then treat the ele
tri
 potential as a perturbation. Weprove that these approximate formulas predi
t 
orre
tly (to highestorder) the total magneti
 moment of the atom. The proof of thisfa
t relies on a "virial theorem" for Coulomb systems in a 
onstantmagneti
 �eld.Contents1 Introdu
tion 21.1 The model: . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3�Supported by a grant from the Carlsberg Foundation.1
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tness of approximating theories 81 Introdu
tionThe magnetisation of atoms in low magneti
 �elds is given by the famousZeeman e�e
t of elementary atomi
 physi
s. This e�e
t 
omes purely fromthe 
oupling of the ele
troni
 spin with the external magneti
 �eld. For atomsin strong magneti
 �elds, however, this is no longer the 
ase: The ele
tronsin the atom produ
e a persistent 
urrent whi
h 
an
els the spin-
urrent toa very high pre
ision and the resulting magnetisation is of lower order. Itwill be the purpose of this paper to 
al
ulate the resulting total magneti
moment in di�erent regions.In the important work [5℄ a number of approximating density-type the-ories for large atoms in strong magneti
 �elds were studied (see [5℄ forreferen
es to earlier work). If one introdu
es the two parameters; B thatmeasures the strength of the external, 
onstant magneti
 �eld, and Z thatmeasures the nu
lear 
harge of the neutral atom, then the �nal result is thatthese di�erent theories (some of them simple limits of ea
h other, othersqualitatively very di�erent) reprodu
e 
orre
tly the ground state energy ofthe atom in the limit where (B;Z)!1, in di�erent parameter regions thatdepend on the relative magnitude of B and Z. It follows then by a 
onvexityargument (
alled the Feynman-Hellman theorem in the physi
s litterature)that these approximating theories also reprodu
e the ground state density
orre
tly to highest order. However, in the presen
e of a magneti
 �eld, oneis also interested in the magneti
 moment of the atom, but the magneti
�eld appears in a somewhat more 
ompli
ated way in the Hamiltonian, sothe 
onvexity argument does not work for the magneti
 moment. In general,it seems 
ompli
ated to �nd the distribution of the magneti
 moment (or the
urrent) over the atom, but for the total magneti
 moment we will in thisarti
le exploit a magneti
 virial theorem to get very simple proofs that all theapproximating theories from [5℄ give (ea
h in their parameter region) 
or-re
t highest order predi
tions for the total magneti
 moment. Now the virialtheorem is really just a s
aling relation upon s
aling the spa
e variables - it2



depends on the perfe
t s
aling of the Coulomb potential and the magneti
ve
tor potential - and the approximating theories s
ale the same way, so theysatisfy the same virial theorem. This redu
es the 
onvergen
e of the totalmagneti
 momemt to the 
onvergen
e of the di�erent parts of the energy(kineti
, potential), for whi
h 
onvexity arguments (Feynman-Hellman) 
anbe used.1.1 The model:The model of a nonrelativisti
 atom in a 
onstant magneti
 �eld that we willuse in this paper is that of the Pauli operator; with the assumption that thenu
leus is in�nitely heavy. Therefore the Hamiltonian governing the systemis: H(B;Z) = ZXj=1 �(�irj +B ~A(xj))2 + ~B � ~�j � Zjxjj�+ X1�j<k�Z 1jxj � xkj :Here we 
hoose ~A(x) = (�x(2)=2; x(1)=2; 0) and get ~B = (0; 0; B), and ~�denotes the ve
tor of Pauli spin matri
es. Noti
e, that we have assumed forsimpli
ity that the atom is neutral.We will study the total magneti
 moment m of this system de�ned as:m = h	jJ( ~A)j	i; (1)where 	 is a ground state of H(B;Z) and where J(~a) for any ve
tor fun
tion~a is the operatorJ(~a) =ZXj=1 �~a(xj) � (�irj +B ~A(xj)) + (�irj +B ~A(xj)) � ~a(xj) +~b(xj) � ~�j� ;with ~b = 
url~a.It will be a standing hypothesis all through the paper that su
h aground state 	 exists, though we will not assume that it is unique.Let us de�ne EQ(Z;B) to be the ground state energy of the atom, i.e. the3



bottom of the spe
trum of H(B;Z), then an easy argument (using the vari-ational de�nition of the ground state energy), gives thatm = dEQ(Z;B)dB ;when the derivative exists. Therefore we will abuse notation and writedEQ(Z;B)dB instead of m even though we do not assume that the derivativeexists.There are several di�erent asymptoti
 theories for atoms in large magneti
�elds - in pra
tise the distin
tion between them should be made on thegrounds of the relative magnitude between the two parameters Z and B.A mathemati
ally pre
ise way of formulating them is to 
onsider both Z andB as parameters whi
h may be allowed to tend to +1.� Z !1; B=Z4=3 ! 0.This is the region of usual Thomas-Fermi theory. The magneti
 �eldhas no e�e
t on the highest order energy term and 
orrespondingly, themagneti
 moment vanishes to highest order.� B;Z !1, B=Z3 ! 0.In this region a modi�ed Thomas Fermi theory, Magneti
 Thomas-Fermi Theory (MTF) exists whi
h 
orre
tly des
ribes the energy of theatom to highest order ([6℄). We will prove that this theory also givesthe 
orre
t predi
tion for the magnetisation. In a part of this region(BZ�4=3 � 
onst) a 
al
ulation of the 
urrent or lo
al magneti
 mo-ment exists, whi
h is more pre
ise information than the total magneti
moment (see [2℄).If B=Z4=3 ! 1 then a simpli�ed MTF-theory, viz. Strong ThomasFermi Theory (STF) be
omes valid.� B;Z !1, B=Z4=3 !1 (noti
e overlap with the above region).Here a density matrix theory (DM) developed in [5℄ gives the energy ofthe atom to highest order. We prove that the total magneti
 moment isalso 
orre
tly des
ribed by this model (for te
hni
al reasons we have torestri
t to B's whi
h are at most polynomial in Z). This region is also
orre
tly des
ribed by the the Dis
rete Density Matrix (DDM) theoryfrom [3℄.For 
larity let us state the result as a theorem:4



Theorem 1.1. Let EA(B;Z) denote the energy in one of the approximatingmodels (MTF, STF, DM or DDM) and let (Bn; Zn) be a sequen
e that tendsto in�nity i.e. j(Bn; Zn)j ! 1 as n tends to in�nity. Suppose now thatE(Bn; Zn)=EA(Bn; Zn)! 1; (2)and that Z�1=6n maxf1; log(Bn=Z3n)g ! 0: (3)Then also dEdB (Bn; Zn)=dEAdB (Bn; Zn)! 1:Remark 1.2. The \subexponential 
ondition" (3) on B is purely te
hni
al.It 
omes, in parti
ular, from the fa
t that we have only fairly weak 
ontrol of
orrelations between the individual ele
trons in the atom.Remark 1.3. The regions (in (B;Z)) where (2) is satisied for the individualtheories (MTF, STF, DM or DDM) is given by the dis
ussion above.Let us �nally dis
uss the magnetisation of the atom, i.e. M = m=V ,where V is the volume of the atom. In the extreme 
ase of B=Z3 ! 1the atom is approximately a 
ylinder of length � Z�1[log(B=Z3)℄�1 andradius �pZ=B. The energy behaves as E � Z3[log(B=Z3)℄2 and thereforem � (Z3=B) log(B=Z3). ThusM � (Z3=B) log(B=Z3)Z�1[log(B=Z3)℄�1(Z=B) = Z3[log(B=Z3)℄2 � B:2 Virial-type theorems2.1 Quantum me
hani
sUsing s
aling (as in the proof of the usual virial theorem for Coulomb sys-tems) it is easy to see for the full quantum model that1 :Theorem 2.1 (Magneti
 Virial Theorem). Let 	 be any eigenfun
tionof H(B;Z), then2Bh	jJ( ~A)j	i = 2h	jKj	i + h	jVj	i+ h	jIj	i;1This theorem appeared �rst in [4℄ and a more general form was found independentlyby the author in e.g. [1℄ 5



where the operators on the right are the total kineti
, potential and intera
tionenergies. K = ZXj=1 �(�irj +B ~A(xj))2 + ~B � ~�j� ;V = ZXj=1 �� Zjxjj� ;I = X1�j<k�Z 1jxj � xkj :If we only apply s
aling to the ele
tron 
oordinates orthogonal to themagneti
 �eld (x(1)j ; x(2)j for all j) we will obtain a similar expression for themagnetisation whi
h will be more useful in the 
ase of very strong magneti
�elds.Theorem 2.2. Let 	 be any eigenfun
tion of H(B;Z), thenh	jJ( ~A)j	i = 2h	jK̂j	i+ h	jV̂j	i+ h	ĵIj	i;where the operators on the right are:K̂ = ZXj=1 �(�i�x(1)j �B=2x(2)j ))2 + (�i�x(2)j +B=2x(1)j ))2 + ~B � ~�j� ;V̂ = ZXj=1  �Z (x(1)j )2 + (x(2)j )2jxjj3 ! ;Î = X1�j<k�Z (x(1)j � x(1)k )2 + (x(2)j � x(2)k )2jxj � xkj3 :Remark 2.3. The above theorem is parti
ularly useful in very high magneti
�elds where the ele
trons are essentially lo
alised to the lowest Landau band,sin
e in that 
ase the �rst term on the right 2h	jK̂ j	i is of lower order thanthe remaining terms.Using the above "virial theorems" we obtain information on the movementparalel to the magneti
 �eld axis: 6



Corollary 2.4. Let 	 be any eigenfun
tion of H(B;Z), then0 = h	j ZXj=1  �2�2x(3)j � Z (x(3)j )2jxjj3 ! + X1�j<k�Z (x(3)j � x(3)k )2jxj � xkj j	i:2.2 Approximating theoriesIt is interesting to note the the magneti
 virial theorems hold for the ap-proximating theories as well. In [5℄ the following theories are dis
ussed:Magneti
 Thomas Fermi (MTF), Strong Thomas Fermi (STF), Density Ma-trix (DM) and Super Strong (SS). Furthermore a Dis
rete Density Matrixtheory (DDM) has re
ently been proposed in [3℄. All these models are fun
-tionals on a spa
e of densities or density matri
es, and give the energy asa sum of kineti
, potential and intera
tion energies. The sets of admissibledensities (or density matri
es) may depend on both B and Z. In all 
asesit is a simple task to go through and 
he
k by s
aling in the spa
e variablesand/or variation of the magneti
 �eld strength B, that the following holds:Proposition 2.5. Let EA(B;Z) = KA(B;Z)+UA(B;Z) be one of the aboveapproximating energies to the true quantum me
hani
al ground state of aneutral atom with Z ele
trons in the magneti
 �eld of strength B. HereKA(B;Z) denotes the kineti
 energy and UA(B;Z) the total potential energy.Then the following (virial) relation holds:2BdEA(B;Z)dB = 2KA(B;Z) + UA(B;Z):Remark 2.6. It was noti
ed in [4℄ that this relation holds for the STF theory(denoted by MTF in their paper).For high �elds (B � Z3) it is more interesting to have a relation likeThm. 2.2. This holds true for the theories whi
h are exa
t in this regime. Itwould be too involved to state all the di�erent 
ases, so we restri
t attentionto the Super Strong (SS) 
ase, but similar relations are true for the Dis
reteDensity Matrix (DDM) and Density Matrix (DM) theories.First a bit of notation: The admissible fun
tions CSS(Z;B) for the SuperStrong Magneti
 Field Density Fun
tional is the set of positive measurablefun
tions on R3, satisfying:� RR3 �(x) dx = Z; 7



� RR�(x?; x3) dx3 � B2� for all x? 2 R2.� The distributional derivative �p��x3 is a fun
tion in L2(R3).The fun
tional itself is de�ned for � 2 CSS(Z;B) as:ESS [�℄ = ZR3 �p��x3 dx� Z ZR3 �(x)jxj dx+ 12 ZZ �(x)�(y)jx� yj dxdy:Now, noti
e that the s
aling of the variables perpendi
ular to the �eld:�(x?; x3) 7! �t � t2�(tx?; x3) maps CSS(Z;B) to CSS(Z; t2B). Now by 
al-
ulating ESS [�t℄ and di�erentiating in t at t = 1, we get2BdESSdB = �Z ZR3 �(x)x2?jxj3 dx+ 12 ZZ �(x)�(y)jx? � y?j2jx� yj3 dxdy:This, of 
ourse, is readily 
omparable to Thm. 2.2.3 Corre
tness of approximating theoriesThe me
hanism that makes it possible for us to 
al
ulate the total magneti-sation is given by the following theorem:Theorem 3.1. Let H(B;Z), K(B;Z) and U(B;Z) denote the quantum me-
hani
al operators of total energy, kineti
 energy and potential energy, andlet EQ(B;Z), KQ(B;Z) and UQ(B;Z) denote the ground state total, kineti
and potential energies, i.e. the expe
tations of the 
orresponding operators inthe ground state.Let furthermore, EA(B;Z) = KA(B;Z)+UA(B;Z) denote an approximatingfun
tional, de�ned on the spa
e CA(B;Z), and let EA(B;Z), KA(B;Z) andUA(B;Z) denote the 
orresponding approximating total, kineti
 and potentialenergies.Let furthermore Ht(B;Z) = tK(B;Z) + U(B;Z), for t 2 (1=2; 3=2), andde�ne EQt (B;Z), KQt (B;Z) and UQt (B;Z) by means of the ground state ofHQt (B;Z).De�ne 
orresponding approximating quantities analogously on the spa
e CA(B;Z)(the spa
e is independent of t).Let � denote an unbounded subset of f(B;Z) 2 R2+g.Suppose now 8



1. that the virial theorem is satis�ed for the approximating energies i.e.2BdEA(B;Z)dB = 2KA(B;Z) + UA(B;Z);2. that����EAt (B;Z)� EA1 (B;Z)� (t� 1)dEAt (B;Z)dt ���� � jt� 1jg(t)jEA(B;Z)j;where the positive fun
tion g(t)! 0 as t! 1 is independent of (B;Z),3. and that the approximating theory is indeed approximating in the fol-lowing sense:jEQ(B;Z)t � EAt (B;Z)j � 
�2(B;Z)jEQ(B;Z)j;where �(B;Z)! 0 as (B;Z)!1 in �, and where � and the 
onstant
 do not depend on t.Then jBdEQ(B;Z)dB �BdEA(B;Z)dB j � 
�(B;Z)jEQ(B;Z)j:Proof. By the virial theorems for both quantum and approximating theoriesit is enough to show that the the kineti
 and potential energies are 
orre
tlygiven by the approximating theories. The proof of this fa
t is simple by
onvexity arguments of the following type:Let 	1 be a ground state of H1(B;Z), then(t� 1)KQ(B;Z) = h	1jHt(B;Z)�H1(B;Z)j	1i� EQt (B;Z)� EQ1 (B;Z)= EAt (B;Z)� EA1 (B;Z) +O(�2(B;Z)EQ(B;Z))� (t� 1)KA1 (B;Z) + jt� 1jg(t)jEQ(B;Z)j+O(�2(B;Z)EQ(B;Z)):Then we 
hoose t = 1+ 
�(B;Z), �rst with 
 > 0 and then with 
 < 0, to getKQ(B;Z) = KA(B;Z) +O(�(B;Z)EQ(B;Z)):9



Corollary 3.2. For all the approximating theories (MTF, STF, DM, DDMand SS) the following holds:jBdEQ(B;Z)dB �BdEA(B;Z)dB j = o(EQ(B;Z));in their respe
tive domains (in (B;Z)) of validity.In the regimes where the energy is des
ribed by a power law in B, thethree terms in Cor. 3.2 above are of the same order, and we 
an therefore useit to �nd the main term of the magneti
 moment. However, for B;Z !1,su
h that B=Z3 � 
onst, the energy has logarithmi
 behaviour:E(B;Z) � Z3[log(B=Z3)℄2:If we di�erentiate this relation (assuming that they are stri
tly equal) we getBE(B;Z)dB � Z3 log(B=Z3) � E(B;Z). Therefore we would like to 
hoosethe �(B;Z) in Thm 3.1 as small as possible, and at least smaller than1=j log(B=Z3)j. Lu
kily it turns out that this pre
ision is already 
ontainedin the work of Lieb, Solovej and Yngvason:Theorem 3.3 (Error bounds for DM-theory when B � Z3). Supposethat B � 
Z3, then the quantum me
hani
al energy EQ(B;Z) and the energyfrom LSY's density matrix theory EDM (B;Z) satisfy the bound:jEQ(B;Z)� EDM (B;Z)j = O(Z�1=3Z3(1 + [log(B=Z3)℄2)):Proof. The proof is essentially a 
areful reading of the paper [5℄. Uponinspe
tion of the proof, we see that the only error term from that paperwhi
h is not already given as 
ompatible with the above error bound, isthe 
on
entration to the lowest Landau band (noti
e in parti
ular that thebound above �ts with the bound on the ex
hange energy [5, 7.1. Theorem℄).However, from the dis
ussion on the beginning of [5, p. 57℄ we see thatfor B � 
Z3, we may 
hoose � = Z=pB in [5, (6.12)℄. This �nishes theproof.Corollary 3.4. For the approximating theories for high �elds (DM, DDMand SS) the following holds:jBdEQ(B;Z)dB �BdEA(B;Z)dB j = O(Z�1=6Z3(1 + [log(B=Z3)℄2));when B � 
Z3. 10



Together Cor. 3.2 and 3.4 give the statement in Thm. 1.1. Thus the to-tal magneti
 moment is given 
orre
tly to highest order by the approximatingtheories - at least up to B's whi
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