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tWe show that 
ertain tensor produ
t multipli
ities in semisimple braided sovereigntensor 
ategories must be even. The quantity governing this behavior is the Frobeni-us--S
hur indi
ator. The result applies in parti
ular to the representation 
ategoriesof large 
lasses of groups, Lie algebras, Hopf algebras and vertex algebras.
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The tensor produ
t of G-representations is a notion that exists for many algebrai
 stru
turesG, like groups, Hopf algebras or vertex algebras. In appli
ations in mathemati
s and physi
s, of-ten an important role is played by the spa
e of invariants in a tensor produ
t V�1 
V�2 
 � � � 
V�`of irredu
ible G-modules V�i .In most 
ases there is in addition a notion of 
onjugate representation V _. Irredu
iblemodules whi
h are self-
onjugate, i.e. satisfy V �= V _, typi
ally 
ome in two 
lasses { real (ororthogonal) modules and pseudo-real (or symple
ti
, or quaternioni
) modules, respe
tively.They are distinguished by the so-
alled Frobenius--S
hur indi
ator, whi
h takes value � =1 forreal modules and �=�1 for pseudo-real modules.For brevity, we refer to the dimension N�1�2:::�` of the spa
e of invariants in the tensorprodu
t V�1 
V�2 
 � � �
V�` as a fusion rule, a terminology borrowed from two-dimensional
onformal �eld theory. When dealing with representations of 
ompa
t Lie groups, it is knownthat the fusion rule N�1�2:::�` is an even integer if all the irredu
ible modules V�i are self-
onjugate and the produ
t Qì=1��i of their Frobenius--S
hur indi
ators equals �1. In 
ontrast,when the produ
t of the Frobenius--S
hur indi
ators is equal to +1, the value of the fusion ruleis not restri
ted. To mention another example, re
ent studies of theories of unoriented stringsand their underlying 
onformal �eld theories lead to the 
onje
ture [1℄ that this relationshipalso holds for representations of (rational) vertex algebras.In the present letter we show that this property of fusion rules 
an be formulated in avery general setting { (braided, semisimple) sovereign tensor 
ategories { in whi
h it also �ndsits natural proof. A sovereign tensor 
ategory C is a tensor 
ategory with a left and a rightduality that 
oin
ide as fun
tors. We take the tensor 
ategory C to be stri
t, so that the tensorprodu
t is stri
tly asso
iative. (By the 
oheren
e theorems, this 
an be assumed without loss ofgenerality.) For simpli
ity, we also assume that the morphism sets Hom(X;Y ) of C are ve
torspa
es over some �eld k.A right duality assigns to every obje
t X in the tensor 
ategory C another obje
t X_, 
alledthe right-dual obje
t, and gives a family of morphismsbX 2 Hom(1;X
X_) and dX 2 Hom(X_
X;1) (1)(1 denotes the tensor unit, satisfying 1
X =X =X
1) su
h that the equalities(idX 
 dX) Æ (bX 
 idX) = idX and (dX 
 idX_) Æ (idX_ 
 bX) = idX_ (2)hold. These data allow to asso
iate to every morphism f 2Hom(X;Y ) its right-dual morphismf_ := (dY 
 idX_) Æ (idY _ 
 f 
 idX_) Æ (idY _ 
 bX) 2 Hom(Y _;X_) : (3)Similarly, a left duality assigns a left-dual _X and gives morphisms~bX 2 Hom(1; _X
X) ; ~dX 2 Hom(X
_X;1) (4)that satisfy relations analogous to those in (2), and left-dual morphisms _f are de�ned analo-gously as in (3).A sovereign tensor 
ategory has both a left and a right duality whi
h 
oin
ide both on allobje
ts and on all morphisms: _X =X_ for all X 2Obj(C), and_f = f_ for all f 2Hom(X;Y ) (5)2



and all X;Y 2Obj(C). Sovereignty is a strong property; in parti
ular it allows to de�ne twonotions trL(f) and trR(f) of a tra
e of an endomorphism f , both of whi
h are 
y
li
. Whenapplied to the identity morphism, these tra
es assign a left and a right (quantum) dimensiondimL(X)= trL(idX) and dimR(X)= trR(idX), respe
tively, to ea
h obje
tX. (For our purposes,it is not ne
essary that the 
ategory is spheri
al, i.e. that the two tra
es 
oin
ide. For moreinformation and referen
es about dualities in tensor 
ategories, see e.g. [2℄.) An immediate
onsequen
e of the de�nition of sovereignty is the simple, but useful, identity~dY Æ (g
 idY _) = dY Æ (idY _ 
 g) (6)that is valid for all obje
ts Y of C and all g 2Hom(1; Y ).We now restri
t our attention to absolutely simple 1 obje
ts X, i.e. obje
ts for whi
h thering of endomorphisms 
oin
ides with the ground ring, Hom(X;X)�=Hom(1;1)= k. In everysovereign tensor 
ategory there is the following notion of a Frobenius--S
hur indi
ator of anabsolutely simple self-dual obje
t X: Fix an isomorphism �2Hom(X;X_) and 
onsiderVX(�) := (dX 
 idX_) Æ (idX_ 
��1
�) Æ (idX_ 
~bX) 2 Hom(X_;X_) : (7)This morphism does in fa
t not depend on �, and it must be a multiple of the identity,VX(�) = �X idX_ : (8)The s
alar �X is 
alled the Frobenius--S
hur indi
ator of X. If all left and right dimensionsin the 
ategory are invertible, then �X 
an only take the values �1. In the de�nition ofVX one may ex
hange the role of left and right dualities, but by the sovereignty of C bothde�nitions are equivalent. The following identity, valid for all morphisms �2Hom(X;X_),follows immediately from the de�nitions:~dX Æ (idX 
 �) = �X dX Æ (�
 idX) : (9)Having explained the setting, we 
an formulate our main result:Theorem: Let C be a semisimple braided sovereign tensor 
ategory, 12Obj(C) the tensorunit, andXi 2Obj(C) (i2 f1; 2; ::: ; `g) self-dual absolutely simple obje
ts with Frobenius--S
hurindi
ators �i 2 f�1g. Then the morphism spa
eH := Hom(1;X1
X2
 � � �
X`) (10)
an be endowed with a non-degenerate bilinear pairing.This pairing is symmetri
 if the produ
t � := Qì=1�i is +1, and antisymmetri
 if �=�1. As a
onsequen
e, for � =�1 the ve
tor spa
e H is even-dimensional.As a matter of fa
t, we shall prove a slightly more general statement. To formulate it, it is
onvenient to de�ne the Frobenius--S
hur indi
ator of a non-selfdual absolutely simple obje
tX to be zero, �X =0 for X �X_.1 In many 
ases, e.g. when C is abelian and the ground �eld k is algebrai
ally 
losed, the notions of anabsolutely simple and of a simple obje
t are equivalent.3



Theorem: Let C be a semisimple braided sovereign tensor 
ategory, 12Obj(C) the tensor unit,and Xi 2Obj(C) (i2f1; 2; ::: ; `g) absolutely simple obje
ts with Frobenius--S
hur indi
ators�i 2 f0;�1g. Suppose there exists a permutation �2S` su
h that X�(i)�=X_i for i=1; ::: ; `.Then the morphism spa
e H := Hom(1;X1
X2
 � � �
X`) (11)
an be endowed with a non-degenerate bilinear pairing.This pairing is symmetri
 if the produ
t � :=Qì=1(1 + �i � �2i ) is +1, and antisymmetri
 if�=�1. In parti
ular, for �=�1 the ve
tor spa
e H is even-dimensional.Proof:1. The presen
e of the permutation � allows us to �nd another permutation � 2S` of order twosatisfying X�(i)�=X_i as well.To see this, we de
ompose � in disjoint 
y
les (i1; ::: ; in). On ea
h su
h 
y
le we haveXik �=X_ik+1�=Xik+2 (we 
y
li
ly identify in+1= i1 and in+2= i2). If the length n of a 
y
le is odd, thenXik �=Xik+1 and hen
e all obje
ts on the 
y
le are self-dual. On su
h a 
y
le we let � a
t asthe identity. If the order n is even, we take �(ik) := ik+1 for even k and �(ik) := ik�1 for odd k.Note that �(i) 6= i does not rule out that Xi is self-dual.2. Next we �x isomorphisms fi 2Hom(Xi;X_�(i)): If �(i)= i, we pi
k an arbitrary isomorphismfi 2Hom(Xi;X_i ). For �-orbits of length 2, we 
hoose an arbitrary isomorphism fi 2Hom(Xi;X_�(i))for one element i on the orbit, and then de�ne f�(i) 2Hom(X�(i);X_i ) asf�(i) := (idX_i 
 dX�(i)) Æ (idX_i 
 fi
 idX�(i)) Æ (~bXi 
 idX�(i)) : (12)(Noti
e that f�(i) is not the (left- and right-) dual morphism of fi.) This de�nition does notdepend on the 
hoi
e of i on the orbit. Indeed, formula (12) implies thatfi = (idX_�(i) 
 dXi) Æ (idX_�(i) 
 f�(i)
 idXi) Æ (~bX�(i) 
 idXi) ; (13)whi
h is shown by applying (6) to the morphism g := (idX_i 
fi) Æ~bXi 2Hom(1;X_i 
X_�(i)).With this 
hoi
e of the isomorphisms fi, we havedX�(i) Æ (fi
 idX�(i)) = pi ~dXi Æ (idXi 
 f�(i)) ; (14)where pi= �i if �(i)= i and pi=1 if �(i) 6= i.3. We now 
onstru
t a bilinear pairing h � ; � i: H�H! k�Hom(1;1) out of the following twoingredients: First, the duality morphismdX�(1)
X�(2)
���
X�(`) 2 Hom(X_�(1)
X_�(2)
 � � � 
X_�(`)
X�(`)
X�(`�1)
 � � �
X�(1);1) ; (15)whi
h may be obtained re
ursively bydX�(1)
X�(2)
���
X�(`) = dX�(1) Æ [idX_�(1) 
 dX�(2)
X�(3)
���
X�(`) 
 idX�(1)℄ (16)from the duality morphisms of the simple obje
ts Xi. Se
ond, any isomorphism
X1
X2
���
X` 2 Hom(X1
X2
 � � � 
X`;X�(`)
X�(`�1)
 � � �
X�(1)) (17)4



that is a 
ombination of braidings. (Any of the various possible 
ombinations of braidings maybe 
hosen; the argument does not depend on this 
hoi
e.) Then the pairing h � ; � i on H is givenby h� ; �0i := dX�(1)
X�(2)
���
X�(`) Æ [f1
f2
 � � � 
f`
 
X1
X2
���
X` ℄ Æ [�
 �0℄ : (18)4. The pairing (18) is non-degenerate.Sin
e both 
X1
X2
���
X` and f1
f2
 � � � 
f` are ismorphisms, this follows from the fa
t thatin every semisimple sovereign 
ategory for any obje
t W the pairingB : Hom(1;W_)
Hom(1;W ) ! k�1 
 �2 7! dW Æ (�1
�2) = �_1 Æ�2 (19)is non-degenerate. Namely, as C is semisimple, the obje
t W 
an be written as a dire
t sumW �= LiWi of simple obje
ts. Thus when �2 2Hom(1;W ) is non-vanishing, then at leastone 
omponent 
orresponding to some Wi�= 1 is non-vanishing, and there exists a �1 with amat
hing 
omponent su
h that B(�1; �2) is non-zero.5. We �nally analyze the symmetry properties of the pairing.Using property (14) of the morphisms fi as well as fun
toriality of the braiding, we obtainh� ; �0i = � ~dX�(`)
X�(`�1)
���
X�(1) Æ [
X1
X2
���
X` 
 f1
f2
 � � � 
f`℄ Æ [�
�0℄ (20)with � = Qì=1pi. We wish to rewrite � in terms of Frobenius--S
hur indi
ators. For �(i)= iwe have pi= �i 2 f�1g and thus pi=1 + �i � �2i . For �(i) 6= i we have pi= p�(i)=1, and inall three possible 
ases { that is, Xi�=X_i with �=1 or with �=�1, or Xi�X_i { one has(1+�i��2i )(1+��(i)��2�(i))= 1= pi p�(i). Altogether we obtain � = Qì=1(1+�i��2i ). Applyingthe identity (6) to the expression (20), we thus �ndh� ; �0i = � h�0; �i ; (21)whi
h proves the assertion about the (anti-)symmetry of the pairing. 2Remark:While sovereignty of C is a 
ru
ial ingredient of the proof, the rôle of semisimpli
ity and of thebraiding is limited.1. Instead of semisimpli
ity, a substantially weaker property is suÆ
ient: A weak form ofdominan
e [3℄, namely the existen
e of a family I of absolutely simple obje
ts su
h that theidentity morphism idW of any obje
tW 
an be de
omposed in a �nite sum f = Pr gr Æhr withhr 2Hom(W; i) and gr 2Hom(i;W ) for some i= i(r)2 I.2. Con
erning the braiding, all that is needed in the proof is the existen
e of an isomorphism~
2Hom(X1
X2
 � � � 
X`;X�(`)
X�(`�1)
 � � �
X�(1)) su
h that(f�(`)
 f�(`�1)
 � � � 
 f�(1)) Æ ~
 = ~
_Æ (f1
 f2
 � � �
 f`) : (22)In a general sovereign tensor 
ategory without braiding, an isomorphism with this propertyneed not exist. In fa
t, without any further stru
ture there is even no reason why the twotensor produ
ts in question should be isomorphi
 at all. However, in every sovereign tensor
ategory there is a 
lass of tensor produ
ts to whi
h the theorem applies immediately: Those5



for whi
h X_j �= X`�j+1 for all j =1; 2; ::: ; `. In these 
ases, one may simply take ~
= id and�(j)= `� j + 1.Our theorem applies in parti
ular to the 
ategory of �nite-dimensional representations ofa �nite group or, more generally, of a �nite-dimensional 
ompa
t Lie group. In this 
ase thestatement is well-known at least to experts. Apart from these 
lassi
al appli
ations, our resultapplies also to su
h modular tensor 
ategories [3℄ in whi
h the ground ring Hom(1;1) is a �eld.Examples of modular tensor 
ategories are the representation 
ategory of the quantum doubleof a �nite group, or the (trun
ated) representation 
ategory of the deformed enveloping algebraof a simple Lie algebra (a quantum group) with the deformation parameter being a root ofunity.Many more examples of modular tensor 
ategories are supplied by rational 
onformal �eldtheories [4, 5℄. In this 
ontext, the Frobenius--S
hur indi
ator also shows up when one studiesthe 
onformal �eld theory on a Klein bottle (see [6,7℄). Correlators on the Klein bottle appearin the so-
alled orientifold proje
tion (see e.g. [8℄). As observed in [1℄, 
onsisten
y of thisproje
tion requires 
ertain 
oupling spa
es to be even-dimensional. This observation amountsto the statement of our theorem for representations of rational vertex algebras, whi
h was ouroriginal motivation to study this issue.A
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