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n-TRANSITIVITY OF CERTAIN DIFFEOMORPHISM GROUPSPeter W. MichorCornelia VizmanErwin Schr�odinger International Instituteof Mathematical Physics, Wien, AustriaJuly 8, 1994Abstract. It is shown that some groups of di�eomorphisms of a manifold act n-transitively for each �nite n.In this paper we show that the following groups of di�eomorphism of a manifoldM act transitively of order n for each �nite n: All di�eomorphisms with compactsupport (this is folklore, the �rst trace is in [8]) and all real analytic di�eomorphisms(from [7]). Furthermore all real analytic di�eomorphisms, or smooth ones withcompact support, which preserve either a volume form, or a symplectic form, orare contact di�eomorphisms. The symplectic ones can also be chosen `globallyhamiltonian'. For the smooth cases 1-transitivity is due to [3], n-transitivity to [1].1. Proposition. Let M be a connected smooth manifold of dimension dimM � 2.Then the group Di�c(M ) of all smooth di�eomorphisms with compact support actsn-transitively on M , for each �nite n. Thus for any two ordered sets of n di�erentpoints (x1; : : : ; xn) and (y1; : : : ; yn) in M there is a smooth di�eomorphism f withcompact support such that f(xi) = yi for each i.This result is folklore. In order to be complete and since we shall need anargument later on we include a short proof.Proof. Let us �rst choose a �nite n 2 N. Let M (n) denote the open submanifold ofall n-tuples (x1; : : : ; xn) 2 Mn of pairwise distinct points. Di�c(M ) acts on M (n)by the diagonal action, and we have to show, that this action is transitive.Let us �rst assume that (x1; : : : ; xn) and (y1; : : : ; yn) are pairwise disjoint. Forsome " > 0 let ci : (�"; 1+") !M be smooth curves with ci(0) = xi and ci(1) = yiwhich are embeddings and do not intersect each other. From a drawing it can beseen that this exists if dimM � 2, since (x1; : : : ; xn) and (y1; : : : ; yn) are disjoint.We choose pairwise disjoint tubular neighborhoods Ui of ci(�"; 1 + "), extend thevelocity vector �elds of the curves to them, and use a smooth bump function to1991 Mathematics Subject Classi�cation. 58D05, 58F05.Key words and phrases. Di�eomorphisms, n-transitivity,. Typeset by AMS-TEX



2 Peter W. Michorobtain vector �eldsXi with compact support in Ui which coincides with the velocityvector �eld c0i�c�1i along each curve cij[0; 1]. Then the vector �eld X = X1+ : : :Xnon M with compact support coincides with the velocity vector �eld c0 � c�1 alongeach curve ci, and the 
ow mapping FlX1 maps each xi to yi.This argument shows that each Di�c(M )-orbit inM (n) is dense. We may replacein the argument the points yi by points zi in small open pairwise disjoint neigh-borhoods Ui of yi, not meeting fx1; : : : ; xng. Then the argument shows that eachorbit contains an open set in M (n), thus is open. Since the dimension of M is atleast 2,M (n) is connected, so there is only one orbit and the result on n-transitivityfollows. �2. Lemma. Let M be a real analytic manifold. Then the group Di�!(M ) of allreal analytic di�eomorphisms is dense in the group Di�1(M ) of smooth di�eomor-phisms, in the Whitney C1-topology.Proof. By [2], theorem 3, there is a real analytic embedding i :M ! Rk on a closedsubmanifold, for some k. We use the constant standard inner product on Rk to ob-tain a real analytic tubular neighborhood U of i(M ) with projection p : U ! i(M ).By [2], proposition 8, applied to each coordinate of Rk the space C!(M;Rk) of realanalytic Rk-valued functions is dense in the space C1(M;Rk) of smooth functions,in the Whitney C1-topology. If f : M !M is a smooth di�eomorphism we mayapproximate i�f by real analytic mappings g in C!(M;U ), then p�g is real analyticM ! i(M ) and approximates i � f . Since the set of di�eomorphisms is open in theWhitney topology, this approximation becomes eventually a di�eomorphism. �3. Lemma. Let M be a real analytic manifold. Then for any real analytic vectorbundle E ! M the space C!(E) of real analytic sections of E is dense in thespace C1(E) of smooth sections. In particular the space X!(M ) of real analyticvector �elds is dense in the space X(M ) of smooth vector �elds, in the WhitneyC1-topology.Proof. Either repeat the proof of lemma 2 with some changes or use [6], 7.5. �4. Theorem. Let M be a connected real analytic manifold of dimension m � 2.Then the group Di�!(M ) acts n-transitively on M , for each �nite n.Proof. Let us �x a natural number n. The group Di�!(M ) acts on the opensubmanifold M (n) of all n-tuples (x1; : : : ; xn) 2 Mn of pairwise distinct points bythe diagonal action. Again we have to show, that this action is transitive.First we show that each Di�!(M )-orbit in M (n) is dense. Let (x1; : : : ; xn) and(y1; : : : ; yn) be in M (n) and consider an open neighborhood of (y1; : : : ; yn) in M (n),which we may suppose to be of the formQi Ui, where Ui is a neighborhood of yi inM for each i. Then by proposition 1 there is a smooth di�eomorphism f :M !Mwith f(xi) = yi for all i, and by lemma 2 there exists a real analytic di�eomorphismg 2 Di�!(M ) with g(xi) 2 Ui for each i. So g � (x1; : : : ; xn) 2Qi Ui.Next we show that the orbit through (x1; : : : ; xn) 2 M (n) in M (n) contains anopen neighborhood of (x1; : : : ; xn). This will �nish the proof: Since each orbit isdense, each orbit meets this nonempty open subset, so all orbits coincide.We choose again a complete Riemannian metric g on M . Then we let (Yij)mj=1be an orthonormal basis of TxiM with respect to g, for all i. Then we chooseJuly 8, 1994



n-transitivity of certain diffeomorphism groups 3real analytic vector �elds Xk for 1 � k � N = nm which satisfy the followingconditions: jXk(xi) � Yij jg < " for k = (i � 1)m + j;jXk(xi)jg < " for all k =2 [(i� 1)m + 1; im];jXk(x)jg < 2 for all x 2M and all k:These �elds exist by lemma 3. Since the �elds are bounded with respect to acomplete Riemannian metric, they have complete real analytic 
ows, see e.g. [4].We consider the real analytic mappingf : RN !M (n)f((t1; : : : ; tN ) := 0@ (FlX1t1 � : : : � FlXNtN )(x1): : :(FlX1t1 � : : : � FlXNtN )(xn)1Awhich has values in the Di�!(M )-orbit through (x1; : : : ; xn). To get the tangentmapping at 0 of f we consider the partial derivatives@@tk j0f(0; : : : ; 0; tk; 0; : : : ; 0) = (Xk(x1); : : : ; Xk(xn)):If " > 0 is small enough, this is near an orthonormal basis of T(x1;:::;xn)M (n) withrespect to the product metric g � : : :� g. So T0f is invertible and the image of fcontains thus an open subset. �5. Lemma. Let c : (�"; 1 + ") ! Mm be a smooth embedding. Then every 1-form (respectively (m� 1)-form) along c([0; 1]) can be extended to an exact 1-form(respectively (m � 1)-form) on M with compact support in a tubular neighborhoodof the image of c.Proof. There exists a tubular neighborhood of c(�"; 1 + "), i.e. a di�eomorphismfrom (�"; 1 + ")�Rm�1 to an open neighborhood U of the image of c in M whichcoincides with c on (�"; 1+ ")�f0g, and whose inverse u : U ! (�"; 1+ ")�Rm�1we may use as a chart with u(c(t)) = (t; 0).(i) The case of a 1-form.A 1-form along c is given by !(t) = Pmi=1 ai(t)duijc(t) for t 2 [0; 1], where ai :[0; 1]! R are smooth and we may extend them smoothly to ai : (�"; 1 + ") ! R.Consider the function f : U ! R, given byf = A1(u1) + u2a2(u1) + � � �+ umam(u1);where A1(t) = R t0 a1(s)ds. Then df(c(t)) = !(t). Let h; k : R! Rbe smooth bumpfunctions such that supph � (��; �), supp k � (�"; 1+ "), h = 1 in a neighborhoodof 0, and k = 1 in a neighborhood of [0; 1]. ThenF := k(u1)h(u2) : : :h(um)fJuly 8, 1994



4 Peter W. Michorhas compact support in U , so we extend it by 0 to the whole of M , and dF = dfnear c([0; 1]), so dF is also an extension of !.(ii) The case of an (m � 1)-form.An (m � 1)-form along c is given by!(t) = mXi=1 bi(t)du1 ^ � � � ^ cdui ^ � � � ^ dunjc(t)where bi : [0; 1] ! R are smooth functions which we may extend smoothly to(�"; 1 + "). Let us write m = 2k or m = 2k + 1. Then the following (m � 2)-form� 2 
m�2(U ) satis�es d�jc(t) = !(t).� = kXi=1 �idu1 ^ � � � ^ du2(i�1) ^ du2i+1 ^ � � � ^ dum + ��du1 ^ � � � ^ dum�2;�1 = u2b1(u1) + Z u10 b2(t)dt;�i = u2ib2i�1(u1) + u2i�1b2i(u1) for 2 � i � k;�� = � �um�1bm(u1) for m = 2k + 1:0 for m = 2kThen ~� := k(u1)h(u2) : : :h(um)�, where h, k are bump functions as above, hascompact support in U , so it may be extended by 0 to the whole of M , and since~� = � near c([0; 1]) we still have d~�jc(t) = !(t). �6. Theorem. Let (M;�) be a connected symplectic smooth manifold of dimensionm � 2. Then the group Di�c(M;�) of all smooth di�eomorphisms with compactsupport which preserve the symplectic form � acts n-transitively on M , for each�nite n.If M is a real analytic manifold with a real analytic symplectic form �, then alsothe group Di�!(M;�) of real analytic symplectomorphisms acts n-transitively onM , for each �nite n.The n-transitivity of the group of smooth symplectomorphisms is due to [1], withessentially the same method. The proof will also show that the Lie subgroup ofDi�c(M;�) whose Lie algebra is the Lie algebra of compactly supported globallyHamiltonian vector �elds acts n-transitively on M . This group has been identi�edas a Lie group in [11], for compact M . Also in the real analytic case the subgroupof globally Hamiltonian real analytic symplectomorphisms act n-transitively.Proof. First the smooth case. By the argument used at the end of the proof ofproposition 1 it su�ces to show, that there exists ' 2 Di�c(M;�) with ph(xi) = yi,for any (x1; : : : ; xn) and (y1; : : : ; yn) in M (n) which are pairwise disjoint sets in M .We take again smooth curves ci : (�"; 1 + ") ! M with ci(0) = xi and ci(1) = yiwhich are embeddings and do not intersect. Let Ui be pairwise disjoint tubularneighborhoods of ci(�"; 1 + ").The velocity �eld of the curve ci de�nes the 1-form �i = ic0i� along the curve ci.Using lemma 6 we extend this form to an exact 1-form dfi on M with supp fi �July 8, 1994



n-transitivity of certain diffeomorphism groups 5Ui. Let f := f1 + � � � + fn and consider the (globally) Hamiltonian vector �eldgrad�(f) = ���1df with compact support corresponding to f . It coincides withthe velocity �eld c0i � c�1i on ci([0; 1]). Hence the 
ow Flgrad�(f)t 2 Di�c(M;�) andF lgrad�(f)1 (xi) = yi.If M and � are real analytic, we may approximate the smooth function f fromabove by a real analytic function g in the Whitney C1-topology in such a way that:(1) The Hamiltonian vector �eld grad�(g) is bounded with respect to some com-plete Riemannianmetric and thus has a global real analytic 
ow Flgrad�(g)t 2Di�!(M;�).(2) Flgrad�(g)1 (xi) is near yi for all i.Thus it follows that each Di�!(M;�)-orbit in M (n) is dense. Similarly as in theproof of theorem 4 we will show that the orbit through (x1; : : : ; xn) 2M (n) is open,which �nishes the proof of n-transitivity.We choose again a complete Riemannian metric g on M . Then we let (Yij)mj=1be an orthonormal basis of TxiM with respect to g, for all i. Then we choose realanalytic functions fk for 1 � k � N = nm whose Hamiltonian vector �elds satisfythe following conditions:j grad�(fk)(xi) � Yij jg < " for k = (i � 1)m+ j;j grad�(fk)(xi)jg < " for all k =2 [(i � 1)m + 1; im];j grad�(fk)(x)jg < 2 for all x 2M and all k:Since these conditions describe Whitney C1 open subsets, such functions exist by[2], proposition 8. Now we may �nish the proof as at the end of theorem 4. �7. Contact manifolds. Let M be a smooth manifold of dimension m = 2n+1 �3. A contact form onM is a 1-form � 2 
1(M ) such that �^(d�)n 2 
2n+1(M ) isnowhere zero. This is sometimes called an exact contact structure. The pair (M;�)is called a contact manifold (see [5]). The contact vector �eld X� 2 X(M ) is theunique vector �eld satisfying iX�� = 1 and iX�d� = 0.A di�eomorphism f 2 Di�(M ) with f�� = �f :� for a nowhere vanishing function�f 2 C1(M;R n 0) is called a contact di�eomorphism. Note that then �f =iX� (�f :�) = iX�f�� = f�(i(f�1)�X��) = f�(if�X��). The group of all contactdi�eomorphisms will be denoted by Di�(M;�).A vector �eld X 2 X(M ) is called a contact vector �eld if LX� = �X :� fora smooth function �X 2 C1(M;R). The linear space of all contact vector �eldswill be denoted by X�(M ) and it is clearly a Lie algebra. Contraction with �is a linear mapping again denoted by � : X�(M ) ! C1(M;R). It is bijectivesince we may apply iX� to the equation LX� = iX d� + d�(X) = �X :� and get0 + iX�d�(X) = �X ; but the equation uniquely determines X from �(X) and�X . The inverse f 7! grad�(f) of � : X�(M ) ! C1(M;R) is a linear di�erentialoperator of order 1.Theorem. Let M be a connected smooth manifold of dimension m � 2, and let �be a contact form on M . Then the group Di�c(M;�) of contact di�eomorphismswith compact support acts n-transitively on M for all �nite n.July 8, 1994



6 Peter W. MichorIf M and � are real analytic then also the group Di�!(M;�) of real analyticcontact di�eomorphisms acts n-transitively on M for each �nite n.The n-transitivity of Di�c(M;�) is due to [1].Proof. By the argument used at the end of the proof of proposition 1 it su�cesto show, that there exists ' 2 Di�c(M;�) with '(xi) = yi, for any (x1; : : : ; xn)and (y1; : : : ; yn) in M (n) which are pairwise disjoint sets in M . For " > 0 letagain ci : (�"; 1 + ") ! M be smooth embeddings with ci(0) = xi, ci(1) = yiwhich do not intersect. We choose pairwise disjoint tubular neighborhoods Ui ofci(�"; 1 + "). Let fi :M ! R be a smooth extension of �(c0i � c�1i ) : ci([0; 1])! Rwith support in Ui and f := Pni=1 fi 2 C1c (M;R). Then the contact vector �eldgrad�(f) 2 X�(M ) coincides with the velocity �eld c0i � c�1i on ci([0; 1]) for each i.Hence FlX1 2 Di�c(M;�) and FlX1 (xi) = yi for i = 1; : : : ; n.If M and � are real analytic, we may approximate the smooth function f fromabove by a real analytic function g in the Whitney C1-topology in such a way that:(1) The contact vector �eld grad�(g) is bounded with respect to a completeRiemannian metric and so has a global real analytic 
ow Flgrad�(g)t 2Di�!(M;�), see [4].(2) Flgrad�(g)1 (xi) is near yi for all i.Thus it follows that each Di�!(M;�)-orbit in M (n) is dense. Similarly as in theproof of theorem 4 we will show that the orbit through (x1; : : : ; xn) 2M (n) is open,which �nishes the proof.We choose again a complete Riemannian metric g on M . Then we let (Yij)mj=1be an orthonormal basis of TxiM with respect to g, for all i. Then we choose realanalytic functions fk for 1 � k � N = nm which satisfy the following conditions:j grad�(fk)(xi) � Yijjg < " for k = (i � 1)m + j;j grad�(fk)(xi)jg < " for all k =2 [(i� 1)m+ 1; im];j grad�(fk)(x)jg < 2 for all x 2M and all k:Since these conditions describe Whitney C1 open subsets, such functions exist by[2], proposition 8. Now we may �nish the proof as at the end of theorem 4. �8. Theorem. Let (M;�) be a connected smooth manifold of dimension m � 2with a positive volume density. Then the group Di�c(M;�) of all smooth volumepreserving di�eomorphisms of M with compact support acts n-transitively on M ,for each �nite n.If M and � are real analytic then also the group Di�!(M;�) of real analyticvolume preserving di�eomorphisms acts n-transitively on M , for each �nite n.Proof. First the smooth case. By the argument used at the end of the proof ofproposition 1 it su�ces to show, that there exists f 2 Di�c(M;�) with f(xi) = yi,for any (x1; : : : ; xn) and (y1; : : : ; yn) in M (n) which are pairwise disjoint sets in M .Having �xed the points, we may �nd an orientable connected open subset Uof M containing all points. Since we are going to construct a volume preservingdi�eomorphism with support in U , for the smooth case we can replace M by U andJuly 8, 1994



n-transitivity of certain diffeomorphism groups 7without loss assume that M is orientable. But we shall need the setting U � Mlater.For some " > 0 let ci : (�"; 1+")!M , i = 1; : : : ; n be smooth embeddings withci(0) = xi, ci(1) = yi which do not intersect. We choose pairwise disjoint tubularneighborhoods Ui of ci(�"; 1 + "), i = 1; : : : ; n.We can �nd a Riemannian metric g on M whose volume form is �. Then thedivergence of a vector �eld X 2 Vect(M ) is divX = �d �X[, where X[ = g(X) 2
1(M ) (here we view g : TM ! T �M ) and � is the Hodge star operator. Thevelocity �eld of the curve ci de�nes an (m � 1)-form �(c0i � c�1i )[ along ci([0; 1]).Using lemma 8 we extend it to an exact (m�1)-form d�i on M with supp�i � Ui,and we put � =Pni=1 �i 2 
m�2(M ). We consider the vector �eld(1) X� = (�1)m+1(�d�)] = (�1)m+1g�1 � d�;i.e. by the relation d� = �X[�. Then X� is divergence free, divX� = �d �X[� =�dd� = 0, and has compact support in the union of all Ui. It also coincides onci([0; 1]) with the velocity �eld of the curve ci. Hence FlX�1 2 Di�c(M;�) withFlX�1 (xi) = yi.We treat now the real analytic case. The Riemannian metric g with volume form� can be chosen real analytic. We also choose a complete Riemannian metric 
.First we assume that M is orientable. We approximate the smooth (m�2)-form� from above by real analytic (m � 2)-forms � in such a way that:(2) The real analytic vector �eldX� = (�1)m+1g�1�d� is bounded with respectto the complete Riemannian metric 
 and thus has a global real analytic
ow FlX�t 2 Di�!(M;�).(3) FlX�1 (xi) is near yi = FlX�1 (xi) for all i.Since these conditions describe a Whitney C1-open set, such real analytic forms �exist by lemma3. Thus it follows that each Di�!(M;�)-orbit inM (n) is dense. Sim-ilarly as in the proof of theorem 4 we will show that the orbit through (x1; : : : ; xn) 2M (n) is open, which �nishes the proof.We let (Yij)mj=1 be an orthonormal basis of TxiM with respect to the completeRiemannian metric 
, for all i. Then we choose real analytic (m � 2)-forms �k for1 � k � N = nm whose vector �elds X�k = (�1)m+1g�1 �d�k satisfy the followingconditions: jX�k(xi)� Yijj
 < " for k = (i� 1)m+ j;jX�k(xi)j
 < " for all k =2 [(i� 1)m + 1; im];(4) jX�k j
 < 2 for all x 2M and all k:Since these conditions describe Whitney C1 open subsets, such (m� 2)-forms existby lemma 3. Now we may �nish the proof as at the end of theorem 4.Now we treat the case of non-orientableM . Let � : ~M !M be the real analyticconnected oriented double cover of M , and let ' : ~M ! ~M be the real analyticinvolutive covering map. Recall the orientable connected open subset U � Mcontaining all points xi and yi from above. The form � from above had compactJuly 8, 1994



8 Peter W. Michorsupport in U . The inverse image ��1(U ) � ~M is the disjoint union of two connectedopen subsets W1 and W2 such that �jWp : Wp ! U is a di�eomorphism for bothp = 1; 2. We let xpi = (�jWp)�1(xi) and ypi = (�jWp)�1(yi), and we pull back bothmetrics to ~M , so ~g := ��g and ~
 := ��
.We approximate the smooth (m � 2)-form ~� := ��� by real analytic (m � 2)-forms � 2 
m�2( ~M ) in such a way that the conditions (2) and (3) from above aresatis�ed now on ~M for xpi and ypi .(~2) The real analytic vector �eldX� = (�1)m+1~g�1�d� is bounded with respectto the complete Riemannian metric ~
 and thus has a global real analytic
ow FlX�t 2 Di�!( ~M;���).(~3) FlX�1 (xpi ) is near ypi = FlX~�1 (xpi ) for all i, and for p = 1; 2.Since these conditions describe a Whitney C1-open set, such real analytic forms �exist by lemma 3. Since ~� = ��� is invariant under '�, the real analytic vector �eld12 (X�+'�X�) still satis�es both (1) and (2), is divergence free, invariant under thecovering transformation ', thus it induces a real analytic vector �eld Z� 2 X(M )which is bounded with respect to 
, such that FlZ�t (xi) is still near yi for each i,and Z� is now divergence free in the sense that LZ�� = 0. Thus it follows thateach Di�!(M;�)-orbit in M (n) is dense.Next we will show that the orbit through (x1; : : : ; xn) 2 M (n) is open, which�nishes the proof. We choose real analytic (m � 2)-forms �k 2 
m�2( ~M ) for1 � k � N = nm whose vector �elds X�k = (�1)m+1~g�1 �d�k satisfy the followingconditions, where we put Y pij := Txpij��1:Yij for p = 1; 2:jX�k(xpi )� Y pijj~
 < " for k = (i � 1)m + j; p = 1; 2;jX�k(xpi )j~
 < " for all k =2 [(i� 1)m+ 1; im]; p = 1; 2;(~4) jX�k j~
 < 2 for all x 2 ~M and all k:Since these conditions describe Whitney C1 open subsets, such (m� 2)-forms existby lemma 3. Then the vector �elds 12(X�k +'�X�k ) still satisfy the conditions (~4),are still divergence free and induce divergence free vector �elds Z�k 2 X(M ) whichsatisfy the conditions (4) on M as in the oriented case, and we may �nish the proofas above. � References1. Boothby,W.M., The transitivity of the automorphisms of certain geometric structures, Trans.Amer. Math. Soc. 137 (1969), 93{100.2. Grauert, Hans, On Levi's problem and the embedding of real analytic manifolds, Annals ofMath. 68 (1958), 460{472.3. HatakeyamaY., Some notes on the groups of automorphisms of contact and symplectic struc-tures, Tôhoku Math. J. 18 (1966), 338{347.4. Hirsch, Morris W., Di�erential topology, GTM 33, Springer-Verlag, New York, 1976.5. Libermann, P.; Marle, C.M., Symplectic geometry and analytic mechanics, D. Reidel, 1987.6. Kriegl, Andreas; Michor, Peter W., A convenient setting for real analytic mappings, ActaMathematica 165 (1990), 105{159.July 8, 1994
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