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tWhile there has been growing interest for non
ommutative spa
es in re
enttimes, most examples have been based on the simplest non
ommutative algebra:[xi; xj℄ = i�ij . Here we present new 
lasses of (non-formal) deformed produ
tsasso
iated to linear Lie algebras of the kind [xi; xj ℄ = i
kijxk. For all possible three-dimensional 
ases, we de�ne a new star produ
t and dis
uss its properties. To
omplete the analysis of these novel non
ommutative spa
es, we introdu
e non
om-pa
t spe
tral triples, and the 
on
ept of star triple, a spe
ialization of the spe
traltriple to deformations of the algebra of fun
tions on a non
ompa
t manifold. Weexamine the generalization to the non
ompa
t 
ase of Connes' 
onditions for non-
ommutative spin geometries, and, in the framework of the new star produ
ts, weexhibit some 
andidates for a Dira
 operator.



1 Introdu
tionOver �ve years ago, Connes gave the �rst axiomati
s for �rst-quantized fermion �elds on(
ompa
t) non
ommutative varieties, the so-
alled spe
tral triples [1℄. Shortly afterwards,it was realized that 
ompa
ti�
ation of matrix models in M-theory leads to non
ommu-tative tori [2℄. The next logi
al step, introdu
ing quantum �elds on non
ommutativespa
es, was taken in [3℄. Then it 
ame the dis
overy by Seiberg and Witten that the dy-nami
s of open strings, \rigidi�ed" by the presen
e of a magneti
 �eld, is des
ribed by anon
ommutative geometry asso
iated to the Moyal produ
t [4℄. Sin
e then, �eld theorieson Moyal-type spa
es, in
luding non
ommutative tori, have been s
rutinized extensively;good reviews are [5, 6℄.By now it is 
lear that (as was bound to happen) Moyal-type spa
es do not suÆ
e tothe needs of string and non
ommutative �eld theories. Apart from the half-string produ
tintrodu
ed long ago by Witten to 
onstru
t a string �eld theory [7℄, there has been theappearan
e of \fuzzy sphere" produ
ts in the theory of strings and branes [8℄. Moreover,the nonlo
ality of non
ommutative gauge theories indu
es, at the level of the e�e
tivea
tions, generalizations of the Moyal produ
t, in
luding a ternary produ
t [9℄. These newprodu
ts are most often either produ
ts of �nite matri
es (the fuzzy algebras) or 
an beredu
ed to the Moyal produ
t |also for the Witten produ
t [10℄. On the formal side, amore ambitious attempt has been made in [11℄.Very re
ently, there has been an e�ort [12℄ to fa
e the shortfall, by introdu
ing a non-formal star produ
t on R3. (The Moyal produ
t on R3 is trivial in the sense that it justextends the Moyal produ
t on R2, with one dire
tion remaining \totally 
ommutative".)The 
onstru
tion relies on \proje
ting" to the latter, with the help of the Hopf �bration,a relative of the Moyal produ
t on R4: to wit, the twisted produ
t asso
iated to normalordering. In other words, it harks ba
k to the Jordan{S
hwinger map. The produ
t in [12℄is rather dire
tly related to the fuzzy sphere.The method by Hammou and 
oworkers in [12℄ is too dependent on spe
i�
s to bereadily generalized. Perhaps the time has 
ome to upgrade the fabri
ation of star produ
tsto the industrial stage. This is one theme of the present paper.To 
onstru
t viable generalizations it is required, at the outset, to have non
ommuta-tive geometries whi
h are analyti
ally 
ontrolled |as the Moyal produ
t is. That is to say,formal deformations of 
lassi
al manifolds, of whi
h there are plenty [13℄, do not nearlyfoot the bill. We will expli
itly 
onstru
t analyti
ally 
ontrolled produ
ts based on ea
hand every three dimensional Lie algebra; as the Moyal produ
t generalizes the Heisenbergrelation [xi; xj℄ = i�ij, our deformed algebras are based on the relations [xi; xj℄ = i
kijxk,with 
onstant 
's.Meanwhile, in a more mathemati
al vein, new 
ompa
t spe
tral triples, i.e., non
om-mutative 
ompa
t spin geometries, have been introdu
ed in [14℄. Namely, Connes andLandi there explained what an even-dimensional non
ommutative sphere is. Related1



to this, V�arilly introdu
ed non
ommutative orthogonal groups [15℄. Connes and Dubois-Violette [16℄ have dealt with the odd-dimensional 
ase and, more re
ently, Figueroa, Landiand V�arilly [17℄ extend the 
onstru
tion to 
over Grassmannians and other homogeneousspa
es as well.From a deformation, in the sense of Connes and Landi, of a sphere Sn, a deformationof the non
ompa
t manifold Rn+1 is obtained in the obvious way. This method 
annotyield new twisted produ
ts on R3: the only spheri
al spe
tral triple in two dimensions isthe ordinary sphere.The de�nition of spe
tral triple, giving rise to non
ommutative spin manifolds, in [1℄had several strong restri
tions and mathemati
al 
onditions (see Se
tion 6 below) destinedto ensure that the 
ommutative 
ase realizes a fully algebrai
 des
ription of a 
ompa
tspin manifold. The framework needs enlargement, and in fa
t, postulates for Rieman-nian, not ne
essarily spin, manifolds [18℄ and for semi-Riemannian (for instan
e, withLorentzian signature) spe
tral triples [19℄ have been proposed. However, in all of thesegeneralizations, 
ompa
tness is retained. This is a drawba
k from the standpoint of non-
ommutative �eld theory.As its se
ond theme, and partly with the aim of �tting the new star produ
ts intoa general analyti
 framework, this paper introdu
es non
ompa
t non
ommutative ge-ometries. Going into this new territory, the lands
ape 
hanges, and the relation of thedi�erent natural examples be
omes intri
ate. It turns out that, mutatis mutandis, thewhole \seven-axiom" apparatus by Connes, 
an be pushed through to the non
ompa
t
ase. This 
overs the 
ommutative bedro
k and the non
ompa
t spa
es asso
iated to theConnes{Landi{Dubois-Violette spheres. However, the Moyal algebra 
ase is not 
overedby the more dire
t generalization.The diÆ
ulties 
luster around the \dimension axioms", numbered 1 and 6 in ourre
koning (see Se
tion 6). In the non
ompa
t situation, two de�nitions of \
lassi
al di-mension" diverge. These are: (i) the \metri
 dimension", based on the asymptoti
 growthof the spe
trum of the resolvent of the Dira
 operator D, and (ii) the \homologi
al di-mension", based on the Ho
hs
hild homology of the underlying algebra, whi
h a priorihas nothing to do with D. The Ho
hs
hild homology of the Moyal algebra vanishes indegrees greater than zero; and so in some sense the dimension of that non
ommutativespa
e is zero; this will be 
on�rmed by the Dixmier tra
e 
he
k.At the present stage of exploration of the vast non
ommutative world, it would seemnevertheless unwise to rule out the Moyal produ
t, whi
h 
entrality is rather enhan
edby the �rst part of our investigation, for the sake of axiomati
s.So, by relaxing the axioms, we introdu
e as well a se
ond 
lass of non
ompa
t geo-metries, that we term star triples. A star triple is a kind of spe
tral triple in whi
h: a) thenon
ommutative algebra is obtained from a deformation, i.e., it is given by a star produ
ton a linear spa
e of fun
tions and/or distributions on a given manifold; b) the Dira
operator (is possibly deformed, but) remains an ordinary (pseudo-)di�erential operator2



on that original manifold; this 
an be used to establish the dimension. Almost all knownspe
tral triples are of this type. The star triple set of postulates re
overs the Moyalsub
ase.Let us return to our �rst subje
t. The strategy for that 
an be summarized in a fewwords: we look for subalgebras of the Moyal algebra, that realize, in the spirit of Dira
,deformations of Poisson stru
tures on Rn. Before indi
ating how some Moyal subalgebrasgive rise to the star produ
ts, let us point out that the paradigm of non
ommutativemanifolds, the venerable non
ommutative torus [20℄, 
an also be rigorously proved to be,after all, a Moyal subalgebra. See our dis
ussion in Se
tion 5.Our approa
h asks for familiarity with Moyal algebra. When Seiberg and Wittenrelated the dynami
s of strings to the Moyal produ
t, they were not entering mathemati-
ally virgin land. For more than �fty years, going ba
k to [21℄, with the pre
edent of [22℄,that produ
t has been used to perform quantum me
hani
al 
al
ulations on phase spa
e.Among the tools we import to non
ommutative �eld theory from quantum me
hani
s inphase spa
e, the Wigner transform (6.3) does not seem to have been used before. Wehave 
olle
ted some of these in a long appendix, for the 
onvenien
e of the reader. We
onsider that it pays to be a
quainted with the body of extant results in the literatureof phase-spa
e quantum me
hani
s. Otherwise, one risks to miss the more e�e
tive ap-proa
hes, 
ostly mistakes (more on that in Se
tion 6 and the appendix) or, in the best of
ases, laboured arguments to redis
over trivialities.The approa
hes used in the aforementioned papers [14, 15, 16, 17℄ have in 
ommon thatthe non
ommutative torus 
onstru
tion is exploited to the full: the basi
 idea is to �nda
tions of torus groups T l (where l � 2) on the spheres and the orthogonal groups, andto twist them. This way non
ommutativity is \inje
ted" in the manifold from within, soto speak. Here, as advertised, we take a di�erent ta
k: to \proje
t" it, in the non
ompa
t
ase, from known non
ommutative manifolds |in the o

urren
e, the standard Moyalalgebras.To 
arry on our programme, suitable maps � : R2n ! Rd are needed; a Poissonstru
ture f:; :gP on Rd is assumed given. In fa
t, su
h maps � are the oldest game intown. They were introdu
ed by Lie, under the name of Funktionengruppen, or \fun
tiongroups" |see [23℄ and also [24℄. A Funktionengruppe in the sense of Lie is a 
olle
tionF of fun
tions of the 
anoni
al variables (qi; pj) on R2n su
h that:� F is 
losed by fun
tional 
omposition, and generated by a �nite number (say, d) ofits elements.� F 
loses to a subalgebra of C1(R2n) under the Poisson bra
ket.In lo
al terms, the 
onstru
tion of Funktionengruppen is essentially equivalent to theproblem of �nding Poisson maps � from R2n to (suitable subsets of) Rd. Those we
an 
all (linear) symple
ti
 realizations of the Poisson stru
ture on the latter. In fa
t,3



F := ��C1(Rd) gives the fun
tion group.1 But the original formulation by Lie is more inthe spirit of non
ommutative geometry.This paper revolves around the observation that, under favourable 
ir
umstan
es, Lie'sFunktionengruppen are also 
losed under the Moyal produ
t.For simpli
ity, in this 
onne
tion, we 
on
entrate on nontrivial deformations of R3 that
an be derived fromMoyal produ
ts on R4. Deformations ofR3 are of interest for D3-brane�eld theories in whi
h the brane's time dire
tion is 
ommuting; these are the relevant onesfor the AdS/CFT 
orresponden
e. Also, they 
an be applied to worldvolumes of Eu
lideanD2-branes. Our s
heme, nevertheless, does not su�er any limitation by dimension, andits wider appli
ability will be evident.We begin, in Se
tion 2, by 
lassifying all Poisson stru
tures on R3. There is a wealthof them. A parti
ularly attra
tive 
lass of Funktionengruppen related to linear Poissonbra
kets is sele
ted in Se
tion 3. The reader is advised to at least s
an the appendix for thenotation, before going further. Se
tion 4 is devoted to the proof of the main theorem. The
orresponding star produ
ts are 
onstru
ted in Se
tion 5. Then we examine propertiesof the resulting algebras 
ase by 
ase. Se
tion 6 turns to non
ompa
t non
ommutativespin geometries and star triples. We indi
ate how a dire
t extension of Connes' axioms
overs the basi
 (
ompa
t and) 
ommutative non
ompa
t 
ases, and also show that Moyalalgebras are non
ompa
t star triples in our sense. In Se
tion 7, we examine the standingof the new star produ
ts in regard to non
ompa
t star triples postulates. Finally, inSe
tion 8, we summarize the results, and indi
ate some of the promising avenues therebyopen.2 Poisson stru
tures on R3We indi
ate the 
oordinates on R4 with a \phase spa
e" notation: R4 3 u = (q1; q2; p1; p2).To pro
eed, we review the 
lassi�
ation pro
edure of Poisson stru
tures on R3, due toGrabowski, Perelomov and one of us [25℄.The basi
 idea, to 
lassify bive
tor �elds � that 
ould lead to Poisson stru
tures onorientable manifolds, is to e�e
t the inner produ
t of � with the fundamental form. Thisallows to formulate (among other things) integrability 
onditions in terms of forms. OnR3 it leads to a Casimir 1-form.Consider 
oordinates provisionally 
alled (x1; x2; x3) on R3, and the fundamental form
 = dx1 ^ dx2 ^ dx3. Let � denote the bive
tor �eld 
orresponding to any given Poissonbra
ket: � =Xi<j 
ij(x) ��xi ^ ��xj ; (2.1)1Sin
e the maps �� are di�erent for the several fun
tion groups 
onsidered in this paper, we shoulda
tually use the notation ��G ; we will however omit the subs
ript not to burden the notation.4



or intrinsi
ally �(df ^ dg) = ff; gg. By 
ontra
ting � with 
 we �ndi�
 = 12�ijk
ij(x) dxk (2.2)i.e., i�
 = Ak(x)dxk =: �; (2.3)with Ak = 12�ijk
ij(x). The Ja
obi identity for the Poisson bra
kets asso
iated to �fxi; xjg = 
ij(x)is easily seen to be equivalent to the integrability 
ondition for the Pfa� equation asso
i-ated to �: d� ^ � = 0; (2.4)that is to say, in 
lassi
al language, ~A � 
url ~A = 0: (2.5)In 
on
lusion, Poisson stru
tures are 
hara
terized by 1-forms whi
h admit an integratingfa
tor; this 
hara
terization turns to be useful for our purposes. Lo
ally we have � = fd�and fxi; xjg = �ijkf ���xk :The symple
ti
 leaves for � are the level sets of �, on whi
h (the pull{ba
k of) � vanishes.The 1-form � is what we 
all the Casimir form for the given bra
kets.From now on, we 
onsider a restri
ted 
lass of Poisson stru
tures, for whi
h the 
om-ponents of the bive
tor �eld � are linear in the 
oordinates (in parti
ular we relu
tantlyrefrain here from studying the quadrati
 
ase, related to Sklyanin-type algebras). Thatis, � has the parti
ularly simple form Aj(x) =Mijxi, with M a 
onstant matrix. This isne
essary and suÆ
ient to des
ribe all the three dimensional Lie algebras over the reals.A real �nite-dimensional Lie algebra G with Lie bra
ket [�; �℄ de�nes in a natural waya Poisson stru
ture f�; �g, on the dual spa
e G� of G. One is allowed to think of G as asubset of the ring of smooth fun
tions C1(G�). Choosing a linear basis fEign1 of G, andidentifying them with linear 
oordinate fun
tions xi on G� by means of xi(x) = hx;Eii forall x 2 G�, we de�ne the fundamental bra
kets on G� by the expression fxi; xjgG = 
kijxkwhere [Ei; Ej ℄ = 
kijEk and 
kij denote the stru
ture 
onstants of the Lie algebra. ThePoisson bra
ket f:; :gG is asso
iated to a bi-ve
tor �eld � whi
h is lo
ally given by� =Xi<j 
kijxk ��xi ^ ��xj : (2.6)Here the 
kij := �ijlMkl have all the required properties.The 
lassi�
ation of three dimensional Lie algebras goes ba
k to Bian
hi [26℄; seealso [27℄. We present here su
h 
lassi�
ation, whi
h will give rise to inequivalent starprodu
ts on R3, in terms of the one-form � =Mijxidxj [28, 29℄.5



De
ompose � into its symmetri
 and antisymmetri
 parts:� = 12(Mij �Mji)xi dxj + 12(Mij +Mji)xi dxj: (2.7)De�ning ak = �ijkMij we get� = 12ak�ijk(xi dxj � xj dxi) + 12 d(Mijxixj): (2.8)Re
all that the Ja
obi identity implies d� ^� = 0. We have two 
ases: either the form �is 
losed (and therefore exa
t sin
e we are in R3):� = 12 d (Mijxixj) i; j 2 f1; 2; 3g: (2.9)Or there exists a ve
tor �eld, say X1 = ��x1 , whi
h is in the kernel of both � and d�. Inthis 
ase we have� = h(x2 dx3 � x3 dx2) + 12 d(Mabxaxb) a; b 2 f2; 3g; (2.10)with the 
onstant h 6= 0. We 
an bring both 
ases to normal form. The �rst by diago-nalizing the symmetri
 part of M , while for the se
ond we use a rotation matrix whi
hpreserves the form x2 dx3 � x3 dx2. We �nd therefore, using the notation x = x1; y = x2and w = x3:A. For the 
ase of � 
losed: � = 12 d(ax2 + by2 + 
w2):B. For the 
ase of � not 
losed:� = 12(y dw � wdy) + 12 d(by2 + 
w2):In summary, any three dimensional Lie algebra is 
hara
terized by the Casimir form� = h(y dw � w dy) + 12 d(ax2 + by2 + 
w2) (2.11)when the real parameters h; a; b; 
 are appropriately sele
ted. This yields the Poissonbra
kets fx; yg = 
w + hy; fy;wg = ax; fw; xg = by � hw (2.12)while the Ja
obi identity d� ^ � = 2hax dy ^ dw ^ dx = 0 (2.13)holds true if and only if ha = 0. Thus we have two essentially di�erent 
lasses of algebras:those 
orresponding to the 
losed Casimir form (h = 0, 
ase A), and (a = 0, 
ase B),those 
orresponding to the Casimir form (2.10).6



We list the algebras, indi
ating their relation to Bian
hi's [26℄ 
lassi�
ation of threedimensional Lie algebras in nine families, a

ording to the dimension of G 0, the derivedalgebra. Our approa
h gives rise to ten families.In the �rst situation, when � = dC, let us 
all C a Casimir fun
tion. In 
ase A theparameters a; b; 
, when di�erent from zero, may be all normalized to modulus one. Thisgrouping in
ludes six di�erent isomorphism 
lasses of Lie algebras:A.1 su(2) ' so(3) with a; b; 
 all di�erent from 0 and of the same sign. A basis 
an be
hosen so that a = b = 
 = 1 (similar remarks will be understood in what follows,when pertinent). This 
orresponds to type IX from Bian
hi's 
lassi�
ation.A.2 e(2), the algebra of the Eu
lidean group in two dimensions, whi
h may be obtainedby 
ontra
tion from the previous 
lass, say a! 0. This 
orresponds to an algebraof type V II in Bian
hi's 
lassi�
ation, that we 
an term V II0.A.3 sl(2;R) ' su(1; 1) ' so(2; 1), with a; b; 
 all di�erent from 0 and of di�erent sign.This 
orresponds to type V III.A.4 iso(1; 1), the Poin
ar�e algebra in two dimensions, whi
h may be obtained by 
on-tra
tion from the previous algebra. This 
orresponds to a type V I algebra; let us
all it V I0.A.5 h(1), the Heisenberg-Weyl algebra, with only one parameter di�erent from zero,for example 
 > 0. It may be obtained by further 
ontra
tion from both e(2) andiso(1; 1). This is type II.A.6 The abelian algebra with a=b=
=0. This 
orresponds to type I.The se
ond 
ase, with � not exa
t, in
ludes four families of Lie algebras, two of whi
hare further sub
lassi�ed by the real parameter b
=h2, the transformations of � leavinginvariant the ratio between the determinants of the symmetri
 and antisymmetri
 partsof the matrixMij . We re
all that all algebras of type B have a = 0 be
ause of the Ja
obiidentity. One hasB.1 h = 1; b = 
 = 0, that is sb(2; C ), the Lie algebra of the group of 2�2 upper(lower)triangular 
omplex matri
es with unit determinant. This 
orresponds to type V .B.2 h = 1; b = 0; 
 = 1; this yields Bian
hi's IV .B.3 h 6= 0; b = 1; 
 = �1. When h = 1, then dimG 0 = 1 and this does 
orrespond to typeIII. All the others, for whi
h dimG 0 = 2, are type V I; we denote them by V Ih.B.4 h 6= 0; b = 
 = 1: this is type V IIh. 7



Cases B.3 and B.4 are one-parameter families, as it is impossible to put all parametersequal to one with a similarity transformation. We will refer 
olle
tively to the previousfour 
lasses of algebras as Gh. Noti
e that the Bian
hi 
lassi�
ation mixes algebras with
losed and not 
losed Casimir form. Indeed, types V I0 and V II0 
orrespond to 
losedone-forms, while V Ih and V IIh with h 6= 0 do not. Our 
lassi�
ation exhausts all possiblethree dimensional algebras.3 FunktionengruppenConsider now R4 with the 
anoni
al symple
ti
 stru
ture given by the Poisson bra
ketsfqi; pjg = Æij;asso
iated to the symple
ti
 form! = dq1 ^ dp1 + dq2 ^ dp2:We are ready to show realizations � : R4 ! G� � R3. We express � through the 
hangeof variables �� that pulls smooth fun
tions on R3 ba
k to smooth fun
tions on R4; inother words, we give the realizations by means of 
ontravariant arrows in the 
ategory ofsmooth fun
tions and maps. All that one has to do is to �nd three independent fun
tionsf1; f2; f3 on R4 whose 
orresponding 
anoni
al bra
kets2 have the required form (2.12).The Poisson map � is not required to be onto, nor a submersion, that is to say, to arisefrom a regular foliation of R3.Several �-maps were 
onstru
ted in [29℄, under the name of (generalized) 
lassi
alJordan{S
hwinger maps. We give just a set of possible realizations of the maps f , togetherwith a Casimir fun
tion ��C.Let us 
onsider �rst the 
ases A, in whi
h the form � = dC is exa
t.A.1 su(2) f1 � ��x = 12(q1q2 + p1p2); f2 � ��y = 12(q1p2 � q2p1);f3 � ��w = 14(q21 + p21 � q22 � p22) (3.1)satisfying the relationsf��x; ��yg = ��w; f��y; ��wg = ��x;f��w; ��xg = ��y: (3.2)The Casimir fun
tion 12(f21 + f22 + f23 ) is given by ��C = 132(p21 + q21 + p22 + q22)2.2The 
orresponding bra
kets on R3 are Kostant{Kirillov{Souriau bra
kets, and thus the images ofthe realizations are unions of orbits of the 
oadjoint a
tion; this theory is well known and does not bearrepetition here. 8



A.2 e(2) f1 � ��x = 12(q22 + p22 � q21 � p21); f2 � ��y = q2 + p1;f3 � ��w = �q1 � p2 (3.3)with f��x; ��yg = ��w; f��y; ��wg = 0;f��w; ��xg = ��y: (3.4)The Casimir fun
tion 12(f22 + f23 ) is given by 12(p21 + q21 + p22 + q22 + 2p1q2 + 2p2q1).A.3 sl(2;R) ��x = 14(p21 + q21 + p22 + q22); ��y = 14(q21 + q22 � p21 � p22);��w = 12(p1q1 + p2q2) (3.5)with f��x; ��yg = ���w; f��y; ��wg = ��x;f��w; ��xg = ���y: (3.6)The Casimir fun
tion 12(f21 � f22 � f23 ) yields 18(q1p2 � q2p1)2.A.4 iso(1; 1) ��x = 12(p21 + p22 � q21 � q22); ��y = p1 + q2; ��w = �p2 � q1 (3.7)with f��x; ��yg = ��w; f��y; ��wg = 0;f��w; ��xg = ���y: (3.8)and the Casimir fun
tion 12(�f22 + f23 ) is 12(q21 � q22 � p21 + p22 + 2q1p2 � 2q2p1).A.5 h(1) ��x = q1 ��y = p1q2 ��w = q2 (3.9)satisfying f��x; ��yg = ��w; f��y; ��wg = 0; f��w; ��xg = 0: (3.10)The Casimir fun
tion 12(f23 ) is ��C = 12q22.The trivial 
ase of the abelian algebra, obtained by taking all the 
oeÆ
ients in(2.12) equal to zero, may be realized by many fun
tions.We pointed out already that the maps � are not onto, in general. We have an ontomap in the su(2) 
ase, but, for instan
e, for the sl(2;R) 
ase, R4 is proje
ted ontoa solid 
one. 9



B. The remaining 
ases, for whi
h � is not 
losed, 
an be treated in a uniform way bygiving the realization��x = �h(q1p1 + q2p2)� 
q2p1 + bq1p2; ��y = q1; ��w = q2 (3.11)satisfying the relationsf��x; ��yg = h��y + 
��w; f��y; ��wg = 0;f��w; ��xg = b��y � h��w: (3.12)In this 
ase there is no Casimir fun
tion, as the form � = h(q1dq2�q2dq1)+bq1dq1+
q2dq2 is not 
losed.The reader will have noti
ed that all realizations 
hosen are by means of quadrati
 andlinear fun
tions of the 
anoni
al 
oordinates; of 
ourse, essentially equivalent ones may beobtained through linear 
anoni
al transformations. However, it should be pointed out thatthere are not the only possible ones: there exist many other inequivalent realizations bydi�erent 
lasses of fun
tions. For instan
e, there is for 
ase B.1 the alternative realization:��x = �p1 � p2; ��y = eq1; ��w = eq2: (3.13)This form 
an be obtained from the previous one with a (singular) 
anoni
al transforma-tion: p0i = piqiq0i = log qi:4 The main prin
ipleWe steer now to prove that novel non
ommutative produ
ts 
an be obtained on R3 fromthe Moyal produ
t in four dimensions, via the Poisson maps des
ribed in the previousse
tion. The Moyal produ
t is des
ribed in the appendix, where we also set notationsand 
olle
t some other relevant material. In the next Se
tion, expli
it formulae for the �Gare exhibited. The formulae themselves attest in ea
h 
ase that the star produ
t in R4 offun
tions of the ��x; ��y; ��w variables depends only on the ��x; ��y; ��w variables, andan easy indu
tion argument shows this to be the 
ase in all instan
es. However, the moremathemati
ally minded readers may prefer an a priori argument. That we give here.Consider the non
ompa
t spa
e R3 with 
oordinates x; y; w. We want to de�ne adeformed produ
t �G of the algebra of fun
tions of x; y and w, with the property:[x; y℄�G = i� fx; ygG; (4.1)for G any of the Lie algebras obtained in Se
tion 2.10



Let us assume that a nonzero ve
tor �eld H exists su
h thatLH��x = LH��y = LH��w = 0; (4.2)with LH the Lie derivative in the dire
tion of H. Let z be a 
onvenient (lo
al, if you wish)fourth 
oordinate on R4. It is impossible that LHz = 0, too. This means that, given anyfun
tion F (x; y; w), we 
an 
hara
terize ��F as a fun
tion on R4 by the fa
t thatLH��F = 0: (4.3)The 
ru
ial 
ondition to meet then is that, given F (x; y; w); G(x; y; w), it obtainLH(��F ?� ��G) = 0; (4.4)where ?� denotes the Moyal produ
t.3In e�e
t, ful�lling equation (4.4) ensures that the following pro
edure is well de�ned:to multiply two fun
tions of x; y; w, lift them to four dimensions to obtain fun
tions on R4that 
an be multiplied with the four dimensional Moyal ?� produ
t. The resulting fun
tionwill still be in the kernel of H, and it is therefore possible to regard it as a fun
tion on thethree dimensional spa
e. In other words: when we ?-multiply two fun
tions belonging tothe Funktionengruppe, the result still belongs to the Funktionengruppe, and:��(F �G G) = ��F ? ��G: (4.5)de�nes F �G G.Ve
tor �elds with property (4.2) do exist. Consider the ve
tor �eld X de�ned byiX! = ����: (4.6)In 
ases A, this is just the Hamiltonian ve
tor �eld asso
iated to the Casimir fun
tion��C. (We leave aside the trivial 
ase in whi
h X = 0.) By 
onstru
tion (4.2) holds withH = X.To prove (4.4), we 
onsider several situations.We dispose �rst of the 
ase of the abelian Lie algebra. Then the star produ
t be
omesthe ordinary produ
t and then of 
ourse the Funktionengruppe 
loses.For the 
ases A with quadrati
 Casimir, sin
e LX(��F ) = f��F; ��Cg, and in view ofequation (A.11) of the appendix, property (4.4) 
an be rephrased as[��F; ��C℄? = [��G;��C℄? = 0 implies [��F ? ��G;��C℄? = 0;whi
h is obvious.3Often, when this is not too liable to 
onfusion, the suÆx � is omitted from the notation, likewise wewill often suppress the G from the �G . 11



For the 
ases A with quarti
 Casimir, we 
an 
onsider instead the Hamiltonian ve
tor�eld H asso
iated to the square root of ��C, whi
h has the same properties. The resultfollows from the same argument. We remark that the idea is already present in [12℄.In some 
ases, that line of reasoning in terms of the Lie derivative with respe
t to theve
tor �eld H 
an be re
ast in pure Poisson algebra terms.For instan
e, for the su(2) 
ase, we assert: the Poisson subalgebra generated by thequadrati
 fun
tions ��x; ��y; ��w; fH (with fH the Hamiltonian fun
tion asso
iated to H)is the Poisson 
ommutant of fH = q21+ q22+ p21+ p22. In e�e
t, by virtue of the Lie algebraisomorphism dis
ussed in the appendix, the problem redu
es to the simple linear algebraexer
ise of �nding the 
entralizer of the matrix J of (A.4) in sp(4;R). This 
entralizer isgiven by B = 0BBB� 0 a b 
�a 0 
 d�b �
 0 a�
 �d �a 0 1CCCA :By the way, it is isomorphi
 to u(2). The quadrati
 form tuBu then reprodu
es thefun
tions ��x; ��y; ��w; fH. The 
laim is proved.But su
h a 
ommutant is bound to be an (involutive)Moyal subalgebra, as ffH ; Fg =ffH ; Gg = 0 imply ffH ; F ?� Gg = 0, in view of (A.11) again. As q21 + q22 + p21 + p22 is afun
tion of ��x; ��y; ��w itself, we are done. The latter kind of argument goes ba
k tothe work by Bayen et al [30℄, who reintrodu
ed the Moyal produ
t in theoreti
al physi
s.For the 
ases B, the proof is slightly more involved. To make it 
learer, let us look atthe simpler 
ase B.1.First we re
onsider the previous reasonings. They are but an in�nitesimal version ofthe fundamental fa
t that linear symple
ti
 transformations are implemented by innerautomorphisms of the Moyal algebra. The implementers of those automorphisms are ex-hibited in the appendix in a fully expli
it way. Now, just observe that ��x; ��y; ��w in
ase B:1 generate the 
ommutant of ar
tan(q1=q2). While the 
anoni
al transformationsgenerated by the latter fun
tion are not linear, they still are implemented by inner auto-morphisms of the Moyal algebra. This happens be
ause they give rise to bi
anoni
al mapsin the sense of Amiet and Huguenin [31℄ for the Moyal produ
t. The detailed treatmentof the bigger 
lass of implementors would take us too far a�eld, however, and is left foranother paper.The validity of the formulae in the next se
tion is not restri
ted by the fa
t that theimage of the \s
a�olding map" � 
an eventually be less than all of R3. Asso
iativity ofthe �G and the involution are inherited from the Moyal produ
t.The star produ
ts 
an be seen to give realizations of the enveloping Hopf algebrasU(su(2)); U(sl(2;R)) : : : At the abstra
t level, it has been 
lear for a long time that the\quantization" of a linear Poisson stru
ture is given by the universal enveloping algebra of12



the 
orresponding Lie algebra. No big deal, then, ex
ept that we now possess a 
on
rete,not just formal, realization-
um-
ompletion of those algebras, whi
h hopefully will allowa fresh atta
k on the long-standing problem of the existen
e of (metri
) non
ommutativegeometries over them.5 The new star produ
tsWe now illustrate the new deformed produ
ts obtained from the Moyal produ
t on R4through the redu
tion maps � de�ned in Se
tion 3. Ea
h algebra of fun
tions on R3identi�ed by the redu
tion map is 
losed with respe
t to the relative star produ
t. Whenrelevant, we also dis
uss representations and other notable aspe
ts of the resulting al-gebras. We have no pretense in this se
tion to give an exhaustive treatment of theseprodu
ts, and limit ourselves to expli
it expressions of the produ
ts, as well as some otheraspe
ts 
onsidered relevant.As an initial remark, note the similarity, advertised in the Introdu
tion, of our pro-
edure with the transition from the Moyal produ
t to the non
ommutative tori Tn� ; thelatter is identi�ed also as a subalgebra of the Moyal algebra, asso
iated with the invari-an
e under an a
tion of the group Zn. We outline how this 
an rigorously be proved, andrefer to [32℄ for a more detailed treatment.The Gelfand C�-algebra representing the real plane is the algebra C0(R2) of 
ontinuousfun
tions on R2, vanishing at in�nity. This 
an be 
ompa
ti�ed (unitized) in several ways.The maximal 
ompa
ti�
ation is given by the algebra Cb(R2) of 
ontinuous and boundedfun
tions on R2; this 
oin
ides with the multiplier algebra [33, Se
t. 1.3℄: fg 2 C0(R2) forall g 2 C0(R2) i� f 2 Cb(R2). For all pra
ti
al purposes one needs to work in the smooth
ategory, so one is led to 
onsider the dense S
hwartz S subalgebra of smooth fun
tionsrapidly vanishing at in�nity, together with all their derivatives, and the dense subalgebraof Cb of bounded smooth fun
tions, all of whose derivatives are bounded. The latter spa
eis denoted O0 in distribution theory. It is a subspa
e of the spa
e OC of polynomiallybounded smooth fun
tions, together with all their derivatives, with the degree of thepolynomial bound independent of the derivative.Endow R2 with the Moyal produ
t ?. It turns out [34℄ that S ?� S = S for all � and(with an appropriately extended de�nition of ?) that O0 ? S = S ? O0 = S. Intuitivelyevident, and true, but a bit harder to prove, is that OC ?O
 � OC and O0 ?O0 � O0. Aproof was given long ago by Figueroa [35℄.4 Therefore O0 is not only a 
ompa
ti�
ationof the 
ommutative plane, but also a 
ompa
ti�
ation of the Moyal plane.Now, the Moyal star is invariant by translation. Therefore the produ
t of two periodi
fun
tions with a �xed period is also periodi
 with the same period. The subalgebras ofperiodi
 elements in O0 
oin
ide with the smooth non
ommutative torus algebras. End4A Fourier-transformed version of Figueroa's theorem has appeared re
ently [36℄.13



of the dis
ussion.As we argued in the previous se
tion, the de�nition of the new produ
ts is given by��(F �G G) = ��F ? ��G: (5.1)The expli
it formulae for the new produ
ts are easily 
omputed by means of the expansionof the Moyal produ
t (equation (A.10) in the appendix). We introdu
e the notation f(xi�)for fun
tions on R3, meaning they have to be intended as expansions in �-powers of thearguments. An analogous notation is used for fun
tions on R4, meaning that they haveto be intended as an expansion in ?-powers of the arguments. The Moyal produ
t de�nedin (A.10) 
an be then rewritten in the language of pseudodi�erential operators under theform f(qj?; pj?) ? g(qj; pj) = f(qj + i�2 ��pj ; pj � i�2 ��qj )g(qj; pj): (5.2)5.1 su(2)The Poisson subalgebra generated by the quadrati
 fun
tions ��xi, in (3.1) is the 
om-mutant of the spa
e of fun
tions of fH with fH = p21+ q21 + p22+ q22, essentially the squareroot of the Casimir. By means of (A.10) and (5.2) we �nd:xj �su(2) f(xi) = fxj � i�2 �jlmxl�m � �28 [(1 + xk�k)�j � 12xj �k�k℄gf(xi): (5.3)From this, general formulae similar to (5.2) are obtained. And so, the Casimir fun
tionin the sense of enveloping algebras isC(xi�) = 12(x � x+ y � y + w � w) = 12(x2 + y2 + w2 � 38�2): (5.4)The fun
tion fH has been re
ognized as the Hamiltonian of the two{dimensional har-moni
 os
illator. It is therefore natural to de�ne the 
omplex quantitieszi = qi + ipi (5.5)with the Poisson bra
kets fzi; �zjg = �2iÆij. In this 
ase the four dimensional ? produ
tbe
omes the operator produ
t of the fun
tions of the well known ai; ayi of the harmoni
os
illator, with � playing the role of ~; this realizes in fa
t the Jordan-S
hwinger map.A presentation of the Lie algebra su(2) in terms of 
reation and annihilation operators,ai; ayi ; i 2 f1; 2g, is provided byX1 = i(X+ +X�)2 ; X2 = X� �X+2 ; X3 = iX0; (5.6)with X+ = ay1a2 ; X� = ay2a1 ; X0 = 12(ay1a1 � ay2a2): (5.7)14



We 
an have these fun
tions a
t on the usual Hilbert spa
e of the two dimensional har-moni
 os
illator, with basis the 
artesian kets: jn1; n2i. The generators a
t as:X+ jn1; n2i = �p(n1 + 1)n2 jn1 + 1; n2 � 1iX� jn1; n2i = �p(n2 + 1)n1 jn1 � 1; n2 + 1iX0 jn1; n2i = �(n1 � n2) jn1; n2i ; (5.8)noti
e that the \energy" n1 + n2 does not 
hange (a 
onsequen
e of the form of theCasimir), so that is it natural to 
hange the basis and 
hoose a basis of eigenstates of theHamiltonian and the angular momentum. De�ne lm � jl +m; l�mi jn1; n2i �  n1+n22 ;n1�n22 (5.9)with l � 0; �l � m � l. Then (5.8) be
omesX�  l;m = �pl(l + 1)�m(m�1) l;m�1X0  l;m = �l(l + 1) l;m: (5.10)For ea
h value of l (integer or half integer) there is a representation of su(2). The algebraof fun
tions of R3 therefore redu
es to a set of �nite dimensional algebras, re
epta
les forrepresentations of su(2). This algebra 
an be given an interesting interpretation. Ea
hredu
ed blo
k is the algebra of a fuzzy sphere [37, 38℄, of radius �pl(l+ 1). Thereforethe three dimensional spa
e is \foliated" as a set of fuzzy spheres of in
reasing radius.It is truly remarkable that, 
onversely, the Moyal produ
t 
an be obtained fromthe fuzzy sphere of [38℄, by means of group 
ontra
tion from SU(2) to the Heisenberggroup [39℄.We 
an give a geometri
 interpretation of the new star produ
t. Note that, with theex
eption of the zero orbit, the orbits of the Hamiltonian system asso
iated to fH are
ir
les. Fun
tions of (x; y; w) 
orrespond here to fun
tions of (q1; q2; p1; p2) that remaininvariant on those orbits. We are thus identifying R3 to the foliation of R4 by thosetraje
tories. The orbits are all parallel and rest on spheres in R4. One 
ir
le and only onepasses through ea
h point di�erent from 0. The 
orresponding maps S3 ! S2 are Hopf�brations.Re
all that a three dimensional produ
t related to the fuzzy sphere has been introdu
edin [12℄. Although similar, the produ
t des
ribed in this subse
tion is not identi
al tothe one introdu
ed by Hammou and 
oworkers. For instan
e, one 
an 
he
k that, ifr = px2 + y2 + w2, then xj �su(2) r = r �su(2) xj equals simply rxj, whi
h is not the 
asefor their produ
t. The di�eren
e is attributable to the produ
t in [12℄ being based onnormal ordering, while we use Weyl ordering. Ex
ept for that, it 
an be regarded as aparti
ular 
ase of our 
onstru
tion. 15



5.2 e(2)In this 
ase the Casimir fun
tion is quadrati
, hen
e the Poisson subalgebra generated bythe quadrati
 fun
tions ��xi (3.3) is the Poisson 
ommutant of ��C. The 
orrespondingstar produ
t is found to bex �e(2) f(x; y; w) = fx� i�2 (y�w � w�y)� �28 [4�x + 2x�2x + w�x�w + y�x�y℄gfy �e(2) f(x; y; w) = fy � i�2 w�xgfw �e(2) f(x; y; w) = fw + i�2 y�xgf: (5.11)The Casimir fun
tion is C(xi�) = 12(y � y + w � w) = 12(y2 + w2); (5.12)and it 
oin
ides with the ordinary Casimir. The representation theory 
an be obtainedfrom that of su(2) through standard 
ontra
tion te
hniques.5.3 sl(2;R)As for the su(2) 
ase, the Casimir is here quarti
. Then the Poisson subalgebra generatedby the fun
tions ��xi is the 
ommutant of fH = q1p2�q2p1, the square root of the Casimirfun
tion. The star produ
t indu
ed by sl(2;R) through the maps (3.6) is:xj �sl(2;R) f(xi) = fxj � i�2 gjk
klmxl�m � �28 [(1 + xl�l)gjk�k � xj2 glm�l�m℄gf (5.13)where gij = diag(1;�1;�1) is the invariant metri
 in sl(2;R). It is formally identi
al tothe one relative to su(2), substituting gij for Æij. The Casimir fun
tion is:C(xi�) = 12(x � x� y � y � w � w) = 12(x2 � y2 � w2 � 38�2): (5.14)The orbits of the angular momentum fH are also 
ir
les, but the quotient map from R4to the 3-manifold with boundary f(x; y; w) : x2 � y2 � w2 = fH2 � 0g is topologi
allytrivial.5.4 iso(1; 1)This 
ase is similar to the Eu
lidean 
ase. The Casimir is quadrati
 and the star produ
tindu
ed by the Poin
ar�e algebra isx �iso(1;1) f(x; y; w) = fx+ i�2 (y�w + w�y) + �28 [4�x + 2x�2x + w�x�w + y�x�y℄gfy �iso(1;1) f(x; y; w) = fy � i�2 w�xgfw �iso(1;1) f(x; y; w) = fw � i�2 y�xgf: (5.15)16



The Casimir fun
tion is:C(xi�) = 12(�y � y + w � w) = 12(�y2 + w2): (5.16)It is lo
al and 
oin
ides with the ordinary Casimir.5.5 h(1)We now dis
uss the 
ase asso
iated to the Heisenberg Lie algebra, whose map from R4!R3 is (3.9). In this map the quantity p2 never appears, and therefore the algebra generatedby these generators is highly redu
ible (not surprisingly given the essential uni
ity of therepresentations of the Heisenberg algebra), and evaluated at a parti
ular w it redu
essimply to a 
opy of the Moyal algebra. The star produ
t is given by:x �h(1) f(x; y; w) = fx+ i�2 w�ygfy �h(1) f(x; y; w) = fy � i�2 w�xgfw �h(1) f(x; y; w) = wf:The Casimir fun
tion C(xi�) = 12(w � w) = 12w2 (5.17)
oin
ides with the ordinary Casimir. In [40℄, an expli
it expression for the produ
t of twoarbitrary monomials is given.The three dimensional spa
e in this 
ase is given by the spa
e spanned by q1; q2 and p1 ,with the 
hoi
e of (3.9). This is in turn foliated by the produ
t of a line (q2) and a set ofMoyal planes spanned by p1q2 and q1. Note that the plane w = 0 has di�erent properties,as it is well known from the theory of representations of the Heisenberg algebra.5.6 B: the algebras GhThese algebras 
orresponding to the non
losed Casimir form may be treated in a uni�edmanner. The star produ
t indu
ed by the quadrati
 realization of Gh (3.12) is:x �Gh f(x; y; w) = fx+ i�2 [h(y�y + w�w) + 
w�y � by�w℄��24 (h2 + b
)[2�x + x�2x + w�x�w + y�x�y℄gfy �Gh f(x; y; w) = fy � i�2 (hy + 
w)�xgfw �Gh f(x; y; w) = fw � i�2 (hw � by)�xgf: (5.18)This star produ
t is not equivalent to the one obtained from the non linear realization(3.13). Con
entrate on the sb(2; C ) 
ase. Here h = 1, b = 
 = 0. The representation of17



this algebra on L2(R2) is redu
ible, but it is inde
omposable, a trademark of triangularalgebras. The Weyl map on L2(R2) of the generators (3.11) yields:X̂ = �12 Xi=1;2(p̂iq̂i + q̂ip̂i); Ŷ = q̂1; Ŵ = q̂2; (5.19)where the ^ denotes usual quantum operators. Consider the (nonorthonormal) basis: nm = qn1 qm2 e�(q21+q22) (5.20)and de�ne HNM , the Hilbert subspa
es spanned by  nm with n > N;m > M . It is easyto see that these spa
es are left invariant by any fun
tion of the operators X̂; Ŷ and Ŵfor any 
hoi
e of N and M . The representation is therefore redu
ible. It is not howeverpossible to blo
k{diagonalize it, and it is therefore inde
omposable.The presentation of the pre
edent star algebras by unitaries and relations is a straight-forward (if somewhat tedious) task. See the dis
ussion in the appendix; for further detail,the reader is advised to 
onsult [41℄.It is interesting to 
ompare our produ
ts with the formal produ
ts introdu
ed byKontsevi
h [13℄. Both are G-
ovariant. One 
an see that higher order 
o
hains 
ontainexa
tly the same type of terms, but the weights are di�erent. Very likely, the produ
tsare equivalent in the very general sense of [13℄. Our produ
ts di�er in prin
iple fromKontsevi
h's in that they are non-formal; equivalen
e in the formal sense does not signifyrepresentations on Hilbert spa
e (if any) are equivalent. Also, the operators involved inthe asymptoti
 expansion in � for our produ
ts are not ne
essarily (bi-)di�erential, they
an be pseudodi�erential.It would also be interesting to know how the present star produ
ts are related to thefoliation algebras introdu
ed by Connes [43℄.6 Non
ompa
t star triplesIn this se
tion and the next we lay the foundations of a theory of non
ompa
t spe
traltriples. Although the problems are mathemati
al, our approa
h will be guided by a moreutilitarian view proper to physi
ists.A 
ompa
t spe
tral triple is a triple (A;H;D), where A is a unital pre-C�-algebra,H is a Hilbert spa
e 
arrying a representation of A by bounded operators, and D is aselfadjoint operator on A, with 
ompa
t resolvent RD(�) := (D � �)�1, su
h that the
ommutator [D; a℄ is also bounded on H, for ea
h a 2 A.Spe
tral triples 
ome in two parities, odd and even. In the odd 
ase, there is nothingnew; in the even 
ase, there is a grading operator � on H (a bounded selfadjoint operatorsatisfying �2 = 1), su
h that the representation of A is even and the operator D is odd;thus ea
h [D; a℄ is a bounded odd operator on H.18



In the non
ompa
t 
ase we need to modify this de�nition, as A will no longer beunital, and, more to the point, the 
ommutative example indi
ates that 
ompa
tness ofRD(�) is out of question. The generalization was pointed out by Connes himself in [42℄:we ask aRD(�) to be 
ompa
t for any a 2 A.As hinted in the Introdu
tion, non
ommutative 
ompa
t spin geometries are spe
-tral triples satisfying several extra 
onditions, arising from 
onsideration of the algebrai
properties of ordinary spin and metri
 geometry. Seven su
h properties were put forwardin [1℄. Here we just summarize them; a more 
omplete a

ount is given in [33, Se
t. 10.5℄.1. Classi
al dimension: There is a unique nonnegative integer n, the \
lassi
al di-mension" of the geometry, for whi
h the eigenvalue sums �N :=P0�k<N �k of the
ompa
t positive operator jDj�n satisfy �N � C logN as N !1, with 0 < C <1.The 
oeÆ
ient is written C = R jDj�n, where R denotes the Dixmier tra
e if n � 1;it 
oin
ides essentially with the Wodzi
ki residue [33, Chapter 7℄. This n is evenif and only if the spe
tral triple is even. (When A = C1(M) and D is a Dira
operator, n equals the ordinary dimension of the spin manifold M).2. Regularity: Not only are the operators a and [D; a℄ bounded, but they lie in thesmooth domain of the derivation Æ(T ) := [jDj; T ℄. (When A is an algebra of fun
-tions and D is a Dira
 operator, this smooth domain 
onsists exa
tly of the C1fun
tions.)3. Reality: There is an antiunitary operator C on H, su
h that [a;Cb�C�1℄ = 0 for alla; b 2 A (thus b 7! Cb�C�1 is a 
ommuting representation on H of the \oppositealgebra" AÆ, with the produ
t reversed). Moreover, C2 = �1, CD = �DC, andC� = ��C in the even 
ase, where the signs depend only on n mod 8. (In the
ommutative 
ase, C is the 
harge 
onjugation operator on spinors.)4. First order : The bounded operators [D; a℄ 
ommute with the opposite algebra rep-resentation: [[D; a℄; Cb�C�1℄ = 0 for all a; b 2 A.5. Finiteness: The algebra A is a pre-C�-algebra, and the spa
e of smooth ve
torsH1 := TkDom(Dk) is a �nitely generated proje
tive left A-module. (In the 
om-mutative 
ase, this yields the smooth spinors.)6. Orientation: There is a Ho
hs
hild n-
y
le 
, on A with values in A 
 AÆ, whosenatural representative is denoted �D(
). Su
h an n-
y
le is usually a �nite sum ofterms like (a
 b)
 a1 
 � � � 
 an whi
h map to operators�D((a
 b)
 a1 
 � � � 
 an) := aCb�C�1 [D; a1℄ : : : [D; an℄; (6.1)and 
 is the algebrai
 expression of the volume form for the metri
 determined byD.This volume form must solve the equation�D(
) = � (even 
ase), or �D(
) = 1 (odd 
ase): (6.2)19



7. Poin
ar�e duality: The index map of D determines a nondegenerate pairing on theK-theory of the algebra A. This is related to the existen
e of Morita duality be-tween A and the \quantum Cli�ord algebra" 
onstru
ted from A and D [46℄. (Inthe 
ommutative 
ase, the Chern homomorphism mat
hes this nondegenera
y withPoin
ar�e duality in de Rham (
o)homology.)For proofs of the fa
t that when A = C1(M) the usual apparatus of geometry on spinmanifolds (spin stru
ture, metri
, Dira
 operator) 
an be fully re
overed from these seven
onditions in the 
ompa
t 
ase, see [44℄ and [33, Chap. 11℄.The question is now to modify these 
onditions for our needs, sin
e we deal withnon
ompa
t manifolds. This we do guided more by physi
al insight than by pretensionsof rigour; all examples we 
onsider have the topology of Eu
lidean spa
es. In the Moyal
ase, whenever we need to �x ideas, and in 
onsonan
e with the �rst part of the paper,we think of R4�.The minimum requirement for new postulates, beyond being 
onsistent with the ax-ioms for 
ompa
t spa
es, is to 
over the 
ommutative 
ase. In parti
ular, we give ourselvesjust the task of 
he
king whether the linear spa
es Rn with their usual spin stru
ture sat-isfy the 
onditions laid down below. The inverse task of re
overing that spin stru
turefrom the axiom is to follow the pattern established in [44℄ and [33℄. It is left for a bettero

asion. Related ideas have been dis
ussed in [46℄. We have already indi
ated that,when needed, we deal with star triples, de�ned as deformations of 
ommutative spe
traltriples. The latter will be seen to 
over as well the Moyal produ
t 
ases. This keeps greatheuristi
 value: as a 
onsequen
e, the Chamseddine{Connes spe
tral a
tion prin
iple [45℄
an be extended to the Moyal framework [32℄.For 
onvenien
e, we restate the de�nition of non
ompa
t spe
tral triple, and 
arry thedis
ussion of the \stri
t" and the \star triple" framework in parallel.We de�ne: an odd non
ompa
t spe
tral triple is a triple (A;H;D), where A is a non-unital pre-C�-algebra, H is a Hilbert spa
e 
arrying a representation of A by boundedoperators, and D is a selfadjoint operator on A, su
h that fRD(�) is 
ompa
t and the
ommutator [D; f ℄ is also bounded on H, for ea
h f 2 A.An odd non
ompa
t star triple is a triple (A;H;D), where A is a non-unital pre-C�-algebra, given by a star produ
t on some spa
e of fun
tions and/or distributions on a spin
manifold (in other words, we 
onsider also a 
ommutative produ
t on the ve
tor spa
eA), H is a Hilbert spa
e 
arrying a representation of A by bounded operators, and D is aselfadjoint pseudodi�erential operator on the manifold, su
h that fRD(�) is 
ompa
t forea
h f 2 A, and all 
ommutators [D; f ℄ are bounded on H.In the even 
ase, a grading operator � on H is added in the same way as before.Thus the �rst hurdle is to prove 
ompa
tness of the operators fRD(�) |where thea
tion of f by left star multipli
ation is understood. This typi
ally is easy for star produ
talgebras: they often give rise to 
ompa
t |indeed tra
e 
lass| operators.20



Both in the 
ommutative and the Moyal 
ase, take for A the algebra S of S
hwartzfun
tions on R2n; for H, a dire
t sum of 
opies of the spa
e of square summable fun
tionson R2n. More to the point, H is the spa
e of spinors on R2n, topologi
ally trivial. Finite-ness and reality postulates prevent the Hilbert spa
e on whi
hA is represented from being\too small". We naturally want our spe
tral triples be irredu
ible in some sense; but itis important to realize that the H must 
arry, as well as the representation of A, the oneof AÆ and a sundry list of operators.The a
tion of A by the Moyal star produ
t on H is diagonal, so for analyti
al purposeswe 
an assume only one 
opy of L2(R2n) is present. The operators Lf : g 7! f ? g aretra
e 
lass, with TrLf = (2��)�n ZR2n f:Perhaps the simplest way to see that is to remember that the Wigner transform intertwinesLf with a multiple of the S
hr�odinger-like representation ofA on L2(R) [47℄. To be pre
ise,there exists a linear map W : S(R2n)! S(Rn)
 S(Rn)(unitary for an appropriate inner produ
t) su
h thatW (Lf)W�1 = �S(f) 
 I;where the a
tion �S(f) is given by an integral kernel kf related to f :[�S(f)'℄(x) = ZRn kf (x; y)'(y) dy:In other words, �S(f) is the Weyl pseudodi�erential operator asso
iated to the \symbol"f . Moreover, W (f ? g) = Wf ÆWg;where Æ means 
omposition of integral kernels. From the expli
it form of �S (see [33,se
t. 3.5℄): kf (x; y) = 1(2��)n ZRn f(x+ y2 ; z) ei(x�y)z=� dz (6.3)it is 
lear that TrLf = Tr �S(f) = 1(2��)n ZR2n f(q; p) dq dp <1:Then, if f 2 S, fRD(�) is 
ertainly 
ompa
t. By the way, the previous does not implythat �S(C0) is the ideal of 
ompa
t operators; this popular wisdom [48℄ is in
orre
t.In the 
ommutative limit, things are tougher, as neither f nor RD(�) are 
ompa
t.However, the theorems quoted in [49, Ch. 4℄ save the day. These refer to operators (thatappear naturally in s
attering theory) of the form f(u)g(�ir), with r the derivative op-erator 
orresponding to the 
oordinates u, and 
ount among the more 
elebrated estimatesin analysis. 21



Denote by F the Fourier transform. To be pre
ise, the 
laim is that there exists a
ompa
t operator C su
h that, for any two spinors 	1;	2, with F	2 in the domain ofthe multipli
ation operator g,h	1; C	2i = 
f	1; F�1(gF	2)� :Now, for g(D) = (D � �)�1 on Rn we have g 2 Ln+1(Rn). Also f 2 Ln+1(Rn), obviously.Then f(u)g(D) belongs to the S
hatten 
lass In+1. This is 
lear for n = 1, as we obtaina Hilbert{S
hmidt operator; and for n = 1. The general 
ase follows by interpolation.Hen
e f(u)g(D) is 
ompa
t.Now for the new postulates.1. Classi
al dimension: We 
laim more, to wit, that, on Rn, the operator f jDj�nbelongs to the Dixmier tra
e 
lass for all f 2 A, the tra
e being nonzero in general.The proof of this is quite involved and will be given elsewhere. As a 
onsequen
e, thelink with the Wodzi
ki residue density is kept, and, in parti
ular, we 
an 
omputeintegrals by means of the Dixmier tra
e:ZM f(x)pg dx = 
nn(2�)n Wres(f jDj�n);where 
2m = m! (2�)m and 
2m+1 = (2m+ 1)!!�m+1.The 
riterion fails spe
ta
ularly for the Moyal algebra 
ase: be
ause f is then tra
e
lass, its produ
t with any power jDj�k has vanishing Dixmier tra
e! This 
an beunderstood as of the algebra S with the Moyal produ
t having vanishing dimensionsomehow. One 
ould argue that S is too \small", when dealing with su
h produ
t,and de�neA as the ideal of elements f su
h that Lf of the Dixmier 
lass. For n = 2,the Moyal inverse of the harmoni
 os
illator Hamiltonian (a gentle smooth fun
tionvanishing not too rapidly at in�nity) provides an example. But su
h a pro
edure
ontains no information on the dimension.A repla
ement is at hand in the 
ontext of star triples, in terms of the Wodzi
kiresidue density. Let us just look at the Dira
 operator, and embra
e the \metri
dimension" de�nition. As D is of 
ommutative type, the only real trouble is that,as the manifold is not 
ompa
t, the spe
trum of D is 
ontinuous. Then we mustuse a 
riterion that makes no distin
tion between the dis
rete and the 
ontinuousspe
trum 
ases. Su
h a 
riterion was proposed in [50℄ for (positive) ellipti
 pseu-dodi�erential operators. Let A be one of su
h. The idea is to look at the spe
traldensity of A, formally written as Æ(��A). This is an operator-valued distribution inK0 (the spa
e of distributions that possess momenta at all orders: see the de�nitionof K a bit further on) with the propertyAn = Z �nÆ(��A):22



Let dA(x; y;�) denote the distributional kernel of Æ(��A). For the 
oin
iden
e limitof the kernel djDj (with jDj of order 1) as � " 1, in dimension n one has:d(x; x;�) � 1(2�)n wres jDj�n(x)�n�1 + � � � ; (6.4)where \wres" denotes the Wodzi
ki residue density.5 This we take as our repla
e-ment 
riterion: there must exist a unique nonnegative integer n, the \
lassi
al di-mension" of the triple, su
h that (6.4) holds. This is known to be valid [50℄ bothfor dis
rete and 
ontinuous spe
tra. In [50℄ it is also indi
ated what the subsequent
oeÆ
ients are (in the Ces�aro or average sense) and how to 
ompute them.2. Regularity: There is no need to modify the se
ond \axiom": the 
ommutative 
asefollows from regularity theorems for Sobolev spa
es, just as in the 
ompa
t 
ase.3. Reality: There is no need to modify the third \axiom". One takes for C the usual
harge 
onjugation operator for spinors. One �ndsCf� ? C�1	 = 	 ? f; (6.5)so indeed we have a 
ommuting representation.4. First order : There is no need to modify the fourth \axiom".5. Finiteness: First of all, the algebra S is a pre-C�-algebra, both for the ordinaryand the Moyal produ
t, and this is very easy to prove. We re
all very brie
y theargument from [33℄. Let (1 + f)(1 + g) = 1, with f 2 S; then g must be in O0,and then in S. The analogous property 
an be 
he
ked as well for the star produ
t,using the sequen
e spa
e de
omposition introdu
ed in [34℄.In order to deal with the rest of the �niteness requirement, we invoke unitizations(i.e., 
ompa
ti�
ations) ~A of A. Consideration of the multiplier algebra OM ofpolynomially bounded smooth fun
tions, together with all their derivatives, and itssubalgebras OT , in whi
h the degree of the polynomial bound 
an go up only byone with ea
h derivative, OC, already de�ned, and K, in whi
h the degree of thepolynomial bound goes down by one with ea
h derivative, impose themselves, assuitable 
ompa
ti�
ations of S(R4).Also, for us, the Moyal algebra, denoted M(R4�) or simply M�, is the maximalunitization of the S
hwartz algebra S with the Moyal produ
t. The pre
ise de�nitionis dealt with in the appendix, but we bring some material up here. Con
erning theMoyal multiplier algebra there have been misleading statements in the literaturere
ently as well. We wel
ome the o

asion to 
larify matters.5In 
ase the reader gets nervous about the jDj�n notation, for the spe
trum of D may well in
ludezero, it 
an be repla
ed by (D2 + �)�n=2 in all 
ases. In other words, for simpli
ity we have assumed inthe notation that D has a \mass gap" around zero; but this assumption we 
an easily dispense with.23



Already we have asserted that, if f; g are S
hwartz, f ?� g is also a S
hwartz fun
tion.The produ
t operation is 
ontinuous and therefore the tra
ial identityZ f ?� g = Z fg;valid for any �, allows the extension of the Moyal produ
t via linear spa
e dual-ity [34℄, to large 
lasses of distributions. Thus the expressions T ?� f , f ?� T , withT a tempered distribution, make sense; moreover, the multipli
ation is (separately)
ontinuous on its two variables. Witness to the ex
ellent smoothing properties ofthe Moyal operation, these produ
ts are always smooth. We say T 2 M� if bothT ?� f and f ?� T belong to S, for all f 2 S.On the \size" of M� there have been 
on
i
ting 
laims. It 
ertainly 
ontains Kand OC as subalgebras [35℄, for all �. But for instan
e, the authors of [36℄ seemto doubt that it is any bigger, whereas there have been 
laims that it in
ludesall of tempered distributions! The truth is intermediate: whereas M� is large,
ontaining in parti
ular many distributions, it does not 
ontain OT , and thus OM ,the 
ommutative multiplier algebra. The true net of algebras was des
ribed infull detail in [34℄ and [47℄. At the end of the appendix we exemplify a family ofni
e-looking, smooth, bounded fun
tions in OT , to wit, exponentials with quadrati
exponents. For the most part, they belong to M�, but there are ex
eptions. Thiswill show: a) M� is bigger than OC; b) M� is smaller than OT , and thus than S 0; 
)M� depends on �.We now postulate that the spa
e of smooth ve
tors TkDom(Dk) is a �nitely gener-ated proje
tive left ~A-module, for some appropriate unitization ~A. It is 
lear thatthe module of spinors foots the bill.6. Orientation: We shall keep the Ho
hs
hild 
ondition, but postulated for elementsof ~A and ~A
 ~AÆ. More pre
isely, we shall assume that it is possible to represent onH elements a of ~A su
h that the 
ommutators appearing in the Ho
hs
hild equationare still bounded and the same equation (6.2) holds.It is really easy to see that this 
ondition is veri�ed, too, in the 
ommutative 
ase.The normalized volume form, say for n = 4, isdx1 ^ � � � ^ dx4;with x1 := q1; : : : ; x4 := p2. The 
orresponding Ho
hs
hild 4-
hain in ~S(R4) isobtained by applying the skewsymmetrization operator
 := � 14! X�2S4(�1)�x�(1) 
 x�(2) 
 x�(3) 
 x�(4):This n-
hain is patently a Ho
hs
hild 
y
le. We 
an represent it on H, a

ording to�D(
) := � 14! X�2S4(�1)� [D;x�(1)℄ � � � [D;x�(4)℄:24



Then �D(
) = 
5 = �.For the Moyal produ
t this 
omputation is identi
al as for the 
ommutative one!But 
 in this 
ase must be a Ho
hs
hild 4-boundary, so it 
annot serve the essentialpurpose of representing the fundamental 
lass of a non
ommutative manifold.We are at a loss to repla
e the orientability axiom in the 
ontext of star triples. Theformal 
omputation 
an in prin
iple always 
arried out, though |see the dis
ussionin next se
tion.7. Poin
ar�e duality: Let us just say that some nondegenerate pairing between theK-theory of A and its K-homology with 
ompa
t supports must exist. That thishappens in the 
ommutative 
ase follows from de Rham theory.7 Non
ompa
t star triples by deformation of R3Re
all that besides the 
ommutative 
ase, and the Moyal one for star triples, our pos-tulates 
over the non
ompa
t spa
es asso
iated to the Connes{Landi{Dubois-Violettespheres; a very natural question is whether the new star produ
ts give rise to non
ompa
tnon
ommutative spin geometries, or at least to star triples in the sense examined in thelast se
tion.The analysis of the 
ontents of this Pandora's box is still far o�. However, some
andidates to be
ome \the" Dira
 operators present themselves. Among the 
andidateshaving a sporting 
han
e, one dis
erns at on
e operators of the formD� = �i (�xfx; :g+ �yfy; :g+ �wfw; :g) ; (7.1)a
ting on L2(R3) � L2(R3), with �i(�j�j) substituted for them whenever xj be
omes
entral. These are a
tually di�erential operators, 
alled sometimes Hamiltonian andsometimes Poissonian operators. Impli
itly, we are using here the standard Riemannianstru
ture on R3. It is not quite 
lear whether the 
orresponding Riemannian measure isappropriate for the needs of �eld theory.An immediate, if apparently minor, diÆ
ulty presents itself: the 
oeÆ
ients of thepartial derivatives in these di�erential operators are no longer 
onstant, but linear fun
-tions of the 
oordinates. That means that ellipti
ity of D� is spoiled at the origin (and insome 
ases, at hyperplanes going through it), whereas the Wodzi
ki residue diverges at thesame point(s). If we put aside this \ultraviolet divergen
e", we 
an see that postulate 1for star triples is ful�lled for D�, in view of the general properties of ellipti
 operators [50℄.Postulate 2 is inherited from the Moyal 
ase. Postulate 3 
an be guaranteed by
onstru
tion, just as in the standard 
ompa
t 
ase. Note that (6.5) will still hold, forthe �G produ
t. (We suppress G from the notation hen
eforth.) Postulate 4 
an besatis�ed in a similar way. All this means that, formally speaking, it is perfe
tly possibleto de�ne fermion �elds on whi
h our algebras a
t 
omponentwise by the star produ
t.25



Postulates 5 (abstra
t �rst order) and 6 (orientability), represent equations for Dwhi
h are not easy to ful�ll in general; in parti
ular (6.2) amounts to a diÆ
ult nonlinearequation. The strategy for ful�lling postulate 5 is transparent: if a tentative D is aquasiderivation, that is: D(f � g) = D̂f � g + f �Dg;for some appropriate D̂, then [D; f ℄� ful�lls[D; f ℄� � g = D̂f � g;and thus it 
ommutes with right � multipli
ation. The operators D� of (7.1) are �rstorder, in this abstra
t sense.On the other hand, we have been generally unable to solve for (6.2) in a satisfa
toryway in all 
ases. This matters be
ause it seems unlikely to us that these versions of theenveloping algebras have trivial Ho
hs
hild homology. We have 
he
ked, however, thatwith the operator D� it is possible to �nd a suitable formal 
o
y
le for e(2), iso(1; 1), andsb(2; C ). For the Heisenberg algebra, in order to take into a

ount the 
entral elementand to �nd the right dimensionality, we add as advertised the �i�3�w term; we are very
lose there to the Moyal 
ase. It is not too diÆ
ult to show that, for example in the 
asee(2) the 
hoi
e a0 = (12w2y)�1, a1 = x; a2 = y and a3 = x + w, at the pri
e of an a0singular on two hyperplanes, solves the equation:"ijk a0 � [D�; ai℄� � [D�; aj℄� � [D�; ak℄� = 1 : (7.2)Similarly, other linear 
ombinations for the xi and a 
ubi
 inverse a0 solve the other 
ases.In all 
ases the presen
e of a null �-
ommutator is 
ru
ial in the 
al
ulation. We havebeen unable to �nd a solution for the 
ase of the semisimple algebras.The di�erent pe
uliarities of the produ
ts must have to do with Lie algebra 
ohomol-ogy; but at present we 
an just spe
ulate. It might be that some enveloping algebras arenot orientable in Connes' sense. This likely \fa
t of nature", as in the Moyal 
ase, wouldnot of 
ourse mean the 
orresponding new star produ
ts are physi
ally uninteresting.8 Con
lusionsAs we said in the Introdu
tion, this paper has two main subje
ts. On one side there isthe presentation of a new ma
hinery to 
onstru
t non
ommutative spa
es; on the otherit deals with the issue of non
ompa
t non
ommutative di�erential geometries.The method to 
onstru
t deformed produ
ts we have introdu
ed is based on the ideathat a simpler produ
t on a linear spa
e 
an give rise under favourable 
ir
umstan
es, viaa redu
tion pro
ess, to another produ
t on a di�erent manifold. This idea has tremen-dous potential. We have explored the redu
tion from four to three dimensions of a linearPoisson bra
ket 
orresponding to the Moyal produ
t in four dimensions. But there is26



no obstru
tion in prin
iple to generalize this ma
hinery to the redu
tion from an arbi-trary number of dimensions. In this 
ase there will be many more algebras, with ri
herstru
tures.Another generalization 
an go along the lines of 
onsidering non (quadrati
-)linearrealizations of the linear Poisson bra
kets, or nonlinear bra
kets altogether. Yet anothergeneralization 
an be to repla
e Lie algebras by some of their generalizations, su
h as Liealgebroids. And the list 
an go on. What we have done in this paper is to just play withthe simplest instan
es of these produ
ts; but potentially there is a lot more to 
ome.The se
ond theme of the paper stresses the issue of non
ompa
tness of these geome-tries. Our motivations for this stress are mainly of physi
al origin, although they havebearing on mathemati
s; this is an important issue, even if the 
on
lusions 
an only betentative at the present stage. In the o

urren
e, we were fa
ed with the task of gener-alizing the requirements spelled out by Connes for the 
ompa
t 
ase. We found this tobe a feasible task, espe
ially for (the redu
tion of spa
es whi
h are) deformations of 
om-mutative spa
es. Hen
e the 
on
ept of star triple, for whi
h the new produ
ts providedexamples.It is not 
lear that in all 
ases the orientability requirement, already in trouble forMoyal algebra, is satis�ed for the putative Dira
 operators. While one distin
t possibilityis that we have not been 
lever enough to �nd the right operator, we should not dismissthe possibility that orientability, as adapted from 
ompa
t triples, is a requirement thatmay require further modi�
ation for the non
ompa
t 
ase.A third strand running through the paper is the exploitation of the \nonperturbative"form of the Moyal produ
t, and the 
onstru
tion of the multiplier algebra therefrom.Even if the Moyal algebra does not quite rea
h the lofty status of \non
ommutative spinmanifold", its analysis in depth pays dividends.From the formal point of view mu
h remains to be done. We have not dealt with theissue of irredu
ibility. Nor have we seriously dealt with the proper measure to use on thenew non
ommutative spa
es, an important aspe
t if the aim is to have �eld theories onthem. The measure is likely to be 
onne
ted with the orientability issue, and so the studyof the former may shed some light on the latter.A
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Appendix A Moyal produ
t primerThis appendix re
apitulates properties of Moyal multipli
ation relevant for our endeav-our. Di�erent (nondegenerate) Moyal produ
ts on R4 are in prin
iple asso
iated with aninvertible antisymmetri
matrix �ij whi
h, with a 
hange of 
oordinates, 
an be expressedin the 
anoni
al form: � =0BBB� 0 0 ��1 00 0 0 ��2�1 0 0 00 �2 0 0 1CCCA ; (A.1)with ��i the eigenvalues of �. A simple res
aling 
an then equate �1 = �2 = �; and forsimpli
ity we have assumed the 
anoni
al Poisson bra
ket for the �nal 
oordinates. Inthis setting, the Moyal produ
t f ?� g of two S
hwartz fun
tions f; g on R4 is de�ned byf ?� g(u) := ZR4 ZR4 L�(u; v; w) f(v)g(w) d��(v) d��(w); (A.2)where u := (q; p); � is a positive real parameter; d��(v) := (��)�4 d�(v) and the integralkernel L is given by L�(u; v; w) := exp�2i� (uJv+ vJw+ wJu)�; (A.3)where J denotes the antisymmetri
 matrix:J := � 0 I2�I2 0 � ; (A.4)with I2 the 2�2 identity matrix. Equivalent integral alternative formulae aref ?� g(u) := (��)�4 ZR4 ZR4 f(u+ s)g(u+ t) e2isJt=� ds dt; (A.5)or f ?� g(u) := (2�)�4 ZR4 ZR4 f(u+ 12�Js)g(u+ t) e�ist ds dt: (A.6)The popular Moyal series development is an asymptoti
 expansion of the previous inpowers of � [51℄:f ?� g(u) � fg(u) + i�2ff; gg(u) + 1Xk=2 �i�2�k 1k! Dk(f; g)(u); as �! 0; (A.7)where the k-order bidi�erential transve
tion operatorsDk(f; g)(q; p) = �kf�qk �kg�pk ��k1� �kf�qk�1�p �kg�pk�1�q + � � �+ (�)k �kf�pk �kg�qkwere also introdu
ed by Lie [52℄ |in relation to aspe
ts of 
lassi
al invariant theorynowadays all but forgotten. 28



The development (A.7) be
omes exa
t under 
onditions that are spelled out in [51℄.Outside them, the integral form (A.2) or its siblings should be ex
lusively used. Thisis illustrated by the dramati
ally di�erent nature of the divisors of zero for (A.2) andrespe
tively for (A.7): the Moyal produ
t of two fun
tions whose supports do not meetin general is not zero. Also, \nonperturbative" properties like T-duality in the periodi

ase are almost evident from the 
orre
t, integral expressions.From any of the previous formulae it follows that (f ?� g)� = g� ?� f�, with f� denoting
omplex 
onjugate of f . It is not diÆ
ult to verify that, as asserted at the end of Se
tion 5,f ?� g is also a S
hwartz fun
tion. The produ
t operation is 
ontinuous on S; we refer thereader to [34℄, for all this and the key tra
ial identityZ f ?� g = Z g ?� f = Z fg;whi
h is valid for any �.The last two remarks allow the extension of the Moyal produ
t to large 
lasses ofdistributions via linear spa
e duality [34℄, by the formulahT ? f; gi := hT; f ? gi ;for T a tempered distribution (and similarly for the produ
t with T from the right).In fa
t, due to the ex
ellent smoothing properties of the Moyal produ
t, T ?f is alwaysa smooth fun
tion, although in general not of the S
hwartz 
lass. Now ML(R4�), the leftmultiplier algebra, is de�ned as the subspa
e of tempered distributions that give rise toS
hwartz fun
tions when left multiplied by S
hwartz fun
tions; it takes no time to 
he
kthat ML(R4�) is indeed an algebra. The right multiplier algebra MR(R4�) is analogouslyde�ned.The unital Moyal algebra M� is then de�ned as M� :=ML(R4�)\MR(R4�). In previousse
tions we referred to several interesting unital subalgebras of the Moyal algebraM�, andto the fa
t that OM is not one of them. M� is invariant by Fourier transform; thereforeO0M � M�; in fa
t, the bigger O0T � M�. The dual M 0� is a dense ideal of the multiplieralgebra, endowed with the natural lo
ally 
onvex topology. M� is a normal spa
e ofdistributions, and all its derivations are inner. La
k of spa
e prevents us from furtheranalysis of this important obje
t.Translations of R4 and real symple
ti
 4 � 4 matri
es (de�ned by tSJS = J) a
t onfun
tions respe
tively bysf(u) := f(u� s); Sf(u) := f(S�1u): (A.8)Let (s; S) denote an element of the inhomogeneous symple
ti
 group ISp(4;R), i.e., thesemidire
t produ
t of the group of translations and the symple
ti
 group, with group law(s1; S1)(s2; S2) = (S�12 s1 + s2; S1S2):29



As an immediate 
onsequen
e of (A.2) and (A.8) we have equivarian
e of the twistedprodu
t: (s; S)f ?� (s; S)g = (s; S)(f ?� g): (A.9)We shall see presently that the (s; S) are inner automorphisms. This is 
lear for the(s;I) transformations, whi
h 
orrespond to ordinary exponentials exp(�isu), i.e., theygenerate by the Moyal star produ
t the Weyl algebra. So we 
on
entrate on the (0; S)transformations.The Lie algebra sp(4;R) of in�nitesimal symple
ti
 transformations is formed by ma-tri
es L su
h that JL+ tLJ = 0:Linear and quadrati
 fun
tions double as Hamiltonians respe
tively for translations andlinear symple
tomorphisms; they generate in�nitesimal linear inhomogeneous symple
ti
transformations. To be pre
ise, note �rst that the matrix B is symmetri
 i� JB isin�nitesimally symple
ti
. Let then h(b;B) = 12 tuBu+ tbu, where B is symmetri
. Then(b; L) 7! h(b;�JL) is an isomorphism of Lie algebras between isp(4;R), with an obviousnotation, and the Poisson subalgebra of quadrati
-linear fun
tions on R4; in parti
ularfhA; hBg vanishes i� [JA; JB℄ = 0.It is useful to have expli
it formulae for Moyal star produ
ts in whi
h one of the fa
torsh is a fun
tion of this kind. Using the asymptoti
 development of the Moyal produ
t,here exa
t, one easily obtains [41℄:h ?� f(u) = hf(u) + i�2 t(Bu+ b)J grad f(u) + �28 Tr[BJ Hess f(u)J ℄: (A.10)It follows either from (A.9) or (A.10) that[h; f ℄?� = i� fh; fg; (A.11)i.e., the Moyal bra
ket and the Poisson bra
ket in the aforementioned 
ase essentially
oin
ide.The linear symple
ti
 group Sp is not simply 
onne
ted, and it is pertinent to 
onsiderits twofold 
overing, the so 
alled metaple
ti
 group Mp. Just as in the spin representa-tion, to ea
h elementA 2Mp 
orresponds a symple
ti
matrix S(A), with S(A) = S(�A).The elements ofMp are realized by unitaries �S, belonging to the multiplierMoyal algebraM , and de�ned up to a sign, su
h that�S ? f ? ��S = Sf; (A.12)for all f . Expli
itly,�S(u) = ei� 4pdet(I4+ S) exp��tu iJ(I4� S)�(I4+ S) u�: (A.13)30



Note that S 7! (I4� S)(I4+ S)�1 is the Cayley transform, sending a symple
ti
 matrixinto an in�nitesimally symple
ti
 one: the matrix in the exponent must be symmetri
.After many years of undeserved negle
t, this important \nonlinear" relation between a Liegroup and its Lie algebra has re
eived an authoritative study in [53℄. The �S are elementsof the Moyal algebra M� not belonging to OC. The phase fa
tor in (A.13) re
e
ts theambiguity inherent to (A.12), whi
h, as indi
ated, 
an be redu
ed to a sign, so that�S ? �S0 = ��SS0: (A.14)The 
urious reader 
an dire
tly 
he
k this formula with the help of the method of thestationary phase [41℄.Of 
ourse, the ambiguity 
an be eliminated 
ompletely for uniparametri
 subgroups.Equations (A.13) and (A.14) are the starting point for a presentation of our algebras interms of unitaries and relations. One has �M�1SM (u) = �S(Mu), whereM is a symple
ti
matrix (whi
h under some 
ir
umstan
es 
an be taken 
omplex). This simpli�es the
al
ulation of �S, as it suÆ
es to 
arry it out for \normal forms", representative of theorbits of the symple
ti
 group under the adjoint a
tion. Consider S(�) = I4 
os � +J sin� 2 Sp(4;R). Then �S(�) = se
2(�=2) exp(�tu i� tan �2u): (A.15)Now 
onsider, for instan
e, the produ
t asso
iated to su(2). All the generators are ellipti
,whi
h means that detB > 0, for the asso
iated symmetri
 matrix. Thereforee�itxj? = se
2(t=2) exp(�2ixj� tan t2):The produ
t asso
iated to sl(2;R) 
ontains hyperboli
 elements (detB < 0) as well;for them, hyperboli
 fun
tions repla
e the trigonometri
 ones in the formula. Paraboli
elements are 
onsidered in [41℄. Relations 
an be got at simply by using (A.14).For \ex
eptional" symple
ti
 matri
es with det(I4+ S) = 0, formula (A.13) appearsnot to be well de�ned. In fa
t, we only need to ta
kle the 
ase S = �I, 
orresponding to� = �� in the example, and the 
asesS1 = 0BBB� �1 1 �1 1 1CCCA ; S2 = 0BBB� 1 �1 1 �1 1CCCA :One goes to the distributional limit of the previous expression (A.15), obtaining�S(��)(u) = �i�2�2Æ(u);for the other 
ases, a fa
tor ��Æ(2)(Pu), is similarly obtained, where P proje
ts over the
orresponding two dimensional symple
ti
 subspa
e. Noti
e that �S(�2�) = �1, in spite31



of the fa
t that S(2�) = 1: the twofold 
overing is unavoidable. For other ex
eptionalelements, it is enough [41℄ to fa
tor out S1 or S2 or both, and use the produ
t law (A.14).Consider now the hyperboli
 uniparametri
 subgroup S(�) = I4 
osh� + A sinh� 2Sp(4;R), where A = 0BBB� �1 �1 1 1 1CCCA :Then M(R4�) 3 �S(�) = se
h2(�=2) exp(�i 2pq tanh(�=2)� ): (A.16)It is plain that the value e�i 2pq=� is never rea
hed. For good reason: the fun
tions e�i 2pq=�do not belong to the multiplier algebra M(R4�). Note the dependen
e on �.More generally, e�ituGu=� belongs to M(R4�) i� �JG is in the range of the Cayley map;matri
es with determinant �1 
annot be in that range. These are the \
ounterexamples"promised in Se
tion 6. The Wigner transform 
an be understood as an operator fromS 0(R2n) to L(S(Rn);S 0(Rn)) by means of S
hwartz's kernel theorem. It sends ML(R2n� )isomorphi
ally onto L(S(R2n);S(R2n)). In addition to this fa
t, one proof that e�ituGu=� =2M(R4�) uses only Fourier analysis.Referen
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