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AbstractIt is shown that automorphisms of some factors of type III�, with 0 < � � 1, cor-responding to Kolmogorov quantum dynamical systems of entropic type are stronglyclustering.



11 IntroductionIn [1] entropic K-systems are introduced to extend the notion of Kolmogorov systemsto quantum theory. We consider quantum systems that evolve under some automor-phism and we say that they undergo a complete memory loss if observations becomecompletely independent, the degree of independence being measured by the dynamicalentropy of Connes, Narnhofer and Thirring (CNT-entropy) [2].In [3] it is proved that, as a consequence of complete memory loss, automorphismsof type II1 von Neumann algebras are strongly asymptotically Abelian.The restriction on the type of the algebra provided better control over the dynam-ical entropy. In this paper we reduce the gap by showing that the result remains truefor a class of type III� factors, with 0 < � � 1, including quantum mechanical systemsin quasifree states.2 Classical and Quantum K-SystemsWe shall consider quantum dynamical systems (M;�; !) where M is a von Neumannalgebra, � an automorphism of M and ! a faithful, �-invariant state.In [2] the dynamical entropy h!(�;M) of � with respect to a �nite dimensionalsubalgebra M � M was introduced. Our arguments will be based on a slightly dif-ferent, not equivalent, entropic functional, denoted by H!(�;M), which is introducedin [4] and leads to the same dynamical entropy h!(�) of � as in the CNT theory oncethe dependence on the �nite dimensional subalgebras is eliminated (see also [5]):h!(�) = supM h!(�;M) = supM H!(�;M) : (1)We establish some notations and recall a few results.Let B be an Abelian von Neumann algebra, � an automorphism of B and � a�-invariant state on B. By means of the Gelfand transform, the triple (B; �; �) can beidenti�ed with an Abelian dynamical system typical of the measure-theoretic approachto classical ergodic theory (see [6]), and its main concepts translated accordingly. Inparticular, �nite partitions P = fpigpi=1 of a measure space X into p disjoint atoms piare replaced by �nite dimensional subalgebras P = fp̂igpi=1, their minimal projectionsp̂i corresponding to the characteristic functions �i(x) of the atoms pi.Given a measure � on X , the characteristic functions can be represented as multi-plication operators on the Hilbert space L2(X ; �). The strong-operator closure of theirlinear span is the von Neumann algebra B of essentially bounded functions on X . Themeasure � will in turn provide, by integration, a state on B (which we shall denote bythe same symbol): �(p̂i) = RX �i(x)dx.



2De�nition 1 1. Let B be an Abelian von Neumann algebra acting on some Hilbertspace and P = fp̂igpi=1 a �nite dimensional subalgebra. Given a state � on B, theentropy S�(P ) of P � B with respect to the state � is given by:S�(P ) = � pXi=1 �(p̂i) log�(p̂i) : (2)It increases under inclusion, namely P1 � P2 ) S�(P1) � S�(P2) .2. Let Q = fq̂jgqj=1 � B and P _ Q denote the subalgebra of B generated by theminimal projections fp̂iq̂jgi;j (the re�nement of P and Q). The conditional entropy ofP given Q,S�(P jQ) = S�(P _ Q)� S�(Q) ; (3)is positive and continuous with respect to both arguments. Moreover, under inclusion,it increases in the �rst argument and decreases in the second one.3. Let � : B ! B be an automorphism of B and �j(P ), j 2 ZZ , the image ofP under the j-th iteration of the dynamical mapping �, namely the subalgebra withminimal projections f�j(p̂i)gpi=1. If � � � = �, then S�(�j(P )) = S�(P ) .4. Let P 0n�1 = Wn�1j=0 ��j(P ) be the re�nement of n consecutive iterations (thelimit n ! +1 in this and similar expressions is to be understood with respect to thestrong-operator topology). The Kolmogorov-Sinai entropy of � (with respect to P ):h�(�; P ) = limn!+1 1nS�(P 0n�1) ; (4)is well de�ned and corresponds to the average information gain about P provided bythe dynamics with respect to the state �.5. Let P lk = Wkj=l ��j(P ) . Then, the remote past of P � B, also called the tail ofP , is the von Neumann subalgebra arising from the (strong-operator) limitTail(P ) = liml!+1 limk!+1 P lk : (5)6. Those triples (B; �; �) where all �nite dimensional subalgebras P have trivialtail, i.e. Tail(P ) = fC1̂lg, are called K(olmogorov)-systems.Remarks 1 1. Let fC1̂lg the trivial subalgebra of B, then S�(P jfC1̂lg) = S�(P ) .2. The past orbit of P � BP� = P 11 = 1_j=1 ��j(P ) ; (6)together with the properties of the conditional entropy permits to write:h�(�; P ) = limn!1 1n n�1Xk=1 S�(P jP 1k ) = S�(P jP�) : (7)



33. From subadditivity, S�(P 0k�1) � k S�(P ) , where P � B is any �nite dimensionalalgebra and � any automorphism of B, it follows thath�(�; P ) � S�(P ) : (8)Let now P lk(n) = Wkj=l ��jn(P ), n > 0, and notice that, when n ! +1, P�(n) iseventually contained in Tail(P ). Therefore, if (B; �; �) is a K-system, then (see [1]):limn!1 h�(�n; P ) = limn!1 S�(P jP�(n)) = S�(P ) :This means that S�(P 0k�1(n)) becomes additive asymptotically:limn!+1 S�(P _ ��n(P ) _ : : :_ ��n(k�1)(P )) = k S�(P ) 8k 2 IN : (9)4. Classical K-systems (B; �; �) are algebraically distinguished by the existence ofa (K-) subalgebra B0 � B such thatp � q ) �p(B0) � �q(B0) ; 8p; q 2 ZZ+1_j=�1 �j(B0) = B+1̂j=�1 �j(B0) = fC1̂lg ;where V denotes the smallest von Neumann algebra contained in all �j(B0).5. K-system are among the most random classical dynamical systems, randomnessshowing up in the rate of decorrelation. For instance, they are all kind of mixing [6],the so called strong mixing of classical ergodic theory (we warn the reader that thereis a formally similar expression in quantum statistical mechanics which is termed weakmixing) corresponding to:limk!�1 �(b̂1�k(b̂2)) = �(b̂1)�(b̂2) 8b̂1 ; b̂2 2 B : (10)De�nition 2 We say that a quantum dynamical system (M;�; !) is stationarily cou-pled with an Abelian dynamical system (B; �; �) when there exists a state � on the vonNeumann algebraM
B which is invariant under the automorphism �
 � of M
Band, when restricted to M, respectively to B, reduces to ! , respectively to � , namely�jM = !, �jB = �.Any triple (B; �; �) stationarily coupled to (M;�; !) will be called an Abelianmodel.Remarks 2 1. We suppose M to be represented on some Hilbert space H. The re-strictions of any state on M to a �nite dimensional subalgebra M � M are normalstates and thus correspond to trace class operators (density matrices) [7]. Thus, it



4makes sense writing the relative entropy [9] of two states !, � onM restricted to suchan M as:S(!jM; �jM) = Trn�jM� log �jM � log!jM�o : (11)2. Let (M;�; !) be stationarily coupled to (B; �; �) through the state � and con-sider the product state ! 
 � on M
B:! 
 �(x̂
 b̂) = !(x̂)�(b̂) 8x̂ 2 M; b̂ 2 B :LetM and P be �nite dimensional subalgebras ofM, respectively B, with fp̂igpi=1 theminimal projections of P . Given the states�̂i(m̂
 p̂) = �(m̂
 p̂p̂i)�(p̂i) 8m̂ 2 M; p̂ 2 B ; (12)let !̂i denote the restrictions of �̂i toM, �i the point measures �i(p̂j) = �i;j on B andset �i = �(p̂i) = �(p̂i). Then, from (11):� = pXi=1 �i !̂i 
 �i ; ! = pXi=1 �i!̂i (13)S(�jM 
 �jP ; �jM
P ) = pXi=1 �i S(!jM; !̂ijM) : (14)3. By using the modular automorphism �! of ! (assumed to be faithful), the states!̂i contributing to the decompositions in (13) can be expressed by means of positiveoperators x̂i 2 M such that Pi x̂i = 1̂l. Thus [2]:!̂i(m̂) = �(m̂
 p̂i)�i = !(� i=2! (x̂i)m̂)!(x̂i) ; m̂ 2M : (15)De�nition 3 The entropy of every �nite dimensional subalgebra M �M with respectto ! is de�ned to be [2, 10]:H!(M) = sup!=Pi !iXi !i(1l)S(!jM; !̂ijM)= sup!=Pi !i nS(!jM)�Xi !i(1̂l)S(!̂ijM)o ; (16)where S(!jM) = �Tr f!jM log!jMg is the von Neumann entropy of the state !jM andthe supremum is computed over all possible decompositions of the state !.According to Remark 2.2, by considering triples (�;B; P ) where (�;B) correspondto all possible stationary couplings (M
 B;� 
 �; �) and P to all possible �nitedimensional subalgebras of B, we can rewrite:H!(M) = sup�;B;P S(!jM 
 �jP ; �jM
P ) : (17)



5Let H�(P jM) be (see [5] for the second equality below):H�(P jM) = sup�=Pi �iXi hS(�jP ; �ijP )� S(�jM; �ijM)i (18)= S�(P )� S(�jM 
 �jP ; �jM
P ) ; (19)the supremum being taken over all possible decompositions of the global state � . Then,because of (19), (16) readsH!(M) = sup�;B;P (S�(P )�H�(P jM)) : (20)In [2] the 2-subalgebra entropy functional H!(M1;M2), M1 and M2 two �nitedimensional subalgebras ofM, is de�ned by maximizing the quantityHf!ijg(M1;M2) = Xij �(!ij(1̂l))�Xi �(!1i (1̂l))�Xj �(!2j (1̂l)) (21)+ Xi !1i (1̂l)S(!jM1; !1i jM1) (22)+ Xj !2j (1̂l)S(!jM2; !2j jM2) ; (23)over all possible decompositions of ! in terms of doubly indexed states !̂ij over M:! =Pij !ij(1̂l)!̂ij , where �(x) = ( �x log x : : :0 < x � 10 : : :x = 0 , and, by means of positiveoperators x̂ij 2 M such that Pij x̂ij = 1̂l as in (15), [2]!ij(m̂) = !(� i=2! (x̂ij)m̂) ; !1i =Xj !ij ; !2j =Xi !ij (24)!̂ij(m̂) = !ij(m̂)!ij(1̂l) ; !̂1i (m̂) = !1i (m̂)!1i (1̂l) ; !̂2j (m̂) = !2j (m̂)!2j (1̂l) (25)!ij(1̂l) = !ij(x̂ij) ; !1i (1̂l) =Xj !ij(x̂ij) ; !2j (1̂l) =Xi !ij(x̂ij) : (26)The extension to more subalgebras is straightforward and leads, in the CNT theory,to the following de�nition of the average information gain about M �M provided bythe dynamics �:h!(�;M) = limk!+1 1kH!(M; : : : ;�k�1(M)) ; (27)and, subsequently to de�ne the dynamical entropy (CNT-entropy) of � with respectto the invariant state ! [2] as:h!(�) = supM h!(�;M) ; (28)whence the independence on the �nite dimensional subalgebras.A formulation di�erent in spirit makes use of the following notion [4, 5]:



6De�nition 4 Let (B; �; �) be stationarily coupled with (M;�; !) through � and de�nethe average information H!(�;M) provided by the automorphism � about the �nitedimensional subalgebra M �M asH!(�;M) = sup�;B;P hh�(�; P )�H�(P jM)i ; (29)where the supremum is taken over all �nite dimensional subalgebras P � B of allpossible stationarily coupled Abelian models.Remark 3 In [4] it was shown that the supremum of H!(�;M) over all �nite di-mensional subalgebras M � M coincides with the dynamical entropy h!(�) in (28)(see (1). The proof of the equivalence requires that the supremum be taken. Indeed(compare [4, Prop. 4.1]), in general, we have:0 � H!(�;M) � h!(�;M) � H!(M) : (30)The essential observation in [4] is that it is su�cient to consider mixing Abelianmodels (B; �; �).De�nition 5 The dynamical triple (M; !;�) is an entropic K-system ifH!(M) > 0 ; (31)limn!1H!(�n;M) = H!(M) : (32)for all �nite dimensional subalgebras M �M .Remarks 4 1. Because of (30), entropic K-systems according to De�nition 5 mightask for more than in [1], where they were de�ned by requiringlimn!+1 h!(�n;M) = H!(M) : (33)for all �nite dimensional subalgebras M � M. Like the old one, the new de�nitionentails that the entropy functionals H!(M;�n(M); : : :), usually subadditiveH!(M;�(M); : : : ;�k�1(M)) � kH!(M) ; (34)become additive asymptotically (use (27)and (34)):H!(M) = limn!+1H!(�n;M) � limn!+1 h!(�n;M) � H!(M) : (35)2. The entropy functionals H!(M;�(M) : : :) are de�ned for positive times, unlikethe classical analogous in Remark 1.3. This makes no di�erence, for � is invertible andwe can equally well use ��1.3. We also added condition (31 (ever true in type II1 factors) (compare [3]), tomake (32) not trivially ful�lled. It is satis�ed if the GNS vector j
 > corresponding to! is separating forM.



7We conclude this section with a few particular cases where the computation ofH!(C) can be explicitly carried through.Lemma 1 Let �̂x, �̂y, �̂z be the Pauli matrices, ~� = (�̂x; �̂y; �̂z). Let�̂a = 1̂l2 + a1 + a2 �̂z ; 0 � a � 1p̂�c = 1̂l � ~c � ~�2 ; j~cj = 1be a density matrix in M2(C), respectively a minimal projection. Let C be the Abeliansubalgebra generated by p̂�c . Then,1. If a = 1, then H�̂1(C) = 0.2. If a = 0, then H�̂0(C) = log 2.3. If 0 < a < 1 and ~c = (0; 0; 1), thenH�̂a(C�=2) = � (1 + a)22(1 + a2) log (1 + a)22(1 + a2) � (1� a)22(1 + a2) log (1� a)22(1 + a2) :4. If 0 < a < 1 and ~c = (cos �; 0; sin �), thenH�̂a(C�) = � 1 + a2 + 2a c32(1 + a2) log 1 + a2 + 2a c32(1 + a2)� 1 + a2 � 2a c32(1 + a2) log 1 + a2 � 2a c32(1 + a2)+ 1 + a2 +R2(1 + a2) log 1 + a2 +R2(1 + a2) + 1 + a2 �R2(1 + a2) log 1 + a2 � R2(1 + a2) ;where R = q(1 + a2)2c23 + (1� a2)2c21 � 1 + a2 .The optimal values uniquely correspond to the decompositions1. �̂1 = �̂1.2. �̂0 = 12 p̂+c + 12 p̂�c .3. �̂a = p�̂ap̂+c p�̂a +p�̂ap̂�c p�̂a.4. �̂a = p�̂ap̂+�p�̂a +p�̂ap̂��p�̂a , wherep̂�� = 1̂l� cos��x � sin��z2 ; tan� = (1 + a2)c3(1� a2)c1 :Proof: see [12].Remark 5 In the last case the result extends to the Abelian algebra C�;� generatedby the projections corresponding to the unit vector ~c� = (cos � cos�; cos� sin �; sin �).In fact, it is a general fact that if a �nite dimensional subalgebra is rotated,M!UMU�1, it has the same entropy with respect to the rotated state U!U�1 and thatit is given by the rotated optimal decomposition:



8H!(M) = Xi �iS(!I jM)= Xi �iS(U!iU�1jUMU�1) = HU!U�1(UMU�1) : (36)By choosing U to correspond to the rotation about the z-axis which turns ~c into~c�, the state �a remains invariant and H�̂a(C�;�) is thus given by the projectionsp̂��;� = 1̂l� cos� cos� �x � cos� sin� �y � sin��z2 ; tan� = 1+ a21� a2 tan � :3 Clustering in Optimal Abelian ModelsWe say that the triple (B; �; P � B) associated with an Abelian model (B; �; �) and astationary coupling � is optimal up to � > 0 for H!(�;M) ifS�(P jP�)�H�(P jM) � H!(�;M)� � : (37)Then, we prove:Proposition 1 Let (M;�; !) be an entropic K-system according to De�nition 5 andM �M a �nite dimensional subalgebra. For any �1;2 > 0 there exists an n0 2 IN suchthat for every dynamical system (M;�n; !) and n > n0 we can �nd a stationarilycoupled Abelian model (Q; �; �) and a �nite dimensional subalgebra P � Q such that:����(p̂r̂)� �(p̂)�(r̂)��� � �1(�1; �2)kp̂r̂k 8p̂ 2 P ; 8r̂ 2 R ;where R = Tail(P ) and �1(�1; �2) is a positive function that ! 0 with �1 and �2 ! 0.Proof: Fix �1 > 0 and choose N1 2 IN such that for all n > N1H!(�n;M) � H!(M)� �1 :Let (B; �; P � B) be a triple from a stationarily coupled Abelian model (B; �; �) thatis optimal up to �2 > 0 for H!(�n;M). Then,S�(P jP�)�H�(P jM) � H!(M)� �1 � �2 ; (38)where (7) and (29) have been used.Let R = Tail(P ). Since fC1̂lg � R � P� and the conditional entropy decreases asthe second argument becomes larger, using Remark 1.1, (38) and (20) we getS�(P )�H�(P jM) � S�(P jR)�H�(P jM)� S�(P jP�)�H�(P jM)(38)� H!(M)� �1 � �2 (39)(20)� S�(P )�H�(P jM)� �1 � �2 ;



9whence0 � S�(P jR)� S�(P ) � ��1 � �2 : (40)Let Q = Wn2ZZ �n(P ) be the von Neumann algebra generated by the orbit of P anddenote the restrictions of � and � to Q by the same symbols. The new dynamical triple(Q; �; �) together with the generating subalgebra P (� Q) and the same stationarycoupling �, can be used to get close to H!(�n;M) up to �2 > 0.Now, consider the subalgebra P _ R (compare De�nition 1.2) and the productmeasure ~� on P _R de�ned by ~�(p̂r̂) = �(p̂)�(r̂), p̂ 2 P ; r̂ 2 R . By using (3) and (11)the inequality (40) readsS(~�jP_R; �jP_R) = S�(P ) + S�(R)� S�(P _R) � �1 + �2 :The relative entropy of two states !1;2 on a C� algebra A enjoys the following lowerbound [9]:S(!1; !2) � k!1 � !2k2=2 ; k!1 � !2k = supâ2A j!1(â)� !2(â)jkâk :Therefore, we can estimate:����(p̂r̂)� �(p̂)�(r̂)��� � q2(�1 + �2)| {z }�1(�1; �2) kp̂k kr̂k : 2Corollary 1 Let (Q; �; �) be the optimal triple constructed in the previous lemma forH!(�n;M). Take p̂ 2 P and q̂ 2 Q, thenlim supk!+1 ����(�k(p̂)q̂)� �(p̂)�(q̂)��� � �2(�1; �2) ;where �2(�1; �2) depends on p̂ , q̂ and goes to zero with �1 ; �2.Proof: Notice that both Q and R = Tail(P ) are strongly closed as von Neumann(sub)algebras. Therefore, given q̂ 2 Q, choose n 2 IN and q̂n 2 Wnj=�n �j(P ) such that�((q̂ � q̂n)�(q̂ � q̂n)) � �21(�1; �2) .For large enough k, ��k(q̂n) is nearly contained in Tail(P ). For �xed �1 ; �2, pickup then k 2 IN and r̂k in Tail(P ) so that�((��k(q̂n)� r̂k)�(��k(q̂n)� r̂k)) � �21(�1; �2) :Applying the previous result and using ����(p̂q̂)���2 � �(p̂�p̂)�(q̂�q̂), we estimate:����(�k(p̂)q̂)� �(p̂)�(q̂)��� � ����(p̂��k(q̂n))� �(p̂)�(q̂n)���+ 2kp̂k�1(�1; �2)� ����(p̂r̂k)� �(p̂)�(r̂k)���+ 4kp̂k�1(�1; �2)� kp̂k(4 + kr̂kk)�1(�1; �2)| {z }�2(�1; �2) : 2



104 The Space of Weak-ClusteringLet M1, M2 be two von Neumann algebras with faithful states �1, respectively �2,�1, �2 their modular automorphisms and 
 : M1 ! M2 a completely positive mapsuch that �2 = �1 � 
. Then (see [2], Section VIII), there exists a canonical adjoint
y :M2 !M1 such that �1 = �2 � 
y, and uniquely de�ned by�2(� i=22 (x̂2)
(x̂1)) = �1(� i=21 (
y(x̂2))x̂1) ; 8x̂1 2 M1 ; x̂2 2 M2 : (41)Let (M;�; !) and (B; �; �) be stationarily coupled through � and ��, �! be the corre-sponding modular automorphisms (�� = 1̂l since B is Abelian). Given the embeddingi :M!M
B of M into M
B,i(m̂) = m̂
 1̂l 8m̂ 2 M ;its adjoint map iy :M
B !M is de�ned by:�(� i=2� (m̂1 
 p̂)i(m̂2)) = !(� i=2! (iy(m̂1 
 p̂))m̂2) 8p̂ 2 B; m̂1;2 2 M : (42)Since 1̂l 
 p̂ is in the centre of M
 B, hence invariant under ��, we can construct apositive linear map 
 : B !M and its adjoint 
y :M! B, as follows:�(m̂
 p̂) = �(� i=2� (1̂l
 p̂)i(m̂))= !(� i=2! (iy(1̂l
 p̂))m̂) (43)
 : p̂ 7! 
(p̂) = iy(1̂l
 p̂) (44)!(� i=2! (
(p̂))m̂) = �(p̂
y(m̂)) : (45)Notice that, given P = fp̂ig � B, the decomposition !(�) = Pi �i!̂i(�) in (13) has!i(m̂) = !(� i=2! (
(p̂i))m̂).Lemma 2 Let (M
B;�
�; �) be a stationary coupling between the noncommutativedynamical system (M;�; !) and the classical dynamical system (B; �; �).Let 
 : B !M be the mapping de�ned in (44). Then, 
 � � = � � 
 .Proof: Since � = � � � 
 � (stationary coupling) and ! � � = !, it follows that�� �� 
 � = � 
 � � �� and � � �! = �! ��.Next, take p̂ 2 B, m̂ 2 M observe that the set ��i=2! (M) is (norm) dense in M.The result then follows from!(
 � �(p̂)��i=2! (m̂)) = �(m̂
 �(p̂)) = �(��1(m̂)
 p̂)= !(� i=2! (
(p̂))��1(m̂))= !(� � 
(p̂)��i=2! (m̂)) : 2



11Lemma 3 Let (M;�; !) be an entropic K-system, M � M any �nite dimensionalsubalgebra and (Q; �; P ) the optimal triple for H!(�n;M) constructed in Proposition 1.Let x̂
 = 
(p̂) for some p̂ 2 Q, thenlim supk!+1 ���!(�k(x̂
)x̂)� !(x̂
)!(x̂)��� � �3(�1; �2) 8x̂ 2 M ; (46)with �3(�1; �2) �1;2!0�! 0.Proof: Because of (45) and Lemma 2, we have for all ŷ 2 M:!(�k(x̂
)��i=2! (ŷ))� !(x̂
)!(ŷ) = �(�k(p̂)
y(ŷ))� �(p̂)�(
y(ŷ)) :Corollary 1 ensures us that, by choosing k large enough,����(�k(p̂)
y(ŷ))� �(p̂)�(
y(ŷ))��� � �2(�1; �2) :Further, varying ŷ, the set spanned by ��i=2! (ŷ) is dense in M, then, for all x̂ 2M, anŷ can be found such that (use j!(x̂ŷ)j2 � !(x̂x̂�)!(ŷ�ŷ)):!((x̂� ��i=2! (ŷ))�(x̂� ��i=2! (ŷ)) � �22(�1; �2)���!(�k(x̂
)x̂)� !(x̂
)!(x̂)��� � (1 + 2kx̂
k)�2(�1; �2)| {z }�3(�1; �2) : 2De�nition 6 The dynamical system (M;�; !) is weakly clustering iflimk!�1 !(x̂1�k(x̂2)x̂3) = !(x̂2)!(x̂1x̂3) 8 x̂1; x̂2; x̂3 2 M :Remarks 6 1. Since we assumed ! to be faithful, we can use the modular relationsatis�ed by ! with respect to its own modular automorphism �!, to show thatlimk!�1 !(�k(x̂)ŷ) = !(x̂)!(ŷ) 8 x̂; ŷ 2 Mis equivalent to weak clustering.2. If we know that the correlation functions !(�k(x̂)ŷ) cluster for k ! +1, the�-invariance of ! guarantees that !(�k(x̂)ŷ) = !(x̂��k(ŷ)) cluster for k! �1.3. Weak clustering implies weak asymptotic Abelianness [13]:limn!�1 !(â�hb̂;�n(ĉ)id̂) = 0 �w� limn!�1 hb̂;�n(ĉ)i = 0� ;for all â, b̂, ĉ, d̂ in M.4. By going to the GNS-construction for (M;�; !), weak clustering amounts tothe request that U! k!�1�! j
 >< 
j weakly, where U! is the unitary operator thatimplements �.



12 Let M be a �nite dimensional subalgebra of an entropic K-system (M;�; !).>From De�nition 3 we can approximate H!(M) within any � > 0 by means of a�nite set of positive operators x̂i 2 M, such that PNi=1 x̂i = 1̂l (see Remark 2.3).According to Proposition 1, we expect them to be better and better approximated withincreasing n by the minimal projections fp̂jgMj=1 of the generator P of the classicalsystem (Qn; �n; �n) which nearly gives H!(�n;M). The clue is given by the map
n : Qn ! M and its adjoint, together with the next lemma where the dependenceon the time step n is put into evidence (in the following, we shall not indicate thedependence of Q and � on n).Lemma 4 Let (M;�; !) be an entropic K-system, M a �nite dimensional subalgebraof M and (Q; �; �) an optimal Abelian model for H!(�n;M) as in Proposition 1. Thetriple (�;Q; P ) is optimal for H!(M).Proof: It su�ces to recall (20), inequality (39) and to let �1;2 ! 0 by �rst improvingthe Abelian model for H!(�n;M), n �xed, and then increasing the time-step. 2Proposition 2 Let (M;�; !) (! a faithful state) be an entropic K-system.Let A � M be �nite dimensional subalgebras of M, A Abelian with minimalprojections fâkgNk=1.AssumeM invariant under �! and let E :M!M, !�E = !, be the correspondingstate-preserving conditional expectation [11].Let n be such that H!(�n;A) � H!(A)� �1, �1 > 0.Let (Q; �; �), Q = Wj2ZZ �j(P ) be an Abelian model with stationary coupling �and P � Q such that (Q; �; P ) gives H!(�n;A) up to �2 > 0.Let fp̂jgMj=1 be the minimal projections of P and !( � ) = PMj=1 !(� i=2! (
n(p̂j)) � )the corresponding decomposition of ! constructed by means of the map 
n : Q ! Mintroduced in (45).Assume that the decomposition !( � ) = PLi=1 !(� i=2! (x̂i) � ) ; with projections x̂i 2M, PLI=1 x̂i = 1l, gives H!(A) and has a minimal number of contributions (see theRemark 7 below).Then, M � L and the p̂j 's can be labelled such that!�(
n(p̂i)� x̂i)�(
n(p̂i)� x̂i)� � �24(�1; �2) ; i = 1; : : : ; L (47)!(
n(p̂i)) � �5(�1; �2) ; i = L+ 1; : : : ;M ;where �4;5(�1;2) are functions that vanish with �1;2 ! 0.



13Proof: According to Lemma 4, if we �rst let �2 and then �1 ! 0 (by consideringn! +1 in the latter case), then the minimality of the optimal set fx̂igLi=1 guaranteesthat for each i there must exist some j = 1; : : : ;M for which���!�� i=2! (
n(p̂j))âk�� !(� i=2! (x̂i)âk)��� �1;2�! 0 ;for all k = 1; : : : ; N .Then, we use the conditional expectation E :M!M to deduce���!��E � � i=2! (
n(p̂j))� � i=2! (x̂i)�âk���� �1;2�! 0 :In fact, according to the assumptions, E(x̂i) = x̂i, as well as E�� i=2! (x̂i) = � i=2! (x̂i),and E(m̂â) = m̂E(â), for all m̂ 2 M, â 2 A. Thus, the �nite dimensionality of AgiveskE � � i=2! (
n(p̂j))� � i=2! (x̂i)k �1;2!0�! 0 : (48)Since PMj=1 
n(p̂j) = PLi=1 x̂i = 1̂l, M � N contributions !(
n(p̂j)) must vanish with�1;2 ! 0, whereas the remaining p̂j 's are in one-to-one correspondence with the Loperators x̂i, 1 � i � L .We now follow [3, Lemma 4.1.] and use the Schwartz positivity
n(p̂j) = 
n(p̂2j) � 
n(p̂j)
n(p̂j) )!�(
n(p̂j)� x̂i)�(
n(p̂j)� x̂i)� � !(
n(p̂j)) + !(x̂i)� !(E � � i=2! (
n(p̂j))� i=2! (x̂i))� !(� i=2! (x̂i)E � � i=2! (
n(p̂j))) ;from which the result follows by applying (48) and by relabelling the p̂j 's. 2Corollary 2 Let (M;�; !) be an entropic K-system and A �M a �nite dimensionalAbelian subalgebra. With the assumptions of the previous proposition:limk!�1 !(�k(x̂i)(m̂)) = !(x̂i)!(m̂) i = 1; : : : ; L ; 8m̂ 2 M :Proof: With k > 0 large enough, we can use Lemma 3 with x̂
 = 
n(p̂i), then theCauchy-Schwartz inequality and Proposition 2 to estimate���!(�k(x̂i)m̂)� !(x̂i)!(m̂)��� � ���!��k(x̂i � 
n(p̂i))m̂����+ ���!(x̂i � x̂
)!(m̂)���+ ���!(�k(x̂
)m̂)� !(x̂
)!(m̂)���� 2km̂k�4(�1; �2) + �3(�1; �2) :Clustering when k ! +1 follows by letting �1;2 ! 0, when k ! �1 from Remark 6.2.2



14Remark 7 The point behind the request that the best decomposition be minimal isthat we cannot exclude that further re�nements of a decomposition can be performedwithout a�ecting the contribution to H!(A).However, any decomposition can be coarse grained until it is minimal. In thefollowing sense: let H!(A) be approximated within � by a decomposition fx̂igLi=1.Then, there can be found a minimal number N < L of positive operators fŷjgNJ=1 suchthat!�( Xi2J(j) x̂i � ŷj)�( Xi2J(j) x̂i � ŷj)� � � ;where SNj=1 J(j) = f1; : : : ; Lg and the contribution to H!(A) from the ŷj 's is the sameas that of the x̂i's up to order � (see for instance [3]).5 A Class of ModelsIn order to arrive at a result holding throughout the von Neumann algebra M, itis of great importance to know how large is the set of operators x̂i when we varythe �nite dimensional Abelian subalgebras A. In [3] a von Neumann algebra M oftype II1 equipped with the tracial state ! was considered with the result that everyprojection â ofM contributed optimally to H!(A), where A = fâ; 1̂l� âg, the uniquebest decomposition being given by !( � ) = !(â � ) + !((1̂l � â) � ) . In spite of the factthat the general situation is fairly uncontrolled, we can make good use of Lemma 1 inthe following case.In this section we shall consider a concrete class of models, based on the algebraM1 = 1Oj=1(Mn(C))j (49)be the *algebra spanned by tensor products of the formm̂[k;l] = 1̂lk�1] 
 lOj=k m̂j 
 1̂l[l+1 ; m̂j 2Mn(C)1̂lk�1] = 
k�1j=1(1̂l)j ; 1̂l[k+1 = 
+1j=k+1(1̂l)j ; 1̂l 2Mn(C) :Let !(�) =N+1j=1 Tr �̂j(�) be the product state on M1 de�ned by!(m̂[k;l]) = lYj=k Tr �̂jm̂j ; �̂j = 0BB@ e��j1 : : :: : : : : :: : : e��jn 1CCA : (50)The state ! restricted to the �nite dimensional subalgebra MN � M generated byoperators of the form m̂[�N+1;N ] corresponds to a density matrix �̂N = 
+Nj=�N+1�̂j .



15Let fêig2Nni=1 be the set of eigenvectors of �̂N and êij the corresponding system of matrixunits:êii = êi ; Xi êi = 1̂l 2MN (51)ê�ij = êji ; êij êkl = �jkêil : (52)Let us consider the GNS-representation �! based on ! with GNS-vector 
 andGNS-Hilbert space H! and call M the strong closure �!(M1)00.Remark 8 Since the state ! is not pure, the commutant M0 acting on H! is nottrivial. Depending on the choice of the eigenvalues of the density matrices �̂j , M isa hyper�nite factor of type III�, 0 < � < 1, or � = 1. Varying MN , the operators�!(êij) acting on j
 > span a dense subspace of H!.Lemma 5 Let Mij �MN be the subalgebra of M spanned by the matrix units êi, êj ,êij and 1̂l� êi � êj corresponding to the eigenvectors of the density matrix !jMN .Let f̂ , p̂+� and p̂�� be the projectionsf̂ = 1̂l � êi � êjp̂�� = 1̂l � f̂ � e�i�êij � ei�êji2and A� the Abelian subalgebra of Mij spanned by them.The entropy H!(A�) of A� is given by a unique decomposition determined by theminimal projections of A� itself:!( � ) = !(� i=2! (p̂+� ) � ) + !(� i=2! (p̂�� ) � ) + !(� i=2! (f̂) � ) : (53)Proof: Mij is isomorphic to the matrix algebras:0BB@ a b 0c d 00 0 e 1CCA ; a; b; c; d; e 2 C ; (54)and A� to the subalgebra:0BB@ (a+ b)=2 (a� b)e�i�=2 0(a� b)ei�=2 (a+ b)=2 00 0 e 1CCA :We shall look for an optimal decomposition ! =Pi !i(1̂l)!̂i where, according to (45),!i( � ) = !i(1̂l)!̂i( � ) = !(� i=2! (x̂i) � ) ;for 0 < x̂i 2M such thatPi x̂i = 1̂l. In order to calculate H!(A�) we can work withinthe algebra M3(C) by considering the 3� 3 density matrix



16̂� = 0BB@ �1 0 00 �2 00 0 �3 1CCA ;corresponding to the restriction !jMij . The decompositions of ! when restricted toMij can then be represented as (compare Lemma 1)�̂ = NXi=1p�̂d̂ip�̂ = NXi=1 �i(1̂l)�̂i�i(1̂l) = Tr �̂d̂i ; �̂i = p�̂d̂ip�̂Tr �̂d̂i ;where d̂i are positive 3� 3 positive matrices with Pni=1 d̂i = 1̂l. Letd̂f = 0BB@ 0 0 00 0 00 0 1 1CCA :We now make the following observation which applies to more general cases.Let M be any algebra and A any �nite dimensional subalgebra (not necessarilyAbelian) which splits into an orthogonal sum such thatA =  A1 00 A2 ! �  M11 M12M21 M22 ! �M ;where Mij are subalgebras ofM. >From explicit calculations it turns out thatH!(A1 �A2) = H!(A1 � 1l) +H!(1l�A2) :If, moreover, ! =  !1 00 !2 ! , where !i is the restriction of ! to Mii, thenH!(A1 � 1l) = H!1(A1) :Since p�̂d̂fp�̂ = �̂d̂f = d̂f �̂, the argument used in the third case of the samelemma indicates the choice d̂N = d̂f as optimal, for then S(�̂N jA�) = 0. Next, weobserveN�1Xi=1 d̂i = 1̂l � d̂f ) Trp�̂d̂ip�̂â = Trp�̂(1̂l� d̂f)d̂i(1̂l� d̂f)p�̂âfor all â 2 A�, when 1 � i � N � 1. The corresponding states �̂i act nontrivially onlyon the Abelian algebra (with identity 1̂l� f̂ ) spanned byd̂�� = 12 0BB@ 1 e�i� 0ei� 1 00 0 0 1CCA :



17Because of the above observation, the choice how to decompose indicated by Lemma 1,case 4, and the subsequent Remark 5 with � = 0, is optimal also in this special threedimensional case, namely H!(A�) is uniquely given by the decomposition which usesd̂1 = d̂+� , d̂2 = d̂�� , d̂3 = d̂f , or, with the notation of Proposition 2,â1 = p̂+� ; â2 = p̂�� ; â3 = f̂ : (55)2We are now in the conditions to resort to Proposition 2 to get the following pre-liminary result.Lemma 6 Let M be equipped with an automorphism � which respects the productstate ! and makes (M;�; !) an entropic K-system.Let p̂�� be the projections of M given in the previous proposition. Then, it followsthat, for all x̂ 2 M, with â1 = p̂+� , â2 = p̂�� and â3 = f̂ ,limk!�1 !(�k(âi)x̂) = !(âi)!(x̂) i = 1; : : : ; 3 :Proof: Mij is invariant under the modular automorphism of !, and thus the resultis a consequence of Lemma 5 and of Corollary 2. 2According to Remark 6.1, the dynamical system (M;�; !) exhibits weak clusteringwith respect to the set of all possible projections f̂ and p̂�� . We shall express this fact,avoiding explicit reference to the GNS-representation �!, asw� limk!�1�k(p̂�� )j
 >= !(p̂�� )j
 > :We use the freedom in the choice of the parameter � to extend this result to all matrixunits êij , hence to all ofM.Theorem 1 The entropic-K-systems (M;�; !) (compare (49)-(50)) considered in thissection are weakly clustering quantum dynamical systems.Proof: By varying �, êij can be written as a linear combination of f̂ and p̂�� . 25.1 Strong ClusteringWe now strengthen the previous result proving that entropic K-systems enjoy astronger type of clustering by considering invariant states in (M;�; !) that are cyclicand separating for M.De�nition 7 A quantum dynamical system (M;�; !) is strongly clustering if for allâ, b̂, ĉ, d̂, ê in Mlimk!�1 !(â�k(b̂)ĉ�k(d̂)ê) = !(âĉê)!(b̂d̂) :



18Remarks 9 1. For classical dynamical systems there is no di�erence between weakand strong clustering.2. Strong clustering implies strong asymptotic Abelianness [13]:limk!�1 !(â�hb̂;�k(ĉ)i�hb̂;�k(ĉ)iâ) = 0 �st� limk!�1 hb̂;�k(ĉ)i = 0� ;for all â, b̂ and ĉ in M.3. Weak clustering and strong asymptotic Abeliannes together imply strong clus-tering [3, Lemma 3.1.4].We proceed by adapting Lemma 3.1.5 of [3] to the case where there are no tracialproperties to bene�t from. We only ask that the state ! be faithful so that we can useits modular automorphism �!.Lemma 7 Let (M;�; !) be weakly asymptotically Abelian. If for all projections p̂ andq̂ in M it holds that:st� limk!�1 hp̂;�k(p̂)i = 0 (56)st� limk!�1 hq̂;�k(q̂)i = 0 (57)st� limk!�1 hp̂+ q̂;�k(p̂+ q̂)i = 0 ; (58)then the system is strongly clustering.Proof: Since M, as a von Neumann algebra, is the strong closure of the linear spanof its projections, we shall prove thatw� limk!�1 hp̂;�k(q̂)i = 0) st� limk!�1 hp̂;�k(q̂)i = 0 :In fact, the l.h.s. holds due to the assumption and Remark 6.3, and if the implicationholds we can conclude the proof by means of Remark 9.3.Let m̂k denote �k(m̂) for all m̂ 2 M and k 2 ZZ. Upon using the modular relation!(âb̂) = !(��i=2! (b̂)â) = !(b̂� i=2! (â)), â, b̂ in M, and the Cauchy-Schwartz inequality,the result follows by proving that, when k ! �1,!(hp̂; q̂kihp̂; q̂ki) = !(p̂q̂kp̂q̂k) + !(q̂kp̂q̂k p̂)� !(p̂q̂k p̂)� !(q̂kp̂q̂k)! 0 :We rewrite the �rst term of the r.h.s. of the above equality. Thus:!(p̂q̂k p̂q̂k) = !((p̂+ q̂)q̂kp̂q̂k)� !(q̂q̂k p̂q̂k)= !((p̂+ q̂)(p̂+ q̂)kp̂q̂k)� !((p̂+ q̂)p̂kp̂q̂k)� !(q̂q̂k p̂q̂k)= !((��i! (q̂)(p̂+ q̂))k(p̂+ q̂)p̂)� !((p̂+ q̂)p̂(p̂q̂)k)� !((��i! (q̂)q̂)k q̂p̂) + !(h(p̂+ q̂); (p̂+ q̂)kip̂q̂k)� !(��i! (q̂k)(p̂+ q̂)hp̂k; p̂i)� !(��i! (p̂q̂k)hq̂; q̂ki) :



19By using the Cauchy-Schwartz inequality and (56)- (58) the last two terms are seen tovanish when k! �1, as well as !(h(p̂+ q̂); (p̂+ q̂)kip̂q̂k). Moreover, we assumed weakclustering to hold, whence !(p̂q̂k p̂) and !(q̂kp̂q̂k) tend to !(p̂)!(q̂) when k ! �1 andlimk!�1 !(p̂q̂k p̂q̂k) = !(p̂q̂ + q̂)!(p̂+ q̂p̂)� !(p̂+ q̂p̂)!(p̂q̂)� !(q̂)!(q̂p̂)= !(p̂)!(q̂) :A similar argument can be used to show thatlimk!�1 !(q̂kp̂q̂kp̂) = !(p̂)!(q̂) : 2We now consider the case of the previous section M = �!(SN MN)00 when thedynamical system (M;�; !) is an entropic dynamical system and therefore weaklyasymptotically Abelian. In order to prove that (M;�; !) is also strongly clustering,the �rst step is proving that the correlation functions of the set fp̂�� ; f̂g of projectionsofM factorize strongly (we already know that they do so weakly).Lemma 8 Let (M;�; !) be an entropic K-system in the class de�ned by (49) and (50).The projections of M considered in Lemma 5, fâ1 = p̂+� ; â2 = p̂�� ; â3 = f̂g are suchthat:st� limk!�1 hâi;�k(âj)i = 0 i; j = 1; 2; 3 :Proof: Given the Abelian algebra spanned by the âi's, use Proposition 2 and theoperators 
n(p̂i) 2 M that satisfy (47) (for n large enough), namely:!�(
n(p̂i)� âi)�(
n(p̂i)� âi)� � �24(�1; �2) : (59)Because of Lemma 2 and of ! �� = !, we also have:!�(
n(�k(p̂i))��k(âi))�(
n(�k(p̂i))� �k(âi))� � �24(�1; �2) : (60)The operators 
n(p̂i�k(p̂j)), i; j = 1; 2; 3, are positive and such that
n(p̂i) = 3Xj=1 
n(p̂i�k(p̂j)) ; 
n(�k(p̂j)) = 3Xi=1 
n(p̂i�k(p̂j)) (61)Xi 
n(p̂i) =Xj 
n(�kp̂j)) = 1̂l 8n 2 IN ; 8k 2 ZZ : (62)Let x̂n;kij = 
n(p̂i�k(p̂j)) and suppose that:!�(x̂n;kij � âix̂n;kij âi)�(x̂n;kij � âix̂n;kij âi)� � �26(�1; �2) (63)!�(x̂n;kij ��k(âj)x̂n;kij �k(âj))�(x̂n;kij ��k(âj)x̂n;kij �k(âj))� � �26(�1; �2) ; (64)



20where �6(�1; �2) �1;2!0�! 0.We choose k large enough in order to use the result of Corollary 1. Then, weobserve that�(p̂i) (45)= !(
n(p̂i))) ���!(âi)� �(p̂i)��� (59)� �4(�1; �2) : (65)By using (10), (45), (59), (62), (63), (64) and by repeatedly applying the Cauchy-Schwartz inequality and the orthogonality of the projections âi 2 M, p̂j 2 B, itfollows:���!(âi�k(âj)âi�k(âj))� !(âi)!(âj)��� (59)����!(
n(p̂i)�k(âj)âi�k(âj))� !(âi)!(âj)���+ �4(�1; �2) (62)=���Xl !�x̂n;kil �k(âj)âi�k(âj)�� !(âi)!(âj)���+ �4(�1; �2) (64)����!�x̂n;kij âi�k(âj)�� !(âi)!(âj)���+ �4(�1; �2) + �6(�1; �2) (63)����!�x̂n;kij �k(âj)�� !(âi)!(âj)���+ �4(�1; �2) + 2�6(�1; �2) (64)����!�x̂n;kij �� !(âi)!(âj)���+ �4(�1; �2) + 3�6(�1; �2) (45);(65)�����(p̂i�k(p̂j))� �(p̂i)�(p̂j)���+ 3�4(�1; �2) + 3�6(�1; �2) :The last quantity is smaller than �2(�1; �2) + 3�4(�1; �2) + 3�6(�1; �2), because of Corol-lary 1. Thus, the result comes from letting �1;2 ! 0, together with k ! +1. Finally,we notice that the correlation functions factorize for k ! �1 as ! is �-invariant. Infact:limk!�1 !(âi�k(âj)âi�k(âj)) = limk!+1 !(�k(âi)âj�k(âi)âj) :In order to arrive at the estimates (63) and (64), we notice that (61) above establishesan order relation among the positive linear functionals (not normalized states on M)!ij(m̂) = !(� i=2! (x̂n;kij )m̂)!i(m̂) = !(� i=2! (x̂ni )m̂) ; x̂ni = 
n(p̂i)!ki (m̂) = !(� i=2! (x̂n;ki )m̂) ; x̂n;ki = 
n(�k(p̂i)) :Namely, !ij � !i , respectively !ij � !ki . We can thus apply the noncommutativeRadon-Nykodim theorem ([14, Par. 1.10]) which ensures us that there exist positivet̂ij and t̂kij in M such that:!ij(m̂) = !i(t̂ijm̂t̂ij) ; !ij(m̂) = !ki (t̂kijm̂t̂kij) : (66)We prove that for all m̂ 2 M



21���!(x̂n;kij ��i=2! (m̂))� !(âix̂n;kij âi��i=2! (m̂))��� � �(�1; �2) ;where �(�1; �2) vanishes with �1;2 ! 0, the other case following along the same lines.Let J! , J2! = 1̂l , J! j
 >= j
 > , be the modular conjugation on the GNS Hilbertspace H! for !: M0 = J!MJ!. Then,J!m̂J! 2 M0 ; ��i=2! (n̂)j
 >= J!n̂J!j
 > ; m̂; n̂ = n̂� 2 M :By using (66) and the modular relations !(m̂1m̂2) = !(m̂2��i! (m̂1)), we can write:!�� i=2! (x̂n;kij )� i=2! (âi)m̂��i=2! (âi)� = !�� i=2! (x̂ni )t̂ij� i=2! (âi)m̂��i=2! (âi)t̂ij�= !�� i!(t̂ij)t̂ijJ! x̂ni J!� i=2! (âi)m̂J! âiJ!�= !�� i=2! (âix̂ni âi)m̂t̂ij��i! (t̂ij)� :Because of (59), we can �nd a suitable �(�1; �2) �1;2!0�! 0 and estimate���!�� i=2! (âix̂ni âi)m̂t̂ij��i! (t̂ij)�� !�� i=2! (x̂ni )m̂t̂ij��i! (t̂ij)���� � �(�1; �2) :The conclusion follows from (66) and the equality!�� i=2! (x̂ni )m̂t̂ij��i! (t̂ij)� = !�t̂ijJ! x̂ni J!m̂t̂ij�= !�� i=2! (x̂ni )t̂ijm̂t̂ij� : 2As for Theorem 1, strong asymptotic Abelianness can be extended from the par-ticular class of projections p̂�� ; f̂ to all matrix units in M and thus to the entire set ofits projections.Theorem 2 If the dynamical system (M;�; !) in the class de�ned by (49) and (50)is an entropic K-system, then it is strongly clustering.Proof: see the appendix.6 Generalization to Quasifree StatesThe von Neumann algebraM of the previous sections arises as a useful mathematicaltool when dealing with a system of in�nitely many fermions in a state !. Let â(f),â�(f) be the creation and annihilation operators of a fermion in the state jf > of theone-particle (separable) Hilbert space H. Choose an orthonormal basis fjhj >g1j=1 ofH and construct the operators:ê(k)11 = â�(hk)â(hk)ê(k)22 = â(hk)â�(hk)



22ê(k)12 = k�1Yj=1 h1̂l� 2â�(hj)â(hj)iâ�(hk)ê(k)21 = k�1Yj=1 h1̂l� 2â�(hj)â(hj)iâ(hk) :Because â�(hi)â(hj) + â(hj)â�(hi) = �ij , the ê(k)ij constitute a system of matrix units(see for instance [8]) generating a two dimensional matrix algebra M(k) isomorphic toM2(C). As for di�erent k and l the corresponding algebrasM(l) andM(k) commute, thealgebra AF;n(H) generated by the â\(hk), k = 1; : : : ; n is isomorphic toNnk=1(M2(C))k.We call AF;1 the algebra of polynomials of whatever degree in â\(hk) and consider thevon Neumann algebra AF = �!(A1)00 that arises from the strong closure of AF;1 inthe GNS representation based on a faithful state !. Be it the quasifree state de�nedby the two-point functions!(â�(f)â(g)) = (g; 1̂l1̂l + eĥ f) : (67)Then, it is invariant under the group of quasifree automorphisms � t! of A1 given by� t!(â\(f)) = â\(ei t ĥf) :Moreover, � i!(â�(f)) = â�(e�ĥf) , hence �!, when implemented on the GNS Hilbertspace H! , coincides with the (unique) modular automorphism of !:�!�� t!(â\(f))� = �it!�!(â\(f))��it! ;where �! is the modular operator of ! on H! (see [15] for an analogous treatment).If we now assume that the one-particle Hamiltonian ĥ has a purely point spectrumwith eigenvectors jhj >, then we are exactly in the case discussed in section 4 and 5.1.Therefore, if AF is equipped with an automorphism � that commutes with �! and suchthat (AF ;�; !) is an entropic K-system, then the quasifree Fermi system is stronglyclustering.In classical K-systems a memory-loss mechanism manifests itself in that the av-erage information provided by repeated experiments gets lost if the interval betweenthem lasts long enough. To the e�ectiveness of such a mechanism there correspondclustering properties, a sign that events tend to become independent, which are thestrongest in a hierarchy of possibilities (see [6]). The same characterization carried overto quantum dynamical systems and the previous results imply that a Fermi system ina quasifree state ! whose modular operator �! has pure point spectrum is stronglyclustering whenever its evolution makes it an entropic K-system. Hence, it is stronglyasymptotically Abelian, which in quantum mechanics well expresses the increasingindependence of time-separated physical occurrences.



23The restriction on the spectrum of �! is rather severe, for in statistical mechanicsone is usually confronted with absolutely continuous spectrum as is the case when thequasifree state reads:!(â�(f)â(g)) = ZIR3 dp g�(p)f(p) 11 + eh(p) ;(ĥf)(p) = h(p)f(p) in momentum space representation.None the less, the quasifree case can be handled in full generality by means of theprevious results.Let ĥ = R h dĤh be the spectral resolution of the one-particle Hamiltonian, sub-divide its continuous spectrum into a sequence of disjoint intervals [hj � �; hj + �) insuch a way that the sequence of orthogonal projections Ĥj;� = R hj+�hj�� dĤh ful�lls:Xj LĤj;� = 1̂l (68)k(ĥ� hj)Ĥj;�jf > k � � 8f 2 H : (69)If we now choose orthonormal bases fjhj;k >g in each one of the orthogonal subspacesĤj�H, we can construct AF as done before by considering the matrix units êj;krs asso-ciated with the creation and annihilation operators â\(hj;k).The main di�erence is that, unlike the previous case, the two dimensional algebraMj;k spanned by the êj;krs 's is not invariant under the modular automorphism �!, sothat a conditional expectation E : AF !Mj;k that preserves the state ! as that usedin Proposition 2 cannot exist because of Takesaki's theorem. What we can do is toconsider the restriction !j;k of the state ! to the subalgebra Mj;k and construct theadjoint iy : AF !Mj;k of the embedding i :Mj;k ! AF according to (41):!(� i=2! (x̂)ŷ) = !j;k(� i=2!j;k(iy(x̂))ŷ) 8ŷ 2Mj;k ; x̂ 2 AF : (70)The adjoint map iy respects the state, but does not ful�liy(ŷ1x̂ŷ2) = ŷ1iy(x̂)ŷ2 8ŷ1; ŷ2 2Mj;k ; 8x̂ 2 AF : (71)Such a property is satis�ed by the conditional expectation of Proposition 2 and wasused to arrive at an asymptotic behaviour like in (48).Takesaki's result states that iy would be a conditional expectation ful�lling (71)and ! � iy = ! if and only if � t!(Mj;k) �Mj;k for all t 2 IR, equivalently, if and onlyif the restriction �!jMj;k coincided with �!j;k . If we had Mj;k nearly invariant under�!, we expect iy would nearly behave as a conditional expectation (see [2], LemmaV III:10). We observe, indeed, that the requests in (69) amount to the fact that thenorms k� t!(êj;k11 )�êj;k11 k ; k� t!(êj;l22)�êj;k22 k ; k� t!(êj;k12 )�ei t hj êj;k12 k and k� t!(êj;k21 )�e�i t hj êj;k21 ktend to zero when � ! 0. Consequently, the action of �! on Mj;k does not di�er toomuch from that of the modular automorphism �!j;k of the state !j;k . As we are in



24�nite dimension we can �nd a suitable function �1(�) that tends to zero with � ! 0and estimate:k� i=2! � ��i=2!j;k (x̂)� x̂k � �(�) ; k��i=2! � � i=2!j;k(x̂)� x̂k � �(�) ; (72)for all x̂ 2Mj;k .Lemma 9 Let M be a von Neumann algebra with a faithful state !. Let n̂1 , n̂2 andn̂ belong to a �nite dimensional subalgebra N � M and � denote the restriction of !to N. Let the estimates (72) hold. Then, for all m̂ 2 M, there can be found a suitablefunction �1(�) that depends only on � and on the dimension of N and tends to zerowhen � ! 0, such that: kiy(n̂1m̂n̂2)� n̂1iy(m̂)n̂2k � �1(�) :Proof: By means of the KMS condition and of the fact that �(n̂) = !(n̂) whenn̂ 2 N, for all m̂ 2 M we derive:��n̂1iy(m̂)n̂2��i=2� (n̂)� = ��iy(m̂)��i=2� �� i=2� (n̂2)n̂��i=2� (n̂1)��= !�� i=2! (m̂)� i=2� (n̂2)n̂��i=2� (n̂1)�= !�� i=2! �� i=2! � ��i=2� (n̂1)m̂��i=2! � � i=2� (n̂2)�n̂�= ��iy�� i=2! � ��i=2� (n̂1)m̂��i=2! � � i=2� (n̂2)���i=2� (n̂)� :Therefore �����iy�n̂1m̂n̂2)� n̂1iy(m̂)n̂2���i=2� (n̂)���� equals�����iy�n̂1m̂n̂2 � � i=2! � ��i=2� (n̂1)m̂� i=2! � ��i=2! (n̂2)���i=2� (n̂)���� :The set ��i=2� (n̂) is dense in N when we vary n̂ in N, thus, using the inequalities (72)and taking the supremum of the last expression over all n̂ 2 N with kn̂k = 1, we canconstruct the required function �1(�) and estimatekiy(n̂1m̂n̂2)� n̂1iy(m̂)n̂2k � �1(�) : 2Next, we consider the Abelian algebra Aj;krs � Mj;k generated by the minimalprojectionsâ1 = 1̂l� f̂ j;k + e�i�êj;krs + ei�êj;krs2â2 = 1̂l� f̂ j;k � e�i�êj;krs � ei�êj;krs2â3 = 1̂l� êj;krr � êj;kss ;we assume (AF ;�; !) to be an entropic K-system and study the expectation values!�(
n(p̂i)� x̂i)�(
n(p̂i)� x̂i)� ;



25in the limit of large n, the meaning of the operators 
n(p̂i) and x̂i being explained inSection 4. We estimate them by means of iy : AF !Mj;k. Thus:!�(
n(p̂i)� x̂i)�(
n(p̂i)� x̂i)� =!(
n(p̂i)2) + !(x̂2i )� !�iy � � i=2! (
n(p̂i)x̂i)�� !�iy � � i=2! (x̂i
n(p̂i))� ����!(
n(p̂i)2)� !�iy � � i=2! (
n(p̂i))� i=2! (x̂i)����+���!(x̂2i )� !�� i=2! (x̂i)iy � � i=2! (
n(p̂i))����+kiy � � i=2! (
n(p̂i)x̂i)� iy � � i=2! (
n(p̂i))� i=2! (x̂i)k+kiy � � i=2! (x̂i
n(p̂i))� � i=2! (x̂i)iy � � i=2! (
n(p̂i))k :The expectation values tend to zero by letting n! +1 (more precisely �1;2 ! 0) and� ! 0. This is so because of Lemma 9, (72) and of the asymptotic behaviourkiy(� i=2! (
n(p̂i)))� � i=2! (âi)k n!+1�!0�! 0which follows from���!�iy�� i=2! (
n(p̂i))�âj�� !�iy(� i=2! (x̂i)âj���� ����!�� i=2! (
n(p̂i))âj�� !(� i=2! (x̂i)âj)���+kiy�� i=2! (
n(p̂i))âi�� iy�� i=2! (
n(p̂i))�âjk+ kiy(� i=2! (x̂i)âj)� � i=2! (x̂i)âjkand from the �nite dimensionality of Aj;krs as in (48) of Proposition 2.



267 AppendixProof of Theorem 2.We show that, for all i; j and r; s, st� limk!�1 hêij ;�k(êrs)i = 0 ; by using that,for all i; j and � 2 [0; 2�),st� limk!�1 h 1̂l � f̂ � e�i�êij � ei�êji2 ; �k�1̂l� f̂ � e�i�êij � ei�êji�i = 0 ;where f̂ = êi + êj , êi = êij êji and êj = êjiêij .We must distinguish among �ve di�erent possible cases:1: hêij ; �k(êij)i2: hêij ; �k(êji)i3: hêii ; �k(êij)i4: hêij ; �k(êrs)i i 6= r; s ; j 6= r; s5: hêij ; �k(êis)i j 6= s :Case 1.We can represent êij as  0 10 0 ! .>From the previous lemma we deduce that h�x ; �k(�x)i and h�y ; �k(�y)i tendstrongly to zero for k! �1. In fact,The result follows if we show that h�̂x;�k(�̂y)i does the same. This is, indeed, thecase because p̂+0 + p̂+�=2 = p2� 1p2 1̂l +p2p̂+�=4 , and st� limk!�1 hp̂+�=4 ; �k(p̂+�=4)i = 0impliesst� limk!�1 hp̂+0 + p̂+�=2 ; �k(p̂+0 + p̂+�=2)] = 0st� limk!�1 hp̂+0 ; �k(p̂+�=2)i = 0 :Case 2.Same as in the previous case.Case 3.Because of the properties (52) of a system of matrix units we can writehêii ; �k(êij)i = êijhêji ; �k(êij)i+ hêij ; �k(êij)iêji :Thus, the previous two cases show thatst� limk!�1 hêii ; �k(êij)i = 0 :



27Case 4.Construct the projectionsf̂ = 1̂l� êi � êj ; p̂� = 1̂l� f̂ � e�i� êij � ei�êji2ĝ = 1̂l� êr � ês ; q̂� = 1̂l� ĝ � e�i�êrs � ei�êsr2 :As i 6= r; s and j 6= r; s, they commute and the algebra A+;��;� generated by fp̂+; q̂�; 1̂lgis Abelian and plays, with respect to the state ! onM the same role asA� in Lemma 5.Thus, we can apply the same lemma to deduce that p̂+� and q̂�� contribute to the uniquedecomposition of ! such thatH!(A+;��;� ) is attained. The argument of Lemma 8 applies.Thus:st� limk!�1 hp̂+ ; �k(q̂�)i = 0 :This is true for all couples p̂� ; q̂� and all �; � 2 [0; �), so thatst� limk!�1 hêij ; �k(êrs)i = 0follows by exploiting the freedom in the parameters as done in the proof of Case 1.Case 5.We can work within the framework of 3 � 3 by representing the restricted state!jMij as (compare Lemma 5) �̂ = 0BB@ �1 0 00 �2 00 0 �3 1CCA and the set of matrix units êij ,i; j = 1; 2; 3, accordingly.We consider the commutator hê12 ; �k(ê13)i and de�neq̂12(
) = 0BB@ 0 e�i
 0ei
 0 00 0 0 1CCA ; q̂13(�) = 0BB@ 0 0 e�i�0 0 0ei� 0 0 1CCA :As in Theorem 1, the result follows by variation of the parameters, ifst� limk!�1 hq̂12(
) ; q̂k13(�)i = 0 ; (73)for all �; 
 2 [0; 2�), where q̂k13 (and similar notations) is short for �k acting on q̂13(�)In fact,ê12 = iq̂12(�=2) + q̂12(0)2 ; ê13 = iq̂13(�=2) + q̂13(0)2 :The result in (73) comes from the following strong-operator limitst� limk!�1 nhq̂12(�) ; q̂k(�; �)i+ hq̂(�; �) ; q̂k12(�)io = 0 ; (74)



28for all �; � 2 [0; 2�) where q̂(�; �) = 0BB@ 0 0 e�i�0 0 ei(���)ei� e�i(���) 0 1CCA :We shall derive it after examining its consequences. Analogously to what alreadyseen above, it turns out thathq̂12(
) ; q̂k13(�)i = 12hq̂12(
) ; q̂k(�; 
)i� 12hq̂12(
 + �) ; q̂k(�; 
 + �)i :These linear combinations tend to zero in the strong-operator limits, whencest� limk!�1 nhq̂12(
) ; q̂k13(�)i+ hq̂13(�) ; q̂k12(
)io = 0 :Upon using: 1.) the �rst two cases discussed in this theorem, 2.) that q̂12(
) and q̂13(�)strongly commute with q̂k12(
), respectively q̂k13(�) and 3.) that weak clustering holdsbecause of Theorem 1, we �nally arrive atlimk!�1 !�hq̂12(
) ; q̂k13(�)i�hq̂12(
) ; q̂k13(�)i� = 0 ;namely at strong clustering.In order to have (74) hold, we consider the projectionsp̂�(�) = 12 0BB@ 1 �e�i� 0�ei� 1 00 0 0 1CCA ; ê3 = 0BB@ 0 0 00 0 00 0 1 1CCA ;and the Abelian algebra A they generate. Then, we transform A into a new Abelianalgebra A� by means of an in�nitesimal rotation V̂� ' 1̂l + i�â.>From Lemma 1 and Lemma 5 we know that H!(A) is attained at the decompo-sition of ! that uses p̂�(�) and ê3. By continuity arguments (see for instance [2, 12]),in the limit of � ! 0, the optimal decomposition for H!(A�) will be given by a tripleof minimal projections p̂�(�) ; ê3(�) with the following expansion up to order �:p̂�(�) ' p̂�(�) + �q̂� ; ê3(�) ' ê3 + �q̂3q̂� = 0BB@ �q �v u��v� �q u�ei�u�� u��e�i� 0 1CCA ; q̂3 = 0BB@ 0 0 q30 0 q3ei�q�3 q�3e�i� 0 1CCA ;together with the constraints q real ; Re fvei�g = 0 ; u+ + u� = �q3 .>From Lemma 8 it follows st�limk!�1 hp̂�(�) ; �k(p̂�(�))i = 0 , and this propertymust hold at all orders �k , hencest� limk!�1 nhp̂�(�) ; �k(q̂�)i+ hq̂� ; �k(p̂�(�))io = 0 :Because of the �rst cases discussed above, after writing u� = ju � je�i�� andabsorbing the modulus in the in�nitesimal angle �, we can concentrate on the operators



29q̂12(�) = 0BB@ 0 e�i� 0ei� 0 00 0 0 1CCA ; q̂(�+; �) = 0BB@ 0 0 e�i�+0 0 ei(���+)ei�+ e�i(���+) 0 1CCA ;where �� depends on the state �̂, on �, on the rotation V̂� and is determined bythe request that the corresponding decomposition be optimal for H!(A�) in the limit�! 0.We need only to prove that, say, �+ takes every value in [0; 2�) since, then, a freevariation of the parameters is possible and the proof is completed. In order to ensurethat this is indeed the case we recall Lemma 5 and use the unitary operatorU = 0BB@ ei� 0 00 ei� 00 0 ei 1CCA ;to rotate the algebra A� ! UA�U�1 while leaving the state ! unaltered. The rotatedprojections Up̂�(�)U�1 , Up̂3(�)U�1 are optimal for H!(UA�U�1) in the limit � ! 0and Up̂�(�)U�1 = p̂�(�) ,whereasUq̂�U�1 = 0BB@ �q �v u�ei(�� )�v� �q u�ei(�+�� )u��e�i(�� ) u��e�i(�+�� ) 0 1CCA ;whence any value �+ 2 [0; 2�) is available by varying ��  in the same interval. 2
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