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Abstract

We prove a formula for the current in an electron gas in a semiclas-
sical limit corresponding to strong, constant, magnetic fields. Little
regularity is assumed for the scalar potential V. In particular, the
result can be applied to the mean field from magnetic Thomas-Fermi
theory Vaysrp. The proof is based on an estimate on the density of
states in the second Landau band.
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1 Introduction

In this article we will study the magnetic response properties of a non-
interacting electron gas in a strong, constant, magnetic field. The (local)
magnetic moment m of the gas is defined as the variational derivative of the
energy with respect to the magnetic field, i.e. it is the first order correction
to the energy when the magnetic field is slightly perturbed.

In the Pauli Hamiltonian describing the electron gas, it is not the magnetic
field B itself that appears but the magnetic vector potential %_l); curlA = B.
Therefore, it is more convenient to calculate the current j = 5E/5%Y instead
of m = 5E/5§. From the results on the current, corresponding results on
the magnetisation can be derived using that curlm = 7.

The current in strong magnetic fields has already been studied in a num-
ber of papers: In [Fou00] the semiclassical limit of the current was calculated
when the magnetic field strength g and the semiclassical parameter i satis-
fied the condition that ph remains bounded above as i tends to zero. Fur-
thermore, in [Fou99] the microlocal machinery of Ivrii [Ivr98] and Sobolev
[Sob94] was applied to the problem and asymptotic formulae with good error
estimates were obtained under conditions of smoothness of the electrostatic
potential V. When the microlocal techniques are applied, the condition that
ph is bounded can be replaced by the much weaker assumption that phS is
bounded for some arbitrary constant (.

Though the microlocal techniques permit a much better control of the er-
ror terms and were (in the same paper) applied to potentials with a Coulomb



singularity, some points are still unsatisfactory: The first is that the assump-
tion that puh® be bounded should be superfluous; the second is related to
the connection between semiclassics and large atoms. Semiclassical prob-
lems of an electron gas in a strong magnetic field appear in the study of
large atoms in strong magnetic fields. Here, the drawback of the microlocal
approach is that the relevant electrostatic potential - the magnetic Thomas-
Fermi potential Vi;rp - coming from the reduction of the atomic problem to
a one-particle problem, does not satisfy the smoothness properties required
for the microlocal techniques to work.

It is the objective of the present work to calculate the current at large ph
without any recourse to microlocal analysis. In doing so, we will solve the
two problems mentioned above.

1.1 Statement of the results
The (Pauli) Hamiltonian that we will work with is the following:

H = H(h,p, A, V) = (=ihV + pA)? — uh + V(z).

where A = (—x2/2,21/2,0) (and therefore B = curld = (0,0,1)). We will
always work under conditions that assure that H is a self-adjoint operator on
the Hilbert space L?(R?). Notice that we have chosen for simplicity of nota-
tion to restrict the usual spin-dependent Pauli operator living on L?(R3, C?)
to the spin-down subspace. Since the magnetic field is constant, the full Pauli
operator splits into a direct sum of operators on the spin down and spin up
subspaces and therefore there is no loss of generality.
The current operator is the following:

J(@) = J(h,p, @) = @ (—ihV + pA) + (=ihV + pA) - @ — hbs,
where d = (a1, aq,a3) € C5°(R? R?) is any test vector potential, and b3 =

81612 — 82a1.
With this notation the energy of the electron gas is defined as:

E = E(h, 1, V) = tr[H1(—oo 0 (H)],
and the current 7 is defined (as a distribution) by:
/ 7@ =4[ J(@)] (oo (H)].

3



Let us first recall the semiclassical results on the energy. In [LSY94b]

it was proved that for %_l), as above, the following semiclassical formula holds
uniformly in the magnetic field strength:

lim (E(h, M V)/Escl(hv Hy V)) = 17
h—0

where

Esa(h,p, V) = 2h2 /Z x) + 2nph]” 3/2 dz. (1.1)

Formally, ] = ]}, and we get by formal differentiation of the expression

(1.1) with respect to A (remembering that p = M|B| = M|CUF1A|) the following
formal expression for the semiclassical current:

/.js_;l - d
— WZ/[B( )([thM+V( )]3/2 Snhuf2nh + V(e )]1/2>d:1;.

In particular, when ph — oo we get:

[ = o [ @@ .

It indeed turns out that this formal calculation gives the right result:

Theorem 1.1. Suppose ph — 0o as h — 0, and suppose V € C}(B(0,1)),
d = (ay,as,0) € C3(B(0,1)). Then the current satisfies
B2

im —
h—>0+ ILL

) ()] = 5 [V ] =0 (12

It is not yet known in complete generality that the parallel (to B ) current
Js is smaller than the perpendicular current (ji, j2). However, we can prove
that js is small under certain symmetry assumptions:

Theorem 1.2. We have the following two cases:

1. If V satisfies the conditions of Thm 1.1 and furthermore satisfies the
symmetry condition V(xy, 12, x3) = V(vy, 29, —x3). Then the conclu-
sion of Thm 1.1 remains true with @ = (ay, as,a3) € Cy(B(0,1)).
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2. IfV(x) = V(ry,x3), with vy = /a2t + 22 and V € L*(R?) + L>(R?),
then

j3:0.

Notice that in Thm 1.2 part 2, j3 vanishes; whereas in part 1, it only
becomes of lower order than the perpendicular current. Part 1 has been
proved in [Fou00] and the argument will not be repeated here. We wish to
point out, however, that one needs Thm. 1.1 in order to prove part 1. In that
sense it 1s a corollary of Thm. 1.1. The proof of part 2 is elementary and will
be given in Section 3 below. Furthermore, it is a symmetry argument and
as such independent of any knowledge on the perpendicular current (1, ja).

In applications the scalar potentials V' under consideration will often not
be of the type required by Thm. 1.1. The main application we have in mind
is to large atoms in strong magnetic fields, where the mean field potential
is known to have (among others) a Coulomb singularity at the origin. With
similar (though a bit more technically involved) arguments as for the above
one can get Thm. 1.3 below.

Theorem 1.3 (Current in potentials with Coulomb-like singulari-
ties). Let V(x) satisfy the follwing conditions:

o H is self-adjoint (this is for example the case if V € L*(R*) 4 L>*(R?)).
o [V]_ € LP*(R® N L¥*(R3).
o V(z)> 5.

= |z

|22V (x) € CPYR?), de. |22V (z) and V(|z|?V (x)) are locally bounded.

loc

V(z) =V(ry,x3), with ry = \/a] + 23.

Let @ € C3(R? R?). Suppose that uh — oo as h — 0. Then:

lim ™ ¢ [T (pd)l ) - —*
hi}%ﬂ_ [ r (/“La) (—oo,O]( ) - 3722

/bg(x)[V(x)]?i/zdx —0. (13)

Remark 1.4. One can apply localisation techniques such as those described
in [Sob95] and [Sob94] in order to analyse the situation with more than one
Coulomb singularity. It is beyond the scope of the present paper to include
this generalisation.



1.2 Results for MTF-theory

In particular Thm. 1.3 can be applied to the mean field potentials Vi;rr and
Vsrrp coming from the analysis of large atoms in terms of a Thomas-Fermi
type theory. The precise definition of these potentials will be given in Section
2 below, where we will also prove that they both satisfy the assumption of
Thm. 1.3.

The difference between Vysrr and Vsrp 1s that in Visrr all Landau bands
are taken into account, whereas in Vsrp one restricts to the lowest. Since
2uh is the distance in energy between the Landau bands one would expect
the restriction to the lowest Landau band to be admissible in the limit where
ph — oo, It was shown in [LSY94a] and [LSY94b] that this is correct for
the highest order terms in the energy.

For the highest order term of the current we show that either of the two
potentials can be used:

Theorem 1.5 (Current in the MTF mean field potentials). Let Vi(x) =
Virrr(x) = Virre () be the mean field potential from magnetic Thomas-
Fermi theory, and let Va(x) = Vsrp(x) be the mean field potential from STF-
theory. Write _
H; = (—=ihV + pA)? — ph + Vi(z).

Let @ € C3(R? R?) and suppose that uh — oo as h — 0. Then we have for
j=1,2:

2

lim —
h—04 ILL

=0. (L4)

D ()] = 5t [ (Vi) e

Furthermore, in the same limit

nm{/@@mwwwmﬂm_/@@m@ﬂ@ﬁ%%:u (15)

h—04

Remark 1.6. For bounded ph, the semiclassical limit of the current in the
MTF-potential was calculated in [Fou00]. Thus, Thm. 1.5 together with
that paper constitute a complete semiclassical analysis of the current in the
mean field from magnetic Thomas-Fermi theory.

1.3 Notation and preliminaries
We will for shortness introduce the notation

pip=(—ihV + pA) = (pA',ppA',zva',:a)'
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The kinetic energy operator K in the variables perpendicular to the mag-
netic field plays a crucial role in magnetic field problems. It is defined as

K = pim + pif,z — ph. (1.6)

It is well known that the spectrum of K is a set of (infinitely degenerate)
eigenvalues {0, 2uh, 4ph, ...} = 2uh(Z4 U {0}), the so-called Landau levels.
We will often use the term »’th Landau level both to describe the eigenvalue
2vph and to describe the corresponding eigenspace of K. The projections
onto these Landau levels will be used repeatedly. We will now describe their

explicit form (See [LSY94b, p.95]): Let

H£2)($L,yL) == (17)
. B
s expliles x )5 = lew =y Lu(fes = yaP ),

where we have written # € R%as (x L, x))), with 2, L B and ) || B. In (1.7),
L, are Laguerre polynomials normalized by L,(0) = 1. The projection on
the v’th Landau level is now given as

I, =1%o,
where the tensor product refers to the decomposition

L(R?) = L*(RY) © L*(Ry) = L*(R(;, ) © L*(R,,).

(z1,%2)

All tensor products in this paper will refer to this decomposition.
The lowest Landau level plays a special role, so we will often use the

decomposition I = Il + II, which defines Il = E;’;l I1;.

We will also use the following raising and lowering operators:
C=pPi1— ipff,zv a” = Pi1 T ipff,z'
Then
a*a = K and [a,a”] = 2uh.

It is therefore easy to see that ¢ maps Ranll, to Ranll, 4, i.e. raises the
Landau level by one, and that a lowers it.

Define )
Hy = pi —ph =K —h*32,. (1.8)
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Then it is clear that
[I1;, Ho] = 0 for all j € B. (1.9)

We will use a number of different norms: For functions V' we will denote
by ||V, the L? norm of V - with the exception that ||V| is the L* norm.
We will also need norms of operators: ||K|| denotes the operator (uniform)
norm of the operator K, and ||K|, the Schatten norm:

K15 = te[[ 577,

in particular || K||2 is the Hilbert-Schmidt norm. It will always be clear from
the context whether a given object is considered an operator or a function.

Finally, let us fix a number of standard notations: R(z), 3(z) denote the
real and imaginary parts of the complex number (or the operator) z. B(x,r)
denotes the open ball of radius r around the point z. It will always be clear
from the context in which space the ball is taken. Lastly, Dd denotes the
jacobian of the function a.

We will also use the standard custom of letting ¢ or C' denote arbitrary
constants, the value of which may change from line to line or even within a
line. We will in general not try to keep track of the numerical value of these
constants.

1.4 An outline of the paper

The proof of part 2 of Thm 1.2 is elementary and independent of the general
arguments in the paper, so it is given in Section 3. The proofs of Theorems
1.1 and 1.3 will be the main objective of the paper. Both of these theorems
depend on a fairly easy analysis carried through in Section 5 and an estimate
on the number of electrons living in the second Landau band. It is only in
the nature of these estimates that the proofs are different. The estimate for
Thm. 1.1 is stated and proved in Section 6 and for Thm. 1.3 in Section
7. The proof of Thm. 1.3 depends on choosing a convenient gauge, and
therefore it depends on Thm 1.2.

Thm. 1.5, which is maybe the most interesting result of the paper,
will follow from an analysis of MTF-theory in Section 2. There it will in
particular be shown that Vi;rp and Vspp satisfy the assumptions of Thm.
1.3.



2 The MTF potential

In this section we will discuss the regularity and decay properties of the MTF
potential. It is well known (see [Lie81]) that in usual Thomas Fermi theory
(without magnetic field) the effective potential is a smooth function except for
a Coulomb singularity at the origin. In MTF-theory this is unfortunately not
true, which is one of the reasons why precise asymptotic formulae are difficult
to obtain for large atoms in strong magnetic fields. The MTF-potential turns
out not only to have a Coulomb singularity at the origin (at the nucleus) but
also points of non-smoothness on an infinite number of “surfaces” tending
towards the origin as ph tends to infinity.

The MTF-potential comes from the study of large atoms in strong mag-
netic fields. By means of correlation estimates one can (with a small error)
reduce the study of a neutral atom with nuclear charge Z in the constant
magnetic field B to a semiclassical problem in a mean field Vy;7r and pa-
rameters p, h given by:

g = B/ZV,
p = (B*Z)Y° when B > 747,
(B/Z*)'® when B > Z'/?,
uh = (B3/Z4)1/5 — 33,
We will only discuss (scaled) MTF-theory in the case we are interested
in - i.e. ph — oo, which corresponds to 8 = B/Z*3 — oo. Furthermore,
we will only describe the results we need for the proof of Thm. 1.5. For a

general discussion of MTF-theory see [LSY94b].
The mean field Visrp is found through the Thomas-Fermi equation (2.2)

>
|

below. However, in order to state that equation we need to introduce some
notation.

The Magnetic Thomas-Fermi (MTF) theory that correctly models the
behaviour (to leading order) of the energy of atoms in strong magnetic fields
is (after a scaling) given by the following functional.

) = [ wlol)det [ V) do+ Dlpp). 21)
Here V() is the Coulomb potential V(x) = ﬁ, D(p, p) is the Coulomb norm

or direct Coulomb interaction:

D(f.9) = % 5 7f|f)_gfyy|)dxd

Y
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and 75 is the kinetic energy density of an electron gas in a magnetic field,
given as the Legendre transform of the (scaled) pressure:

#5(1) = sup[tw — Ps(w)],

w>0
with
. 1 3/2
Ps(w) = 37 ;[ZV/ML —w]”".

The corresponding (scaled) MTF-energy is now given as'

EMTE(B) = inf{€3" [pl|p € L'(R®) N LP(R?), p > 0,/,0 <1}

The (scaled) STF-functional comes from taking formally the limit 8 =
(1h)®/® — oo. This gives

5 1 3/2
o) =5
and therefore 4t
T
P (1) = t?
hll) = 7

Therefore,

R3

e = X1 = [ fulp()de+ [ Viepla)da + Dip.p)

Finally, the STF-energy is defined by (note that the domain is different than
for MTF-theory):

ESTF — inf{£5TF [p]lp € LN(RY) N I*(RY), p > O,/,o <1,

In order not to have to notationally distinguish STF and MTF theory,
let us define that &5 = gMTT

From [LSY94b] we get the following results on minimizers of the MTF-
functional:

1'We are only interested in neutral atoms, so the scaled density has to integrate to (less
than) one.
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Theorem 2.1 (Existence and properties of MTF-minimizers).
For B € [1,00] we have:

o The functional EMTY has a unique minimizer pg.

e The minimizer pg has support contained in a fired (independent of h, i)
compacl set.

o The minimizer ps satisfies the (scaled) TF equation:

ps = Bs(Varrrg)-), (2.2)
where the MTF-potential (effective potential) is defined as
1 -

Vurrs(z) = Tl + pg * |

(2.3)

o The TF equation can be written in the following form, involving only

Vyvrrs:

—(47) " AVarrrs(z) = do(x) — Ph([Varrrs)- ). (2.4)

o IfB — [y in[l,00], then pg — pp, weakly in L5/3(R3).

loc

From the above results we easily get

Corollary 2.2 (Properties of Viyrrs).

1. VMTF,B(J;) > —|$|_1 .

2. Let O € SO(3), (i.e. O is an orthogonal matriz with determinant 1),
then VMTF,B(OJ;) = VMTF,B(J;)-

Proof. The proof of 1 is simply the observation that p is positive and thus
p* |v|~! as well. The symmetry property 2 follows from the uniqueness of

the minimzer p; and the symmetry of the functional E¥TT, 0
Furthermore, we get continuity of Vayrps in f:

Lemma 2.3. Suppose B — [y in [l,00]. Then [Vmrrgl- — [Vmrrs)-
weakly in L3/2(R3).

loc
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Proof. From (2.3) it is clear that Viyrps > ﬁ Therefore, using Lebesgue’s
theorem on dominated convergence, it is enough to prove that Visres(x) —
Varrs,(x) pointwise.

Now,
1
Viurrs(e) — Vurrs, () = (ps — ps,) * Tl
1
= [(0st) = prls) = .

From Thm. 2.1 we get that

(Ps(y) = ps(¥) = (pPs(Y) — pas (¥)1p.R1(IY]),

for some fixed (independent of 3) R > 0. Furthermore, for fixed z € R?, we
have

1
Loyl € L™ (R,

Since, using Thm. 2.1 again, pg is weakly convergent, this finishes the
proof. O

For the analysis of the current it will be very important for us that the
singularity of Visrrs at the origin is essentially of Coulomb type ( & |z|™!).
The precise thing that we need is that |z|*Vayrr s is differentiable. This we
will prove next:

Lemma 2.4. Suppose uh — oo, then
2 Vurrs € CVY(B(0,1)).
Furthermore,
e *Varrrslls o) + IV (121" Varrrs)l 2= 50,1
is bounded uniformly as ph — oo.

Remark 2.5. Notice that Lemma 2.3 and Lemma 2.4 make Thm. 1.5 a
corollary of Thm. 1.3.
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Proof. Let us write:

Vvrrp = -l +pp* 2|7t = -l + Veone ().
] ]
Now, general results (see for instance [LL96, 10.2 Theorem]) give that
Veont(2) is continuous and bounded since ps € L' N LP, with p = 5/3 or
3. We need to prove that |2]*V,,, € C%'(R?) (since |x|2ﬁ is!). In order to
do that we write the TF equation for pgs:

ps = Pi([=1/le] + Vious(2)]-)

o0

1 1 1/2
- 2 h—— ‘/con
=3 [ R ’f“")}_

T e g ()1/2+i§: 2wpih — - Vi)
= 5 cont| T . o v |$| cont\ T

]

1/2

v=1

= p1+pe-

For 8 = oo we have p; = 0. Notice that p; and pg have compact support,
and therefore p; as well. Now, p; = |z|~'/2 close to the origin, so p; € L>**.
Therefore if we define Vi by Vi = py * |z|™!, then (from [LL96] again), we
get that V} is C%'. So let us look at py:

o0 1/2

1 1
- o 2 h—— con
P2 o ; |: vy |$| + V. t(x)

We will approximate the sum by an integral, so let us denote u = u(x) =
1 — |@|Veone(2), and write

Lo/ (zann(12)
2|z |3/ 22uh

{/“ Vu—tdt + (Z Ruph|z| — u]'?2uh|z] — / Vu — dt)}

Lo1/2u(2) S22
27|z |3/22uh 3
= p3+ pa-

p2(x) =

X

+pa
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Since t — /u — t is decreasing (for positive ¢) we have:

ZZV/,LM:L' u'Fouhlx| < /\/u—tdt
v=1

< Z [2vph|x| — u]'/* 2uh]|,

v=

and therefore

1 ||
0 < Yoascumn() Vi

= P = on|a 1

which implies that py is in L*T¢(R®) uniformly in gh. Thus (by [LL96])
pa* |x|7t € C%, so we only have to consider ps.
Furthermore,

Lp1/eun(2)
TR /ERRIN S L +e RB
67|z |3/ 2uh € (R,

Ps —
so it is enough to look at

- lpyean(F)
pa 6m|x|?/2uh

If we now choose ¢ € C5°(R?) with ¢ = 1 on a nbh. of 0, then we can write:
~ - _ C ~
Vs = pax|o|™! = M—h|$|1/2¢($) + Vi ey

We will argue that \N/g,’,,eg e COHR3):

&) — Loy ()
67|z |3/ 2ph

-1~ c
EAV&,W = M_h <|:1;|1/2Aqb(:1;) + 2V|:Jc|1/2 . qu(:z;)) +

if the constant ¢ is chosen properly). Now the right hand side is (uniformly
g
in ph)in L*T¢(R?), and we can apply [LL96] a final time. O

3 The parallel current

In this short section we will prove Thm 1.2 part 2. The idea of the proof is to
use the cylinder symmetry of V' to prove that we may choose the eigenfunc-
tions to be of the form ¥(z) = ¢ (r., 2)e'™?, where ¢ is real. Once we have
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obtained that, it is easy to see that the parallel current of such a function
vanishes.

Proof. Let az € Co(R?). We need to calculate
tr[(as(—1h0y,) + (—1h0y, )as) L— g (H)] = 2R (tr[ag(—ihaxs)1(_0070](]-])]) )

Due to the cylinder symmetry of V' we may choose the eigenfuntions of H
to be also eigenfunctions of the angular momentum operator L, or in other
words, to be of the form:

@Z)(l’) = 77ZN}(TJ_7 Z)eim€7

where m € Z and ;/N)(TL, z) is an eigenfunction of

~ 1 2
it = i (@i + =0, — Tt 63) i = ph = 2phm 4 V(r1, 2).
1

L

Now, H commutes with complex conjugation, so we may choose the eigen-
functions ¥(ry, z) to be real. But if ¢(r.,z) is real, then it is easy to see
that

R ({52, 2)e ™ as( =i, b(rs, 2)em7) ) = 0.
This finishes the proof. O

4 Preliminary analysis

Two commutator formulae will be very important in the argument. We will
in this section repeatedly appeal to the fact that if ¢ is an eigenfunction of
the self-adjoint operator H, and A is any operator, then (under very general
conditions on A, H):

(v; [H, AJp) = 0. (4.1)
This implies in particular that
tr ([H, All_oog(H)) = 0.

Remark 4.1. From the work of Georgescu and Gerard [GG99] it is clear
that the correctness of the ‘virial thm’ i.e. (4.1) is a bit delicate. However,
standard methods can easily be applied to prove that the formal calculations
below are justified.
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The first commutator formula proves gauge invariance of the current in
-
a

Lemma 4.2 (Gauge invariance of the current). Let ¢ € C5(R?), then
tr[J (Vo) l—oo(H)] = 0,

Proof. This follows by partial integration or the following easily proved iden-
tity:
(ih)~'[H, ¢] = J (V).
O

The second commutator formula is essentially a virial theorem for Schro-
dinger Hamiltonians in the presence of a magnetic field. This formula has
previously appeared in [Fou00] and [FouOl].

Lemma 4.3 (Magnetic virial theorem). Suppose that @ = (ay,a4,0) €
C3(R?) and define @ = (—az, a1,0) Define furthermore M = —(Da + (Da)'),
then
tr[J (1)1 (—co0(H)] = tr[(Jr v + JpEN ) (=001 (H )],
where
Jrin = piMp; — phbs,
and
Jpens = @ - VV — h*Adiva.
Remark 4.4. Notice that the term diva is equal to —bs.

Proof. We will only give the main idea of the proof. For further details see
[Fou00]. The proof of this statement also reduces to the calculation of a
commutator. This time the required formula is:

(—ih)'H,a-pg—phbs+pg-al =pd-pz+ps-pd — (Jiv + Joens).

The proof of this formula is just a calculation using in particular that [pgj, Pir

—Z/,Lh(a]Ak — akA]‘), and that Eizl(aj/lk — 6kA])dk = daj. ]
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4.1 Known results

In this subsection we will recall some results on semiclassics of the energy
and density in a constant magnetic field. These are all taken from [LSY94b].

The result on the semiclassics of the energy in a constant magnetic field
is:

Theorem 4.5. Suppose [V]_ € L**(R®) N L**(R®) and let E(h,;,V) and
Esa(h, 1, V) be as given in Section 1. Then

: E(h, p, V)
l —_— ) =1
hl_r}ré (Escl(hv/“bvv)> ’

uniformly in the magnetic field strength p.
By the variational principle, one easily gets:

Corollary 4.6 (Asymptotics for the density). Let us keep the assump-
tions from Theorem {.5. Suppose ¢ € L**(R®) N L3/*(R?), then

h? 1 = 1/2
ol (1] = 57 | > g + VL 0(a) e+ o),

as h — 0.

As another application of the asymptotics for the energy and the varia-
tional principle we get the following weak form of localisation to the lowest
Landau band (remember that K was defined in (1.6)):

Corollary 4.7 (Asymptotics for the perpendicular kinetic energy).
Let us keep the assumptions from Theorem 4.5. Let us further assume that
ph — oo as h — 0. Then:

W
R g (1) = o(1),

as h — 0.
It will finally be useful to know the following consequence of Thm. 4.5:
Corollary 4.8. Let us keep the assumptions from Theorem 4.5. Then

t[p% L e (H)] = O(u/1?),

as h — 0.
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5 Proof of Thm 1.1 and Thm 1.3

We now pass to the proof of Thm 1.1 and Thm 1.3. The proofs of these
two theorems are the same until the final step where we need to invoke an
estimate on the number of electrons in the second Landau level. This final
estimate is different in the two situations.

The first part of the proof is identical to the argument in [Fou00]. First
we apply the ‘virial theorem’ (Lemma 4.3). Thus we have transformed the
question about the current to:

tr[J (pd@)L (oo ()] = t{(Jxiv + JpENs) L (—eo0)(H)],

where the a that appears in the definition of Jxin and Jpgns is given as
(_a27 ay, 0)
Now Cor. 4.6 readily gives that

teldppnsliwa )] = 5t [ W@V (@) e + o/,

Therefore the real task is to prove that
b ivl—oo0 ()] = o(p/h?). (5.1)

A standard way to try to obtain such a result would be to write H(?) =
H + tJgn and then study E(1) = tr[H (1)1 (o o(H())]. The asymptotics
of tr[Jxin1(—s00(H)] should then be obtained using the same arguments as
applied for the density in [LSY94b]. However, this strategy will not work
in the present case, since it can be shown that F() is of order (1 4 ph)z
for t # 0, whereas F(0) is only of order /5. This is the reason why the work
[Fou00], which applied this strategy, had to be restricted to bounded ph.
The idea that we will apply below is that it can be seen that the main
term of Jxn is an operator that couples the zeroeth Landau level with the
second. Formally, this is clear since the projections II; almost commute with
functions: [II;,¢] ~ y/h/p. This “almost”is made precise in a number of
auxiliary lemmas in Appendix A. Thus, if we can obtain a good bound
on the number of electrons living in the second Landau level, we can prove
the bound (5.1) directly. In this section we will reduce the proof of (5.1) to
an estimate on the second Landau level ((5.2) below), the proof of which is
technical and will occupy the rest of the paper.

18



Let us decompose Jxn as follows: The matrix M can be written as:

M = —(Da+ (Da)')=M+N
bs 0 0 Niyy Nz Nis
= 0 b3 0 |+ | Nz —Nip Ny
0 0 0 Niz Naz 0

Notice that tr[N] = 0.

Using this decomposition we write

JrInN = JKINdiag + JKINof £+

where

JKIN diag = Py Mip ; — 1thbs,
and

Jiinoss = piNpg-

The motivation for this decomposition is that Jx n 4., almost respects the
Landau levels (and vanishes on the lowest one!) whereas Jxin .77 (to highest
order) couples the j’th and the j+2'th Landau levels. For Jxn 4iay We could
apply the analysis from [Fou00], but we will not do this, since another more
direct approach works, which is more in the spirit of the present paper. The
off-diagonal term Jg .7 is the problematic term that makes the variational
technique break down. But since it couples the zeroeth and the second
Landau levels it will suffice to get a good bound on the density of states in
the second Landau band, in order to estimate this term.

Lemma 5.1 (Estimate on Jxn dgiag)-
tr[ Sk 1N diag L (—oo0) (H )] = o(p/R?).
Proof. By writing

Jrxingiag = o+ Us)Jxrn diag(Ho + )
= IoJxIn diagllo + 1S g 1N diaglls
+(I1s Tk 1N diagllo + HoJk 1N diaglls ),

we get a decomposition of tr[Jx N diagl(—o,0](H)] into three terms that we
will treat separately.
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1 JKIN,dmgH>3
In this term we replace the matrix M; with its absolute value and can thereby
estimate

e[ T 1 ding s 1 (oo 0)(H)] < ett[ Koo q(H)] = o(ut/h?),

by the weak localisation to the lowest Landau level; Cor. 4.7.

For the last two terms we introduce the raising and lowering operators:
Let us write the p;’s in Jx N diag 10 terms of the raising and lowering oper-
ators a,a*. We get py, = (a+a*)/2, py, = (a —a*)/(2¢). Thus an easy
calculation gives 7 7

1
JKIN diag = 5(61*53@ + absa™) — phbs

o JK 1N diagllo:
Let us remember that ally = 0. Then

1
HoJrrndiagllo = 1o <§abga* — /,th;))) 11,

-~ o, (% (Ja, bsla” + bsla, a]) — /,thg> T,

1
= 1l (5[%53]@*) 1,

1
= §H0 [[av 63]7 a*] .

The double commutator gives h? times a continuous, compactly supported

function ¢. Choose f(a3) € C3°(R) such that f¢ = ¢. Then
thr[H0¢H01(_m70](H)]

= Paal(e () (el ogtoeT) (1)) 1acan ()]
< h2He_|l’J_|f(x3)1(_oo70](H)Hg”e|9€J_|HO¢H0€|xJ_|H

We now use Lemma A.6 and Cor. 4.6 to get an estimate of order 22O(u/h?).
Iy Jr 1N diagllo + Hod k1N diaglLs
We calculate:
tr[Ho ((a"bsa 4 absa™) /2 — phbs) s 1(_o g (H)]
= tr[ll (aa™bs/2 + afbs; a™]/2 — phbs) 15 1 (o0 (H)]
= tr[llp (a"abs/2 4 albs; a*]/2 + ([a; a”]bs/2 — phbs)) H>1(_Oo70](H)]

1
= §tr[H0a[bg,a*]H>1(_OO70](H)].
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Now, [b3,a*] = h¢, where ¢ is a continuous compactly supported function.

Choose f(x3) € C§°(R) such that f¢ = ¢. Then
palbs, a*] = h(f(:zg)e"“')e'“'ﬂoaqb,
and we estimate:

tr[Hoalbs, ™15 1~ 0y (H)]
< Bl oo () f(a)e™ ol Toad | TE1 ey ()]

< chyfurlf(aae ol g (H)] e+ oag)] \/1/ B[R oo ()

We now use Lemma A.6 and Cor. 4.6 and 4.7 to get an estimate of order

ho(p/h?). O

One part of Jxin,sf 1s easy to handle - this is the part in the third row
or column. So let us consider that separately: We write:

Nit Nip 0 0 0 Nis
N = Nig =Ny 0 ) + 0 0 Ny = Ny + N3,
0 0 0 Niz Naz 0

and define Jy, J3 as Ji = pzNpp -

Lemma 5.2.
tr[ng(_oop](H)] = 0(/,L/h2).

Proof. Let us notice that p ; , commutes with the II;’s. In terms of the raising

and lowering operators J3 becomes a sum of terms of the form agp z ,+p 3561*

or a*qbpg’3 + pgﬁga.
Now,

oagp z 3H0 Ilo[a Qb]Hopig = hHoﬁgﬂopig = hf(l':a)@_'“|€|“|H0€5H0pg737
as in the previous proof. We estimate as above:

tI’[HoGprA"BHOl(—oo,O] (H)]

AL (—eoo(H) f(s)e™ || Mo dlo|| 1P g 51 (—coi0 (H)]|2
= O(u/h).

IA
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Furthermore

tr[H>a¢pg73H> L(—oo,0)(H)]

11 (—co,0] (H)ILs adll2]|p 5 51— o001 () ]2

Vit al@ar T L o (H)]trp% L oo (H)]
< Ol g (Hxlp? Lo (H)]

o(p/h*).

IA

IA

Finally,

tr{lloagp ;11 (oo (H)] = trlpzslloadlls] (o g (H)]
+tr[Iloa[e, p 45151~ o001 (H)].

The last term is easily estimated, and the first is estimated as:
11 (=001 (H)p g 5|2 HoapIls 1 (—co,0)(H) |2
< \/tr[p}gl(—oo,O](H)]\/tr[fﬂ(—oo,O](H)]
= o(u/h?).

O

So we have isolated .J; as the problematic term. As will be seen in the
proof below, this term has as its main component a coupling of the zeroeth
Landau level to the second. So we need a very precise estimate on the number
of electrons in the second Landau band. In the proof of Lemma 5.3 below
we invoke such an estimate in order to finish the proof of Thm. 1.1 and

Thm. 1.3.

Lemma 5.3.
tr[ 21 (oo (H)] = o(p/R?).
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Proof. We write J; using the raising and lowering operators:

Jo = py-Np;
(a +a*)/2 (a+a*)/2

(@™ —a)/(20) | N | (" —a)/(20)
0 0

1 1
= Z(a + a*)Nyi(a+ ™) + E(a + a*)Nig(a™ — a)

1 1
-I-E(a* — a)Nis(a+a™) + Z(a* —a)Nyi(a* —a)

1 1 1
= §(GN11G + a*NHa*) — Zanga + Za*nga*
= aga+ a pa*
= aap+ da*a* +alg,a] + [a*, dla”,
where

. 1 .
¢ = (Ny1 +1N12)/2 = B (Oraz + Osay + 1(Grag — Oray)) .

The commutator terms above are easily seen to give neglectable contribu-
tions, by the methods applied generally in this section, so we will not consider
those.

Now, Iy J2lly = 0, and £IIs 105 < c[g’, so we only have to deal with

o J5TTs 4 T JoTl.

Let us define I, = IIs — I, and consider IIy.J515 (the other term can be
estimated analogously). Now,

HOJ2ﬁ> == Hoaaqbl:[>
= loaa[lly, ¢]1,

since Ilgaa = Ilgaall,y, and H2ﬁ> = 0.
Let us choose f € Cg°(R) such that

flas)é(z) = o(x).
Then (since f(x3) commutes with a and Ilp):
tr[lloaadlls1_o)(H)]
= tr[(Lcay(H)]e™ "4 f(5)) (e +Toaallls, ¢]) <ﬁ>1<-oo](H)>]
< Moo (HDJe™ 4 f )2 ]| €+ MoaalIT, @ [T 1 ooy (H)-
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It is clear from Cor. 4.6 that

1o ()] e f ()2 = \/tf[f2(w3)€‘2'“'1<—oo1(H)]
= O(\/u/h?).

From Lemma A.7 we get that

i+ Moaa[lly, ¢|| < Cphn/h/p.

Finally, we see from Cor. 4.7 and cyclicity of trace that

1Mol (H)]l2 = wr ol ooy (H)

= ﬁ (\//l/hz)
So we get:
tr[Hoaagbl:[>1( \/>\/h/ h2 = o(u/h).

Therefore, we are left with tr[IloJyI51(—oj(H)]. Let us here choose f(x3)
as above and ¢ € C5°(R?) such that ¢¢ = ¢. Then we calculate as follows:

tr[Mo 51151 sy(H))

tr[loaadllyl ooy (H)]

(1o () (z3)e™ 1) (b4 Tgaad) (61121 (1))
11 e () F(rs)e "“'H e Myaad| [ 6111 oo (H)

Cuhy/ /B2 || @121~y (H) |2,

where we used Lemma A.6 to estimate the operator norm.
Thus, in order to finish the proof, we need the estimate:

%

IA A

el g (] = of ) (52)

Under the conditions in Thm. 1.1 this (without the ¢ which can be estimated
by ||¢||s) is the result of Lemma 6.1 below.
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Under the conditions in Thm. 1.3 i.e. in the case where V(z) has a
Coulomb type singularity, we will apply Lemma 7.1 below. Notice that if

¢(07x3) = V$L¢(O7x3)7 (53)

then we can write ¢(x) = ¢y(x)d2(x L), with ¢; bounded and ¢, € CF(RZ ),

$2(0) = V2(0) = 0. Therefore, we only need to prove that it is enough to

consider ¢ satisfying (5.3). This will be accomplished by a change of gauge.

Remember from Lemma 4.2 that the current is gauge invariant in d.
Remember that

qb(l’) = (alag —|— agal —|— i(azag - alal)) .

[N

So changing @ — @ + V& will change
o ¢+ 05,0 +i((0; — 7)®).
We choose:
o) = gles)((anles)(ed = o3) + arsles)aias)
+ (arni(@s)a] 4+ ana(ws)eizs + arg(ws)er2l + agn(ws);) >7

where g(x ) = 1 on a neighborhood of 0, and the a’s are continuous functions
of x5 which can be matched against a Taylor expansion of ¢ in x;. Thereby
it is clear that we can assure that (5.3) is satisfied. Notice that the change
of gauge will also affect a3, but since (using Thm. 1.2) j3 = 0 this is of no
importance. O

6 Estimate on the second Landau level

In this section we will prove a bound on the density of states living in the
second Landau level.

Lemma6.1. Let V € C3(B(1)), and let g € C5°(R). Suppose that ph — oo,
then there exists a constant ¢ such that

W
trlILg ()] < e (uh) i
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Proof. For the proof we will use the following integral representation for a
function of a selfadjoint operator H in terms of its resolvent, valid for all n

and functions g € C3°(R) ([AdIMBGI1)):

1 , y o
i = X [ @astur—a—iya

+ W(n—l/ /an S[(H — A —ir)]dXdr. (6.1)

For brevity, we will during the proof just think of the right hand side as an
integral transformation of the resolvent and abreviate the above formula as

o) = [ (H =2 dyy (o)

Notice, that by partial integration of the above formula, we get:

—¢(H) = Zm’/aj IH =X —i)"3dA (6.2)

7T(n—1 / /an S["(H — X —i7)7*]dAdr.
= /(H—Z)_ dptgn(z).

In the calculations below we will repeatedly use (1.9), which in particular
implies that

HQ(HO — Z)_l = HQ(HO — Z)_1H2 == (H2HOH2 — Z)_l. (63)
Let us now pass to the main part of the proof: By linearity we have to

study Il,( H — z)~!l,, where z is either A4 or A +i7. By application of the
resolvent identity (H —2)™' = (Ho—2)"' — (H — 2) "'V (Hy— z) ™! repeatedly,
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Iy (H — Z)_lﬂzd/,cgm(z) (6.4)

H2 HO — Z V(HO — Z)_lﬂzdﬂgm(Z)

/

— /HQ(HO — 2) M lydpy (2 /Hz 2)7 W (Hy — 2) " lydpg ()
/ o [
n

11
/HQ(HO —z)” V(Ho - Z) V(Ho —2)~ gl 2dpig n(2)
— / Hy(Hy — 2)'V(H — 2)"'WV(Hy — 2) 'V (Hy — z)  adpy . (2),

which is to be understood as an identity of bounded operators, i.e. the
integrals converge in the space of bounded operators.
The first terms in (6.4) satisfies

/HQ(HO — Z)_lﬂzdﬂgm(Z) = /(H2HOH2 — Z)_ld/igm(Z)
= Q(HzHoﬂz)
= 0,
since Il Holly = 4ph — hzags > 4ph.
We will prove that the remaining terms are trace class and that the in-

tegrals converge in trace norm. This is easily seen using Lemma A.2; for
instance we bound the last integrand in (6.4) by:

1

[32]>

Ma(Ho — 2) VI IVIE
Suppose now we take the parameter n in (6.1) sufficiently big (bigger than

4), then the integrals converge in trace norm.
Thus Iyg( H)Il; is trace class and we have the following identity:

tr[og( H )1, (6.5)
N /tr[Hz(Ho — 2)T W (Hy — 2) " Jdpg n(2)

+/tr[H2(H0 — )W (Hy — 2) "W (Hy — 2) " Hy)dpy . (2)
+/tr[H2(H0 — 2)'W(H — 2)"'W(Hy — 2)7'V(Hy — 2) " 1la)dpy . (2),
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Let us first look at the first term in (6.5). We get from (6.3) and cyclicity of
trace

tr[[ly( Hy — 2) 'V (Hy — 2)"',] = tr[VIIy(Hy — 2)7?,

and by taking the integrals (using the representation (6.2)), we get tr[V¢' (113 Hy)],
which vanishes for large ph. Thus the first term in (6.5) vanishes.

The last two terms in (6.5) will be the main terms. The first of these we
write as:

/tr[HQ(HO —2)"W(Hy — 2) "W (Hy — 2) ' Hy)dp, n(2)

= /tr[HQ(HO — 2) Wy (Hy — 2)" 'V (Hy — 2) ') dpy n(2)
—|—/tr[H2(H0 — 2)7 Iy, V](Ho — 2) 'LV (Ho — 2)  ly)dpy o (2)
+/tr[H2(H0 — 2) "Wy (Hy — 2)7' [V, o) (Ho — 2) " 'la)dpy n(2)

+/tr[H2(H0 — 2)" Iy, V(Ho — 2) 7 [V, o) (Ho — 2) ' l5)dpy o (2)
= I+ FEy+ Es + By,

We will use that when z varies over a compact set and ph — oo, then
1
It — 27 = 1 & (<108, +4uk =) S (66

Thus we estimate the E;’s, using (6.6), Lemmas A.2 and A.4 and the
fact that z varies over a compact set, as:

_ _ poo 1
|y (Ho — 2) V|| Ta(Ho — 2) 71| < 2 (ph)?

| Eo| + |5 < [[Ta(Ho — 2) 7 [, V]|[2l[(Ho — 2) 7 L ||| (Ho — 2) L]

IA

||

7 1
< = \h
— hz(/,ch)5/2 iz
h 1
Es| < Ta(Ho — =) [, V]|2II(Ho — )71 < 22

W (b )T
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Finally we need to estimate the last term in (6.5). This is done similarly:
/tr[HQ(HO — ) W(H — 2) WV (Hy — )"V (Ho — )" Ty)dyy (2)
= /tr[HQ(HO — ) W(H = 2)" WV (Hy — 2) " LV (He — 2) " a)dp 0 (2)
+ /tr[HQ(HO — )TW(H — 2)" W (Hy — )MV, ) (Ho — )™ y)dpy . (2)

Now we take the trace norm under the integral sign and estimate using (6.6)
and Lemmas A.2 and A.4:

N
[ My = 27 VIBICH = 2 IV el o — =) L)

Iy == V1 =) V=) G Ll =1
p p

2 Gy G VM

IA

IN +

O

7 An estimate on the second Landau level
with a singular potential

The aim of this section is to prove the following:

Lemma 7.1. Let
H = Hy+ V(x),.

where V(x) > |_71, and |z[*V(z) € O, Suppose ¢ € C2(R?), #(0) =

| loc

Vé(0)=0. Then

1
(puh)?

(@) a1 (- (H)Iad(21)] = o35 —).

when ph — co.

The idea of the proof is as follows: We write g(H) (for a smooth g) in
terms of the resolvent. Then we apply the resolvent identity as much as we
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can. Whenever I, “hits” (Ho — 2)™' we win a power of (uh)™" (essentially).
If we can get ¢ to multiply V', then the product ¢V becomes differentiable,
so we can commute Il through ¢V - since [Ilg,¢V] ~ +/h/p. This will
result in more terms where Il hits a resolvent and therefore in an improved
estimate. We continue to play this game until we have collected enough
powers of (uh)™! for our purpose.

Proof. The proof of this lemma is fairly long, so we divide it into a number
of steps.

Preliminaries:
Let M(h) = —infSpec H. We want to have an idea of the size of M(h).

Now, since V(z) > —|z|™, we can use scaling and the known results on the

asymptotics of the groundstate energy of hydrogen in a strong magnetic field
([AHST78], [FW94]) to conclude that M(h) < ch™?(max{1,loguh>})*. See
Appendix B for details.

Let us now choose g € Cg°([-M(h) — 1,1]) such that g(H)1(_q(H) =
1(_0070]([-]) and such that 0"g < ¢ for all n and where the constant is inde-
pendent of i, u. We now have the obvious estimate:

0 < tr[opls](—oo,0(H)y¢)] < tr[opllag(H )]

As in Section 6 we use an integral representation for g(H). We once again
use the resolvent identity repeatedly and, since ¢ is only a function of x|,
the terms which of order 1 or 2 in (Hy — 2)~! vanish - just as in the earlier
section. Thus we are left with:

tr{llg( H)12¢] (7.1)
= /tr[qug(Ho — 2)W(H — 2)" "W (Hy — z) ' yé]dpy ..

For shortness we will often leave out the measure dy, , in the integrals below.
Estimation of integrals:

There will be a number of error terms in the calculations below. These terms

will be estimated by taking the trace norm under the integral sign. The trace

norms will always be estimated by expressions of the form
c(p, )| JAph = A7,

where k = 0,1 and [ = 3/2,5/2 or 7/2, and where ¢(u, h) is an (important!)
expression in u,h that is independent of the integration variables 7, A. It
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therefore easily follows from the integral representation (6.1) that we can
estimate the integrals by

1
(usmClon) [ g = A
~M(h)-1
1/ (ph)
= (gt [ T
(=M (h)=1)/(uh)
M) |
g )

B . M(h)
= c(p, h)(ph) ™ min{ o

< e(p, h)C min{

1} (7.2)

Commuting ¢ through Il,:
In order to be able to commute Il; through V', we need to get ¢ to multiply V.
Therefore we will first commute ¢ through Il;. We write r(z) = (—hzags +
4ph — 2)7" acting in L*(R,,) and Ro(z) = [y(Hy — 2z)~' = 1, @ r(z) acting
in L*(R?) = L*(R ) @ L*(R,,). With this notation we have using (7.1):

tr[opllog( H ) ,9]
- / te[Ro( )V (H — 2)" 'V Ro(2)]

+ [ (610 @ H(2) VIH = 57V Ra()
—|—/tr[R0(z)qbV(H — 2)7'V ([, ¢] @ r(2))]

—|—/tr[([¢, o] @ r(2)) V(H — 2)7'V ([Ilg, ¢] @ r(2))]
= Fi+ By + B3+ Esy.

To estimate 4 we use Lemma A.3 to write

({6, 112] @ 7(2)) V(H = 2)7'V ([T, 6] @ 7(2)) ||

< (o.M @ r(2)) VIR IIH — )7
1 wh
< e —|Aph — 2|32
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Therefore, we get, using (7.2)

Bl < e min U )
po 1 3/2
< M0 VR

Now, h3/2M(h)/\/ﬁ — 0 if uh — oo, so this term satisfies the conclusion of
Lemma 7.1.

E5 and Fs5 are similar to each other and can be treated in the same way,
so we will only deal explicitely with Ey. Here we commute 115 through ¢V
(notice that ¢V is differentiable!).

B, - / te[IL(Ho — =) SVIL(H — =)V ([T, é] @ r(2))]
—I—/tr[Hz(Ho - Z)_I[H% oVI(H — Z)_IV (M2, @] @ r(2))]
= a-+0b.

In the last term b we write

M2 (Ho — 2)™ [y, VI(H — 2)7'V [z, 6] @ r(2)) [
< Ma(Ho = 2)7 Uz, @Vl I(H = 2) IV ([2, 6] @ 7(2)) |2

This can be estimated using (7.2) and Lemmas A.3 and A.4 as

pool 3/2
< M (V).

which is the same estimate as we had for F,.
For the term a we use the resolvent identity before we apply Lemmas A.2
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and A.3 to get:
‘T /tr[Hz(Ho —2) ' OVIL(Ho — )7V ([, 6] @ r(2))]

+ / tr[[ly(Ho — 2) 1oV (Hy — 2) ' V(H — 2)7'V ([[Iy, ¢] @ 7(2))]

< [ IRVl Bal) IV (11 6] & ()

[ IR IV Ma(y = 2Vl (1] )
< eV () ming U )
- %(ﬂz)zhmin{]‘ﬁ;),1}.

Commuting I, through ¢V
In the remaining term F; we have ¢ multiplying V', so we can commute II,

through ¢V:

E, = /tr[Hz(Ho — 2) T VIL(H — 2) ' LV o(Hy — z) 711,

+tr[y(Ho — 2) 7 Iy, oV](H — 2) ',V o(Hy — 2) 71y

+tr[llg(Ho — 2) 'oVIIa(H — 2) ' [V, Iy)(Ho — )~ ' T1y]

+tr[y( Ho — 2) 7 [y, oV](H — 2)7 ' [V, T,)(Hy — 2)~ ]
= a+3+v+0.

The terms 3, and ¢ are estimated similarly to the terms above - making in
particular use of Lemma A.4:

o < [ (e =) e VIR - )7
ph M(h)
= W (ph)?
w1 RPM(h)
h* (uh)* i
For 8 (and 4 which is similar) we have to work a bit more - namely use the
resolvent identity once in order to profit from the Iy which hits (H — z)~".
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Then these terms are also estimated using Lemmas A.2 - A4 and (7.2):

6 == /tr[HQ(HO — Z)_l[HQ, qbV](HO — Z)_lﬂzvqb(Ho — Z)_lnz]
—|—tI’[H2(H0 — Z)_l[HQ, qbV](H — Z)_IV(HO — Z)_lﬂzvqb(Ho — Z)_lnz]
/ MTo(Ho — =) [Tz, SV |2l (Ho — )" TV 12| |(Ho — 2) ™ L]

IA

+ [ Mty — 27 [ VYl = 271V (o = )7 1L
<IVllel (o — )18

M -3/2 - M(h)
¢z Vh/u(ph)™ " min{ o

IA

1}

M(h)

7
1}.
/,Lh7}

“h2 (uh)?

h min{

Using the resolvent identity again:
In order to get a good estimate on o we need to apply the resolvent identity
twice and furthermore compare with the operator Hy + [0V 1l,. Let us

write:
o = /tr[HQ(HO — Z)_lqbVHQ(HO — Z)_lﬂzvqb(Ho — Z)_lnz]
+/tr[H2(H0 — Z)_lqbVHQ(HO — Z)_IV(HO — Z)_lﬂqub(Ho — Z)_lnz]

+/tr[H2(H0 — Z)_lqbVHg(Ho — Z)_1V(H — Z)_IV
x(Ho — 2) 'LV @(Hy — )~ 1)

= a1+ ay+ as.

The last two terms a9 and a3 are easily estimated using Lemmas A.2 - A4

and (7.2):

o] < / M2(Ho = 2) P[0V [loo[TT2(Ho — 2) V2l (Ho — =)~ T2V |2

moo. M(h) —5/2
< cﬁmm{( h)7/27( h) /
ook 1 e M(h)
= cﬁ(/,ch)Q(Mh) /mln{M—h,l}.
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The term g is estimated similarly - the main difference being the term
(H — z)~! which is estimated in operator norm by 1/|3z|.

Comparing with Hy + [I;9V1I;:
So finally we have to consider ay. It is easy to see that if we estimate the
trace by the trace norm as we have done for all the other terms then we would
get the estimate %W% for this term. In order for that estimate to be
acceptable we would need ph® — oco. However, it turns out that we can do
much better by comparing with the operator Hy + 3¢V 1l;. This operator

is self adjoint and maps the second Landau band to itself. Furthermore,

Hy (Ho + HapVIIo) I, > 4ph — ¢,

so therefore we get:

0 = tI’[Hgg(HO + H2¢VH2)H2]
== /tr[HQ(HO — Z)_lnz]
+ /tr[HQ(HO — Z)_IHQQbVHQ(HO — Z)_lnz]

+ /tr[Hg(Ho — 2) 'l p VI (Ho + MagVIly — 2) ' Lp VI (Hy — 2) 7' I,)]
= b1+ P2+ Bs.

The first two terms (1, f3 vanish as we have seen in the proof of Lemma 6.1.
Therefore only 3 is left. So we can now compare a; and fs:
ar = ay — B

== /tr[Ro(Z)qbVHQ(HO — Z)_IHQQbVHQ(HO + HQQbVHQ — Z)_IHQQbVRo(Z)]

Now we can take the trace norm under the integral and get:

(peh)~1/? min{%, 1}.

7
< L
= Gy

A Auxiliary results on the II;’s

If ¢(x) is differentiable, then [II;,¢] ~ \/h/u, i.e. the projections onto

Landau levels “almost”commute with the multiplication by functions. We
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“almost” means. This

gives a number of technical lemmas which have been collected in this section.
For brevity write r(z) = (=h?02 + 4puh — 2)”" acting on L*(R.,) and
Ro(z) = Hy(Hy — 2z)™' =1, @ r(z) acting on L*(R?) = L*(R,,) @ L*(R,,).

The basic lemma is the following:

Lemma A.1. Suppose ¢ € CO(R?), then

I, A1l < ellVelleon/ R/ -

We will not prove this lemma since the proof is similar to (and easier
than) the proofs of Lemma A.6 and Lemma A.7.
First we have a number of estimates of Hilbert-Schmidt norms of quanti-

will repeatedly need qualitative estimates on what

ties involving a resolvent and maybe also a commutator. These are Lemmas

A2to A4
Lemma A.2. Suppose V € L*(R?), then

-
(11 & r()VIE < e VIPE B,

where B = |duh — z|.
Proof. The operator <H2 ® r(z))V has integral kernel
o~V sl
Vi(y),
2v/4ph — zh

where the kernel (2 ,y, ) is known explicitely - see (1.7). The important
feature is that |Il(z1,y.)| is a function F' (gaussian times polynomial) of

|1 — yi|\/p/h. Thus, by a change of variables we easily get:

~2¢/|4ph—z |ws| /1
K 2 dedy < 2 F h 28 d
J KRty < VI [ 1o TR

_ H s/
= CﬁE .

K(z,y) =1ly(zy,yy1)

Lemma A.3. Suppose V € L*(R?), ¢ € C*(R2 ). Then
2 2 Ny
H([qé, 1] ®r(z)>VH2 < |[VolL |V ﬁ;E .

where E = |duh — z|.
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Proof. As in the previous proof we can explicitely write down the integral

kernel K (x,y) of the operator in question i.e. <[qb, ;] @ r(z))V:
Tl
2v/4ph — zh (y)-

Now, |p(x1) — o(yr)| < |eL — yi||IVP||c, and we get (with notation as in
the previous proof) that

/ | K (x, y)|2 dxdy

K(z,y) =z, y)(oxr) —olyL))

o/l s |/
_ 2 v || )| 2S d
VIV [ 1F |/l s S

2 o M h —3/2
= [V|LIIV] ﬁ;E 2,

Lemma A.4. Suppose ¢ € C}(R?®) has compact support. Then
MLo(Ho — )~ I, 9|13 < e(p/h?)(h/p) 712,
where B = [Aduh — z|, and where the constant depends on .
Proof. Choose ¢ € C3(R?) such that b = 9, of the form: 77[)(1') = 1 (@ )ha(xs).
Then
M (Ho — =)~ [Tz, 9]
[TT2(Ho — =)™ [Ta, ]| |2 N
< |MHa(Ho — 2)7 2|z, ¢]| + [[M2(Ho — 2) 7" [Tz, ] 2.

Here the first term is readily estimated using Lemma A.1 and A.2. The

second term is

(T @ (=) ([T, ¢ (2 1)] @ thals) ) ¥ (2) o
which can be estimated using Lemma A.3. O

Finally, we will need to prove bounds on some operator norms. The idea
is that 1l is essentially a local operator, so therefore eI, f is a bounded
operator if the function f has compact support. We will actually need this
for el*tIgaaf, so we will first find the integral kernel of Ilgaa and then state
and prove Lemmas A.6 and A.T:
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Proposition A.5. The operator a*a*HéQ)

(T ,va) = i (Vi Bl = 22) = i€ = 21)]) I o).

Proof. The proof is just a calculation. Remember that

has integral kernel

a” = pA"J + Z.pA':z = _Zh(al’l + Zaﬂ@) + M/Q(—l’z + ixl)?
NP (s ) = ool lessaPulton,

Therefore,

(a T ) (21, y1)
- M (—th(0p, +10,) + p1/2(—22 + 121)) ei(“”_“yl)“/(zh)} e lrLmyilPu/(4h)

2rh
K i(wiya—may1)u/(2h) ; ; —le L=y Pn/(4h)
o (—ih(Dsy +10s,)) €
2mh 1 2
= S =iy + =iy (2h) + /2 =z + i)

il (e — v )/ (2h) + i(s — gl (2h)] beronmrm ) s Puf ot

= pllyp = 22) = ilyr — ) P (@1, y0).

( i *H )(J?L,yL
= {(M[(yz—xz) J
(¢TI ) (@ ys
= {(plly2 = w2) = i(yr — 20)]) + (—ih)pi + (=ih)ip(— 1)} (@ T ) (@1, y0)

= ph < 1/hl(y2 — ) — iy — 1?1)]>2 (21, y.)-

)
(g1 — 21)]) + (=ih(0, + 10, )1t [(y2 — 22) — iy — 20)]}
)
i

O

Lemma A.6. Suppose f € Co(R?), then we have the following bounds on
the operator norms:

leFof| < €,
et < /AT,
|l Myaaf] < Cpuh,

where C' is uniformly bounded in p, h.
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Proof. We will only prove the last estimate since the first two are similar.
The operator K = el*tIllgaaf has integral kernel

K(z,y) = e'“'G(:I:L, y1)o(xs —ys) f(y),

where G(z,y,) = (a*a*Hg))(yL,xL). From Schur’s Lemma, we can esti-
mate the operator norm of the kernel K as

K] < maxtsup [ 1K) ldysup [ 1K (e)lde).
x Yy
So we look at
[ 1Kty = 1 [ Glos, g

Now, since f has compact support and |G| only depends on x; —y,, we can
estimate the last integral as

[l < amsdet [ e O e dr
max{|z |—c,0}

> —12/4,3
= cphl|f]|sc€! Ll/ e~ dt
Vi hmax{ja 1 |-c,0}

It is easy to get the following estimate
oo 2
/ eI g < ce_l?,
!

so we see that

"

/ K (sy)ldy < cph]]fllooel®sle drmaxtiosl=co)?,

This finishes the estimate on sup,, [ |K(z,y)|dy.
For the other part sup, [ |K(2,y)|dx a similar argument works. O

Lemma A.7. Let ¢ € CLR®). Then the operator K = el*tyaa[lly; ¢]

satisfies the bound:
IK| < Cubn/h/p,
where C' = C(||V@||w, diamsupp ¢).
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Proof. The operator has the following integral kernel:

K(z,z)=

el / (16 aa) (e 1,y 1)3 (e = ya) 157 (g 21)0(ys = za) (Dly) — &(=)) dy.
We have to estimate

sup/|[&”(:1;,z)|dz and sup/|]&”(:1;,z)|d:1;.

Let us write the kernels of (Hgf)aa) and H(Qz) as:

|(H82)aa)(xJ_ayJ_)| = %Mhﬂ((:m—yL)\/m)e—m—MPﬁ
|H22)(yL’ZL)| = %PQ((yJ_—ZL)W)G_ML_ZLPﬁ?

where P;, P, are polynomials. Furthermore,
[P(yL,ws) — dzr, 23)| < lyr — 210|GlyL, [y — 2L]),

where

GlyL,r)= sup |Vo(zL,xs)|

lyr—z1|<r

Thus
/|K(:1;,Z)|dz
< cph h/ﬂelggL'/%Pl((h—yL)\/m)e_m—MPﬁ
: (/ P2(|wL|)|wL|€_|wL|2G(yL7\/thﬂ)duu) dy, .

Now, since ¢ has compact support, supp(r — G(yr,r)) C [lyL| — co, +o0) N
R4, so

/P2(|wL|)|wL|€_|wL|2G(yL7v4h//~6|wL|)de
< HquHoo/ e_r2P2(r)r2dr
max{0,/p/4h(|ly1|—co)}
< cHngHOoe_%(max{o’\/“/‘lh('“|_C°)})2/ 6_7’2/2P2(r)r2dr

0

= CHvgb”ooe_ﬁ(max{onJJ—co})?‘
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Let us now split the y, integral into integrations over the sets {|y, | < 2¢o}
and {|y.| > 2¢o}. For the integration over the bounded set {|y.| < 2¢o} we

estimate as follows:

e—ﬁ(max{ovlwl—co})2 <1,

Pi((zr —y1) M/4h)e_|xL_yL|2ﬁ < cemlrLviP

So we have to bound

€|1’J_|/ Ee—|9€J_—yJ_|2ﬁdyJ_

(lyi|<2e0} D

< sup {elule—lh—yﬂr‘)ﬁ} (/ EG—W’J_—Z/J_PﬁdyJ—)
{Jy11<200} r2

< e

When |yJ_| > 2¢g we can estimate
e_ﬁ(max{ovwﬂ—co})r‘) < e—ﬁlyﬂr‘)7
Pi((zr —y1) M/4h)e_|xL_yL|2ﬁ S T

Therefore, we can use completion of the square to get:

o / EPI((Q;J_ —yL)v /~L/4h)e_|“_“|2ﬁe_ﬁ(max{o"“|_C°})2
{

lalz2co) P
I
< c€|u|/ B omlos—viP s = aploa P gy,
R2

w4 4 5
— celrile= 30 5leL? ﬁe—lzu—gulz)ﬁ
R2

< e
Hereby,
/ |K (2, z)|dz < cphr/h/p.
The other integral, [ |K(x,z)|dz, is treated similarly. O
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B The lower bound of Hydrogen atoms in
magnetic fields

In this appendix we recall how the bottom of the spectrum of a hydrogen-
like hamiltonian in a constant magnetic field depends on the strength of the
magnetic field. Let

» 1
H(hyp) = (—ihV + pA)? — ph — —

x|’
with curlA = (0,0,1). The result is the following:

Proposition B.1. There exists a (positive) constant ¢ such that
. -2 331 2
inf Spec H (h, p) > —ch™* (max{1,log(ph’)})".

Proof. Using the scaling v — h*z we have that H(h, u) is unitarily equivalent
to the operator

R2H(1, uh?).

Let us notice that the function b — infSpec H(1,b) is continuous for b €
[0,00): For b > 0 this follows from perturbation theory (see for instance
Reed and Simon [RS78, Chapter XII.2]). Continuity for b = 0 is a well-
known fact (Zeeman effect) and a rigorous proof is contained in [AHSS8I,
Thm. 5.1].

Therefore, we only have to consider the asymptotics as b tends to infinity.

From [AHS81] we know that
inf Spec H(1,b) ~ c(log(b))?,
as b — oo. This finishes the proof. O
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