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Abstract

Dirac submanifolds are a natural generalization in the Poisson category for symplectic sub-
manifolds of a symplectic manifold. In a certain sense they correspond to symplectic sub-
groupoids of the symplectic groupoid of the given Poisson manifold. In particular, Dirac sub-
manifolds arise as the stable locus of a Poisson involution. In this paper, we provide a general
study for these submanifolds including both local and global aspects.

In the second part of the paper, we study Poisson involutions and the induced Poisson
structures on their stable locuses. We discuss the Poisson involutions on a special class of
Poisson groups, and more generally Poisson groupoids, called symmetric Poisson groups (and
symmetric Poisson groupoids). Many well-known examples, including the standard Poisson
group structures on semi-simple Lie groups, Bruhat Poisson structures on compact semi-simple
Lie groups, and Poisson groupoids connecting with dynamical r-matrices of semi-simple Lie
algebras are symmetric, so they admit a Poisson involution. For symmetric Poisson groups, the
relation between the stable locus Poisson structure and Poisson symmetric spaces is discussed.
As a consequence, we show that the Dubrovin-Ugaglia-Boalch-Bondal Poisson structure on the
space of Stokes matrices Uy appearing in Dubrovin’s theory of Frobenius manifolds is indeed a
Poisson symmetric space for the Poisson group By * B_.

1 Introduction

The underlying structure of any Hamiltonian system is a Poisson manifold. To deal with mechanics
with constraints, it is always desirable to understand how to put a Poisson structure on a subman-
ifold of a Poisson manifold. A naive way is to consider Poisson submanifolds. However, these are
not too much different from the original Poisson manifold from the viewpoint of the Hamiltonian
systems. On the other hand, for symplectic manifolds, there do not exist any nontrivial Poisson
submanifolds. However Dirac was able to write down a Poisson bracket for a submanifold of a
symplectic manifold which is given by a set of constraints:

Q={z € Plei(z) =0,i=1,---,k} (1)
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such that the matrix ({¢;, ¢;}) is invertible on (). This is the famous Dirac bracket [7]. In this case,
@ is a symplectic submanifold, i.e., the pull back on @ of the symplectic form is non-degenerate.

There has appeared a lot of work attempting to generalize Dirac brackets, for example, the
notion of cosymplectic manifolds of Weinstein [30], Poisson reduction of Marsden-Ratiu [25], just
to name a few. In particular, Courant presented a unified approach to this question by introducing
the notion of Dirac structures [5], by which one could obtain a Poisson bracket on admissible
functions on a submanifold €. In some situation, one indeed can get a Poisson structure on all
functions on ). Then ) becomes a Poisson manifold itself.

In his study of Frobenius manifolds, which is connected with 2-dimensional topological quantum
field theories, Dubrovin recently found a Poisson structure on U,, the space of upper triangular
matrices with ones on the diagonal, by viewing it as a space of Stokes matrices. Indeed Dubrovin
identifies U4 with the local moduli spaces of semisimple Frobenius manifolds. In particular, an
explicit formula was found for the Poisson bracket in the three dimensional case [8]:

1
0 (2)
0

S = &
— n @

{z,y} =2y — 2z, {y, 2} =yz — 22, {z,2} = za — 2y. (3)

Such a Poisson structure admits various nice properties. For instance, it naturally admits a braid
group action. The casimir function is the Markoff polynomial 2% 4+ y? + 22 — 2yz. Its linear and
quadratic parts give rise to a biHamiltonian structure, etc. Then Ugaglia extended Dubrovin’s
formula to the n x n case [29]. Recently, in connection with his study of the monodromy map,
Boalch [2] proved that U, arises as the stable locus of a Poisson involution on the Poisson group
B« B_ and that the above Poisson structure on Uy is induced from the standard Poisson structure
on By x B_.

JFrom a completely different angle, independently Bondal discovered exactly the same Poisson
structure on Uy in his study of the theory of triangulated categories [3]. He also studied extensively
this Poisson structure including the braid group action and symplectic leaves etc. In his approach,
instead of writing down the Poisson structure on U, first of all Bondal discovered a symplectic
groupoid M whose space of objects is Uy. Then the general theory of symplectic groupoids [31]
implies that U, is a Poisson manifold. What is more interesting is, in a sebsequent paper [4], he
discovered an extremely simple connection between his symplectic groupoid M and the standard
symplectic groupoid I" over the Poisson group B, * B_ of Lu-Weinstein [22]. Namely, M is simply
a symplectic subgroupoid of I' which can be realized as the stable locus of an involutive symplectic
groupoid automorphism of I'.

Bondal’s work suggests a simple fact, which was somehow overlooked in the literature, namely a
submanifold inherits a natural Poisson structure if it can be realized as the base space of a symplectic
subgroupoid. A natural question arises as to what are these submanifolds and how they can be
characterized. One of the main purpose of the paper is to answer this question. These submanifolds
will be called Dirac submanifolds. Symplectic subgroupoids are very simple to describe: they are
subgroupoids and in the mean time symplectic submanifolds. In contrast, Dirac submanifolds are
not so simple as we shall see. There are some interesting and rich geometry there (both global and
local), which we believe deserve further studies.



Dirac submanifolds are a special case of those submanifolds, on which the admissible functions
for the pulled back Dirac structure happen to be all functions in terms of [5, 25]. In other words,
the intersection of a Dirac submanifold with symplectic leaves of P are symplectic submanifolds
of the leaves. This feature explains where the induced Poisson structure comes from for a Dirac
submanifold. However, not all such submanifolds are Dirac submanifolds. For instance, symplectic
leavess (except for the zero point) of su(2) are not Dirac submanifolds. It is still not clear at the
moment how to describe the global obstruction in general. On the other hand, when the Poisson
manifold is symplectic, Dirac submanifolds are precisely symplectic submanifold. Other examples
include cosymplectic submanifolds and stable locus of a Poisson involution.

The second aim of the paper is to study systematically Poisson involutions and the induced
Poisson structures on stable locuses. When the underlying Poisson manifolds are Poisson groups
or more generally Poisson groupoids, there is an effective way of producing a Poisson involution,
namely through their infinitesimal invariants: Lie bialgebras or Lie bialgebroids. These are called
symmetric Poisson groupoids and symmetric Lie bialgebroids. As we see, such a Poisson involution
exists in almost every well-known example of Poisson groupoids and Poisson groups, including
the standard Poisson group structures on semi-simple Lie groups, Bruhat Poisson structures on
compact semi-simple Lie groups, and Poisson groupoids connecting with dynamical r-matrices of
semi-simple Lie algebras. For Poisson groups, they were studied by Fernades in connection with
Poisson symmetric spaces [11, 12], i.e., symmetric spaces which are Poisson homogeneous spaces.
It turns out that the induced Poisson structure on the stable locus ¢ of the Poisson involution
of a symmetric Poisson group is closely connected with Poisson symmetric spaces. In particular,
we prove that the identity connected component of () is always a Poisson symmetric space. As
a consequence, we show that the DUBB-Poisson structure on Stokes matrices U, is a Poisson
symmetric space for the Poisson group By « B_.

The paper is organized as follows. In Section 2, we introduce the definition of Dirac submanifolds
and study their basic properties. Local Dirac submanifolds are also introduced and their connection
with transverse Poisson structures is discussed. Section 3 is devoted to the study of some further
properties. In particular, we study how the modular class of a Dirac submanifold is related to that
of the Poisson manifold P. We also study Poisson group actions on Dirac submanifolds. Finally
we prove that Dirac submanifolds are indeed infinitesimal version of symplectic subgroupoids.
In Section 4, we investigate stable locuses of Poisson involutions, and study Poisson involutions
on Poisson groupoids by introducing the notion of symmetric Poisson groupoids. In Section 5,
we consider particularly symmetric Poisson groups and the induced Poisson structures on stable
locuses. The connection with Poisson symmetric spaces is discussed.

We remark that one should not confuse Dirac submanifolds here with the notion of Dirac
manifolds of Courant [5]. Courant’s Dirac manifolds are manifolds equipped with a Dirac structure,
which generalize the notion of both Poisson and presymplectic manifolds. In an earlier version, some
other names such as ()-submanifolds and IR-submanifolds were suggested, but we feel that neither
of these names reflects the complete nature of the objects we study here. At the end, we decided
to call them Dirac submanifolds, which at least contains a famous name that people have heard of.
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thanks go to all his friends in Glanon, in particular, Frédéric Bidegain, Sébastien Michéa, and
Francois Nadaud, from whom he benefited a lot not only mathematically, but also learned much
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2 Dirac submanifolds

This section is devoted to the study of general aspects of Dirac submanifolds.

2.1 Definition and properties

Let us introduce the definition first.

Definition 2.1 A submanifold () of a Poisson manifold P is called a Dirac submanifold if the
tangent bundle of P along (@ admits a vector bundle decomposition:

TQP =TQ & VQ (4)

so that Vé‘ 1s a Lie subalgebroid of T* P, where TP is equipped with the standard cotangent bundle
Lie algebroid structure.

Note that the last condition above is equivalent to that Vg C T'P is a coisotropic submanifold
of the tangent Poisson manifold TP. So alternatively, we have

Proposition 2.2 A submanifold ) C P is a Dirac submanifold iff there is a decomposition as in
Fquation (4) so that Vg C TP is a coisotropic submanifold of the tangent Poisson manifold T'P.

In what follows, we will see that ) itself must be a Poisson manifold. However, () in general
is not a Poisson submanifold. We need to introduce some notations. By pr, we denote the bundle
map ToP — TQ obtained simply by taking the projection along the decomposition (4). And
let pr* : T°Q) —— T7P denote the dual of pr by considering TjP as a subbundle of T"P. By

pr,, we denote the map from X¢(P) to X%(Q) naturally induced from pr, which is defined by
pr.(D) = pr(Dlg), YD € X*(P).

We summarize some important properties of Dirac submanifolds in the following

Theorem 2.3 Let QQ be a Dirac submanifold of a Poisson manifold (P, 7). Then

(). wlg = 7o + 7', where 7o € T(A*TQ) and 7' € '(A?Vg);
(ii). mg is a Poisson tensor on Q);

(iii). pr* : 1T"Q — T*P is a Lie algebroid morphism, where both T*Q) and T*P are equipped with
the cotangent bundle Lie algebroid structures;



(iv). for any X € X(P),
pr X, 7] = [pr.X, ﬂ-Q]; (5)

(v). for any x € Q, 7} (T:Q) = 7#(T;P) N T,Q;

(vi). for any z € Q, ﬂg (TrQ) is a symplectic subspace of ©# (T3 P). Hence, each symplectic leaf
of QQ is the intersection of (Q with a symplectic leaf of P, which is a symplectic submanifold
of that leaf.

Before proving this theorem, we need a couple of lemmas. The following lemma, which can
also be easily verified directly, follows from the fact that the natural inclusion T¢Q) — TP is a Lie
algebroid morphism.

Lemma 2.4 Let Q C P be a submanifold. Assume that D € X%(P) and D' € X% (P) are multi-
vector fields tangent to Q, i.e., D|g € X4(Q) and D'|g € X¥(Q). Then

[D, D'llg =[Dlq, Dlgl-
Next is the following

Lemma 2.5 Assume that Q) is a submanifold of a Poisson manifold (P, ) such that there is a
vector bundle decomposition ToP = T(Q) & V. Moreover assume that w|g = wg + ©', where
rg € T(A*TQ) and 7' € T(A?Vy). Then g is a Poisson tensor on Q.

Proof. Write 7/ = 3. X; AY; where X;,Y; € T'(Vg). Now let X;,Y; € X(P) be (local) extensions
of X;,Y;, and 7’ =3, X;AY,. Let #"" =7 — 7 ¢ X?(P). Then clearly #'|g = 7’ and 7"|g = 7g.
Now it follows from [r, 7] = 0 that [z", 7] = =2[z",7'] — [#',%']. On the other hand, it is clear
by definition that pr [z”, 7] = pr[#, 7] = 0. Thus pr,[z"”,7"] = 0. According to Lemma 2.4, the
latter implies that [7g, 7g] = pr,[#”, #”] = 0. This concludes the proof.

a

Proof of Theorem 2.3 By definition, Vé‘ is a Lie subalgebroid of the cotangent Lie algrebroid
T*P. By identifying T*Q with Vé‘, one obtains a Lie algebroid structure on 7T*(), and a Lie
algebroid morphism ¢ : T*Q) — T*P. Clearly, ¢ = pr*. By pg, we denote the anchor map of the
Lie algebroid 77(). Thus we have t.pg = 7#.p, where i : T() — TP is the natural inclusion. It
follows that pg = preiepg = pren#op = pror#.pr*. Hence pg : T7Q) — TQ is skew-symmetric.
Thus it defines a bivector field 7o € ['(A?TQ) so that pg = ﬂ'g. Under the decomposition (4), we
have A2ToP = N*TQ & (TQ A Vg) & A*Vg. It is clear that mg is the I'(A*TQ)-part of 7|g under
the above decomposition. Since T#(Vé‘) C TQ, w|g does not involve any mixed term, i.e., the
[(TQ A Vg)-part. Hence we have 7|g = mg + 7’ with 7’ € ['(A%Vy). This proves (i).

By Lemma 2.5, 7 is indeed a Poisson tensor on ). Hence (ii) follows. Next we need to show

that the Lie algebroid structure on T*(Q) is indeed the cotangent Lie algebroid corresponding to the
Poisson structure mg. Since ¢ is a Lie algebroid morphism, ¢* = pr induces a morphism of the



(graded) differential algebras pr, : (I'(A*T'P), d.p) — (I'(A*T'Q), dvg). Since TP is the cotangent
Lie algebroid, we know that d.p = [r,-]. To prove the claim, it suffices to show that d.g = [7g,].
To this end, given any X € X(Q), choose an extension X € X(P). Write 7 = 7" 4+ #’ as in Lemma
2.5 so that 7”|g = wg and #'|g € T(A?Vg). Then dugX = (dugpr,) X = (pr.dup)X = pr,[r, X] =
pr.[7” + 7', X] = pr,[r", X] = [rg, X], where the last step follows from Lemma 2.4. This proves
(iii), and therefore (iv) as a consequence.

Next we prove the relation 7TZ§ (TrQ) = = (T:P) N T,Q. Since ioﬂ'g_ = 1%.p, it is obvious
that ﬂg(T;Q) C 7 (T P) N T,Q. Conversely, let v € 7#(T;P) NT,Q be any vector. Then
v = 7#¢ for some & € TrP. Now since T3P = T,Qt & V.5, we may write & = & + &, where
& € T,Q% and & € V- Since Vb = o(T2Q), 7% € (7o) (T2Q) = Tg(T;Q) C T,.Q. Hence
T#& = v — 7#& € T,Q. On the other hand, it is clear that ##& € V.. Hence, 7%& = 0 and
therefore v = 7#¢&; € 7TZ§ (T7Q). Thus we have proved the relation 7TZ§ (TrQ) = 7#(T:P) N T,Q,
which implies that the symplectic leaves of () are the intersection of the symplectic leaves of P with
Q.

Finally, let D, = ﬂg (TrQ) and D!, = #'#(T+Q). 1t is simple to see that ## (1 P) = D, & D!,
and mg(z) € A2D, and #'(z) € A2D!, are both nondegenerate. Thus 7TQ($)|51 ® 71"(96)|5}m is the
inverse of 7(z) when being restricted to 7# (7 P). It follows that ﬂg (TxQ) is indeed a symplectic

subspace of 7# (T P). This implies that any symplectic leaf of Q is indeed a symplectic submanifold
of a symplectic leaf of P. This concludes our proof of the theorem.

As an immediate consequence, we have

Corollary 2.6 Assume that () is a Dirac submanifold of a Poisson manifold P. Then we have

(i). there is a morphism on the level of Poisson cohomology

pro: HX(P) — H7 (Q);
(ii). if X € X(P) is a vector field such that X|g € T'(Vy), then pr,[X, 7] = 0.

Remark 2.7 From Theorem 2.3 (vi), we see that the choice of the complementary Vg is immaterial
for the purpose of getting the Poisson structure on ). Indeed, any submanifold whose intersections
with symplectic leaves of P are symplectic submanifolds of the leaves admits a potential Poisson
tensor, which, however, might be discontinuous. This is simply the bivector field obtained by
taking the inverse of the restriction of the leafwise symplectic form to ). In terms of the language
of Dirac structures, such submanifolds precisely correspond to those for which the pulled back Dirac
structure [5] of the one corresponding to the graph of the Poisson tensor on P is a bivector on each
tangent space. In general, it might be discontinuous though. However, note that even when it is
smooth so that one obtains a Poisson structure on €, it may still not be a Dirac submanifold. See
Example 2.17 below.



We also note that Dirac submanifolds are a special case of the situation in [25], where general
Poisson reduction was studied. This provides another route to obatin the Poisson structures on
these submanifolds.

Next proposition gives an alternative definition of Dirac submanifolds, which is presumably
easier to check in practice.

Proposition 2.8 A submanifold Q) of a Poisson manifold (P,x) is a Dirac submanifold if the
following conditions are all satisfied:

i). there is a vector bundle decomposition ToP =TQ & Vy;
Q Q
(ii). wlg = 7o + 7', where 7g € T(A*TQ) and 7' € T(A*Vy).

(iii). for any X' € T'(Vy), there is an extension X € X(P) of X' such that pr,[X, 7] = 0.

Proof. From (i)-(ii), we know that m¢ is a Poisson tensor on (), and therefore 7*() is a Lie algebroid.
The decomposition (i) induces a natural identification between Vé‘ and T*(@), which equips Vé‘ with
a Lie algebroid structure by pulling back the cotangent Lie algebroid on T*@Q. It remains to show
that this Lie algebroid structure on Vé‘ is indeed a Lie subalgebroid of T*P. To this end, it suffices
to prove Equation (5) for any vector field X € X(P).

If X € X(P) such that X|g is tangent to @, Equation (5) follows from Lemma 2.4. On the
other hand, assume that X|g € I'(Vg). Then pr,[X, 7] = pr,[X, 7" + 7] = pr[X, 7"], where 7"
and 7’ are the bivector fields as in the proof of Lemma 2.5. Since 7”|g = mg is tangent to Q,
[X, 7"]|g depends only on X|g. From assumption (iii), we thus have pr,[X, 7] = 0. This concludes
the proof.

a

Remark 2.9 Conditions (ii) and (iii) in Proposition 2.8 can be replaced, respectively, by the
following equivalent conditions:

(ii"). 7#(Vyy) C TQ:

(iii’). for any point z in ), there are a set of local vector fields Xy,---, X} € X(P) around «
such that X;|g € I'(Vg), i =1,,---, k consists of a fiberwise basis for Vy and satisfies the property
that pr [X;,#]=0,i=1,,---, k.

Recall that cosymplectic submanifolds of a Poisson manifold P are those, which are character-
ized by the two properties [30]:

(i). @ intersects each symplectic leaf of P transversely;

(ii). at each point of @), the intersection of T'Q) with the tangent space of the symplectic leaf is a
symplectic subspace.



Lemma 2.10 A submanifold Q) of a Poisson manifold (P,x) is cosymplectic iff it satisfies the
conditions (i)-(ii) as in Proposition 2.8 with the property that ©' € T'(A*Vy) is non-degenerate.

Proof. If Q) is cosymplectic, then T, P = T,Q & n#(T,Q%), Y& € Q [30]. It is simple to see that
Vo = 7#(TQ%') is a complementary of TQ in Tq P which possesses all the required properties for
() being a Dirac submanifold.

Conversely, let () be a submanifold which satisfies the conditions (i)-(ii) as in Proposition
2.8 with the property that 7' € I'(A*Vy) is non-degenerate. For any = € @, it is clear that
m#(T,Q1) = #'#(T,Q*) C V,. Since ' is non-degenerate, 7'# : T,Q+ — V, is an isomorphism.
Thus we have V, = ##(T,Q*). Thus it follows that T,P = T,Q ® 7#(T,Q*%). Hence Q is
cosymplectic.

Corollary 2.11 Cosymplectic submanifolds are Dirac submanifolds.

Proof. According to Lemma 2.10, it suffices to verify the last condition (iii) in Proposition 2.8.
Since Vg = 7#(TQ1), ['(Vy) is spanned by the vector fields g.Xt|g where f,g € C°°(P) and f is
constant along ). Now clearly pr,[¢ X, 7] = pr, (Xf A X,) =0, and therefore the condition (iii) in
Proposition 2.8 is satisfied. This concludes the proof.

The following proposition gives a nice characterization for a Dirac submanifold.

Proposition 2.12 Assume that there is a set of functions fi,---, f € C°°(P) which defines a
coordinate system on (). Then Q) is a Dirac submanifold if

(i). the Hamiltonian vector field Xy, Vi, is tangent to Q);
(). d{fi, f;} =0 (mod df;) along Q.

Proof. Let Vg = {v € TgP|vf; =0, Vi = 1,---,k}. Clearly, Vg is a vector bundle such that
ToP = TQ & Vg. Moreover Vé‘ = span{dfi|lg, ¢+ = 1,---,k}. Thus from (i) it follows that
ﬂ'#(Vé‘) C T'Q. Combining with (ii), we see that Vé‘ is indeed a Lie subalgebroid of 7*P. Thus @
is a Dirac submanifold.

a

Remark 2.13 It is natural to ask what is the rule of the subbundle Vg in the definition of a Dirac
submanifold. For a given Dirac submanifold, is Vg unique? If not, what is the relation between
different choices of Vi?

Let @ be a Dirac submanifold and 7|g = mg + 7/, where 7o € ['(A?TQ) and 7' € T'(A*Vy).
Assume that there is another decomposition TP = TQ) & Vé satisfying the condition of Definition

8



2.1. Then Vé must correspond to a bundle map ¢ : Vg — TQ, i.e., Vé ={p)+v|Vve Vp} It
is simple to see that the condition (ii’) in Remark 2.9 implies that o(7')# = 0. In paricular, if Q is
cosymplectic, ¢ must be zero so Vg is unique. However, in general, it is not clear how to elaborate
the other condition (iii) in order to give a clean description of ¢.

2.2 Examples

Now we will discuss some examples of Dirac submanifolds. By Corollary 2.11, we already know
that cosymplectic manifolds are Dirac submanifolds. The following gives a list of other examples.

Example 2.14 Assume that P is a symplectic manifold. If () is a Dirac submanifold, then @
must be a symplectic submanifold according to Theorem 2.3 (vi). On the other hand, symplectic
submanifolds are automatically Dirac submanifolds since they are cosymplectic. In other words,
Dirac submanifolds of a symplectic manifold are precisely symplectic submanifolds.

Another extreme case is the following
Example 2.15 If 2 is a point where the Poisson tensor vanishes, then {2} is a Dirac submanifold.

Example 2.16 Let P = R" be equipped with a constant Poisson structure. Then P is a regular
Poisson manifold, where symplectic leaves are affine subspaces 2 +.5. Here S is the symplectic leaf
through 0 which is also a linear subspace of R™. Assume that an affine subspace ) = u+V is a
Dirac submanifold, where V' is a linear subspace of R™. By Theorem 2.3 (i), we see that V' must
admit a complementary subspace U such that the P =V x U as a product of Poisson manifolds,
where V' and U are equipped with the constant Poisson structures mg(u) and 7’(u) respectively.
This condition is equivalent to that the intersection of V with S is a symplectic subspace of S.
Conversely, given any such a linear subspace V', then one can decompose P =V x U as a product
of constant Poisson structures. For ) =V x {u}, by taking Vg| = @ x U to be constant, one easily
sees that the conditions in Proposition 2.8 are indeed satisfied. Hence @) is a Dirac submanifold.

In conclusion, an affine space v + V is a Dirac submanifold iff V' N S is a symplectic linear
subspace of S.

The following example, which indicates that being a Dirac submanifold is indeed a global
property, was pointed out to the author by Weinstein.

Example 2.17 Let P = M x C', where each M-slice is a Poisson submanifold. Namely the Poisson
tensor at each point (z,t) € M X C' is of the form n(2,t) = m¢(z), where 7 (2) is a family of
C-dependent Poisson structures on M. Consider a particular M-slice @ = M X {tp} which is a
Poisson submanifold. We will investigate when ) becomes a Dirac submanifold.

Since we are only concerned with a small neighborhood of ¢y in C', we may identify C' with R™ by
choosing a local coordinate system ({1, --,¢,). If @ is a Dirac submanifold, then ToP =TQ & Vg
for some vector bundle V along (). Hence Vy must be of the form:

0 )
VQ:{%—I—Xﬂz:l,---,n},

9



where X;, i = 1,---,n, are some vector fields on M. Clearly Condition (ii) in Proposition 2.8 is
satisfied automatically. Thus according to Remark 2.9, for () to be a Dirac submanifold, it sufflices
that pr*[% + X, m(z)] =0, for e =1,---,n, which is equivalent to

Ime(x)
Ot;

li=t, = —[Xi, 7o (2)], i=1,---,n. (6)

This equation precisely means that agtt(f)h:to is a coboundary with respect to the Poisson coho-

mology operator defined by m;,. Thus we conclude that

Q is a Dirac submanifold iff the map f : T,,C — H72rt0 (M) : v — [v(my)] vanishes.

Note that v(m) is always a 2-cocycle with respect to the Poisson cohomology operator [my,, -]
because of the identity [m, 7] = 0.

As a special case, let us consider the situation where all M-slices are symplectic leaves. Then
one obtains a map ¢ : ¢ — H?*(M) by taking the symplectic class of the fiber. On the other
hand, it is known that H72rt0 (M) is canonically isomorphic to H*(M). By identifying these two
cohomology groups, we have

f = —¢x. (7)

To see this relation, let w; denote the leafwise symplectic forms, and let w? : TM — T*M and
777?‘7E : T*M — TM be the induced bundle maps by w; and 7y, respectively. It follows from the
equation wlor? = 1 that (v(me))# = =77 o(v(wy))Per, for any v € Ty, C. Equation (7) thus follows

immediately.

Hence we conclude that a symplectic leaf M X {t¢} is a Dirac submanifold iff ¢y is a critical
point of the map . For instance, the symplectic leaves in the Lie-Poisson su(2) can never be Dirac
submanifolds except for the zero point.

Example 2.18 Let P = g* be a Lie-Poisson structure corresponding to a Lie algebra g. Consider
an affine space ) = p + V. Assume that () is a Dirac submanifold where Vg can be taken
constant. This amounts to saying that we have a decomposition g = [ @ m such that V = mt
and Vg 2 @ x m as a vector bundle. Let {e;,---,er} be a basis of [ and {my,---,m} a basis
of m. Then {ey,---,ex, my,---,my} consists of a basis of g. Now let {Ay,---, Ag, 7y, -+, 7} be its
corresponding linear coordinates on g*. Thus their Poisson brackets are given by

E bk ok dk.

(X A} = ali e + 0k, (N r} = eihg + dlirg,
a5 Yigs Cijyr @4

where a7, by, are constants. It is clear that {Ay,---, Az} is a set of coordinate functions on

@ such that Vé‘ is spanned by dA;, i =1,---, k. Since d{A;, A\;} = afjd)\k + bfjdrk, Condition (ii) of
Proposition 2.12 implies that bfj = 0. On the other hand, we have

_ iy a9 B SN ¢ l N
Xl = ({As A]}a—)\j + {A“r]}a—r]‘)k? = ({A, A]}a—)\j + (e + dij:ul)a_rj)k??

where p; = r(p), { =1,---,t. It thus follows that X, is tangent to Q) iff cfj =0 and dfj,uk = 0. The
latter is equivalent to (ad; p,m;) = 0. Therefore we conclude that p + m' is a Dirac submanifold
with constant Vg iff g = [Gm is a reductive decomposition (i.e., [is a Lie subalgebra and [[, m] C m),
and adp € mL. In this case, the induced Poisson structure can be identified with the Lie-Poisson

structure on I*.
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2.3 Local Dirac submanifolds

Definition 2.19 A submanifold (Q of a Poisson manifold P is called a local Dirac submanifold if
at each point of Q) there is an open neighborhood which is a Dirac submanifold.

Immediately we have

Proposition 2.20 A local Dirac submanifold naturally carries an induced Poisson structure.

Example 2.21 If ) is a symplectic leaf of P, by Weinstein splitting theorem [30], locally P =2 Qx N
as a product Poisson manifold. It thus follows that @ is a local Dirac submanifold.

The following proposition gives a characterization of local Dirac submanifolds.

Proposition 2.22 A submanifold () of a Poisson manifold P is a Dirac submanifold if there
exist local coordinates (x1,---, %k, y1,- -+, y) of P at any point ¢ € Q such that Q is defined by
y1 = - = yr = 0 and the Poisson bracket between coordinate functions satisfy:

dpi;

)\Z']‘($,0):0, Vi<i<k, 1<j<4
Iy

(2,0)=0, Y1<iq, j<k 1<k<t, (8)
where @;; = {25}, V1 <4, <k, and \jj ={a;,y;}, VI<i<k, 1<j<¢t

Proof. Assume that @) is a local Dirac submanifold. Given any point ¢ € (), there exists an open
neighborhood U of ¢ in P such that U N is a Dirac submanifold. Let Viyng denote the subbundle
as in the decomposition (4). By shrinking U to a smaller open neighborhood of ¢ if necessary,
one may always choose local coordinates (21, -, 2k, 1, -, y:) of U such that UNQ is defined by

y1 =+ =1y = 0 and Viyng is spanned by {%i“ =1,---,t}. In other words, {y,- -, 2} is a set
of coordinates on ) such that VJ‘OQ is spanned by {dz;|i =1,---,k}. Then we have
dpij 0 0
d{xivxj}k? = 3y1] ($,0)dyl7 (mOd d$2), XGU@|Q = )\”(96,0)8—%, (mOd 8—%)

It thus follows that A;;j(z,0) =0, 1 <i<k, 1 <j<tand 88?‘1]

(2,0)=0,1<i,j<k 1<I<t.

Conversely, if such local coordinates exist in an open neighborhood U of ¢ in P, one can show
that U N Q is a Dirac submanifold.

a

The following result reveals a connection between local Dirac subamnifolds and transverse Pois-
son structures [30].

Proposition 2.23 If Q) is a local Dirac submanifold which is a cross section of a symplectic leaf
S at a point q (i.e., Q) has complementary dimension to S and intersects with S at a single point ¢
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transversely), then the induced Poisson structure on Q) in a neighborhood of q is isomorphic to the
transverse Poisson structure.

Conversely, if () is a cross section of a symplectic leaf S at a point q, then () is a Dirac
subamnifold in a neighborhood of ¢ and the induced Poisson structure is isomorphic to the transverse
Poisson structure.

Proof. From Weinstein splitting theorem [30], it follows that a cross section of a symplectic leaf
S must be a Dirac submanifold in a small neighborhood of the intersection point. It remains to
show that the induced Poisson structure on @ as a Dirac subamnifold is indeed isomorphic to the
transverse Poisson structure.

We choose local coordinates as in the proof of Proposition 2.22. Thus X, are all tangent to )
for i = 1,---, k. By definition, the transverse Poisson structure is {z;, 2;}|g = ¢i;(x,0), which is
precisely the induced Poisson structure on ) as a Dirac submanifold.

a

An immediate consequence, by combing with Example 2.18, is the following theorem of Molino

[26] and Weinstein [30].

Corollary 2.24 Let i € g* and g, be the isotropic Lie algebra at p. If g admits a reductive
decomposition: g = g, & my, then the transverse Poisson structure at u to the symplectic leaf G - p
(i.e., the coadjoint orbit through ) is isomorphic to the Lie-Poisson structure on gy

3 Properties of Dirac submanifolds

This section is devoted to the further study on properties of Dirac submanifolds.

3.1 Relative modular vector fields

First we want to see how modular class of a Dirac submanifold is related to that of . We start
with the following;:

Lemma 3.1 Let QQ be a Dirac submanifold of a Poisson manifold P. Assume that f € C*(P)
satisfies the property df|g € Vé‘. Denote by ¢y the flow generated by the Hamiltonian vector field

Xy¢. Then both TQ and Vg (hence TQL and Vé‘) are stable under ;.

Proof. It is clear that X is tangent to ), and therefore [X;,Y]|g is well-defined for any Y €
I'(ToP). Y € I'(TQ), clearly [ X, Y]|g € ['(T'Q). Hence T'Q) is stable under ;.

Now assume that ¥ € ['(Vp). Let Y € X(P) be any of its extension. By the graded Jacobi
identity, we have

(X7 Y] =[x, f1.Y] = [[f, Y], 7] = [[Y, 7], f].

12



Now [f, Y], 7] = =Y (f), 7] = =[Y (), =" + &'] = [V (f),7"] = [V (f), ], where 7" and 7' are
bivector fields on P as in the proof of Lemma 2.5, i.e., 7”|g = 7o and 7' € T'(A*Vg). Since
Y(Ple =Y (f)lo =0, it is obvious that [Y(f),7"]lg = [Y (f),mq] = 0. Thus [[f, Y], w]lo € T'(Vo).
On the other hand, according to Equation (5), we have pr,[Y, 7] = [pr,Y, mg] = 0. Therefore, one
can write [V, 7]|lg = 3. Z: A Z! with Z! € ['(Vg). Then [[Y,7], fllg = S2(Z:(f) 2! — ZUf) Z;) =

Y Zi(f)Z! € I'(Vg), since Z!(f) = 0 by assumption. This shows that [X;, Y]|g = [X;,Y]|g €
I'(Vg), which implies that Vg is stable under the flow ¢;. This concludes the proof.

a

We are now ready to introduce the relative modular class. Let Q' € D(APTQ*) = T'(APV)
be a nonzero section, which we always assume exist. Otherwise, one needs to consider densities as
in [32]. For any f € C*(Q), let fe C*(P) be an extension of f satisfying the property df|Q € Vé‘.
Then according to Lemma 3.1 the Hamiltonian flow of Xf preserves both vector bundles T'(Q) and
Vg, hence it preserves TQ*. It thus follows that LXfQ’ is a section of APT'QL, and therefore
(LXfQ’)/Q’ is a well-defined function on . Also it is clear that this function only depends on
the 1-jet of f along @, and therefore is independent of the extension. Thus one obtains a linear
map v, : C®(Q) — C™(Q), [ — (LXfQ’)/Q’|Q. From the fact that X[ is tangent to ) and
Q' € T(APPTQL), one can easily show that

vr(fg) = fe(g) +9v:(f), Vf g € CT(Q).

Hence v, is a vector field on €, which will be called the relative modular vector field corresponding
to .

Proposition 3.2 v, is a Poisson vector field with respect to ng. For different choices of ', the
corresponding relative modular vector fields v, differ by a Hamiltonian vector field.

As a consequence, [v,] is a well defined class in the Poisson cohomology H}rQ (@), which will be
called the relative modular class of the Dirac submanifold ). The proof of Proposition 3.2 follows
from the lemma below.

Choose a nonzero section g € F(/\mpvcj‘) =~ [(A"PT*Q), which we again assume exist. Then
Q= Qo A € T(A"PT*P|g) is a nonzero section. Extend © to a volume form on P (at least
locally along the submanifold @), which will be denoted by the same symbol . By vp and vg, we
denote the modular vector fields of the Poisson manifolds P and () corresponding to 2 and g,
respectively.

Lemma 3.3 The modular vector fields are related by
Vp = pryvp — VQ. (9)

Proof. Vf € C*(Q), let fe C(P) be an extension of f satisfying the property df|Q € Vé‘.
Then LXfQ|Q =vp(f)Qg = (pr.vp)(f)Qg, and LXfQQ|Q =vg(f)Qq. (From the derivation law:
Lx Q0= (Lx Q) A Q+QoA LX]ZQ’7 it follows that pr,vp(f) = vo(f) + v (f). Equation (9) thus
follows.
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Another consequence, besides Proposition 3.2, is the following;:

Proposition 3.4 The modular classes of the Poisson structures on P and ) are related by

pr.ve] =gl = v, (10)

where pr, : HY(P) — H}rQ (Q) is the morphism as in Corollary 2.6.

Remark 3.5 It would be interesting to see how other characteristic classes [6, 13] on P and () are
related, and in particular, how to describe pr,[C}(P)] — [C%(Q)] € Hf,(Q) for other characteristic
class Cf.

3.2 Poisson actions

Next we consider Poisson actions on Dirac submanifolds. As we shall see below, Dirac submanifolds
indeed behave nicely under Poisson group actions, which include the usual Hamiltonian actions as
a special case.

Theorem 3.6 Assume that (P, ) is a Poisson manifold which admits a Poisson action of a Pois-
son group G. Assume that Q) is a Dirac submanifold stable under the G-action. Then the action
of G on @) is also a Poisson action. Moreover, if J : P — G* is a momentum map, then
J|g : Q — G~ is a momentum map of the G-action on Q).

Proof. Let pup : T"P — g" and pg : T*() — g” be the linear morphisms dual to the infinitesimal
g-actions on P and @, respectively. Since the infinitesimal g-action on Q: g — X(Q) is the
composition of the infinitesimal g-action on P: g — X(P) with the projection pr, : X(P) —
X(Q), it follows that pg = ppepr*, where pr* : T*Q —— T*P is the dual of the projection
pr: ToP — TQ. Since pr* is a Lie algebroid morphism according to Theorem 2.3 (iii), it follows
immediately from Proposition 6.1 in [34] that the G-action on @ is also a Poisson action.

Assume that J : P — G is a momentum map for the Poisson G-action [20]. L.e., for any ey,
r# (I = ¢, where & € QY(G*) is the left invariant one-form corresponding to &, and fe X(P)
is the vector field on P generated by £&. Then We have pr 7# (J*¢!) = E since E is tangent to ). On
the other hand, it is clear that pr 7#(J*¢!) = T (J*f ). This shows that J|g : () — G™ is indeed
a momentum map for the Poisson G-action on Q.

3.3 Symplectic subgroupids

Finally we consider symplectic groupoids of Dirac submanifolds. As we see below, Dirac submani-
folds are indeed infinitesimal version of symplectic subgroupids.
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Theorem 3.7 If I"==Q is a symplectic subgroupoid of a symplectic groupoid (I' = P, «, B),
then @) is a Dirac submanifold of P. Conversely, if P is an integrable Poisson manifold with
symplectic groupoid I' and () is a Dirac submanifold whose corresponding cotangent Lie algebroid
T*Q) integrates to a Lie subgroupoid I’ of T', then T is a symplectic subgroupoid.

Proof. Assume that ' == @) is a symplectic subgroupoid of a symplectic groupoid (I' == P, «, ).
By w and w’ we denote the symplectic forms on I and I respectively, and by A and A’, we denote
their corresponding Lie algebroids. Then A’ is a Lie subalgebroid of A. As vector bundles, A = T3T
and A’ = TSF’7 and the Lie algebroid morphism A’ —s A is simply the inclusion: TSF’ — TRl It
is well known that w” : Tl — TP and (w’)b : TSF’ — T7() are isomorphisms of Lie algebroids,
where T*P and T*() are equipped with the cotangent Lie algebroids corresponding to the induced
Poisson structures. Thus, one obtains a Lie algebroid morphism ¢ : T*Q — T*P so that the
following diagram

TEr 5 TRT
(w’)b l l wb (11)
™Q — TP
®

commutes. In particular, o(7*Q) is a Lie subalgebroid of T*P. In what follows, we will show that
©*st is the identity map, where ¢ : T'(QQ — TP is the inclusion.

Let € € T7Q be any covector. Assume that & = (w')’u for some u € T2T'. Then using the
commuting diagram (11), we have, for any v € T,.Q),

()€, v) = (€, v) = (&) 1, v) = (W', v) = w(u,v) = & (u,0) = () 0, 0) = (€, v).

Therefore i*o¢p = id, or equivalently ¢*-i = id. Let Vg = kery™, which is a subbundle of T P.
Then To P =TQ @& Vg. In fact Vé‘ = o(1T7Q), so Vé‘ is a Lie subalgebroid of T*P. Hence @) is a
Dirac submanifold.

Conversely, assume that () is a Dirac submanifold of P, and ¢ = pr* : T*@Q — T* P is the Lie
algebroid morphism as in Theorem 2.3 (iii). Let I C T' be a Lie subgroupoid integrating the Lie
subalgebroid ¢(7T*Q). For any z € @, we have T,I' = T,P $ T2l and T,1I" = T,Q & T21". By
identifying 79T with TP via w® as above, one obtains a decomposition T,I' = T,,P & TP, under
which the symplectic form w, € A?TT takes the form:

(2 i) 12)

Now T,P=T,Q &V, and TP =T,Qt VI 2V 3 T;Q. Thus T, 2 T,Q &V, & V) & TrQ.
It is clear that under this decomposition T, corresponds to the subspace T,Q) & TQ). Thus the
restriction of w, to the subspace T,I" has the form:

(-01 TQI($)>’ 13)
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which is clearly non-degenerate. It follows immediately that the pull back of the symplectic form
w is non-degenerate along the identity section ). To show its non-degeneracy at every point of I,
it suffices to show that through each point of T”, there exists a Lagrangian (local) bisection S of T
such that S|g is a bisection of I, This is true since any closed one-form on () extends to a closed
one-form on P.

4 Poisson involutions

This section is devoted to the study on a special class of Dirac submanifolds arising as the stable
locus of a Poisson involution. In particular, we discuss Poisson involutions on Poisson groupoids
as well as on Poisson groups. As we will see, such involutions do often exist. Examples include
the standard Poisson group structures on semi-simple Lie groups, Bruhat Poisson structures on
compact semi-simple Lie groups, and Poisson groupoids connecting with dynamical r-matrices of
semi-simple Lie algebras.

4.1 Stable locus of a Poisson involution

Recall that a Poisson involution on a Poisson manifold P is a Poisson diffeomorphism & : P — P
such that ®2 = id. Another important class of Dirac manifolds arises as follows.

Proposition 4.1 Let & : P — P be a Poisson involution. Then its stable locus () is a Dirac
submanifold.

Proof. It is well known that ) is a smooth manifold. For any = € @, since the linear morphism
®, : T, P — T, P is an involution, its eigenvalues are either +1 or —1. Let V, denote the —1-
eigenspace of ®,, and Vg = U,cqV,. Clearly, T,() coincides with the 41-eigenspace of ®,, and
T,P = T,Q & V,. Since &7 = 7, it is clear that 7|g = 7g + 7', where 79 € T'(A?TQ) and
7' € T(A*Vg). It remains to verify Condition (iii) in Proposition 2.8. For this, notice that any
vector field X on P can be decomposed as X = XT 4 X~ where &, XT = XT and &, X~ = —X".
Indeed,
1 1

X+:§(X—|—(I>*X) and X‘:§(X—(I>*X). (14)
It thus suffices to prove that pr,[X—, ] = 0. This is obvious since &.[X 7] = [¢. X, P.7] =
—[X 7, 7]

a

Remark 4.2 The fact that the stable locus of a Poisson involution inherits a Poisson structure
was already hidden in the work of Bondal [4] and Boalch [2] in their study of the Poisson structures
on Stokes matrices. On the other hand, an algebraic version of this fact appeared in the work of
Fernades-Vanhaecke [14].
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The Poisson structure on () indeed can be described more explicitly in this case.

Proposition 4.3 Let ) be the stable locus of a Poisson involution ® : P — P. Assume that the
Poisson tensor m on P ism =Y. X;\Y;, where X; and Y; are vector fields on P. Then the Poisson
tensor mg on Q is given by 7g = .. X ANY.T|g, where X and Y; are defined by Equation (14).

As a consequence of Theorem 3.7, we have the following

Corollary 4.4 If () is the stable locus of a Poisson involution on an integrable Poisson manifold
P, then Q) is always an integrable Poisson manifold itself.

Proof. Assume that ) is the stable locus of a Poisson involution ® : P — P. Let I' be an a-
connected and simply connected symplectic groupoid of P. To the Poisson involution ® : P — P,
there corresponds to an involutive symplectic groupoid automorphism @ : I' —s I'. Then the stable
locus of @, which is a smooth manifold, is a symplectic subgroupoid of I' integrating Q).

4.2 Poisson involutions on Poisson groupoids

For Poisson groupoids, there is an effective way of producing Poisson involutions. This is via the
so called symmetric Poisson groupoids. Symmetric Poisson groups and their infinitesimal version:
symmetric Lie bialgebras, were studied by Fernandes [11, 12] 1

Definition 4.5 (i). A symmetric Poisson groupoid consists of a pair (I', ®), where I' is a Poisson
groupoid and ® : I' — " is a groupiod anti-morphism which is also a Poisson involution.

(ii). A symmetric Lie bialgebroid consists of a triple (A, A*, ), where (A, A*) is a Lie bialgebroid
and ¢ : A — A is an involutive Lie algebroid anti-morphism such that ¢ : A* — A* is a
Lie algebroid morphism.

Theorem 4.6 Under the assumption that the relevant Lie algebroid is integrable, there is one-
one correspondence between a-simply connected symmetric Poisson groupoids and symmetric Lie
bialgebroids.

Proof. Assume that (A4, A*,¢) is a symmetric Lie bialgebroid. Let I' be an a-simply connected
Poisson groupoid corresponding to the Lie bialgebroid (A, A*). It is known that any Lie algebroid
isomorphism integrates to a Lie groupoid isomorphism for a-simply connected Lie groupoids. Hence
the Lie algebroid involution ¢ = —p : A — A integrates to a Lie groupoid involution &' : ' — T'.
By assumption, (¢')* = (—¢)* = —¢* is a Lie algebroid anti-morphism. By the Poisson groupoid
duality [23, 24], ®' is an anti-Poisson map. Let 7 : I' — T' be the map: 7(g) = ¢~ !, Vg € T,

'Note that our definition here, however, is precisely the opposite to that in [11, 12]. We require that ® be
group(oid) anti-morphism and Poisson, while in [11, 12] ® is required to be group morphism and anti-Poisson.
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which is clearly a groupoid anti-morphism and an anti-Poisson map. Set ® = ®’.7. Then ® is an
integration of ¢, which possesses all the required properties.

Conversely, if (I',®) is a symmetric Poisson groupoid, then it is clear that (A, A" ¢) is a
symmetric Lie bialgebroid, where ¢ : A — A is the derivative of ®.

a

Remark 4.7 Note that the roles of A and A* can be switched for a symmetric Lie bialgebroid.
Namely, if (A, A*, ¢) is a symmetric Lie bialgebroid, then (A*, A, —¢*) is also a symmetric Lie
bialgebroid. This means that from a symmetric Lie bialgebroid one can in fact construct a pair of
Poisson involutions: one on I' and the other on its dual Poisson groupoid I'* (provided that both
A and A* are integrable).

Theorem 4.6 indicates that a useful source of producing Poisson involutions on Poisson groupoids
is to construct symmetric Lie bialgebroids. Next we will consider the case of coboundary Lie
bialgebroids [18], namely those Lie bialgebroids (A, A*) where the Lie algebroid on the dual A is
generated by an r-matrix A € T'(A?A) with the property [X,[A, A]] =0, VX € T'(A).

Proposition 4.8 A coboundary Lie bialgebroid (A, A*) with an r-matriz A € T'(A?A) is a sym-
metric Lie bialgebroid if there is an involutive Lie algebroid anti-morphism ¢ : A — A such that

pA = —A.

Proof. Let d. : [(A*A) — T(A*TLA) be the exterior differential induced from the Lie alge-
broid structure on A*. Then for any X € I'(A*A4), d.X = [A, X]. Hence (p.d,) X = p[A, X] =
—[pA, o X] = [A, ¢X] = (dwop) X, which implies that ¢ed. = d.op. Hence ¢* : A* — A* is a Lie
algebroid morphism.

4.3 Symmetric Courant algebroids

A nice way of understanding a Lie bialgebroid (A, A*) is via its double ' = A & A*, which is
a Courant algebroid [16]. Roughly, a Courant algebroid is a vector bundle £ — M equipped
with a non-degenerate symmetric bilinear form (-, -) of signature (n,n) on the fibers, a bundle map
p: FE — TM,and a bracket [, -] on I'(£), which satisfy some complicated compatibility conditions
resembling that of a Lie algebroid up to a homotopy. Lie bialgebroids precisely correspond to
splittable Courant algebroids, namely those which admit two transversal Dirac structures. We
refer the reader to [16] for details.

Definition 4.9 (i). A symmetric Courant algebroid is a Courant algebroid (F,(-,-),p,[-,‘]) to-
gether with an involutive anti-morphism vy : ¥ — F, i.e.,

poX = — [eoXi (X€17X€2) = _(617 62)% and X[eh 62] = —[X€17X€2]

for any ey, eq € U'(E), where f: M — M is the base map corresponding to x;
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(ii). A symmetric splittable Courant algebroid is a symmetric Courant algebroid (F, ), such that
E admits a pair of x-stable transversal Dirac structures.

Theorem 4.10 There is a one-one correspondence between symmetric Lie bialgebroids and sym-
metric splittable Courant algebroids.

Proof. Assume that (A4, A%, ¢) is a symmetric Lie bialgebroid. Let M denote the base of the Lie
bialgebroid (A, A*), and a, a. their anchors respectively. Denote, by f: M — M, the involution
on the base manifold corresponding to ¢. Then ¢* is a bundle map over the same base map
f: M — M since fis an involution. Let FF = A @ A* be the double of the Lie bialgebroid, which
is a Courant algebroid [16] over the base manifold M, with anchor p = @ + a.. Define x : F' — F
by

XX 48 =pX -, VX € Al, and £ € A™|,,. (15)

Then y is clearly an involutive bundle map over the base map f: M — M. It is also simple to
check that x anti-commutes with the anchor on F, and (e, ye2) = —(e1, €2) for any ey, e2 € I'(F).
It remains to check that [xe, yez] = —[e1, €2] for any eq, e2 € I'(F). To this end, it suffices to show
that [xX,x¢] = —[X,{] for any X € I'(4) and £ € I'(A*). First, we will need the following

identities:

LorepX = o(LeX); (16)

Lox¢™¢ = —¢"(Lx§). (17)
Note that for any n € T'(A*),

(Lore X, m)

= (ax"E) (X, m) — (X, [¢"E, n])
Fela &) (X, n > —(pX, [¢"E, 1))
(a. )X, o) — (X, ©"[9"E, n])
(@) (X, ™) — (X, [€ ™))
(LeX, ™)

(p(LeX),m).

Equation (16) thus follows. Equation (17) can be proved similarly. Now

XX, x¢]
= —[pX, ¢
= LgwepX — %d*@o*& ©X) = Loxp™& + %d@o*{i ©X) (by Equations (16)-(17))
= P(LeX) = Sdef, X) + 9™ (LxE) — Semd(E, X).

On the other hand,

XX €]
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1

= \[(-LeX + %d*<5,X>) +(Lx§ = d(€ X))]

= (LX) + 5pdal€, X) — 9 (Lx€) + S67d(E, X).

Thus [xX, x¢] = —x[X, &].

Conversely, assume that F is a splittable Courant algebroid such that F = A & A* for a Lie
bialgebroid (A, A*), and y : £ — FE is an involutive anti-morphism preserving both components
A and A*. Let ¢ = x|a : A — A and ¢ = x|a» : A* — A*. Then both ¢ and @ are involutive
Lie algebroid anti-morphisms. For any X € I'(4) and & € I'(4%), since (x&,xX) = —(§, X), and
xX = X, x& = €, it follows immediately that ¢*¢ = —id, which implies that v = —*. This
concludes the proof.

4.4 Poisson involutions on dynamical Poisson groupoids

As a special case, we will consider dynamical Poisson groupoids introduced by Etingof-Varchenko
[9]. Recall that a dynamical r-matrix is a function r : h* — A%g satisfying:

(i). r:b* — A2?gis H-equivariant;

(ii). >, hi A 88; — I[r,r]is a constant (A?g)%-valued function over b*,

where ) C g is a Lie subalgebra, H is the Lie subgroup of G with Lie algebra b, {hy,---,ht} is a
basis of fj, and {Ay, -+, Ax} is its induced coordinates on h*.

It is known [1, 19] that a dynamical r-matrix naturally defines a coboundary Lie bialgebroid
(A, A" A), where A =Th* x g, and A = mpx + Zle(a%i A hi) +r(X) € T(A?A). Here mp« is the

Lie-Poisson tensor on h*.

The following theorem can be verified directly.

Theorem 4.11 Let r : h* — A?g be a dynamical r-matriz. Assume that s : g — g is an invo-
lutive Lie algebra anti-morphism, which preserves ) and satisfies the property s(r(\)) = —r(sg)\),
VA € b*. Here sy : ) — b is the restriction of s to ). Then (Th* X g, T*h* x g*,¢), where
= (—TS?;, s):Th* x g — Th* x g, is a symmetric Lie bialgebroid.

Corollary 4.12 Under the same hypothesis as in Theorem 4.11, let S : G — G be the group
anti-morphism corresponding to s. Then,

(i) 2:0"xH"X G —§" xb" X G, ®(u,v,9) = (sv, spu,5(9)), Yu, v € §™ and g € G, is a
Poisson involution of the dynamical Poisson groupoid h* X h* x G.

(ii). T° = {(u, spu, 9)|[Vu € 5%, g € G°} is a Dirac submanifold, where GO C G is the stable locus
of S.
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Example 4.13 Let g be a semi-simple Lie algebra over C of rank k& with a Cartan subalgebra §.
Let {e,, fo, hila € Ay, 1 < i<k} be a Chevalley basis. Then

1
r()\) = Z da COth(§ < 047)\ >)eoz /\foz
aEAY

is a dynamical r-matrix over §*, where (e,, fo) = do, and coth(z) = zzfz:i is the hyperbolic

cotangent function [9].

Let s : g —+ g be a C-linear morphism, which, on generators, is defined as follows?:
s€q = fa, Sfa = €, shy = h,. (18)

It is clear that s is an involutive Lie algebra anti-morphism and s|y = ¢d. Moreover, it is also simple
to see that s(r(A)) = —r(A) for any A € h*. Therefore, according to Theorem 4.11, (T'h* x g, T*h* X
g%, ¢) is a symmetric Lie bialgebroid, where ¢ : T'h* x g — Th* x g is given by ¢(v, X) = (—v, sX),
V(v, X) € Th* x g. Thus one obtains a pair of Poisson involutions on their corresponding Poisson
groupoids ® : I' — "' and ¥ : [ — I'™*. Now I' = h* x h* x G, and ®(u,v,9) = (v,u,59),
Yu, v € h* and ¢ € G. Hence, the stable locus of S is diffeomorphic to h* x G, where G is the
stable locus of S. It would be interesting to compute explicitly the induced Poisson structure on
h* x G°. On the other hand, it is quite mysterious what the stable locus of ¥ should look like,
since it is even not clear how to describe the groupoid I'™*.

Let [ be a reductive Lie subalgebra of g containing b, i.e.,
[= b & @aeAq_ (goz @ g—oz)v (19)

where Al is some subset of Aj.

The claim in Example 4.13 in fact holds in a more general situation when b is replaced by [.

Proposition 4.14 Let [ be a reductive Lie subalgebra of a semi-simple Lie algebra g as in Fquation
(19), and r : * — A?g a dynamical r-matriz. Then the map s : g — g defined by Equation (18)
satisfies the conditions as in Theorem 4.11, and therefore (T'1" x g, T*I* X g*, ) is a symmetric Lie
bialgebroid. Here ¢ = (=T's{,s) :T1" x g — T1* x g.

Proof. We prove this proposition by using the classification result in [9]. Let rq : h* — AZg be

the function: )
7‘0()\): Z (04 )\)ea/\foz-
ozEAfI_ ’

According to [9], 7 = r|p« + 1 : h* — A?gis a classical dynamical r-matrix on h*. Hence, from
Example 4.13 (the rational case can also be similarly checked), we know that s(7(X)) = —r(A),
VA € b*, which in turn implies that s(r(X)) = —r(A), YA € b*.

2Note that —s is precisely the Cartan involution on the split real form.
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Now assume that p = Ad’>_; A € [*, where A € h* and » € L. Then

s(r(pn)) = s(r(Ad;—1\)) (since r is L-equivariant)
s[Adgr(N)]

Adgy-15(r(A))

Adg,—1(=r(}))

—r(Adg,\)

—r(s"Ad, 15" N)
—r(sTAd_1 \)
—r(

*

s*p).

= -7

Here we used the identities: seAd, = Adg,—105 and Adg, = s"Ad’_,s". Since those points u =
Ad,-1 A, YA € b*, x € L, consist of a dense subset of [*, the conclusion thus follows immediately.

a

5 Poisson involutions on Poisson groups

In this section, we turn our attention to Poisson involutions on Poisson groups.

5.1 Symmetric Poisson groups

As a special case of Definition 4.5, we have

Definition 5.1 (i). A symmetric Poisson group consists of a pair (G, ®), where G is a Poisson
group and ® : G — G is a group anti-morphism which is also a Poisson involution.

(ii). A symmetric Lie bialgebra consists of a triple (g, g%, ¢), where (g,8%) is a Lie bialgebra and
@ g — g is an involutive Lie algebra anti-morphism such that ¢©* : g* — g* is a Lie
algebra morphism.

In this case, a combination of Theorems 4.6 and 4.10 leads to the following:
Theorem 5.2 (i). There is a one-one correspondence between simply connected symmetric Pois-
son groups and symmetric Lie bialgebras.

(ii). There is one-one correspondence between symmetric Lie bialgebras (g, g*, ¢) and involutive
anti-morphisms x : 0 — o (i.e., (xe1, xez) = —(e1,€2); and x[e1, 2] = —[xe1, xez]) of the
double 0 = g & g* preserving both components g and g*.

(iii). If (g, 8*) is a coboundary Lie bialgebra with an r-matriz r € N?g, then (g, g%, ) is a symmetric
Lie bialgebra if ¢ : g — g is an involutive Lie algebra anti-morphism such that or = —r.
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Now assume that (g, g%, ) is a symmetric Lie bialgebra. Then according to the proof of Theorem
410, x 10 —> 0, X(X+E) = p X —p*¢, VX +£ € gbg™, is an involutive Lie algebra anti-morphism,
where 0 = g g* is the double of the Lie bialgebra. On the other hand, it is well known that (o, 0*)
itself is a Lie bialgebra with the r-matrix: r = Y, X; A& € A2o, where { X1, -+, X,,} is a basis of g
and {€', .- €} is its dual basis of g*. Then x(r) = — 3. pX; A@*E" = —r, since {p*€!, .-+ "}
is a dual basis to {¢ Xy, -+, X, }. Thus we have proved the following:

Proposition 5.3 The double of a symmetric Lie bialgebra is still a symmetric Lie bialgebra.

Remark 5.4 Let D denote the Lie group of ¢. Then the same space D possesses three different
structures (under certain assumptions on completeness): a Poisson group, a symplectic groupoid
I'c over G and a symplectic groupoid ['g« over G*. If (g, g%, ¢) is a symmetric Lie bialgebra, then ¢
induces a Poisson involution on D, an involutive automorphism on symplectic groupoid I'g, and an
involutive automorphism on the symplectic groupoid I'g«. These three involutions are all different
(see [4]). Their stable locuses correspond to a Dirac submanifold of D, a symplectic groupoid over
the stable locus of @, and a symplectic groupoid over the stable locus of . Here ® : G — G and
¥ : G* — G are the corresponding involutions induced by .

5.2 Poisson structures on stable locuses

Below we outline a scheme to explicitly compute the Poisson tensor on the stable locus () of the
Poisson involution @ for a symmetric Poisson group (G, ®). Since ® is an involutive group anti-
morphism, we have

Adq)(x)—l oo = eAd, 1 g —r g, Vz €. (20)

Definition 5.5 (i). A smooth map £ : G — A*g is said to be $-equivariant if
£(@(2)) = Adg(ryp({(x)), Vo € G; (21)
(ii). It is said to be anti-®-equivariant if

§(@(z)) = —Adg()p(§(2)), V€. (22)

Indeed, any smooth map £ : G — A*g can be decomposed as & = £ + £~ such that T is
P-equivariant and £~ is anti-P-equivariant, where

E5(2) = 3IE) + o(AdaymE (@) (23)
C@) = Sl - p(Ada(o)E(@()] (21)

It is simple to see that £ : G — A*gis ®-equivariant (or anti-®-equivariant) iff its right translation
rp«&(2) is a ®-invariant (or anti-®-invariant) multi-vector field on G.

Let § : g — A%g denote the cobracket of the Lie bialgebra (g, g*), which is also a Lie algebra
l-cocycle, and let A : G — A?g be its corresponding Lie group l-cocycle. It is well-known that

m(2) = ryA(z), Vo € G, is the Poisson tensor on the Poisson group G. Since 7 is ®-invariant, it
thus follows that A : G — A%g is ®-equivariant.
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Proposition 5.6 Assume that the group 1-cocycle X : G — Ng is A = Y, & A i, where &, n;
G — g. Then mg(v) = Y., raxS (@) A rpanf (2)| is the Poisson tensor on Q, where & and nf
are defined as in Fquations (23-24). Moreover, the symplectic leaves of () are the intersection of ()
with dressing orbits of G*.

When & is a coboundary Poisson group, one can write 79 more explicitly.

Corollary 5.7 Under the same hypothesis as in Theorem 5.2, moreover assume that G is a
coboundary Poisson group with r-matriz v = Y. e; A fi € N*g. Then the Poisson tensor on Q)
is given by

1 & 1 -
mo =1 D (G +F) A (T +el)lo - 7 (@ +&a) AT+ 2o, (25)
where € and € are the left- and right-invariant vector fields on G, respectively, corresponding to
.. A -
e; € g; similarly for f; and f;, etc.
In particular, if e;, f; are chosen such that pe; = e; and o f; = —f;, then

ro= 2 Y&+ A (T - Plo. (26)

K3

Proof. It is simple to see, by using Equation (23), that for any £ € g, £T(2) = 3(£ + Ad.(p€)) and
(Ad, &) (2) = $(Ado€ 4 ¢€). Hence it follows that ry.(Ad,&) T (x) = %(? + c,%) and r.£t(z) =

(?—kc,(o_f) It is well known that for a coboundary Poisson group A(z) = > (Ad,e; ANAdy, fi—e; N fi).

1
2 )

Equation (25) thus follows immediately.

5.3 Poisson symmetric spaces

In what follows, we discuss the relation between the stable locus of the Poisson involution of a
symmetric Poisson group and Poisson symmetric spaces. A Poisson symmetric space is a symmetric
space, which is in the mean time also a Poisson homogeneous space. Poisson symmetric spaces were
studied systematically by Fernandes in his Ph. D. thesis [11, 12], to which we refer the reader for
details.

Assume that (G, ®) is a symmetric Poisson group, and @ = {g|®(g) = ¢} is the stable locus of
¢. The following result is standard (c.f. [27, 28]). For completeness, we outline a proof below.

Proposition 5.8 Any connected component of ) is a symmetric space.

Proof. Let gy € () be any fixed point of ®, and (),, the connected component of () through go.
Consider the twisted G-action on (the space) G given by [27]:

gz =gx®(g), Vg,2 € G. (27)
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a Since ® is a group anti-morphism, this is clearly an action. Now ®(g - z) = ®(gaP(g)) =
g@(2)®(g) = g-P(2), so Q is stable under this action. Therefore in particular @, is stable as well.
Let Q;O denote the G-orbit through go. Then Q;O is a homogeneous space ngo = G/H,,, where
Hy ={glg € G, g90®(g9) = go} is the isotropic group at go. Set

Dy 1 G — Gy By (g) = Ady, B(g7"), Vg € G, (28)
Then @, is an involutive group homomorphism, since
(I)£270 (g) = (I)go (Adgoq)(g_l)) = Ad@go (90)(1)90 ((I)(g_l)) = Adgo_lAng(I)((I)(g_l))_l =g, Vgei.

It is clear that Hy, is the stable locus of ®,. Hence Q; is indeed a symmetric space, and its
dimension equals to the dimension of —1-eigenspace of ¢ ., where ¢ ,, = —Ad,,-¢ : g — gis the Lie
algebra involution corresponding to ®,,. On the other hand, the tangent space T (), is spanned by
those vectors v € T}, & such that ®,v = v. By identifying T, G’ with g by right translations, T, (),
can be identified with the subspace of g consisting of those elements X satisfying Ady, .0 X = X,
i.e., the —1-eigenspace of ¢, . Therefore ngo is a submanifold of ¢),, of the same dimension, so it
must be an open submanifold. Since it is also closed, they must be identical. This concludes the
proof.

We are now ready to prove the following

Theorem 5.9 Let (G, ®) be a symmetric Poisson group, and Q) = {g|®(g) = g} the stable locus of
®. If the Poisson tensor m on G vanishes at a point go € (), then the connected component (Qy, is
a Poisson symmetric space up to a multiplier of 2. In particular, the identity component of () is a
Poisson symmeltric space.

Proof. Consider the map

[:G—Qq, 9—>990=990P(g), Vg € G.

It suffices to prove that f is a Poisson map, where (), is equipped with the Poisson tensor 27g.

First, it is simple to see that
f*ég = Rgg@(g)(sg + ngoq)*(sg, V(Sg € TgG. (29)

On the other hand, we have
ng0¢*5g = (I)*(Rgo<1>(g)5g)- (30)

To see this, take a curve g(t) starting at g with 2|,—og(t) = &,. Since ® is an involutive anti-
morphism, we have ggo®(g(t)) = ®(g9(t)g0®(g)). Equation (30) thus follows by taking the derivative
at ¢ = 0. Combining Equation (29) with Equation (30), we are thus lead to

Jibg = 2(]:{go<1>(g)5g)—I—' (31)

25



Now write 7(g) = 32, 6. A 8}, where Ly L)€ T,G. Then we have

(VI

g) =4 Z(Rg()@(g)(sé)-l— N (Rg()@(g)(sg)-l—‘

On the other hand, from the multiplicity condition of the Poisson tensor 7(g), it follows that

m(990®(9)) = Rgay)T(9) + Lgﬂ(gofb(g))

I
=uli~vili~y

Here we used the assumption 7(go) = 0 in the second equality. Therefore we have

(ggoq) =2 Z 90 (g A (Rgo@(g)(sg)—l—-
This concludes the proof.

a

Remark 5.10 (i). Theorem 5.9 would follow from Theorem 3.6, if the action defined by Equation
(27) were a Poisson action where the Poisson group is equipped with the Poisson tensor 7(g)
while the space it acts, which is G again, is equipped with 27(g). However, this is false in
general. So we can see that a Poisson group action on a Poisson manifold P may not be
Poisson action , but it can still be Poisson when restricted to the stable locus Q.

(ii). One drawback of Theorem 5.9 is that the stable locuses do not seem to produce any new
examples of Poisson manifolds for symmetric Poisson groups in contraction to what one may
have initially expected. A good point, on the other hand, is that one might be able to
quantize these Poisson structures on stable locuses including the one on Stokes matrices UL
(see Example 5.11) using quantum homogeneous spaces.

(iii). One can construct a symplectic groupoid of a Poisson symmetric space by means of reduction
[33]. On the other hand, according to Corollary 4.4, for a stable locus Poisson structure, one
can construct a symplectic groupoid directly via the lifted involution on the corresponding
symplectic groupoid. It is interesting to compare these two approaches in our case here.

5.4 Examples

We end the paper with a list of examples. We refer the reader to [11] for a complete list of orthogonal
symmetric Lie bialgeras, which also contains examples below.
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Example 5.11 Let g be a semi-simple Lie algebra of rank k over C with a Cartan subalgebra
h. Let {eqs, far hila € Ay, 1 < @ < k} be a Chevalley basis. It is well known that (g,g*) is a
coboundary Lie bialgebra with r-matrix:

r = Z doz(eoz/\foz)v

OzEA+

where d, = (eq, fa)-

As in Example 4.13, let ¢ : g — g be the Glinear morphism, which, on generators, is defined
as follows:

Pla = fom @foz = €a;, S‘th = h;.

It is clear that ¢ is an involutive Lie algebra anti-morphism and ¢r = —r. Therefore, (g, g, ¢) is
a symmetric Lie bialgebra, which in turn induces a pair of symmetric Poisson groups (G, ®) and
(G*,¥). Thus one obtains a pair of Poisson involutions: ® : G — G and ¥ : G* — G*, which
are the group anti-morphisms corresponding to the Lie algebra anti-morphisms: ¢ : g — g and
—@" 1 g* — g*, respectively.

For g = sl(n,C), it is well-known that G = SL(n,C) and G* = By « B_. It is simple to see
that ® and ¥ are given by the following:

®:SL(n,C) — SL(n,C), ®(A)= AT, VA e SL(n,C);

and

W:By+B_ — ByxB_, Y(B,C)=(CT B"), ¥(B,C)ec By «xB_.

The stable locus of ® thus consists of all symmetric matrices in SL(n,C). On the other hand,
the set Uy of Stokes matrices (i.e. upper triangular matrices with all main diagonal entries being
1) can be identified with the identity component of the stable locus of W. As a consequence, both
the space S of symmetric matrices in SL(n,C) and the space Uy of Stokes matrices admit natural
Poisson structures. These Poisson manifolds, together with their symplectic groupoids, were studied
in details by Bondal [4] in connection with his study of triangulated categories. Independently,
the Poisson structure on Uy was also obtained independently by Dubrovin [8] in the 3 x 3-case
and Ugaglia [29] in general in connection with the study of Frobenius manifolds. From a very
different aspect, the relation between the Poisson structure on the space of Stokes matrices UL
and the Poisson group B4 % B_ was independently found by Boalch in his study of the so called
“monodromy map” [2]. We refer the reader to [4, 2] for details. As a consequence of Theorem 5.9,
we conclude that both S and U, are indeed Poisson symmetric spaces.

Theorem 5.12 Up to a multiplier 2,

(i). the map SL(n,C) — S, A — AAT VA € SL(n,C), is a Poisson map. Indeed S is a Poisson

symmetric space with the Poisson SL(n,C)-action:

SL(n,C) xS — S, A-X=AXAT YA€ SL(n C),X €S5;
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(ii). the map By + B — Uy, (B,C) — BCT Y(B,C) € By * B_ is a Poisson map. Indeed U,
is a Poisson symmetric space with the Poisson By x B_-action:

By+«B_xU, — Uy, (B,C)-X=BXCT (B,C)eBy+B_,XcU,.

Example 5.13 Let K be a compact semi-simple Lie group with Lie algebra £, and { its Cartan
subalgebra. It is well known that K admits a standard Poisson group structure called Bruhat
Poisson structure [21]. Let g = £© be its complexification, which is a complex semi-simple Lie
algebra. Choose a Chevalley basis {e,, fo, hila € Ay, 1 < i < k} of g as in Example 5.11, then
{Xo, Yo, tila € Ay, 1 <i<k}, where

Xo=¢€q— fo, Ya=V—1(ea + fa), and t; =+ —1h;, (32)

is a basis (over R) of ¢, and

PV = VLY dofea ) = Y SdaXo MY, € % (33)

OzEA+ OzEA+

is indeed the r-matrix generating the corresponding Lie bialgebra (¢,¢*). Let ¢ : g — g be the
anti-morphism as in Example 4.13. It is then clear that ¢(X,) = —X,, ¢(Y,) =Y, and o(t;) = ¢;,
so t is stable under ¢. It is also clear that ¢ = —7. Hence (£, €% @), where ¢ = ¢|p : £ — &,
is a symmetric Lie bialgebra. Thus it induces a pair of Poisson involutions ®: K — K and
U K* —s K*.

To describe the stable locuses of these involutions, we need to consider the double of the Lie
bialgebra (¢, €*), which is isomorphic to g as a real Lie algebra. According to Theorem 5.2, ¢
induces an involutive Lie algebra antimorphism (over R) x : ¢ — g, under which both £ and £* are
stable and whose restrictions to these Lie subalgebras are ¢ and —@*, respectively. In our case, a
straightforward computation yields that on generators x is given by:

Y(V=1eo) = V-lea, X(V=1fa) =V—=1fa, xX(V=1h)) =1k,
X(€a) = —€ay X(fa) = —fa, Xx(hi) = —hi.

In other words, x(X) = —X, VX € g. On the group level, x induces an involutive Lie group
antimorphism Y : G — G such that Y(g) = g7}, Vg € G, where G is a simply connected Lie
group (considered as a real Lie group) integrating the Lie algebra g. By @, we denote the stable

locus of T, i.e., @ = {g € G|g = g~'}. Then the stable locus of ® and ¥ are K N Q and K* N Q,
respectively. In particular, according to Corollary 5.7,

o= Y (X - K n (A7) (34)
aEAL

1

is the Poisson tensor on K N . Theorem 5.9 implies that the map ¢ — gg~" is indeed Poisson

maps (up to a factor of 2) when being restricted to K and K™*.

For K = SU(n), its dual group K* is isomorphic to SB(n,C), and the double G = SL(n,C),
considered as a real Lie group. Thus @ = {A € SL(n,C)|AA = I}. Hence we have K N Q =

28



{A|A*A = AA = I,det A = 1}, which is the submanifold of SU(n) consisting of all symmetric
matrices. On the other hand, K*NQ = {A € SB(n,C)|AA = I}.

We note that SB(n,C) is Poisson diffeomorphic to the linear Poisson structure on sb(n,C)
according to Ginzburg-Weinstein theorem [15]. The recent result of Boalch [2] suggests that there
may exist a Poisson diffeomorphism SB(n,C) — sb(n, C) commuting with the Poisson involutions,
where the Poisson involution on SB(n,C) is given by A — A~! while the Poisson involution on
sb(n,C) is: A — —A. If so, the induced Poisson structures on their stable locus should be
isomorphic. The latter is a lot easier to compute and in fact is a linear Poisson structure.
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