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Abstract

The notion of dynamical entropy for Z™-actions by automorphisms of C*-
algebras is studied. These results are applied to Bogoliubov actions of Z™ on
the CAR-algebra. It is shown that the dynamical entropy of Z™-Bogoliubov
actions is computed by a formula analogous to that found by Stérmer and
Voiculescu in the case n = 1, and also it is proved that singular parts of these
actions give zero contribution to the entropy.

1 Introduction

The notion of entropy introduced by Kolmogorov [K] and Sinai [S] for transforma-
tions of a measure space is an important invariant in the ergodic theory. Connes,
Narnhofer, Stormer and Thirring [CSt, C, CNT] defined and investigated the notion
of dynamical entropy which is a natural generalization of Kolmogorov-Sinai entropy
to automorphisms of operator algebras. In last years this entropy has been stud-
ied actively by many authors from different points of view (see the bibliography,
for example, in [B, OP, St]). Some interesting applications of dynamical entropy in
physics can be found in [B]. Also there are other promising approaches to non-abelian
entropy [V, SaTh].

In just the same way as in the case of Kolmogorov-Sinai entropy a very interesting
problem is to find models in which the dynamical entropy can be calculated exactly.
As far as we know there are few such models up to now. One of them is the class
of Bogoliubov automorphisms of the algebra of canonical anticommutation relations
(CAR-algebra). In [StV] Stormer and Voiculescu obtained the following remarkable
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results. They showed that the dynamical entropy of a Bogoliubov automorphism 1is
computed by a nice formula (predicted by Connes for the tracial state), and only
continuous part of unitary operator defining Bogoliubov automorphism should be
taken into account because the contribution of its singular part is zero. Later this
model was also studied in papers [NT, PSh] for more general states on the CAR-
algebra.

The following question arises naturally. Can we expect that for Z™-actions by
Bogoliubov automorphisms on the CAR-algebra the Stormer-Voiculescu’s results are
still valid? We just study this problem in the present work. We will prove that the
dynamical entropy of Z"-actions by Bogoliubov automorphisms on the CAR-algebra
is found by a formula which is analogous to Stormer-Voiculescu one. Also it will be
proved that the singular part of such a Z"-action has zero dynamical entropy and
the value of entropy depends only on the absolutely continuous part.

To do it, we need to extend the notion of dynamical entropy to arbitrary Z"-
actions on (*-algebras. The similar problem for Kolmogorov-Sinai entropy was
solved by Conze in [Co]. For the first time the interesting approach generalizing the
methods of [Co] to Z"-actions on C*-algebras was proposed by Hudetz in [H], who
also applied these results to a physical model. The entropy for Z™-actions also was
discussed in [B]. In the first part of this work we present (following the scheme of
[Co]) our version.

Under the presentation of this paper we refer very often to the articles [CNT,
StV]. We have to do it because otherwise the size of our work would be considerable
more.



2 Dynamical entropy for Z"-actions

In this section we first remind briefly the definition of dynamical entropy for au-
tomorphisms of C*-algebras following [CNT, St]. We do it mainly to introduce
the necessary notations. The entropy of Z"-actions on C*-algebras is studied more
detailed. We note that similar considerations can be done for Connes-Stormer en-
tropy of Z"-actions on type II; von Neumann algebras. As it was indicated in the
Introduction our approach repeats on the whole the methods of [Co].

Let A be a unitial C*-algebra, C4,...,C} finite dimensional (f.d.) C*-algebras,
and v; : C; — A a unitial completely positive (u.c.p.) map, j = 1,...,k. Let ¢ be a
state on A and P a u.c.p. map from A into a f.d. abelian C*-algebra B such that
there is a state ¢ on B for which po P = ¢. If py, ..., p, are the minimal projections
in B, then there are states ¢;,7 = 1,...,r on A such that

P(x) = Zi:qbz(x)p“ x €A,

and
,

o= Z/«L(pz’)ﬁbi-

=1

Put .
(P) = 3 8(0l0)

where S(¢|¢;) is the relative entropy of ¢ and ¢;. For S(u) = —>27_; u(pi)log pi,
the entropy defect s,(P) is given by

su(P) = S(p) — eu(P).

Let B;,7 =1,...,k, be a C*-subalgebra of B and F; : B — B; a p-invariant con-
ditional expectation. Then (B, E;, P, ;1) is called an abelian model for (A, v, ..., v&).
The entropy of such an abelian model is defined to be

k k

S(ul'\ Bj) = 3 sulpj)

J=1 J=1

where p; = E; 0 Po~y; : C; — B;j. The supremum of entropies of all such abelian
models is denoted by Hy(y1,...,7%). If o is a ¢-invariant automorphism of A and
~v:C — Ais au.c.p. map of a f.d. C*-algebra C, then we denote by

k—1 o 7)

1
h¢7a(7) = h]?l EH¢(77 ao0q, .,
The entropy of a with respect to ¢ is defined by the formula:

hg(a) = sup hgal)-
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Let A be as above, G = Z" the free abelian group with n generators and o : G —
Aut(A, @) an ¢-invariant action of G on A by *-automorphisms, i.e. o is an injective
homomorphism from G into Aut(.A) such that o(g) is a ¢-invariant *-automorphism
of A for any ¢ € GG. To simplify the exposition we will consider throughout this
paper the case n = 2 only. It is clear that the general case may be considered
analogously.

Let 4 be a u.c.p. map from a f.d. C*-algebra C into A. Take a sequence {p, }°2,
of a finite parallelograms in Z* = G such that p, C p,y1,n € N and U, p, = Z*.
We denote by

Tpu(7) = {05y 0714, 5) € pa}-
According to [CNT, Proposition I11.6,(b)],

Hy(0 0oy, 00y) = Hy(yas .0 7k) (2.1)

for any 8 € Aut(A),po = ¢.

Lemma 2.1. Let v :C — A be a u.c.p. map and {p,} arbitrary increasing se-
quence of parallelograms with |J,, p, = G as above. Then for any finite parallelogram
p C G and € > 0 there exists ng € N such that for n > ng

() € T (0) 4 22)

where |p| is the cardinality of p.

Proof. We will prove the lemma in case when p,, and p are rectangles. The
proof for parallelograms differs only in some technical details. Let a,, and b, be the
lengths of sides of p,,, so |pn| = anb, (@ and b are defined for p analogously). We may
assume that p, D p for all n > ny,ny € N. Let a, = ka4 71,, b, = m,b+ g, where
rn < a,q, < bt means that one can cover by shifts of p a subrectangle p, C p,
with |pn| = knmu|p|. In view of (2.1) and [CNT, Proposition II1.6,(d)] we have

Hy(0p,(7)) < kamanHy(0,(7) + Hy(0p,-5,(7))-

Since |p, — pa| < ab, + a,b, we obtain

Hy(0p, 50 (7)) < (abn + anb) Hy (7).

Thus,

1 k,m.,

Hy(0,,(7)) < Hy(op(v)) + ———Hs(7). (2.3)
0] 2 0]

For given € > 0, there is ng € N (one can take ng > nq) such that for all n > ng

ab, + a,b

aby,

H(b(’)/) < €. (24)



It is clear that

kom, 1
Moo (2.5)
a7~ ol
Taking into account (2.4) and (2.5), we see that (2.3) implies (2.2).
Lemma 2.2. Let v and {p,} be as in Lemma 1.1. Then
lizn —— H,(0,,(7)
Ton\Y
2 R
exists and does not depend on the choice of {p,}.
Proof. Lemma 2.1 tells us that
: 1 1
lim sup —|H¢(0pn(7)) < —Hy(o,(7)) (2.6)

~ |l

where p is arbitrary finite parallelogram in (. Let {p]} be another sequence of
parallelograms satisfying the conditions of Lemma 2.1. Replacing p in (2.6) by p},
we have

I

L0, (1) < Hy(o (7). (2.7)
n A

Then the statement of lemma follows from (2.7) because one can exchange the roles

of {p.} and {p}}.<¢

Definition 2.3. Foro: G — Aut(A,¢),po0(g) = ¢,9 € G, we define

lim SUp

.1
hoo(v) = h}{ﬂ mHas(Upn(’Y))

where {p,} is as above, and then
Pl () = sup )
is called the dynamical entropy of the action o.

Lemma 2.4. Let o be an action of G on (A, ¢), poo(g) = ¢ and o = o(1,0), 5 =
0(0,1) the generators of o(G'). Then

ho(a(G)) < hgla), hg(o(G)) < he(3).

Proof. This statement is a consequence of the inequality (2.2) since one can
choose p in the form {(0,0), (1,0),...,(k,0)} or {(0,0),(0,1),...,(0,k)} and first take
the limit of the left side in (2.2) and then go to the limit as & — co. <



The next statement is an analogue of Theorem V.2 from [CNT].

Theorem 2.5. Let {7,} be a sequence of u.c.p. maps 7, : A, — A such that
there are u.c.p. maps o, : A — A, with 7,00, — 14 in the pointwise norm topology.

Then for an action o : G — Aut(A, ¢),po0(g) = ¢, g € G one has

lign hgo(Th) = he(o(G)).

The proof is the same as in [CNT] because one can use Proposition 1V.3 from

[CNT] in the following form.

Let C be a f.d. C*-algebra, v, u.c.p. maps from C into A and d = dimC.
Suppose ||y —4'|| < € and p is a finite rectangle in . Then

[Hy(o,(7)) = Ho(o,(7)] < 6lple(log(1 + de™") +1/2). (2.7)

We formulate now without proof the statement generalizing [CNT, Lemma VII.3
and Theorem VII.4]. We will identify below a subalgebra N C M and the u.c.p.

inclusion N — M.

Proposition 2.6. Let M be a hyperfinite von Neumann algebra, ¢ a normal
state on M, o : G — Aut(M) an action of G on M such that ¢ oo, = ¢, g € G.
Then
(i)

sup hgo(7) = sup hg (V)
Y N

where N runs through all f.d. subalgebras of M ;
(ii) for an ascending sequence { Ny} of f.d. subalgebras with U, Ny weakly dense in
M, one has

h(b(O') = hinh(b’g(Nk).

Let (7, be a subgroup of G = Z* with the finite index p. It is known [Ku] that
one can take the generators {e1, €5} and {f1, fo} in G and G, respectively such that
fl = ni€q, f2 = N2€Ey with ni, N2 € N.

Theorem 2.7. Let M be a hyperfinite von Neumann algeabra, ¢ a normal state
on M and o : G — Aut(M) an action of G on M with poo, = ¢. If G, is a
subgroup of G with the finite index p, then phy(o(G)) = hy(o(G))).

Proof. Firstly, one can define the entropy of action of (G, as it was done for G
considering instead of parallelograms p,, their intersections with G, 1.e. p? = p,NG),.



In the other words, we may take the parallelograms p,, constructed by vectors k,, f;
and [, fo where k, and [, go to infinity as n — oco. Thus,

. 1
h¢,crp(7) = h?£n mH¢(0—pﬁ(7))7 Op = U(Gp)

and

Polo(G) = 51D o (7).
It follows from [CNT, Proposition II1.6,(d)] that

Hy(0,,(7)) = Hy(o(7))- (2.8)

Take v such that hy(o(Gp)) < hgo,(7) + ¢ for given ¢ > 0. From (2.8) it follows

o) = lim £ (0, ()

1
> lim ——=Hy(oph (v
e Hilo ()

> (ho(0(Gy)) — ),
ie.
pho(a(G)) = hy(a(Gy)). (2.9)
To prove the inverse inequality, we need to use the following result from [CNT].
For any £ > 0 there exists a f.d. subalgebra B C M such that the unit ball of o;,(N)
liein B up to £, i.e. a,,(N); C¢ B where s; is taken from the parallelogram built by

vectors fi and fy. It follows from the proof of Theorem VIL.4, [CNT] that for every
s; there exists a u.c.p. map v; : N — B such that

s < 6(¢)

H% — Os;

where 6(£) — 0 as £ — 0.

From the invariance of ¢ under o, we get

lomyas; = otmvilla <6
where ({,m) runs through the set p?, so the elements of p,, can be written as ({,m)-+

S;.

Thus, by [CNT, Theorem VI.3 and Proposition I11.6,(d)]

Hy(0,,(N)) < Hy(o,e(7:)) + lpale

< H¢(Upﬁ(B)) + |/0n|€-



Take N in such a way that

(0, (V)

he(o(G)) —e < hm o

1
< lim —— O'PB +e
oo el

1
< ];h(b(a(Gp)) + e (2.10)
Then (2.9) and (2.10) prove the theorem.<$

Corollary 2.8. Let o and 3 be two generators of the group o(G) acting on
(A, ¢) with A being a nuclear C*-algebra and ¢ o oy = ¢. Then if only hy(a) or

hs(B) are finite, hy(o(G)) = 0.

Proof. Consider the subgroup o((,) generated by o and 3*,p € N. According
to Lemma 2.4 and Theorem 2.7, we have

ho(0(G)) = }ohqb(a(Gp)) < ]loh¢<a>.

It is clear that if hy(a) < oo, then hy(o(G)) = 0, since p is arbitrary. <

Proposition 2.9. The following properties are valid:
(i) hy(07 00 080) = hyop(o) where § € Aut(A);
(i1) Pagi+(1-2)6,(0) = Ay (o) + (1 = Ahg, (o), 0 < X < 1 with o being an action
of G on (A, ) as above.

Proof. The statement (i) is proved as in [CNT, VIL5]. To prove (ii) we note
that according to [CNT, Proposition I11.6,(e)]

rgr+(1=2)d2,0 (V) = Mgy o (7) = (1 = Mg, o (7)]
< Alog A — (1 — N log(1 — ). (2.11)
Then from (2.11) it follows that
rgs 412062 (0(G)) = Ahg, (0(G)) = (1 = Ay, (a(G))]
< Alog A — (1 — N log(1 — ). (2.12)
Let G, C @ be a subgroup of G of index p. Then (2.12) one can be applied to G,:

]%|h/\¢1+(1—/\)¢2(U(Gp)) — Mg, (0(Gh)) = (1 = Mg, (0(Gy))]



< —%(Alog)\—l—(l — A log(1 — A)). (2.13)

But the left sides in (2.12) and (2.13) coincide. The statement (ii) follows now from
(2.13) when p goes to infinity.<

We will use in the next section the following statements.

Lemma 2.10. Lel ¢ be a pure state on an unitial C*-algebra A, and o a ¢-
invariant action of G on A. Then hy(o) = 0.

The proof follows immediately from [StV, Lemma 3.1] and Corollary 2.8.

Lemma 2.11. Let A be a C*-algebra, ¢ a state, and o a ¢-invariant action
of G on A. Suppose B is a C*-subalgebra of A such that there is an expectation
E : A — B satisfying the conditions: o, = Fo,,g € G, and po E = ¢. Then o|B
is an action of G on B and

hy(a|B) < hy(o).

The proof is the same as in [StV, Lemma 3.2].

Lemma 2.12. Let A be a C*-algebra, ¢ a state, and o a ¢-invariant action
of G on A. Let {A;}32, be an increasing sequence of C*-subalgebras such that the
expectations E; : A — A; satisfy the following conditions:

(i) o By = Ejo,, g€ Gj=1,2,..;

(1) By by = Bl = K5 =1,2,..;

(iii) E; — 14 in pointwise-norm topology.

Suppose that the norm closure of U; A; is A; then o|A; is an action of o on A; and

hs(o) < liminfhs(o|A;).
J
If moreover po F; = ¢,5 € N, then
hs(o) =Tlimhy(o|A;).
J

Proof. Lemma can be proved by the same method as Lemma 3.3 from [StV]
taking into account the inequality (2.7).$

Lemma 2.13. Let 0; be an action of G on (A;, ;) such that ¢;00; = ¢;, 1 = 1, 2.
Then

hgyae, (01 @ 09) > hg, (01) + hg, (02).

Proof. See the proof of Lemma 3.4 from [StV].$



3 Entropy of Z"-actions by Bogoliubov automor-
phisms

Let H be a complex separable Hilbert space. Suppose a unitary representation o
of G =Z" on H is given (as before we consider the case n = 2 only). Denote by
Uy =0(1,0) and Uy = 0(0, 1) two commuting generators of o((G). According to the
well known results of Mackey (see, for example, [Ki, p.128]) we have for nq,ny € Z
that

Unuye = //T2 @ exp(2mi(niz + nay) ) (wydp(z, y)

where T? = S* x S! is the two-dimensional torus (which is the dual space for Z?),
dp(z,y) is a Borel measure on T?, and 1, is the identity operator on a Hilbert
space H(x,y). In other words, H is decomposed in a direct integral of H(x,y) in
which the representation o is diagonal.

Each unitary representation o is a direct sum ¢ = o, & o, with o, acting on
a Hilbert space H, and o, on H,;. The representation o, has spectral measure pu,
absolutely continuous with respect to Lebesgue measure df,df; on T?, and o, has
spectral measure u, singular with respect to df;df;. We will call o, the absolutely
continuous part of ¢ and o the singular part. If p, is equivalent to d#,df,, then
o is called a representation with Lebesgue spectrum. The measurable function
dim H,(x,y) is called the multiplicity function and denoted by m(o).

We remind following [StV] some definitions concerning the CAR-algebra notion.
The CAR-algebra A(H) is a C*-algebra with the property that there is a linear
map f +— a(f) of H into A(H) whose range generates A(H) as a C*-algebra and

satisfying the canonical anticommutation relations:
a(f)a(g)” + alg) a(f) = (f,9)L,

a(f)a(g) + a(g)a(f) =0, f,ge H

where (.,.) is the inner product on H, and 1 is the unit of A(H). Let 0 < A <1
be an operator on H. The quasifree state wy on A(H) is defined by its values on
products of the form a(f,)*... a(f1)"a(¢1 ... a(gm),n,m € N given by

wala(fu) e alf) a(g1) . a(g)) = S det((Agi. S5)).

If U is a unitary operator on H, then U defines an automorphism o(U) of A(H)
called a Bogoliubov automorphism by formula: o(U)(a(f)) = «(Uf),f € H. If
UA = AU, then wy o a(U) = wy. It is well known that A(H) ~ .2, M2(C),,
and if A has a pure point spectrum, then ws = @27, w,,,, where {\,} is the set of
eigenvalues for A and

M(Z Z):(l—A)a—l—M

10



Let o be a unitary representation of G = Z? on H. Then o defines an action «

of G- on A(H) by the formula

a(ay)(a(f)) = ala,(f)), g € G.

We will call a(o,) a Bogoliubov action.

The case of singular spectrum.
We first prove that the dynamical entropy of Bogoliubov actions with a pure singular
spectrum is zero.

Lemma 3.1. Let o be a representation of G on H with spectral measure singular
with respect to Lebesque measure on T?. Let Uy = o(1,0),U; = o(0,1) be two
generators of o(G). Assume that P is a finite rank orthogonal projection and € > 0.
Then there is kg € N such that for each k > ko there is a finite rank projection @)y,
with the properties:

(i) (1 = Qp)UURP|| <€, 0< 5 <k, 0< sy <k
(ii) dim Qy < ek?.

Proof. It follows from the conditions of the lemma that there is a measurable
set D C T? such that for given § > 0 the following hold:
(a) D = Dy U..U Dy, D; = {(c, ) oz} <46 < [3]1, oz? <4, < [3]2,[3]1 — oz} =
[3]2 — oz?} where all D; are disjunct and aé,ﬁ]{ €0, 2r], l=1,2, j=1,...,N;
(b) Nmax{(8} —a})*lj =1,..., N} <4;
(c) if E(D) is the spectral projection of o for the set D, then ||(1 — E(D))P|| <.
Take a number M € N and divide every D; in M? squares D;, of equal measure,
where 1 <7< N and 1 <p < M?. Let

Xy = D, B(D;,)P(H).

Then dimXM < NM?*dim P(H). It f € P(H),||f]| = 1, then we have that for
(¢'r, %) e D;, with j € [1,N],p € [1, M?]

dUP U [ Xn)? < || 30 e B (D) f = U U2 ]

7P
= 22 le®5wste®n®2 B(D; ) f = U US2 E(Djp) fII* + 2| U7 Us? B(D) f = U U3 £
= 22 (e %w*t %21 — U U3 ) E(Djp)|IP|E(Dp) 1 + 267

< 2max || (0% €521 — USU2)E(D;,)||* + 262

7P

Since

H(ezé’]pﬁezé’]p . Uf1U252)E(D],p)H

11



i@l 51 i@ll 52 51 .52
< sup  |erttet et — 125

21,22€D;5

< sup (e (B — )] 4 [ (e — o))

21,22€D;

< i(5 + s9) max |3} — ol
S 71t se) maxip; ;

(51 + 52)( Y )1/2

- M N7

we get
AU U f, X y<¢zfl+&)25+2ﬁ
)

<VEREE ey fg

M "N

This estimate is uniform in f € P(H). Thus, we proved for the orthogonal projection
() onto Xy that

11— QU U Pl < V2 (%(%wz n 5)

and dim@Q < M?N dim P.
Given k let us take ()i to be the orthogonal projection onto Xy, and if € is as
in the condition of the lemma, let

ME - ek?
| NdimP|’

Then dim @ < M?N dim P < ek?. Take

N dim P
|—+1
€

ek?
" >
NdmP —

k():

Y

then for k& > ky we have
1.

Taking into account that

81—|—82 (S 1/2
131;?%5(9\/5( M (W) +9)

2k )
" B ](W)I/QJF(S
N dim P

12



Vdim P + \@51/2
\/E b

§1/2 < /e
~ 4/dim P 4+ V2¢’

4
<

we obtain that if

then ||(1 — Qr)UT'UZ P < e.$

Theorem 3.2. Let o be a Bogoliubov action on A(H), and ¢ a state on A(H)
such that ¢ o a(o,) = ¢ for any g € G. If the spectral measure of o is singular with
respect to Lebesque measure, then hy(a(o)) = 0.

Proof. Let P be an orthogonal projection in B(H) of finite rank, and j :
P(H) — H the inclusion map. Then there are u.c.p. maps v; : A(P(H)) —
A(H),v, : A(H) — A(P(H)) [E] such that

vitalf)) = a(Gf), wlalf)) = a(Pf).
If P, /7 11is a sequence of such projections then with 7, : P,(H) — H the inclusion,
Yin © VP, — Lagm) in pointwise-norm topology. By Theorem 2.5,
h¢(a(0-)) = 1i7£nh¢,oz(cr)(7]n)‘

Whence it suffices to show that hgq()(7;) = 0. Since dim P < oo, for given § > 0
there is n > 0 such that if Wy, Wy : P(H — H) are isometries with |W; — Ws|| < n,
then ||a(W1) — a(W3)|| < §, where ao(W)(a(f)) = a(W f) [E]. Take Qy as in Lemma
3.1. Denote by pol(QrU7" U3? |p(mry) the partial isometry W, appearing in the polar
decomposition
QU3 U3? |pary = Wal QiU U3? | pea)|
with Uy, U; being the generators of o(() as in Lemma 3.1. Let Wy = U U3? | pem).
According to Lemma 3.1, ||U7* U2 — QU U2 P|| < € for 0 < 51,892 < k, hence
107 U3 [Py — pol(QrUT Us? [ pamy )| < 3e.
Choosing ¢ < n/3 and k > kg, we obtain that
(U3 U3 [ pry) — a(pol(QrUT U2 [pam))|| < 6

for 0 < 81,8, < k. By [CNT, Proposition 1V.3] for given £ > 0 and ¢ > 0, there is
ko € N such that if £ > kg and () as in Lemma 3.1, then

Hy(a(o,,)(7;)) < K€+ Hy(a(pol(Qro,,7))) (3.1)

where pr, = [0,1, ...,k — 1] x [0, 1, ...,k — 1]. If we define v : Qx(H) — H to be the

inclusion map, then a(pol(Qro(,,q.)7)) = a(v)oa(pol(Qrop.qgi))s (P, q) € pr, whence
by [CNT, Proposition I11.6 (a) and III.4]

Hy(a(pol(Qray,j))) < Hy(a(v)) = S(d o a(v)) (3.2)

13



where ¢ o a(v) is a state on A(Qr(H)), a C*-algebra of dimension less than ok?e,
Thus,
Hy(a(v)) < k*clog 2. (3.3)
It follows from (3.1), (3.2) and (3.3) that
1

T Hy(a(o,,)(7;)) < &+ clog2.
||

Since £ and ¢ are arbitrary, hy o) (7;) = 0. ¢

The case of absolutely continuous spectrum.
Now we formulate and prove several lemmas concerning the actions with absolutely
continuous spectrum.

Lemma 3.3. Let H = H, ® Hy and 0 < A; <1 be an operator on H;. Suppose
o; be a unitary action of G on H; such that og)A; = Aioi(g), g € G, 1 =1,2. Then

hoa g, (@01 @ 02)) 2 hoy (afo1)).

Proof. According to [StV] the following formula is valid:

a((o1 @ 02)(9))|ac)eaum). = (01(9))|agm) @ (02(9)) | agm).
where g € (G and A(H ). is the even subalgebra of A(H). Then the statement of

lemma follows from Lemmas 2.11 and 2.13.

Lemma 3.4. Let A € [0,1] and oy, 0, be two unitary representations of G- on a
Hilbert space H.
(i) If there is a unitary operator W such that oy(g) = Wo1(g)W™t, g € G, then
hwx(al) = hwx(o-Q)'
(ii) If o1 and oy have the same singular parts and m(oy) > m(oz), then hy, (o1) >
hwx(o-Q)'

Here and below w) is the quasi-free state constructed by A = Al.
Proof. (i) is obvious due to Proposition 2.9. To prove (ii), we can assume that
up to unitary equivalence oy is the restriction of oy to a reducing subspace, and now

(ii) follows from Lemma 3.3. {

Lemma 3.5. Let {0,} be a sequence of unitary representations of G all with
Lebesgue spectrum. Suppose {m(o,)} is an increasing sequence with pointwise limit
m(o), where o is a unitary representation of G' also with Lebesque spectrum. Then
{how,(a(0n))} is an increasing sequence and

hoy(a(@)) = lim he, (a(0n)).
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Proof. The statement of the lemma follows from Lemmas 2.11 and 2.13 in the
same way as in [StV, Lemma 4.4].

Let H be an infinite dimensional Hilbert space with an orthonormal basis
{fmn}tmmnez. Let also V4 and V3 be two unitary operators acting on H by formulas:

‘/lfm,n = fm-l—l,m ‘/Qfm,n — fm,n-l-lv m,n € Y/

Then Vi and V, generate an representation of G on H which we will call the two
dimensional bilateral shift.

Lemma 3.6. For i € {l,...,r}, Let H be an infinite dimensional separable
complex Hilbert space with identity 1;, and let o; = o;({U1(2),Uz(2))} be a unitary
action of G on H; with Uy(1),Usx(i) being the generators such that for each i there are
p1(1),p2(1) € N and common ¢, qs € N for all i such that the pair (U, UJ?) is uni-

tarily equivalent to (lel(i), V2p2(i)) where V1, V3 are generators of the two-dimensional
bilateral shift. Let A = &/_,¢;il;,¢; € [0,1] and Uy = & U1(2), Uz = &I_,Uz(2)0.
Then if o is the representation of G defined by Uy and Uy we have the formula for
the entropy of Bogoliubov action o(o)

he, =—>p Slwe) =——>_p n(e)+n(l —¢
A( 611(]2; ! 992; ! ) ( ))

where n(x) = —xlogax,x > 0. The same formula holds for the restriction of a(o)
and w4 to the even subalgebra A(H)..

Proof. Let {fmn}m ncz be an orthonormal basic in H;,7 = 1,...,r, such that
‘/1f _fm-|—1n7‘/2fmn:fm7n+17m neZ. Let
A [{f;n|m =1,.,p(l),n=1,...pa()}, s {frplm=1,...,p(r),n =1, ...,pg(r)}]

=N (3.4)

where [{f}] denotes the subspace spanned by vectors {f}. Since Af;, . = ¢ify, .,
the subalgebra N can be written as a tensor product

N = Q) My(C);i (3.5)
=1
where p = 371_, pi(i)p2(i) and

p1(L)p2(1) p1(r)p2(r)
wa|N = ® We | @ ® ® we, | - (3.6)
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Consider for s, € Z the subspaces

Noa = UL U { f g ds oo Al

where the vectors {f;, ,} are taken as in (3.4). According to conditions of lemma,
we have that

st—@Vf“ VO frn )]

and X, — Xg o if (s,1) # (&',1'). It is easy to check that the subspaces {Xs;}s ez
span all H = @!_, H; and therefore, A(X;;) generate all A(H). Let Gy, ,, be the
subgroup of G with generators (¢1,0) and (g2,0). The unitary operators Uj' and
U define the representation o(Gy, 4,) on H. Let psi(q1,q2) = [0, g1,y (s — 1)a] ¥
[0, q2, ..., (t —1)go], s,t € N. Repeating the arguments from the proof of [Lemma 4.5,
StV], we get that if N, is the algebra generated by a(c,, ,(41.4,))(IV), then it follows
from [CNT, Corollary VIII.8] that

1 1
7 Hwa (@00 010 (V)) = S (wa Ny

wA
st

151t1

Z% Z%S wala(UFT U ) (N))
S(wa|N) = Zpl S(we,)- (3.7)

We used here relations (3.5) and (3.6). Thus, we have proved that

st (V) = L pa(i)pali) St 3.5)

For n € N denote by
\/ \/ Ulsql U5q2 N)
s=—nt=—n

{M,} is an increasing sequence of f.d. subalgebras of A(H) with dense union. Then
by Proposition 2.6

haa(0(0(Gyy0,))) = 1M Ay a(o(Gyy o)) (M) (3.9)

The C*-algebra generated by {a(0,, (4,4)) (M)} equals the one generated by
{a( (q1,92) )(N)} where Ios,t(qlvq?) - [ '7n+5_ 1] X [_nv"'vn—l't_ 1] By
prev1uos arguments with N (see (3.7)) we obtain that
1
(2n +s)(2n +1¢

Hs (0100, s000) (M) = S(alN). (3.10)
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Taking the limit in (3.10) as s, — oo we get
th’a(g(GqL%))(Mn) = S((‘UA|N)

It follows from Theorem 2.7 and (3.8) that

s (a(0)) = ﬁswm - ﬁizlpm)p@)swq).o

Lemma 3.7. Let o be a representation of G on H with Lebesgue spectrum
consisting of disjunct sets D; = exp(2mi[a1(7),b1(7)]) x exp(2mi[az(y),b2(5)])g € J,
such that b;(j) — a;(3) = pi(j)/q where p;(j),q; € Nyi = 1,2, and J C N. Let
H; = L*(D;,d0,df,) be considered as a subspace of L*(T? df,dby). If Uy and U,
are the generators of o, then one can define U;(5) = U;|H;, i =1,2,5 € J, ice. Uy =
BicslU1(9), Uz = BcsUs(g) and Uy(j),Us(j) are the generators of representation o
on H;. Suppose that o; has constant finite mulliplicity n;, and let 0 < A; < 1
acts on H; and commutes with o;. Writing o; = 7, & ... & 7; (n; times) (1; is a
representation of G with the multiplicity 1), we assume that A; = @©,2c;11; where
1; is the identily on the space on which 1; acls. Let B; denote the diagonal n; X n;
matriv with the numbers c;j1,...,cjn; on the diagonal. Then A; = B; @ 1; and the
following formula holds;

haa(ele) =3 (b1(5) — ar(5))(ba(i) — a2(5)) Tra, (n(B)) + 01 = Bj))  (3.11)

jeJ
with Try,; being usual trace on M, ;(C) and n(z) = —xlogx,x > 0. Also the same

formula holds for the restrictions a(o) and wa to A(H)..

Proof. We first assume that .J is finite, J = {1,2,...,r}. According to conditions
of the lemma, we may write

U=Vae.eVi)e.aViire..eViir), t=1,2

nq Ny

where Vi(7), V2(j) generate the action 7;. Also we have that
A= (017111 D ... clnlll) D ... (Crllr DS...D CanlT).

For every j € {l,...,r}, the operators Vi (j) and V;?(j) generate the two-
dimensional bilateral shift of multiplicity p1(j)p2(j). Thus, by Lemma 3.6

. n

hon(a(o)) = 32 2P20) S gy

=1 D92 5
= () () ad) — s e, (0(B;) (L~ B)
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The case of infinite set .J is considered in the same way as in [StV, Lemma 4.6]
taking into account Lemma 2.12. {

Theorem 3.8. Let o be a unitary representation of G on a complex Hilbert
space H. Assume that o has Lebesgue spectrum. Then for A € [0,1] we have

ho, (a(0)) = (21)(( Tl — A /%/% )(01,0)d6,do, (3.12)

with n(x) = —xlogx and m(o) being the multiplicity function.

Proof. If A = 0 or 1, then w, is a pure state [PSt], so A, (a(o)) = 0 by Lemma
2.10. It means that formula (3.11) holds in this case. Assume 0 < A < 1. We
will use the following result which is an obvious generalization of Theorem 2.1 from
[StV].

Let G be the additive semigroup of measurable functions f : T? — N U{0}. Let
for ny,ny € N

Tnl,nQ ,01,,02 = Z Z f 21722
Y=p1 22 =p2

Suppose that a map p: G — Ry =0, oo) satisfies the conditions:

(i) p(nl) = n;
(i) f < g = M(f) < u(g);
(i) fi /' = p(fi) / p(f);
(V) p(Toy o f) = nanap(f);
(v) f=gae = ulf)=pnlg).
Then | o o
W) = /0 /0 fd,db,. (3.13)

The proof of formula (3.13) can be obtained using the methods of [StV].

Considering the representations of (¢ with Lebesgue spectrum one can assume
that h,, defines a map from the set of multiplicity functions into Ry. Theorem
2.7 and Lemmas 3.4, 3.5, and 3.6 tell us that h,, satisfies all conditions (i) - (v),
therefore (3.12) is valid. ¢

The case of mixed spectrum.

Lemma 3.9. Let o be a unitary representation of G on H with absolutely
continuous part o, acting on H, and singular part o, acting on Hy. Let A = A, ® A,
commute with o0 = o, ® 0,0 < A < 1. Assume that A, and o, are as in Lemma

3.7. Then h,,(a(c0)) = hy, (a(o.)) is given by formula (3.11).

The proof of this lemma (which is analogous to [Lemma 5.3, StV]) repeats on
the whole that of Theorem 3.2 and is based on Lemmas 3.3, 3.6, and Proposition
2.6.
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Theorem 3.10. Let o be arbitrary unitary representation of G on H. Then for
A € [0,1] the entropy hy, (a(o)) is given by formula (3.12).

Proof. Let 0 = 0,@ 0, be the decomposition of ¢ into absolutely continuous and
singular parts acting on H, and H; respectively. Let ¢ > 0 be given. By measure
theory there is a unitary representation @» with Lebesgue spectrum on H, such that

() = Y dixes, = mio)

where F; is of the form exp2mi[bi(j), a1(7)] X exp 2mi[bz(7), az2(y)] with bg(y) — ar(y)
being rational, £ = 1,2, and

27 p27 21 P27
/ / d01d02—|—c>// ) dbydb,.

According to Theorem 3.8 and Lemmas 3.3, 3.4 and 3.9, we get

) + (=) [ [ meydonas, = b, (o)

< hoy((0a © 05)) < hoy(ay © 05)) = ha,(a(¥))

= ) + (=) [ (g

(21)(()\ F(l =) [/%/% o)db1db; + | .

Since € is arbitrary, (3.12) follows. <

It an operator A commutes with a representation ¢ = o, & o, of GG, then by

direct integral theory A = A, & A, and
A, = // DAy, 02)d0 db
T2

with A(6q,02) € B(H(61,02)), where H(61,02) = 0if m(0)(61,62) = 0. We note that
if A has a pure point spectrum, the following formula can be proved using Lemmas

2.11, 2.12, 2.13, 3.3, 3.9 and Theorem 3.10 by the method of [StV, Theorem 6.3]

21 p2m

A(01,05)) + n(1 — A(01,05)))d0,d0,

hoa(a(o)) =

where Tr is the usual trace on B(H(0y,03)).
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