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tionIn this arti
le we will study the magneti
 response properties of a non-intera
ting ele
tron gas in a strong, 
onstant, magneti
 �eld. The (lo
al)magneti
 moment ~m of the gas is de�ned as the variational derivative of theenergy with respe
t to the magneti
 �eld, i.e. it is the �rst order 
orre
tionto the energy when the magneti
 �eld is slightly perturbed.In the Pauli Hamiltonian des
ribing the ele
tron gas, it is not the magneti
�eld ~B itself that appears but the magneti
 ve
tor potential ~A; 
url ~A = ~B.Therefore, it is more 
onvenient to 
al
ulate the 
urrent ~j = ÆE=Æ ~A insteadof ~m = ÆE=Æ ~B. From the results on the 
urrent, 
orresponding results onthe magnetisation 
an be derived using that 
url ~m = ~j.The 
urrent in strong magneti
 �elds has already been studied in a num-ber of papers: In [Fou00℄ the semi
lassi
al limit of the 
urrent was 
al
ulatedwhen the magneti
 �eld strength � and the semi
lassi
al parameter h satis-�ed the 
ondition that �h remains bounded above as h tends to zero. Fur-thermore, in [Fou99℄ the mi
rolo
al ma
hinery of Ivrii [Ivr98℄ and Sobolev[Sob94℄ was applied to the problem and asymptoti
 formulae with good errorestimates were obtained under 
onditions of smoothness of the ele
trostati
potential V . When the mi
rolo
al te
hniques are applied, the 
ondition that�h is bounded 
an be repla
ed by the mu
h weaker assumption that �h� isbounded for some arbitrary 
onstant �.Though the mi
rolo
al te
hniques permit a mu
h better 
ontrol of the er-ror terms and were (in the same paper) applied to potentials with a Coulomb2



singularity, some points are still unsatisfa
tory: The �rst is that the assump-tion that �h� be bounded should be super
uous; the se
ond is related tothe 
onne
tion between semi
lassi
s and large atoms. Semi
lassi
al prob-lems of an ele
tron gas in a strong magneti
 �eld appear in the study oflarge atoms in strong magneti
 �elds. Here, the drawba
k of the mi
rolo
alapproa
h is that the relevant ele
trostati
 potential - the magneti
 Thomas-Fermi potential VMTF - 
oming from the redu
tion of the atomi
 problem toa one-parti
le problem, does not satisfy the smoothness properties requiredfor the mi
rolo
al te
hniques to work.It is the obje
tive of the present work to 
al
ulate the 
urrent at large �hwithout any re
ourse to mi
rolo
al analysis. In doing so, we will solve thetwo problems mentioned above.1.1 Statement of the resultsThe (Pauli) Hamiltonian that we will work with is the following:H = H(h; �; ~A; V ) = (�ihr+ � ~A)2 � �h + V (x):where ~A = (�x2=2; x1=2; 0) (and therefore ~B = 
url ~A = (0; 0; 1)). We willalways work under 
onditions that assure that H is a self-adjoint operator onthe Hilbert spa
e L2(R3). Noti
e that we have 
hosen for simpli
ity of nota-tion to restri
t the usual spin-dependent Pauli operator living on L2(R3; C 2)to the spin-down subspa
e. Sin
e the magneti
 �eld is 
onstant, the full Paulioperator splits into a dire
t sum of operators on the spin down and spin upsubspa
es and therefore there is no loss of generality.The 
urrent operator is the following:J(~a) = J(h; �;~a) = ~a � (�ihr+ � ~A) + (�ihr+ � ~A) � ~a� hb3;where ~a = (a1; a2; a3) 2 C10 (R3;R3) is any test ve
tor potential, and b3 =�1a2 � �2a1.With this notation the energy of the ele
tron gas is de�ned as:E = E(h; �; V ) = tr[H1(�1;0℄(H)℄;and the 
urrent ~j is de�ned (as a distribution) by:Z ~j � ~a = tr[J(~a)1(�1;0℄(H)℄:3



Let us �rst re
all the semi
lassi
al results on the energy. In [LSY94b℄it was proved that for ~A, as above, the following semi
lassi
al formula holdsuniformly in the magneti
 �eld strength:limh!0 (E(h; �; V )=Es
l(h; �; V )) = 1;where Es
l(h; �; V ) = � �3�2h2 Z 1Xn=0[V (x) + 2n�h℄3=2� dx: (1.1)Formally, ~j = �E� ~A , and we get by formal di�erentiation of the expression(1.1) with respe
t to ~A (remembering that � = �j ~Bj = �j
url ~Aj) the followingformal expression for the semi
lassi
al 
urrent:Z ~js
l � ~a= �13�2h2 1Xn=0 Z b3(x) [2nh�+ V (x)℄3=2� � 3nh�[2nh� + V (x)℄1=2� !dx:In parti
ular, when �h!1 we get:Z ~js
l � ~a = �13�2h2 Z b3(x)[V (x)℄3=2� dx:It indeed turns out that this formal 
al
ulation gives the right result:Theorem 1.1. Suppose �h ! 1 as h ! 0, and suppose V 2 C10(B(0; 1)),~a = (a1; a2; 0) 2 C30(B(0; 1)). Then the 
urrent satis�eslimh!0+ h2� ����tr[J(�~a)1(�1;0℄(H)℄� ��3�2h2 Z b3(x)[V (x)℄3=2� dx���� = 0: (1.2)It is not yet known in 
omplete generality that the parallel (to ~B) 
urrentj3 is smaller than the perpendi
ular 
urrent (j1; j2). However, we 
an provethat j3 is small under 
ertain symmetry assumptions:Theorem 1.2. We have the following two 
ases:1. If V satis�es the 
onditions of Thm 1.1 and furthermore satis�es thesymmetry 
ondition V (x1; x2; x3) = V (x1; x2;�x3). Then the 
on
lu-sion of Thm 1.1 remains true with ~a = (a1; a2; a3) 2 C40(B(0; 1)).4



2. If V (x) = V (r?; x3), with r? =px21 + x22 and V 2 L2(R3) + L1(R3),then j3 = 0:Noti
e that in Thm 1.2 part 2, j3 vanishes; whereas in part 1, it onlybe
omes of lower order than the perpendi
ular 
urrent. Part 1 has beenproved in [Fou00℄ and the argument will not be repeated here. We wish topoint out, however, that one needs Thm. 1.1 in order to prove part 1. In thatsense it is a 
orollary of Thm. 1.1. The proof of part 2 is elementary and willbe given in Se
tion 3 below. Furthermore, it is a symmetry argument andas su
h independent of any knowledge on the perpendi
ular 
urrent (j1; j2).In appli
ations the s
alar potentials V under 
onsideration will often notbe of the type required by Thm. 1.1. The main appli
ation we have in mindis to large atoms in strong magneti
 �elds, where the mean �eld potentialis known to have (among others) a Coulomb singularity at the origin. Withsimilar (though a bit more te
hni
ally involved) arguments as for the aboveone 
an get Thm. 1.3 below.Theorem 1.3 (Current in potentials with Coulomb-like singulari-ties). Let V (x) satisfy the follwing 
onditions:� H is self-adjoint (this is for example the 
ase if V 2 L2(R3)+L1(R3)).� [V ℄� 2 L3=2(R3) \ L5=2(R3).� V (x) � �
jxj .� jxj2V (x) 2 C0;1lo
 (R3), i.e. jxj2V (x) and r(jxj2V (x)) are lo
ally bounded.� V (x) = V (r?; x3), with r? =px21 + x22.Let ~a 2 C30 (R3;R3). Suppose that �h !1 as h! 0. Then:limh!0+ h2� ����tr[J(�~a)1(�1;0℄(H)℄� ��3�2h2 Z b3(x)[V (x)℄3=2� dx���� = 0: (1.3)Remark 1.4. One 
an apply lo
alisation te
hniques su
h as those des
ribedin [Sob95℄ and [Sob94℄ in order to analyse the situation with more than oneCoulomb singularity. It is beyond the s
ope of the present paper to in
ludethis generalisation. 5



1.2 Results for MTF-theoryIn parti
ular Thm. 1.3 
an be applied to the mean �eld potentials VMTF andVSTF 
oming from the analysis of large atoms in terms of a Thomas-Fermitype theory. The pre
ise de�nition of these potentials will be given in Se
tion2 below, where we will also prove that they both satisfy the assumption ofThm. 1.3.The di�eren
e between VMTF and VSTF is that in VMTF all Landau bandsare taken into a

ount, whereas in VSTF one restri
ts to the lowest. Sin
e2�h is the distan
e in energy between the Landau bands one would expe
tthe restri
tion to the lowest Landau band to be admissible in the limit where�h ! 1. It was shown in [LSY94a℄ and [LSY94b℄ that this is 
orre
t forthe highest order terms in the energy.For the highest order term of the 
urrent we show that either of the twopotentials 
an be used:Theorem 1.5 (Current in the MTF mean �eld potentials). Let V1(x) =VMTF (x) = VMTF;(h;�)(x) be the mean �eld potential from magneti
 Thomas-Fermi theory, and let V2(x) = VSTF (x) be the mean �eld potential from STF-theory. Write Hj = (�ihr+ � ~A)2 � �h+ Vj(x):Let ~a 2 C30(R3;R3) and suppose that �h ! 1 as h ! 0. Then we have forj = 1; 2:limh!0+ h2� ����tr[J(�~a)1(�1;0℄(Hj)℄� ��3�2h2 Z b3(x)[Vj(x)℄3=2� dx���� = 0: (1.4)Furthermore, in the same limitlimh!0+�Z b3(x)[VMTF (x)℄3=2� dx � Z b3(x)[VSTF (x)℄3=2� dx� = 0: (1.5)Remark 1.6. For bounded �h, the semi
lassi
al limit of the 
urrent in theMTF-potential was 
al
ulated in [Fou00℄. Thus, Thm. 1.5 together withthat paper 
onstitute a 
omplete semi
lassi
al analysis of the 
urrent in themean �eld from magneti
 Thomas-Fermi theory.1.3 Notation and preliminariesWe will for shortness introdu
e the notationp ~A = (�ihr+ � ~A) = (p ~A;1; p ~A;2; p ~A;3):6



The kineti
 energy operator K̂ in the variables perpendi
ular to the mag-neti
 �eld plays a 
ru
ial role in magneti
 �eld problems. It is de�ned asK̂ = p2~A;1 + p2~A;2 � �h: (1.6)It is well known that the spe
trum of K̂ is a set of (in�nitely degenerate)eigenvalues f0; 2�h; 4�h; :::g = 2�h(Z+ [ f0g), the so-
alled Landau levels.We will often use the term �'th Landau level both to des
ribe the eigenvalue2��h and to des
ribe the 
orresponding eigenspa
e of K̂. The proje
tionsonto these Landau levels will be used repeatedly. We will now des
ribe theirexpli
it form (See [LSY94b, p.95℄): Let�(2)� (x?; y?) = (1.7)�2�h expfi(x? � y?)� ~B2h � jx? � y?j2 �4hgL�(jx? � y?j2 �2h );where we have written x 2 R3 as (x?; xk), with x? ? ~B and xk k ~B. In (1.7),L� are Laguerre polynomials normalized by L�(0) = 1. The proje
tion onthe �'th Landau level is now given as�� = �(2)� 
 I;where the tensor produ
t refers to the de
ompositionL2(R3) = L2(R2?)
 L2(R1k) = L2(R2(x1;x2))
 L2(R1x3):All tensor produ
ts in this paper will refer to this de
omposition.The lowest Landau level plays a spe
ial role, so we will often use thede
omposition I = �0 +�>, whi
h de�nes �> =P1j=1�j.We will also use the following raising and lowering operators:a = p ~A;1 � ip ~A;2; a� = p ~A;1 + ip ~A;2:Then a�a = K̂ and [a; a�℄ = 2�h:It is therefore easy to see that a� maps Ran�� to Ran��+1, i.e. raises theLandau level by one, and that a lowers it.De�ne H0 = p2~A � �h = K̂ � h2�2x3: (1.8)7



Then it is 
lear that [�j;H0℄ = 0 for all j 2 B : (1.9)We will use a number of di�erent norms: For fun
tions V we will denoteby kV kp the Lp norm of V - with the ex
eption that kV k is the L2 norm.We will also need norms of operators: kKk denotes the operator (uniform)norm of the operator K, and kKkp the S
hatten norm:kKkpp = tr[jKjp℄;in parti
ular kKk2 is the Hilbert-S
hmidt norm. It will always be 
lear fromthe 
ontext whether a given obje
t is 
onsidered an operator or a fun
tion.Finally, let us �x a number of standard notations: <(z);=(z) denote thereal and imaginary parts of the 
omplex number (or the operator) z. B(x; r)denotes the open ball of radius r around the point x. It will always be 
learfrom the 
ontext in whi
h spa
e the ball is taken. Lastly, D~a denotes theja
obian of the fun
tion ~a.We will also use the standard 
ustom of letting 
 or C denote arbitrary
onstants, the value of whi
h may 
hange from line to line or even within aline. We will in general not try to keep tra
k of the numeri
al value of these
onstants.1.4 An outline of the paperThe proof of part 2 of Thm 1.2 is elementary and independent of the generalarguments in the paper, so it is given in Se
tion 3. The proofs of Theorems1.1 and 1.3 will be the main obje
tive of the paper. Both of these theoremsdepend on a fairly easy analysis 
arried through in Se
tion 5 and an estimateon the number of ele
trons living in the se
ond Landau band. It is only inthe nature of these estimates that the proofs are di�erent. The estimate forThm. 1.1 is stated and proved in Se
tion 6 and for Thm. 1.3 in Se
tion7. The proof of Thm. 1.3 depends on 
hoosing a 
onvenient gauge, andtherefore it depends on Thm 1.2.Thm. 1.5, whi
h is maybe the most interesting result of the paper,will follow from an analysis of MTF-theory in Se
tion 2. There it will inparti
ular be shown that VMTF and VSTF satisfy the assumptions of Thm.1.3. 8



2 The MTF potentialIn this se
tion we will dis
uss the regularity and de
ay properties of the MTFpotential. It is well known (see [Lie81℄) that in usual Thomas Fermi theory(without magneti
 �eld) the e�e
tive potential is a smooth fun
tion ex
ept fora Coulomb singularity at the origin. In MTF-theory this is unfortunately nottrue, whi
h is one of the reasons why pre
ise asymptoti
 formulae are diÆ
ultto obtain for large atoms in strong magneti
 �elds. The MTF-potential turnsout not only to have a Coulomb singularity at the origin (at the nu
leus) butalso points of non-smoothness on an in�nite number of \surfa
es" tendingtowards the origin as �h tends to in�nity.The MTF-potential 
omes from the study of large atoms in strong mag-neti
 �elds. By means of 
orrelation estimates one 
an (with a small error)redu
e the study of a neutral atom with nu
lear 
harge Z in the 
onstantmagneti
 �eld B to a semi
lassi
al problem in a mean �eld VMTF and pa-rameters �; h given by:� = B=Z4=3;� = (B2=Z)1=5 when B � Z4=3;h = (B=Z3)1=5 when B � Z4=3;�h = (B3=Z4)1=5 = �3=5:We will only dis
uss (s
aled) MTF-theory in the 
ase we are interestedin - i.e. �h ! 1, whi
h 
orresponds to � = B=Z4=3 ! 1. Furthermore,we will only des
ribe the results we need for the proof of Thm. 1.5. For ageneral dis
ussion of MTF-theory see [LSY94b℄.The mean �eld VMTF is found through the Thomas-Fermi equation (2.2)below. However, in order to state that equation we need to introdu
e somenotation.The Magneti
 Thomas-Fermi (MTF) theory that 
orre
tly models thebehaviour (to leading order) of the energy of atoms in strong magneti
 �eldsis (after a s
aling) given by the following fun
tional.EMTF� [�℄ = ZR3 �̂�(�(x)) dx+ ZR3 V (x)�(x) dx+D(�; �): (2.1)Here V (x) is the Coulomb potential V (x) = �1jxj , D(�; �) is the Coulomb normor dire
t Coulomb intera
tion:D(f; g) = 12 ZR6 f(x)g(y)jx� yj dxdy;9



and �̂� is the kineti
 energy density of an ele
tron gas in a magneti
 �eld,given as the Legendre transform of the (s
aled) pressure:�̂�(t) = supw�0[tw� P̂�(w)℄;with P̂�(w) = 13�2 1X�=0 [2��h� w℄3=2� :The 
orresponding (s
aled) MTF-energy is now given as1EMTF (�) = inffEMTF� [�℄j� 2 L1(R3) \ L5=3(R3); � � 0;Z � � 1g:The (s
aled) STF-fun
tional 
omes from taking formally the limit � =(�h)5=3 !1. This gives P̂1(w) = 13�2w3=2;and therefore �̂1(t) = 4�43 t3:Therefore,ESTF [�℄ � EMTF1 [�℄ = ZR3 �̂1(�(x)) dx + ZR3 V (x)�(x) dx+D(�; �):Finally, the STF-energy is de�ned by (note that the domain is di�erent thanfor MTF-theory):ESTF = inffESTF [�℄j� 2 L1(R3) \ L3(R3); � � 0;Z � � 1g:In order not to have to notationally distinguish STF and MTF theory,let us de�ne that ESTF = EMTF1 .From [LSY94b℄ we get the following results on minimizers of the MTF-fun
tional:1We are only interested in neutral atoms, so the s
aled density has to integrate to (lessthan) one. 10



Theorem 2.1 (Existen
e and properties of MTF-minimizers).For � 2 [1;1℄ we have:� The fun
tional EMTF has a unique minimizer ��.� The minimizer �� has support 
ontained in a �xed (independent of h; �)
ompa
t set.� The minimizer �� satis�es the (s
aled) TF equation:�� = P̂ 0�([VMTF;�℄�); (2.2)where the MTF-potential (e�e
tive potential) is de�ned asVMTF;�(x) = �1jxj + �� � jxj�1: (2.3)� The TF equation 
an be written in the following form, involving onlyVMTF;�: �(4�)�1�VMTF;�(x) = Æ0(x)� P̂ 0�([VMTF;�℄�): (2.4)� If � ! �0 in [1;1℄, then �� * ��0 weakly in L5=3lo
 (R3).From the above results we easily getCorollary 2.2 (Properties of VMTF;�).1. VMTF;�(x) � �jxj�1 .2. Let O 2 SO(3), (i.e. O is an orthogonal matrix with determinant 1),then VMTF;�(Ox) = VMTF;�(x).Proof. The proof of 1 is simply the observation that � is positive and thus� � jxj�1 as well. The symmetry property 2 follows from the uniqueness ofthe minimzer �� and the symmetry of the fun
tional EMTF .Furthermore, we get 
ontinuity of VMTF;� in �:Lemma 2.3. Suppose � ! �0 in [1;1℄. Then [VMTF;�℄� * [VMTF;�0℄�weakly in L3=2lo
 (R3). 11



Proof. From (2.3) it is 
lear that VMTF;� � �1jxj . Therefore, using Lebesgue'stheorem on dominated 
onvergen
e, it is enough to prove that VMTF;�(x)!VMTF;�0(x) pointwise.Now, VMTF;�(x)� VMTF;�0(x) = (�� � ��0) � 1jxj= Z (��(y)� ��0(y)) 1jx� yj dy:From Thm. 2.1 we get that(��(y)� ��0(y)) = (��(y)� ��0(y))1[0;R℄(jyj);for some �xed (independent of �) R > 0. Furthermore, for �xed x 2 R3, wehave 1[0;R℄(jyj) 1jx� yj 2 L5=20 (R3):Sin
e, using Thm. 2.1 again, �� is weakly 
onvergent, this �nishes theproof.For the analysis of the 
urrent it will be very important for us that thesingularity of VMTF;� at the origin is essentially of Coulomb type ( � jxj�1).The pre
ise thing that we need is that jxj2VMTF;� is di�erentiable. This wewill prove next:Lemma 2.4. Suppose �h!1, thenjxj2VMTF;� 2 C0;1(B(0; 1)):Furthermore,kjxj2VMTF;�kL1(B(0;1))+ kr(jxj2VMTF;�)kL1(B(0;1))is bounded uniformly as �h !1.Remark 2.5. Noti
e that Lemma 2.3 and Lemma 2.4 make Thm. 1.5 a
orollary of Thm. 1.3. 12



Proof. Let us write:VMTF;� = �1jxj + �� � jxj�1 = �1jxj + V
ont(x):Now, general results (see for instan
e [LL96, 10.2 Theorem℄) give thatV
ont(x) is 
ontinuous and bounded sin
e �� 2 L1 \ Lp, with p = 5=3 or3. We need to prove that jxj2V
ont 2 C0;1(R3) (sin
e jxj2�1jxj is!). In order todo that we write the TF equation for ��:�� = P̂ 0�([�1=jxj+ V
ont(x)℄�)= 12� 1X�=0 �2��h � 1jxj + V
ont(x)�1=2�= 12� ��1jxj + V
ont(x)�1=2� + 12� 1X�=1 �2��h � 1jxj + V
ont(x)�1=2�= �1 + �2:For � = 1 we have �2 = 0. Noti
e that �2 and �� have 
ompa
t support,and therefore �1 as well. Now, �1 � jxj�1=2 
lose to the origin, so �1 2 L3+�.Therefore if we de�ne V1 by V1 = �1 � jxj�1, then (from [LL96℄ again), weget that V1 is C0;1. So let us look at �2:�2 = 12� 1X�=1 �2��h � 1jxj + V
ont(x)�1=2� :We will approximate the sum by an integral, so let us denote u = u(x) =1� jxjV
ont(x), and write�2(x) = 1[0;1=(2�h)℄( jxju )2�jxj3=22�h� (Z u0 pu� tdt+ 1X�=1 [2��hjxj � u℄1=2� 2�hjxj � Z u0 pu� tdt!)= 1[0;1=(2�h)℄( jxju )2�jxj3=22�h u3=223 + �4= �3 + �4: 13



Sin
e t 7! pu� t is de
reasing (for positive t) we have:1X�=1 [2��hjxj � u℄1=2� 2�hjxj � Z u0 pu� tdt� 1X�=0 [2��hjxj � u℄1=2� 2�hjxj;and therefore 0 � �4 � 1[0;1=(2�h)℄( jxju )2�jxj1=2 pu;whi
h implies that �4 is in L3+�(R3) uniformly in �h. Thus (by [LL96℄)�4 � jxj�1 2 C0;1; so we only have to 
onsider �3.Furthermore, �3 � 1[0;1=(2�h)℄( jxju )6�jxj3=2�h 2 L3+�0 (R3);so it is enough to look at ~�3 = 1[0;1=(2�h)℄( jxju )6�jxj3=2�h :If we now 
hoose � 2 C10 (R3) with � � 1 on a nbh. of 0, then we 
an write:~V3 = ~�3 � jxj�1 = 
�h jxj1=2�(x) + ~V3;reg:We will argue that ~V3;reg 2 C0;1(R3):�14��~V3;reg = 
�h �jxj1=2��(x) + 2rjxj1=2 � r�(x)�+ �(x)� 1[0;1=(2�h)℄( jxju )6�jxj3=2�h(if the 
onstant 
 is 
hosen properly). Now the right hand side is (uniformlyin �h) in L3+�(R3), and we 
an apply [LL96℄ a �nal time.3 The parallel 
urrentIn this short se
tion we will prove Thm 1.2 part 2. The idea of the proof is touse the 
ylinder symmetry of V to prove that we may 
hoose the eigenfun
-tions to be of the form  (x) = ~ (r?; z)eim�, where ~ is real. On
e we have14



obtained that, it is easy to see that the parallel 
urrent of su
h a fun
tionvanishes.Proof. Let a3 2 C0(R3). We need to 
al
ulatetr[(a3(�ih�x3) + (�ih�x3)a3) 1(�1;0℄(H)℄ = 2< �tr[a3(�ih�x3)1(�1;0℄(H)℄� :Due to the 
ylinder symmetry of V we may 
hoose the eigenfuntions of Hto be also eigenfun
tions of the angular momentum operator Lz or in otherwords, to be of the form:  (x) = ~ (r?; z)eim�;where m 2Zand ~ (r?; z) is an eigenfun
tion of~H = �h2��2r? + 1r?�r? � m2r2? + �2z�+ �2r2? � �h� 2�hm+ V (r?; z):Now, ~H 
ommutes with 
omplex 
onjugation, so we may 
hoose the eigen-fun
tions ~ (r?; z) to be real. But if ~ (r?; z) is real, then it is easy to seethat <�h ~ (r?; z)eim�ja3(�ih�x3)j ~ (r?; z)eim�i� = 0:This �nishes the proof.4 Preliminary analysisTwo 
ommutator formulae will be very important in the argument. We willin this se
tion repeatedly appeal to the fa
t that if  is an eigenfun
tion ofthe self-adjoint operator H, and A is any operator, then (under very general
onditions on A;H): h ; [H;A℄ i = 0: (4.1)This implies in parti
ular thattr �[H;A℄1(�1;0℄(H)� = 0:Remark 4.1. From the work of Georges
u and Gerard [GG99℄ it is 
learthat the 
orre
tness of the `virial thm' i.e. (4.1) is a bit deli
ate. However,standard methods 
an easily be applied to prove that the formal 
al
ulationsbelow are justi�ed. 15



The �rst 
ommutator formula proves gauge invarian
e of the 
urrent in~a:Lemma 4.2 (Gauge invarian
e of the 
urrent). Let � 2 C10(R3), thentr[J(r�)1(�1;0℄(H)℄ = 0;Proof. This follows by partial integration or the following easily proved iden-tity: (ih)�1[H;�℄ = J(r�):The se
ond 
ommutator formula is essentially a virial theorem for S
hr�o-dinger Hamiltonians in the presen
e of a magneti
 �eld. This formula haspreviously appeared in [Fou00℄ and [Fou01℄.Lemma 4.3 (Magneti
 virial theorem). Suppose that ~a = (a1; a2; 0) 2C30(R3) and de�ne ~a = (�a2; a1; 0) De�ne furthermore M = �(D~a+ (D~a)t),then tr[J(�~a)1(�1;0℄(H)℄ = tr[(JKIN + JDENS)1(�1;0℄(H)℄;where JKIN = p ~AMp ~A � �hb3;and JDENS = ~a � rV � h2�div~a:Remark 4.4. Noti
e that the term div~a is equal to �b3.Proof. We will only give the main idea of the proof. For further details see[Fou00℄. The proof of this statement also redu
es to the 
al
ulation of a
ommutator. This time the required formula is:(�ih)�1[H; ~a � p ~A � �hb3 + p ~A � ~a℄ = �~a � p ~A + p ~A � �~a� (JKIN + JDENS):The proof of this formula is just a 
al
ulation using in parti
ular that [p ~A;j; p ~A;k℄ =�i�h(�jAk � �kAj), and that P3k=1(�jAk � �kAj)~ak = aj.16



4.1 Known resultsIn this subse
tion we will re
all some results on semi
lassi
s of the energyand density in a 
onstant magneti
 �eld. These are all taken from [LSY94b℄.The result on the semi
lassi
s of the energy in a 
onstant magneti
 �eldis:Theorem 4.5. Suppose [V ℄� 2 L3=2(R3) \ L5=2(R3) and let E(h; �; V ) andEs
l(h; �; V ) be as given in Se
tion 1. Thenlimh!0� E(h; �; V )Es
l(h; �; V )� = 1;uniformly in the magneti
 �eld strength �.By the variational prin
iple, one easily gets:Corollary 4.6 (Asymptoti
s for the density). Let us keep the assump-tions from Theorem 4.5. Suppose � 2 L5=2(R3) \ L3=2(R3), thenh2� tr[�1(�1;0℄(H)℄ = 12�2 Z 1Xn=0[2n�h + V (x)℄1=2� �(x) dx+ o(1);as h! 0.As another appli
ation of the asymptoti
s for the energy and the varia-tional prin
iple we get the following weak form of lo
alisation to the lowestLandau band (remember that K̂ was de�ned in (1.6)):Corollary 4.7 (Asymptoti
s for the perpendi
ular kineti
 energy).Let us keep the assumptions from Theorem 4.5. Let us further assume that�h!1 as h! 0. Then:h2� tr[K̂1(�1;0℄(H)℄ = o(1);as h! 0.It will �nally be useful to know the following 
onsequen
e of Thm. 4.5:Corollary 4.8. Let us keep the assumptions from Theorem 4.5. Thentr[p2~A;31(�1;0℄(H)℄ = O(�=h2);as h! 0. 17



5 Proof of Thm 1.1 and Thm 1.3We now pass to the proof of Thm 1.1 and Thm 1.3. The proofs of thesetwo theorems are the same until the �nal step where we need to invoke anestimate on the number of ele
trons in the se
ond Landau level. This �nalestimate is di�erent in the two situations.The �rst part of the proof is identi
al to the argument in [Fou00℄. Firstwe apply the `virial theorem' (Lemma 4.3). Thus we have transformed thequestion about the 
urrent to:tr[J(�~a)1(�1;0℄(H)℄ = tr[(JKIN + JDENS)1(�1;0℄(H)℄;where the ~a that appears in the de�nition of JKIN and JDENS is given as(�a2; a1; 0).Now Cor. 4.6 readily gives thattr[JDENS1(�1;0℄(H)℄ = ��3�2h2 Z b3(x)[V (x)℄3=2� dx+ o(�=h2):Therefore the real task is to prove thattr[JKIN1(�1;0℄(H)℄ = o(�=h2): (5.1)A standard way to try to obtain su
h a result would be to write H(t) =H + tJKIN and then study E(t) = tr[H(t)1(�1;0℄(H(t))℄. The asymptoti
sof tr[JKIN1(�1;0℄(H)℄ should then be obtained using the same arguments asapplied for the density in [LSY94b℄. However, this strategy will not workin the present 
ase, sin
e it 
an be shown that E(t) is of order (1 + �h) �h2for t 6= 0, whereas E(0) is only of order �h2 . This is the reason why the work[Fou00℄, whi
h applied this strategy, had to be restri
ted to bounded �h.The idea that we will apply below is that it 
an be seen that the mainterm of JKIN is an operator that 
ouples the zeroeth Landau level with these
ond. Formally, this is 
lear sin
e the proje
tions �j almost 
ommute withfun
tions: [�j; �℄ � ph=�. This \almost"is made pre
ise in a number ofauxiliary lemmas in Appendix A. Thus, if we 
an obtain a good boundon the number of ele
trons living in the se
ond Landau level, we 
an provethe bound (5.1) dire
tly. In this se
tion we will redu
e the proof of (5.1) toan estimate on the se
ond Landau level ((5.2) below), the proof of whi
h iste
hni
al and will o

upy the rest of the paper.18



Let us de
ompose JKIN as follows: The matrixM 
an be written as:M = � �D~a+ (D~a)t� =Mt +N= 0� b3 0 00 b3 00 0 0 1A+0� N11 N12 N13N12 �N11 N23N13 N23 0 1A :Noti
e that tr[N ℄ = 0.Using this de
omposition we writeJKIN = JKIN;diag + JKIN;off ;where JKIN;diag = p ~AMtp ~A � �hb3;and JKIN;off = p ~ANp ~A:The motivation for this de
omposition is that JKIN;diag almost respe
ts theLandau levels (and vanishes on the lowest one!) whereas JKIN;off (to highestorder) 
ouples the j'th and the j+2'th Landau levels. For JKIN;diag we 
ouldapply the analysis from [Fou00℄, but we will not do this, sin
e another moredire
t approa
h works, whi
h is more in the spirit of the present paper. Theo�-diagonal term JKIN;off is the problemati
 term that makes the variationalte
hnique break down. But sin
e it 
ouples the zeroeth and the se
ondLandau levels it will suÆ
e to get a good bound on the density of states inthe se
ond Landau band, in order to estimate this term.Lemma 5.1 (Estimate on JKIN;diag).tr[JKIN;diag1(�1;0℄(H)℄ = o(�=h2):Proof. By writingJKIN;diag = (�0 +�>)JKIN;diag(�0 +�>)= �0JKIN;diag�0 +�>JKIN;diag�>+(�>JKIN;diag�0 +�0JKIN;diag�>);we get a de
omposition of tr[JKIN;diag1(�1;0℄(H)℄ into three terms that wewill treat separately. 19



�>JKIN;diag�>:In this term we repla
e the matrixMt with its absolute value and 
an therebyestimate�tr[�>JKIN;diag�>1(�1;0℄(H)℄ � 
tr[K̂1(�1;0℄(H)℄ = o(�=h2);by the weak lo
alisation to the lowest Landau level; Cor. 4.7.For the last two terms we introdu
e the raising and lowering operators:Let us write the p ~A's in JKIN;diag in terms of the raising and lowering oper-ators a; a�. We get p ~A;1 = (a + a�)=2, p ~A;2 = (a � a�)=(2i). Thus an easy
al
ulation gives JKIN;diag = 12(a�b3a+ ab3a�)� �hb3�0JKIN;diag�0:Let us remember that a�0 = 0. Then�0JKIN;diag�0 = �0�12ab3a� � �hb3��0= �0�12 ([a; b3℄a� + b3[a; a�℄)� �hb3��0= �0�12[a; b3℄a���0= 12�0 [[a; b3℄; a�℄ �0:The double 
ommutator gives h2 times a 
ontinuous, 
ompa
tly supportedfun
tion �. Choose f(x3) 2 C10 (R) su
h that f� = �. Thenh2tr[�0��01(�1;0℄(H)℄= h2tr[�e�jx?jf(x3)� �ejx?j�0��0ejx?j� �e�jx?jf(x3)� 1(�1;0℄(H)℄� h2ke�jx?jf(x3)1(�1;0℄(H)k22kejx?j�0��0ejx?jk:We now use Lemma A.6 and Cor. 4.6 to get an estimate of order h2O(�=h2).�>JKIN;diag�0 +�0JKIN;diag�>:We 
al
ulate:tr[�0 ((a�b3a+ ab3a�)=2 � �hb3) �>1(�1;0℄(H)℄= tr[�0 (aa�b3=2 + a[b3; a�℄=2 � �hb3)�>1(�1;0℄(H)℄= tr[�0 (a�ab3=2 + a[b3; a�℄=2 + ([a; a�℄b3=2 � �hb3)) �>1(�1;0℄(H)℄= 12tr[�0a[b3; a�℄�>1(�1;0℄(H)℄:20



Now, [b3; a�℄ = h�; where � is a 
ontinuous 
ompa
tly supported fun
tion.Choose f(x3) 2 C10 (R) su
h that f� = �. Then�0a[b3; a�℄ = h(f(x3)e�jx?j)ejx?j�0a�;and we estimate:tr[�0a[b3; a�℄�>1(�1;0℄(H)℄� hk1(�1;0℄(H)f(x3)e�jx?jk2kejx?j�0a�k k�>1(�1;0℄(H)k2� 
hqtr[f(x3)2e�2jx?j1(�1;0℄(H)℄kejx?j�0a�k q1=(�h)tr[K̂1(�1;0℄(H)℄:We now use Lemma A.6 and Cor. 4.6 and 4.7 to get an estimate of orderho(�=h2).One part of JKIN;off is easy to handle - this is the part in the third rowor 
olumn. So let us 
onsider that separately: We write:N = 0� N11 N12 0N12 �N11 00 0 0 1A+0� 0 0 N130 0 N23N13 N23 0 1A = N2 +N3;and de�ne J2; J3 as Jk = p ~ANkp ~A.Lemma 5.2. tr[J31(�1;0℄(H)℄ = o(�=h2):Proof. Let us noti
e that p ~A;3 
ommutes with the �j's. In terms of the raisingand lowering operators J3 be
omes a sum of terms of the form a�p ~A;3+p ~A;3�a�or a��p ~A;3 + p ~A;3�a.Now,�0a�p ~A;3�0 = �0[a; �℄�0p ~A;3 = h�0 ~��0p ~A;3 = hf(x3)e�jx?jejx?j�0 ~��0p ~A;3;as in the previous proof. We estimate as above:���tr[�0a�p ~A;3�01(�1;0℄(H)℄���� hk1(�1;0℄(H)f(x3)e�jx?jk2kejx?j�0 ~��0k kp ~A;31(�1;0℄(H)k2= O(�=h): 21



Furthermore ���tr[�>a�p ~A;3�>1(�1;0℄(H)℄���� k1(�1;0℄(H)�>a�k2kp ~A;31(�1;0℄(H)k2� qtr[�>aj�j2a��>1(�1;0℄(H)℄tr[p2~A;31(�1;0℄(H)℄� qtr[K̂1(�1;0℄(H)℄tr[p2~A;31(�1;0℄(H)℄= o(�=h2):Finally,tr[�0a�p ~A;3�>1(�1;0℄(H)℄ = tr[p ~A;3�0a��>1(�1;0℄(H)℄+tr[�0a[�; p ~A;3℄�>1(�1;0℄(H)℄:The last term is easily estimated, and the �rst is estimated as:k1(�1;0℄(H)p ~A;3k2k�0a��>1(�1;0℄(H)k2� qtr[p2~A;31(�1;0℄(H)℄qtr[K̂1(�1;0℄(H)℄= o(�=h2):So we have isolated J2 as the problemati
 term. As will be seen in theproof below, this term has as its main 
omponent a 
oupling of the zeroethLandau level to the se
ond. So we need a very pre
ise estimate on the numberof ele
trons in the se
ond Landau band. In the proof of Lemma 5.3 belowwe invoke su
h an estimate in order to �nish the proof of Thm. 1.1 andThm. 1.3.Lemma 5.3. tr[J21(�1℄(H)℄ = o(�=h2):22



Proof. We write J2 using the raising and lowering operators:J2 = p ~A �Np ~A= 0� (a+ a�)=2(a� � a)=(2i)0 1AN 0� (a+ a�)=2(a� � a)=(2i)0 1A= 14(a+ a�)N11(a+ a�) + 14i(a+ a�)N12(a� � a)+ 14i(a� � a)N12(a+ a�) + 14(a� � a)N11(a� � a)= 12(aN11a+ a�N11a�)� 12iaN12a+ 12ia�N12a�= a�a+ a��a�= aa�+ �a�a� + a[�; a℄ + [a�; �℄a�;where � = (N11 + iN12)=2 = 12 (�1a2 + �2a1 + i(�2a2 � �1a1)) :The 
ommutator terms above are easily seen to give negle
table 
ontribu-tions, by the methods applied generally in this se
tion, so we will not 
onsiderthose.Now, �0J2�0 = 0; and ��>J2�> � 
K̂, so we only have to deal with�0J2�> +�>J2�0:Let us de�ne ~�> = �> � �2 and 
onsider �0J2~�> (the other term 
an beestimated analogously). Now,�0J2 ~�> = �0aa�~�>= �0aa[�2; �℄ ~�>;sin
e �0aa = �0aa�2, and �2~�> = 0.Let us 
hoose f 2 C10 (R) su
h thatf(x3)�(x) = �(x):Then (sin
e f(x3) 
ommutes with a and �0):tr[�0aa�~�>1(�1℄(H)℄= tr[�1(�1℄(H)℄e�jx?jf(x3)� �ejx?j�0aa[�2; �℄��~�>1(�1℄(H)�℄� k1(�1℄(H)℄e�jx?jf(x3)k2kejx?j�0aa[�2; �℄k k~�>1(�1℄(H)k2:23



It is 
lear from Cor. 4.6 thatk1(�1℄(H)℄e�jx?jf(x3)k2 = qtr[f2(x3)e�2jx?j1(�1℄(H)℄= O(p�=h2):From Lemma A.7 we get thatkejx?j�0aa[�2; �℄k � C�hph=�:Finally, we see from Cor. 4.7 and 
y
li
ity of tra
e thatk~�>1(�1℄(H)k2 = qtr[~�>1(�1℄(H)℄� 1p�hqtr[K̂1(�1℄(H)℄= 1p�ho(p�=h2):So we get:tr[�0aa�~�>1(�1℄(H)℄ = o(p�hph=� �h2 ) = o(�=h):Therefore, we are left with tr[�0J2�21(�1℄(H)℄. Let us here 
hoose f(x3)as above and ~� 2 C10 (R3) su
h that ~�� = �. Then we 
al
ulate as follows:tr[�0J2�21(�1℄(H)℄� tr[�0aa��21(�1℄(H)℄= tr[�1(�1℄(H)f(x3)e�jx?j� �ejx?j�0aa~�� ���21(�1℄(H)�℄� k1(�1℄(H)f(x3)e�jx?jk2kejx?j�0aa~�k k��21(�1;0℄(H)k2� C�hp�=h2k��21(�1℄(H)k2;where we used Lemma A.6 to estimate the operator norm.Thus, in order to �nish the proof, we need the estimate:k��21(�1℄(H)k22 = o( 1(�h)2 �h2 ): (5.2)Under the 
onditions in Thm. 1.1 this (without the � whi
h 
an be estimatedby k�k1) is the result of Lemma 6.1 below.24



Under the 
onditions in Thm. 1.3 i.e. in the 
ase where V (x) has aCoulomb type singularity, we will apply Lemma 7.1 below. Noti
e that if�(0; x3) = rx?�(0; x3); (5.3)then we 
an write �(x) = �2(x)�2(x?), with �1 bounded and �2 2 C20(R2x?),�2(0) = r�2(0) = 0. Therefore, we only need to prove that it is enough to
onsider � satisfying (5.3). This will be a

omplished by a 
hange of gauge.Remember from Lemma 4.2 that the 
urrent is gauge invariant in ~a.Remember that�(x) = 12 (�1a2 + �2a1 + i(�2a2 � �1a1)) :So 
hanging ~a 7! ~a+r� will 
hange� 7! �+ �212� + i((�22 � �21)�):We 
hoose:�(x) = g(x?)� ��11(x3)(x22 � x21) + �12(x3)x1x2�+ ��111(x3)x31 + �112(x3)x21x2 + �122(x3)x1x22 + �222(x3)x32� �;where g(x?) � 1 on a neighborhood of 0, and the �'s are 
ontinuous fun
tionsof x3 whi
h 
an be mat
hed against a Taylor expansion of � in x?. Therebyit is 
lear that we 
an assure that (5.3) is satis�ed. Noti
e that the 
hangeof gauge will also a�e
t a3, but sin
e (using Thm. 1.2) j3 = 0 this is of noimportan
e.6 Estimate on the se
ond Landau levelIn this se
tion we will prove a bound on the density of states living in these
ond Landau level.Lemma 6.1. Let V 2 C10(B(1)), and let g 2 C10 (R). Suppose that �h!1,then there exists a 
onstant 
 su
h thattr[�2g(H)�2℄ � 
 �h2 (�h)�5=2:25



Proof. For the proof we will use the following integral representation for afun
tion of a selfadjoint operator H in terms of its resolvent, valid for all nand fun
tions g 2 C10 (R) ([AdMBG91℄):g(H) = n�1Xj=1 1�j! ZR�jg(�)=[ij(H � �� i)�1℄ d�+ 1�(n� 1)! Z 10 �n�1 ZR�ng(�)=[in(H � �� i� )�1℄ d� d�: (6.1)For brevity, we will during the proof just think of the right hand side as anintegral transformation of the resolvent and abreviate the above formula asg(H) = Z (H � z)�1 d�g;n(z):Noti
e, that by partial integration of the above formula, we get:�g0(H) = n�1Xj=1 1�j! ZR�jg(�)=[ij(H � � � i)�2℄ d� (6.2)1�(n� 1)! Z 10 �n�1 ZR�ng(�)=[in(H � � � i� )�2℄ d� d�:= Z (H � z)�2 d�g;n(z):In the 
al
ulations below we will repeatedly use (1.9), whi
h in parti
ularimplies that�2(H0 � z)�1 = �2(H0 � z)�1�2 = (�2H0�2 � z)�1: (6.3)Let us now pass to the main part of the proof: By linearity we have tostudy �2(H� z)�1�2, where z is either �+ i or �+ i� . By appli
ation of theresolvent identity (H�z)�1 = (H0�z)�1�(H�z)�1V (H0�z)�1 repeatedly,26



we get:Z �2(H � z)�1�2d�g;n(z) (6.4)= Z �2(H0 � z)�1�2d�g;n(z)� Z �2(H � z)�1V (H0 � z)�1�2d�g;n(z)= Z �2(H0 � z)�1�2d�g;n(z)� Z �2(H0 � z)�1V (H0 � z)�1�2d�g;n(z)+Z �2(H0 � z)�1V (H0 � z)�1V (H0 � z)�1�2d�g;n(z)�Z �2(H0 � z)�1V (H � z)�1V (H0 � z)�1V (H0 � z)�1�2d�g;n(z);whi
h is to be understood as an identity of bounded operators, i.e. theintegrals 
onverge in the spa
e of bounded operators.The �rst terms in (6.4) satis�esZ �2(H0 � z)�1�2d�g;n(z) = Z (�2H0�2 � z)�1d�g;n(z)= g(�2H0�2)= 0;sin
e �2H0�2 = 4�h � h2�2x3 � 4�h.We will prove that the remaining terms are tra
e 
lass and that the in-tegrals 
onverge in tra
e norm. This is easily seen using Lemma A.2, forinstan
e we bound the last integrand in (6.4) by:k�2(H0 � z)�1V k22 kV k21 1j=zj2 :Suppose now we take the parameter n in (6.1) suÆ
iently big (bigger than4), then the integrals 
onverge in tra
e norm.Thus �2g(H)�2 is tra
e 
lass and we have the following identity:tr[�2g(H)�2℄ (6.5)= Z tr[�2(H0 � z)�1V (H0 � z)�1�2℄d�g;n(z)+Z tr[�2(H0 � z)�1V (H0 � z)�1V (H0 � z)�1�2℄d�g;n(z)+Z tr[�2(H0 � z)�1V (H � z)�1V (H0 � z)�1V (H0 � z)�1�2℄d�g;n(z);27



Let us �rst look at the �rst term in (6.5). We get from (6.3) and 
y
li
ity oftra
e tr[�2(H0 � z)�1V (H0 � z)�1�2℄ = tr[V�2(H0 � z)�2℄;and by taking the integrals (using the representation (6.2)), we get tr[V g0(�2H0)℄;whi
h vanishes for large �h. Thus the �rst term in (6.5) vanishes.The last two terms in (6.5) will be the main terms. The �rst of these wewrite as:Z tr[�2(H0 � z)�1V (H0 � z)�1V (H0 � z)�1�2℄d�g;n(z)= Z tr[�2(H0 � z)�1V �2(H0 � z)�1V (H0 � z)�1�2℄d�g;n(z)+Z tr[�2(H0 � z)�1[�2; V ℄(H0 � z)�1�2V (H0 � z)�1�2℄d�g;n(z)+Z tr[�2(H0 � z)�1V�2(H0 � z)�1[V;�2℄(H0 � z)�1�2℄d�g;n(z)+Z tr[�2(H0 � z)�1[�2; V ℄(H0 � z)�1[V;�2℄(H0 � z)�1�2℄d�g;n(z)= E1 + E2 + E3 + E4:We will use that when z varies over a 
ompa
t set and �h!1, thenk�2(H0 � z)�1k = k�2 
 (�h2�2x3 + 4�h� z)�1k � 
 1�h: (6.6)Thus we estimate the Ei's, using (6.6), Lemmas A.2 and A.4 and thefa
t that z varies over a 
ompa
t set, as:jE1j � 
k�2(H0 � z)�1V k22k�2(H0 � z)�1k � �h2 1(�h)5=2 ;jE2j+ jE3j � k�2(H0 � z)�1[�2; V ℄k2k(H0 � z)�1�2kk(H0 � z)�1�2k� �h2 1(�h)5=2ph=�;jE4j � k�2(H0 � z)�1[�2; V ℄k22k(H0 � z)�1k � �h2 h� 1(�h)3=2 :28



Finally we need to estimate the last term in (6.5). This is done similarly:Z tr[�2(H0 � z)�1V (H � z)�1V (H0 � z)�1V (H0 � z)�1�2℄d�g;n(z)= Z tr[�2(H0 � z)�1V (H � z)�1V (H0 � z)�1�2V (H0 � z)�1�2℄d�g;n(z)+ Z tr[�2(H0 � z)�1V (H � z)�1V (H0 � z)�1[V;�2℄(H0 � z)�1�2℄d�g;n(z)Now we take the tra
e norm under the integral sign and estimate using (6.6)and Lemmas A.2 and A.4:j � j� Z k�2(H0 � z)�1V k22k(H � z)�1kkV k1k(H0 � z)�1�2k+ k�2(H0 � z)�1V k2k(H � z)�1kkV (H0 � z)�1[V;�2℄k2k(H0 � z)�1�2k� �h2 1(�h)5=2 + �h2 1(�h)5=2ph=�:7 An estimate on the se
ond Landau levelwith a singular potentialThe aim of this se
tion is to prove the following:Lemma 7.1. Let H = H0 + V (x); :where V (x) � �1jxj , and jxj2V (x) 2 C0;1lo
 . Suppose � 2 C20 (R2), �(0) =r�(0) = 0. Thentr[�(x?)�21(�1;0℄(H)�2�(x?)℄ = o( �h2 1(�h)2 );when �h !1.The idea of the proof is as follows: We write g(H) (for a smooth g) interms of the resolvent. Then we apply the resolvent identity as mu
h as we29




an. Whenever �2 \hits" (H0� z)�1 we win a power of (�h)�1 (essentially).If we 
an get � to multiply V , then the produ
t �V be
omes di�erentiable,so we 
an 
ommute �2 through �V - sin
e [�2; �V ℄ � ph=�. This willresult in more terms where �2 hits a resolvent and therefore in an improvedestimate. We 
ontinue to play this game until we have 
olle
ted enoughpowers of (�h)�1 for our purpose.Proof. The proof of this lemma is fairly long, so we divide it into a numberof steps.Preliminaries:Let M(h) = � inf Spe
H. We want to have an idea of the size of M(h).Now, sin
e V (x) � �jxj�1, we 
an use s
aling and the known results on theasymptoti
s of the groundstate energy of hydrogen in a strong magneti
 �eld([AHS78℄, [FW94℄) to 
on
lude that M(h) � 
h�2(maxf1; log �h3g)2. SeeAppendix B for details.Let us now 
hoose g 2 C10 ([�M(h)� 1; 1℄) su
h that g(H)1(�1;0℄(H) =1(�1;0℄(H) and su
h that �ng � 
 for all n and where the 
onstant is inde-pendent of h; �. We now have the obvious estimate:0 < tr[��21(�1;0℄(H)�2�℄ � tr[��2g(H)�2�℄:As in Se
tion 6 we use an integral representation for g(H). We on
e againuse the resolvent identity repeatedly and, sin
e � is only a fun
tion of x?,the terms whi
h of order 1 or 2 in (H0 � z)�1 vanish - just as in the earlierse
tion. Thus we are left with:tr[��2g(H)�2�℄ (7.1)= Z tr[��2(H0 � z)�1V (H � z)�1V (H0 � z)�1�2�℄d�g;n:For shortness we will often leave out the measure d�g;n in the integrals below.Estimation of integrals:There will be a number of error terms in the 
al
ulations below. These termswill be estimated by taking the tra
e norm under the integral sign. The tra
enorms will always be estimated by expressions of the form
(�; h)j� j�kj4�h� �j�l;where k = 0; 1 and l = 3=2; 5=2 or 7=2, and where 
(�; h) is an (important!)expression in �; h that is independent of the integration variables �; �. It30



therefore easily follows from the integral representation (6.1) that we 
anestimate the integrals by
(�; h)C(g; n)Z 1�M(h)�1 j4�h � �j�ld�= 
(�; h)C(g; n)(�h)1�l Z 1=(�h)(�M(h)�1)=(�h) j4� �j�ld�� 
(�; h)CminfM(h)(�h)l ; (�h)1�lg= 
(�; h)(�h)1�lminfM(h)�h ; 1g (7.2)Commuting � through �2:In order to be able to 
ommute�2 through V , we need to get � to multiply V .Therefore we will �rst 
ommute � through �2. We write r(z) = (�h2�2x3 +4�h � z)�1 a
ting in L2(Rx3) and R0(z) = �2(H0 � z)�1 = �2 
 r(z) a
tingin L2(R3) = L2(R2x?)
 L2(Rx3). With this notation we have using (7.1):tr[��2g(H)�2�℄= Z tr[R0(z)�V (H � z)�1V �R0(z)℄+Z tr[([�;�2℄
 r(z))V (H � z)�1V �R0(z)℄+Z tr[R0(z)�V (H � z)�1V ([�2; �℄
 r(z))℄+Z tr[([�;�2℄
 r(z))V (H � z)�1V ([�2; �℄
 r(z))℄= E1 + E2 + E3 + E4:To estimate E4 we use Lemma A.3 to writek ([�;�2℄
 r(z)) V (H � z)�1V ([�2; �℄
 r(z)) k1� k ([�;�2℄
 r(z)) V k22 k(H � z)�1k� 
 1j=zj �h2 h� j4�h� zj�3=2:31



Therefore, we get, using (7.2)jE4j � �h2 h� (�h)�1=2minfM(h)�h ; 1g� �h2 1(�h)2 (h3=2M(h)=p�):Now, h3=2M(h)=p� ! 0 if �h !1, so this term satis�es the 
on
lusion ofLemma 7.1.E2 and E3 are similar to ea
h other and 
an be treated in the same way,so we will only deal expli
itely with E2. Here we 
ommute �2 through �V(noti
e that �V is di�erentiable!).E2 = Z tr[�2(H0 � z)�1�V�2(H � z)�1V ([�2; �℄
 r(z))℄+Z tr[�2(H0 � z)�1[�2; �V ℄(H � z)�1V ([�2; �℄
 r(z))℄= a+ b:In the last term b we writek�2(H0 � z)�1[�2; �V ℄(H � z)�1V ([�2; �℄
 r(z)) k1� k�2(H0 � z)�1[�2; �V ℄k2 k(H � z)�1k kV ([�2; �℄
 r(z)) k2:This 
an be estimated using (7.2) and Lemmas A.3 and A.4 asjbj � �h2 1(�h)2 (h3=2M(h)=p�);whi
h is the same estimate as we had for E4.For the term a we use the resolvent identity before we apply Lemmas A.2
32



and A.3 to get:a = Z tr[�2(H0 � z)�1�V �2(H0 � z)�1V ([�2; �℄
 r(z))℄+Z tr[�2(H0 � z)�1�V�2(H0 � z)�1V (H � z)�1V ([�2; �℄
 r(z))℄� Z kR0(z)�V k2kR0(z)kkV ([�2; �℄
 r(z)) k2+Z 1j=zjkR0(z)k � k�V k1k�2(H0 � z)�1V k2kV ([�2; �℄
 r(z)) k2� 
 �h2ph=� (�h)�3=2minfM(h)�h ; 1g= �h2 1(�h)2hminfM(h)�h ; 1g:Commuting �2 through �VIn the remaining term E1 we have � multiplying V , so we 
an 
ommute �2through �V :E1 = Z tr[�2(H0 � z)�1�V�2(H � z)�1�2V �(H0 � z)�1�2℄+tr[�2(H0 � z)�1[�2; �V ℄(H � z)�1�2V �(H0 � z)�1�2℄+tr[�2(H0 � z)�1�V�2(H � z)�1[V �;�2℄(H0 � z)�1�2℄+tr[�2(H0 � z)�1[�2; �V ℄(H � z)�1[V �;�2℄(H0 � z)�1�2℄= �+ � + 
 + Æ:The terms �; 
 and Æ are estimated similarly to the terms above - making inparti
ular use of Lemma A.4:jÆj � Z k�2(H0 � z)�1[�2; �V ℄k22k(H � z)�1k� �h2 h� M(h)(�h)3=2= �h2 1(�h)2 h3=2M(h)p� :For � (and 
 whi
h is similar) we have to work a bit more - namely use theresolvent identity on
e in order to pro�t from the �2 whi
h hits (H � z)�1.33



Then these terms are also estimated using Lemmas A.2 - A.4 and (7.2):� = Z tr[�2(H0 � z)�1[�2; �V ℄(H0 � z)�1�2V �(H0 � z)�1�2℄+tr[�2(H0 � z)�1[�2; �V ℄(H � z)�1V (H0 � z)�1�2V �(H0 � z)�1�2℄� Z k�2(H0 � z)�1[�2; �V ℄k2k(H0 � z)�1�2V �k2k(H0 � z)�1�2k+Z k�2(H0 � z)�1[�2; �V ℄k2k(H � z)�1kkV (H0 � z)�1�2k2�kV �k1k(H0 � z)�1�2k� 
 �h2ph=�(�h)�3=2minfM(h)�h ; 1g= 
 �h2 1(�h)2hminfM(h)�h ; 1g:Using the resolvent identity again:In order to get a good estimate on � we need to apply the resolvent identitytwi
e and furthermore 
ompare with the operator H0 + �2�V�2. Let uswrite:� = Z tr[�2(H0 � z)�1�V�2(H0 � z)�1�2V �(H0 � z)�1�2℄+Z tr[�2(H0 � z)�1�V�2(H0 � z)�1V (H0 � z)�1�2V �(H0 � z)�1�2℄+Z tr[�2(H0 � z)�1�V�2(H0 � z)�1V (H � z)�1V�(H0 � z)�1�2V �(H0 � z)�1�2℄= �1 + �2 + �3:The last two terms �2 and �3 are easily estimated using Lemmas A.2 - A.4and (7.2):j�2j � Z k�2(H0 � z)�1k2k�V k1k�2(H0 � z)�1V k2k(H0 � z)�1�2V �k2� 
 �h2 minf M(h)(�h)7=2 ; (�h)�5=2= 
 �h2 1(�h)2 (�h)�1=2minfM(h)�h ; 1g:34



The term �3 is estimated similarly - the main di�eren
e being the term(H � z)�1 whi
h is estimated in operator norm by 1=j=zj.Comparing with H0 +�2�V�2:So �nally we have to 
onsider �1. It is easy to see that if we estimate thetra
e by the tra
e norm as we have done for all the other terms then we wouldget the estimate �h2 1(�h)2 M(h)(�h)1=2 for this term. In order for that estimate to bea

eptable we would need �h5 ! 1. However, it turns out that we 
an domu
h better by 
omparing with the operator H0 + �2�V�2. This operatoris self adjoint and maps the se
ond Landau band to itself. Furthermore,�2 (H0 +�2�V�2)�2 � 4�h � 
;so therefore we get:0 = tr[�2g(H0 +�2�V�2)�2℄= Z tr[�2(H0 � z)�1�2℄+ Z tr[�2(H0 � z)�1�2�V �2(H0 � z)�1�2℄+ Z tr[�2(H0 � z)�1�2�V �2(H0 +�2�V�2 � z)�1�2�V�2(H0 � z)�1�2℄= �1 + �2 + �3:The �rst two terms �1; �2 vanish as we have seen in the proof of Lemma 6.1.Therefore only �3 is left. So we 
an now 
ompare �1 and �3:�1 = �1 � �3= Z tr[R0(z)�V�2(H0 � z)�1�2�V�2(H0 +�2�V�2 � z)�1�2�V R0(z)℄:Now we 
an take the tra
e norm under the integral and get:j�1j � �h2 1(�h)2 (�h)�1=2minfM(h)�h ; 1g:A Auxiliary results on the �j'sIf �(x) is di�erentiable, then [�j; �℄ � ph=�, i.e. the proje
tions ontoLandau levels \almost"
ommute with the multipli
ation by fun
tions. We35



will repeatedly need qualitative estimates on what \almost" means. Thisgives a number of te
hni
al lemmas whi
h have been 
olle
ted in this se
tion.For brevity write r(z) = (�h2�2x3 + 4�h � z)�1 a
ting on L2(Rx3) andR0(z) = �2(H0 � z)�1 = �2 
 r(z) a
ting on L2(R3) = L2(Rx?)
 L2(Rx3).The basi
 lemma is the following:Lemma A.1. Suppose � 2 C0;1(R3), thenk[�j; �℄k � 
kr�k1ph=�:We will not prove this lemma sin
e the proof is similar to (and easierthan) the proofs of Lemma A.6 and Lemma A.7.First we have a number of estimates of Hilbert-S
hmidt norms of quanti-ties involving a resolvent and maybe also a 
ommutator. These are LemmasA.2 to A.4.Lemma A.2. Suppose V 2 L2(R3), thenk��2 
 r(z)�V k22 � 
kV k2 �h2E�3=2;where E = j4�h � zj.Proof. The operator ��2 
 r(z)�V has integral kernelK(x; y) = �2(x?; y?)e�p4�h�z jx3�y3j=h2p4�h� zh V (y);where the kernel �2(x?; y?) is known expli
itely - see (1.7). The importantfeature is that j�2(x?; y?)j is a fun
tion F (gaussian times polynomial) ofjx? � y?jp�=h. Thus, by a 
hange of variables we easily get:Z jK(x; y)j2 dxdy � kV k2 Z jF (jw?jp�=h)j2 e�2pj4�h�zj jw3j=h4j4�h � zjh2 dw= 
 �h2E�3=2:Lemma A.3. Suppose V 2 L2(R3), � 2 C0;1(R2x?). Thenk�[�;�2℄
 r(z)�V k22 � 
kr�k21kV k2 �h2 h�E�3=2;where E = j4�h � zj. 36



Proof. As in the previous proof we 
an expli
itely write down the integralkernel K(x; y) of the operator in question i.e. �[�;�2℄
 r(z)�V :K(x; y) = �2(x?; y?)(�(x?) � �(y?))e�p4�h�zjx3�y3j=h2p4�h � zh V (y):Now, j�(x?) � �(y?)j � jx? � y?jkr�k1, and we get (with notation as inthe previous proof) thatZ jK(x; y)j2 dxdy= 
kr�k21kV k2 Z jF (jw?jp�=h)j2jw?j2 e�2pj4�h�zjjw3j=h4j4�h � zjh2 dw= 
kr�k21kV k2 �h2 h�E�3=2:Lemma A.4. Suppose  2 C10(R3) has 
ompa
t support. Thenk�2(H0 � z)�1[�2;  ℄k22 � 
(�=h2)(h=�)E�3=2;where E = j4�h � zj, and where the 
onstant depends on  .Proof. Choose ~ 2 C10(R3) su
h that ~  =  , of the form: ~ (x) =  1(x?) 2(x3).Then k�2(H0 � z)�1[�2;  ℄k2= k�2(H0 � z)�1[�2; ~  ℄k2� k�2(H0 � z)�1 ~ k2k[�2;  ℄k+ k�2(H0 � z)�1[�2; ~ ℄ k2:Here the �rst term is readily estimated using Lemma A.1 and A.2. These
ond term is k��2 
 r(z)��[�2;  1(x?)℄
  2(x3)� (x)k2;whi
h 
an be estimated using Lemma A.3.Finally, we will need to prove bounds on some operator norms. The ideais that �0 is essentially a lo
al operator, so therefore ejx?j�0f is a boundedoperator if the fun
tion f has 
ompa
t support. We will a
tually need thisfor ejx?j�0aaf , so we will �rst �nd the integral kernel of �0aa and then stateand prove Lemmas A.6 and A.7: 37



Proposition A.5. The operator a�a��(2)0 has integral kernel(a�a��(2)0 )(x?; y?) = �h�p�=h[(y2 � x2)� i(y1 � x1)℄�2�(2)0 (x?; y?):Proof. The proof is just a 
al
ulation. Remember thata� = p ~A;1 + ip ~A;2 = �ih(�x1 + i�x2) + �=2(�x2 + ix1);�(2)0 (x?; y?) = �2�hei(x1y2�x2y1)�=(2h)e�jx?�y? j2�=(4h):Therefore,(a��(2)0 )(x?; y?)= �2�h �(�ih(�x1 + i�x2) + �=2(�x2 + ix1)) ei(x1y2�x2y1)�=(2h)	 e�jx?�y? j2�=(4h)+ �2�hei(x1y2�x2y1)�=(2h) (�ih(�x1 + i�x2)) e�jx?�y? j2�=(4h)= �2�hn [�ih(iy2+ i(�iy1))�=(2h) + �=2(�x2 + ix1)℄+ih [(x1 � y1)�=(2h) + i(x2 � y2)�=(2h)℄oei(x1y2�x2y1)�=(2h)e�jx?�y? j2�=(4h)= � [(y2 � x2)� i(y1 � x1)℄�(2)0 (x?; y?):Thus,(a�a��(2)0 )(x?; y?)= f(� [(y2 � x2)� i(y1 � x1)℄) + (�ih(�x1 + i�x2)� [(y2 � x2)� i(y1 � x1)℄g�(a��(2)0 )(x?; y?)= f(� [(y2 � x2)� i(y1 � x1)℄) + (�ih)�i+ (�ih)i�(�1)g (a��(2)0 )(x?; y?)= �h�p�=h[(y2 � x2)� i(y1 � x1)℄�2�(2)0 (x?; y?):Lemma A.6. Suppose f 2 C0(R3), then we have the following bounds onthe operator norms: kejx?j�0fk � C;kejx?j�0afk � Cp�h;kejx?j�0aafk � C�h;where C is uniformly bounded in �; h.38



Proof. We will only prove the last estimate sin
e the �rst two are similar.The operator K = ejx?j�0aaf has integral kernelK(x; y) = ejx?jG(x?; y?)Æ(x3 � y3)f(y);where G(x?; y?) = (a�a��(2)0 )(y?; x?). From S
hur's Lemma, we 
an esti-mate the operator norm of the kernel K askKk � maxfsupx Z jK(x; y)jdy; supy Z jK(x; y)jdxg:So we look atZ jK(x; y)jdy = ejx?j Z jf(y?; x3)jjG(x?; y?)jdy?:Now, sin
e f has 
ompa
t support and jGj only depends on x?� y?, we 
anestimate the last integral asZ jK(x; y)jdy � 
�hkfk1ejx?j Z 1maxfjx?j�
;0g �he�r2�=(4h)(p�=h r)2r dr= 
�hkfk1ejx?j Z 1p�=hmaxfjx?j�
;0g e�t2=4t3 dt:It is easy to get the following estimateZ 1l e�t2=4t3 dt � 
e� l28 ;so we see thatZ jK(x; y)jdy � 
�hkfk1ejx?je� �8h (maxfjx?j�
;0g)2:This �nishes the estimate on supx R jK(x; y)jdy.For the other part supy R jK(x; y)jdx a similar argument works.Lemma A.7. Let � 2 C10(R3). Then the operator K = ejx?j�0aa[�2;�℄satis�es the bound: kKk � C�hph=�;where C = C(kr�k1;diamsupp �). 39



Proof. The operator has the following integral kernel:K(x; z) =ejx?j Z (�(2)0 aa)(x?; y?)Æ(x3 � y3)�(2)2 (y?; z?)Æ(y3 � z3)(�(y)� �(z)) dy:We have to estimatesupx Z jK(x; z)jdz and supz Z jK(x; z)jdx:Let us write the kernels of (�(2)0 aa) and �(2)2 as:j(�(2)0 aa)(x?; y?)j = �h�hP1((x? � y?)p�=4h)e�jx?�y? j2 �4hj�(2)2 (y?; z?)j = �hP2((y? � z?)p�=4h)e�jy?�z? j2 �4h ;where P1; P2 are polynomials. Furthermore,j�(y?; x3)� �(z?; x3)j � jy? � z?jG(y?; jy? � z?j);where G(y?; r) = supjy?�z?j�r jr�(z?; x3)j:Thus Z jK(x; z)jdz� 
�hph=�ejx?j Z �hP1((x? � y?)p�=4h)e�jx?�y? j2 �4h��Z P2(jw?j)jw?je�jw?j2G(y?;p4h=�jw?j) dw?� dy?:Now, sin
e � has 
ompa
t support, supp(r 7! G(y?; r)) � [jy?j � 
0;+1) \R+, so Z P2(jw?j)jw?je�jw?j2G(y?;p4h=�jw?j) dw?� kr�k1 Z 1maxf0;p�=4h(jy?j�
0)g e�r2P2(r)r2dr� 
kr�k1e�12(maxf0;p�=4h(jy?j�
0)g)2 Z 10 e�r2=2P2(r)r2dr= 
kr�k1e� �8h (maxf0;jy?j�
0g)2:40



Let us now split the y? integral into integrations over the sets fjy?j � 2
0gand fjy?j � 2
0g. For the integration over the bounded set fjy?j � 2
0g weestimate as follows: e� �8h (maxf0;jy?j�
0g)2 � 1;P1((x? � y?)p�=4h)e�jx?�y?j2 �4h � 
e�jx?�y? j2 �8h :So we have to boundejx?j Zfjy?j�2
0g �he�jx?�y? j2 �8hdy?�  supfjy?j�2
0gnejx?je�jx?�y? j2 �16ho!�ZR2 �he�jx?�y? j2 �16h dy?�� 
:When jy?j � 2
0 we 
an estimatee� �8h (maxf0;jy?j�
0g)2 � e� �32h jy?j2 ;P1((x? � y?)p�=4h)e�jx?�y?j2 �4h � 
e�jx?�y? j2 �8h :Therefore, we 
an use 
ompletion of the square to get:ejx?j Zfjy?j�2
0g �hP1((x? � y?)p�=4h)e�jx?�y? j2 �4h e� �8h (maxf0;jy?j�
0g)2� 
ejx?j ZR2 �he�jx?�y? j2 �8h e� �32h jy?j2 dy?= 
ejx?je� �32h �45 jx?j2 ZR2 �he�jy?�45x?j2 5�32h� 
:Hereby, Z jK(x; z)jdz � 
�hph=�:The other integral, R jK(x; z)jdx, is treated similarly.41



B The lower bound of Hydrogen atoms inmagneti
 �eldsIn this appendix we re
all how the bottom of the spe
trum of a hydrogen-like hamiltonian in a 
onstant magneti
 �eld depends on the strength of themagneti
 �eld. LetH(h; �) = (�ihr+ � ~A)2 � �h � 1jxj ;with 
url ~A = (0; 0; 1). The result is the following:Proposition B.1. There exists a (positive) 
onstant 
 su
h thatinf Spe
H(h; �) � �
h�2 �maxf1; log(�h3)g�2 :Proof. Using the s
aling x 7! h2x we have thatH(h; �) is unitarily equivalentto the operator h�2H(1; �h3):Let us noti
e that the fun
tion b 7! inf Spe
H(1; b) is 
ontinuous for b 2[0;1): For b > 0 this follows from perturbation theory (see for instan
eReed and Simon [RS78, Chapter XII.2℄). Continuity for b = 0 is a well-known fa
t (Zeeman e�e
t) and a rigorous proof is 
ontained in [AHS81,Thm. 5.1℄.Therefore, we only have to 
onsider the asymptoti
s as b tends to in�nity.From [AHS81℄ we know thatinf Spe
H(1; b) � 
(log(b))2;as b!1. This �nishes the proof.ACKNOWLEDGEMENTSIt is a pleasure for the author to a
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