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Dira
 submanifolds and Poisson involutionsPING XU �Department of Mathemati
sThe Pennsylvania State UniversityUniversity Park, PA 16802, USAemail: ping�math.psu.eduDedi
ated to Ren
ontres Math�ematiques de Glanon on the o

asion of her �fth birthdayAbstra
tDira
 submanifolds are a natural generalization in the Poisson 
ategory for symple
ti
 sub-manifolds of a symple
ti
 manifold. In a 
ertain sense they 
orrespond to symple
ti
 sub-groupoids of the symple
ti
 groupoid of the given Poisson manifold. In parti
ular, Dira
 sub-manifolds arise as the stable lo
us of a Poisson involution. In this paper, we provide a generalstudy for these submanifolds in
luding both lo
al and global aspe
ts.In the se
ond part of the paper, we study Poisson involutions and the indu
ed Poissonstru
tures on their stable lo
uses. We dis
uss the Poisson involutions on a spe
ial 
lass ofPoisson groups, and more generally Poisson groupoids, 
alled symmetri
 Poisson groups (andsymmetri
 Poisson groupoids). Many well-known examples, in
luding the standard Poissongroup stru
tures on semi-simple Lie groups, Bruhat Poisson stru
tures on 
ompa
t semi-simpleLie groups, and Poisson groupoids 
onne
ting with dynami
al r-matri
es of semi-simple Liealgebras are symmetri
, so they admit a Poisson involution. For symmetri
 Poisson groups, therelation between the stable lo
us Poisson stru
ture and Poisson symmetri
 spa
es is dis
ussed.As a 
onsequen
e, we show that the Dubrovin-Ugaglia-Boal
h-Bondal Poisson stru
ture on thespa
e of Stokes matri
es U+ appearing in Dubrovin's theory of Frobenius manifolds is indeed aPoisson symmetri
 spa
e for the Poisson group B+ �B�.1 Introdu
tionThe underlying stru
ture of any Hamiltonian system is a Poisson manifold. To deal with me
hani
swith 
onstraints, it is always desirable to understand how to put a Poisson stru
ture on a subman-ifold of a Poisson manifold. A naive way is to 
onsider Poisson submanifolds. However, these arenot too mu
h di�erent from the original Poisson manifold from the viewpoint of the Hamiltoniansystems. On the other hand, for symple
ti
 manifolds, there do not exist any nontrivial Poissonsubmanifolds. However Dira
 was able to write down a Poisson bra
ket for a submanifold of asymple
ti
 manifold whi
h is given by a set of 
onstraints:Q = fx 2 P j'i(x) = 0; i = 1; � � � ; kg (1)�Resear
h partially supported by NSF grant DMS00-72171.1



su
h that the matrix (f'i; 'jg) is invertible on Q. This is the famous Dira
 bra
ket [7℄. In this 
ase,Q is a symple
ti
 submanifold, i.e., the pull ba
k on Q of the symple
ti
 form is non-degenerate.There has appeared a lot of work attempting to generalize Dira
 bra
kets, for example, thenotion of 
osymple
ti
 manifolds of Weinstein [30℄, Poisson redu
tion of Marsden-Ratiu [25℄, justto name a few. In parti
ular, Courant presented a uni�ed approa
h to this question by introdu
ingthe notion of Dira
 stru
tures [5℄, by whi
h one 
ould obtain a Poisson bra
ket on admissiblefun
tions on a submanifold Q. In some situation, one indeed 
an get a Poisson stru
ture on allfun
tions on Q. Then Q be
omes a Poisson manifold itself.In his study of Frobenius manifolds, whi
h is 
onne
ted with 2-dimensional topologi
al quantum�eld theories, Dubrovin re
ently found a Poisson stru
ture on U+, the spa
e of upper triangularmatri
es with ones on the diagonal, by viewing it as a spa
e of Stokes matri
es. Indeed Dubrovinidenti�es U+ with the lo
al moduli spa
es of semisimple Frobenius manifolds. In parti
ular, anexpli
it formula was found for the Poisson bra
ket in the three dimensional 
ase [8℄:0� 1 x y0 1 z0 0 11A (2)fx; yg = xy � 2z; fy; zg = yz � 2x; fz; xg = zx� 2y: (3)Su
h a Poisson stru
ture admits various ni
e properties. For instan
e, it naturally admits a braidgroup a
tion. The 
asimir fun
tion is the Marko� polynomial x2 + y2 + z2 � xyz. Its linear andquadrati
 parts give rise to a biHamiltonian stru
ture, et
. Then Ugaglia extended Dubrovin'sformula to the n � n 
ase [29℄. Re
ently, in 
onne
tion with his study of the monodromy map,Boal
h [2℄ proved that U+ arises as the stable lo
us of a Poisson involution on the Poisson groupB+�B� and that the above Poisson stru
ture on U+ is indu
ed from the standard Poisson stru
tureon B+ �B�.>From a 
ompletely di�erent angle, independently Bondal dis
overed exa
tly the same Poissonstru
ture on U+ in his study of the theory of triangulated 
ategories [3℄. He also studied extensivelythis Poisson stru
ture in
luding the braid group a
tion and symple
ti
 leaves et
. In his approa
h,instead of writing down the Poisson stru
ture on U+, �rst of all Bondal dis
overed a symple
ti
groupoid M whose spa
e of obje
ts is U+. Then the general theory of symple
ti
 groupoids [31℄implies that U+ is a Poisson manifold. What is more interesting is, in a sebsequent paper [4℄, hedis
overed an extremely simple 
onne
tion between his symple
ti
 groupoid M and the standardsymple
ti
 groupoid � over the Poisson group B+ �B� of Lu-Weinstein [22℄. Namely,M is simplya symple
ti
 subgroupoid of � whi
h 
an be realized as the stable lo
us of an involutive symple
ti
groupoid automorphism of �.Bondal's work suggests a simple fa
t, whi
h was somehow overlooked in the literature, namely asubmanifold inherits a natural Poisson stru
ture if it 
an be realized as the base spa
e of a symple
ti
subgroupoid. A natural question arises as to what are these submanifolds and how they 
an be
hara
terized. One of the main purpose of the paper is to answer this question. These submanifoldswill be 
alled Dira
 submanifolds. Symple
ti
 subgroupoids are very simple to des
ribe: they aresubgroupoids and in the mean time symple
ti
 submanifolds. In 
ontrast, Dira
 submanifolds arenot so simple as we shall see. There are some interesting and ri
h geometry there (both global andlo
al), whi
h we believe deserve further studies. 2



Dira
 submanifolds are a spe
ial 
ase of those submanifolds, on whi
h the admissible fun
tionsfor the pulled ba
k Dira
 stru
ture happen to be all fun
tions in terms of [5, 25℄. In other words,the interse
tion of a Dira
 submanifold with symple
ti
 leaves of P are symple
ti
 submanifoldsof the leaves. This feature explains where the indu
ed Poisson stru
ture 
omes from for a Dira
submanifold. However, not all su
h submanifolds are Dira
 submanifolds. For instan
e, symple
ti
leavess (ex
ept for the zero point) of su(2) are not Dira
 submanifolds. It is still not 
lear at themoment how to des
ribe the global obstru
tion in general. On the other hand, when the Poissonmanifold is symple
ti
, Dira
 submanifolds are pre
isely symple
ti
 submanifold. Other examplesin
lude 
osymple
ti
 submanifolds and stable lo
us of a Poisson involution.The se
ond aim of the paper is to study systemati
ally Poisson involutions and the indu
edPoisson stru
tures on stable lo
uses. When the underlying Poisson manifolds are Poisson groupsor more generally Poisson groupoids, there is an e�e
tive way of produ
ing a Poisson involution,namely through their in�nitesimal invariants: Lie bialgebras or Lie bialgebroids. These are 
alledsymmetri
 Poisson groupoids and symmetri
 Lie bialgebroids. As we see, su
h a Poisson involutionexists in almost every well-known example of Poisson groupoids and Poisson groups, in
ludingthe standard Poisson group stru
tures on semi-simple Lie groups, Bruhat Poisson stru
tures on
ompa
t semi-simple Lie groups, and Poisson groupoids 
onne
ting with dynami
al r-matri
es ofsemi-simple Lie algebras. For Poisson groups, they were studied by Fernades in 
onne
tion withPoisson symmetri
 spa
es [11, 12℄, i.e., symmetri
 spa
es whi
h are Poisson homogeneous spa
es.It turns out that the indu
ed Poisson stru
ture on the stable lo
us Q of the Poisson involutionof a symmetri
 Poisson group is 
losely 
onne
ted with Poisson symmetri
 spa
es. In parti
ular,we prove that the identity 
onne
ted 
omponent of Q is always a Poisson symmetri
 spa
e. Asa 
onsequen
e, we show that the DUBB-Poisson stru
ture on Stokes matri
es U+ is a Poissonsymmetri
 spa
e for the Poisson group B+ �B�.The paper is organized as follows. In Se
tion 2, we introdu
e the de�nition of Dira
 submanifoldsand study their basi
 properties. Lo
al Dira
 submanifolds are also introdu
ed and their 
onne
tionwith transverse Poisson stru
tures is dis
ussed. Se
tion 3 is devoted to the study of some furtherproperties. In parti
ular, we study how the modular 
lass of a Dira
 submanifold is related to thatof the Poisson manifold P . We also study Poisson group a
tions on Dira
 submanifolds. Finallywe prove that Dira
 submanifolds are indeed in�nitesimal version of symple
ti
 subgroupoids.In Se
tion 4, we investigate stable lo
uses of Poisson involutions, and study Poisson involutionson Poisson groupoids by introdu
ing the notion of symmetri
 Poisson groupoids. In Se
tion 5,we 
onsider parti
ularly symmetri
 Poisson groups and the indu
ed Poisson stru
tures on stablelo
uses. The 
onne
tion with Poisson symmetri
 spa
es is dis
ussed.We remark that one should not 
onfuse Dira
 submanifolds here with the notion of Dira
manifolds of Courant [5℄. Courant's Dira
 manifolds are manifolds equipped with a Dira
 stru
ture,whi
h generalize the notion of both Poisson and presymple
ti
 manifolds. In an earlier version, someother names su
h as Q-submanifolds and IR-submanifolds were suggested, but we feel that neitherof these names re
e
ts the 
omplete nature of the obje
ts we study here. At the end, we de
idedto 
all them Dira
 submanifolds, whi
h at least 
ontains a famous name that people have heard of.A
knowledgments. The author would like to thank ESI and University of Pennsylvania fortheir hospitality while work on this proje
t was being done. He also wishes to thank Philip Boal
h,Alexei Bondal, Sam Evens, Rui Fernades, Friedri
h Knop, Jiang-hua Lu and Alan Weinstein for3
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ois Nadaud, from whom he bene�ted a lot not only mathemati
ally, but also learned mu
hmore beyond.2 Dira
 submanifoldsThis se
tion is devoted to the study of general aspe
ts of Dira
 submanifolds.2.1 De�nition and propertiesLet us introdu
e the de�nition �rst.De�nition 2.1 A submanifold Q of a Poisson manifold P is 
alled a Dira
 submanifold if thetangent bundle of P along Q admits a ve
tor bundle de
omposition:TQP = TQ� VQ (4)so that V ?Q is a Lie subalgebroid of T �P , where T �P is equipped with the standard 
otangent bundleLie algebroid stru
ture.Note that the last 
ondition above is equivalent to that VQ � TP is a 
oisotropi
 submanifoldof the tangent Poisson manifold TP . So alternatively, we haveProposition 2.2 A submanifold Q � P is a Dira
 submanifold i� there is a de
omposition as inEquation (4) so that VQ � TP is a 
oisotropi
 submanifold of the tangent Poisson manifold TP .In what follows, we will see that Q itself must be a Poisson manifold. However, Q in generalis not a Poisson submanifold. We need to introdu
e some notations. By pr, we denote the bundlemap TQP �! TQ obtained simply by taking the proje
tion along the de
omposition (4). Andlet pr� : T �Q �! T �P denote the dual of pr by 
onsidering T �QP as a subbundle of T �P . Bypr�, we denote the map from Xd(P ) to Xd(Q) naturally indu
ed from pr, whi
h is de�ned bypr�(D) = pr(DjQ), 8D 2 Xd(P ).We summarize some important properties of Dira
 submanifolds in the followingTheorem 2.3 Let Q be a Dira
 submanifold of a Poisson manifold (P; �). Then(i). �jQ = �Q + �0, where �Q 2 �(^2TQ) and �0 2 �(^2VQ);(ii). �Q is a Poisson tensor on Q;(iii). pr� : T �Q �! T �P is a Lie algebroid morphism, where both T �Q and T �P are equipped withthe 
otangent bundle Lie algebroid stru
tures;4



(iv). for any X 2 X(P ), pr�[X; �℄ = [pr�X; �Q℄; (5)(v). for any x 2 Q, �#Q(T �xQ) = �#(T �xP ) \ TxQ;(vi). for any x 2 Q, �#Q(T �xQ) is a symple
ti
 subspa
e of �#(T �xP ). Hen
e, ea
h symple
ti
 leafof Q is the interse
tion of Q with a symple
ti
 leaf of P , whi
h is a symple
ti
 submanifoldof that leaf.Before proving this theorem, we need a 
ouple of lemmas. The following lemma, whi
h 
analso be easily veri�ed dire
tly, follows from the fa
t that the natural in
lusion TQ �! TP is a Liealgebroid morphism.Lemma 2.4 Let Q � P be a submanifold. Assume that D 2 Xd(P ) and D0 2 Xd0(P ) are multi-ve
tor �elds tangent to Q, i.e., DjQ 2 Xd(Q) and D0jQ 2 Xd0(Q). Then[D; D0℄jQ = [DjQ; D0jQ℄:Next is the followingLemma 2.5 Assume that Q is a submanifold of a Poisson manifold (P; �) su
h that there is ave
tor bundle de
omposition TQP = TQ � VQ. Moreover assume that �jQ = �Q + �0, where�Q 2 �(^2TQ) and �0 2 �(^2VQ). Then �Q is a Poisson tensor on Q.Proof. Write �0 = PiXi ^ Yi where Xi; Yi 2 �(VQ). Now let ~Xi; ~Yi 2 X(P ) be (lo
al) extensionsof Xi; Yi, and ~�0 =Pi ~Xi ^ ~Yi. Let �00 = � � ~�0 2 X2(P ). Then 
learly ~�0jQ = �0 and �00jQ = �Q.Now it follows from [�; �℄ = 0 that [�00; �00℄ = �2[�00; ~�0℄ � [~�0; ~�0℄. On the other hand, it is 
learby de�nition that pr�[�00; ~�0℄ = pr�[~�0; ~�0℄ = 0. Thus pr�[�00; �00℄ = 0. A

ording to Lemma 2.4, thelatter implies that [�Q; �Q℄ = pr�[�00; �00℄ = 0. This 
on
ludes the proof. 2Proof of Theorem 2.3 By de�nition, V ?Q is a Lie subalgebroid of the 
otangent Lie algrebroidT �P . By identifying T �Q with V ?Q , one obtains a Lie algebroid stru
ture on T �Q, and a Liealgebroid morphism ' : T �Q �! T �P . Clearly, ' = pr�. By �Q, we denote the an
hor map of theLie algebroid T �Q. Thus we have iÆ�Q = �#Æ', where i : TQ �! TP is the natural in
lusion. Itfollows that �Q = prÆiÆ�Q = prÆ�#Æ' = prÆ�#Æpr�. Hen
e �Q : T �Q �! TQ is skew-symmetri
.Thus it de�nes a bive
tor �eld �Q 2 �(^2TQ) so that �Q = �#Q . Under the de
omposition (4), wehave ^2TQP = ^2TQ � (TQ ^ VQ)� ^2VQ. It is 
lear that �Q is the �(^2TQ)-part of �jQ underthe above de
omposition. Sin
e �#(V ?Q ) � TQ, �jQ does not involve any mixed term, i.e., the�(TQ ^ VQ)-part. Hen
e we have �jQ = �Q + �0 with �0 2 �(^2VQ). This proves (i).By Lemma 2.5, �Q is indeed a Poisson tensor on Q. Hen
e (ii) follows. Next we need to showthat the Lie algebroid stru
ture on T �Q is indeed the 
otangent Lie algebroid 
orresponding to thePoisson stru
ture �Q. Sin
e ' is a Lie algebroid morphism, '� = pr indu
es a morphism of the5



(graded) di�erential algebras pr� : (�(^�TP ); d�P ) �! (�(^�TQ); d�Q). Sin
e T �P is the 
otangentLie algebroid, we know that d�P = [�; �℄. To prove the 
laim, it suÆ
es to show that d�Q = [�Q; �℄.To this end, given any X 2 X(Q), 
hoose an extension ~X 2 X(P ). Write � = �00+ ~�0 as in Lemma2.5 so that �00jQ = �Q and ~�0jQ 2 �(^2VQ). Then d�QX = (d�Qpr�) ~X = (pr�d�P ) ~X = pr�[�; ~X℄ =pr�[�00 + ~�0; ~X℄ = pr�[�00; ~X℄ = [�Q; X ℄, where the last step follows from Lemma 2.4. This proves(iii), and therefore (iv) as a 
onsequen
e.Next we prove the relation �#Q(T �xQ) = �#(T �xP ) \ TxQ. Sin
e iÆ�#Q = �#Æ', it is obviousthat �#Q(T �xQ) � �#(T �xP ) \ TxQ. Conversely, let v 2 �#(T �xP ) \ TxQ be any ve
tor. Thenv = �#� for some � 2 T �xP . Now sin
e T �xP = TxQ? � V ?x , we may write � = �1 + �2, where�1 2 TxQ? and �2 2 V ?x . Sin
e V ?x = '(T �xQ), �#�2 2 (�#Æ')(T �xQ) = �#Q(T �xQ) � TxQ. Hen
e�#�1 = v � �#�2 2 TxQ. On the other hand, it is 
lear that �#�1 2 Vx. Hen
e, �#�1 = 0 andtherefore v = �#�2 2 �#Q(T �xQ). Thus we have proved the relation �#Q(T �xQ) = �#(T �xP ) \ TxQ,whi
h implies that the symple
ti
 leaves of Q are the interse
tion of the symple
ti
 leaves of P withQ. Finally, let Dx = �#Q(T �xQ) and D0x = �0#(T?x Q). It is simple to see that �#(T �xP ) = Dx �D0x,and �Q(x) 2 ^2Dx and �0(x) 2 ^2D0x are both nondegenerate. Thus �Q(x)j�1Dx � �0(x)j�1D0x is theinverse of �(x) when being restri
ted to �#(T �xP ). It follows that �#Q(T �xQ) is indeed a symple
ti
subspa
e of �#(T �xP ). This implies that any symple
ti
 leaf of Q is indeed a symple
ti
 submanifoldof a symple
ti
 leaf of P . This 
on
ludes our proof of the theorem. 2As an immediate 
onsequen
e, we haveCorollary 2.6 Assume that Q is a Dira
 submanifold of a Poisson manifold P . Then we have(i). there is a morphism on the level of Poisson 
ohomologypr� : H��(P ) �! H��Q(Q);(ii). if X 2 X(P ) is a ve
tor �eld su
h that X jQ 2 �(VQ), then pr�[X; �℄ = 0.Remark 2.7 From Theorem 2.3 (vi), we see that the 
hoi
e of the 
omplementary VQ is immaterialfor the purpose of getting the Poisson stru
ture on Q. Indeed, any submanifold whose interse
tionswith symple
ti
 leaves of P are symple
ti
 submanifolds of the leaves admits a potential Poissontensor, whi
h, however, might be dis
ontinuous. This is simply the bive
tor �eld obtained bytaking the inverse of the restri
tion of the leafwise symple
ti
 form to Q. In terms of the languageof Dira
 stru
tures, su
h submanifolds pre
isely 
orrespond to those for whi
h the pulled ba
k Dira
stru
ture [5℄ of the one 
orresponding to the graph of the Poisson tensor on P is a bive
tor on ea
htangent spa
e. In general, it might be dis
ontinuous though. However, note that even when it issmooth so that one obtains a Poisson stru
ture on Q, it may still not be a Dira
 submanifold. SeeExample 2.17 below. 6



We also note that Dira
 submanifolds are a spe
ial 
ase of the situation in [25℄, where generalPoisson redu
tion was studied. This provides another route to obatin the Poisson stru
tures onthese submanifolds.Next proposition gives an alternative de�nition of Dira
 submanifolds, whi
h is presumablyeasier to 
he
k in pra
ti
e.Proposition 2.8 A submanifold Q of a Poisson manifold (P; �) is a Dira
 submanifold if thefollowing 
onditions are all satis�ed:(i). there is a ve
tor bundle de
omposition TQP = TQ� VQ;(ii). �jQ = �Q + �0, where �Q 2 �(^2TQ) and �0 2 �(^2VQ).(iii). for any X 0 2 �(VQ), there is an extension X 2 X(P ) of X 0 su
h that pr�[X; �℄ = 0.Proof. From (i)-(ii), we know that �Q is a Poisson tensor onQ, and therefore T �Q is a Lie algebroid.The de
omposition (i) indu
es a natural identi�
ation between V ?Q and T �Q, whi
h equips V ?Q witha Lie algebroid stru
ture by pulling ba
k the 
otangent Lie algebroid on T �Q. It remains to showthat this Lie algebroid stru
ture on V ?Q is indeed a Lie subalgebroid of T �P . To this end, it suÆ
esto prove Equation (5) for any ve
tor �eld X 2 X(P ).If X 2 X(P ) su
h that X jQ is tangent to Q, Equation (5) follows from Lemma 2.4. On theother hand, assume that X jQ 2 �(VQ). Then pr�[X; �℄ = pr�[X; �00 + ~�0℄ = pr�[X; �00℄, where �00and ~�0 are the bive
tor �elds as in the proof of Lemma 2.5. Sin
e �00jQ = �Q is tangent to Q,[X; �00℄jQ depends only on X jQ. From assumption (iii), we thus have pr�[X; �℄ = 0. This 
on
ludesthe proof. 2Remark 2.9 Conditions (ii) and (iii) in Proposition 2.8 
an be repla
ed, respe
tively, by thefollowing equivalent 
onditions:(ii'). �#(V ?Q ) � TQ;(iii'). for any point x in Q, there are a set of lo
al ve
tor �elds X1; � � � ; Xk 2 X(P ) around xsu
h that XijQ 2 �(VQ), i = 1; ; � � � ; k 
onsists of a �berwise basis for VQ and satis�es the propertythat pr�[Xi; �℄ = 0, i = 1; ; � � � ; k.Re
all that 
osymple
ti
 submanifolds of a Poisson manifold P are those, whi
h are 
hara
ter-ized by the two properties [30℄:(i). Q interse
ts ea
h symple
ti
 leaf of P transversely;(ii). at ea
h point of Q, the interse
tion of TQ with the tangent spa
e of the symple
ti
 leaf is asymple
ti
 subspa
e. 7



Lemma 2.10 A submanifold Q of a Poisson manifold (P; �) is 
osymple
ti
 i� it satis�es the
onditions (i)-(ii) as in Proposition 2.8 with the property that �0 2 �(^2VQ) is non-degenerate.Proof. If Q is 
osymple
ti
, then TxP = TxQ � �#(TxQ?), 8x 2 Q [30℄. It is simple to see thatVQ = �#(TQ?) is a 
omplementary of TQ in TQP whi
h possesses all the required properties forQ being a Dira
 submanifold.Conversely, let Q be a submanifold whi
h satis�es the 
onditions (i)-(ii) as in Proposition2.8 with the property that �0 2 �(^2VQ) is non-degenerate. For any x 2 Q, it is 
lear that�#(TxQ?) = �0#(TxQ?) � Vx. Sin
e �0 is non-degenerate, �0# : TxQ? �! Vx is an isomorphism.Thus we have Vx = �#(TxQ?). Thus it follows that TxP = TxQ � �#(TxQ?). Hen
e Q is
osymple
ti
. 2Corollary 2.11 Cosymple
ti
 submanifolds are Dira
 submanifolds.Proof. A

ording to Lemma 2.10, it suÆ
es to verify the last 
ondition (iii) in Proposition 2.8.Sin
e VQ = �#(TQ?), �(VQ) is spanned by the ve
tor �elds gXf jQ where f; g 2 C1(P ) and f is
onstant along Q. Now 
learly pr�[gXf ; �℄ = pr�(Xf ^Xg) = 0, and therefore the 
ondition (iii) inProposition 2.8 is satis�ed. This 
on
ludes the proof. 2The following proposition gives a ni
e 
hara
terization for a Dira
 submanifold.Proposition 2.12 Assume that there is a set of fun
tions f1; � � � ; fk 2 C1(P ) whi
h de�nes a
oordinate system on Q. Then Q is a Dira
 submanifold if(i). the Hamiltonian ve
tor �eld Xfi; 8i, is tangent to Q;(ii). dffi; fjg �= 0 (mod dfi) along Q.Proof. Let VQ = fv 2 TQP jvfi = 0; 8i = 1; � � � ; kg. Clearly, VQ is a ve
tor bundle su
h thatTQP = TQ � VQ. Moreover V ?Q = spanfdfijQ; i = 1; � � � ; kg. Thus from (i) it follows that�#(V ?Q ) � TQ. Combining with (ii), we see that V ?Q is indeed a Lie subalgebroid of T �P . Thus Qis a Dira
 submanifold. 2Remark 2.13 It is natural to ask what is the rule of the subbundle VQ in the de�nition of a Dira
submanifold. For a given Dira
 submanifold, is VQ unique? If not, what is the relation betweendi�erent 
hoi
es of VQ?Let Q be a Dira
 submanifold and �jQ = �Q + �0, where �Q 2 �(^2TQ) and �0 2 �(^2VQ).Assume that there is another de
omposition TQP = TQ�V 0Q satisfying the 
ondition of De�nition8



2.1. Then V 0Q must 
orrespond to a bundle map ' : VQ �! TQ, i.e., V 0Q = f'(v) + vj8v 2 VQg. Itis simple to see that the 
ondition (ii') in Remark 2.9 implies that 'Æ(�0)# = 0. In pari
ular, if Q is
osymple
ti
, ' must be zero so VQ is unique. However, in general, it is not 
lear how to elaboratethe other 
ondition (iii) in order to give a 
lean des
ription of '.2.2 ExamplesNow we will dis
uss some examples of Dira
 submanifolds. By Corollary 2.11, we already knowthat 
osymple
ti
 manifolds are Dira
 submanifolds. The following gives a list of other examples.Example 2.14 Assume that P is a symple
ti
 manifold. If Q is a Dira
 submanifold, then Qmust be a symple
ti
 submanifold a

ording to Theorem 2.3 (vi). On the other hand, symple
ti
submanifolds are automati
ally Dira
 submanifolds sin
e they are 
osymple
ti
. In other words,Dira
 submanifolds of a symple
ti
 manifold are pre
isely symple
ti
 submanifolds.Another extreme 
ase is the followingExample 2.15 If x is a point where the Poisson tensor vanishes, then fxg is a Dira
 submanifold.Example 2.16 Let P = Rn be equipped with a 
onstant Poisson stru
ture. Then P is a regularPoisson manifold, where symple
ti
 leaves are aÆne subspa
es x+S. Here S is the symple
ti
 leafthrough 0 whi
h is also a linear subspa
e of Rn. Assume that an aÆne subspa
e Q = u + V is aDira
 submanifold, where V is a linear subspa
e of Rn. By Theorem 2.3 (i), we see that V mustadmit a 
omplementary subspa
e U su
h that the P = V � U as a produ
t of Poisson manifolds,where V and U are equipped with the 
onstant Poisson stru
tures �Q(u) and �0(u) respe
tively.This 
ondition is equivalent to that the interse
tion of V with S is a symple
ti
 subspa
e of S.Conversely, given any su
h a linear subspa
e V , then one 
an de
ompose P = V � U as a produ
tof 
onstant Poisson stru
tures. For Q = V �fug, by taking VQj �= Q�U to be 
onstant, one easilysees that the 
onditions in Proposition 2.8 are indeed satis�ed. Hen
e Q is a Dira
 submanifold.In 
on
lusion, an aÆne spa
e u + V is a Dira
 submanifold i� V \ S is a symple
ti
 linearsubspa
e of S.The following example, whi
h indi
ates that being a Dira
 submanifold is indeed a globalproperty, was pointed out to the author by Weinstein.Example 2.17 Let P =M�C, where ea
h M-sli
e is a Poisson submanifold. Namely the Poissontensor at ea
h point (x; t) 2 M � C is of the form �(x; t) = �t(x), where �t(x) is a family ofC-dependent Poisson stru
tures on M . Consider a parti
ular M-sli
e Q = M � ft0g whi
h is aPoisson submanifold. We will investigate when Q be
omes a Dira
 submanifold.Sin
e we are only 
on
erned with a small neighborhood of t0 in C, we may identify C with Rn by
hoosing a lo
al 
oordinate system (t1; � � � ; tn). If Q is a Dira
 submanifold, then TQP = TQ� VQfor some ve
tor bundle VQ along Q. Hen
e VQ must be of the form:VQ = f ��ti +Xiji = 1; � � � ; ng;9



where Xi; i = 1; � � � ; n; are some ve
tor �elds on M . Clearly Condition (ii) in Proposition 2.8 issatis�ed automati
ally. Thus a

ording to Remark 2.9, for Q to be a Dira
 submanifold, it suÆ
esthat pr�[ ��ti +Xi; �t(x)℄ = 0, for i = 1; � � � ; n, whi
h is equivalent to��t(x)�ti jt=t0 = �[Xi; �t0(x)℄; i = 1; � � � ; n: (6)This equation pre
isely means that ��t(x)�ti jt=t0 is a 
oboundary with respe
t to the Poisson 
oho-mology operator de�ned by �t0 . Thus we 
on
lude thatQ is a Dira
 submanifold i� the map f : Tt0C �! H2�t0 (M) : v �! [v(�t)℄ vanishes.Note that v(�t) is always a 2-
o
y
le with respe
t to the Poisson 
ohomology operator [�t0 ; �℄be
ause of the identity [�t; �t℄ = 0.As a spe
ial 
ase, let us 
onsider the situation where all M -sli
es are symple
ti
 leaves. Thenone obtains a map ' : C �! H2(M) by taking the symple
ti
 
lass of the �ber. On the otherhand, it is known that H2�t0 (M) is 
anoni
ally isomorphi
 to H2(M). By identifying these two
ohomology groups, we have f = �'�: (7)To see this relation, let !t denote the leafwise symple
ti
 forms, and let !bt : TM �! T �M and�#t : T �M �! TM be the indu
ed bundle maps by !t and �t, respe
tively. It follows from theequation !bt Æ�#t = 1 that (v(�t))# = ��#t Æ(v(!t))bÆ�#t , for any v 2 Tt0C. Equation (7) thus followsimmediately.Hen
e we 
on
lude that a symple
ti
 leaf M � ft0g is a Dira
 submanifold i� t0 is a 
riti
alpoint of the map '. For instan
e, the symple
ti
 leaves in the Lie-Poisson su(2) 
an never be Dira
submanifolds ex
ept for the zero point.Example 2.18 Let P = g� be a Lie-Poisson stru
ture 
orresponding to a Lie algebra g. Consideran aÆne spa
e Q = � + V . Assume that Q is a Dira
 submanifold where VQ 
an be taken
onstant. This amounts to saying that we have a de
omposition g = l � m su
h that V = m?and VQ �= Q � m as a ve
tor bundle. Let fe1; � � � ; ekg be a basis of l and fm1; � � � ; mtg a basisof m. Then fe1; � � � ; ek; m1; � � � ; mtg 
onsists of a basis of g. Now let f�1; � � � ; �k; r1; � � � ; rtg be its
orresponding linear 
oordinates on g�. Thus their Poisson bra
kets are given byf�i; �jg = akij�k + bkijrk; f�i; rjg = 
kij�k + dkijrk;where akij ; bkij; 
kij; dkij are 
onstants. It is 
lear that f�1; � � � ; �kg is a set of 
oordinate fun
tions onQ su
h that V ?Q is spanned by d�i; i = 1; � � � ; k. Sin
e df�i; �jg = akijd�k + bkijdrk, Condition (ii) ofProposition 2.12 implies that bkij = 0. On the other hand, we haveX�i jQ = (f�i; �jg ���j + f�i; rjg ��rj )jQ = (f�i; �jg ���j + (
lij�l + dlij�l) ��rj )jQ;where �l = rl(�); l = 1; � � � ; t. It thus follows thatX�i is tangent to Q i� 
kij = 0 and dkij�k = 0. Thelatter is equivalent to had�ej�;mji = 0: Therefore we 
on
lude that �+ m? is a Dira
 submanifoldwith 
onstant VQ i� g = l�m is a redu
tive de
omposition (i.e., l is a Lie subalgebra and [l;m℄ � m),and ad�l � 2 m?. In this 
ase, the indu
ed Poisson stru
ture 
an be identi�ed with the Lie-Poissonstru
ture on l�. 10



2.3 Lo
al Dira
 submanifoldsDe�nition 2.19 A submanifold Q of a Poisson manifold P is 
alled a lo
al Dira
 submanifold ifat ea
h point of Q there is an open neighborhood whi
h is a Dira
 submanifold.Immediately we haveProposition 2.20 A lo
al Dira
 submanifold naturally 
arries an indu
ed Poisson stru
ture.Example 2.21 IfQ is a symple
ti
 leaf of P , byWeinstein splitting theorem [30℄, lo
ally P �= Q�Nas a produ
t Poisson manifold. It thus follows that Q is a lo
al Dira
 submanifold.The following proposition gives a 
hara
terization of lo
al Dira
 submanifolds.Proposition 2.22 A submanifold Q of a Poisson manifold P is a Dira
 submanifold if thereexist lo
al 
oordinates (x1; � � � ; xk; y1; � � � ; yt) of P at any point q 2 Q su
h that Q is de�ned byy1 = � � �= yt = 0 and the Poisson bra
ket between 
oordinate fun
tions satisfy:�ij(x; 0) = 0; 81 � i � k; 1 � j � t; �'ij�yl (x; 0) = 0; 81 � i; j � k; 1 � k � t; (8)where 'ij = fxi; xjg, 81 � i; j � k, and �ij = fxi; yjg, 81 � i � k; 1 � j � t.Proof. Assume that Q is a lo
al Dira
 submanifold. Given any point q 2 Q, there exists an openneighborhood U of q in P su
h that U \Q is a Dira
 submanifold. Let VU\Q denote the subbundleas in the de
omposition (4). By shrinking U to a smaller open neighborhood of q if ne
essary,one may always 
hoose lo
al 
oordinates (x1; � � � ; xk; y1; � � � ; yt) of U su
h that U \Q is de�ned byy1 = � � � = yt = 0 and VU\Q is spanned by f ��yi ji = 1; � � � ; tg. In other words, fx1; � � � ; xkg is a setof 
oordinates on Q su
h that V ?U\Q is spanned by fdxiji = 1; � � � ; kg. Then we havedfxi; xjgjQ = �'ij�yl (x; 0)dyl; (mod dxi); XxijQ = �ij(x; 0) ��yj ; (mod ��xi ):It thus follows that �ij(x; 0) = 0; 1 � i � k; 1 � j � t and �'ij�yl (x; 0) = 0; 1 � i; j � k; 1 � l � t.Conversely, if su
h lo
al 
oordinates exist in an open neighborhood U of q in P , one 
an showthat U \Q is a Dira
 submanifold. 2The following result reveals a 
onne
tion between lo
al Dira
 subamnifolds and transverse Pois-son stru
tures [30℄.Proposition 2.23 If Q is a lo
al Dira
 submanifold whi
h is a 
ross se
tion of a symple
ti
 leafS at a point q (i.e., Q has 
omplementary dimension to S and interse
ts with S at a single point q11



transversely), then the indu
ed Poisson stru
ture on Q in a neighborhood of q is isomorphi
 to thetransverse Poisson stru
ture.Conversely, if Q is a 
ross se
tion of a symple
ti
 leaf S at a point q, then Q is a Dira
subamnifold in a neighborhood of q and the indu
ed Poisson stru
ture is isomorphi
 to the transversePoisson stru
ture.Proof. From Weinstein splitting theorem [30℄, it follows that a 
ross se
tion of a symple
ti
 leafS must be a Dira
 submanifold in a small neighborhood of the interse
tion point. It remains toshow that the indu
ed Poisson stru
ture on Q as a Dira
 subamnifold is indeed isomorphi
 to thetransverse Poisson stru
ture.We 
hoose lo
al 
oordinates as in the proof of Proposition 2.22. Thus Xxi are all tangent to Qfor i = 1; � � � ; k. By de�nition, the transverse Poisson stru
ture is fxi; xjgjQ = 'ij(x; 0), whi
h ispre
isely the indu
ed Poisson stru
ture on Q as a Dira
 submanifold. 2An immediate 
onsequen
e, by 
ombing with Example 2.18, is the following theorem of Molino[26℄ and Weinstein [30℄.Corollary 2.24 Let � 2 g� and g� be the isotropi
 Lie algebra at �. If g admits a redu
tivede
omposition: g = g� �m�, then the transverse Poisson stru
ture at � to the symple
ti
 leaf G � �(i.e., the 
oadjoint orbit through �) is isomorphi
 to the Lie-Poisson stru
ture on g��.3 Properties of Dira
 submanifoldsThis se
tion is devoted to the further study on properties of Dira
 submanifolds.3.1 Relative modular ve
tor �eldsFirst we want to see how modular 
lass of a Dira
 submanifold is related to that of P . We startwith the following:Lemma 3.1 Let Q be a Dira
 submanifold of a Poisson manifold P . Assume that f 2 C1(P )satis�es the property df jQ 2 V ?Q . Denote by 't the 
ow generated by the Hamiltonian ve
tor �eldXf . Then both TQ and VQ (hen
e TQ? and V ?Q ) are stable under 't.Proof. It is 
lear that Xf is tangent to Q, and therefore [Xf ; Y ℄jQ is well-de�ned for any Y 2�(TQP ). If Y 2 �(TQ), 
learly [Xf ; Y ℄jQ 2 �(TQ). Hen
e TQ is stable under 't.Now assume that Y 2 �(VQ). Let ~Y 2 X(P ) be any of its extension. By the graded Ja
obiidentity, we have [Xf ; ~Y ℄ = [[�; f ℄; ~Y ℄ = [[f; ~Y ℄; �℄� [[ ~Y ; �℄; f ℄:12



Now [[f; ~Y ℄; �℄ = �[ ~Y (f); �℄ = �[ ~Y (f); �00 + ~�0℄ = �[ ~Y (f); �00℄ � [ ~Y (f); ~�0℄, where �00 and ~�0 arebive
tor �elds on P as in the proof of Lemma 2.5, i.e., �00jQ = �Q and ~�0 2 �(^2VQ). Sin
e~Y (f)jQ = Y (f)jQ = 0, it is obvious that [ ~Y (f); �00℄jQ = [~Y (f); �Q℄ = 0. Thus [[f; ~Y ℄; �℄jQ 2 �(VQ).On the other hand, a

ording to Equation (5), we have pr�[ ~Y ; �℄ = [pr� ~Y ; �Q℄ = 0. Therefore, one
an write [ ~Y ; �℄jQ = PZi ^ Z 0i with Z 0i 2 �(VQ). Then [[ ~Y ; �℄; f ℄jQ = P(Zi(f)Z 0i � Z 0i(f)Zi) =PZi(f)Z 0i 2 �(VQ), sin
e Z 0i(f) = 0 by assumption. This shows that [Xf ; Y ℄jQ = [Xf ; ~Y ℄jQ 2�(VQ), whi
h implies that VQ is stable under the 
ow 't. This 
on
ludes the proof. 2We are now ready to introdu
e the relative modular 
lass. Let 
0 2 �(^topTQ?) �= �(^topV �Q)be a nonzero se
tion, whi
h we always assume exist. Otherwise, one needs to 
onsider densities asin [32℄. For any f 2 C1(Q), let ~f 2 C1(P ) be an extension of f satisfying the property d ~f jQ 2 V ?Q .Then a

ording to Lemma 3.1 the Hamiltonian 
ow of X ~f preserves both ve
tor bundles TQ andVQ, hen
e it preserves TQ?. It thus follows that LXf
0 is a se
tion of ^topTQ?, and therefore(LX ~f
0)=
0 is a well-de�ned fun
tion on Q. Also it is 
lear that this fun
tion only depends onthe 1-jet of ~f along Q, and therefore is independent of the extension. Thus one obtains a linearmap �r : C1(Q) �! C1(Q), f �! (LX ~f
0)=
0jQ. From the fa
t that X ~f jQ is tangent to Q and
0 2 �(^topTQ?), one 
an easily show that�r(fg) = f�r(g) + g�r(f); 8f; g 2 C1(Q):Hen
e �r is a ve
tor �eld on Q, whi
h will be 
alled the relative modular ve
tor �eld 
orrespondingto 
0.Proposition 3.2 �r is a Poisson ve
tor �eld with respe
t to �Q. For di�erent 
hoi
es of 
0, the
orresponding relative modular ve
tor �elds �r di�er by a Hamiltonian ve
tor �eld.As a 
onsequen
e, [�r ℄ is a well de�ned 
lass in the Poisson 
ohomology H1�Q(Q), whi
h will be
alled the relative modular 
lass of the Dira
 submanifold Q. The proof of Proposition 3.2 followsfrom the lemma below.Choose a nonzero se
tion 
Q 2 �(^topV ?Q ) �= �(^topT �Q), whi
h we again assume exist. Then
 = 
Q ^ 
0 2 �(^topT �P jQ) is a nonzero se
tion. Extend 
 to a volume form on P (at leastlo
ally along the submanifold Q), whi
h will be denoted by the same symbol 
. By �P and �Q, wedenote the modular ve
tor �elds of the Poisson manifolds P and Q 
orresponding to 
 and 
Q,respe
tively.Lemma 3.3 The modular ve
tor �elds are related by�r = pr��P � �Q: (9)Proof. 8f 2 C1(Q), let ~f 2 C1(P ) be an extension of f satisfying the property d ~f jQ 2 V ?Q .Then LX ~f
jQ = �P ( ~f)
jQ = (pr��P )(f)
jQ, and LX ~f
QjQ = �Q(f)
Q. >From the derivation law:LX ~f
 = (LX ~f
Q)^
0+
Q ^LX ~f
0, it follows that pr��P (f) = �Q(f) + �r(f). Equation (9) thusfollows. 13



2Another 
onsequen
e, besides Proposition 3.2, is the following:Proposition 3.4 The modular 
lasses of the Poisson stru
tures on P and Q are related bypr�[�P ℄� [�Q℄ = [�r℄; (10)where pr� : H1�(P ) �! H1�Q(Q) is the morphism as in Corollary 2.6.Remark 3.5 It would be interesting to see how other 
hara
teristi
 
lasses [6, 13℄ on P and Q arerelated, and in parti
ular, how to des
ribe pr�[Ck(P )℄� [Ck(Q)℄ 2 H��Q(Q) for other 
hara
teristi

lass Ck.3.2 Poisson a
tionsNext we 
onsider Poisson a
tions on Dira
 submanifolds. As we shall see below, Dira
 submanifoldsindeed behave ni
ely under Poisson group a
tions, whi
h in
lude the usual Hamiltonian a
tions asa spe
ial 
ase.Theorem 3.6 Assume that (P; �) is a Poisson manifold whi
h admits a Poisson a
tion of a Pois-son group G. Assume that Q is a Dira
 submanifold stable under the G-a
tion. Then the a
tionof G on Q is also a Poisson a
tion. Moreover, if J : P �! G� is a momentum map, thenJ jQ : Q �! G� is a momentum map of the G-a
tion on Q.Proof. Let �P : T �P �! g� and �Q : T �Q �! g� be the linear morphisms dual to the in�nitesimalg-a
tions on P and Q, respe
tively. Sin
e the in�nitesimal g-a
tion on Q: g �! X(Q) is the
omposition of the in�nitesimal g-a
tion on P : g �! X(P ) with the proje
tion pr� : X(P ) �!X(Q), it follows that �Q = �P Æpr�, where pr� : T �Q �! T �P is the dual of the proje
tionpr : TQP �! TQ. Sin
e pr� is a Lie algebroid morphism a

ording to Theorem 2.3 (iii), it followsimmediately from Proposition 6.1 in [34℄ that the G-a
tion on Q is also a Poisson a
tion.Assume that J : P �! G� is a momentum map for the Poisson G-a
tion [20℄. I.e., for any � 2 g,�#(J��l) = �̂, where �l 2 
1(G�) is the left invariant one-form 
orresponding to �, and �̂ 2 X(P )is the ve
tor �eld on P generated by �. Then we have pr��#(J��l) = �̂ sin
e �̂ is tangent to Q. Onthe other hand, it is 
lear that pr��#(J��l) = �#Q(J��l). This shows that J jQ : Q �! G� is indeeda momentum map for the Poisson G-a
tion on Q. 23.3 Symple
ti
 subgroupidsFinally we 
onsider symple
ti
 groupoids of Dira
 submanifolds. As we see below, Dira
 submani-folds are indeed in�nitesimal version of symple
ti
 subgroupids.14



Theorem 3.7 If �0�!�!Q is a symple
ti
 subgroupoid of a symple
ti
 groupoid (��!�!P; �; �),then Q is a Dira
 submanifold of P . Conversely, if P is an integrable Poisson manifold withsymple
ti
 groupoid � and Q is a Dira
 submanifold whose 
orresponding 
otangent Lie algebroidT �Q integrates to a Lie subgroupoid �0 of �, then �0 is a symple
ti
 subgroupoid.Proof. Assume that �0�!�!Q is a symple
ti
 subgroupoid of a symple
ti
 groupoid (��!�!P; �; �).By ! and !0 we denote the symple
ti
 forms on � and �0 respe
tively, and by A and A0, we denotetheir 
orresponding Lie algebroids. Then A0 is a Lie subalgebroid of A. As ve
tor bundles, A �= T�P �and A0 �= T�Q�0, and the Lie algebroid morphism A0 �! A is simply the in
lusion: T�Q�0 �! T�P �. Itis well known that !b : T�P� �! T �P and (!0)b : T�Q�0 �! T �Q are isomorphisms of Lie algebroids,where T �P and T �Q are equipped with the 
otangent Lie algebroids 
orresponding to the indu
edPoisson stru
tures. Thus, one obtains a Lie algebroid morphism ' : T �Q �! T �P so that thefollowing diagram T�Q�0 �����������! T�P�(!0)b ????y ????y !bT �Q �����������! T �P' (11)
ommutes. In parti
ular, '(T �Q) is a Lie subalgebroid of T �P . In what follows, we will show that'�Æi is the identity map, where i : TQ �! TP is the in
lusion.Let � 2 T �xQ be any 
ove
tor. Assume that � = (!0)bu for some u 2 T�q �0. Then using the
ommuting diagram (11), we have, for any v 2 TxQ,h(i�Æ')�; vi = h'�; vi= h'(!0)bu; vi = h!bu; vi = !(u; v) = !0(u; v) = h(!0)bu; vi = h�; vi:Therefore i�Æ' = id, or equivalently '�Æi = id. Let VQ = ker'�, whi
h is a subbundle of TQP .Then TQP = TQ � VQ. In fa
t V ?Q = '(T �Q), so V ?Q is a Lie subalgebroid of T �P . Hen
e Q is aDira
 submanifold.Conversely, assume that Q is a Dira
 submanifold of P , and ' = pr� : T �Q �! T �P is the Liealgebroid morphism as in Theorem 2.3 (iii). Let �0 � � be a Lie subgroupoid integrating the Liesubalgebroid '(T �Q). For any x 2 Q, we have Tx� = TxP � T�x � and Tx�0 = TxQ � T�x �0. Byidentifying T�x � with T �xP via !b as above, one obtains a de
omposition Tx� �= TxP � T �xP , underwhi
h the symple
ti
 form !x 2 ^2T �x� takes the form:� 0 I�I �(x)� (12)Now TxP = TxQ � Vx and T �xP = TxQ? � V ?x �= V �x � T �xQ. Thus Tx� �= TxQ � Vx � V �x � T �xQ.It is 
lear that under this de
omposition Tx�0 
orresponds to the subspa
e TxQ � T �xQ. Thus therestri
tion of !x to the subspa
e Tx�0 has the form:� 0 I�I �Q(x)� ; (13)15



whi
h is 
learly non-degenerate. It follows immediately that the pull ba
k of the symple
ti
 form! is non-degenerate along the identity se
tion Q. To show its non-degenera
y at every point of �0,it suÆ
es to show that through ea
h point of �0, there exists a Lagrangian (lo
al) bise
tion S of �su
h that SjQ is a bise
tion of �0. This is true sin
e any 
losed one-form on Q extends to a 
losedone-form on P . 24 Poisson involutionsThis se
tion is devoted to the study on a spe
ial 
lass of Dira
 submanifolds arising as the stablelo
us of a Poisson involution. In parti
ular, we dis
uss Poisson involutions on Poisson groupoidsas well as on Poisson groups. As we will see, su
h involutions do often exist. Examples in
ludethe standard Poisson group stru
tures on semi-simple Lie groups, Bruhat Poisson stru
tures on
ompa
t semi-simple Lie groups, and Poisson groupoids 
onne
ting with dynami
al r-matri
es ofsemi-simple Lie algebras.4.1 Stable lo
us of a Poisson involutionRe
all that a Poisson involution on a Poisson manifold P is a Poisson di�eomorphism � : P �! Psu
h that �2 = id. Another important 
lass of Dira
 manifolds arises as follows.Proposition 4.1 Let � : P �! P be a Poisson involution. Then its stable lo
us Q is a Dira
submanifold.Proof. It is well known that Q is a smooth manifold. For any x 2 Q, sin
e the linear morphism�� : TxP �! TxP is an involution, its eigenvalues are either +1 or �1. Let Vx denote the �1-eigenspa
e of ��, and VQ = [x2QVx. Clearly, TxQ 
oin
ides with the +1-eigenspa
e of ��, andTxP = TxQ � Vx. Sin
e ��� = �, it is 
lear that �jQ = �Q + �0, where �Q 2 �(^2TQ) and�0 2 �(^2VQ). It remains to verify Condition (iii) in Proposition 2.8. For this, noti
e that anyve
tor �eld X on P 
an be de
omposed as X = X++X� where ��X+ = X+ and ��X� = �X�.Indeed, X+ = 12(X +��X) and X� = 12(X � ��X): (14)It thus suÆ
es to prove that pr�[X�; �℄ = 0. This is obvious sin
e ��[X�; �℄ = [��X�;���℄ =�[X�; �℄. 2Remark 4.2 The fa
t that the stable lo
us of a Poisson involution inherits a Poisson stru
turewas already hidden in the work of Bondal [4℄ and Boal
h [2℄ in their study of the Poisson stru
tureson Stokes matri
es. On the other hand, an algebrai
 version of this fa
t appeared in the work ofFernades-Vanhae
ke [14℄. 16



The Poisson stru
ture on Q indeed 
an be des
ribed more expli
itly in this 
ase.Proposition 4.3 Let Q be the stable lo
us of a Poisson involution � : P �! P . Assume that thePoisson tensor � on P is � =PiXi^Yi, where Xi and Yi are ve
tor �elds on P . Then the Poissontensor �Q on Q is given by �Q =PiX+i ^ Y +i jQ, where X+i and Y +i are de�ned by Equation (14).As a 
onsequen
e of Theorem 3.7, we have the followingCorollary 4.4 If Q is the stable lo
us of a Poisson involution on an integrable Poisson manifoldP , then Q is always an integrable Poisson manifold itself.Proof. Assume that Q is the stable lo
us of a Poisson involution � : P �! P . Let � be an �-
onne
ted and simply 
onne
ted symple
ti
 groupoid of P . To the Poisson involution � : P �! P ,there 
orresponds to an involutive symple
ti
 groupoid automorphism ~� : � �! �. Then the stablelo
us of ~�, whi
h is a smooth manifold, is a symple
ti
 subgroupoid of � integrating Q. 24.2 Poisson involutions on Poisson groupoidsFor Poisson groupoids, there is an e�e
tive way of produ
ing Poisson involutions. This is via theso 
alled symmetri
 Poisson groupoids. Symmetri
 Poisson groups and their in�nitesimal version:symmetri
 Lie bialgebras, were studied by Fernandes [11, 12℄ 1De�nition 4.5 (i). A symmetri
 Poisson groupoid 
onsists of a pair (�;�), where � is a Poissongroupoid and � : � �! � is a groupiod anti-morphism whi
h is also a Poisson involution.(ii). A symmetri
 Lie bialgebroid 
onsists of a triple (A;A�; '), where (A;A�) is a Lie bialgebroidand ' : A �! A is an involutive Lie algebroid anti-morphism su
h that '� : A� �! A� is aLie algebroid morphism.Theorem 4.6 Under the assumption that the relevant Lie algebroid is integrable, there is one-one 
orresponden
e between �-simply 
onne
ted symmetri
 Poisson groupoids and symmetri
 Liebialgebroids.Proof. Assume that (A;A�; ') is a symmetri
 Lie bialgebroid. Let � be an �-simply 
onne
tedPoisson groupoid 
orresponding to the Lie bialgebroid (A;A�). It is known that any Lie algebroidisomorphism integrates to a Lie groupoid isomorphism for �-simply 
onne
ted Lie groupoids. Hen
ethe Lie algebroid involution '0 = �' : A �! A integrates to a Lie groupoid involution �0 : � �! �.By assumption, ('0)� = (�')� = �'� is a Lie algebroid anti-morphism. By the Poisson groupoidduality [23, 24℄, �0 is an anti-Poisson map. Let � : � �! � be the map: �(g) = g�1; 8g 2 �,1Note that our de�nition here, however, is pre
isely the opposite to that in [11, 12℄. We require that � begroup(oid) anti-morphism and Poisson, while in [11, 12℄ � is required to be group morphism and anti-Poisson.17



whi
h is 
learly a groupoid anti-morphism and an anti-Poisson map. Set � = �0Æ� . Then � is anintegration of ', whi
h possesses all the required properties.Conversely, if (�;�) is a symmetri
 Poisson groupoid, then it is 
lear that (A;A�; ') is asymmetri
 Lie bialgebroid, where ' : A �! A is the derivative of �. 2Remark 4.7 Note that the roles of A and A� 
an be swit
hed for a symmetri
 Lie bialgebroid.Namely, if (A;A�; ') is a symmetri
 Lie bialgebroid, then (A�; A;�'�) is also a symmetri
 Liebialgebroid. This means that from a symmetri
 Lie bialgebroid one 
an in fa
t 
onstru
t a pair ofPoisson involutions: one on � and the other on its dual Poisson groupoid �� (provided that bothA and A� are integrable).Theorem 4.6 indi
ates that a useful sour
e of produ
ing Poisson involutions on Poisson groupoidsis to 
onstru
t symmetri
 Lie bialgebroids. Next we will 
onsider the 
ase of 
oboundary Liebialgebroids [18℄, namely those Lie bialgebroids (A;A�) where the Lie algebroid on the dual A� isgenerated by an r-matrix � 2 �(^2A) with the property [X; [�;�℄℄ = 0; 8X 2 �(A).Proposition 4.8 A 
oboundary Lie bialgebroid (A;A�) with an r-matrix � 2 �(^2A) is a sym-metri
 Lie bialgebroid if there is an involutive Lie algebroid anti-morphism ' : A �! A su
h that'� = ��.Proof. Let d� : �(^�A) �! �(^�+1A) be the exterior di�erential indu
ed from the Lie alge-broid stru
ture on A�. Then for any X 2 �(^�A), d�X = [�; X ℄. Hen
e ('Æd�)X = '[�; X ℄ =�['�; 'X ℄ = [�; 'X ℄ = (d�Æ')X , whi
h implies that 'Æd� = d�Æ'. Hen
e '� : A� �! A� is a Liealgebroid morphism. 24.3 Symmetri
 Courant algebroidsA ni
e way of understanding a Lie bialgebroid (A;A�) is via its double E = A � A�, whi
h isa Courant algebroid [16℄. Roughly, a Courant algebroid is a ve
tor bundle E ! M equippedwith a non-degenerate symmetri
 bilinear form (�; �) of signature (n; n) on the �bers, a bundle map� : E �! TM , and a bra
ket [�; �℄ on �(E), whi
h satisfy some 
ompli
ated 
ompatibility 
onditionsresembling that of a Lie algebroid up to a homotopy. Lie bialgebroids pre
isely 
orrespond tosplittable Courant algebroids, namely those whi
h admit two transversal Dira
 stru
tures. Werefer the reader to [16℄ for details.De�nition 4.9 (i). A symmetri
 Courant algebroid is a Courant algebroid (E; (�; �); �; [�; �℄) to-gether with an involutive anti-morphism � : E �! E, i.e.,�Æ� = �f�Æ�; (�e1; �e2) = �(e1; e2); and �[e1; e2℄ = �[�e1; �e2℄for any e1; e2 2 �(E), where f :M �!M is the base map 
orresponding to �;18



(ii). A symmetri
 splittable Courant algebroid is a symmetri
 Courant algebroid (E; �), su
h thatE admits a pair of �-stable transversal Dira
 stru
tures.Theorem 4.10 There is a one-one 
orresponden
e between symmetri
 Lie bialgebroids and sym-metri
 splittable Courant algebroids.Proof. Assume that (A;A�; ') is a symmetri
 Lie bialgebroid. Let M denote the base of the Liebialgebroid (A;A�), and a; a� their an
hors respe
tively. Denote, by f : M �! M , the involutionon the base manifold 
orresponding to '. Then '� is a bundle map over the same base mapf :M �!M sin
e f is an involution. Let E = A�A� be the double of the Lie bialgebroid, whi
his a Courant algebroid [16℄ over the base manifold M , with an
hor � = a+ a�. De�ne � : E �! Eby �(X + �) = 'X � '��; 8X 2 Ajm and � 2 A�jm: (15)Then � is 
learly an involutive bundle map over the base map f : M �! M . It is also simple to
he
k that � anti-
ommutes with the an
hor on E, and (�e1; �e2) = �(e1; e2) for any e1; e2 2 �(E).It remains to 
he
k that [�e1; �e2℄ = �[e1; e2℄ for any e1; e2 2 �(E). To this end, it suÆ
es to showthat [�X; ��℄ = �[X; �℄ for any X 2 �(A) and � 2 �(A�). First, we will need the followingidentities: L'��'X = '(L�X); (16)L'X'�� = �'�(LX�): (17)Note that for any � 2 �(A�), hL'��'X; �i= (a�'��)h'X; �i� h'X; ['��; �℄i= f�(a��)h'X; � > �h'X; ['��; �℄i= (a��)hX;'��i � hX;'�['��; �℄i= (a��)hX;'��i � hX; [�; '��℄i= hL�X;'��i= h'(L�X); �i:Equation (16) thus follows. Equation (17) 
an be proved similarly. Now[�X; ��℄= �['X; '��℄= L'��'X � 12d�h'��; 'Xi � L'X'�� + 12dh'��; 'Xi (by Equations (16)-(17))= '(L�X)� 12'd�h�;Xi+ '�(LX�)� 12'�dh�;Xi:On the other hand, �[X; �℄ 19



= �[(�L�X + 12d�h�;Xi) + (LX� � 12dh�;Xi)℄= �'(L�X) + 12'd�h�;Xi � '�(LX�) + 12'�dh�;Xi:Thus [�X; ��℄ = ��[X; �℄.Conversely, assume that E is a splittable Courant algebroid su
h that E = A � A� for a Liebialgebroid (A;A�), and � : E �! E is an involutive anti-morphism preserving both 
omponentsA and A�. Let ' = �jA : A �! A and  = �jA� : A� �! A�. Then both ' and  are involutiveLie algebroid anti-morphisms. For any X 2 �(A) and � 2 �(A�), sin
e (��; �X) = �(�;X), and�X = 'X , �� =  �, it follows immediately that '� = �id, whi
h implies that  = �'�. This
on
ludes the proof. 24.4 Poisson involutions on dynami
al Poisson groupoidsAs a spe
ial 
ase, we will 
onsider dynami
al Poisson groupoids introdu
ed by Etingof-Var
henko[9℄. Re
all that a dynami
al r-matrix is a fun
tion r : h� �! ^2g satisfying:(i). r : h� �! ^2g is H-equivariant;(ii). Pi hi ^ �r��i � 12 [r; r℄ is a 
onstant (^2g)g-valued fun
tion over h�,where h � g is a Lie subalgebra, H is the Lie subgroup of G with Lie algebra h, fh1; � � � ; hkg is abasis of h, and f�1; � � � ; �kg is its indu
ed 
oordinates on h�.It is known [1, 19℄ that a dynami
al r-matrix naturally de�nes a 
oboundary Lie bialgebroid(A;A�;�), where A = Th� � g, and � = �h� +Pki=1( ���i ^ hi) + r(�) 2 �(^2A). Here �h� is theLie-Poisson tensor on h�.The following theorem 
an be veri�ed dire
tly.Theorem 4.11 Let r : h� �! ^2g be a dynami
al r-matrix. Assume that s : g �! g is an invo-lutive Lie algebra anti-morphism, whi
h preserves h and satis�es the property s(r(�)) = �r(s�h�),8� 2 h�. Here sh : h �! h is the restri
tion of s to h. Then (Th� � g; T �h� � g�; '), where' = (�Ts�h; s) : Th� � g �! Th� � g, is a symmetri
 Lie bialgebroid.Corollary 4.12 Under the same hypothesis as in Theorem 4.11, let S : G �! G be the groupanti-morphism 
orresponding to s. Then,(i). � : h� � h� � G �! h� � h� � G, �(u; v; g) = (s�hv; s�hu; S(g)), 8u; v 2 h� and g 2 G, is aPoisson involution of the dynami
al Poisson groupoid h� � h� � G.(ii). �0 = f(u; s�hu; g)j8u 2 h�; g 2 G0g is a Dira
 submanifold, where G0 � G is the stable lo
usof S. 20



Example 4.13 Let g be a semi-simple Lie algebra over C of rank k with a Cartan subalgebra h.Let fe�; f�; hij� 2 �+; 1 � i � kg be a Chevalley basis. Thenr(�) = X�2�+ d� 
oth(12 < �; � >)e� ^ f�is a dynami
al r-matrix over h�, where (e�; f�) = d�, and 
oth(x) = ex+e�xex�e�x is the hyperboli

otangent fun
tion [9℄.Let s : g �! g be a C -linear morphism, whi
h, on generators, is de�ned as follows2:se� = f�; sf� = e�; shi = hi: (18)It is 
lear that s is an involutive Lie algebra anti-morphism and sjh = id. Moreover, it is also simpleto see that s(r(�)) = �r(�) for any � 2 h�. Therefore, a

ording to Theorem 4.11, (Th��g; T �h��g�; ') is a symmetri
 Lie bialgebroid, where ' : Th��g �! Th��g is given by '(v;X) = (�v; sX),8(v;X) 2 Th� � g. Thus one obtains a pair of Poisson involutions on their 
orresponding Poissongroupoids � : � �! � and 	 : �� �! ��. Now � = h� � h� � G, and �(u; v; g) = (v; u; Sg),8u; v 2 h� and g 2 G. Hen
e, the stable lo
us of S is di�eomorphi
 to h� � G0, where G0 is thestable lo
us of S. It would be interesting to 
ompute expli
itly the indu
ed Poisson stru
ture onh� � G0. On the other hand, it is quite mysterious what the stable lo
us of 	 should look like,sin
e it is even not 
lear how to des
ribe the groupoid ��.Let l be a redu
tive Lie subalgebra of g 
ontaining h, i.e.,l = h���2�0+(g� � g��); (19)where �0+ is some subset of �+.The 
laim in Example 4.13 in fa
t holds in a more general situation when h is repla
ed by l.Proposition 4.14 Let l be a redu
tive Lie subalgebra of a semi-simple Lie algebra g as in Equation(19), and r : l� �! ^2g a dynami
al r-matrix. Then the map s : g �! g de�ned by Equation (18)satis�es the 
onditions as in Theorem 4.11, and therefore (T l�� g; T �l�� g�; ') is a symmetri
 Liebialgebroid. Here ' = (�Ts�l ; s) : T l� � g �! T l� � g.Proof. We prove this proposition by using the 
lassi�
ation result in [9℄. Let r0 : h� �! ^2g bethe fun
tion: r0(�) = X�2�0+ 1(�; �)e� ^ f�:A

ording to [9℄, ~r = rjh�+r0 : h� �! ^2g is a 
lassi
al dynami
al r-matrix on h�. Hen
e, fromExample 4.13 (the rational 
ase 
an also be similarly 
he
ked), we know that s(~r(�)) = �~r(�),8� 2 h�, whi
h in turn implies that s(r(�)) = �r(�); 8� 2 h�.2Note that �s is pre
isely the Cartan involution on the split real form.21



Now assume that � = Ad�x�1� 2 l�, where � 2 h� and x 2 L. Thens(r(�)) = s(r(Ad�x�1�)) (sin
e r is L-equivariant)= s[Adxr(�)℄= AdSx�1s(r(�))= AdSx�1(�r(�))= �r(Ad�Sx�)= �r(s�Ad�x�1s��)= �r(s�Ad�x�1�)= �r(s��):Here we used the identities: sÆAdx = AdSx�1Æs and Ad�Sx = s�Ad�x�1s�. Sin
e those points � =Adx�1�, 8� 2 h�; x 2 L, 
onsist of a dense subset of l�, the 
on
lusion thus follows immediately.25 Poisson involutions on Poisson groupsIn this se
tion, we turn our attention to Poisson involutions on Poisson groups.5.1 Symmetri
 Poisson groupsAs a spe
ial 
ase of De�nition 4.5, we haveDe�nition 5.1 (i). A symmetri
 Poisson group 
onsists of a pair (G;�), where G is a Poissongroup and � : G �! G is a group anti-morphism whi
h is also a Poisson involution.(ii). A symmetri
 Lie bialgebra 
onsists of a triple (g; g�; '), where (g; g�) is a Lie bialgebra and' : g �! g is an involutive Lie algebra anti-morphism su
h that '� : g� �! g� is a Liealgebra morphism.In this 
ase, a 
ombination of Theorems 4.6 and 4.10 leads to the following:Theorem 5.2 (i). There is a one-one 
orresponden
e between simply 
onne
ted symmetri
 Pois-son groups and symmetri
 Lie bialgebras.(ii). There is one-one 
orresponden
e between symmetri
 Lie bialgebras (g; g�; ') and involutiveanti-morphisms � : � �! � (i.e., (�e1; �e2) = �(e1; e2); and �[e1; e2℄ = �[�e1; �e2℄) of thedouble � = g� g� preserving both 
omponents g and g�.(iii). If (g; g�) is a 
oboundary Lie bialgebra with an r-matrix r 2 ^2g, then (g; g�; ') is a symmetri
Lie bialgebra if ' : g �! g is an involutive Lie algebra anti-morphism su
h that 'r = �r.22



Now assume that (g; g�; ') is a symmetri
 Lie bialgebra. Then a

ording to the proof of Theorem4.10, � : � �! �; �(X+�) = 'X�'��, 8X+� 2 g�g�, is an involutive Lie algebra anti-morphism,where � = g�g� is the double of the Lie bialgebra. On the other hand, it is well known that (�; ��)itself is a Lie bialgebra with the r-matrix: r =PiXi ^�i 2 ^2�, where fX1; � � � ; Xng is a basis of gand f�1; � � � ; �ng is its dual basis of g�. Then �(r) = �Pi 'Xi^'��i = �r, sin
e f'��1; � � � ; '��ngis a dual basis to f'X1; � � � ; 'Xng. Thus we have proved the following:Proposition 5.3 The double of a symmetri
 Lie bialgebra is still a symmetri
 Lie bialgebra.Remark 5.4 Let D denote the Lie group of �. Then the same spa
e D possesses three di�erentstru
tures (under 
ertain assumptions on 
ompleteness): a Poisson group, a symple
ti
 groupoid�G over G and a symple
ti
 groupoid �G� over G�. If (g; g�; ') is a symmetri
 Lie bialgebra, then 'indu
es a Poisson involution on D, an involutive automorphism on symple
ti
 groupoid �G, and aninvolutive automorphism on the symple
ti
 groupoid �G� . These three involutions are all di�erent(see [4℄). Their stable lo
uses 
orrespond to a Dira
 submanifold of D, a symple
ti
 groupoid overthe stable lo
us of �, and a symple
ti
 groupoid over the stable lo
us of 	. Here � : G �! G and	 : G� �! G� are the 
orresponding involutions indu
ed by '.5.2 Poisson stru
tures on stable lo
usesBelow we outline a s
heme to expli
itly 
ompute the Poisson tensor on the stable lo
us Q of thePoisson involution � for a symmetri
 Poisson group (G;�). Sin
e � is an involutive group anti-morphism, we have Ad�(x)�1Æ' = 'ÆAdx : g �! g; 8x 2 G: (20)De�nition 5.5 (i). A smooth map � : G �! ^�g is said to be �-equivariant if�(�(x)) = Ad�(x)'(�(x)); 8x 2 G; (21)(ii). It is said to be anti-�-equivariant if�(�(x)) = �Ad�(x)'(�(x)); 8x 2 G: (22)Indeed, any smooth map � : G �! ^�g 
an be de
omposed as � = �+ + �� su
h that �+ is�-equivariant and �� is anti-�-equivariant, where�+(x) = 12[�(x) + '(Ad�(x)�1�(�(x))℄; (23)��(x) = 12[�(x)� '(Ad�(x)�1�(�(x))℄: (24)It is simple to see that � : G �! ^�g is �-equivariant (or anti-�-equivariant) i� its right translationrx��(x) is a �-invariant (or anti-�-invariant) multi-ve
tor �eld on G.Let Æ : g �! ^2g denote the 
obra
ket of the Lie bialgebra (g; g�), whi
h is also a Lie algebra1-
o
y
le, and let � : G �! ^2g be its 
orresponding Lie group 1-
o
y
le. It is well-known that�(x) = rx��(x); 8x 2 G, is the Poisson tensor on the Poisson group G. Sin
e � is �-invariant, itthus follows that � : G �! ^2g is �-equivariant.23



Proposition 5.6 Assume that the group 1-
o
y
le � : G �! ^2g is � = Pi �i ^ �i, where �i; �i :G �! g. Then �Q(x) = Pi rx��+i (x) ^ rx��+i (x)jQ is the Poisson tensor on Q, where �+i and �+iare de�ned as in Equations (23-24). Moreover, the symple
ti
 leaves of Q are the interse
tion of Qwith dressing orbits of G�.When G is a 
oboundary Poisson group, one 
an write �Q more expli
itly.Corollary 5.7 Under the same hypothesis as in Theorem 5.2, moreover assume that G is a
oboundary Poisson group with r-matrix r = Pi ei ^ fi 2 ^2g. Then the Poisson tensor on Qis given by �Q = 14Xi ( �ei +�!'ei) ^ ( �fi + �!'fi)jQ � 14Xi (�!ei + �'ei) ^ (�!fi + �'fi)jQ; (25)where  �ei and �!ei are the left- and right-invariant ve
tor �elds on G, respe
tively, 
orresponding toei 2 g; similarly for  �fi and �!fi , et
.In parti
ular, if ei; fi are 
hosen su
h that 'ei = ei and 'fi = �fi, then�Q = 12Xi ( �ei +�!ei )^ ( �fi � �!fi )jQ: (26)Proof. It is simple to see, by using Equation (23), that for any � 2 g, �+(x) = 12(�+Adx('�)) and(Adx�)+(x) = 12(Adx� + '�). Hen
e it follows that rx�(Adx�)+(x) = 12( �� + �!'�) and rx��+(x) =12(�!� + �'�). It is well known that for a 
oboundary Poisson group �(x) =Pi(Adxei^Adxfi�ei^fi).Equation (25) thus follows immediately. 25.3 Poisson symmetri
 spa
esIn what follows, we dis
uss the relation between the stable lo
us of the Poisson involution of asymmetri
 Poisson group and Poisson symmetri
 spa
es. A Poisson symmetri
 spa
e is a symmetri
spa
e, whi
h is in the mean time also a Poisson homogeneous spa
e. Poisson symmetri
 spa
es werestudied systemati
ally by Fernandes in his Ph. D. thesis [11, 12℄, to whi
h we refer the reader fordetails.Assume that (G;�) is a symmetri
 Poisson group, and Q = fgj�(g) = gg is the stable lo
us of�. The following result is standard (
.f. [27, 28℄). For 
ompleteness, we outline a proof below.Proposition 5.8 Any 
onne
ted 
omponent of Q is a symmetri
 spa
e.Proof. Let g0 2 Q be any �xed point of �, and Qg0 the 
onne
ted 
omponent of Q through g0.Consider the twisted G-a
tion on (the spa
e) G given by [27℄:g � x = gx�(g); 8g; x 2 G: (27)24



a Sin
e � is a group anti-morphism, this is 
learly an a
tion. Now �(g � x) = �(gx�(g)) =g�(x)�(g) = g ��(x), so Q is stable under this a
tion. Therefore in parti
ular Qg0 is stable as well.Let Q0g0 denote the G-orbit through g0. Then Q0g0 is a homogeneous spa
e Q0g0 �= G=Hg0 , whereHg0 = fgjg 2 G; gg0�(g) = g0g is the isotropi
 group at g0. Set�g0 : G �! G; �g0(g) = Adg0�(g�1); 8g 2 G: (28)Then �g0 is an involutive group homomorphism, sin
e�2g0(g) = �g0(Adg0�(g�1)) = Ad�g0 (g0)�g0(�(g�1)) = Adg�10 Adg0�(�(g�1))�1 = g; 8g 2 G:It is 
lear that Hg0 is the stable lo
us of �g0 . Hen
e Q0g0 is indeed a symmetri
 spa
e, and itsdimension equals to the dimension of�1-eigenspa
e of 'g0 , where 'g0 = �Adg0Æ' : g �! g is the Liealgebra involution 
orresponding to �g0 . On the other hand, the tangent spa
e Tg0Qg0 is spanned bythose ve
tors v 2 Tg0G su
h that ��v = v. By identifying Tg0G with g by right translations, Tg0Qg0
an be identi�ed with the subspa
e of g 
onsisting of those elements X satisfying Adg0Æ'X = X ,i.e., the �1-eigenspa
e of 'g0 . Therefore Q0g0 is a submanifold of Qg0 of the same dimension, so itmust be an open submanifold. Sin
e it is also 
losed, they must be identi
al. This 
on
ludes theproof. 2We are now ready to prove the followingTheorem 5.9 Let (G;�) be a symmetri
 Poisson group, and Q = fgj�(g) = gg the stable lo
us of�. If the Poisson tensor � on G vanishes at a point g0 2 Q, then the 
onne
ted 
omponent Qg0 isa Poisson symmetri
 spa
e up to a multiplier of 2. In parti
ular, the identity 
omponent of Q is aPoisson symmetri
 spa
e.Proof. Consider the mapf : G �! Qg0 ; g �! g � g0 = gg0�(g); 8g 2 G:It suÆ
es to prove that f is a Poisson map, where Qg0 is equipped with the Poisson tensor 2�Q.First, it is simple to see thatf�Æg = Rg0�(g)Æg + Lgg0��Æg; 8Æg 2 TgG: (29)On the other hand, we have Lgg0��Æg = ��(Rg0�(g)Æg): (30)To see this, take a 
urve g(t) starting at g with ��t jt=0g(t) = Æg. Sin
e � is an involutive anti-morphism, we have gg0�(g(t)) = �(g(t)g0�(g)). Equation (30) thus follows by taking the derivativeat t = 0. Combining Equation (29) with Equation (30), we are thus lead tof�Æg = 2(Rg0�(g)Æg)+: (31)25



Now write �(g) =Pij Æig ^ Æjg, where Æig, Æjg 2 TgG. Then we havef��(g) = 4Xij (Rg0�(g)Æig)+ ^ (Rg0�(g)Æjg)+:On the other hand, from the multipli
ity 
ondition of the Poisson tensor �(g), it follows that�(gg0�(g)) = Rg0�(g)�(g) + Lg�(g0�(g))= Rg0�(g)�(g) + Lgg0�(�(g))= Rg0�(g)�(g) + Lgg0���(g)= Rg0�(g)�(g) + ��(Rg0�(g)�(g))= XRg0�(g)Æig ^ Rg0�(g)Æjg +X��Rg0�(g)Æig ^ ��Rg0�(g)aÆjg :Here we used the assumption �(g0) = 0 in the se
ond equality. Therefore we have�Q(gg0�(g)) = 2X(Rg0�(g)Æig)+ ^ (Rg0�(g)Æjg)+:This 
on
ludes the proof. 2Remark 5.10 (i). Theorem 5.9 would follow from Theorem 3.6, if the a
tion de�ned by Equation(27) were a Poisson a
tion where the Poisson group is equipped with the Poisson tensor �(g)while the spa
e it a
ts, whi
h is G again, is equipped with 2�(g). However, this is false ingeneral. So we 
an see that a Poisson group a
tion on a Poisson manifold P may not bePoisson a
tion , but it 
an still be Poisson when restri
ted to the stable lo
us Q.(ii). One drawba
k of Theorem 5.9 is that the stable lo
uses do not seem to produ
e any newexamples of Poisson manifolds for symmetri
 Poisson groups in 
ontra
tion to what one mayhave initially expe
ted. A good point, on the other hand, is that one might be able toquantize these Poisson stru
tures on stable lo
uses in
luding the one on Stokes matri
es U+(see Example 5.11) using quantum homogeneous spa
es.(iii). One 
an 
onstru
t a symple
ti
 groupoid of a Poisson symmetri
 spa
e by means of redu
tion[33℄. On the other hand, a

ording to Corollary 4.4, for a stable lo
us Poisson stru
ture, one
an 
onstru
t a symple
ti
 groupoid dire
tly via the lifted involution on the 
orrespondingsymple
ti
 groupoid. It is interesting to 
ompare these two approa
hes in our 
ase here.5.4 ExamplesWe end the paper with a list of examples. We refer the reader to [11℄ for a 
omplete list of orthogonalsymmetri
 Lie bialgeras, whi
h also 
ontains examples below.26



Example 5.11 Let g be a semi-simple Lie algebra of rank k over C with a Cartan subalgebrah. Let fe�; f�; hij� 2 �+; 1 � i � kg be a Chevalley basis. It is well known that (g; g�) is a
oboundary Lie bialgebra with r-matrix:r = X�2�+ d�(e� ^ f�);where d� = (e�; f�).As in Example 4.13, let ' : g �! g be the C -linear morphism, whi
h, on generators, is de�nedas follows: 'e� = f�; 'f� = e�; 'hi = hi:It is 
lear that ' is an involutive Lie algebra anti-morphism and 'r = �r. Therefore, (g; g; ') isa symmetri
 Lie bialgebra, whi
h in turn indu
es a pair of symmetri
 Poisson groups (G;�) and(G�;	). Thus one obtains a pair of Poisson involutions: � : G �! G and 	 : G� �! G�, whi
hare the group anti-morphisms 
orresponding to the Lie algebra anti-morphisms: ' : g �! g and�'� : g� �! g�, respe
tively.For g = sl(n; C ), it is well-known that G = SL(n; C) and G� = B+ � B�. It is simple to seethat � and 	 are given by the following:� : SL(n; C) �! SL(n; C); �(A) = AT ; 8A 2 SL(n; C);and 	 : B+ �B� �! B+ �B�; 	(B;C) = (CT ; BT ); 8(B;C) 2 B+ �B�:The stable lo
us of � thus 
onsists of all symmetri
 matri
es in SL(n; C). On the other hand,the set U+ of Stokes matri
es (i.e. upper triangular matri
es with all main diagonal entries being1) 
an be identi�ed with the identity 
omponent of the stable lo
us of 	. As a 
onsequen
e, boththe spa
e S of symmetri
 matri
es in SL(n; C) and the spa
e U+ of Stokes matri
es admit naturalPoisson stru
tures. These Poisson manifolds, together with their symple
ti
 groupoids, were studiedin details by Bondal [4℄ in 
onne
tion with his study of triangulated 
ategories. Independently,the Poisson stru
ture on U+ was also obtained independently by Dubrovin [8℄ in the 3 � 3-
aseand Ugaglia [29℄ in general in 
onne
tion with the study of Frobenius manifolds. From a verydi�erent aspe
t, the relation between the Poisson stru
ture on the spa
e of Stokes matri
es U+and the Poisson group B+ � B� was independently found by Boal
h in his study of the so 
alled\monodromy map" [2℄. We refer the reader to [4, 2℄ for details. As a 
onsequen
e of Theorem 5.9,we 
on
lude that both S and U+ are indeed Poisson symmetri
 spa
es.Theorem 5.12 Up to a multiplier 2,(i). the map SL(n; C ) �! S; A! AAT ; 8A 2 SL(n; C ), is a Poisson map. Indeed S is a Poissonsymmetri
 spa
e with the Poisson SL(n; C)-a
tion:SL(n; C) � S �! S; A �X = AXAT ; 8A 2 SL(n; C); X 2 S;27



(ii). the map B+ �B� �! U+; (B;C)! BCT ; 8(B;C) 2 B+ �B� is a Poisson map. Indeed U+is a Poisson symmetri
 spa
e with the Poisson B+ �B�-a
tion:B+ �B� � U+ �! U+; (B;C) �X = BXCT ; (B;C) 2 B+ �B�; X 2 U+:Example 5.13 Let K be a 
ompa
t semi-simple Lie group with Lie algebra k, and t its Cartansubalgebra. It is well known that K admits a standard Poisson group stru
ture 
alled BruhatPoisson stru
ture [21℄. Let g = kC be its 
omplexi�
ation, whi
h is a 
omplex semi-simple Liealgebra. Choose a Chevalley basis fe�; f�; hij� 2 �+; 1 � i � kg of g as in Example 5.11, thenfX�; Y�; tij� 2 �+; 1 � i � kg, whereX� = e� � f�; Y� = p�1(e� + f�); and ti = p�1hi; (32)is a basis (over R) of k, andr̂ = p�1r = p�1 X�2�+ d�(e� ^ f�) = X�2�+ 12d�X� ^ Y� 2 ^2k (33)is indeed the r-matrix generating the 
orresponding Lie bialgebra (k; k�). Let ' : g �! g be theanti-morphism as in Example 4.13. It is then 
lear that '(X�) = �X�; '(Y�) = Y�, and '(ti) = ti,so k is stable under '. It is also 
lear that 'r̂ = �r̂. Hen
e (k; k�; '̂), where '̂ = 'jk : k �! k,is a symmetri
 Lie bialgebra. Thus it indu
es a pair of Poisson involutions �̂ : K �! K and	̂ : K� �! K�.To des
ribe the stable lo
uses of these involutions, we need to 
onsider the double of the Liebialgebra (k; k�), whi
h is isomorphi
 to g as a real Lie algebra. A

ording to Theorem 5.2, '̂indu
es an involutive Lie algebra antimorphism (over R) � : g �! g, under whi
h both k and k� arestable and whose restri
tions to these Lie subalgebras are '̂ and �'̂�, respe
tively. In our 
ase, astraightforward 
omputation yields that on generators � is given by:�(p�1e�) = p�1e�; �(p�1f�) = p�1f�; �(p�1hi) = p�1hi�(e�) = �e�; �(f�) = �f�; �(hi) = �hi:In other words, �(X) = � �X , 8X 2 g. On the group level, � indu
es an involutive Lie groupantimorphism � : G �! G su
h that �(g) = �g�1, 8g 2 G, where G is a simply 
onne
ted Liegroup (
onsidered as a real Lie group) integrating the Lie algebra g. By Q, we denote the stablelo
us of �, i.e., Q = fg 2 Gj�g = g�1g. Then the stable lo
us of �̂ and 	̂ are K \ Q and K� \ Q,respe
tively. In parti
ular, a

ording to Corollary 5.7,�Q = X�2�+ 14d�(�!X� � �X�) ^ ( �Y� + �!Y�) (34)is the Poisson tensor on K \ Q. Theorem 5.9 implies that the map g ! g�g�1 is indeed Poissonmaps (up to a fa
tor of 2) when being restri
ted to K and K�.For K = SU(n), its dual group K� is isomorphi
 to SB(n; C), and the double G �= SL(n; C ),
onsidered as a real Lie group. Thus Q = fA 2 SL(n; C)j �AA = Ig. Hen
e we have K \ Q �=28



fAjA�A = �AA = I; detA = 1g, whi
h is the submanifold of SU(n) 
onsisting of all symmetri
matri
es. On the other hand, K� \Q �= fA 2 SB(n; C)j �AA = Ig.We note that SB(n; C) is Poisson di�eomorphi
 to the linear Poisson stru
ture on sb(n; C )a

ording to Ginzburg-Weinstein theorem [15℄. The re
ent result of Boal
h [2℄ suggests that theremay exist a Poisson di�eomorphism SB(n; C) �! sb(n; C ) 
ommuting with the Poisson involutions,where the Poisson involution on SB(n; C) is given by A �! �A�1 while the Poisson involution onsb(n; C ) is: A �! � �A. If so, the indu
ed Poisson stru
tures on their stable lo
us should beisomorphi
. The latter is a lot easier to 
ompute and in fa
t is a linear Poisson stru
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