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Dynamical entropy for Zn-actions and Bogoliubovautomorphisms of the CAR-algebraSergey I. Bezuglyi and Valentin Ya. Golodets�Erwin Schr�odinger InternationalInstitute for Mathematical PhysicsJanuary 12, 1995AbstractThe notion of dynamical entropy for Zn-actions by automorphisms of C�-algebras is studied. These results are applied to Bogoliubov actions of Zn onthe CAR-algebra. It is shown that the dynamical entropy of Zn-Bogoliubovactions is computed by a formula analogous to that found by St�ormer andVoiculescu in the case n = 1, and also it is proved that singular parts of theseactions give zero contribution to the entropy.1 IntroductionThe notion of entropy introduced by Kolmogorov [K] and Sinai [S] for transforma-tions of a measure space is an important invariant in the ergodic theory. Connes,Narnhofer, St�ormer and Thirring [CSt, C, CNT] de�ned and investigated the notionof dynamical entropy which is a natural generalization of Kolmogorov-Sinai entropyto automorphisms of operator algebras. In last years this entropy has been stud-ied actively by many authors from di�erent points of view (see the bibliography,for example, in [B, OP, St]). Some interesting applications of dynamical entropy inphysics can be found in [B]. Also there are other promising approaches to non-abelianentropy [V, SaTh].In just the same way as in the case of Kolmogorov-Sinai entropy a very interestingproblem is to �nd models in which the dynamical entropy can be calculated exactly.As far as we know there are few such models up to now. One of them is the classof Bogoliubov automorphisms of the algebra of canonical anticommutation relations(CAR-algebra). In [StV] St�ormer and Voiculescu obtained the following remarkable�Permanent address of authors: Institute for Low Temperature Physics and Engineering, 47,Lenin ave., 310164 Kharkov, Ukraine



results. They showed that the dynamical entropy of a Bogoliubov automorphism iscomputed by a nice formula (predicted by Connes for the tracial state), and onlycontinuous part of unitary operator de�ning Bogoliubov automorphism should betaken into account because the contribution of its singular part is zero. Later thismodel was also studied in papers [NT, PSh] for more general states on the CAR-algebra.The following question arises naturally. Can we expect that for Zn-actions byBogoliubov automorphisms on the CAR-algebra the St�ormer-Voiculescu's results arestill valid? We just study this problem in the present work. We will prove that thedynamical entropy of Zn-actions by Bogoliubov automorphisms on the CAR-algebrais found by a formula which is analogous to St�ormer-Voiculescu one. Also it will beproved that the singular part of such a Zn-action has zero dynamical entropy andthe value of entropy depends only on the absolutely continuous part.To do it, we need to extend the notion of dynamical entropy to arbitrary Zn-actions on C�-algebras. The similar problem for Kolmogorov-Sinai entropy wassolved by Conze in [Co]. For the �rst time the interesting approach generalizing themethods of [Co] to Zn-actions on C�-algebras was proposed by Hudetz in [H], whoalso applied these results to a physical model. The entropy for Zn-actions also wasdiscussed in [B]. In the �rst part of this work we present (following the scheme of[Co]) our version.Under the presentation of this paper we refer very often to the articles [CNT,StV]. We have to do it because otherwise the size of our work would be considerablemore.
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2 Dynamical entropy for Zn-actionsIn this section we �rst remind brie
y the de�nition of dynamical entropy for au-tomorphisms of C�-algebras following [CNT, St]. We do it mainly to introducethe necessary notations. The entropy of Zn-actions on C�-algebras is studied moredetailed. We note that similar considerations can be done for Connes-St�ormer en-tropy of Zn-actions on type II1 von Neumann algebras. As it was indicated in theIntroduction our approach repeats on the whole the methods of [Co].Let A be a unitial C�-algebra, C1; :::; Ck �nite dimensional (f.d.) C�-algebras,and 
j : Cj ! A a unitial completely positive (u.c.p.) map, j = 1; :::; k. Let � be astate on A and P a u.c.p. map from A into a f.d. abelian C�-algebra B such thatthere is a state � on B for which � �P = �. If p1; :::; pr are the minimal projectionsin B, then there are states �i; i = 1; :::; r on A such thatP (x) = rXi=1 �i(x)pi; x 2 A;and � = rXi=1 �(pi)�i:Put ��(P ) = rXi=1 S(�j�i)where S(�j�i) is the relative entropy of � and �i. For S(�) = �Pri=1 �(pi) log pi,the entropy defect s�(P ) is given bys�(P ) = S(�)� ��(P ):Let Bj; j = 1; :::; k, be a C�-subalgebra of B and Ej : B ! Bj a �-invariant con-ditional expectation. Then (B;Ej; P; �) is called an abelian model for (A; 
1; :::; 
k).The entropy of such an abelian model is de�ned to beS(�j k_j=1Bj)� kXj=1 s�(�j)where �j = Ej � P � 
j : Cj ! Bj . The supremum of entropies of all such abelianmodels is denoted by H�(
1; :::; 
k). If � is a �-invariant automorphism of A and
 : C !A is a u.c.p. map of a f.d. C�-algebra C, then we denote byh�;�(
) = limk 1kH�(
; � � 
; :::; �k�1 � 
):The entropy of � with respect to � is de�ned by the formula:h�(�) = sup
 h�;�(
):3



Let A be as above, G = Zn the free abelian group with n generators and � : G!Aut(A; �) an �-invariant action of G on A by �-automorphisms, i.e. � is an injectivehomomorphism from G into Aut(A) such that �(g) is a �-invariant �-automorphismof A for any g 2 G. To simplify the exposition we will consider throughout thispaper the case n = 2 only. It is clear that the general case may be consideredanalogously.Let 
 be a u.c.p. map from a f.d. C�-algebra C into A. Take a sequence f�ng1n=1of a �nite parallelograms in Z2 = G such that �n � �n+1; n 2 N and Sn �n = Z2.We denote by ��n(
) = f�(i;j) � 
j(i; j) 2 �ng:According to [CNT, Proposition III.6,(b)],H�(� � 
1; :::; � � 
k) = H�(
1; :::; 
k) (2:1)for any � 2 Aut(A); � � � = �.Lemma 2.1. Let 
 : C ! A be a u.c.p. map and f�ng arbitrary increasing se-quence of parallelograms with Sn �n = G as above. Then for any �nite parallelogram� � G and � > 0 there exists n0 2 N such that for n � n01j�njH�(��n(
)) � 1j�jH�(��(
)) + � (2:2)where j�j is the cardinality of �.Proof. We will prove the lemma in case when �n and � are rectangles. Theproof for parallelograms di�ers only in some technical details. Let an and bn be thelengths of sides of �n, so j�nj = anbn (a and b are de�ned for � analogously). We mayassume that �n � � for all n � n1; n1 2 N. Let an = kna+ rn; bn = mnb+ qn wherern < a; qn < b.It means that one can cover by shifts of � a subrectangle ��n � �nwith j��nj = knmnj�j. In view of (2.1) and [CNT, Proposition III.6,(d)] we haveH�(��n(
)) � knmnH�(��(
)) +H�(��n���n(
)):Since j�n � ��nj � abn + anb, we obtainH�(��n���n(
)) � (abn + anb)H�(
):Thus, 1j�njH�(��n(
)) � knmnj�nj H�(��(
)) + abn + anbj�nj H�(
): (2:3)For given � > 0, there is n0 2 N (one can take n0 > n1) such that for all n > n0abn + anbanbn H�(
) < �: (2:4)4



It is clear that knmnj�nj � 1j�j : (2:5)Taking into account (2.4) and (2.5), we see that (2.3) implies (2.2). }Lemma 2.2. Let 
 and f�ng be as in Lemma 1:1: Thenlimn 1j�njH�(��n(
))exists and does not depend on the choice of f�ng.Proof. Lemma 2.1 tells us thatlim supn 1j�njH�(��n(
)) � 1j�jH�(��(
)) (2:6)where � is arbitrary �nite parallelogram in G. Let f�0ng be another sequence ofparallelograms satisfying the conditions of Lemma 2.1. Replacing � in (2.6) by �0k,we have lim supn 1j�njH�(��n(
)) � lim infk 1j�0kjH�(��0k(
)): (2:7)Then the statement of lemma follows from (2.7) because one can exchange the rolesof f�ng and f�0kg.}De�nition 2.3. For � : G! Aut(A; �); � � �(g) = �; g 2 G, we de�neh�;�(
) = limn 1j�njH�(��n(
))where f�ng is as above, and thenh�(�(G)) = sup
 h�;�(
)is called the dynamical entropy of the action �.Lemma 2.4. Let � be an action of G on (A; �); ���(g) = � and � = �(1; 0); � =�(0; 1) the generators of �(G). Thenh�(�(G)) � h�(�); h�(�(G)) � h�(�):Proof. This statement is a consequence of the inequality (2.2) since one canchoose � in the form f(0; 0); (1; 0); :::; (k; 0)g or f(0; 0); (0; 1); :::; (0; k)g and �rst takethe limit of the left side in (2.2) and then go to the limit as k !1. }5



The next statement is an analogue of Theorem V.2 from [CNT].Theorem 2.5. Let f�ng be a sequence of u.c.p. maps �n : An ! A such thatthere are u.c.p. maps �n : A ! An with �n��n ! 1A in the pointwise norm topology.Then for an action � : G! Aut(A; �); � � �(g) = �; g 2 G one haslimn h�;�(�n) = h�(�(G)):The proof is the same as in [CNT] because one can use Proposition IV.3 from[CNT] in the following form.Let C be a f.d. C�-algebra, 
; 
 0 u.c.p. maps from C into A and d = dimC.Suppose k
 � 
 0k < � and � is a �nite rectangle in G. ThenjH�(��(
))�H�(��(
 0))j � 6j�j�(log(1 + d��1) + 1=2): (2:7)We formulate now without proof the statement generalizing [CNT, Lemma VII.3and Theorem VII.4]. We will identify below a subalgebra N � M and the u.c.p.inclusion N !M .Proposition 2.6. Let M be a hyper�nite von Neumann algebra, � a normalstate on M , � : G ! Aut(M) an action of G on M such that � � �g = �; g 2 G.Then(i) sup
 h�;�(
) = supN h�;�(N)where N runs through all f.d. subalgebras of M ;(ii) for an ascending sequence fNkg of f.d. subalgebras with Sk Nk weakly dense inM , one has h�(�) = limk h�;�(Nk):Let Gp be a subgroup of G = Z2 with the �nite index p. It is known [Ku] thatone can take the generators fe1; e2g and ff1; f2g in G and Gp respectively such thatf1 = n1e1; f2 = n2e2 with n1; n2 2 N.Theorem 2.7. Let M be a hyper�nite von Neumann algeabra, � a normal stateon M and � : G ! Aut(M) an action of G on M with � � �g = �. If Gp is asubgroup of G with the �nite index p, then ph�(�(G)) = h�(�(Gp)).Proof. Firstly, one can de�ne the entropy of action of Gp as it was done for Gconsidering instead of parallelograms �n their intersections withGp, i.e. �pn = �n\Gp.6



In the other words, we may take the parallelograms �n constructed by vectors knf1and lnf2 where kn and ln go to in�nity as n!1. Thus,h�;�p(
) = limn 1j�pnjH�(��pn(
)); �p = �(Gp)and h�(�(Gp)) = sup
 h�;�p(
):It follows from [CNT, Proposition III.6,(d)] thatH�(��n(
)) � H�(��pn(
)): (2:8)Take 
 such that h�(�(Gp)) < h�;�p(
) + � for given � > 0. From (2.8) it followsh�(�) � limn 1j�njH�(��n(
))� limn 1pj�pnjH�(��pn(
))> p�1(h�(�(Gp))� �);i.e. ph�(�(G)) � h�(�(Gp)): (2:9)To prove the inverse inequality, we need to use the following result from [CNT].For any � > 0 there exists a f.d. subalgebra B �M such that the unit ball of �si(N)lie in B up to �, i.e. �si(N)1 �� B where si is taken from the parallelogram built byvectors f1 and f2. It follows from the proof of Theorem VII.4, [CNT] that for everysi there exists a u.c.p. map 
i : N ! B such thatk
i � �sik� < �(�)where �(�)! 0 as � ! 0.From the invariance of � under �, we getk�(l;m)�si � �(l;m)
ik� < �where (l;m) runs through the set �pn, so the elements of �n can be written as (l;m)+si. Thus, by [CNT, Theorem VI.3 and Proposition III.6,(d)]H�(��n(N)) � H�(��pn(
i)) + j�nj�� H�(��pn(B)) + j�nj�:7



Take N in such a way thath�(�(G))� � � limn 1j�njH�(��n(N))� limn 1pj�pnjH�(��pn(B)) + �� 1ph�(�(Gp)) + �: (2:10)Then (2.9) and (2.10) prove the theorem.}Corollary 2.8. Let � and � be two generators of the group �(G) acting on(A; �) with A being a nuclear C�-algebra and � � �g = �. Then if only h�(�) orh�(�) are �nite, h�(�(G)) = 0.Proof. Consider the subgroup �(Gp) generated by � and �p; p 2 N. Accordingto Lemma 2.4 and Theorem 2.7, we haveh�(�(G)) = 1ph�(�(Gp)) � 1ph�(�):It is clear that if h�(�) <1, then h�(�(G)) = 0, since p is arbitrary. }Proposition 2.9. The following properties are valid:(i) h�(��1 � � � �) = h���(�) where � 2 Aut(A);(ii) h��1+(1��)�2(�) = �h�1(�) + (1 � �)h�2(�); 0 � � � 1 with � being an actionof G on (A; �) as above.Proof. The statement (i) is proved as in [CNT, VII.5]. To prove (ii) we notethat according to [CNT, Proposition III.6,(e)]jh��1+(1��)�2;�(
)� �h�1;�(
)� (1� �)h�2;�(
)j� �� log �� (1� �) log(1� �): (2:11)Then from (2.11) it follows thatjh��1+(1��)�2(�(G))� �h�1(�(G))� (1� �)h�2(�(G))j� �� log �� (1� �) log(1� �): (2:12)Let Gp � G be a subgroup of G of index p. Then (2.12) one can be applied to Gp:1p jh��1+(1��)�2(�(Gp))� �h�1(�(Gp))� (1� �)h�2(�(Gp))j8



� �1p(� log � + (1� �) log(1� �)): (2:13)But the left sides in (2.12) and (2.13) coincide. The statement (ii) follows now from(2.13) when p goes to in�nity.}We will use in the next section the following statements.Lemma 2.10. Let � be a pure state on an unitial C�-algebra A, and � a �-invariant action of G on A. Then h�(�) = 0.The proof follows immediately from [StV, Lemma 3.1] and Corollary 2.8.Lemma 2.11. Let A be a C�-algebra, � a state, and � a �-invariant actionof G on A. Suppose B is a C�-subalgebra of A such that there is an expectationE : A ! B satisfying the conditions: �gE = E�g; g 2 G; and � � E = �. Then �jBis an action of G on B and h�(�jB) � h�(�):The proof is the same as in [StV, Lemma 3.2].Lemma 2.12. Let A be a C�-algebra, � a state, and � a �-invariant actionof G on A. Let fAjg1j=1 be an increasing sequence of C�-subalgebras such that theexpectations Ej : A ! Aj satisfy the following conditions:(i) �gEj = Ej�g; g 2 G; j = 1; 2; :::;(ii) Ej+1Ej = EjEj+1 = Ej; j = 1; 2; :::;(iii) Ej ! 1A in pointwise-norm topology.Suppose that the norm closure of Sj Aj is A; then �jAj is an action of � on Aj andh�(�) � lim infj h�(�jAj):If moreover � �Ej = �; j 2 N, thenh�(�) = limj h�(�jAj):Proof. Lemma can be proved by the same method as Lemma 3.3 from [StV]taking into account the inequality (2.7).}Lemma 2.13. Let �i be an action of G on (Ai; �i) such that �i��i = �i; i = 1; 2:Then h�1
�2(�1 
 �2) � h�1(�1) + h�2(�2):Proof. See the proof of Lemma 3.4 from [StV].}9



3 Entropy of Zn-actions by Bogoliubov automor-phismsLet H be a complex separable Hilbert space. Suppose a unitary representation �of G = Zn on H is given (as before we consider the case n = 2 only). Denote byU1 = �(1; 0) and U2 = �(0; 1) two commuting generators of �(G). According to thewell known results of Mackey (see, for example, [Ki, p.128]) we have for n1; n2 2 Zthat Un11 Un22 = Z ZT2 � exp(2�i(n1x+ n2y))1(x;y)d�(x; y)where T2 = S1 � S1 is the two-dimensional torus (which is the dual space for Z2),d�(x; y) is a Borel measure on T2, and 1(x;y) is the identity operator on a Hilbertspace H(x; y). In other words, H is decomposed in a direct integral of H(x; y) inwhich the representation � is diagonal.Each unitary representation � is a direct sum � = �a � �s with �a acting ona Hilbert space Ha and �s on Hs. The representation �a has spectral measure �aabsolutely continuous with respect to Lebesgue measure d�1d�2 on T2, and �s hasspectral measure �s singular with respect to d�1d�2. We will call �a the absolutelycontinuous part of � and �s the singular part. If �a is equivalent to d�1d�2, then� is called a representation with Lebesgue spectrum. The measurable functiondimHa(x; y) is called the multiplicity function and denoted by m(�).We remind following [StV] some de�nitions concerning the CAR-algebra notion.The CAR-algebra A(H) is a C�-algebra with the property that there is a linearmap f 7! a(f) of H into A(H) whose range generates A(H) as a C�-algebra andsatisfying the canonical anticommutation relations:a(f)a(g)� + a(g)�a(f) = (f; g)1;a(f)a(g) + a(g)a(f) = 0; f; g 2 Hwhere (:; :) is the inner product on H, and 1 is the unit of A(H). Let 0 � A � 1be an operator on H. The quasifree state !A on A(H) is de�ned by its values onproducts of the form a(fn)�::: a(f1)�a(g1 ::: a(gm); n;m 2 N given by!A(a(fn)�::: a(f1)�a(g1) ::: a(gm)) = �nm det((Agi; fj)):If U is a unitary operator on H, then U de�nes an automorphism �(U) of A(H)called a Bogoliubov automorphism by formula: �(U)(a(f)) = a(Uf); f 2 H. IfUA = AU , then !A � �(U) = !A. It is well known that A(H) ' N1n=1M2(C)n,and if A has a pure point spectrum, then !A = N1n=1 !�n, where f�ng is the set ofeigenvalues for A and !�  a bc d ! = (1� �)a+ �d10



Let � be a unitary representation of G = Z2 on H. Then � de�nes an action �of G on A(H) by the formula�(�g)(a(f)) = a(�g(f)); g 2 G:We will call �(�g) a Bogoliubov action.The case of singular spectrum.We �rst prove that the dynamical entropy of Bogoliubov actions with a pure singularspectrum is zero.Lemma 3.1. Let � be a representation of G on H with spectral measure singularwith respect to Lebesgue measure on T2. Let U1 = �(1; 0); U2 = �(0; 1) be twogenerators of �(G). Assume that P is a �nite rank orthogonal projection and � > 0.Then there is k0 2 N such that for each k � k0 there is a �nite rank projection Qkwith the properties:(i) k(1 �Qk)U s11 U s22 Pk < �; 0 � s1 � k; 0 � s2 � k;(ii) dimQk � �k2.Proof. It follows from the conditions of the lemma that there is a measurableset D � T2 such that for given � > 0 the following hold:(a) D = D1 [ ::: [ DN ;Dj = f(ei�1; ei�2)j �1j � �1 � �1j ; �2j � �2 � �2j ; �1j � �1j =�2j � �2jg where all Dj are disjunct and �lj; �lj 2 [0; 2�]; l = 1; 2; j = 1; :::; N ;(b) N maxf(�1j � �1j )2jj = 1; :::; Ng � �;(c) if E(D) is the spectral projection of � for the set D, then k(1 �E(D))Pk < �.Take a numberM 2 N and divide everyDj inM2 squares Dj;p of equal measure,where 1 � j � N and 1 � p �M2. LetXM = �j;pE(Dj;p)P (H):Then dimXM � NM2 dimP (H). If f 2 P (H); kfk = 1, then we have that for(ei�0j;p; ei�00j;p) 2 Dj;p with j 2 [1; N ]; p 2 [1;M2]d(U s11 U s22 f;XM)2 � kXj;p ei�0j;ps1ei�00j;ps2E(Dj;p)f � U s11 U s22 fk2� 2Xj;p kei�0j;ps1ei�00j;ps2E(Dj;p)f � U s11 U s22 E(Dj;p)fk2 + 2kU s11 U s22 E(D)f � U s11 U s22 fk2� 2Xj;p k(ei�0j;ps1ei�00j;ps21 � U s11 U s22 )E(Dj;p)k2kE(Dj;p)fk2 + 2�2� 2maxj;p k(ei�0j;ps1ei�00j;ps21 � U s11 U s22 )E(Dj;p)k2 + 2�2:Since k(ei�0j;ps1ei�00j;ps21 � U s11 U s22 )E(Dj;p)k11



� supz1;z22Dj;p jei�0j;ps1ei�00j;ps2 � zs11 zs22 j� supz1;z22Dj;pfjei�0j;ps1(ei�00j;ps2 � zs22 )j+ jzs22 (ei�0j;ps1 � zs11 )jg� 1M (s1 + s2)maxj j�1j � �1j j� (s1 + s2)M ( �N )1=2;we get d(U s11 U s22 f; XM ) � s2�s1 + s2M �2 �N + 2�2� p2s1 + s2M ( �N )1=2 +p2�:This estimate is uniform in f 2 P (H). Thus, we proved for the orthogonal projectionQ onto XM that k(1�Q)U s11 U s22 Pk � p2 s1 + s2M ( �N )1=2 + �!and dimQ �M2N dimP .Given k let us take Qk to be the orthogonal projection onto XM , and if � is asin the condition of the lemma, letM2 = " �k2N dimP # :Then dimQ �M2N dimP � �k2. Takek0 = 24sN dimP� + 135 ;then for k � k0 we have �k2N dimP � 1:Taking into account that max1�s1;s2�kp2(s1 + s2M ( �N )1=2 + �)= p20BB@ 2krh �k2N dimP i( �N )1=2 + �1CCA12



� 4pdimP +p2�p� �1=2;we obtain that if �1=2 � �p�4pdimP +p2�;then k(1�Qk)U s11 U s22 Pk < �:}Theorem 3.2. Let � be a Bogoliubov action on A(H), and � a state on A(H)such that � � �(�g) = � for any g 2 G. If the spectral measure of � is singular withrespect to Lebesgue measure, then h�(�(�)) = 0:Proof. Let P be an orthogonal projection in B(H) of �nite rank, and j :P (H) ! H the inclusion map. Then there are u.c.p. maps 
j : A(P (H)) !A(H); 
p : A(H)! A(P (H)) [E] such that
j(a(f)) = a(jf); 
p(a(f)) = a(Pf):If Pn % 1 is a sequence of such projections then with jn : Pn(H)! H the inclusion,
jn � 
Pn ! 1A(H) in pointwise-norm topology. By Theorem 2.5,h�(�(�)) = limn h�;�(�)(
jn):Whence it su�ces to show that h�;�(�)(
j) = 0. Since dimP < 1, for given � > 0there is � > 0 such that if W1;W2 : P (H ! H) are isometries with kW1�W2k < �;then k�(W1)��(W2)k < �, where �(W )(a(f)) = a(Wf) [E]. Take Qk as in Lemma3.1. Denote by pol(QkU s11 U s22 jP (H)) the partial isometry W2 appearing in the polardecomposition QkU s11 U s22 jP (H) = W2jQkU s11 U s22 jP (H)jwith U1; U2 being the generators of �(G) as in Lemma 3.1. Let W1 = U s11 U s22 jP (H).According to Lemma 3.1, kU s11 U s22 �QkU s11 U s22 Pk < � for 0 � s1; s2 � k, hencekU s11 U s22 jP (H) � pol(QkU s11 U s22 jP (H))k < 3�:Choosing � < �=3 and k � k0, we obtain thatk�(U s11 U s22 jP (H))� �(pol(QkU s11 U s22 jP (H)))k < �for 0 � s1; s2 � k. By [CNT, Proposition IV.3] for given � > 0 and � > 0, there isk0 2 N such that if k � k0 and Qk as in Lemma 3.1, thenH�(�(��k)(
j)) � k2� +H�(�(pol(Qk��kj))) (3:1)where �k = [0; 1; :::; k � 1] � [0; 1; :::; k � 1]. If we de�ne v : Qk(H) ! H to be theinclusion map, then �(pol(Qk�(p;q)j)) = �(v)��(pol(Qk�(p;q)j)); (p; q) 2 �k, whenceby [CNT, Proposition III.6 (a) and III.4]H�(�(pol(Qk��kj))) � H�(�(v)) = S(� � �(v)) (3:2)13



where � � �(v) is a state on A(Qk(H)), a C�-algebra of dimension less than 2k2�.Thus, H�(�(v)) � k2� log 2: (3:3)It follows from (3.1), (3.2) and (3.3) that1j�kjH�(�(��k)(
j)) � � + � log 2:Since � and � are arbitrary, h�;�(�)(
j) = 0. }The case of absolutely continuous spectrum.Now we formulate and prove several lemmas concerning the actions with absolutelycontinuous spectrum.Lemma 3.3. Let H = H1 �H2 and 0 � Ai � 1 be an operator on Hi. Suppose�i be a unitary action of G on Hi such that �(g)Ai = Ai�i(g); g 2 G; i = 1; 2: Thenh!A1�A2 (�(�1 � �2)) � h!A1 (�(�1)):Proof. According to [StV] the following formula is valid:�((�1 � �2)(g))jA(H1)
A(H2)e = �(�1(g))jA(H1) 
 �(�2(g))jA(H2)ewhere g 2 G and A(H)e is the even subalgebra of A(H). Then the statement oflemma follows from Lemmas 2.11 and 2.13. }Lemma 3.4. Let � 2 [0; 1] and �1; �2 be two unitary representations of G on aHilbert space H.(i) If there is a unitary operator W such that �2(g) = W�1(g)W�1; g 2 G, thenh!�(�1) = h!�(�2).(ii) If �1 and �2 have the same singular parts and m(�1) � m(�2), then h!�(�1) �h!�(�2):Here and below !� is the quasi-free state constructed by A = �1.Proof. (i) is obvious due to Proposition 2.9. To prove (ii), we can assume thatup to unitary equivalence �2 is the restriction of �1 to a reducing subspace, and now(ii) follows from Lemma 3.3. }Lemma 3.5. Let f�ng be a sequence of unitary representations of G all withLebesgue spectrum. Suppose fm(�n)g is an increasing sequence with pointwise limitm(�), where � is a unitary representation of G also with Lebesgue spectrum. Thenfh!�(�(�n))g is an increasing sequence andh!�(�(�)) = limn h!�(�(�n)):14



Proof. The statement of the lemma follows from Lemmas 2.11 and 2.13 in thesame way as in [StV, Lemma 4.4]. }Let H be an in�nite dimensional Hilbert space with an orthonormal basisffm;ngm;n2Z. Let also V1 and V2 be two unitary operators acting on H by formulas:V1fm;n = fm+1;n; V2fm;n = fm;n+1; m; n 2 ZThen V1 and V2 generate an representation of G on H which we will call the twodimensional bilateral shift.Lemma 3.6. For i 2 f1; :::; rg, Let H be an in�nite dimensional separablecomplex Hilbert space with identity 1i, and let �i = �i(fU1(i); U2(i))g be a unitaryaction of G on Hi with U1(i); U2(i) being the generators such that for each i there arep1(i); p2(i) 2 N and common q1; q2 2 N for all i such that the pair (U q11 ; U q22 ) is uni-tarily equivalent to (V p1(i)1 ; V p2(i)2 ) where V1; V2 are generators of the two-dimensionalbilateral shift. Let A = �ri=1ci1i; ci 2 [0; 1] and U1 = �ri=1U1(i); U2 = �ri=1U2(i)0.Then if � is the representation of G de�ned by U1 and U2 we have the formula forthe entropy of Bogoliubov action �(�)h!A(�(�)) = 1q1q2 rXi=1 p1(i)p2(i)S(!ci) = 1q1q2 rXi=1 p1(i)p2(i)(�(ci) + �(1 � ci))where �(x) = �x log x; x > 0. The same formula holds for the restriction of �(�)and !A to the even subalgebra A(H)e.Proof. Let ff im;ngm;n2Z be an orthonormal basic in Hi; i = 1; :::; r; such thatV1f im;n = f im+1;n; V2f im;n = f im;n+1;m; n 2 Z. LetA hff1m;njm = 1; :::; p1(1); n = 1; :::; p2(1)g; :::; ff rm;njm = 1; :::; p1(r); n = 1; :::; p2(r)gi= N (3:4)where [ffg] denotes the subspace spanned by vectors ffg. Since Af im;n = cif im;n,the subalgebra N can be written as a tensor productN = pOi=1M2(C)i (3:5)where p = Pri=1 p1(i)p2(i) and!AjN = 0@p1(1)p2(1)Oi=1 !c11A 
 :::
 0@p1(r)p2(r)Oi=1 !cr1A : (3:6)15



Consider for s; t 2 Z the subspacesXs;t = U q1s1 U q2t2 [ff1m;ng; :::; ff rm;ng]where the vectors ff im;ng are taken as in (3.4). According to conditions of lemma,we have that Xs;t = rMi=1 V sp1(i)1 V tp2(i)2 [ff im;ng]and Xs;t ? Xs0 ;t0 if (s; t) 6= (s0; t0). It is easy to check that the subspaces fXs;tgs;t2Zspan all H = �ri=1Hi and therefore, A(Xs;t) generate all A(H). Let Gq1;q2 be thesubgroup of G with generators (q1; 0) and (q2; 0). The unitary operators U q11 andU q22 de�ne the representation �(Gq1;q2) on H. Let �s;t(q1; q2) = [0; q1; :::; (s� 1)q1]�[0; q2; :::; (t�1)q2]; s; t 2 N. Repeating the arguments from the proof of [Lemma 4.5,StV], we get that if Ns;t is the algebra generated by �(��s;t(q1;q2))(N), then it followsfrom [CNT, Corollary VIII.8] that1stH!A(�(��s;t(q1;q2))(N)) = 1stS(!AjNs;t)= 1st s�1Xu=0 t�1Xv=0 S(!Aj�(Uuq11 Uvq22 )(N))= S(!AjN) = rXi=1 p1(i)p2(i)S(!ci): (3:7)We used here relations (3.5) and (3.6). Thus, we have proved thath!A;�(�(Gq1 ;q2 ))(N) = rXi=1 p1(i)p2(i)S(!ci): (3:8)For n 2 N denote by Mn = n_s=�n n_t=�n �(U sq11 U tq22 )(N):fMng is an increasing sequence of f.d. subalgebras of A(H) with dense union. Thenby Proposition 2.6 h!A(�(�(Gq1;q2))) = limn h!A;�(�(Gq1;q2 ))(Mn): (3:9)The C�-algebra generated by f�(��s;t(q1;q2))(Mn)g equals the one generated byf�(��0s;t(q1;q2))(N)g where �0s;t(q1; q2) = [�n; :::; n+ s � 1] � [�n; :::; n+ t � 1]. Bypreviuos arguments with N (see (3.7)) we obtain that1(2n + s)(2n+ t)H!A(�(��s;t(q1;q2))(Mn)) = S(!AjN): (3:10)16



Taking the limit in (3.10) as s; t!1 we geth!A;�(�(Gq1 ;q2 ))(Mn) = S(!AjN):It follows from Theorem 2.7 and (3.8) thath!A(�(�)) = 1q1q2S(!AjN) = 1q1q2 rXi=1 p1(i)p(i)S(!ci):}Lemma 3.7. Let � be a representation of G on H with Lebesgue spectrumconsisting of disjunct sets Dj = exp(2�i[a1(j); b1(j)])� exp(2�i[a2(j); b2(j)])j 2 J ,such that bi(j) � ai(j) = pi(j)=qi where pi(j); qi 2 N; i = 1; 2, and J � N. LetHj = L2(Dj ; d�1d�2) be considered as a subspace of L2(T2; d�1d�2). If U1 and U2are the generators of �, then one can de�ne Ui(j) = UijHj; i = 1; 2; j 2 J; i.e. U1 =�j2JU1(j); U2 = �j2JU2(j) and U1(j); U2(j) are the generators of representation �jon Hj . Suppose that �j has constant �nite multiplicity nj, and let 0 � Aj � 1acts on Hj and commutes with �j. Writing �j = �j � ::: � �j (nj times) (�j is arepresentation of G with the multiplicity 1), we assume that Aj = �njk=1cjk1j where1j is the identity on the space on which �j acts. Let Bj denote the diagonal nj � njmatrix with the numbers cj1; :::; cjnj on the diagonal. Then Aj = Bj 
 1j and thefollowing formula holds;h!A(�(�)) = Xj2J(b1(j)� a1(j))(b2(j)� a2(j))Trnj (�(Bj) + �(1�Bj)) (3:11)with Trnj being usual trace on Mnj (C) and �(x) = �x log x; x > 0. Also the sameformula holds for the restrictions �(�) and !A to A(H)e.Proof. We �rst assume that J is �nite, J = f1; 2; :::; rg. According to conditionsof the lemma, we may writeUi = Vi(1)� :::� Vi(1)| {z }n1 �:::� Vi(r)� :::� Vi(r)| {z }nr ; i = 1; 2where V1(j); V2(j) generate the action �j. Also we have thatA = (c1;111 � :::� c1n111)� :::� (cr11r � :::� crnr1r):For every j 2 f1; :::; rg, the operators V q11 (j) and V q22 (j) generate the two-dimensional bilateral shift of multiplicity p1(j)p2(j). Thus, by Lemma 3.6h!A(�(�)) = rXj=1 p1(j)p2(j)q1q2 njXl=1 S(!cjl)= rXj=1(b1(j)� a1(j))(b2(j)� a2(j))Trnj (�(Bj) + �(1 �Bj)):17



The case of in�nite set J is considered in the same way as in [StV, Lemma 4.6]taking into account Lemma 2.12. }Theorem 3.8. Let � be a unitary representation of G on a complex Hilbertspace H. Assume that � has Lebesgue spectrum. Then for � 2 [0; 1] we haveh!�(�(�)) = 1(2�)2 (�(�) + �(1� �)) Z 2�0 Z 2�0 m(�)(�1; �2)d�1d�2 (3:12)with �(x) = �x log x and m(�) being the multiplicity function.Proof. If � = 0 or 1, then !� is a pure state [PSt], so h!�(�(�)) = 0 by Lemma2.10. It means that formula (3.11) holds in this case. Assume 0 < � < 1. Wewill use the following result which is an obvious generalization of Theorem 2.1 from[StV].Let G be the additive semigroup of measurable functions f : T2 ! N[f0g. Letfor n1; n2 2 N Tn1;n2f(�1; �2) = Xzn11 =�1 Xzn22 =�2 f(z1; z2):Suppose that a map � : G ! R+ = [0;1) satis�es the conditions:(i) �(n1) = n;(ii) f � g ) �(f) � �(g);(iii) fi % f ) �(fi)% �(f);(iv)�(Tn1;n2f) = n1n2�(f);(v) f = g a.e. ) �(f) = �(g).Then �(f) = 1(2�)2 Z 2�0 Z 2�0 fd�1d�2: (3:13)The proof of formula (3.13) can be obtained using the methods of [StV].Considering the representations of G with Lebesgue spectrum one can assumethat h!� de�nes a map from the set of multiplicity functions into R+. Theorem2.7 and Lemmas 3.4, 3.5, and 3.6 tell us that h!� satis�es all conditions (i) - (v),therefore (3.12) is valid. }The case of mixed spectrum.Lemma 3.9. Let � be a unitary representation of G on H with absolutelycontinuous part �a acting on Ha and singular part �s acting on Hs. Let A = Aa�Ascommute with � = �a � �s; 0 � A � 1. Assume that Aa and �a are as in Lemma3.7. Then h!A(�(�)) = h!Aa (�(�a)) is given by formula (3.11).The proof of this lemma (which is analogous to [Lemma 5.3, StV]) repeats onthe whole that of Theorem 3.2 and is based on Lemmas 3.3, 3.6, and Proposition2.6. 18



Theorem 3.10. Let � be arbitrary unitary representation of G on H. Then for� 2 [0; 1] the entropy h!�(�(�)) is given by formula (3.12).Proof. Let � = �a��s be the decomposition of � into absolutely continuous andsingular parts acting on Ha and Hs respectively. Let � > 0 be given. By measuretheory there is a unitary representation  with Lebesgue spectrum on Ha such thatm( ) = rXj=1 dj�Ej � m(�)where Ej is of the form exp2�i[b1(j); a1(j)]� exp2�i[b2(j); a2(j)] with bk(j)� ak(j)being rational, k = 1; 2; andZ 2�0 Z 2�0 m(�)d�1d�2 + � > Z 2�0 Z 2�0 m( )d�1d�2:According to Theorem 3.8 and Lemmas 3.3, 3.4 and 3.9, we get1(2�)2 (�(�)) + �(1 � �) Z 2�0 Z 2�0 m(�)d�1d�2 = h!�(�(�a))� h!�(�(�a � �s)) � h!�(�( � �s)) = h!�(�( ))= 1(2�)2 (�(�) + �(1� �)) Z 2�0 Z 2�0 m( )d�1d�2< 1(2�)2 (�(�) + �(1 � �)) �Z 2�0 Z 2�0 m(�)d�1d�2 + �� :Since � is arbitrary, (3.12) follows. }If an operator A commutes with a representation � = �a � �s of G, then bydirect integral theory A = Aa �As andAa = Z ZT2 �A(�1; �2)d�1d�2with A(�1; �2) 2 B(H(�1; �2)), where H(�1; �2) = 0 if m(�)(�1; �2) = 0. We note thatif A has a pure point spectrum, the following formula can be proved using Lemmas2.11, 2.12, 2.13, 3.3, 3.9 and Theorem 3.10 by the method of [StV, Theorem 6.3]h!A(�(�)) = 1(2�)2 Z 2�0 Z 2�0 Tr(�(A(�1; �2)) + �(1�A(�1; �2)))d�1d�2where Tr is the usual trace on B(H(�1; �2)):Acknowledgement. This work was done during our visit to the Erwin Schr�odingerInternational Institute for Mathematical Physics. We are most grateful to Profes-sors H. Narnhofer and W. Thirring and the Erwin Schr�odinger Institute for the19
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