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ABSTRACT. A matrix Schrédinger operator —A + V(x) in a layer R~ x (0,7),
d > 2, is considered. The potential V is assumed to be periodic along the layer. On
the boundary we set appropriate boundary conditions. The Dirichlet and Neumann
boundary conditions, third type condition with periodic coefficients and quasiperiodic
conditions are allowed. It is shown that the spectrum of the corresponding operators
is free of eigenvalues. In the selfadjoint case the spectrum is absolutely continuous.

§ 0. INTRODUCTION

1. In the original paper [T] by L. Thomas it was shown that the spectrum of the
Schrédinger operator —A + V(x) in Ly(R?) is absolutely continuous if a poten-
tial V' is real-valued and periodic. Thomas suggested the method of the proof of
absolute continuity of the spectrum which was used nearly in all further investiga-
tions. The detailed exposition of the Thomas method can be found in the books
[RSi], [Ku], and also in the paper [BSu]. In [Ku], [KuL], the Thomas method has
been applied in non-selfadjoint case to prove the absence of eigenvalues. In partic-
ular, in [KuL], it was shown that the matrix Sherédinger operator —A + V(x) in
Ly (R4 CM) has no eigenvalues if an (M x M )-matrix-valued function V(x) is pe-
riodic. Absolute continuity of the spectrum of the periodic magnetic Shcrodinger
operator, the Shcrodinger operator with a variable periodic metric, the periodic
Dirac and Maxwell operators was studied by a number of authors. The detailed
survey on absolute continuity of the spectrum of periodic operators can be found
in [BSu], [Su].

We turn our attention to the results for the Shcrodinger operator with singular
potentials. In [BShSu], [ShSul], the periodic magnetic Sherodinger operator with
a singular potential of the form V(x) 4+ o(x)dx(x) was studied. Here V(x) is an
“ordinary” part of potential, ¥ is a periodic system of hypersurfaces, dx(x) is
the delta-function supported on ¥, and o(x) is a periodic function on X. The
two-dimensional case was studied in [BShSu], and the case d > 3 was studied in
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[ShSul]. Under wide conditions on the problem data, the absolute continuity of
the spectrum (in the selfadjoint case) was proved.

Most papers are devoted to periodic problems in the whole space R%. Absolute
continuity of the spectrum of the Schrodinger operator in periodic wavequides was
studied only in the two-dimensional case. Rather complete results for the mag-
netic Schrodinger operator with a variable metric in a two-dimensional periodic
waveguide were obtained in the papers [SoW], [ShaSo], [ShSu2]. The Dirichlet and
Neumann problems, as well as the third boundary value problem with a periodic
coefficient in the boundary condition were studied.

2. In the present paper, we study a matrix Schrodinger operator
H=—-A+V(x), (0.1)

in a layer I1 = R4 x (0,7) for d > 2. It is assumed that the (M x M)-matrix-
valued function V(x) = V(x’, ) is periodic in x’ € R4~! with respect to a lattice
I ¢ RY"Y An elementary cell of the lattice I' is denoted by €'; we put Q :=
¥ x (0,T). For d > 3 local conditions on V(x) (see condition (1.17) below) are
formulated in terms of the Lorentz classes Lg,oo(Q)§ for d = 2 we assume that
V € L,(Q), p> 1. (For the problem in R% the same local conditions on potential
have been posed in [BSu]). For d = 2,3, 4 conditions (1.16), (1.17) are optimal in
the Lorentz scale, while for d > 5 they are non-optimal.

We put appropriate boundary conditions. Namely, the components of a vector
u are subject to the Dirichlet or Neumann conditions, or to the third type condi-
tion Ju/Oxq + o(x')u = 0 with a periodic coefficient (x’) or to the quasiperiodic
conditions. It is assumed that o € Ly ('), ¢ > 1, for d = 2, and that ¢ € Lgyoo(Q’)
for d = 3 (see conditions (1.19), (1.20) below). These conditions are optimal in the
Lorentz scale. For d > 4 we impose the (non-optimal) condition ¢ € Lag_2(£Y).
Mention that conditions (1.16), (1.19) for d = 2 can be relaxed in the spirit of the
papers [Sh1,2], [ShSu2]. The precise definition of the operator is given in terms of
the corresponding quadratic form (see §1). The main result of the paper is Theorem
1.3 about the absence of eigenvalues of operator (0.1); in the selfadjoint case the
spectrum of operator (0.1) is absolutely continuous.

3. As usual, we lean upon the Thomas method. Periodic operator (0.1) is de-
composed into the direct integral. The operator H is associated with the operator
family # (k') acting in L3(2) and depending on the parameter k’ € R4~1 (the
quasimomentum). The Thomas approach is based on analytic extension of the op-
erator family H (k') to the complex values of k. Further considerations reduce to
estimating the resolvent of the operators (k') for large imaginary values of the
quasimomentum. In each particular case, such estimates are the most difficult part
of the proof. The estimates required in our case are given in Theorem 2.2.

For the proof of Theorem 2.2, we need to study the symbol of the ”free” operator
carefully. Part of technical results is borrowed from [BSu], [BShSu], [ShSul] in
readiness for use. In many aspects, the third boundary value problem in a layer is
similar to the problem in B¢ for the Schrédinger operator with a singular potential
of the form ¢dx. The latter problem was studied in [BShSu] in the case d = 2
and in [ShSul] in the case d > 3. However, for d > 3, the estimates from [ShSul]
are not sufficient for our goal. For the problem in a layer, the quasimomentum is
tangential to the boundary in all points. In this case considerations of [ShSul] are
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unapplicable. The key estimates necessary for the study of the problem in a layer
for d > 3 are obtained in Proposition 3.3.

4. The result of the paper can be applied to the study of the periodic Maxwell
operator in a layer with boundary conditions of ideal conductivity. The periodic
Maxwell operator in R3 was studied in [Mo], [Su]. In [Mo], it was shown that
the spectrum of the Maxwell operator is absolutely continuous when the dielectric
permeability £(x) and the magnetic permeability p(x) are scalar positive periodic
functions in R? (under some smoothness conditions on ¢ and ). Later, in the paper
[Su], the proof of [Mo] has been simplified significantly. Namely, it turned out that,
on the basis of some identities from [Mo], the question of absolute continuity of
the spectrum of the selfadjoint periodic Maxwell operator in IR? is reduced to the
question of absence of eigenvalues of certain matriz non-selfadjoint Schrodinger
operator. The same method allows us to reduce the problem of absolute continuity
of the spectrum of the periodic Maxwell operator in a layer (with conditions of ideal
conductivity) to the question of absence of eigenvalues for the matrix Schrodinger
operator with appropriate boundary conditions. This reduction will be published
elsewhere.

5. The main definitions and results are presented in §1. §2 contains the necessary
material concerning the Thomas approach, together with the formulation of the
basic Theorem 2.2 about estimates. In §3-5 we obtain estimates necessary for the
proof of Theorem 2.2. In §6, we establish Theorem 2.2.

Mention that the set of the problem and the corresponding results can be gen-
eralized and intensified in various directions. In particular, the class of admissible
boundary conditions can be extended significantly. However, such generalizations
would require serious technical complications.

6. The author is grateful to M. Sh. Birman for numerous discussions and constant
attention to work. The author thanks R. G. Shterenberg for a number of valuable
remarks.

§ 1. DEFINITION OF THE OPERATOR. THE MAIN RESULT

1. Notation. If $, & are two separable Hilbert spaces, and A is a continuous
linear operator from $ to &, then its operator norm is denoted by ||A||g—e. Often
we write simply ||A]| if this does not lead to confusion.

Let n € N. The symbols (-, -}y, |- |5 stand for the standard inner product and the
norm in C"; often we omit the index n. By 1,, we denote the unit (n x n)-matrix.
For a (n x n)-matrix a, its operator norm in C” is denoted by Ia I, and its modulus is
denoted by |a| := (a*a)'/?. Symbols C, ¢ (with or without indices) denote various

constants in estimates.
Let II = IIp, 7> 0, be a layer in R¢ defined by

=R x (0,7T), d>2. (1.1)
We fix an orthonormal basis eq, ..., eg in R? so that the vector ey is normal to the
boundary of the layer, i. e. [l = {x = (¥, z4) : X' = (21,...,24-1) E R4 24 €
(0,7)}. We use the notation V = grad = (01,...,84), D = =iV = (Dy,..., Dg).
The boundary of the layer is the union of two hypersurfaces: 9l = ¥y U ¥,

Y= {x=(x,0), ¥ eR} ¥ ={x=&T), ¥ e R
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Let vectors ay,...,aqs_1 € R?such that a, Leg, r=1,...,d— 1, be a basis of a
(d — 1)-dimensional lattice T'. The set

Q ::{x'E}Rd_l:x/:t1a1—|—~~~—|—td_1ad_1, O<t, <1, r=1,...,d—1}
is an elementary cell of the lattice T'; we put Q := Q' x (0,7). We use the notation
So:={x=(x,0), X' € Q}, S1:={x=(,T), x' €Q}.

Let G be a domain in R n € N. By L,(G;C"), 1 < p < oo, we denote the space
of all C"-valued functions in G integrable with the power p; Le (G;C") is a class of
all measurable bounded C*-valued functions. The norm in L,(G; C") is denoted by
|| - l|p,g- Sometimes we write simply L,(G) if this noes not lead to confusion. The
Sobolev classes of order [ are denoted by H'(G;C"); for n = 1 we abbreviate this
to Hl(g).

Wefix M e N. Let L €Z,0< L < M, and let Z = {iy,...,ir} be an ordered
system of indices:

If L = 0, then we put Z = . Similarly, 7 = {j1,...,ix}, £ = {l1,...,Iy} are
ordered systems of indices:

I<ji<ja<---<jg <M, 0<K<M,
1<h<lb< - <In<M, 0<N<M.
Assume that
LN(ZuJ)=0.
Let & = {&1,&,...,&n} be a system of numbers such that 0 < & < 27, s =
1,..., N. We introduce the notation
HY,CM .7, 7,L,8) = {u=(uy,...,uy) € H(I;CY)

Us|s, =0 for s €T, wuylg, =0 for s € J, uys, = e uslg, for s €L}
(1.2)
Here the traces ug|y,, us|y, are understood in the sense of the trace embedding
theorem; the equality u,|s, = €< u,|s, means that

us(x',0) = eru  (x',T), x' € R s e L. (1.3)

In the case T = J = {1,..., M}, £ = §§, we use the notation fofl(H;CM) for the
space (1.2). By H'(Q;C™) we denote the subspace formed by the functions in
H'(Q; CM) the T-periodic extension (in x') of which belongs to H{OC(H; CM). We
introduce the notation
ffl(Q;CM;I,j,ﬁ,E) ={u=(uy,...,uy) € f[l(Q;CM) :
Usls, =0 for s €L, wusls, =0 for s €T, usls, = ¢ usls, for s €L}
(1.4)

2. Weak L,-classes. Let G C R4 be a domain. We recall the definition of the
classes Ly oo (G) of the Lorentz scale. For a measurable function f we put

pr(t) = meas {x € G 1 [f(x)] > 1}, ¢>0.
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The class L, o (G), 0 < p < oo, consists of all functions f such that the quasinorm
[1£1lp,00,6 := sup t(py (£))"/? (1.5)
t>0

is finite. The class Ly o (G) is complete with respect to the quasinorm (1.5), and
it is non-separable. We distinguish the separable subspace Lgyw(g) of L, (G)
formed by the functions f € L, o (G) such that

pr(t) =o(t7F), t—0, t— oo. (1.6)

The class L,(G) (and, therefore, the class C§°(G)) is dense in Lg,oo (G). f measG <
o0, then as t — 0 condition (1.6) is fulfilled automatically.

The classes {, o (I'), 0 < p < 0, where I" is some countable set, are defined in
a similar way. Let g = {gq}, q € I; we put gg(t) = #{q €I : |gq| > t}, t > 0.
The class I, o (I") is formed by all the sequences g such that the quasinorm

18]lp, 00,17 = supt(gg(1))'/?
t>0
is finite. The separable subspace ISVOO(F’) consists of all g € [, o (I') that satisfy
0g(t) =0(t7P) as t — 0.
3. Here we present some auxiliary statements related to embedding theorems.
Proposition 1.1. 1°. Let ¥ be a function such that
VELQ), p>1, d=2; ¥ € Lyol(Q), d>3. (1.7)
Then the form [, [1]|u]? dx is continuous in H*(Q), and
[l ix <€) [(TuP 4 uPyix, e H(@),
P P (1.8)
C) =clldllon, d=2 CW)=cl¢llyzoma d>3.

If
b eL,(Q), p>1, d=2 ¢ e Ly, (Q), d>3, (1.9)

then the form [, [¢||u|? dx is compact in HY(Q) and, consequently,

[l ax < [19uPix+ e [luax, we @), 0<z<1 (110)
193 193 193

2°. Suppose that a function ¢(x) = ¢(x',24) in 11 is T-periodic in x'. Under the
assumption (1.7), we have

[l dx <€) [(vu? +1u)dx, e i),
I I
If condition (1.9) is fulfilled, then
/|1/)||u|2dx < 6/ |Vul? dx 4 C(e, ) / lul*dx, we HY(IT), 0<e<1.
I I I
The statement 1° follows from the embedding theorems (see, for example, [BS,

§9]). Writing down inequalities (1.8), (1.10) for the shifted cells 2 +1 and summing
over 1 € I', we obtain statement 2°.
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Proposition 1.2. 1°. If a function o satisfies condition
c€Ly(), ¢>1, d=2; € La—1,0(), d>3, (1.11)

then the form [, |o(x')||u(x’,b)|* dx’, with b € [0,T], is continuous in H*(Q), and

[ laGlute b ix < o) [(9al + ) dx, we (@),

(1.12)
Clo) = cllollge, d=2; C(o) =cllofla-1,00,00, d>3.
Under the condition
UEL‘](Q/)a Q> 1a d:2a UEL?l—l,oo(Q/)’ d23a (113)

the form [q, lo(x')||u(x’, b)|? dx’ is compact in H*(Q) and, consequently,

/|0’(x/)||u(x/,b)|2dx'g6/|Vu|2dx—|—0(6,0')/|u|2dx, ue H'(Q), 0<e<1.
vl Q Q

(1.14)
2°. Let o(x') be a D-periodic function in R4~ and let b € [0, T]. Under the condition
(1.11), we have

[ 1ot D ax < €o) [(Val+ ) ax, we i),

If condition (1.13) is fulfilled, then

/ |0'(x/)||u(x/,b)|2dx/g6/|Vu|2dx—|—0(6,0')/|u|2dx,
Rd—1 11 11
we HYIT), 0<e<1.

In 1° (correspondingly, in 2°) the traces of a function v € H'(Q) (correspond-
ingly, v € H'(II)) on the section x4 = b are understood in the sense of the trace
embedding theorem. For d > 3, statement 1° is contained, for example, in Propo-
sition 1.4 of the paper [ShSul]. For d = 2, statement 1° is a direct consequence
of the Holder inequality and standard embedding theorems. Statement 2° can be
proved by summing inequalities (1.12), (1.14) over the cells of the lattice.

4. We pass to the precise definition of the Schrodinger operator in a layer. The
operator 1s defined in the sense of the corresponding quadratic form. Here we deal
with sectorial forms and m-sectorial operators. These objects were systematically
studied in the book [K] by T. Kato.

Let V(x) be an (M x M)-matrix-valued function (generally speaking, with
complex-valued entries) in TI. Assume that V(x) is I'-periodic in x':

Vix+a,)=V(x), xell, r=1,...,d—1. (1.15)
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Also, we assume that

VEL®), p>1, d=2; (1.16)
VeL (), 2p=d, d=3,4; p=d—-2, d>5. (1.17)
We introduce the operator
0 : Ly(I;CM) = Ly(RH M) Dom© = HY(IL; CY),
(Ou)(x') := (u(x’,0),u(x’, 7)).

Let o(x') be a T-periodic (2M x 2M )-matrix-valued function (generally speaking,
with complex-valued entries) in R4~1:

o(x'+a,)=c(x), X R r=1,...,d-1. (1.18)
We assume that
o€ L), ¢>1, d=2, (1.19)
o€ Ly (), d=3, (1.20)
o€ Log_o(), d>4. (1.21)

Let a be a positive ((d — 1) x (d — 1))-matrix with real-valued entries, and let @ be
a block (d x d)-matrix of the form

a:(é‘ (1)) (1.22)

In the Hilbert space Lo(IT; CM ), we consider the following quadratic form

M
hlu,ul = r(Z,J,L,E;V,0)[u,u] := / (Z(ﬁ Dus, Dus)q + (V(x)u, u>M) dx+
I s=1

/ (0(x')Ou, Ou)sy dx’', u € Domh = HY(I;CM 7,7, L,2).
]Rd—l
(1.23)
By Propositions 1.1, 1.2, under conditions (1.15)—(1.21) the form (1.23) (see [K,
Theorem VI.3.9]) is closed and sectorial. This form gives rise to an m-sectorial
operator H = H(Z,J,L,=;V, o) in Ly(IT; CM). If matrices V and ¢ are Hermitian,
then the operator H is selfadjoint.

The operator H is interpreted as a (matrix) Schrodinger operator (—diva V)1 +
V(x) in a layer IT with appropriate boundary conditions. Namely, the component
of a vector u satisfies the Dirichlet condition on Xy for s € Z and on ¥; for s € J.
The other components satisfy natural (in variational sense) boundary conditions
which arise under variating the form (1.23). When variating the form, one should
take into account that u, satisfies condition (1.3) when s € £. For example, when
T = J = £ =0, the natural boundary conditions are of the form

col (—0quls,, dqu|g,) = o Ou. (1.24)
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When o = 0, condition (1.24) turns into the Neumann condition on JII. We
illustrate the other possibilities for the "scalar” case M = 1. I 7T = J = {1},
L =0, then Domh = fofl(l_[), and the corresponding operator H 1s associated with
the Dirichlet problem (then the integral over R4~! in (1.23) is automatically equal
tozero). fZ ={1}, J =0, £L =0, then u satisfies the Dirichlet condition u|g, = 0
on Xy and the (natural) third boundary condition (94u + o22(x")u)|s, = 0 on X;.
The case Z = 0, J = {1}, £ = {§ can be considered similarly. Finally, if Z = 7 = {,

L = {1}, then the condition uls;, = €*¢u|y, is accompanied by the natural condition
(Oar = (011(x") + o1 (x)e)u) |5, = € (dau + (012(x)e ™ + 022(x")) ) s,

If, besides, ¢ = 0, then the operator H corresponds to the problem with the
quasiperiodic boundary conditions.

One should take into account that the natural boundary conditions can be under-
stood in the sense of the trace embedding theorem only under additional restrictions
on o. In general case, these conditions are understood in the ”weak” sense.

We introduce the notation #° = H°(Z,J,L,Z) := H(Z,T,L,Z;0,0) for the
"free” operator which corresponds to V(x) = 0, o(x’) = 0. Obviously, this operator
1s selfadjoint.

5. The main result of the paper is the following theorem.

Theorem 1.3. Letd > 2, M € N; and let 11 be a layer in R? defined by (1.1).
Suppose that an (M x M)-matriz-valued function V(x) in I satisfies conditions
(1.15)~(1.17). Let o(x') be a (2M x 2M )-matriz-valued function in R4~ satisfying
conditions (1.18)—(1.21). Suppose that a constant positive (d x d)-matriz @ with real-
valued entries is of the form (1.22). Let HY(I;CM;Z, 7, L, =) be the space defined
by (1.2). Let H(Z,J,L,Z;V,0) be the m-sectorial operator in Ls(IL;CM ) corre-
sponding to the form (1.23). Then the spectrum of the operator H(Z, T, L, Z;V, o)
does not contain eigenvalues. If matrices V(x), o(x') are Hermitian for all values
of arguments, then the operator H(Z,TJ,L,Z;V, o) is selfadjoint, and its spectrum
1s absolutely continuous.

§2. DIRECT INTEGRAL DECOMPOSITION. THE THOMAS APPROACH

1. Direct integral. Let T be the (d — 1)-dimensional lattice dual to the lattice
I' By by,...,bg_1 we denote the basis of the lattice I' such that bya; = 27d;,
g, 0 =1,...,d— 1. The elementary cell of the lattice I is denoted by £2; we have

Q:{k/ERd_l: kK'=rbi+  +711bsg1; 0<r <1, r=1,....,d—1}.

The cell Q is dual to Q.

Consider the operator

Qg : Lo(Q;CMY = Lo(Q;C*M) Dom©g = HH(Q; CM),
(©ou)(x') := (u(x’,0),u(x’, 7)).

For every k' € R! (the parameter k' is called the quasimomentum) we put
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k = (k/,0) € R? and consider the following quadratic form in Ly (Q; CM):

M
h(K)[u,u]=h(K;Z,T,L,Z;V,0)[u,u] = Z/(ﬁ(D +k)us, (D + k)us)qgdx+

Q
/(V(X)u,u>M dx + /(U(x’)@ou,®0u>2M dx’,
Q Q
u € Domh(k') = f]l(Q;CM;I,j,E,E).

(2.1)
Here we use the notation (1.4). The domain of the form (2.1) does not depend on
k’. Propositions 1.1, 1.2 together with Theorem VI.3.9 from [K] show that, under
conditions (1.16), (1.17), (1.19)—(1.21), the form (2.1) is closed and sectorial in
L2(9;CM) (see estimates (2.12) below). The form (2.1) gives rise to an m-sectorial
operator H(k') = H(K';Z,T,L,Z;V,0) in L(Q;CM). Since the embedding of
f]l(Q; CM ) in Ly(Q; CM) is compact, the resolvent of the operator H (k') is compact.
The ”free” operator corresponding to V(x) = 0, o(x’) = 0 is denoted by H°(k') =
HOKT,T,L,8) =H(K;T,T,L,E;0,0).
The direct integral decomposition for periodic operators is constructed with the
help of the Gelfand transformation U. Consider the Hilbert space

K= /@LZ(Q;CM)dk’. (2.2)

First, we define the mapping ¢/ : Lo (IT; CM) — K on the functions f € C (IT; CM)
rapidly decreasing as |x’| — oo by the formula
(Ut) (K, x', x4) = (meas 5)_1/26_i<k1’x1> Z oK Df(x' + q, 24).
qer

Then U is extended by continuity to a unitary operator acting from Lo (IT; CM ) onto
K. Moreover, it turns out that if

fed'(;cM,1,7,L,2), (2:3)
then B B
U)X,y e HY (T2, 7,L,5), fora. e kK €Q, (2.4)

RE £ = [ h(K)[(UE) (K, ), U)K, )] dK'. (2.5)

Dl\

Conversely, if £ € Ly(II; CM) satisfies (2.4) and the integral (2.5) is finite, then
(2.3) is true. From (2.4), (2.5) it is clear that in the direct integral (2.2) the action
of the operator M reduces to multiplication by the operator-valued function # (k') :

UF)(K',) € DomH(K') fora e kK €Q, if feDom%, (2.6)
UHE) (K, ) = HK )UK, -), fora. e k' €. (2.7)
Relations (2.6), (2.7) can be written as
UHU™' = /@%(k’)dk’.

Q
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Remark 2.1. By a linear change of variables x' in R~ the lattice T can be
transformed wnto a cubic lattice. With that, the matriz a converts into another
matriz of the same type. Thus, wn the proofs we may assume, without loss of
generality, that

= Zd_l, Q/ — (0’ 1)d—1

so that Q = (0,2m)4-1.

We assume this in what follows.

2. Complexification. The Thomas method involves extension of the forms (2.1)
and the corresponding operators H(k') to the complex values k' € C?~! of the
quasimomentum. We rewrite the form (2.1) as follows:

M

h(k'Y[u,u] = aDug,Dug)gdx + wi(k')|u,u] + wa[u,u] + wsfu,u
()] Z!D Duadxt () fual + sl + sl
ueffl(Q;CM;I,j,E,E),
M J—
o (), ] ;:Z/ ((@ Dy, Koty ) + (ks Duy)a) dxt
= (2.9)
/(ﬁk,E>d|u|2dx, k= (k',0),
Q
wyu,u] := /(V(x)u,u>M dx, (2.10)
Q
wsu,u] := /(U(x’)@ou,®0u>2M dx’. (2.11)
&

The conditions imposed on V', ¢ and Propositions 1.1, 1.2 ensure the estimates

|wy (k') [u, u|<62/ aDug,Dug)gdx + Cle, K a)/|u|2dx

slﬂ

Q
[walu, u]| < e Z/ (¢Dus,Dus)gdx + Cle,a,V /|u|2dx
2 (2.12)

M
|ws[u, u]| < e Z/ (aDug, Dus) ddx+C’(6,a,0')/|u|2dx,
s=1 Q
we FH(Q;CM1,7,£,5), 0<e< 1.

Formula (2.9) allows us to extend w; (k') to arbitrary k' € C4~! analytically. At
the same time, (2.8) yields an analytic extension of h(k’). The first estimate in
(2.12) remains valid for all k' € C¢~!. This implies (see [K, Theorem V1.3.9]) that
the form h(k’) is closed and sectorial for all k’ € C?=!. Such a form gives rise
to an m-sectorial operator in Ly(Q; CM), still denoted by H(k'), k' € CI~L. The
resolvent of the operator H(k') is compact for all k' € C¢~1.
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3. We want to deal with the dependence of the family # (k') on a one-dimensional
parameter; for this, we single out a direction by fixing some vector m € Z4~1 and
putting

o= <a_1m,m>_1/2a_1m. (2.13)
Next, we fix some vector B B
keR¥“! k 1m, (2.14)
and put N
k=za+k, 2€C (2.15)

Relative to parameter z € C, the operators H(zex + E) form an analytic family of
type (B) with compact resolvent. Recall that a family of type (B) arises when we
define operators in terms of sectorial forms with common domain (see [K, §VIL.4]).
As applied to the operator families of type (B), the Thomas approach (in the
selfadjoint case) was described in detail in [BSu]. As applied to non-selfadjoint
operators, the Thomas method was presented in [Ku], [KuL]. The arguments of
[KuL, §2] are applicable to any analytic family with compact resolvent. The proof
of the absence of eigenvalues of the operator H reduces to the proof of the fact that
(K (1 + iy)e + E))_lﬂ — 0 as |y| — oo for an appropriate u and all k satisfying
(2.14). In the selfadjoint case, this implies absolute continuity of the spectrum of

H. We put

r=p+tiy, poi= ﬂ(a_lm,m>_1/2, kK’ .= ucx—l—E. (2.16)

In this case, we agree to write H(y) in place of H((pt+iy)a + E), and similarly for
the other operators and forms.

Thus, Theorem 1.3 1s a consequence of the following theorem, which is our main
technical result.

Theorem 2.2. Suppose that the conditions of Theorem 1.3 are satisfied. Let
m € 741 and let k satisfy (2.14). Suppose that e, 1 are defined by (2.13), (2.16).
Let H(y) = H((u—I—iy)cx—l—E) be the operator in Lo(2; CM) generated by the quadratic
form (2.8). Then there exist constants

Yo = yo(aaTa Va U,m,ﬂ), CO == CO(aam)
such that the operator H(y) is invertible for |y| > yo, and
1) < CoL+ 19~ 1yl > wo (2.17)

IfE runs through a bounded set of the plane Iy, = {k’ € R~ k' 1 m}, then yo
can be chosen independent of k.

§3. ESTIMATES OF THE FREE OPERATOR
1. Let Z, J, £ and = be fixed systems of numbers introduced in Subsection 1.1.
For each s € {1,..., M}, we put

Z, for s € L,
;=< N, forseZnJdg,

Z4, in other cases.
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Let {gogf)(xd)}, nel;, s=1,...,M, be asequence of functions on (0,7), defined
as follows:

T2 exp {iT= (27n — &)z aq), if s e L,
V2T~ sin (ﬂT‘lnxd), ifseZInJg,
30( )(l‘d) _ V2712 cos (ﬂT‘lnxd), ifs@ZuJguL, n>1,
" T-1/2, ifs@ZUuJuL, n=0,
V2T~ 2sin (2 (2T) "2 (2n + 1)zq), ifs€Z\J,
V2T 12 cos (7T(2T)_1(2n + l)xd) , ifse TJ\T.
(3.1)
We also introduce a sequence of numbers {Aﬁf)}, nely,s=1,...,M:
T=2(27n — &7, ifse L,
A = ¢ p2rm2n2 ifseZIng or sgZUJUL, (3.2)

72(2T)"2(2n + 1)%, ifs e (Z\J)U(T\T).

Let u = (uy,...,up) € La(Q;CM). We decompose us € Lo(€2) into the Fourier
series

us(x',zq) = Z ﬂ£5)62”i<nl’xl>g0£f)(xd), s=1,..., M. (3.3)
n={n’ n}eZe-1xI,

In accordance with (3.3), let
Fo: La(Q) = L(Z4 %Ly, Foug = {al)}, n € Z7 1Ty, s=1,..., M, (3.4)
be the discrete (unitary) Fourier transformation. Suppose that the quasimomen-
tum is chosen according to (2.13)-(2.16). Then the "free” operator H"(y) =
H°(y;Z,T, L, =) is represented in the form
H(y) =H () @ o HM(y), (3.5)
H (y) = Fa () F, s=1,..., M, (3.6)

where the symbols h(*)(y) = {hff)(y)}, n={n n}cZ¥ ' xT,,s=1,...,M, are
defined by the formulas

A (y) = (a(2rn’ +k°), 270’ + k%) + A — 2 + 2iy(a(27n’ + k), &),

. 3.7
n={n n} ezt xT, s=1,...,M. (3.7

Relations (2.13), (2.14), (2.16) imply the inequality
|(a(2mn’ +k°), )| > p, n' € 741, (3.8)

Hence,

Imh$) (y)] = 2[yl[{a(2mn’'+K°), )| > 2plyl, y €R, n e Z4'xT,, s=1,..., M.
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From (2.13), (3.8) it follows that
la'/?(27n’ + k%) > p, n' € 247 (3.10)
In the case 2|y| < y, by (3.7), (3.10), we have

Re hiy) (y) = a'*(2mn’ + K0P + A5 —o* > AP+ 4%/2,

3.11
Ayl <p, neZi¥txT,, s=1,...,M. (3.1

Relations (3.9), (3.11) yield the estimate

|h£f)(y)| >t +y), yeR, neZ¥ 1 xT,, s=1,...,M, ¢y =cola,m).
(3.12)
From (3.5), (3.6), (3.12) it is clear that the operator H°(y) is invertible for all
y € R, and

IH° W) T I < coll+ 1)~ yER, co=co(a,m).

2. We will rely on the following statement which is contained in [BKaS, Proposition

4.2].
Proposition 3.1. Let [ be a function and g a sequence such that
FELio(R), g€ly(ZtxTy), 0>2.
Let Fs, s =1,..., M, be the operators defined by (3.3), (3.4). Then the operators
fFig (Z7 P x Ty) = La(Q), s=1,..., M, (3.13)
are bounded, and
1FFll < call oo llglls o mimir,, 5= 1,00 M, e = ei(d,0,T).

If either f € LY (), org € 1§ _(Z41 x Ty), then the operators (3.13) are
compact.

We need the estimate of the symbol h(s)(y) in the Lorentz classes.

Proposition 3.2. Let d > 2 and 20 > d. Let o« and k¥ be as in (2.13), (2.14),
(2.16). Then the sequence

L) ={rF (), nezx L, s=1,..., M,
defined by (3.7) satisfies the estimate

||(h(8)(y))_1||9,00,Zd_1><FS < 62(1 + |y|)_Ta yelR, s=1,.... M,

(3.14)
T=1—-(d=2)07" for 6>2, 7=2-d0" for 6 <2.

The constant co = co(a,m, T, 0) does not depend on y and k.

Actually, the proof of Proposition 3.2 follows from [BSu, Theorem 3.1].

3. The following statement is crucial for us.
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Proposition 3.3. Let d > 3. Let o and k° be as in (2.13), (2.14), (2.16). Then
the sequence h(®)(y) defined by (3.7) satisfies the estimate

sup Z|h Y)| 7t <es(14y))~ V2 yeR, s=1,....,M, ez = ez(a,m, T).
n'ez4- lnEF
(3.15)

Proof.! We start with the case 2|y| < p. Relations (3.2), (3.11) imply the inequal-
ity

SOOI < S (A 4272) T <ea < eall+p) X1+ )

nels nel’
Ayl <p, n' €Z4Y s=1,.... M, ¢4 =cq(a,m,T),

which yields (3.15) for 2|y| < p.
Now, let 2|y| > p and |a1/2(2ﬂ'n’ + k%) |* > y*. Then, by (3.7), (3.9),
V21 ()] > [Re b (w)] + Tm G (9)] = ALY + 2ply],

3.16
20yl > p, |a1/2(2ﬂ'n/—|—k0)|22y2, s=1,..., M. ( )

From (3.2), (3.16) it follows that

his L<\2 2 es(1 -1/
Z| ™' < Z( +u|yl) < es(1+ Jyl) .

20yl > p, (2m’ + k)2 > yz, s=1,...,M, ¢e5=cs(a,m,T).

It remains to consider the case where 2|y| > p and |a*/?(27n’ + k)|? < ¢*. In
this case, we introduce the notation b(n’, y) := (y* — |a'/?(2rn’ + k0)|2)1/2,

(s) ' Loif /\ng) > bz(n’,y),
X (i, y) = TING) 201

Oa lfAn Sb (nay)a

%(S)(n’ n/a y) =1- X(S)(na n/a y)a

nels, 2yl > up, |a1/2(2ﬂ'n/ +K <y s=1,..., M.

Then we have

SRS W) = AL @ ) + A0, y),
ner, (3.18)

20yl > p, |a1/2(271'n/—|—k0)|2 <y, s=1,..., M,

where
= > X mn’ ) |hS (v) 7,
nel'y
ZX nn,y|h ()|_1.
nel'y

I The proof was obtained jointly with F. V. Petrov.
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For definiteness, assume that s € TN J (see (3.2)). The other cases can be
treated similarly.

For Aﬁf) = 72T~2n? > b?(n’,y), by (3.7), (3.9), we have \/§|h£f)(y)| > Aﬁf) —
b3 (', y) + 2u|y|. Since n € N, then n > [b(n’,y)T7~1]+ 1, and
/\gls) _ bZ(n/’ y) — 7T2T_2(n2 _ bZ(n/’ y)T27T_2) > 7T2T_27°2,
ro=n—[bn, YTt '] -1€Z,.

Hence, \/§|h£f)(y)| > 72T~ 2p2 + 2uly|. Thus,

A, y) < V2 ST (T 4 2ulyl) ™! < es (14 Jyl) T,
TEZ+ (319)
20yl > p, |a'?(2m + KO)° <y, e =cs(a,m, 7).

For A\ = 72722 < b?(n’,y) we have n < [b(n’,y)T'r1], and, by (3.7), (3.9),
V2R (9)] > b7 (0, y) — 77T~?n? + 2ply|. Then

~ s _ —1

AP @' y) < V2 > (b*(0',y) — 7T~ + 2uly)) ",
1<n<[b(n’ y)Tr~1] (320)

20yl >, |a'?(2mm + k) <y

The sum (3.20) is estimated via the corresponding integral:

[b(n',y)Tﬂ'_l]
A (!, y) < V2(2uly)) ™t + V2 / (b2, y) — 72T~ 22 4 2uly|) " dt <
0

b(n',y)
VEulal)™ + VI [0 = 7 2lal) ™ dr = VE2ulal) T+
0
bn',y) + (b (n',y) + 2puly) 2
b(w',y) — (b*(n’, y) + 2puly]) /2|

2_1/2Tﬂ'_1(b2(n/, y) + 2/¢|y|)_1/21n

Using the elementary identity

(L+p)H+1
T+ 771

In

‘ <5(14p7 12 p>0,

we obtain the estimate

AP’ y) < V20uly) ™!+ 5T(2m) ™ (uly)) T < eo(1 4+ [y, (3.21)
2yl > p, |a?@2mn’ + KO < y®, c6 = co(a,m,T). '

Now, relations (3.18), (3.19), (3.21) imply that

DS WIT< (eses) T+ ly) ™2, 20y > py a2 + K0P <7 (3.22)
neN

Finally, (3.17), (3.22) yield inequality (3.15) for 2|y| > p. e
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Remark 3.4.

1) It is easily seen that the estimate (3.15) is of sharp order, i. e.,
we have the following estimate from below:

D W e ),
nle -1
yeR, s=1,...

M, d>3, ¢z =c7(a,m,T) > 0.
2) In the case d = 2 the analogue of (3.15) is the estimate

sup > A ()| 7H < e(1+ [y]) M n (24 |y,
nlEZn2EFs

yeR, s=1,.... M, d=2, ¢=c(a,m,T).
However, we will not use the latter estimate.

4. Let PC)(y), s

1,..., M, be the operator in Ly(2) defined by the formula
P(S)(y) = f:p(s)(y)fs, s=1,..., M,

Py = ()2, ez, 3:23)
We put
Ply) =PIy & & PM(y). (3.24)
Then, by (3.12), the operator P(y) is bounded in L3(Q2;CM), and
1P < (L4 )77,y e B (3.25)
Besides, by (3.14), (3.23), we have

[P @)y o zxr, < A+ )72 T =1 for p22,
T=2-2p ' for 1<p<2 s=1,....M, d=2, cy=co(a,m,T,p),
DO (W)l co,za-1xr, < e3'%, = max{2(d - 2),d},

(3.27)
s=1,...,M, d>2, ca=cola,m,T,x/2).
We put

¢y = cu(a,m, k) := max{r~! Ja=! |1/2’ (2m) K .

In accordance with (3.3), we define the projectors Z(*)(y), 2(5)(3/), s =1,
in Ly(82) by the formulas

M,
(Z(s)(y)us)(x', xd) — Z ﬂf)e%i(‘“l’x')@ﬁls)(m), (328)
neZd=1xTs, [n/|<c. (1+]y])
ZO) =1-20)(y), s=1,..., M. (3.29)
Let Z(y), g(y) be the projectors in Ly(Q2; CM) defined by

Z(y) = {(1)(y)@~~@%(M)(y), (3.30)
Zy)=1-Z@y) =20y a azW(y).
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Proposition 3.5. Let d > 2. Let o« and K° be as in (2.13), (2.14), (2.16). Let
PE)(y) be the operators defined by (3.7), (3.23), and let Z(5)(y) be the operators

defined by (3.28), (3.29). Then the operators DZ) (y) P (y) : Lo(Q) — Lo(Q;C4),
s=1,..., M, are bounded for all y € R, and

IDZO (WP ()|[<ecs, yeR, s=1,...,M, cg=cs(e,mk).  (3.31)

IfE runs through a bounded set of Ily,, then the constant cg can be chosen inde-
pendent of k.

Proof. According to (3.23), (3.28), (3.29), for the proof of (3.31), we have to check

the estimate
1/2
(e 20) 7 @I < e, v B, WIS el + o). nel. (332)
For [n’| > c.(1 4+ |y|) we have |a'/?(2mn’ + k")|? > 2y>. Therefore, (see (3.7))
1
mwmw>?fﬁww+wW+wﬂ

Hence,
2mm’ + K ||A 5 ()71 < V2]a 7,
R ()77 < 1 for '] > e (14 [o]).

Combining this with (3.12), we arrive at (3.32). o
§4. ESTIMATES OF PERTURBATION
1. The matrix V(x) admits the following decomposition:

V(X) = Wl(X)U(X)Wz(X), x € (2,

4.1
Wi(x) = V)2, Walx) = V), U] = 1. oy

Proposition 4.1. Let d > 2. Suppose that conditions (1.16), (1.17) are valid.
Let Wj(x), j = 1,2, be defined by (4.1). Let & and k° be as in (2.13), (2.14),
(2.16). Let P(y) be the operator defined by (3.7), (3.23), (3.24). Then the operators
W;P(y) : La(Q;CM) — Lo(Q;CM), j = 1,2, are bounded for all y € R, and

lim [W;P()]| =0, j=1.2. (4.2)
ly|—=oo

The limit is uniform with respect to the parameter k.

Proof. We start with the case d = 2. By (1.16), (4.1), W; € L2p(Q), p > 1.
Applying Proposition 3.1 (with § = 2p > 2) together with (3.26), we obtain

W P < eres” 0+ 1)~ Willapa, §=1,2,
=1 for p> 2, r=2-—2p7t for 1<p<2, d=2.

This yields (4.2) for d = 2.
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Now, let d > 3. By (1.17), (4.1), W; € LS:,OO(Q)’ » = max{2(d — 2),d}. For a

given € > 0, we choose an (M x M )-matrix-valued function Wy(x) such that
Wi € Leo(), |Wj = Wil <&, j=1,2, 3=max{2(d—2),d}.
We have . .
W;P(y)=W;P(y)+ (W; = W;)P(y), j=1,2. (4.3)

For estimating the second summand in the right-hand side of (4.3), we apply Propo-
sition 3.1 (with 6 = 3¢ > 2) together with (3.27). The first summand is estimated
with the help of (3.25). Thus,

W PN < e [WjllooaL+ 1) ™2 4 eres/e, j=1,2, d>3,

which implies (4.2) for d > 3. o

2. The matrix o(x’) can be decomposed as follows:

o(x') = 1 (x ) (x)a(x'),

4.4
1 (%) = |o(xX) M2 (X)) = lo(x)]Y?, )| =1, ¥ e (4.4)

We introduce the operators G : La(€2; CM) — Lo(Q; C*M) defined by the relations
Gju:=1;00u, DomG; :f]l(Q;CM), j=1,2. (4.5)

By Proposition 1.2, under conditions (1.19)—(1.21), we have Gju € Lo(Q'; C?M) for
any u € HY(Q;CM).

Repeating the arguments of [BShSu, §4], it is easy to obtain the following state-
ment.

Proposition 4.2.  Let d = 2. Suppose that condition (1.19) is satisfied. Let o
and k° be as in (2.13), (2.14), (2.16). Let P(y) be the operator defined by (3.7),
(3.23), (3.24), and let G, j = 1,2, be the operators defined by (4.5). Then the
operators G P(y) : La(Q; CM) — Lo(Q; C*M) are bounded for ally € R, and

IGiPW)I| < eollolly L+ )™, yeR, j=1,2,

(4.6)
49 =1—q¢' for 1<q¢<3; 69=1 for ¢>3; co=co(a,m,T,q,k).

IfE runs through a bounded set of Ily,, then the constant cg can be chosen inde-
pendent of k.

3. Now we proceed to the case d > 3.
Proposition 4.3. Let d > 3, and assume that
0 € Loo(). (4.7

Let o and k° be as in (2.13), (2.14), (2.16). Let P(y) be the operator defined by
(3.7), (3.23), (3.24), and let G, j = 1,2, be the operators defined by (4.5). Then
the operators G P(y) : La(Q;CM) — Lo(Q; C*M) are bounded for all y € R, and

||GjP(y)||gc10||a||1/?ﬂ,(1+|y|)—1/4, yER, j=1,2, ci0=cio(a,m,T). (4.8)

oQ
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Proof. We have

G P(w)ull? g = / s ()00 Pyl dx’ <

o] oo (ﬁ/| (x',0)]* dx’ —|—/| (X, T)Pdx' |, ue Ly(Q;CM).

(4.9)
Let us consider the first integral in the bracket in the right-hand side of (4.9). The
second integral can be treated similarly. By (3.3), (3.23), (3.24), we have

(P(y)yu)s(x',0) = (P (y)u,)(x', 0) =
Z |h£15)(y)|—1/2a£18)6277i<n’7x’>80(8)(0)’ s=1,..., M.

neZa-1xT,
Taking account of (3.1), we obtain
e (0) < V2T~ Y2 nely, s=1,...,M. (4.10)

By the Parceval identity, we have

2

/| & 0Fdd = S| A0 0)] <
n’EZd_l TLEF
271 sup (Zm )mnm
n’'ezd-1 nel

By Proposition 3.3,

/| x0|2dx—2/| )s (x',0)2dx’ <

s= lﬂ,
20 es(1+ |y ™ |jul[3 0, w € La(;CM).

The term [, [(P(y)u)(x’, T)|* dx’ satisfies a similar estimate. Combining this with
(4.9), we obtain (4.8). e

4. Now, our purpose is to pass from condition (4.7) to the more free condition
o e de_z(Q/).

Proposition 4.4. Let d > 3, and suppose that
o e de_z(Q/). (411)

Let o and k° be as in (2.13), (2.14), (2.16). Let P(y) be the operator defined by
(3.7), (3.23), (3.24), and let G, j = 1,2, be the operators defined by (4.5). Then
the operators G P(y) : La(Q;CM) — Lo(Q; C*M) are bounded for all y € R, and

IGI PN < enllollsh g, vER, j=1,2, cii=ci(a,mTk). (4.12)
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IfE runs through a bounded set of Iy, , then c11 can be chosen independent of k.

Proof. By Proposition 1.2 (inequality (1.12)) and relations (3.24), (3.25), (3.30),
(3.31),

G 2@ PWI < crollolle o < crollolshlogn co = crnfam ), j=1.2.
Therefore, for the proof of inequality (4.12), it is sufficient to obtain the estimate
16,2 PO < eisllolleilon v ER, §=1.2 cn = erla,m, TK). (4.13)
Let u € Ly(Q; CM). Then

(Us[us] + Bs[us)),

NE

1

w
Il

1G2 ()P (y)ulf3 o :/ij(X’)(GoZ(y)P(y)U)(X’)|2dX’S

(4.14)
where
Al i= [ It eI, () o= (200 PO ) ' 0),
o (4.15)
Biludi= [ 1ot ()P ¥, i) i= (200 P ) (7).
For definiteness, consider the term 2,[u,]. By (3.23), (3.28), we have
US(X/) — Z {)( s) 27Tz(n x )’
nIEZd_l |n’|<c*(1+|y|) (416)

=Y S W) alel) (0).

nel'y

Under the assumption o € L,(€), p > 1, applying the Holder inequality and the
Young inequality and taking account of (4.15), (4.16), we obtain

2/r

U] < Nlollocvllvs]Br o < ellollpar S B OB V)
n/€Z4-1 n'|<ec. (14]y])

where p=t + (p/)71 =1, r=1 + (2p)~! = 1. Next, by (4.10), (4.16),

1/2 1/2
I@S)ISﬁT‘”Z(ZIhff)(y)l‘l) (ZWW) .

nels nels

Hence, by the Holder inequality,

3 005 ]" <

n'€Z4=1, In'[<eu (14]y])

27‘/2T—7‘/2 Z |a£ls)|2 >
neZA= %Iy, [n'|<eu (1+]y])

rt/2
5 (z |hsf><y>|—1) |
(1+1yl)

n'e€zd-1 |n’|<c. nel',

(4.18)
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where =1 4+ 7/2 = 1. Obviously, t = p+ 1, rt/2 = p. From (4.17), (4.18) it follows
that

1/p
P
2 10] < 2T el 2 3 (z |hs><y>|—1)
n'€Z4-1 |n/|<c.(14]y]) \nels
(4.19)
By (3.15),
P
5 (mey)rl) <
n'€Z471 |n'|<e. (1+]y]) \n€l’s (420)

1+ [y~ # ' € 271 0’| < ea(1+ [y])}
<cra(L+ ) 2, e = cra(a,m, Tk, p).
When p = 2d — 2, relations (4.19), (4.20) imply that

Uy [u] < crsllollzazz,lltslb g, e € La(R), e15 = c1s(a,m, T,k), s=1,..., M.

The term B [u,] satisfies a similar estimate. Combining this with (4.14), we arrive

at (4.13). e
Proposition 4.5. Suppose that conditions of Proposition 4.4 are satisfied. Then

lim ||G;P(y)l| =0, j=12 (4.21)
ly|—o0

IfE runs through a bounded set of Iy, , then the limit 15 uniform with respect to the
parameter k.

Proof. For a given £ > 0, we choose a (2M x 2M)-matrix-valued function &(x’)
such that
I S Loo (Q/), ||0' — f&”zd_zyﬂl S E. (422)

For u € L3(Q2;CM), we have
165 Pl o < [1F) NPl ax + [1o(x) = 76) | 0P )ul’ dx'
o o

(4.23)
The second summand in the right-hand side of (4.23) can be estimated by Propo-
sition 4.4 together with (4.22). The first summand is estimated with the help of
Proposition 4.3. As a result, we obtain

1G5 Pl o < (Follloo.r(1+ 15D + e [lull o,
ue Ly(Q;CM), j=1,2.

This implies (4.21). o
Remark 4.6. 1) On the basis of Remark 3.4(2), we can prove the analogs of Propo-
sitions 4.3-4.5 in the two-dimensional case. This yields another (relative to Propo-
sition 4.2 which follows from considerations of [BShSu] } way of the proof of relations
(4.21) in the case where d =2 and o € Ly(R'), ¢ > 1.
2) We have proved estimate (4.20) on the basis of (3.15). There is a certain reserve
for relazation of condition (1.21) on o for d > 4. For this, one should directly

examine the expression in the left-hand side of (4.20) and improve the estimate
(4.20). However, such refinement would require further technical complications.
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§5 ESTIMATES IN THE THREE-DIMENSIONAL CASE

1. Estimates of the free operator. In the case d = 3 we are able to replace con-
dition (4.11) by the wider condition (1.20). For this, we need to analyse the symbol
of the free operator carefully. In accordance with (3.3), we introduce projectors

X(s)(y)a j(s)(y), s=1,..., M, in L3(£2) defined as follows:

(X (y)us) (x', 25) = > ald) 2 o8 () (5.1)
nez2xl,, A <2y?

X)) =T1-x8(y), s=1,... M. (5.2)
Let X (y), .?F(y) be projectors in Ly(Q; CM ) defined by the formulas

X(y) =XV oo xM(y),

. N N 5.3
Xy)=T1-X(y) =Xy & - arM(y). 03

Proposition 5.1. Let d = 3. Let o« and kK° be as in (2.13), (2.14), (2.16). Let
PG)(y) be the operators defined by (3.7), (3.23), and let .?F(s)(y) be the operators
defined by (5.1), (5.2). Then the operators D)F(s)(y)P(s)(y) D La(Q) = Lo(Q;CY),
s=1,..., M, are bounded for all y € R, and

IDXE ()P ()| <crs, yER, s=1,...,M, c16=-cig(a,mk). (5.4)

IfE runs through a bounded set of Ily,, then the constant c1s can be chosen inde-
pendent of k.

Proof. According to (3.23), (5.1), (5.2), for the proof of (5.4), we have to check

the estimate

1/2
(l2mm|2 +20) RS ()72 < 1, yER, M €7 nel,, A > 27
(5.5)
By (3.7), for A > 2y%, we have

Re h{)(y) > |a*/?(2mn’ + KO 2 + A /2.
Hence,
2m’ + XA ()2 <[a™2] AS) PR (9) [T < V2 for AT > 247

Combining this with (3.12), we arrive at (5.5). e

Let us fix n € I'y, and consider a sequence
-1
v (y;n) = {(hf{n),yn}(y)) } , n' €72 (5.6)

We need to estimate the norm of the sequence (5.6) in I3 o (Z?) for a fixed n € I';.
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Proposition 5.2. Let d = 3. Let o« and kK° be as in (2.13), (2.14), (2.16). Let
v()(y;n) be the sequence defined by (3.7), (5.6). Then we have

Z ||I‘(s)(y; n)|2eozz<cir, yeER, s=1,..., M, ci7=ci7(a,m,T, ﬂ)
n€l, A <2y?

(5.7)

IfE runs through a bounded set of Ily,, then the constant c17 can be chosen inde-
pendent of k.

Actually, the proof of Proposition 5.2 follows from [ShSul, Lemma 5.2].

Remark 5.3. For d > 4, the similar sum )

nel,, A <2y? 112 (55 1), 00 z41
grows together with |y| for any p < co.

2. Now, we proceed to estimating the operators G;P(y). For this, we need the
following analogue of Proposition 3.1.

Proposition 5.4. Letl f be a function and g = {gn'} be a sequence such that
FE€Leoo(Q), g€loo(ZY), 6> 2.

Let Tpg : In(Z47Y) — Lo(Q) be the operator which takes a sequence w = {wn'},
n' € Z% ', into the function

(ngW)(X/) = f(X/) Z gnlwnleZWi(nI,x’>.

n’EZd_l
Then the operator I'tg 15 bounded, and
I Trgll < casllfllo,co.rllglle,co,za-1,  c15 = c18(d, 0).
If either [ € LSVOO(Q’), org € lgyoo(Zd_l), then the operator Trg ts compact.

Proposition 5.4 follows from [BKaS, Proposition 4.2].

Proposition 5.5. Let d = 3, and suppose that 0 € Ly~ (). Let & and k°
be as in (2.13), (2.14), (2.16). Let P(y) be the operator defined by (3.7), (3.23),
(3.24), and let G;, j = 1,2, be the operators defined by (4.5). Then the operators
GiP(y) : Lo(Q;CMY — Ly(Q; C*M) are bounded for all y € R, and

IGiPW)I| < ewallolly2 o wER, j=1,2, cio = cro(a,m, T,k).

IfE runs through a bounded set of Ily,, then the constant c19 can be chosen inde-
pendent of k.

Proof. The following estimate is a direct consequence of Proposition 1.2 (inequality

(1.12)) and relations (3.24), (3.25), (5.3), (5.4):
||ij(y)P(y)|| < 620”0-”;/020,0” yelR, j=12, ¢= 620(a’m’§)'
Therefore, for the proof of Proposition, it 1s sufficient to check the estimate

G X ()P < enllollys o v ER, =12, cnn=eanfa,mTk). (58)
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For u € L3(Q2;CM), we have

1G5 () P (y)ull3 o :/|1/)j(X’)(9037(3/)1’3(3/)11)(X’)|2 dx' <

Aiwkz/k@NMXM@ﬂ“Nwwﬂfﬂﬂd#,

Blud = [P @) 1 i

By (3.23), (5.1),
(X () PO (y)u,) (x',0) =

Z Z |h | /2y 5)627”'(117"/)’ s=1,..., M.

ners,xﬁf)szy n'eL®

Taking account of (4.10), we obtain

(e

nels, A% <2y?

Z |h | 1/2 ) 2mi{n’ x')

n'cz2

Introduce the notation
g(s)(y’ n) = {|hg;)/ n}|—1/2}’ 1,l/ c ZZ.

By Proposition 5.4 (applied with § = 4), taking account of (5.6), we have

y 1/2
(ﬁ/la SO 1A ()7 2ri(n’ x') dx’) <

n’'ez?
1/2
ﬁ%ﬂmhmwMMWWhmw(Z:Mﬂﬁ -

n'€7%2?

1/2
1/2 1/2 ~
cisllolly’Z ol (yin z@w(zjw ) .

n’'ez?

Combining this with (5.10), we arrive at the estimate

1/2
1/2 s
<&MWMSmwmgmmmn( )» nﬂwmmmw) )

n€ly, AL <2y2
Co9 = CZZ(T).
The term B;[u;] satisfies a similar estimate. Hence, by (5.7), (5.9), we obtain (5.8).
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Proposition 5.6. Let d = 3, and suppose that condition (1.20) is valid. Let & and
Kk be as in (2.13), (2.14), (2.16). Let P(y) be the operator defined by (3.7), (3.23),
(3.24), and let G;, j = 1,2, be the operators defined by (4.5). Then the operators
GiP(y) : Lo(Q;CMY — Ly(Q; C*M) are bounded for all y € R, and

lim ||G;P ()] = 0. (5.12)

ly|—=oo

IfE runs through a bounded set of Iy, , then the limit is uniform n k.

Proof. For a given € > 0, we choose a (2M x 2M )-matrix-valued function o.(x’)
such that
0: € Lo (), o — 0c|l2,00,000 <. (5.13)

For u € L3(Q2;CM), we have

165wl o< [l OuPuf ax + [lotx) = (<) |00 Pl ax'
Q Q
(5.14)
We apply Proposition 5.5 together with (5.13) for estimating the second summand
in the right-hand side of (5.14). The first summand is estimated with the help of
Proposition 4.3. Then

16 Pl ar < (cHolloelloo,r (1 + 1y ™2 + choe) a3
uc Ly(C") yeR, j=1,2.

This implies (5.12). o

§6. PROOF OF THEOREM 2.2

1. By (3.5), (3.6), (3.23), (3.24), we have

R(y) = (H°(y)) = PW)T()Py) = (P)°T(y), (6.1)
where
T(y) = T(l)(y) @D T(M)(y),
TE () = Fre () F,, s=1,..., M,
) (y) = R WA ()71}, neZ < T, (6.3)

Obviously, 7 (y) is a unitary operator in Ly(Q; CM).

2. Proof of Theorem 2.2. For the proof of estimate (2.17), it is sufficient to show
that for sufficiently large yo and |y| > yo the following is true. For any function 0 #
uec HY(Q;CM,7,7, L, Z) there exists such function 0 # v € HY(Q;CM; 7,7, L, =)
(depending also on y) that

(6.2)

|h(y;I,j,£,E;V,0')[u,v]| > 00—1(1 + |y|)||u||279||vl|2,ﬂa |y| > Yo- (64)
Let 0 #u € ffl(Q;CM;I,j,ﬁ,E) and let (see (6.1))

v = (R()) (P(y)) *u=Pu)(T () Ply) " 'u=(T(y) u (6.5)
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From (6.2), (6.3), (6.5) it is clear that
ve H' (Q;CM 7, 7,L,8), |[v]2a=|ullzq. (6.6)

By (2.8)-(2.11),

M
hy)u,vl=h(y;Z,T,L,5;V,0)[u,v] :Z/ (D + k)ug, (D 4 k)v, ) g dx+
s:lﬂ

/(V(X)u, Vi dx + /<0’(X/)®0u, Oov)apr dx’,
Q Q
(6.7)
where the quasimomentum k = (k’,0) is chosen according to (2.13)-(2.16). By
(4.1), (4.4), (4.5), (6.5), we obtain

Z/ (D4 Kju, (D + B dx = [(P) " ul (6:)
[y dx] < VPP e (69)
[t euv) ix| < I PGIIGPOIIPE)  alEa (610

0

Relations (6.7)—(6.10) yield the inequality

i(y)[w, v]| >
(L= IMPWIHV2PWI = IGIPWING2PW)ID (P () alls g, v € H(%G )

The bracketed terms in the right-hand side of (6.11) are estimated with the help of
Proposition 4.1, and also Proposition 4.2 (for d = 2), Proposition 4.5 (for d > 4)

and Proposition 5.6 (for d = 3). Then, for sufficiently large yo = yo(a, T, V, o, m, k),
we have

[h(y)[w, v]| > %II(P(y))”UII%,n, lyl > wo. (6.12)

If k runs through a bounded set of Il,,, then yy can be chosen independent of k.
By (3.25),

I(P()  alsq > g L+ yhl[ullf g, y€R, ¢ =co(a,m). (6.13)
Relations (6.6), (6.12), (6.13) imply the estimate
|7 (y)[w, ]| > (2c0) " (L + [yl o = (2¢0) " (1 + [yDllall20llvI20, [yl > o,

which yields (6.4) with Cy = 2¢¢. Theorem 2.2 is proved.
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