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Linearization of Regular ProperGroupoidsAlan Weinstein�Department of Mathemati
sUniversity of CaliforniaBerkeley, CA 94720 USA(alanw�math.berkeley.edu)June 25, 2001Abstra
tLet G be a Lie groupoid over M su
h that the target-sour
e mapfrom G to M �M is proper. We show that, if O is an orbit of �nitetype (i.e. whi
h admits a proper fun
tion with �nitely many 
riti
alpoints), then the restri
tion GjU of G to some neighborhood U of Oin M is isomorphi
 to a similar restri
tion of the a
tion groupoid forthe linear a
tion of the transitive groupoid GjO on the normal bundleNO. The proof uses a deformation argument based on a 
ohomologyvanishing theorem, along with a sli
e theorem whi
h is derived from anew result on submersions with a �bre of �nite type.1 Introdu
tionA Lie groupoid G�!�!X is 
alled proper if the (target,sour
e) map G !X �X is a proper map. Su
h groupoids arise, for example, as the transfor-mation groupoids atta
hed to smooth proper a
tions of groups. For propergroup a
tions, and hen
e for these transformation groupoids, there is a nor-mal form valid in the neighborhood of ea
h orbit. (We refer to the �rsttwo 
hapters of [8℄ for a detailed treatment of the theory of smooth proper�Resear
h partially supported by NSF Grants DMS-96-25122 and DMS-99-71505 andthe Miller Institute for Basi
 Resear
h in S
ien
e.MSC2000 Subje
t Classi�
ation Numbers: 58H05 (Primary), 57R99 (Se
ondary).Keywords: Lie groupoid, proper a
tion, submersion.1



a
tions.) Transformation to the normal form depends on: (1) the existen
eof sli
es, whi
h relate the behavior near an orbit to that near a �xed pointof the isotropy subgroup; (2) linearizability of a
tions of 
ompa
t groupsnear �xed points. Together, these two ingredients show that a proper groupa
tion is equivalent in a neighborhood of ea
h orbit to a linear a
tion on ave
tor bundle.As is explained in [21℄, we hope eventually to establish a linearizationtheorem for all proper groupoids near their orbits. Its most general versionwould require a still unproven linearization theorem around �xed points, soin the present paper we sidestep this problem by assuming that the groupoidis regular in the sense that its orbits all have the same dimension.The assumption that G is regular greatly simpli�es the lo
al problem,sin
e the restri
tion G� of a regular groupoid G to a sli
e � is essen-tially �etale in the sense that its a
tion on the sli
e fa
tors through an �etalegroupoid. The �etale groupoid is easily linearized near its �xed point, anda deformation argument using Craini
's 
ohomology vanishing theorem [5℄allows us to linearize the esssentially �etale groupoid G�; i.e., we prove thatG� is lo
ally isomorphi
 to the a
tion groupoid for the linear a
tion of theisotropy group Gx on the tangent spa
e Tx�:The se
ond building blo
k of our normal form is the restri
tion of Gto an orbit, whi
h is transitive and is therefore the gauge groupoid of aprin
ipal bundle. Combining the a
tion groupoid over a sli
e with the gaugegroupoid over an orbit produ
es the a
tion groupoid for the (linear) a
tionof the gauge groupoid on the normal bundle of the orbit, whi
h we 
allthe linear approximation to G along the orbit. Our main theorem assertsthat, under a di�erential-topologi
al �niteness assumption whi
h we des
ribein the following paragraph, G is isomorphi
 to its linear approximation insome neighborhood of ea
h orbit. We refer to su
h an isomorphism as alinearization of G along the orbit.The main theorem follows from a sli
e theorem whi
h asserts that alinearization of the restri
tion to a sli
e extends to a linearization along anorbit. This sli
e theorem holds even in the nonregular 
ase, but it turnsout to require a di�erential-topologi
al assumption on the orbit itself. Thene
essity of this assumption appears already in the spe
ial 
ase where theproper groupoid has trivial isotropy groups, i.e. where G is the equivalen
erelation whose equivalen
e 
lasses are the �bres of a submersion f : X ! Y .Applied to su
h a groupoid, our normal form theorem asserts that, restri
tedto some open neighborhood U of ea
h �bre f�1(y), f is a trivial �brationonto f(U). Already in this 
ase, it turns out that an additional hypothesisis ne
essary; the most natural one seems to be that the �bre f�1(y) is of2



�nite type in the sense that it admits a proper map to R with �nitelymany 
riti
al points. (See Appendix B for a dis
ussion of this �niteness
ondition.)The body of the paper begins with a dis
ussion of the de�nition of propergroupoids, followed by some examples showing the importan
e of a lo
altriviality 
ondition. We prove our linearization theorem for groupoids as-so
iated with submersions, and then for �etale groupoids. After proving arigidity theorem for proper groupoids, we deal with the e�e
tively �etale 
ase.Finally, we prove the sli
e theorem and use it to dedu
e the main theorem.Two appendi
es are devoted to ba
kground material on proper mappingsand manifolds of �nite type.Proper groupoids seem to have appeared only infrequently in the litera-ture. Moerdijk and Pronk [17℄ 
hara
terized orbifolds as Morita equivalen
e
lasses of �etale proper groupoids on manifolds. The orbit spa
es of regularproper groupoids are orbifolds as well, and the Morita equivalen
e 
lassesof these groupoids may be thought of as prin
ipal bundles over orbifolds.In 
onne
tion with operator algebras, proper groupoids appear in Connes'book [4℄ as the appropriate setting for the geometri
 realization of 
y
les inK-theory; an appendix (Se
tion 6) on proper groupoids in the related paperof Tu [20℄ in
ludes the 
onstru
tion of a 
uto� fun
tion used by Craini
 [5℄in the proof of his 
ohomology vanishing theorem.I would like to thank Ronnie Brown, Marius Craini
, Bob Gompf, RobKirby, Kirill Ma
kenzie, Ga�el Meigniez, and Ieke Moerdijk for their helpfuladvi
e 
on
erning groupoids on the one hand and manifolds of �nite type onthe other. For hospitality during the �nal preparation of this paper, I wouldlike to thank Harold Rosenberg at l'Institut de Math�ematiques de Jussieu,Yvette Kosmann-S
hwarzba
h and Claude Viterbo at l'�E
ole Polyte
hnique,and Peter Mi
hor at the Erwin S
hr�odinger Institute.2 De�nition of proper groupoidsFor basi
 notions about groupoids, we refer the reader to [3℄ or [13℄. Our
onventions and notation in
lude the following. \Lie groupoid" will alwaysmean \smooth groupoid," not ne
essarily transitive as was the 
ase in [13℄.All manifolds will be Hausdor�; Appendix A shows why this assumption isreasonable in the 
ontext of proper groupoids. All neighborhoods will beopen. In a groupoid G�!�!X , we will denote the target and sour
e maps by� and � respe
tively. We will sometimes 
all the map (�; �) : G! X �Xthe an
hor of the groupoid, following [13℄. If A and B are subsets of X ,3



we denote by GAB the set ��1(A) \ ��1(B). If A = B, we write GA forGAA. For one-point subsets, we abbreviate Gfxgfyg by Gxy . Combining thetwo abbreviations leads to the usual notation Gx for the isotropy group ofx 2 X .A submanifold S � G for whi
h (�; �)(S) is the graph of a di�eomor-phism �S : X ! X is 
alled a bise
tion of G. The bise
tions form a groupunder setwise G-multipli
ation whi
h a
ts on G by left or right translationsand on X via the homomorphism S 7! �S .Following [15℄, we will say that a groupoid G�!�!M is \sour
e-xxx"if the target and sour
e maps of G (or their �bres, as will be 
lear fromthe 
ontext) ea
h have the property \xxx." For instan
e, we may refer togroupoids as being sour
e-proper, sour
e-
onne
ted, et
.A groupoid G is regular if its orbits all have the same dimension. This
ondition is equivalent to 
onstan
y of rank for either the an
hor of G orthe an
hor A(G)! TX of its Lie algebroid.We now re
all two de�nitions 
on
erning group a
tions.De�nition 2.1 An a
tion of a Lie group � on a topologi
al spa
e X isproper if the mapping (
; x) 7! (
x; x) is a proper mapping from ��X toX �X.De�nition 2.2 Given an a
tion of a group � with identity element e on aset X, the 
orresponding a
tion groupoid is the groupoid ��X �!�!X withtarget and sour
e maps (
; x) 7! 
x and (
; x) 7! x, produ
t (
; 
 0x)(
 0; x) =(

0; x), unit embedding x 7! (e; x), and inversion (
; x)�1 = (
�1; 
x).On the basis of these two de�nitions, we introdu
e the notion of propergroupoid.De�nition 2.3 A proper groupoid is a Lie groupoid G�!�!X for whi
hthe an
hor mapping (�; �) : G! X �X is proper.Here is an important property of proper groupoids.Proposition 2.4 Ea
h orbit of a proper groupoid is a 
losed submanifold.Proof. Let O be the G-orbit through x 2 X . The isotropy Gx is a 
ompa
tgroup a
ting freely on GxX by multipli
ation from the left, and � fa
torsthrough the natural proje
tion to give a map from the quotient GxX=Gx toX whi
h is an inje
tive immersion with image O. To show that O is 
losed,it suÆ
es to show that this immersion is proper.4



To this end, let gi be a sequen
e of elements in GxX su
h that �gi is
onvergent. Then the an
hor ofG applied to gi gives the 
onvergent sequen
e(x; �gi). Sin
e the groupoid is proper, gi 
ontains a 
onvergent sequen
e,hen
e so does the 
orresponding sequen
e [gi℄ in the quotient spa
e GxX=Gx.2It turns out that properness of a groupoid is not suÆ
ient to imply someof the ni
e properties whi
h we asso
iate with proper a
tions of groups. Forthis reason, we will sometimes impose the additional 
ondition of sour
e-lo
al triviality. Examples in Se
tion 3 below will show that this 
onditiondoes not follow from the properness of the an
hor. For a
tion groupoidsasso
iated with group a
tions, the target and sour
e maps are globally, hen
elo
ally, trivial �brations.3 Groupoid a
tions and stabilityLet G�!�!X be a groupoid, and let � : Y ! X be a surje
tive mapping.An a
tion of G on Y is a mapping (g; y) 7! gy to Y from the �bre produ
tG�X Y (using the sour
e map from G to X) satisfying the usual 
onditionsfor asso
iativity and a
tion of the identities. Connes [4℄ notes that an a
tionof a Lie groupoid 
an be thought of as a fun
tor from the groupoid 
onsideredas a 
ategory to the 
ategory of smooth manifolds and smooth mappings.Example 3.1 Any groupoid G�!�!X a
ts on its base X by the rule gx =�(g) whenever �(g) = x. If H and A are subsets of G and X respe
tively,HA is de�ned in the usual way, as in the 
ase of group a
tions.De�nition 2.2 is easily extended from group a
tions to groupoid a
tions.Given an a
tion of G�!�!X on Y , the asso
iated a
tion groupoid is thegroupoid G �X Y �!�!Y with an
hor (g; y) 7! (gy; y) and multipli
ation(h; gy)(g; y) = (hg; y). The mapping � is sometimes 
alled the momentmap of the groupoid a
tion; in the di�erentiable 
ategory, we require � tobe a submersion, so that we may require the a
tion to be di�erentiable, inwhi
h 
ase the a
tion groupoid G�X Y �!�!Y is again a Lie groupoid. Thea
tion groupoid for the a
tion of G on its base X is naturally isomorphi
 toG itself.Motivated by the 
ase of group a
tions, we make the following de�nition.De�nition 3.2 A �xed point x of a topologi
al groupoid G�!�!X is stableif every neighborhood of x 
ontains a G-invariant neighborhood.5



The following theorem shows that proper groupoids share an importantproperty with proper a
tions of groups.Theorem 3.3 Every �xed point of a sour
e-lo
ally trivial proper topologi
algroupoid is stable.Proof. Let x be a �xed point of G�!�!X . To show that a given neighbor-hood U of x 
ontains an invariant neighborhood, we may assume to beginthat U is small enough so that ��1(U) � U �Gx as spa
es over U . Sin
e Gxis 
ompa
t, ea
h neighborhood of ��1(y) for y in U 
ontains a neighborhoodof the form ��1(V).Now we de�ne the 
ore C(U) of U to befy 2 UjGy � Ug = fy 2 Uj��1(y) � ��1(U)g:C(U) is invariant: if y 2 C(U) and gy is de�ned, then h(gy) = (hg)y 2 Uwhenever h(gy) is de�ned, so gy 2 C(U). C(U) is open: if y 2 C(U), then��1(y) is 
ontained in the open set ��1(U), so y has a neighborhood V su
hthat ��1(V) � ��1(U), i.e. V � C(U). 2Examples 3.4 and 3.5 below show that Theorem 3.3 requires an assump-tion like sour
e-lo
al triviality. These examples also show that, while the
ondition of properness is preserved under Morita equivalen
e of groupoids[16℄, sour
e-lo
al triviality and stability are not.Example 3.4 Let X1 be the plane R2 with the origin removed. Let thegroupoid G1 be the equivalen
e relation on X1, with quotient spa
e R, 
on-sisting of all the pairs of points lying on the same verti
al line. The an
horof G1 is proper, but the sour
e map is not lo
ally trivial over any point onthe verti
al line through the origin. There are no �xed points.Now let G2 be the restri
tion of G1 to any horizontal line X2 not passingthrough the origin. G2 is just the trivial groupoid, with all elements units,so it is sour
e-lo
ally trivial as well as proper. Every element of X2 is astable �xed point for G2. The two groupoids are Morita equivalent sin
e these
ond is the restri
tion of the �rst to a 
losed submanifold passing throughall orbits and interse
ting them transversely. (See Example 2.7 in [18℄ forthe relevant topologi
al result; the smooth 
ase is handled similarly).Finally, let G3 be the restri
tion of G1 to the union X3 of two horizontallines, one of whi
h passes through (but does not in
lude) the origin. This6



groupoid is equivalent to the �rst two; like G1 it has a proper an
hor map,but it is not sour
e-lo
ally trivial. The point of X3 lying on the verti
al linethrough the origin is a �xed point for G3 (the only one), but it is not stable.Example 3.5 (Dipole foliation) Let X be the plane with the two points(0; 1) and (0;�1) removed. In this plane, 
onsider the foliation given by thelevel 
urves of the potential fun
tion produ
ed by a unit positive 
harge atone deleted point and a unit negative 
harge at the other. This foliationis symmetri
 about the horizontal axis; its leaves are this axis and simple
losed 
urves surrounding the two deleted points. Let G the equivalen
erelation determined by the foliation, 
onsidered as a groupoid over X . G iseasily seen to be proper; for instan
e, it is Morita equivalent to its restri
tionto an open line segment joining the two 
harges, whi
h is a trivial group-oid. On the other hand, G is not sour
e-lo
ally trivial around points of thehorizontal axis. We do obtain an equivalent sour
e-lo
ally trivial groupoidby restri
ting G to the open strip between the horizontal lines through the
harges. The latter groupoid is in fa
t isomorphi
 to an a
tion groupoid foran R a
tion.4 The main theoremIn this se
tion, we state our main theorem. Su

eeding se
tions are devotedto proofs of spe
ial 
ases, 
ulminating in the proof of the theorem itself.Re
all that, if O is an orbit of any Lie groupoid G�!�!X , the restri
tedgroupoid GO has a natural representation on the normal bundle NO. (See,for example, Appendix B in [10℄.) The a
tion groupoid GO�ONO should bethought of as the linear approximation to G along O, so the following theo-rem states that, near an orbit of �nite type, a proper groupoid is isomorphi
to its linear approximation.Theorem 4.1 Let G�!�!X be a regular, proper Lie groupoid, and let O bean orbit of G whi
h is a manifold of �nite type. Then there is a neighbor-hood U of O in X su
h that the restri
tion of G to U is isomorphi
 to therestri
tion of the a
tion groupoid GO �O NO to a neighborhood of the zerose
tion in NO.5 Lo
al semitriviality of submersionsThe pre�x \semi" in the title of this se
tion is meant in the same sense asin \semi
ontinuous". 7



If f : X ! Y is a submersion, then the �bre produ
t X �Y X is anequivalen
e relation, as well as being a submanifold of X �X . With thesestru
tures, X �Y X be
omes a proper Lie subgroupoid of X �X . (In fa
t,these are the only proper Lie subgroupoids of X �X .) The isotropy groupsof X �Y X are trivial and the orbits are the �bres of f . In this situation,our main theorem is essentially equivalent to Theorem 5.1 below, of whi
hExample 3.5 is an illustration. The equivariant 
ase is in
luded for later use.Theorem 5.1 Let f : X ! Y be a submersion. For any y 2 Y , if O =f�1(y) is a manifold of �nite type, then there is a neighborhood U of O inX su
h that f jU : U ! f(U) is a trivial �bration. In other words, there is aretra
tion � : U ! O su
h that (�; f) : U ! O � f(U) is a di�eomorphism.If f is equivariant with respe
t to a
tions of a 
ompa
t group K on Xand Y , with y a �xed point, and f�1(y) is of �nite type as a K-manifold,then U 
an be 
hosen to be K-invariant and � to be K-equivariant.Proof. All whi
h follows 
an be done equivariantly. Let h : O ! [0;1)be a proper fun
tion whose 
riti
al points form a 
ompa
t set. Choose Nlarge enough so that all the 
riti
al points of h lie inside h�1([0; N � 1)).Sin
e O is a 
losed submanifold of X , it has a tubular neighborhood T onwhi
h there is a smooth retra
tion �0 : T ! O. By 
omposition with thisretra
tion, we extend the fun
tion h to T and 
all the extension h as well.For any N > 0 and any subset A of T , we will denote the subset of Aon whi
h h(x) < N by A(N) and the subset on whi
h h(x) � N by A[N ℄.Sin
e O[N+1℄ is 
ompa
t, we 
an 
hoose a small open dis
 W around yin Y su
h that the restri
tion of (f; �0) to f�1(W)[N+1℄ is a di�eomorphismfrom f�1(W)[N+1℄ to W �O[N+1℄. We denote the inverse of this di�eomor-phism by 	0. By 
hoosingW small enough, we 
an also assure that the fun
-tion h has no �brewise (for f) 
riti
al points in f�1(W)[N+1℄nf�1(W)(N�1).Now let V be the union of f�1(W)(N+1) n f�1(W)[N�1℄ and the set ofpoints in f�1(W) where h is not 
riti
al along the �bres of f . Choose(see Lemma A.5) a 
omplete riemannian metri
 on V . With the help ofa 
ompa
tly supported fun
tion equal to 1 on f�1(W)[N+1℄, we may mod-ify this metri
 without a�e
ting its 
ompleteness so that its restri
tion tof�1(W)[N+1℄ be
omes a produ
t metri
 with respe
t to the di�eomorphismwith W � O[N+1℄. As a result, the proje
tion �0 be
omes a lo
al isometryto O when further restri
ted to ea
h �bre of f .Let � be the ve
tor �eld on V whi
h is the �brewise gradient of h. Sin
ethe metri
 restri
ted to ea
h �bre is 
omplete, and h is proper, � is a 
ompleteve
tor �eld. Denote the 
ow of � by t 7! �t, and let U be the union of all8



the traje
tories of � whi
h interse
t f�1(W)(N+1): Sin
e U is the union overall t of �t(f�1(W)(N+1)), it is an open subset of X .Now we de�ne a retra
tion � : U ! O as follows. If h(x) < N +1, we let �(x) = �0(x), where �0(x) is the original tubular neighborhoodretra
tion on T . If h(x) > N , there is a unique positive number �(x),depending smoothly on x, su
h that h(���(x)(x)) = N . We then de�ne�(x) = ��(x)(�0(���(x)(x))): By the produ
t stru
ture of the metri
, themap �0 
ommutes with the 
ow on f�1(W)[N+1℄, and so these two de�nitionsagree on the interse
tion of the domains. It is also 
lear that � is a retra
tion.To see that the produ
t map (�; f) is a di�eomorphism from U toW�O,we observe that it has an inverse 	 de�ned on W �O(N+1) by 	 = 	0 andon W � (O n O[n℄) by 	(y; z) = ��(z)(	0(y; ���(z)(z))): 2A proper submersion is always a lo
ally trivial �bration. Compa
tnessof all the �bres is not enough to insure lo
al triviality (restri
t Example5.2 below to (0; 1) � N), but it is an easy 
orollary of Theorem 5.1 that
ompa
tness and 
onne
tedness of the �bres are enough. These results werealready essentially proved by Ehresmann [9℄. Meigniez [14℄ has re
entlygiven several suÆ
ient 
onditions for submersions with non
ompa
t �bresto be lo
ally trivial.Here is a very simple example whi
h shows that the hypothesis of �nitetype 
annot be omitted from Theorem 5.1.Example 5.2 (Railroad to in�nity) Let X � (�1; 1)� N be the subsetf(x; n)jnx2 < 1g, Y = (�1; 1); and f the proje
tion on the �rst fa
tor. Thenthere is no neighborhood of f�1(0) on whi
h f be
omes a trivial �bration,sin
e the inverse image of any y 6= 0 is �nite and hen
e 
annot 
ontain anembedded 
opy of f�1(0).Lest the reader think that 
onne
tedness might help, we give anotherexample.Example 5.3 (Ladder to heaven) Let S be an in�nite-holed torus withone end, and let h : S ! [0;1) be a proper fun
tion for whi
h the inverseimage of ea
h interval [0; n℄ is a surfa
e of �nite genus bounded by two 
ir
les.Now let X � (�1; 1)�S be the subset f(x; s)jh(s)x2 < 1g; Y = (�1; 1); andf the proje
tion on the �rst fa
tor. Then there is no neighborhood of f�1(0)on whi
h f be
omes a trivial �bration, sin
e the inverse image of any y 6= 0has �nite genus and hen
e 
annot 
ontain an embedded 
opy of f�1(0).9



(To prove the latter fa
t, noti
e that the interse
tion form on H1(S;Z) hasin�nite rank, and that this then has to be true for any manifold in whi
h Sis embedded as an open subset.)Here is a more exoti
 example, whi
h we will use later on as a 
ounterex-ample to an alternative version of our main theorem.Example 5.4 (Exoti
 R4's) Let R be a manifold whose underlying topo-logi
al spa
e is R4, but whi
h 
arries an exoti
 di�erentiable stru
ture, andlet h : R ! R be the length-squared fun
tion. Although h might not bedi�erentiable, it is 
ertainly 
ontinuous, so X = f(x; r)jh(r)x2 < 1g is anopen subset of (�1; 1) � R and is therefore a smooth manifold. Let f bethe proje
tion on the �rst fa
tor; it is lo
ally trivial topologi
ally but not inthe smooth sense. In fa
t, if R is 
hosen so that the �bres of f form whatGompf and Stipsi
z [11℄ 
all a radial family, their Theorem 9.4.10 impliesimmediately that f is not lo
ally semitrivial, be
ause R 
annot be embeddedinto any of the other �bres.To end this se
tion, we show that Theorem 5.1 implies our main theoremfor the 
ase of groupoids with trivial isotropy.Corollary 5.5 Given a submersion f : X ! Y , let G : X �!�!Y be thegroupoid whi
h is the equivalen
e relation X�Y X. For y 2 Y , if O = f�1(y)is of �nite type, then there is a neighborhood U of O in X su
h that GU isisomorphi
 to O �O � f(U)�!�!O� f(U), the produ
t of the pair groupoidO � O with the trivial groupoid f(U). This produ
t groupoid is in turnisomorphi
 to the a
tion groupoid for the a
tion of GO on a neighborhoodof the zero se
tion in the normal bundle NO.Proof. The di�eomorphism (�; f) : U ! O � f(U) of Theorem 5.1 gives anisomorphism from GU to (O� f(U))�f(U) (O� f(U)), whi
h is isomorphi
to the produ
t groupoid in the statement of the 
orollary.Furthermore, the derivative Tf indu
es an isomorphism between NOand O�TyY . With respe
t to this isomorphism, the a
tion of GO = O�Oon NO is just given by its a
tion on O, with the trivial a
tion on TyY ,so that the a
tion groupoid is O � O � TyY . Finally, after shrinking U ifne
essary, we may identify f(U) with a neighborhood of zero in TyY , whi
hgives the required isomorphism of GU with the a
tion groupoid. 210



6 �Etale groupoidsRe
all that a Lie groupoid G�!�!X is �etale if its target (or sour
e) map isa lo
al di�eomorphism. The following theorem is the spe
ialization (slightlystrengthened) of Theorem 4.1 to the 
ase where the groupoid is �etale andthe orbit 
onsists of a single point.Theorem 6.1 Let G�!�!X be an �etale groupoid with �xed point x 2 X.Then there is a neighborhood U of x in X su
h that the restri
tion of G toU is isomorphi
 to the restri
tion of the a
tion groupoid Gx�TxX �!�!TxXto a neighborhood of zero in TxX. If the groupoid is sour
e-lo
ally trivial,the neighborhood U 
an be taken to be G-invariant.Proof. Sin
e G is proper and �etale, Gx is a �nite group. Sin
e x is a �xedpoint, Gx is also the �bre ��1(x): Hen
e, by (a very simple 
ase of) Theorem5.1, there is a neighborhood V of Gx in G su
h that the restri
tion of � to Vis a trivial �bration. V is then a disjoint union of �nitely many open subsetsof G whi
h are mapped di�eomorphi
ally by � to a neighborhood U1 of x.We may assume that U1 is 
onne
ted.Let r be the unique 
ontinuous retra
tion from V to Gx. This map is a\homomorphism" (in quotes be
ause V is not ne
essarily a subgroupoid ofG) in the sense that r(g�1h) = (r(g))�1r(h))for all (g; h) in the �bre produ
t V �U1 V : To prove this, we note that ea
hside of the displayed equation is a 
ontinuous fun
tion of (g; h) taking valuesin the dis
rete spa
e Gx, and that any pair (g; h) in the �bre produ
t 
an be
onne
ted by a path to a pair in Gx � Gx, where the equation is obviouslysatis�ed.Via the a
tion of G on X (see Example 3.1), the 
omponents of V de�nean a
tion of Gx by lo
al di�eomorphisms of X �xing x. By the Bo
hnerlinearization theorem [1℄ for a
tions of 
ompa
t groups, this a
tion is equiv-alent in a neighborhood of x to the linearized a
tion of Gx on TxX . Inparti
ular, we 
an �nd a dis
 U about x whi
h is invariant under the a
tion,and hen
e is invariant for GU1 (though not ne
essarily for G itself). Therestri
tion GU is then isomorphi
 to the a
tion groupoid for Gx a
ting on aneighborhood of the origin in TxX .If G is sour
e-lo
ally trivial, it follows from Theorem 3.3 that U 
ontainsan invariant neighborhood of x; the isomorphism with a transformationgroupoid still holds there. 11



2Remark 6.2 We note for later use (in the proof of Theorem 9.1) that thegroupoid morphism r : GU ! Gx asso
iated to the isomorphism betweenGU and an a
tion groupoid is a 
overing morphism in the sense of [2℄; i.e.(r; �) is a di�eomorphism from GU to Gx � U :Remark 6.3 The groupoid G3 in Example 3.4 is proper and �etale but isnot isomorphi
 to an a
tion groupoid on any invariant neighborhood of its�xed point.Remark 6.4 We 
onje
ture that Theorem 6.1 extends to the non-�etale 
ase.See the dis
ussion in Se
tion 4 of [21℄.7 Deformation of proper groupoidsIn this se
tion, we prove that (target,sour
e)-preserving deformations of reg-ular proper groupoids are trivial. The result will be used to extend the lin-earization theorem from �etale to e�e
tively �etale groupoids. As is usual insu
h deformation problems, we use 
ohomology.Theorem 7.1 Let fmtg be a smooth family of proper, regular, groupoidstru
tures on G over X, de�ned for t 2 [0; 1℄, having a �xed map (�; �) :G ! X � X as an
hor and a �xed � : X ! G as identity se
tion. Thenthere is a family fAtg of di�eomorphisms of G su
h that A0 is the identity,At Æ � = �; and At is a groupoid isomorphism from (G;mt) to (G;m0).Proof. Sin
e the an
hor is �xed, the submanifold G(2) � G � G of 
om-posable pairs is independent of t. For (g; h) 2 G(2), we denote mt(g; h) byg �t h. The derivative Yt of mt with respe
t to t is a mapping from G(2)to TG whi
h lifts mt. In fa
t, for ea
h 
omposable pair (g; h), Yt(g; h) liesin the subspa
e of Tg�thG whi
h is annihilated by (T�; T�). Di�erentiatingthe asso
iativity law for the produ
ts mt with respe
t to t, we obtain theidentity Yt(g; h) �t k + Yt(g �t h; k) = g �t Yt(h; k) + Yt(g; h �t k); (1)where the operation �t applied to a tangent ve
tor and an element of Gdenotes the derivative of right [or left℄ translation for the multipli
ation mt;this derivative a
ts on ve
tors tangent to the �bres of � [or �℄.12



Equation (1) is a
tually a 
o
y
le 
ondition. To see this, we right-translate the ve
tors Yt(g; h) ba
k to the identity se
tion, i.e. we de�ne
t(g; h) = Yt(g; h) �t (g �t h)�1: Sin
e the values of Yt are tangent to the�bres of both � and �, the same is true of the values of 
t; i.e. 
t(g; h)belongs to the �bre at �(g �t h) = �(g) of the isotropy subalgebroid b of theLie algebroid g of G. As a ve
tor bundle, b is independent of t, and for ea
ht there is an adjoint a
tion of G on b de�ned by g �t v = g �t v �t g�1. (Seealso Appendix B of [10℄).The in�nitesimal asso
iativity law (1) for Yt be
omes the following iden-tity for 
t: 
t(g; h) + 
t(g �t h; k) = g �t 
t(h; k) + 
(g; h �t k):This identity says pre
isely that 
t is a 2-
o
y
le on G with values in therepresentation bundle b.We now appeal to Proposition 1 of [5℄, whi
h establishes the trivialityof the higher 
ohomology of any proper groupoid with 
oeÆ
ients in anyrepresentation. This provides us with a family fbtg of 1-
o
hains whose
oboundaries are 
t; i.e. bt : G! b with bt(g) 2 b�(g) andbt(g) + g �t bt(h)� bt(g �t h) = 
t(g; h): (2)Although it is not stated expli
itly in [5℄, it follows from the proof ofProposition 1 that the \primitive" bt 
an be 
hosen to depend smoothlyon t. (Alternatively, one 
an apply Proposition 1 to the single groupoidG�[0; 1℄�!�!X�[0; 1℄ obtained by 
ombining all the (G;mt).) Furthermore,the fa
t that all mt agree along the identity se
tion implies that Yt(g; g) = 0whenever g is an identity element, and then the 
onstru
tion of bt showsthat bt(g) = 0 as well.Reversing the translation pro
edure whi
h led from Yt to 
t, we 
onstru
tfrom bt the ve
tor �eld Xt on G de�ned by Xt(g) = bt(g) �t g. Sin
e theseve
tor �elds vanish on the identities, the family fXtg may be integratedat least lo
ally to a smooth family fAtg of di�eomorphisms of G whi
h �xthe identities and whi
h 
ommute with the an
hor (�; �). Sin
e the an
horis proper, the integration 
an be done globally. Finally, the 
oboundaryrelation (2) is just the di�erentiated version of the statement that At is, forall t, a groupoid homomorphism from (G;mt) to (G;m0). 2Example 7.2 When X is a point, Theorem 7.1 implies the stability ofgroup stru
tures on 
ompa
t Lie groups and, with a \multiparameter t," the13



lo
al triviality of smooth bundles of Lie groups. In parti
ular, the isotropysubgroupoid of a regular proper groupoid is su
h a bundle, and hen
e allthe isotropy groups over a 
onne
ted 
omponent of the base are isomorphi
.Similarly, if we have a lo
ally trivial bundle of 
ompa
t groups over abase manifold Y a
ting freely on a lo
ally trivial �brationX ! Y , the a
tiongroupoids form a lo
ally trivial bundle of proper regular groupoids over Y ,and the orbit spa
es form a lo
ally trivial bundle over Y .Remark 7.3 It seems likely that Theorem 7.1 remains valid even if theproper groupoid G is not regular. In this 
ase, the 
ohomology problemlives in a family of ve
tor spa
es whi
h is not a smooth bundle, but thisshould not be a serious diÆ
ulty.Finally, we raise the question of deformability of proper groupoids, regu-lar or not, without the restri
tion that the an
hor be �xed. It seems possiblethat a rigidity theorem like Theorem 7.1 might still hold; it would be relatedto the Reeb stability theorem.8 E�e
tively �etale groupoidsA groupoid G over X is �etale when its maximal sour
e-
onne
ted sub-groupoid is trivial. We say that G is e�e
tively �etale when its maximalsour
e-
onne
ted subgroupoid a
ts trivially on X ; equivalently, G is e�e
-tively �etale when the an
hor A(G)! TX of its Lie algebroid is identi
allyzero.If G is e�e
tively �etale, then its maximal sour
e-
onne
ted subgroupoidis a bundle of groupsB whi
h is a normal subgroupoid of G, and the quotientG=B is �etale. In other words, an e�e
tively �etale groupoid is an extensionof an �etale groupoid by a bundle of groups. When the groupoid is proper,the bundle of groups is lo
ally trivial (see Example 7.2).Theorem 8.1 Let G�!�!X be an e�e
tively �etale groupoid with �xed pointx 2 X. Then there is a neighborhood U of x in X su
h that the re-stri
tion of G to U is isomorphi
 to the restri
tion of the a
tion groupoidGx � TxX �!�!TxX to a neighborhood of zero in TxX. If the groupoid issour
e-lo
ally trivial, the neighborhood U 
an be taken to be G-invariant.Proof. Let B the the maximal sour
e-
onne
ted subgroupoid of G. Sin
eG is proper, so is G=B, and hen
e we may apply Theorem 6.1 to �nd aneighborhood U ofX su
h that (G=B)U 
an be identi�ed with the restri
tionof the a
tion groupoid (G=B)x � TxX �!�!Tx to a neighborhood V of 0 in14



TxX . Note that (G=B)x �= Gx=Bx. By 
hoosing a representative of ea
h
oset of Bx, we also obtain a di�eomorphism (though generally not a groupisomorphism) between Gx and Bx �Gx=Bx.By Theorem 5.1, B is a lo
ally trivial bundle of groups; its typi
al �breis Bx. Hen
e, as a manifold, GU may be identi�ed with Bx � Gx=Bx � V ,and the target and sour
e maps of its groupoid stru
ture fa
tor throughthose of the a
tion groupoid Gx=Bx�V �!�!V . Re
alling that the groupoidmultipli
ation on the latter has the form (g; hy)(h; y) = (gh; y), we �nd thatthe multipli
ation on Bx�Gx=Bx�V 
oming from the groupoid stru
ture onG must have the form m((a; g; hy); (b; h; y)) = (M(a; b; g; h; y); gh; y), whereM : Bx � Bx � Gx=Bx � Gx=Bx � U ! Bx is a smooth map. When y = 0(
orresponding to the �xed point x in U), we have (M(a; b; g; h; 0); gh) =(a; g) � (b; h), the produ
t in the isotropy group Gx.We may now 
onstru
t for t 2 [0; 1℄ the smooth 1-parameter familyof multipli
ations mt all having the an
hor (�; �)(b; h; y) = (hy; y) by theformula mt((a; g; hy); (b; h; y)) = (M(a; b; g; h; ty); gh; y):These multipli
ations are all asso
iative. To see this, we note �rst thatt(hy) = h(ty) sin
e the a
tion of Gx on TxX is linear, som((a; g; thy); (b; h; ty)) = (M(a; b; g; h; ty); gh; ty);whi
h shows that, for t 6= 0; mt is the pullba
k of the asso
iative operationm by the di�eomorphism (a; g; y) 7! (a; g; ty): On the other hand, for t = 0,we havem0((a; g; hy); (b; h; y)) = (M(a; b; g; h; 0); gh; y) = ((a; g) � (b; h); y)whi
h is the produ
t in the a
tion groupoid Gx � V �!�!V . We are thus ina position to apply Theorem 7.1, whi
h gives an isomorphism between thisa
tion groupoid and the groupoid with multipli
ation m1, whi
h is just GUitself.If G is assumed sour
e-lo
ally trivial, then, by Theorem 3.3, x is a stable�xed point from G, so the neighborhood U 
ontains a G-invariant neighbor-hood on whi
h we still have an isomorphism with the linear approximation.29 The sli
e theoremA sli
e through a point x on an orbit O of a groupoid G�!�!X will bede�ned simply as a submanifold � of X whi
h meets O only at x, with15



TxX = Tx� � TxO: Only a small neighborhood of x in a sli
e will be ofinterest, and we 
an 
hoose the neighborhood small enough so that it iseverywhere transverse to the orbits of G, so that the restri
tion Gx is againa Lie groupoid. Sin
e, by Proposition 2.4, O is a 
losed submanifold, we
an also suppose that � interse
ts O only at x, so that G� has x as a �xedpoint.In this se
tion, we will show that a proper groupoid 
an be linearizedaround the orbit O if its restri
tion to a sli
e 
an be linearized around x 2 O,and if O is of �nite type. Combined with Theorem 8.1, this sli
e theoremwill immediately imply our main theorem.Theorem 9.1 Let G�!�!X be a proper groupoid, and let O be an orbitof G whi
h is a manifold of �nite type. Suppose that the restri
tion ofG to a sli
e through x 2 O is isomorphi
 to the restri
tion of the a
tiongroupoid Gx � NxO�!�!NxO to a neighborhood of zero. Then there is aneighborhood U of O in X su
h that the restri
tion of G to U is isomorphi
 tothe restri
tion of the a
tion groupoid GO �ONO�!�!NO to a neighborhoodof the zero se
tion.Proof. The proof involves several steps, the basi
 idea being to apply The-orem 5.1 to the restri
tion of � to G�X , where � is a sli
e.Step 1. Let � be a sli
e as in the statement of the theorem, assumed smallenough so that it is everywhere transverse to the orbits of G and interse
tsO only at x, so that x is a �xed point of G�. Gx is the isotropy group ofx in both G and G�, and the natural identi�
ation of NxO with TxO isGx-equivariant.By assumption, the restri
tion G� is isomorphi
, via a retra
tion ofgroupoids r : G� ! Gx and an open embedding i : � ! Tx�, to therestri
tion of the a
tion groupoid Gx � Tx��!�!Tx to a neighborhood ofzero. We may assume that this neighborhood is invariant for the a
tiongroupoid. We then have an a
tion of Gx on � as well as an embedding ofGx into the group of bise
tions of G�.Step 2. Sin
e the target map � is a submersion, G�X = ��1(�) is a 
losedsubmanifold of G. The 
ompa
t group Gx a
ts on � as mentioned in Step 1,and it also a
ts freely on G�X by left translations via the embedding of Gxinto the group of bise
tions of G�: The restri
ted submersion � : G�X ! �is equivariant with respe
t to these a
tions. Applying Theorem 5.1, we �nda Gx-equivariant lo
al trivialization of � on a neighborhood V of GxX =��1(x) in G�X That is, there is a Gx-equivariant retra
tion � : V ! GxXsu
h that (�; �) : V ! GxX � � is a di�eomorphism. We will denote theinverse of this di�eomorphism by �.16



The Gx orbits in V are just the �bres of the sour
e map �, so if we letU be �(V), we obtain by equivarian
e a retra
tion, also to be denoted by �,from U to �(GxX) = O.Note that � : V ! U and � : GxX ! O are prin
ipal bundles withstru
ture group Gx (
ontrary to the usual 
onventions, the stru
ture groupis a
ting on the left).Step 3. In this step, we will 
onstru
t a retra
tion of groupoids R : GU !GO.Let p 2 GU . Sin
e �(p) and �(p) both belong to U = �(V), we 
an �ndh and k in V su
h that �(h) = �(p) and �(k) = �(p). The produ
t kph�1is then de�ned and, sin
e �(kph�1) = �(k) and �(kph�1) = �(h�1) = �(h),kph�1 lies in G�; hen
e, we have the element r(kph�1) of Gx. Now wede�ne R(p) to be �(k)�1r(kph�1)�(h). The target and sour
e of R(p) arethen �(R(p)) = �(�(k)) = �(�(k)) = �(�(p)) and �(R(p)) = �(�(h)) =�(�(h)) = �(�(p)) respe
tively; in parti
ular, R(p) belongs to GO.We must show that R(p) is independent of the 
hoi
es we made. If h andk are repla
ed by h0 and k0, we have h0 = bh and k0 = 
k for b and 
 in G�.Now we have k0ph0�1 = 
(kph�1)b�1, so r(k0ph0�1) = r(
)r(kph�1)r(b)�1,so �(k0)�1r(k0ph0�1)�(h0) = �(
k)�1r(
)r(kph�1)r(b)�1�(bh): By the equiv-arian
e of �, this be
omes�(k)�1r(
)�1r(
)r(kph�1)r(b)�1r(b)�(h) = �(k)�1r(kph�1)�(h)as before, so R(p) is well de�ned.To see that R is a retra
tion, if we assume that p belongs to GO, we may
hoose h and k in GxX , the image of the retra
tion �, so that kph�1 2 GX ;and hen
e R(p) = �(k)�1r(kph�1)�(h) = k�1kph�1h = p:Finally, we will show that R is a groupoid homomorphism, with themap on obje
ts being � : U ! O: We have already seen that R and �are 
ompatible with the sour
e and target maps. If p and q are in U with�(p) = �(q); and we 
hoose h and k as above to 
ompute R(p), then we mayuse some g and the same h to 
ompute R(q), while g and k may be used to
ompute R(pq). With a = kph�1 and b = hqg�1, we �nd ab = kpqg�1, andso R(p)R(q) = �(k)�1r(a)�(h)�(h)�1r(b)�(g) = �(k)�1r(ab)�(g) = R(pq).Step 4. To identify GU with an a
tion groupoid, we will show that thehomomorphism R is a 
overing morphism in the sense of [2℄. This meansthat we must show that the map (R; �) is a di�eomorphism from GU toGO�O U ; the �bre produ
t with respe
t to the pair (�; �). To do so, we will
onstru
t an inverse map 	.Let (m; z) 2 GO �O U : Sin
e U = �(V), we may write z = �(h) forsome h 2 V ; in parti
ular, �(h) 2 �: Then �(�(h)) = R(�(h)) = R(z) =17



�(m); sin
e (m; z) is in the �bre produ
t, so the produ
t u = �(h)m�1is de�ned, with �(u) = x and �(u) = �(m) 2 O: Re
alling that (�; �) :V ! GxX � � is a di�eomorphism with (equivariant) inverse �; we set	(m; z) = �(u; �(h))�1h; i.e. 	(m; z) = �(�(h)m�1; �(h))�1h:To see that 	 is well de�ned, we repla
e h by h0 = ah, where a 2G�. Carrying out the 
onstru
tion of the previous paragraph with this new
hoi
e, we have u0 = �(ah)m�1 = r(a)�(h)m�1 and�(u0; �(h0)) = �(r(a)�(h)m�1; �(ah)) = �(r(a)�(h)m�1; a�(h))= a�(�(h)m�1; �(h)) = a�(u; �(h)):Thus �(u0; �(h0))�1h0 = �(u; �(h))�1a�1ah = �(u; �(h))�1h; so 	 is well-de�ned.Nowwe show that 	 is indeed an inverse to (R; �). For p 2 GU ; we 
hooseh and k as in Step 3 and set a = kph�1; then R(p) = �(k)�1r(a)�(h): Now,sin
e �(h) = �(p),	(R(p); �(p)) = �(�(h)R(p)�1; �(h))�1h= (�(�(h)�(h)�1r(a)�1�(k); �(h))�1h= (�(r(a)�1�(k); �(h))�1h(�(r(a)�1�(k); a�1a�(h))�1h= (�(�(k); �(ah))�1ah = (�(�(k); �(kp))�1kp = k�1kp = p:In the other dire
tion, for (m; z) 2 GO �O U ; with z = �(h); we have�(R(	(m; z)) = �(�(�(h)m�1; �(h))�1h) = �(h) = z;while R(	(m; z)) = R(�(�(h)m�1; �(h))�1h):To show that the last expression is equal tom, thus 
ompleting the proof,we may 
hoose for the h in the de�nition of R the h whi
h we used to de�ne	(m; z): For the k in the de�nition we take �(u; �(h)) = �(�(h)m�1; �(h)):Then R(	(m; z)) = �(k)�1r(k	(m; z)h�1)�(h)= ��(u; �(h))�1r(�(u; �(h))	(m; z)h�1)�(h)= u�1r(hh�1)�(h) = u�1�(h) = m: 218



10 Proof of the main theoremFor 
onvenien
e, we restate the main theorem.Theorem 4.1 Let G�!�!X be a regular, proper Lie groupoid, and let O be anorbit of G whi
h is a manifold of �nite type. Then there is a neighborhood Uof O in X su
h that the restri
tion of G to U is isomorphi
 to the restri
tionof the a
tion groupoid GO �O NO�!�!NO to a neighborhood of the zerose
tion in NO.Proof.Let � be a sli
e through x 2 O: If � is 
hosen small enough, then x isa �xed point of G�, so the an
hor of the Lie algebroid A(G�) is zero at x.Sin
e G is regular, so is Gx, and hen
e the an
hor of A(G�) is identi
allyzero; i.e. G� is e�e
tively �etale. By Theorem 6.1, we 
an 
hoose � smallenough so thatG� is lo
ally isomorphi
 to its linearization at x. By Theorem9.1, G is isomorphi
 to its linearization along O. 2We 
lose with some remarks.Example 10.1 It was tempting to substitute an assumption of sour
e-lo
altriviality of G�!�!X for the hypothesis in the main theorem that O be of�nite type. The following example shows that this is not possible.We begin with the submersion f : X ! (�1; 1) of Example 5.4. LetG�!�!X be the groupoid whi
h is the produ
t of the equivalen
e relationX �(�1;1) X �!�!X and the group SU(2), where the latter is 
onsidered asa groupoid over a one-point base. The �bre over (x; r) of the sour
e map ofG is f�1(r) � SU(2), whi
h is topologi
ally the produ
t R4� SU(2), andthe sour
e map is lo
ally trivial as a topologi
al �bration. By Theorem 2 of[14℄, the sour
e map is lo
ally trivial in the di�erentiable sense as well; i.e.G�!�!X is sour
e-lo
ally trivial.On the other hand, G�!�!X is not isomorphi
 to its linearization aroundO = f�1(0) in any neighborhood of O, sin
e if it were, the restri
tion of fto su
h a neighborhood would be lo
ally trivial, and we saw in Example 5.4that this is not the 
ase.Finally, we would also like to mention an alternative approa
h to un-derstanding proper regular groupoids, due in part to I. Moerdijk (private
ommuni
ation). Instead of �rst restri
ting G�!�!X to a sli
e to get an19



e�e
tively �etale groupoid and then dividing by the identity 
omponent ofthe isotropy, we may �rst divide G itself by the identity 
omponent C of itsentire isotropy, whi
h turns out to be a smooth bundle of 
ompa
t groups.The quotient G=C is then a foliation groupoid over X , i.e. it is a group-oid for whi
h the Lie algebroid an
hor is inje
tive. (Note that the orbits,or \leaves," of G=C�!�!X are not ne
essarily 
onne
ted.) The foliationgroupoid 
an be analyzed via the sli
e theorem in terms of its restri
tionto a sli
e, whi
h is the same �etale groupoid as was obtained in the �rst ap-proa
h. Finally, the original groupoid G�!�!X may be seen as an extensionof a foliation groupoid by a bundle of 
ompa
t groups. The bundle is lo-
ally trivial (Example 7.2), and the extension is then 
lassi�ed by a degree2 
ohomology 
lass of the foliation groupoid with values in the bundle ofgroups. If we restri
t to a neighborhood of an orbit, we 
an again use adeformation argument, somewhat more 
ompli
ated than that in Theorem8.1, to re
over the main linearization theorem.A Appendix: Proper mappingsPerhaps the most 
ommon de�nition of properness for mappings betweentopologi
al spa
es is:De�nition A.1 A mapping f : X ! Y between topologi
al spa
es is properif it is 
ontinuous and if f�1(A) is 
ompa
t in X for every 
ompa
t subsetA of Y .There are two other de�nitions of properness whi
h are equivalent to thisone when X and Y are Hausdor� spa
es, but whi
h di�er in general. Sin
emany interesting groupoids, su
h as holonomy groupoids of foliations, maynot be Hausdor�, we mention these other de�nitions.James [12℄ de�nes properness of a map in the following way.De�nition A.2 A mapping f : X ! Y between topologi
al spa
es is properif it is 
ontinuous and if, for every topologi
al spa
e Z, the produ
t mappingf � 1Z : X � Z ! Y � Z is 
losed, in the sense that it maps 
losed sets to
losed sets.A
tually, James 
alls su
h mappings \
ompa
t," but we will not usethis term. James a
tually goes on to de�ne a topologi
al spa
e X to be
ompa
t if the map from X to a point is proper, and then he proves thatthis de�nition is equivalent to the usual one in terms of open 
overings. Healso proves: 20



Proposition A.3 A 
ontinuous mapping is proper if and only if it is 
losedand the inverse image of ea
h point is 
ompa
t.Another de�nition of properness is given by Craini
 and Moerdijk in [6℄.De�nition A.4 A 
ontinuous mapping f : X ! Y is proper if: (i) theimage of the diagonal X ! X �Y X is 
losed; and (ii) f�1(A) is 
ompa
twhenever A is a 
ompa
t subset of a Hausdor� open subset of Y .This de�nition is adapted to the study of non-Hausdor� groupoids andtheir asso
iated operator algebras. It leads easily to the 
on
lusion that, ifG�!�!X is a proper groupoid, and X is Hausdor�, then G is Hausdor� aswell. It is not 
lear how this de�nition relates to the one whi
h is expressedin terms of produ
ts.For the reader's 
onvenien
e, we also in
lude here a proof of a standardfa
t used in Se
tion 5.Lemma A.5 If K is a 
ompa
t group, any K-manifold M admits a 
om-plete, invariant riemannian metri
.Proof. It is 
learly suÆ
ient to prove the lemma under the assumption thatM is 
onne
ted. This implies that M admits a partition of unity by 
om-pa
tly supported fun
tions M ! [0; 1℄ whi
h 
an be enumerated �1; �2 : : : :The sum P1n=1 n�n (or the 
orresponding �nite sum if M is 
ompa
t) isthen a proper, nonnegative fun
tion on M . By averaging with respe
t to Kwe obtain an invariant fun
tion �. Using the 
ompa
tness of K, one showseasily that the averaged fun
tion is again proper.Now let h ; i0 be any invariant riemannian metri
 on M , and de�ne thenew metri
 h ; i to be (1 + hr0�;r0�i)h ; i0. Then the gradient r� of �with respe
t to h ; i has length everywhere less than 1. It follows that h ; iis 
omplete, sin
e the proper fun
tion � is bounded on any 
urve of �nitelength, whi
h implies that 
losed bounded subsets of M are 
ompa
t. 2B Appendix: Manifolds of �nite typeThere does not seem to be a standard name for the following 
on
ept.De�nition B.1 Let K be a 
ompa
t group. A K-manifold of �nite typeis a K-manifold M whi
h admits a proper K-invariant fun
tion whose 
rit-i
al points form a 
ompa
t set. When K is the trivial group, we simply saythat M is a manifold of �nite type. 21



Here are some elementary observations about manifolds of �nite type.By squaring a given proper fun
tion, we 
an arrange that the properfun
tion in the de�nition above take values in [0;1). If K is �nite, we 
anarrange that the fun
tion have �nitely many 
riti
al points, and even thatthey be nondegenerate if K is trivial. We also note that M is a K-manifoldof �nite type if and only if it is equivariantly di�eomorphi
 to the interiorof a 
ompa
t K-manifold with boundary.If M is of �nite type, then so is any K-equivariant bundle over M with
ompa
t �bres, e.g. a �nite 
overing. If K is a 
ompa
t group a
ting freelyonM , thenM is aK-manifold of �nite type if and only ifM=K is a manifoldof �nite type. But note the following example.Example B.2 There exist many manifolds whi
h are homeomorphi
 to R4and whi
h are not of �nite type. (See [11℄. In fa
t, Gompf and Stipsi
zremark on page 366 that the existen
e of an exoti
 R4 of �nite type wouldlead to a 
ounterexample to the di�erentiable Poin
ar�e 
onje
ture in eitherdimension 3 or dimension 4.) Let Q be su
h a manifold of in�nite type, andlet M = Q � SU(2). Then M is simply 
onne
ted and is simply 
onne
tedat in�nity, so it is of �nite type, a

ording to Siebenmann [19℄. Let SU(2)a
t on M by left translation on the se
ond fa
tor. Then M=SU(2) is Q,whi
h is not of �nite type.Remark B.3 It would be interesting to know whether a �nite group 
ana
t freely on a manifold of �nite type su
h that the quotient manifold is ofin�nite type. An example might be used to extend Example 10.1 to 
overthe �etale 
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