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ON THE ABSENCE OF EIGENVALUES OF A MATRIXPERIODIC SCHR�ODINGER OPERATOR IN A LAYERT. A. Suslina10/JULY/2001Dedi
ated to Mi
hael Semenovi
h Agranovi
h on his seventieth birthdayAbstra
t. A matrix S
hr�odinger operator �� + V(x) in a layer Rd�1 � (0; T ),d � 2, is 
onsidered. The potential V is assumed to be periodi
 along the layer. Onthe boundary we set appropriate boundary 
onditions. The Diri
hlet and Neumannboundary
onditions, third type 
onditionwith periodi
 
oeÆ
ients and quasiperiodi

onditions are allowed. It is shown that the spe
trum of the 
orresponding operatorsis free of eigenvalues. In the selfadjoint 
ase the spe
trum is absolutely 
ontinuous.x 0. Introdu
tion1. In the original paper [T℄ by L. Thomas it was shown that the spe
trum of theS
hr�odinger operator �� + V (x) in L2(Rd) is absolutely 
ontinuous if a poten-tial V is real-valued and periodi
. Thomas suggested the method of the proof ofabsolute 
ontinuity of the spe
trum whi
h was used nearly in all further investiga-tions. The detailed exposition of the Thomas method 
an be found in the books[RSi℄, [Ku℄, and also in the paper [BSu℄. In [Ku℄, [KuL℄, the Thomas method hasbeen applied in non-selfadjoint 
ase to prove the absen
e of eigenvalues. In parti
-ular, in [KuL℄, it was shown that the matrix Sh
r�odinger operator �� + V(x) inL2(Rd; CM ) has no eigenvalues if an (M �M )-matrix-valued fun
tion V(x) is pe-riodi
. Absolute 
ontinuity of the spe
trum of the periodi
 magneti
 Sh
r�odingeroperator, the Sh
r�odinger operator with a variable periodi
 metri
, the periodi
Dira
 and Maxwell operators was studied by a number of authors. The detailedsurvey on absolute 
ontinuity of the spe
trum of periodi
 operators 
an be foundin [BSu℄, [Su℄.We turn our attention to the results for the Sh
r�odinger operator with singularpotentials. In [BShSu℄, [ShSu1℄, the periodi
 magneti
 Sh
r�odinger operator witha singular potential of the form V (x) + �(x)Æ�(x) was studied. Here V (x) is an"ordinary" part of potential, � is a periodi
 system of hypersurfa
es, Æ�(x) isthe delta-fun
tion supported on �, and �(x) is a periodi
 fun
tion on �. Thetwo-dimensional 
ase was studied in [BShSu℄, and the 
ase d � 3 was studied in1991 Mathemati
s Subje
t Classi�
ation. Primary 35J10.Key words and phrases. S
hr�odinger operator, periodi
 operator, matrix-valued potential,layer, absolutely 
ontinuous spe
trum.The resear
h was 
ompleted in the framework of the proje
t RFBR-99-01-00681.Typeset by AMS-TEX1



2 T. A. SUSLINA[ShSu1℄. Under wide 
onditions on the problem data, the absolute 
ontinuity ofthe spe
trum (in the selfadjoint 
ase) was proved.Most papers are devoted to periodi
 problems in the whole spa
e Rd. Absolute
ontinuity of the spe
trum of the S
hr�odinger operator in periodi
 waveguides wasstudied only in the two-dimensional 
ase. Rather 
omplete results for the mag-neti
 S
hr�odinger operator with a variable metri
 in a two-dimensional periodi
waveguide were obtained in the papers [SoW℄, [ShaSo℄, [ShSu2℄. The Diri
hlet andNeumann problems, as well as the third boundary value problem with a periodi

oeÆ
ient in the boundary 
ondition were studied.2. In the present paper, we study a matrix S
hr�odinger operatorH = ��+ V(x); (0:1)in a layer � = Rd�1� (0; T ) for d � 2. It is assumed that the (M �M )-matrix-valued fun
tion V(x) = V(x0; xd) is periodi
 in x0 2 Rd�1 with respe
t to a latti
e� � Rd�1. An elementary 
ell of the latti
e � is denoted by 
0; we put 
 :=
0 � (0; T ). For d � 3 lo
al 
onditions on V(x) (see 
ondition (1.17) below) areformulated in terms of the Lorentz 
lasses L0p;1(
); for d = 2 we assume thatV 2 Lp(
), p > 1. (For the problem in Rd, the same lo
al 
onditions on potentialhave been posed in [BSu℄). For d = 2; 3; 4 
onditions (1.16), (1.17) are optimal inthe Lorentz s
ale, while for d � 5 they are non-optimal.We put appropriate boundary 
onditions. Namely, the 
omponents of a ve
toru are subje
t to the Diri
hlet or Neumann 
onditions, or to the third type 
ondi-tion �u=�xd + �(x0)u = 0 with a periodi
 
oeÆ
ient �(x0) or to the quasiperiodi

onditions. It is assumed that � 2 Lq(
0), q > 1, for d = 2, and that � 2 L02;1(
0)for d = 3 (see 
onditions (1.19), (1.20) below). These 
onditions are optimal in theLorentz s
ale. For d � 4 we impose the (non-optimal) 
ondition � 2 L2d�2(
0).Mention that 
onditions (1.16), (1.19) for d = 2 
an be relaxed in the spirit of thepapers [Sh1,2℄, [ShSu2℄. The pre
ise de�nition of the operator is given in terms ofthe 
orresponding quadrati
 form (see x1). The main result of the paper is Theorem1.3 about the absen
e of eigenvalues of operator (0.1); in the selfadjoint 
ase thespe
trum of operator (0.1) is absolutely 
ontinuous.3. As usual, we lean upon the Thomas method. Periodi
 operator (0.1) is de-
omposed into the dire
t integral. The operator H is asso
iated with the operatorfamily H(k0) a
ting in L2(
) and depending on the parameter k0 2 Rd�1 (thequasimomentum). The Thomas approa
h is based on analyti
 extension of the op-erator family H(k0) to the 
omplex values of k0. Further 
onsiderations redu
e toestimating the resolvent of the operators H(k0) for large imaginary values of thequasimomentum. In ea
h parti
ular 
ase, su
h estimates are the most diÆ
ult partof the proof. The estimates required in our 
ase are given in Theorem 2.2.For the proof of Theorem 2.2, we need to study the symbol of the "free" operator
arefully. Part of te
hni
al results is borrowed from [BSu℄, [BShSu℄, [ShSu1℄ inreadiness for use. In many aspe
ts, the third boundary value problem in a layer issimilar to the problem in Rd for the S
hr�odinger operator with a singular potentialof the form �Æ�. The latter problem was studied in [BShSu℄ in the 
ase d = 2and in [ShSu1℄ in the 
ase d � 3. However, for d � 3, the estimates from [ShSu1℄are not suÆ
ient for our goal. For the problem in a layer, the quasimomentum istangential to the boundary in all points. In this 
ase 
onsiderations of [ShSu1℄ are



PERIODIC SCHR�ODINGER OPERATOR 3unappli
able. The key estimates ne
essary for the study of the problem in a layerfor d � 3 are obtained in Proposition 3.3.4. The result of the paper 
an be applied to the study of the periodi
 Maxwelloperator in a layer with boundary 
onditions of ideal 
ondu
tivity. The periodi
Maxwell operator in R3 was studied in [Mo℄, [Su℄. In [Mo℄, it was shown thatthe spe
trum of the Maxwell operator is absolutely 
ontinuous when the diele
tri
permeability "(x) and the magneti
 permeability �(x) are s
alar positive periodi
fun
tions inR3 (under some smoothness 
onditions on " and �). Later, in the paper[Su℄, the proof of [Mo℄ has been simpli�ed signi�
antly. Namely, it turned out that,on the basis of some identities from [Mo℄, the question of absolute 
ontinuity ofthe spe
trum of the selfadjoint periodi
 Maxwell operator in R3 is redu
ed to thequestion of absen
e of eigenvalues of 
ertain matrix non-selfadjoint S
hr�odingeroperator. The same method allows us to redu
e the problem of absolute 
ontinuityof the spe
trum of the periodi
 Maxwell operator in a layer (with 
onditions of ideal
ondu
tivity) to the question of absen
e of eigenvalues for the matrix S
hr�odingeroperator with appropriate boundary 
onditions. This redu
tion will be publishedelsewhere.5. The main de�nitions and results are presented in x1. x2 
ontains the ne
essarymaterial 
on
erning the Thomas approa
h, together with the formulation of thebasi
 Theorem 2.2 about estimates. In x3{5 we obtain estimates ne
essary for theproof of Theorem 2.2. In x6, we establish Theorem 2.2.Mention that the set of the problem and the 
orresponding results 
an be gen-eralized and intensi�ed in various dire
tions. In parti
ular, the 
lass of admissibleboundary 
onditions 
an be extended signi�
antly. However, su
h generalizationswould require serious te
hni
al 
ompli
ations.6. The author is grateful to M. Sh. Birman for numerous dis
ussions and 
onstantattention to work. The author thanks R. G. Shterenberg for a number of valuableremarks. x 1. Definition of the operator. The main result1. Notation. If H, G are two separable Hilbert spa
es, and A is a 
ontinuouslinear operator from H to G, then its operator norm is denoted by kAkH!G. Oftenwe write simply kAk if this does not lead to 
onfusion.Let n 2 N. The symbols h�; �in, j � jn stand for the standard inner produ
t and thenorm in Cn ; often we omit the index n. By 1n we denote the unit (n� n)-matrix.For a (n�n)-matrix a, its operator norm in Cn is denoted by a , and its modulus isdenoted by jaj := (a�a)1=2. Symbols C; 
 (with or without indi
es) denote various
onstants in estimates.Let � = �T , T > 0, be a layer in Rd de�ned by� := Rd�1� (0; T ); d � 2: (1:1)We �x an orthonormal basis e1; : : : ; ed in Rd so that the ve
tor ed is normal to theboundary of the layer, i. e. � = fx = (x0; xd) : x0 = (x1; : : : ; xd�1) 2 Rd�1; xd 2(0; T )g. We use the notation r = grad = (�1; : : : ; �d), D = �ir = (D1; : : : ; Dd).The boundary of the layer is the union of two hypersurfa
es: �� = �0 [ �1,�0 := fx = (x0; 0); x0 2 Rd�1g; �1 := fx = (x0; T ); x0 2 Rd�1g:



4 T. A. SUSLINALet ve
tors a1; : : : ; ad�1 2 Rd su
h that ar ? ed; r = 1; : : : ; d� 1; be a basis of a(d� 1)-dimensional latti
e �. The set
0 := fx0 2 Rd�1 : x0 = t1a1 + � � �+ td�1ad�1; 0 < tr < 1; r = 1; : : : ; d� 1gis an elementary 
ell of the latti
e �; we put 
 := 
0 � (0; T ). We use the notationS0 := fx = (x0; 0); x0 2 
0g; S1 := fx = (x0; T ); x0 2 
0g:Let G be a domain in Rd; n 2 N. By Lp(G; Cn), 1 � p <1, we denote the spa
eof all Cn-valued fun
tions in G integrable with the power p ; L1(G; Cn ) is a 
lass ofall measurable bounded Cn -valued fun
tions. The norm in Lp(G; Cn) is denoted byk � kp;G. Sometimes we write simply Lp(G) if this noes not lead to 
onfusion. TheSobolev 
lasses of order l are denoted by Hl(G; Cn ); for n = 1 we abbreviate thisto H l(G).We �x M 2 N. Let L 2Z, 0 � L � M , and let I = fi1; : : : ; iLg be an orderedsystem of indi
es: 1 � i1 < i2 < � � � < iL � M:If L = 0, then we put I = ;. Similarly, J = fj1; : : : ; jKg, L = fl1; : : : ; lNg areordered systems of indi
es:1 � j1 < j2 < � � � < jK � M; 0 � K � M;1 � l1 < l2 < � � � < lN � M; 0 � N � M:Assume that L \ (I [ J ) = ;:Let � = f�1; �2; : : : ; �Ng be a system of numbers su
h that 0 � �s < 2�, s =1; : : : ; N . We introdu
e the notationH1(�; CM ; I;J ;L;�) := fu = (u1; : : : ; uM) 2 H1(�; CM ) :usj�0 = 0 for s 2 I; usj�1 = 0 for s 2 J ; usj�0 = ei�susj�1 for s 2 Lg:(1:2)Here the tra
es usj�0 , usj�1 are understood in the sense of the tra
e embeddingtheorem; the equality usj�0 = ei�susj�1 means thatus(x0; 0) = ei�sus(x0; T ); x0 2 Rd�1; s 2 L: (1:3)In the 
ase I = J = f1; : : : ;Mg, L = ;, we use the notation H1Æ (�; CM ) for thespa
e (1.2). By eH l(
; CM ) we denote the subspa
e formed by the fun
tions inHl(
; CM ) the �-periodi
 extension (in x0) of whi
h belongs to H llo
(�; CM ). Weintrodu
e the notationeH1(
; CM ; I;J ;L;�) := fu = (u1; : : : ; uM) 2 eH1(
; CM ) :usjS0 = 0 for s 2 I; usjS1 = 0 for s 2 J ; usjS0 = ei�susjS1 for s 2 Lg:(1:4)2. Weak Lp-
lasses. Let G � Rd be a domain. We re
all the de�nition of the
lasses Lp;1(G) of the Lorentz s
ale. For a measurable fun
tion f we put�f (t) = measfx 2 G : jf(x)j > tg; t > 0:



PERIODIC SCHR�ODINGER OPERATOR 5The 
lass Lp;1(G); 0 < p <1, 
onsists of all fun
tions f su
h that the quasinormkfkp;1;G := supt>0 t(�f (t))1=p (1:5)is �nite. The 
lass Lp;1(G) is 
omplete with respe
t to the quasinorm (1.5), andit is non-separable. We distinguish the separable subspa
e L0p;1(G) of Lp;1(G)formed by the fun
tions f 2 Lp;1(G) su
h that�f (t) = o(t�p); t! 0; t!1: (1:6)The 
lass Lp(G) (and, therefore, the 
lass C10 (G)) is dense in L0p;1(G). If measG <1, then as t! 0 
ondition (1.6) is ful�lled automati
ally.The 
lasses lp;1(�0), 0 < p <1, where �0 is some 
ountable set, are de�ned ina similar way. Let g = fgqg; q 2 �0; we put %g(t) = #fq 2 �0 : jgqj > tg, t > 0.The 
lass lp;1(�0) is formed by all the sequen
es g su
h that the quasinormkgkp;1;�0 := supt>0 t(%g(t))1=pis �nite. The separable subspa
e l0p;1(�0) 
onsists of all g 2 lp;1(�0) that satisfy%g(t) = o(t�p) as t! 0.3. Here we present some auxiliary statements related to embedding theorems.Proposition 1.1. 1Æ: Let  be a fun
tion su
h that 2 L�(
); � > 1; d = 2;  2 Ld=2;1(
); d � 3: (1:7)Then the form R
 j jjuj2 dx is 
ontinuous in H1(
), andZ
 j jjuj2 dx � C( ) Z
 (jruj2+ juj2) dx; u 2 H1(
);C( ) = 
k k�;
; d = 2; C( ) = 
k kd=2;1;
; d � 3: (1:8)If  2 L�(
); � > 1; d = 2;  2 L0d=2;1(
); d � 3; (1:9)then the form R
 j jjuj2 dx is 
ompa
t in H1(
) and, 
onsequently,Z
 j jjuj2 dx � " Z
 jruj2 dx+ C(";  ) Z
 juj2 dx; u 2 H1(
); 0 < " � 1: (1:10)2Æ: Suppose that a fun
tion  (x) =  (x0; xd) in � is �-periodi
 in x0. Under theassumption (1:7), we haveZ� j jjuj2 dx � C( ) Z� (jruj2 + juj2) dx; u 2 H1(�):If 
ondition (1:9) is ful�lled, thenZ� j jjuj2 dx � " Z� jruj2 dx+C(";  ) Z� juj2 dx; u 2 H1(�); 0 < " � 1:The statement 1Æ follows from the embedding theorems (see, for example, [BS,x9℄). Writing down inequalities (1.8), (1.10) for the shifted 
ells 
+ l and summingover l 2 �, we obtain statement 2Æ.



6 T. A. SUSLINAProposition 1.2. 1Æ: If a fun
tion � satis�es 
ondition� 2 Lq(
0); q > 1; d = 2; � 2 Ld�1;1(
0); d � 3; (1:11)then the form R
0 j�(x0)jju(x0; b)j2 dx0, with b 2 [0; T ℄, is 
ontinuous in H1(
), andZ
0 j�(x0)jju(x0; b)j2 dx0 � C(�) Z
 (jruj2+ juj2) dx; u 2 H1(
);C(�) = 
k�kq;
0 ; d = 2; C(�) = 
k�kd�1;1;
0; d � 3: (1:12)Under the 
ondition� 2 Lq(
0); q > 1; d = 2; � 2 L0d�1;1(
0); d � 3; (1:13)the form R
0 j�(x0)jju(x0; b)j2 dx0 is 
ompa
t in H1(
) and, 
onsequently,Z
0 j�(x0)jju(x0; b)j2 dx0 � " Z
 jruj2 dx+C("; �) Z
 juj2 dx; u 2 H1(
); 0 < " � 1:(1:14)2Æ: Let �(x0) be a �-periodi
 fun
tion in Rd�1 and let b 2 [0; T ℄. Under the 
ondition(1:11), we haveZRd�1 j�(x0)jju(x0; b)j2 dx0 � C(�) Z� (jruj2+ juj2) dx; u 2 H1(�):If 
ondition (1:13) is ful�lled, thenZRd�1 j�(x0)jju(x0; b)j2 dx0 � " Z� jruj2 dx+C("; �) Z� juj2 dx;u 2 H1(�); 0 < " � 1:In 1Æ (
orrespondingly, in 2Æ) the tra
es of a fun
tion u 2 H1(
) (
orrespond-ingly, u 2 H1(�)) on the se
tion xd = b are understood in the sense of the tra
eembedding theorem. For d � 3, statement 1Æ is 
ontained, for example, in Propo-sition 1.4 of the paper [ShSu1℄. For d = 2, statement 1Æ is a dire
t 
onsequen
eof the H�older inequality and standard embedding theorems. Statement 2Æ 
an beproved by summing inequalities (1.12), (1.14) over the 
ells of the latti
e.4. We pass to the pre
ise de�nition of the S
hr�odinger operator in a layer. Theoperator is de�ned in the sense of the 
orresponding quadrati
 form. Here we dealwith se
torial forms and m-se
torial operators. These obje
ts were systemati
allystudied in the book [K℄ by T. Kato.Let V(x) be an (M � M )-matrix-valued fun
tion (generally speaking, with
omplex-valued entries) in �. Assume that V(x) is �-periodi
 in x0:V(x + ar) = V(x); x 2 �; r = 1; : : : ; d� 1: (1:15)



PERIODIC SCHR�ODINGER OPERATOR 7Also, we assume that V 2 Lp(
); p > 1; d = 2; (1:16)V 2 L0p;1(
); 2p = d; d = 3; 4; p = d� 2; d � 5: (1:17)We introdu
e the operator� : L2(�; CM )! L2(Rd�1; C2M ); Dom� = H1(�; CM );(�u)(x0) := (u(x0; 0);u(x0; T )):Let �(x0) be a �-periodi
 (2M � 2M )-matrix-valued fun
tion (generally speaking,with 
omplex-valued entries) in Rd�1:�(x0 + ar) = �(x0); x0 2 Rd�1; r = 1; : : : ; d� 1: (1:18)We assume that � 2 Lq(
0); q > 1; d = 2; (1:19)� 2 L02;1(
0); d = 3; (1:20)� 2 L2d�2(
0); d � 4: (1:21)Let a be a positive ((d� 1)� (d� 1))-matrix with real-valued entries, and let ba bea blo
k (d� d)-matrix of the formba = � a 00 1� : (1:22)In the Hilbert spa
e L2(�; CM ), we 
onsider the following quadrati
 formh[u;u℄ = h(I;J ;L;�;V; �)[u;u℄ := Z�  MXs=1hbaDus;Dusid + hV(x)u;uiM! dx+ZRd�1 h�(x0)�u;�ui2M dx0; u 2 Domh = H1(�; CM ; I;J ;L;�):(1:23)By Propositions 1.1, 1.2, under 
onditions (1.15){(1.21) the form (1.23) (see [K,Theorem VI.3.9℄) is 
losed and se
torial. This form gives rise to an m-se
torialoperator H = H(I;J ;L;�;V; �) in L2(�; CM ). If matri
es V and � are Hermitian,then the operator H is selfadjoint.The operatorH is interpreted as a (matrix) S
hr�odinger operator (�divbar)1M+V(x) in a layer � with appropriate boundary 
onditions. Namely, the 
omponent usof a ve
tor u satis�es the Diri
hlet 
ondition on �0 for s 2 I and on �1 for s 2 J .The other 
omponents satisfy natural (in variational sense) boundary 
onditionswhi
h arise under variating the form (1.23). When variating the form, one shouldtake into a

ount that us satis�es 
ondition (1.3) when s 2 L. For example, whenI = J = L = ;, the natural boundary 
onditions are of the form
ol (��duj�0; �duj�1) = ��u: (1:24)



8 T. A. SUSLINAWhen � = 0, 
ondition (1.24) turns into the Neumann 
ondition on ��. Weillustrate the other possibilities for the "s
alar" 
ase M = 1. If I = J = f1g,L = ;, then Domh = H1Æ (�), and the 
orresponding operator H is asso
iated withthe Diri
hlet problem (then the integral over Rd�1 in (1.23) is automati
ally equalto zero). If I = f1g, J = ;, L = ;, then u satis�es the Diri
hlet 
ondition uj�0 = 0on �0 and the (natural) third boundary 
ondition (�du + �22(x0)u)j�1 = 0 on �1.The 
ase I = ;, J = f1g, L = ; 
an be 
onsidered similarly. Finally, if I = J = ;,L = f1g, then the 
ondition uj�0 = ei�uj�1 is a

ompanied by the natural 
ondition��du� (�11(x0) + �21(x0)ei�)u� j�0 = ei� ��du+ (�12(x0)e�i� + �22(x0))u� j�1 :If, besides, � = 0, then the operator H 
orresponds to the problem with thequasiperiodi
 boundary 
onditions.One should take into a

ount that the natural boundary 
onditions 
an be under-stood in the sense of the tra
e embedding theorem only under additional restri
tionson �. In general 
ase, these 
onditions are understood in the "weak" sense.We introdu
e the notation H0 = H0(I;J ;L;�) := H(I;J ;L;�; 0; 0) for the"free" operator whi
h 
orresponds to V(x) � 0, �(x0) � 0. Obviously, this operatoris selfadjoint.5. The main result of the paper is the following theorem.Theorem 1.3. Let d � 2, M 2 N; and let � be a layer in Rd de�ned by (1:1).Suppose that an (M � M )-matrix-valued fun
tion V(x) in � satis�es 
onditions(1:15){(1:17). Let �(x0) be a (2M �2M )-matrix-valued fun
tion in Rd�1 satisfying
onditions (1:18){(1:21). Suppose that a 
onstant positive (d�d)-matrix ba with real-valued entries is of the form (1:22). Let H1(�; CM ; I;J ;L;�) be the spa
e de�nedby (1:2). Let H(I;J ;L;�;V; �) be the m-se
torial operator in L2(�; CM ) 
orre-sponding to the form (1:23). Then the spe
trum of the operator H(I;J ;L;�;V; �)does not 
ontain eigenvalues. If matri
es V(x), �(x0) are Hermitian for all valuesof arguments, then the operator H(I;J ;L;�;V; �) is selfadjoint, and its spe
trumis absolutely 
ontinuous.x 2. Dire
t integral de
omposition. The Thomas approa
h1. Dire
t integral. Let e� be the (d � 1)-dimensional latti
e dual to the latti
e�. By b1; : : : ;bd�1 we denote the basis of the latti
e e� su
h that bjal = 2�Æjl,j; l = 1; : : : ; d� 1. The elementary 
ell of the latti
e e� is denoted by e
; we havee
 = fk0 2 Rd�1 : k0 = �1b1 + � � �+ �d�1bd�1; 0 < �r < 1; r = 1; : : : ; d� 1g:The 
ell e
 is dual to 
0.Consider the operator�0 : L2(
; CM )! L2(
0; C2M ); Dom�0 = H1(
; CM );(�0u)(x0) := (u(x0; 0);u(x0; T )):For every k0 2 Rd�1 (the parameter k0 is 
alled the quasimomentum) we put



PERIODIC SCHR�ODINGER OPERATOR 9k = (k0; 0) 2 Rd and 
onsider the following quadrati
 form in L2(
; CM ):h(k0)[u;u℄ = h(k0; I;J ;L;�;V; �)[u;u℄ := MXs=1 Z
 hba (D+ k)us; (D+ k)usid dx+Z
 hV(x)u;uiM dx+ Z
0 h�(x0)�0u;�0ui2M dx0;u 2 Domh(k0) = eH1(
; CM ; I;J ;L;�):(2:1)Here we use the notation (1.4). The domain of the form (2.1) does not depend onk0. Propositions 1.1, 1.2 together with Theorem VI.3.9 from [K℄ show that, under
onditions (1.16), (1.17), (1.19){(1.21), the form (2.1) is 
losed and se
torial inL2(
; CM ) (see estimates (2.12) below). The form (2.1) gives rise to an m-se
torialoperator H(k0) = H(k0; I;J ;L;�;V; �) in L2(
; CM ). Sin
e the embedding ofeH1(
; CM ) in L2(
; CM ) is 
ompa
t, the resolvent of the operator H(k0) is 
ompa
t.The "free" operator 
orresponding to V(x) � 0, �(x0) � 0 is denoted by H0(k0) =H0(k0; I;J ;L;�) := H(k0; I;J ;L;�; 0; 0).The dire
t integral de
omposition for periodi
 operators is 
onstru
ted with thehelp of the Gelfand transformation U . Consider the Hilbert spa
eK := Ze
 �L2(
; CM ) dk0: (2:2)First, we de�ne the mapping U : L2(�; CM )!K on the fun
tions f 2 C1(�; CM )rapidly de
reasing as jx0j ! 1 by the formula(Uf )(k0;x0; xd) = (meas e
)�1=2e�ihk0 ;x0iXq2� e�ihk0;qif (x0 + q; xd):Then U is extended by 
ontinuity to a unitary operator a
ting from L2(�; CM ) ontoK. Moreover, it turns out that iff 2 H1(�; CM ; I;J ;L;�); (2:3)then (Uf )(k0; �) 2 eH1(
; CM ; I;J ;L;�); for a. e. k0 2 e
; (2:4)h[f ; f ℄ = Ze
 h(k0)[(Uf )(k0; �); (Uf )(k0; �)℄ dk0: (2:5)Conversely, if f 2 L2(�; CM ) satis�es (2.4) and the integral (2.5) is �nite, then(2.3) is true. From (2.4), (2.5) it is 
lear that in the dire
t integral (2.2) the a
tionof the operator H redu
es to multipli
ation by the operator-valued fun
tion H(k0) :(Uf )(k0; �) 2 DomH(k0) for a. e. k0 2 e
; if f 2 DomH; (2:6)(UHf )(k0; �) = H(k0)(Uf )(k0; �); for a. e. k0 2 e
: (2:7)Relations (2.6), (2.7) 
an be written asUHU�1 = Ze
 �H(k0) dk0:



10 T. A. SUSLINARemark 2.1. By a linear 
hange of variables x0 in Rd�1, the latti
e � 
an betransformed into a 
ubi
 latti
e. With that, the matrix a 
onverts into anothermatrix of the same type. Thus, in the proofs we may assume, without loss ofgenerality, that � =Zd�1; 
0 = (0; 1)d�1;so that e
 = (0; 2�)d�1:We assume this in what follows.2. Complexi�
ation. The Thomas method involves extension of the forms (2.1)and the 
orresponding operators H(k0) to the 
omplex values k0 2 Cd�1 of thequasimomentum. We rewrite the form (2.1) as follows:h(k0)[u;u℄ = MXs=1 Z
 hbaDus;Dusid dx+ w1(k0)[u;u℄ +w2[u;u℄+ w3[u;u℄;u 2 eH1(
; CM ; I;J ;L;�); (2:8)w1(k0)[u;u℄ := MXs=1 Z
 �hbaDus;kusid + hbakus;Dusid� dx+Z
 hbak;kidjuj2 dx; k = (k0; 0); (2:9)w2[u;u℄ := Z
 hV(x)u;uiM dx; (2:10)w3[u;u℄ := Z
0 h�(x0)�0u;�0ui2M dx0: (2:11)The 
onditions imposed on V, � and Propositions 1.1, 1.2 ensure the estimatesjw1(k0)[u;u℄j � " MXs=1 Z
 hbaDus;Dusid dx+C(";k0; a) Z
 juj2 dx;jw2[u; u℄j � " MXs=1 Z
 hbaDus;Dusid dx+C("; a;V) Z
 juj2 dx;jw3[u; u℄j � " MXs=1 Z
 hbaDus;Dusid dx+ C("; a; �) Z
 juj2 dx;u 2 eH1(
; CM ; I;J ;L;�); 0 < " � 1: (2:12)Formula (2.9) allows us to extend w1(k0) to arbitrary k0 2 C d�1 analyti
ally. Atthe same time, (2.8) yields an analyti
 extension of h(k0). The �rst estimate in(2.12) remains valid for all k0 2 C d�1 . This implies (see [K, Theorem VI.3.9℄) thatthe form h(k0) is 
losed and se
torial for all k0 2 C d�1 . Su
h a form gives riseto an m-se
torial operator in L2(
; CM ), still denoted by H(k0); k0 2 C d�1 : Theresolvent of the operator H(k0) is 
ompa
t for all k0 2 C d�1 .



PERIODIC SCHR�ODINGER OPERATOR 113. We want to deal with the dependen
e of the familyH(k0) on a one-dimensionalparameter; for this, we single out a dire
tion by �xing some ve
tor m 2Zd�1 andputting � := ha�1m;mi�1=2a�1m: (2:13)Next, we �x some ve
tor ek 2 Rd�1; ek ?m; (2:14)and put k0 = z�+ ek; z 2 C : (2:15)Relative to parameter z 2 C , the operators H(z� + ek) form an analyti
 family oftype (B) with 
ompa
t resolvent. Re
all that a family of type (B) arises when wede�ne operators in terms of se
torial forms with 
ommon domain (see [K, xVII.4℄).As applied to the operator families of type (B), the Thomas approa
h (in theselfadjoint 
ase) was des
ribed in detail in [BSu℄. As applied to non-selfadjointoperators, the Thomas method was presented in [Ku℄, [KuL℄. The arguments of[KuL, x2℄ are appli
able to any analyti
 family with 
ompa
t resolvent. The proofof the absen
e of eigenvalues of the operator H redu
es to the proof of the fa
t thatk(H((� + iy)� + ek))�1k ! 0 as jyj ! 1 for an appropriate � and all ek satisfying(2.14). In the selfadjoint 
ase, this implies absolute 
ontinuity of the spe
trum ofH. We put z = �+ iy; � := �ha�1m;mi�1=2; k0 := ��+ ek: (2:16)In this 
ase, we agree to write H(y) in pla
e of H((�+ iy)�+ ek); and similarly forthe other operators and forms.Thus, Theorem 1.3 is a 
onsequen
e of the following theorem, whi
h is our mainte
hni
al result.Theorem 2.2. Suppose that the 
onditions of Theorem 1:3 are satis�ed. Letm 2Zd�1 and let ek satisfy (2:14). Suppose that �, � are de�ned by (2:13), (2:16).Let H(y) = H((�+iy)�+ek) be the operator in L2(
; CM ) generated by the quadrati
form (2:8). Then there exist 
onstantsy0 = y0(a; T;V; �;m; ek); C0 = C0(a;m)su
h that the operator H(y) is invertible for jyj � y0, andk(H(y))�1k � C0(1 + jyj)�1; jyj � y0: (2:17)If ek runs through a bounded set of the plane �m = fk0 2 Rd�1 : k0 ?mg, then y0
an be 
hosen independent of ek.x 3. Estimates of the free operator1. Let I, J , L and � be �xed systems of numbers introdu
ed in Subse
tion 1.1.For ea
h s 2 f1; : : : ;Mg, we put�s = 8><>: Z; for s 2 L;N; for s 2 I \ J ;Z+; in other 
ases:



12 T. A. SUSLINALet f'(s)n (xd)g, n 2 �s, s = 1; : : : ;M; be a sequen
e of fun
tions on (0; T ), de�nedas follows:'(s)n (xd) = 8>>>>>>>>><>>>>>>>>>: T�1=2 exp fiT�1(2�n� �s)xdg; if s 2 L;p2T�1=2 sin ��T�1nxd� ; if s 2 I \ J ;p2T�1=2 
os ��T�1nxd� ; if s 62 I [ J [ L; n � 1;T�1=2; if s 62 I [ J [ L; n = 0;p2T�1=2 sin ��(2T )�1(2n+ 1)xd� ; if s 2 I n J ;p2T�1=2 
os ��(2T )�1(2n+ 1)xd� ; if s 2 J n I: (3:1)We also introdu
e a sequen
e of numbers f�(s)n g, n 2 �s, s = 1; : : : ;M :�(s)n :=8><>: T�2(2�n� �s)2; if s 2 L;�2T�2n2; if s 2 I \J or s 62 I [ J [L;�2(2T )�2(2n+ 1)2; if s 2 (I n J ) [ (J n I): (3:2)Let u = (u1; : : : ; uM) 2 L2(
; CM ). We de
ompose us 2 L2(
) into the Fourierseriesus(x0; xd) = Xn=fn0 ;ng2Zd�1��s û(s)n e2�ihn0 ;x0i'(s)n (xd); s = 1; : : : ;M: (3:3)In a

ordan
e with (3.3), letFs : L2(
)! l2(Zd�1��s); Fsus := fû(s)n g; n 2Zd�1��s; s = 1; : : : ;M; (3:4)be the dis
rete (unitary) Fourier transformation. Suppose that the quasimomen-tum is 
hosen a

ording to (2.13){(2.16). Then the "free" operator H0(y) =H0(y; I;J ;L;�) is represented in the formH0(y) = H(1)(y) � � � � � H(M)(y); (3:5)H(s)(y) = F�sh(s)(y)Fs; s = 1; : : : ;M; (3:6)where the symbols h(s)(y) = fh(s)n (y)g, n = fn0; ng 2Zd�1� �s; s = 1; : : : ;M , arede�ned by the formulash(s)n (y) = ha(2�n0 + k0); 2�n0 + k0i+ �(s)n � y2 + 2iyha(2�n0 + k0);�i;n = fn0; ng 2Zd�1� �s; s = 1; : : : ;M: (3:7)Relations (2.13), (2.14), (2.16) imply the inequalityjha(2�n0 + k0);�ij � �; n0 2Zd�1: (3:8)Hen
e,jImh(s)n (y)j = 2jyjjha(2�n0+k0);�ij � 2�jyj; y 2 R; n 2Zd�1��s; s = 1; : : : ;M:(3:9)



PERIODIC SCHR�ODINGER OPERATOR 13From (2.13), (3.8) it follows thatja1=2(2�n0 + k0)j � �; n0 2Zd�1: (3:10)In the 
ase 2jyj � �, by (3.7), (3.10), we haveReh(s)n (y) = ja1=2(2�n0 + k0)j2 + �(s)n � y2 � �(s)n + �2=2;2jyj � �; n 2Zd�1� �s; s = 1; : : : ;M: (3:11)Relations (3.9), (3.11) yield the estimatejh(s)n (y)j � 
�10 (1 + jyj); y 2 R; n 2Zd�1� �s; s = 1; : : : ;M; 
0 = 
0(a;m):(3:12)From (3.5), (3.6), (3.12) it is 
lear that the operator H0(y) is invertible for ally 2 R, and k(H0(y))�1k � 
0(1 + jyj)�1; y 2 R; 
0 = 
0(a;m):2. We will rely on the following statement whi
h is 
ontained in [BKaS, Proposition4.2℄.Proposition 3.1. Let f be a fun
tion and g a sequen
e su
h thatf 2 L�;1(
); g 2 l�;1(Zd�1� �s); � > 2:Let Fs, s = 1; : : : ;M; be the operators de�ned by (3:3), (3:4). Then the operatorsfF�s g : l2(Zd�1� �s)! L2(
); s = 1; : : : ;M; (3:13)are bounded, andkfF�s gk � 
1kfk�;1;
 kgk�;1;Zd�1��s; s = 1; : : : ;M; 
1 = 
1(d; �; T ):If either f 2 L0�;1(
), or g 2 l0�;1(Zd�1 � �s), then the operators (3:13) are
ompa
t.We need the estimate of the symbol h(s)(y) in the Lorentz 
lasses.Proposition 3.2. Let d � 2 and 2� � d. Let � and k0 be as in (2:13), (2:14),(2:16). Then the sequen
e(h(s)(y))�1 = f(h(s)n (y))�1g; n 2Zd�1� �s; s = 1; : : : ;M;de�ned by (3:7) satis�es the estimatek(h(s)(y))�1k�;1;Zd�1��s � 
2(1 + jyj)�� ; y 2 R; s = 1; : : : ;M;� = 1� (d� 2)��1 for � � 2; � = 2� d��1 for � < 2: (3:14)The 
onstant 
2 = 
2(a;m; T; �) does not depend on y and ek.A
tually, the proof of Proposition 3.2 follows from [BSu, Theorem 3.1℄.3. The following statement is 
ru
ial for us.



14 T. A. SUSLINAProposition 3.3. Let d � 3. Let � and k0 be as in (2:13), (2:14), (2:16). Thenthe sequen
e h(s)(y) de�ned by (3:7) satis�es the estimatesupn02Zd�1 Xn2�s jh(s)n (y)j�1 � 
3(1+ jyj)�1=2; y 2 R; s = 1; : : : ;M; 
3 = 
3(a;m; T ):(3:15)Proof.1 We start with the 
ase 2jyj � �. Relations (3.2), (3.11) imply the inequal-ity Xn2�s jh(s)n (y)j�1 � Xn2�s ��(s)n + �2=2��1 � 
4 � 
4(1 + �)1=2(1 + jyj)�1=2;2jyj � �; n0 2Zd�1; s = 1; : : : ;M; 
4 = 
4(a;m; T );whi
h yields (3.15) for 2jyj � �.Now, let 2jyj > � and ja1=2(2�n0 + k0)j2 � y2. Then, by (3.7), (3.9),p2jh(s)n (y)j � jReh(s)n (y)j+ jImh(s)n (y)j � �(s)n + 2�jyj;2jyj > �; ja1=2(2�n0 + k0)j2 � y2; s = 1; : : : ;M: (3:16)From (3.2), (3.16) it follows thatXn2�s jh(s)n (y)j�1 � p2 Xn2�s ��(s)n + 2�jyj��1 � 
5(1 + jyj)�1=2;2jyj > �; ja1=2(2�n0 + k0)j2 � y2; s = 1; : : : ;M; 
5 = 
5(a;m; T ): (3:17)It remains to 
onsider the 
ase where 2jyj > � and ja1=2(2�n0 + k0)j2 < y2. Inthis 
ase, we introdu
e the notation b(n0; y) := �y2 � ja1=2(2�n0 + k0)j2�1=2,�(s)(n;n0; y) := ( 1; if �(s)n > b2(n0; y);0; if �(s)n � b2(n0; y);e�(s)(n;n0; y) := 1� �(s)(n;n0; y);n 2 �s; 2jyj > �; ja1=2(2�n0 + k0)j2 < y2; s = 1; : : : ;M:Then we have Xn2�s jh(s)n (y)j�1 = �(s)(n0; y) + e�(s)(n0; y);2jyj > �; ja1=2(2�n0 + k0)j2 < y2; s = 1; : : : ;M; (3:18)where �(s)(n0; y) := Xn2�s �(s)(n;n0; y)jh(s)n (y)j�1;e�(s)(n0; y) := Xn2�s e�(s)(n;n0; y)jh(s)n (y)j�1:1The proof was obtained jointly with F. V. Petrov.



PERIODIC SCHR�ODINGER OPERATOR 15For de�niteness, assume that s 2 I \ J (see (3.2)). The other 
ases 
an betreated similarly.For �(s)n = �2T�2n2 > b2(n0; y), by (3.7), (3.9), we have p2jh(s)n (y)j � �(s)n �b2(n0; y) + 2�jyj. Sin
e n 2 N, then n � [b(n0; y)T��1℄ + 1, and�(s)n � b2(n0; y) = �2T�2(n2 � b2(n0; y)T 2��2) � �2T�2r2;r := n� [b(n0; y)T��1℄� 1 2Z+:Hen
e, p2jh(s)n (y)j � �2T�2r2 + 2�jyj. Thus,�(s)(n0; y) � p2 Xr2Z+(�2T�2r2 + 2�jyj)�1 � 
5(1 + jyj)�1=2;2jyj > �; ja1=2(2�n0 + k0)j2 < y2; 
5 = 
5(a;m; T ): (3:19)For �(s)n = �2T�2n2 � b2(n0; y) we have n � [b(n0; y)T��1℄, and, by (3.7), (3.9),p2jh(s)n (y)j � b2(n0; y) � �2T�2n2 + 2�jyj. Thene�(s)(n0; y) � p2 X1�n�[b(n0;y)T��1 ℄ �b2(n0; y) � �2T�2n2 + 2�jyj��1 ;2jyj > �; ja1=2(2�n0 + k0)j2 < y2: (3:20)The sum (3.20) is estimated via the 
orresponding integral:e�(s)(n0; y) � p2(2�jyj)�1 +p2 [b(n0;y)T��1 ℄Z0 �b2(n0; y)� �2T�2t2 + 2�jyj��1 dt �p2(2�jyj)�1 +p2T��1 b(n0;y)Z0 �b2(n0; y)� �2 + 2�jyj��1 d� = p2(2�jyj)�1+2�1=2T��1(b2(n0; y) + 2�jyj)�1=2ln ����b(n0; y) + (b2(n0; y) + 2�jyj)1=2b(n0; y)� (b2(n0; y) + 2�jyj)1=2 ���� :Using the elementary identityln ���� (1 + �)1=2 + 1(1 + �)1=2 � 1 ���� � 5(1 + ��1)1=2; � > 0;we obtain the estimatee�(s)(n0; y) � p2(2�jyj)�1 + 5T (2�)�1(�jyj)�1=2 � 
6(1 + jyj)�1=2;2jyj > �; ja1=2(2�n0 + k0)j2 < y2; 
6 = 
6(a;m; T ): (3:21)Now, relations (3.18), (3.19), (3.21) imply thatXn2Njh(s)n (y)j�1 � (
5+ 
6)(1+ jyj)�1=2; 2jyj > �; ja1=2(2�n0+k0)j2 < y2: (3:22)Finally, (3.17), (3.22) yield inequality (3.15) for 2jyj > �. �



16 T. A. SUSLINARemark 3.4. 1) It is easily seen that the estimate (3:15) is of sharp order, i. e.,we have the following estimate from below:supn02Zd�1 Xn2�s jh(s)n (y)j�1 � 
7(1 + jyj)�1=2;y 2 R; s = 1; : : : ;M; d � 3; 
7 = 
7(a;m; T ) > 0:2) In the 
ase d = 2 the analogue of (3:15) is the estimatesupn12ZXn22�s jh(s)n (y)j�1 � 
(1 + jyj)�1ln (2 + jyj);y 2 R; s = 1; : : : ;M; d = 2; 
 = 
(a;m; T ):However, we will not use the latter estimate.4. Let P (s)(y), s = 1; : : : ;M; be the operator in L2(
) de�ned by the formulaP (s)(y) := F�sp(s)(y)Fs; s = 1; : : : ;M;p(s)(y) := fjh(s)n (y)j�1=2g; n 2Zd�1� �s: (3:23)We put P (y) = P (1)(y) � � � � � P (M)(y): (3:24)Then, by (3.12), the operator P (y) is bounded in L2(
; CM ), andkP (y)k � 
1=20 (1 + jyj)�1=2; y 2 R: (3:25)Besides, by (3.14), (3.23), we havekp(s)(y)k2p;1;Z��s � 
1=22 (1 + jyj)��=2; � = 1 for p � 2;� = 2� 2p�1 for 1 < p < 2; s = 1; : : : ;M; d = 2; 
2 = 
2(a;m; T; p); (3:26)kp(s)(y)k{;1;Zd�1��s � 
1=22 ; { = maxf2(d� 2); dg;s = 1; : : : ;M; d � 2; 
2 = 
2(a;m; T;{=2): (3:27)We put 
� = 
�(a;m; ek) := maxf��1 a�1 1=2; (2�)�1jk0jg:In a

ordan
e with (3.3), we de�ne the proje
tors Z(s)(y), eZ(s)(y), s = 1; : : : ;M;in L2(
) by the formulas(Z(s)(y)us)(x0; xd) = Xn2Zd�1��s; jn0j�
�(1+jyj) û(s)n e2�ihn0 ;x0i'(s)n (xd); (3:28)eZ(s)(y) = I �Z(s)(y); s = 1; : : : ;M: (3:29)Let Z(y), eZ(y) be the proje
tors in L2(
; CM ) de�ned byZ(y) := Z(1)(y) � � � � � Z(M)(y);eZ(y) := I �Z(y) = eZ(1)(y) � � � � � eZ(M)(y): (3:30)



PERIODIC SCHR�ODINGER OPERATOR 17Proposition 3.5. Let d � 2. Let � and k0 be as in (2:13), (2:14), (2:16). LetP (s)(y) be the operators de�ned by (3:7), (3:23), and let eZ(s)(y) be the operatorsde�ned by (3:28), (3:29). Then the operatorsD eZ(s)(y)P (s)(y) : L2(
)! L2(
; Cd ),s = 1; : : : ;M; are bounded for all y 2 R, andkD eZ(s)(y)P (s)(y)k � 
8; y 2 R; s = 1; : : : ;M; 
8 = 
8(a;m; ek): (3:31)If ek runs through a bounded set of �m, then the 
onstant 
8 
an be 
hosen inde-pendent of ek.Proof. A

ording to (3.23), (3.28), (3.29), for the proof of (3.31), we have to 
he
kthe estimate�j2�n0j2 + �(s)n �1=2 jh(s)n (y)j�1=2 � 
8; y 2 R; jn0j > 
�(1 + jyj); n 2 �s: (3:32)For jn0j > 
�(1 + jyj) we have ja1=2(2�n0 + k0)j2 > 2y2. Therefore, (see (3.7))Reh(s)n (y) > 12 ja1=2(2�n0 + k0)j2 + �(s)n :Hen
e, j2�n0 + k0jjh(s)n (y)j�1=2 < p2 a�1=2 ;(�(s)n )1=2jh(s)n (y)j�1=2 < 1 for jn0j > 
�(1 + jyj):Combining this with (3.12), we arrive at (3.32). �x 4. Estimates of perturbation1. The matrix V(x) admits the following de
omposition:V(x) =W1(x)U (x)W2(x); x 2 
;W1(x) := jV(x)�j1=2; W2(x) := jV(x)j1=2; U (x) = 1: (4:1)Proposition 4.1. Let d � 2. Suppose that 
onditions (1:16), (1:17) are valid.Let Wj(x), j = 1; 2; be de�ned by (4:1). Let � and k0 be as in (2:13), (2:14),(2:16). Let P (y) be the operator de�ned by (3:7), (3:23), (3:24). Then the operatorsWjP (y) : L2(
; CM )! L2(
; CM ), j = 1; 2; are bounded for all y 2 R, andlimjyj!1 kWjP (y)k = 0; j = 1; 2: (4:2)The limit is uniform with respe
t to the parameter ek.Proof. We start with the 
ase d = 2. By (1.16), (4.1), Wj 2 L2p(
), p > 1.Applying Proposition 3.1 (with � = 2p > 2) together with (3.26), we obtainkWjP (y)k � 
1
1=22 (1 + jyj)��=2kWjk2p;
; j = 1; 2;� = 1 for p � 2; � = 2� 2p�1 for 1 < p < 2; d = 2:This yields (4.2) for d = 2.



18 T. A. SUSLINANow, let d � 3. By (1.17), (4.1), Wj 2 L0{;1(
), { = maxf2(d � 2); dg. For agiven " > 0, we 
hoose an (M �M )-matrix-valued fun
tion fWj(x) su
h thatfWj 2 L1(
); kWj � fWjk{;1;
 � "; j = 1; 2; { = maxf2(d� 2); dg:We have WjP (y) = fWjP (y) + (Wj � fWj)P (y); j = 1; 2: (4:3)For estimating the se
ond summand in the right-hand side of (4.3), we apply Propo-sition 3.1 (with � = { > 2) together with (3.27). The �rst summand is estimatedwith the help of (3.25). Thus,kWjP (y)k � 
1=20 kfWjk1;
(1 + jyj)�1=2 + 
1
1=22 "; j = 1; 2; d � 3;whi
h implies (4.2) for d � 3: �2. The matrix �(x0) 
an be de
omposed as follows:�(x0) =  1(x0)�(x0) 2(x0); 1(x0) = j�(x0)�j1=2;  2(x0) = j�(x0)j1=2; �(x0) = 1; x0 2 
0: (4:4)We introdu
e the operators Gj : L2(
; CM )! L2(
0; C2M ) de�ned by the relationsGju :=  j�0u; DomGj = eH1(
; CM ); j = 1; 2: (4:5)By Proposition 1.2, under 
onditions (1.19){(1.21), we have Gju 2 L2(
0; C2M ) forany u 2 eH1(
; CM ).Repeating the arguments of [BShSu, x4℄, it is easy to obtain the following state-ment.Proposition 4.2. Let d = 2. Suppose that 
ondition (1:19) is satis�ed. Let �and k0 be as in (2:13), (2:14), (2:16). Let P (y) be the operator de�ned by (3:7),(3:23), (3:24), and let Gj, j = 1; 2; be the operators de�ned by (4:5). Then theoperators GjP (y) : L2(
; CM )! L2(
0; C 2M ) are bounded for all y 2 R, andkGjP (y)k � 
9k�k1=2q;
0(1 + jyj)�#; y 2 R; j = 1; 2;4# = 1� q�1 for 1 < q � 3; 6# = 1 for q � 3; 
9 = 
9(a;m; T; q;ek): (4:6)If ek runs through a bounded set of �m, then the 
onstant 
9 
an be 
hosen inde-pendent of ek.3. Now we pro
eed to the 
ase d � 3.Proposition 4.3. Let d � 3, and assume that� 2 L1(
0): (4:7)Let � and k0 be as in (2:13), (2:14), (2:16). Let P (y) be the operator de�ned by(3:7), (3:23), (3:24), and let Gj , j = 1; 2; be the operators de�ned by (4:5). Thenthe operators GjP (y) : L2(
; CM )! L2(
0; C 2M ) are bounded for all y 2 R, andkGjP (y)k � 
10k�k1=21;
0(1+ jyj)�1=4; y 2 R; j = 1; 2; 
10 = 
10(a;m; T ): (4:8)



PERIODIC SCHR�ODINGER OPERATOR 19Proof. We have kGjP (y)uk22;
0 = Z
0 j j(x0)�0P (y)uj2 dx0 �k�k1;
00�Z
0 j(P (y)u)(x0; 0)j2 dx0 + Z
0 j(P (y)u)(x0; T )j2 dx01A ; u 2 L2(
; CM ):(4:9)Let us 
onsider the �rst integral in the bra
ket in the right-hand side of (4.9). These
ond integral 
an be treated similarly. By (3.3), (3.23), (3.24), we have(P (y)u)s(x0; 0) = (P (s)(y)us)(x0; 0) =Xn2Zd�1��s jh(s)n (y)j�1=2û(s)n e2�ihn0 ;x0i'(s)n (0); s = 1; : : : ;M:Taking a

ount of (3.1), we obtainj'(s)n (0)j � p2T�1=2; n 2 �s; s = 1; : : : ;M: (4:10)By the Par
eval identity, we haveZ
0 j(P (y)u)s(x0; 0)j2 dx0 = Xn02Zd�1 �����Xn2�s jh(s)n (y)j�1=2û(s)n '(s)n (0)�����2 �2T�1 supn02Zd�1 Xn2�s jh(s)n (y)j�1!kusk22;
:By Proposition 3.3,Z
0 j(P (y)u)(x0; 0)j2 dx0 = MXs=1 Z
0 j(P (y)u)s(x0; 0)j2 dx0 �2T�1
3(1 + jyj)�1=2kuk22;
; u 2 L2(
; CM ):The term R
0 j(P (y)u)(x0; T )j2 dx0 satis�es a similar estimate. Combining this with(4.9), we obtain (4.8). �4. Now, our purpose is to pass from 
ondition (4.7) to the more free 
ondition� 2 L2d�2(
0).Proposition 4.4. Let d � 3, and suppose that� 2 L2d�2(
0): (4:11)Let � and k0 be as in (2:13), (2:14), (2:16). Let P (y) be the operator de�ned by(3:7), (3:23), (3:24), and let Gj , j = 1; 2; be the operators de�ned by (4:5). Thenthe operators GjP (y) : L2(
; CM )! L2(
0; C 2M ) are bounded for all y 2 R, andkGjP (y)k � 
11k�k1=22d�2;
0; y 2 R; j = 1; 2; 
11 = 
11(a;m; T; ek): (4:12)



20 T. A. SUSLINAIf ek runs through a bounded set of �m, then 
11 
an be 
hosen independent of ek.Proof. By Proposition 1.2 (inequality (1.12)) and relations (3.24), (3.25), (3.30),(3.31),kGj eZ(y)P (y)k � 
12k�k1=2d�1;1;
0 � 
12k�k1=22d�2;
0; 
12 = 
12(a;m; ek); j = 1; 2:Therefore, for the proof of inequality (4.12), it is suÆ
ient to obtain the estimatekGjZ(y)P (y)k � 
13k�k1=22d�2;
0; y 2 R; j = 1; 2; 
13 = 
13(a;m; T; ek): (4:13)Let u 2 L2(
; CM ). ThenkGjZ(y)P (y)uk22;
0 = Z
0 j j(x0)(�0Z(y)P (y)u)(x0)j2 dx0 � MXs=1(As[us℄ +Bs[us℄);(4:14)whereAs[us℄ := Z
0 �(x0) jvs(x0)j2 dx0; vs(x0) := (Z(s)(y)P (s)(y)us)(x0; 0);Bs[us℄ := Z
0 �(x0) jws(x0)j2 dx0; ws(x0) := (Z(s)(y)P (s)(y)us)(x0; T ): (4:15)For de�niteness, 
onsider the term As[us℄. By (3.23), (3.28), we havevs(x0) = Xn02Zd�1; jn0j�
�(1+jyj) v̂(s)n0 e2�ihn0 ;x0i;v̂(s)n0 = Xn2�s jh(s)n (y)j�1=2û(s)n '(s)n (0): (4:16)Under the assumption � 2 L�(
0), � > 1, applying the H�older inequality and theYoung inequality and taking a

ount of (4.15), (4.16), we obtainAs[us℄ � k�k�;
0kvsk22�0;
0 � 
k�k�;
0 0� Xn02Zd�1; jn0j�
�(1+jyj) jv̂(s)n0 jr1A2=r ; (4:17)where ��1 + (�0)�1 = 1, r�1 + (2�0)�1 = 1. Next, by (4.10), (4.16),jv̂(s)n0 j � p2T�1=2 Xn2�s jh(s)n (y)j�1!1=2 Xn2�s jû(s)n j2!1=2 :Hen
e, by the H�older inequality, Xn02Zd�1; jn0j�
�(1+jyj) jv̂(s)n0 jr �2r=2T�r=20� Xn2Zd�1��s; jn0j�
�(1+jyj) jû(s)n j21Ar=2�0� Xn02Zd�1; jn0j�
�(1+jyj) Xn2�s jh(s)n (y)j�1!rt=21A1=t ; (4:18)



PERIODIC SCHR�ODINGER OPERATOR 21where t�1 + r=2 = 1. Obviously, t = �+ 1, rt=2 = �. From (4.17), (4.18) it followsthatAs[us℄ � 2
T�1k�k�;
0kusk22;
0� Xn02Zd�1; jn0j�
�(1+jyj) Xn2�s jh(s)n (y)j�1!�1A1=� :(4:19)By (3.15), Xn02Zd�1; jn0j�
�(1+jyj) Xn2�s jh(s)n (y)j�1!� �
�3(1 + jyj)��=2#fn0 2Zd�1 : jn0j � 
�(1 + jyj)g� 
14(1 + jyj)d�1��=2; 
14 = 
14(a;m; T; ek; �): (4:20)When � = 2d� 2, relations (4.19), (4.20) imply thatAs[us℄ � 
15k�k2d�2;
0kusk22;
; us 2 L2(
0); 
15 = 
15(a;m; T; ek); s = 1; : : : ;M:The term Bs[us℄ satis�es a similar estimate. Combining this with (4.14), we arriveat (4.13). �Proposition 4.5. Suppose that 
onditions of Proposition 4:4 are satis�ed. Thenlimjyj!1 kGjP (y)k = 0; j = 1; 2: (4:21)If ek runs through a bounded set of �m, then the limit is uniform with respe
t to theparameter ek.Proof. For a given " > 0, we 
hoose a (2M � 2M )-matrix-valued fun
tion e�(x0)su
h that e� 2 L1(
0); k� � e�k2d�2;
0 � ": (4:22)For u 2 L2(
; CM ), we havekGjP (y)uk22;
0 � Z
0 e�(x0) j�0P (y)uj2 dx0 + Z
0 �(x0) � e�(x0) j�0P (y)uj2 dx0:(4:23)The se
ond summand in the right-hand side of (4.23) 
an be estimated by Propo-sition 4.4 together with (4.22). The �rst summand is estimated with the help ofProposition 4.3. As a result, we obtainkGjP (y)uk22;
0 � �
210ke�k1;
0(1 + jyj)�1=2 + 
211"� kuk22;
;u 2 L2(
; CM ); j = 1; 2:This implies (4.21). �Remark 4.6. 1) On the basis of Remark 3:4(2), we 
an prove the analogs of Propo-sitions 4:3{4:5 in the two-dimensional 
ase. This yields another (relative to Propo-sition 4.2 whi
h follows from 
onsiderations of [BShSu℄) way of the proof of relations(4:21) in the 
ase where d = 2 and � 2 Lq(
0), q > 1.2) We have proved estimate (4:20) on the basis of (3:15). There is a 
ertain reservefor relaxation of 
ondition (1:21) on � for d � 4. For this, one should dire
tlyexamine the expression in the left-hand side of (4:20) and improve the estimate(4:20). However, su
h re�nement would require further te
hni
al 
ompli
ations.



22 T. A. SUSLINAx 5. Estimates in the three-dimensional 
ase1. Estimates of the free operator. In the 
ase d = 3 we are able to repla
e 
on-dition (4.11) by the wider 
ondition (1.20). For this, we need to analyse the symbolof the free operator 
arefully. In a

ordan
e with (3.3), we introdu
e proje
torsX (s)(y), eX (s)(y), s = 1; : : : ;M; in L2(
) de�ned as follows:(X (s)(y)us)(x0; x3) = Xn2Z2��s; �(s)n �2y2 û(s)n e2�ihn0 ;x0i'(s)n (x3); (5:1)eX (s)(y) = I �X (s)(y); s = 1; : : : ;M: (5:2)Let X (y), eX (y) be proje
tors in L2(
; CM ) de�ned by the formulasX (y) := X (1)(y) � � � � � X (M)(y);eX (y) := I � X (y) = eX (1)(y) � � � � � eX (M)(y): (5:3)Proposition 5.1. Let d = 3. Let � and k0 be as in (2:13), (2:14), (2:16). LetP (s)(y) be the operators de�ned by (3:7), (3:23), and let eX (s)(y) be the operatorsde�ned by (5:1), (5:2). Then the operators D eX (s)(y)P (s)(y) : L2(
) ! L2(
; Cd ),s = 1; : : : ;M; are bounded for all y 2 R, andkD eX (s)(y)P (s)(y)k � 
16; y 2 R; s = 1; : : : ;M; 
16 = 
16(a;m; ek): (5:4)If ek runs through a bounded set of �m, then the 
onstant 
16 
an be 
hosen inde-pendent of ek.Proof. A

ording to (3.23), (5.1), (5.2), for the proof of (5.4), we have to 
he
kthe estimate�j2�n0j2 + �(s)n �1=2 jh(s)n (y)j�1=2 � 
16; y 2 R; n0 2Z2; n 2 �s; �(s)n > 2y2:(5:5)By (3.7), for �(s)n > 2y2, we haveReh(s)n (y) > ja1=2(2�n0 + k0)j2 + �(s)n =2:Hen
e,j2�n0+ k0jjh(s)n (y)j�1=2 < a�1=2 ; (�(s)n )1=2jh(s)n (y)j�1=2 < p2 for �(s)n > 2y2:Combining this with (3.12), we arrive at (5.5). �Let us �x n 2 �s, and 
onsider a sequen
er(s)(y;n) := ��h(s)fn0;ng(y)��1� ; n0 2Z2: (5:6)We need to estimate the norm of the sequen
e (5.6) in l2;1(Z2) for a �xed n 2 �s.



PERIODIC SCHR�ODINGER OPERATOR 23Proposition 5.2. Let d = 3. Let � and k0 be as in (2:13), (2:14), (2:16). Letr(s)(y;n) be the sequen
e de�ned by (3:7), (5:6). Then we haveXn2�s; �(s)n �2y2 kr(s)(y;n)k2;1;Z2 � 
17; y 2 R; s = 1; : : : ;M; 
17 = 
17(a;m; T; ek):(5:7)If ek runs through a bounded set of �m, then the 
onstant 
17 
an be 
hosen inde-pendent of ek.A
tually, the proof of Proposition 5.2 follows from [ShSu1, Lemma 5.2℄.Remark 5.3. For d � 4, the similar sum Pn2�s; �(s)n �2y2 kr(s)(y;n)kp;1;Zd�1grows together with jyj for any p <1.2. Now, we pro
eed to estimating the operators GjP (y). For this, we need thefollowing analogue of Proposition 3.1.Proposition 5.4. Let f be a fun
tion and g = fgn0g be a sequen
e su
h thatf 2 L�;1(
0); g 2 l�;1(Zd�1); � > 2:Let Tfg : l2(Zd�1) ! L2(
0) be the operator whi
h takes a sequen
e w = fwn0g,n0 2Zd�1, into the fun
tion(Tfgw)(x0) = f(x0) Xn02Zd�1 gn0wn0e2�ihn0;x0i:Then the operator Tfg is bounded, andkTfgk � 
18kfk�;1;
0kgk�;1;Zd�1; 
18 = 
18(d; �):If either f 2 L0�;1(
0), or g 2 l0�;1(Zd�1), then the operator Tfg is 
ompa
t.Proposition 5.4 follows from [BKaS, Proposition 4.2℄.Proposition 5.5. Let d = 3, and suppose that � 2 L2;1(
0). Let � and k0be as in (2:13), (2:14), (2:16). Let P (y) be the operator de�ned by (3:7), (3:23),(3:24), and let Gj, j = 1; 2; be the operators de�ned by (4:5). Then the operatorsGjP (y) : L2(
; CM )! L2(
0; C2M ) are bounded for all y 2 R, andkGjP (y)k � 
19k�k1=22;1;
0; y 2 R; j = 1; 2; 
19 = 
19(a;m; T; ek):If ek runs through a bounded set of �m, then the 
onstant 
19 
an be 
hosen inde-pendent of ek.Proof. The following estimate is a dire
t 
onsequen
e of Proposition 1.2 (inequality(1.12)) and relations (3.24), (3.25), (5.3), (5.4):kGj eX (y)P (y)k � 
20k�k1=22;1;
0 ; y 2 R; j = 1; 2; 
20 = 
20(a;m; ek):Therefore, for the proof of Proposition, it is suÆ
ient to 
he
k the estimatekGjX (y)P (y)k � 
21k�k1=22;1;
0; y 2 R; j = 1; 2; 
21 = 
21(a;m; T; ek): (5:8)



24 T. A. SUSLINAFor u 2 L2(
; CM ), we havekGjX (y)P (y)uk22;
0 = Z
0 j j(x0)(�0X (y)P (y)u)(x0)j2 dx0 �MXs=1 (As[us℄ + Bs[us℄) ;As[us℄ := Z
0 �(x0) ���(X (s)(y)P (s)(y)us)(x0; 0)���2 dx0;Bs[us℄ := Z
0 �(x0) ���(X (s)(y)P (s)(y)us)(x0; T )���2 dx0: (5:9)By (3.23), (5.1), (X (s)(y)P (s)(y)us)(x0; 0) =Xn2�s; �(s)n �2y2'(s)n (0) Xn02Z2 jh(s)n (y)j�1=2û(s)n e2�ihn0;x0i; s = 1; : : : ;M:Taking a

ount of (4.10), we obtain (As[us℄)1=2 �Xn2�s; �(s)n �2y20� 2T Z
0 �(x0) ����� Xn02Z2 jh(s)n (y)j�1=2û(s)n e2�ihn0 ;x0i�����2 dx01A1=2 : (5:10)Introdu
e the notationg(s)(y;n) := fjh(s)fn0;ngj�1=2g; n0 2Z2:By Proposition 5.4 (applied with � = 4), taking a

ount of (5.6), we have0�Z
0 �(x0) ����� Xn02Z2 jh(s)n (y)j�1=2û(s)n e2�ihn0;x0i�����2 dx01A1=2 �
18kj�j1=2k4;1;
0kg(s)(y;n)k4;1;Z2 Xn02Z2 jû(s)n j2!1=2 =
18k�k1=22;1;
0kr(s)(y;n)k1=22;1;Z2 Xn02Z2 jû(s)n j2!1=2 :Combining this with (5.10), we arrive at the estimate(As[us℄)1=2 � 
22k�k1=22;1;
0kusk2;
0� Xn2�s; �(s)n �2y2 kr(s)(y;n)k2;1;Z21A1=2 ;
22 = 
22(T ): (5:11)The term Bs[us℄ satis�es a similar estimate. Hen
e, by (5.7), (5.9), we obtain (5.8).�



PERIODIC SCHR�ODINGER OPERATOR 25Proposition 5.6. Let d = 3, and suppose that 
ondition (1:20) is valid. Let � andk0 be as in (2:13), (2:14), (2:16). Let P (y) be the operator de�ned by (3:7), (3:23),(3:24), and let Gj, j = 1; 2; be the operators de�ned by (4:5). Then the operatorsGjP (y) : L2(
; CM )! L2(
0; C2M ) are bounded for all y 2 R, andlimjyj!1 kGjP (y)k = 0: (5:12)If ek runs through a bounded set of �m, then the limit is uniform in ek.Proof. For a given " > 0, we 
hoose a (2M � 2M )-matrix-valued fun
tion �"(x0)su
h that �" 2 L1(
0); k� � �"k2;1;
0 � ": (5:13)For u 2 L2(
; CM ), we havekGjP (y)uk22;
0 � Z
0 �"(x0) j�0P (y)uj2 dx0 + Z
0 �(x0) � �"(x0) j�0P (y)uj2 dx0:(5:14)We apply Proposition 5.5 together with (5.13) for estimating the se
ond summandin the right-hand side of (5.14). The �rst summand is estimated with the help ofProposition 4.3. ThenkGjP (y)uk22;
0 � �
210k�"k1;
0(1 + jyj)�1=2 + 
219"� kuk22;
;u 2 L2(
; CM ); y 2 R; j = 1; 2:This implies (5.12). � x 6. Proof of Theorem 2.21. By (3.5), (3.6), (3.23), (3.24), we haveR(y) := �H0(y)��1 = P (y)T (y)P (y) = (P (y))2T (y); (6:1)where T (y) := T (1)(y) � � � � � T (M)(y);T (s)(y) := F�s t(s)(y)Fs; s = 1; : : : ;M; (6:2)t(s)(y) = fjh(s)n (y)j(h(s)n (y))�1g; n 2Zd�1� �s: (6:3)Obviously, T (y) is a unitary operator in L2(
; CM ).2. Proof of Theorem 2.2. For the proof of estimate (2.17), it is suÆ
ient to showthat for suÆ
iently large y0 and jyj � y0 the following is true. For any fun
tion 0 6=u 2 eH1(
; CM ; I;J ;L;�) there exists su
h fun
tion 0 6= v 2 eH1(
; CM ; I;J ;L;�)(depending also on y) thatjh(y; I;J ;L;�;V; �)[u;v℄j � C�10 (1 + jyj)kuk2;
 kvk2;
; jyj � y0: (6:4)Let 0 6= u 2 eH1(
; CM ; I;J ;L;�) and let (see (6.1))v := (R(y))�(P (y))�2u = P (y)(T (y))�P (y)�1u = (T (y))�u: (6:5)



26 T. A. SUSLINAFrom (6.2), (6.3), (6.5) it is 
lear thatv 2 eH1(
; CM ; I;J ;L;�); kvk2;
 = kuk2;
: (6:6)By (2.8){(2.11),h(y)[u;v℄ = h(y; I;J ;L;�;V; �)[u;v℄ = MXs=1 Z
 hba(D+ k)us; (D+ k)vsid dx+Z
 hV(x)u;viM dx+ Z
0 h�(x0)�0u;�0vi2M dx0;(6:7)where the quasimomentum k = (k0; 0) is 
hosen a

ording to (2.13){(2.16). By(4.1), (4.4), (4.5), (6.5), we obtainMXs=1 Z
 hba(D+ k)us; (D+ k)vsi dx = k(P (y))�1uk22;
; (6:8)������Z
 hV(x)u;vi dx������ � kW1P (y)k kW2P (y)k k(P (y))�1uk22;
; (6:9)������Z
0 h�(x0)�0u;�0vi dx0������ � kG1P (y)k kG2P (y)k k(P (y))�1uk22;
: (6:10)Relations (6.7){(6.10) yield the inequality jh(y)[u;v℄j �(1� kW1P (y)k kW2P (y)k � kG1P (y)k kG2P (y)k) k(P (y))�1uk22;
; y 2 R:(6:11)The bra
keted terms in the right-hand side of (6.11) are estimated with the help ofProposition 4.1, and also Proposition 4.2 (for d = 2), Proposition 4.5 (for d � 4)and Proposition 5.6 (for d = 3). Then, for suÆ
iently large y0 = y0(a; T;V; �;m; ek),we have jh(y)[u;v℄j � 12k(P (y))�1uk22;
; jyj � y0: (6:12)If ek runs through a bounded set of �m, then y0 
an be 
hosen independent of ek.By (3.25),k(P (y))�1uk22;
 � 
�10 (1 + jyj)kuk22;
; y 2 R; 
0 = 
0(a;m): (6:13)Relations (6.6), (6.12), (6.13) imply the estimatejh(y)[u;v℄j � (2
0)�1(1 + jyj)kuk22;
 = (2
0)�1(1 + jyj)kuk2;
kvk2;
; jyj � y0;whi
h yields (6.4) with C0 = 2
0. Theorem 2.2 is proved.
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