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ON THE FINITENESS OF THE NUMBER OF EIGENVALUESOF JACOBI OPERATORS BELOW THE ESSENTIALSPECTRUMFRANZ LUEF AND GERALD TESCHLAbstra
t. We present a new os
illation 
riterion to determine whether thenumber of eigenvalues below the essential spe
trum of a given Ja
obi operatoris �nite or not. As an appli
ation we show that Kenser's 
riterion for Ja
obioperators follows as a spe
ial 
ase.1. Introdu
tionThe goal of the present paper is to determine whether the number of eigenvaluesbelow the essential spe
trum of the Ja
obi operator on `2(N) asso
iated with(1.1) (�f)(n) = a(n)f(n + 1) + a(n� 1)f(n � 1) � b(n)f(n);where(1.2) a(n) 2 Rnf0g; b(n) 2 R; n 2 N;is �nite or not.We will assume a(n) < 0 (whi
h is no restri
tion by [15℄, Lemma 1.6). One ofthe main 
ases of interest is a(n) = �1 and one usually starts with the operatorH0 asso
iated with b0(n) = 2. The spe
trum is given by �(H0) = [0; 4℄. In par-ti
ular, there are no eigenvalues below the essential spe
trum. Perturbing b0 we
an add any �nite number of eigenvalues even if our perturbation is of 
ompa
tsupport. However, the question is, 
an we at least determine whether the numberof eigenvalues is �nite or not, by looking at the asymptoti
s of the perturbation?Moreover, what is the pre
ise asymptoti
s separating the two 
ases?The natural tool for investigating su
h questions is os
illation theory sin
e �nite-ness of the number of eigenvalues is equivalent to the operator being nonos
illatory.This fa
t �rst appeared in [5℄. The pre
ise relation between the number of eigen-values and the number of nodes was established only re
ently by one of us in [14℄.In the 
ase of Sturm-Liouville operators there is a famous theorem by Kneser [10℄whi
h gives a simple and beautiful answer to this question, with many subsequentextensions by others. The most re
ent one being by [4℄, who give a uni�ed result
ontaining all previously known ones as spe
ial 
ases.1991 Mathemati
s Subje
t Classi�
ation. Primary 36A10, 39A70; Se
ondary 34B24, 34L05.Key words and phrases. Dis
rete os
illation theory, Ja
obi operators, spe
tral theory, Kneser'stheorem.J. Di�eren
e Equ. Appl. (to appear). 1



2 FRANZ LUEF AND GERALD TESCHLUnfortunately, it is not possible to use the same proof in the dis
rete 
ase. Tounderstand why, let us �rst review the proof of Kneser's theorem in the Sturm-Liouville 
ase. The key idea is that the equation(1.3) �0 = � d2dx2 + �x2is of Euler type. Hen
e it is expli
itly solvable with a fundamental system given by(1.4) x 12�p�+ 14 :There are two 
ases to distinguish. If � � �1=4 all solutions are nonos
illatory.If � < �1=4 one has to take real/imaginary parts and all solutions are os
illatory.Hen
e a straightforward appli
ation of Sturm's 
omparison theorem between �0 and(1.5) � = � d2dx2 + q(x)yields(1.6) limx!1 infsup �x2q(x)� >< � 14 implies nonos
illationos
illation of � near 1:Sin
e Sturm's 
omparison theorem is also available for Ja
obi operators (see, e.g,[15℄, Lemma 4.4) it seems easy to generalize this result by 
onsidering the dis
reteEuler equation(1.7) u(n+ 1)� 2u(n) + u(n� 1)� �n(n� 1)u(n� 1) = 0:However, unfortunately, this equation is not symmetri
! The 
orresponding re-sults for this equation 
an be found as spe
ial 
ases in [1℄, Se
tion 6.11. Thus astraightforward generalization is not possible.One approa
h is to 
onsider generalized ordinary di�erential expressions whi
h
ontain di�eren
e equations as a spe
ial 
ase. This 
an be found in [5℄ and [11℄ (seeSe
tion 2.2). As an alternative, we will prove a new os
illation 
riterion and showthat Kneser's 
riterion follows as a spe
ial 
ase.For further (non-)os
illation 
riteria we refer to Hinton and Lewis [7℄ and Hookerand Patula [8℄ (see also [6℄, [9℄, [12℄, and [13℄). For a di�erent approa
h usingBirman-S
hwinger type arguments see [2℄, [3℄.Our present paper was motivated by the work of Gesztesy and �Unal [4℄ men-tioned earlier. In fa
t, it 
an be viewed as a dis
rete generalization of their results.However, again a straightforward generalization is not possible sin
e their proofsalso rely on expli
it solubility of the involved equations.2. Main results and appli
ationsBefore we 
an write down our main result, we need to �x some notation. Re
allthat � is 
alled os
illatory if one (and hen
e any) real-valued solution of �u = 0 hasan in�nite number of nodes, that is, points n 2 N, su
h that either(2.1) u(n) = 0 or a(n)u(n)u(n + 1) > 0:In the spe
ial 
ase a(n) < 0, n 2 N, a node of u is pre
isely a sign 
ip of u as onewould expe
t. In the general 
ase, however, one has to take the sign of a(n) intoa

ount.



ON THE NUMBER OF EIGENVALUES OF JACOBI OPERATORS 3Re
all that if u0(n) > 0 solves(2.2) (�0u)(n) = a(n)u0(n+ 1) + a(n� 1)u0(n� 1)� b0(n)u0(n) = 0;then(2.3) û0(n) = u0(n)Q0(n); Q0(n) = n�1Xj=0 �1a(j)u0(j)u0(j + 1) ;is a se
ond, linearly independent positive solution. A positive solution is 
alledminimal if(2.4) limn!1Q0(n) =1:Minimal solutions are unique up to a multiple. See [15℄, Se
tion 2.3 for moreinformation. With this notation our main result reads as follows:Theorem 2.1. Suppose a(n) 2 Rnf0g, b(n); b0(n) 2 R su
h that a0 < ja(n)j < A0for some real 
onstants 0 < a0 < A0 and let u0 be a non-de
reasing minimal positivesolution of �0u0 = 0 (as de�ned in (2.2)). Introdu
e(2.5) A(n) = 2a(n� 1)a(n+ 1)a(n� 1) + a(n+ 1) ; n 2 N;and(2.6) Q0(n) = n�1Xj=0 �1a(j)u0(j)u0(j + 1) ; n 2 N:Then � is nonos
illatory if(2.7) lim infn!1 �A(n)u40(n)Q20(n)(b(n) � b0(n)) > �14and os
illatory if(2.8) lim supn!1 �A(n)u40(n)Q20(n)(b(n) � b0(n)) < �14 :The proof will be given in Se
tion 3 below.As a �rst appli
ation, let us show how this result 
an be used to answer ourquestion posed in the introdu
tion. We 
hoose(2.9) a(n) = �1; b0(n) = 2:Then we have(2.10) u0(n) = 1 and û0(n) = nand thus(2.11) limn!1 infsup �n2(b(n) � 2)� >< � 14 implies nonos
illationos
illation of � near 1;whi
h is the 
laimed generalization of Kneser's result. Clearly, the next question iswhat happens in the limiting 
ase, where limn!1 n2(b(n) � 2) = �4�1? This 
anbe answered by our result as well:Re
all the iterated logarithm(2.12) ln0(x) = x; lnk(x) = lnk�1(ln(x));where lnk(x) is de�ned for x > ek, with e1 = 0, ek = eek�1 .



4 FRANZ LUEF AND GERALD TESCHLCorollary 2.2. Let(2.13) a(n) = �1; bk(n) = 2� 14 k�1Xj=0 1Qj̀=0 ln`(n)2 :Then � is nonos
illatory if(2.14) lim infn!1 � kYj=0 lnj(n)�2(b(n)� bk(n)) > �14and os
illatory if(2.15) lim supn!1 � kYj=0 lnj(n)�2(b(n)� bk(n)) < �14 :Proof. To show how this follows from our result we 
onsider(2.16) uk(n) =vuutk�1Yj=0 lnj(n);whi
h is a solution of ~�k asso
iated with(2.17) a(n) = �1; ~bk(n) = uk(n+ 1) + uk(n� 1)uk(n) :To prove the 
laim it suÆ
es to show~bk(n) = bk(n) +O(n�3);Qk(n) = lnk(n) +O(1)(2.18)sin
e the di�eren
es will not 
ontribute to the limits from above.To establish (2.18) we �rst re
all the following formulas for the �rst and se
ondderivative of lnk(x):ln0k(x) = k�1Yj=0 1lnj(x) ;ln00k(x) = � ln0k(x) kXj=1 ln0j(x); x > ek:(2.19)Now we 
an show (2.18). First of all we have(2.20) Qk(n) = Z n dxuk(x)2 +O(1) = lnk(n) + O(1):



ON THE NUMBER OF EIGENVALUES OF JACOBI OPERATORS 5The se
ond 
laim is a bit harder. We begin withuk(n� 1)uk(n) = 0�k�1Yj=0 lnj(n � 1)lnj(n) 1A1=2 = k�1Yj=0 1X̀=0 (�1)``! ln(`)j (n)lnj(n) !1=2= k�1Yj=0 1� ln0j(n)lnj(n) + 12 ln00j (n)lnj(n) + O(n�3)!1=2= k�1Yj=0 1� 12 ln0j+1(n) + 14  ln00j (n)lnj(n) � ln0j+1(n)22 !+ O(n�3)!= 1� 12 k�1Xj=0 ln0j+1(n) + 14 k�1Xj=0 ln00j (n)lnj(n) � ln0j+1(n)22 !++ 14 k�1Xj=0 ln0j+1(n) j�1X̀=0 ln0̀+1(n) + O(n�3):= 1� 12 k�1Xj=0 ln0j+1(n) � 18 k�1Xj=0 ln0j+1(n)2 +O(n�3):(2.21)Now 
ombining both formulas we obtain the desired result(2.22) ~bk(n) = 2� 14 k�1Xj=0 ln0j+1(n)2 +O(n�3) = bk(n) +O(n�3): �Another interesting example is the 
ase(2.23) b0(n) = �a(n) � a(n � 1):Again we 
an take u0(n) = 1 to obtainCorollary 2.3. Let a0 � ja(n)j � A0 and abbreviate(2.24) A(n) = 2a(n� 1)a(n+ 1)a(n� 1) + a(n+ 1) ; Q0(n) = n�1Xj=0 �1a(j) :Then � is nonos
illatory if(2.25) lim infn!1 �A(n)Q0(n)2(b(n) + a(n � 1) + a(n)) > �14and os
illatory if(2.26) lim supn!1 �A(n)Q0(n)2(b(n) + a(n� 1) + a(n)) < �14 :Of 
ourse one 
ould take two arbitrary sequen
e a(n) < 0 and u0(n) > 0 su
hthat u0 is non-de
reasing and (2.4) is satis�ed, 
ompute b0(n) = �(a(n)u0(n+1)+a(n � 1)u0(n � 1))=u0(n), and apply Theorem 2.1 to get a new (non)os
illation
riterion.



6 FRANZ LUEF AND GERALD TESCHL3. Proof of Theorem 2.1Suppose a(n) 2 Rnf0g, b(n); b0(n) 2 R su
h that(3.1) a0 � ja(n)j � A0for some real 
onstants 0 < a0 < A0 and let u0 be a non-de
reasing minimalpositivesolution of �0u0 = 0 as in the previous se
tion. Note that the 
orresponding se
ondpositive solution û0(n) is in
reasing.First we 
olle
t some basi
 fa
ts whi
h will be needed later on.Lemma 3.1. Let u0 be a minimal positive non-de
reasing solution, then we have(3.2) limn!1 u0(n+ 1)u0(n) = limn!1 u0(n)u0(n� 1) = 1and(3.3) u0(n)û0(n) = u20(n)Q0(n) � nA0 :Proof. Monotoni
ity of u0 implies(3.4) 1u0(j + 1)2 � 1u0(j)u0(j + 1) � 1u0(j)2 :Summing the last expression from 0 to n� 1 and subtra
ting the right side yields(3.5) 0 � n�1Xj=0 1u0(j)u0(j + 1)�u0(j + 1)u0(j) � 1�� 1u0(0)2 � 1u0(n)2 � 1u0(0)2 :Sin
e u(n) is minimal,(3.6) n�1Xj=0 1u0(j)u0(j + 1) � a0Q0(n)!1implies the �rst result.For the se
ond 
laim we use(3.7) Q0(n) = n�1Xj=0 �1a(j)u0(j)u0(j + 1) � 1A0 n�1Xj=0 1u0(j + 1)2 � nA0u0(n)2�nishing the proof. �Our next goal is to �nd a suitable 
omparison equation. We do this by tryingthe ansatz(3.8) u1(n) = u0(n)Q0(n)�:Then u1(n) satis�es(3.9) �1u(n) = a(n)u1(n+ 1) + a(n� 1)u1(n� 1) + b1(n)u1(n) = 0with b1(n) given byb1(n) = �a(n)u0(n+ 1)u0(n) �1� 1a(n)u0(n+ 1)2Q0(n)��� a(n� 1)u0(n� 1)u0(n) �1 + 1a(n � 1)u0(n � 1)2Q0(n)�� :(3.10)In order to get an os
illating 
omparison equation we need to admit � 2 C .However, this will also render b1(n) 
omplex and hen
e it will be of no use for us.



ON THE NUMBER OF EIGENVALUES OF JACOBI OPERATORS 7To over
ome this problem we look at the asymptoti
 behavior of b1(n) for n!1,whi
h is given by(3.11) b1(n) = b0(n) + �U (n) +O( 1u60(n)Q30(n) ); � = �(�� 1);where(3.12) U (n) = 12u40(n)Q20(n) � �u0(n)a(n + 1)u0(n + 1) + �u0(n)a(n� 1)u0(n� 1)� :If � 2 Rwe 
an 
hoose b1(n) dire
tly as 
omparison potential to obtain that � isnonos
illatory if(3.13) lim infn!1 b(n) � b0(n)b1(n) � b0(n) > �:Using the optimal value � = 12 plus the expansion from above we end up with(3.14) lim infn!1 b(n) � b0(n)U (n) > �14 :This settles the �rst part of our theorem. Now we 
ome to the harder one.As already noti
ed, in order to get an os
illating 
omparison equation we need to
hoose 
omplex values for �. Our strategy is to 
hoose � = 12 +i" su
h that at least� = �14 � "2 remains real and take ~b1(n) = b0(n)+ �U (n) as 
omparison equation.Of 
ourse we do not know the solutions of this equation, but our hope is that theyare asymptoti
ally given by the real/imaginary parts of(3.15) u1(n) = u0(n)pQ0(n) (
os(" lnQ0(n)) + i sin(" lnQ0(n))) :Hen
e if we 
an show that there are solutions ~u1 of ~�1~u1 = 0 satisfying(3.16) ~u1(n) = u1(n)(1 + o(1))we are done.To show this, we begin with(3.17) �1~u1(n) = �(n)~u1(n); �(n) = b1(n)� ~b1(n);and use the solution formula for the inhomogeneous equation ([15℄, eqn. (1.48)) toobtain the following equation(3.18) ~u1(n) = u1(n) � n0Xj=n+1u1(n)u1(j)(Q1(n)� Q1(j))�(j)~u1(j);where Q1 is de�ned as Q0 but with u1 in pla
e of u0. Formally, letting n0 ! 1,and setting(3.19) ~u1(n) = u1(n)v(n)we obtain(3.20) v(n) = 1� 1Xj=n+1u1(j)2(Q1(n)� Q1(j))�(j)v(j):



8 FRANZ LUEF AND GERALD TESCHLIf we 
an show existen
e of a solution v(n) = 1 + o(1) of this last equation, we aredone. For this it suÆ
es to verify the assumptions of [15℄, Lemma 7.8. Hen
e weneed to estimate the kernel of the above sum equation. UsingjQ1(n)� Q1(j)j � jXk=n 1a(k)u0(k)u0(k + 1)pQ0(k)Q0(k + 1)� 1a0 jXk=n 1u0(k)2Q0(k)(3.21)and(3.22) j�(j)j � 
onstu0(j)6Q0(j)3we obtain by Lemma 3.1ju1(j)2(Q1(n)� Q1(j))�(j)j � 
onstu0(j)4Q0(j)2 jXk=n 1u0(k)2Q0(k)� 
onst ln(j)j2 :(3.23)Thus we 
an apply [15℄, Lemma 7.8 to 
on
lude existen
e of a solution of type(3.16) whi
h �nishes the proof of Theorem 2.1.Referen
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